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Introduction: Expected phase diagram for the 3d jellium
From Jones, Ceperley, PRL 76 (1996) and Zing, Lin, Ceperley, Phys. Rev. E 66 (2002).
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Hartree-Fock jellium
= Electrons in uniform positive background, described with Hartree-Fock.

. X 9 5 ) ,YTT fYTi
States = one-body density matrices: v € S(L?(Q,C?)),0 < v < 1. We write y = SERT

Energy: HF _l py(r) — p)(py(x") — p) rdr’
€ (%p,T)—2 //Q2 ] drd
92 I'—I'

where S(t) := —tlog(t) — (1 — t) log(1 — t) is the entropy.
Constraint: Tr(7y) = p|Q|.

Thermodynamic limit: Q — R3, and p constant — EHF (p, T').

‘ Goal: Study the phase diagram: features of the minimisers in the (p, T') plane.

Spatial symmetry breaking
If y(r,r’) = «v(r — r’, 0), then + is invariant by translation (fluid phase).
Otherwise, v breaks spatial symmetry (e.g. Wigner crystallisation).

Spin symmetry breaking
If yTT = 4+ and y™ = 44T = 0, then ~ is paramagnetic.
Otherwise, it is (partially) ferromagnetic.
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The fluid phase




Perform the minimisation only on translational-invariant states: y(r,r’) = v(r — r’).
= p = p =(0) is constant = the direct term vanishes.

Fourier operator, -y is multiplication operator in Fourier by (still denoted by +)

(k) = (ﬁgg ﬁgg) (k) =7E)", 0<y(k) <L

HF energy for fluid states

1 2 1 trez [y(k)y(k')] T
TmE /}Rs Firey (9dk = (s //(R3)2 T e — o /}Rs S(7(k))dk

1
Constraints W /]R3 tre2y(k)dk = p.

No-spin version y — g, thatis g € L1(R3,R),0 < g < 1 and (27r) 3 / g=p.
R3

_1 2 g(k)g(k’) , T
2(2m)? /R3 Kok 27r)5 //Rs.)z T w T G /R?, Slgtk))dk.
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Any minimiser among all fluid states is of the form

y(K) = U (gTék) gf()k)) U* with U € SU(Q).

Proof: tro2 (UD1U* D) < trez (D1 D2) with Dy, Dy diagonal with ordered entries.

HF,fuid

EHFAuid () ) — iy 1
(0. T) tefo,1/2] L nospin

(tp,T) + B (1 = )0, T) }

nospin

The best ¢ € [0, %] is called the polarisation.

Lemma (Euler-Lagrange)

Any such minimiser vy must satisfy the Euler-Lagrange equation

_ =i
v = (1 + Bk?/2=yxl:| 2_“)) for some Lagrange multiplier u € R.

_ =il
In particular, g* and g+ satisfy g7/ (k) = (1 1 Bk /2—g bl | 2_“)> for the same p.

Remark: Spin symmetry breaking (g7 # g*) can only happen if
@ the map p — u(p, T) is not one-to-one;

o the equation g — (1 + Bk /2=gx|-| 72 —p) has at least two fixed points.
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An important example: the 7' = 0 case.

AtT =9, for all p > 0, the no-spin energy EWd. pas q unique minimiser, which is g := 1(k2 < ¢p3/2).

nospin
Hence
Ert?gslgln( T= 0) C’TFP5/3 - CDP4/3
and 5 5 A
BT =0) = 3 Biilis = 5Crep?/* = SCpp!/* - (not one-to-one).

Including the spin, we just need to study the map

i CTFP5/3(t5/3 + (1 _ t)5/3) _ CDP4/3(t4/3 + (1 _ t)4/3).

Theorem (G-Lewin 2018)

o - 125 1 3
There is a first order phase transition at p. = By (W) (rs = 5.45):

@ Forp < pe, the minimiser is unique up to global spin rotation, and it is pure ferromagnetic (g% = 0);
@ For p > pc, the minimiser is unique, and is paramagnetic.

The energy is continuous, and has a kink at p = pc.
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Fluid phase diagram
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Theorem (G-Lewin 2018)

ForT > Cpl/‘"’e_"‘pl/6 , the minimiser for the spin-fluid energy is unique and paramagnetic.




Spatial symmetry breaking

g in the Hartree-Fock jellium



Theorem (Overhauser, phys. Rev. Lett. 4,462 (1960))

AtT = 0, the fluid minimiser is never a HF minimiser. Actually,

. _ . 1/6
EHF (p, T= 0) < EHF’HUId (p, = 0) — Ce™ P Delyon, Bernu, Baguet, Holzmann, Phys. Rev. B 92

Fluid states are unstable with respect to the formation of Spin Density Waves (SDW).

= Much more complex phase diagram.

Phase diagram at 7' = O (from Baguet, Delyon, Bernu, Holzmann, Phys. Rev. B 90 (2014))
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FIG. 2. Hartree-Fock phase diagram of the 3D electron gas. Energies are in Hartree per electron. Ejyr = —0.89593/r; is the
Madelung energy of a polarized-bec Wigner erystal. Full lines stand for incommensurate regime (@ > Qw) and dashed lines
for the Wigner erystal (QQ = Qw). Thin lines stand for the polarized gas (upper curves) and thick lines for the unpolarized
14|
gas.




Theorem (G-Hainzl-Lewin 18)

e AtT =0,
. 1
‘EHF,ﬂmd(mT =0) — BHF (5, T = 0)| < ce—o® /e

e Ifp>1andT > C’e*apl/G, EHF (p, T) has a unique minimiser, which is fluid and paramagnetic. In
particular, EVF (p, T) = EHF fluid (, ),

Idea of the proof: Controlled the difference with the first eigenvalue of the Schrédinger-like operator

Lemma (G-Hainzl-Lewin 18)

The first eigenvalue A1 (¢) of H () satisfies

—Ce™®/VE < M\(e) < —Cle™/VE,
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Expected Phase diagram for the HF jellium
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Thank you for your attention!
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