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Sujet : Méthodes moléculaires et multi-échelles pour la simulation numérique
des matériaux.

Résumé : Le travail de cette thése a porté sur I’étude de modéles moléculaires
et de méthodes multi-échelles pour la simulation numeérique des matériaux.

Dans une premiére partie (les chapitres 2, 3 et 4), on s’intéresse & une modélisa-
tion a I’échelle atomistique. La physique statistique montre alors que les grandeurs
macroscopiques pertinentes sont des moyennes dans I’espace des phases du systéme
étudié. La dynamique moléculaire est une approche pour calculer ces moyennes.
[’évolution en temps du systéme est simulée (par exemple suivant les équations de
Newton), ce qui permet de calculer des moyennes temporelles le long des trajectoires
du systeéme. Sous ’hypothése d’ergodicité, ces moyennes convergent en temps long
vers la moyenne dans ’espace des phases. Nous nous intéressons ici au rythme de
convergence des moyennes temporelles, et faisons en particulier 'analyse de quelques
schémas numériques.

Dans un deuxiéme temps, nous nous intéressons a des approches multi-échelles.
Le chapitre 6 est consacré a ’analyse numérique d’'une méthode couplant un modéle
atomistique avec un modele de continuum : le domaine de calcul est partitionné en
deux sous-domaines, I'un décrit par un modéle de continuum, ’autre par un modéle
atomistique. Nous étudions en particulier le critére permettant de choisir en chaque
point du matériau le modéle (discret ou continu) qui est utilisé.

Enfin, le chapitre 7 est consacré a ’homogénéisation numérique de modeéles de
polycristaux, décrivant le comportement de la matiére a 1’échelle du micromeétre.

Title : Molecular and multiscale methods for the numerical simulation of mate-
rials.

Abstract : We investigate in this thesis some molecular models and some mul-
tiscale methods for the numerical simulation of materials.

The first part (chapters 2, 3 and 4) is devoted to an atomistic modelling. Statis-
tical physics shows that the relevant quantities at the macroscopic scale are phase
space averages. Molecular dynamics can be used to compute these averages. The
time evolution of the system is simulated, that allows one to compute time averages
along the trajectories of the system. Under the ergodic assumption, these averages
converge in the long time limit to the phase space averages. We study here the
convergence rate of the time averages, and provide a numerical analysis of several
schemes.

In a second part, we study some multiscale approaches. The chapter 6 is devo-
ted to the numerical analysis of a method that couples an atomistic model with
a continuum model : the computational domain is split into two subdomains, one
described by a continuum model, the other one described by an atomistic model. In
particular, we study the criterion that governs the choice, at each material point, of
the model (discrete or continuous).

In the chapter 7, we study the numerical homogenization of some polycrystal
models, that describe matter at the micrometric scale.
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Introduction générale

Le travail de cette thése a porté sur I’analyse numérique de méthodes pour la
dynamique moléculaire, et sur I’étude de méthodes multi-échelles pour la simulation
des matériaux.

Un matériau peut étre décrit & de nombreuses échelles d’espace : a 1’échelle
atomique, c’est un ensemble de particules discrétes. A 1’échelle macroscopique, la
matiére forme un continuum, c’est le domaine de la mécanique : la déformation de
la. matiére et les contraintes sont décrites par des champs. De nombreuses échelles
intermédiaires peuvent étre identifiées.

Dans ce travail, nous nous intéressons a 1’étude de plusieurs modeéles, corres-
pondant & des échelles d’espace différentes, et nous nous intéressons aussi a leur
couplage : un modéle & une échelle fine peut étre utilisé pour calculer les paramétres
d’un modéle & une échelle plus grossiére (c’est un couplage séquentiel), ou bien les
deux modéles peuvent étre utilisés simultanément dans le méme calcul (c’est un
couplage en paralléle).

Les différents modéles abordés sont présentés dans le premier chapitre. Décrivons-
les ici rapidement, en commencant par I’échelle la plus fine.

A Déchelle atomistique, un matériau est un ensemble de particules qui inter-
agissent entre elles via des potentiels interatomiques. Nous ne tenons pas compte ici
de la nature quantique des particules, si bien que I’état du systéme a 1’échelle ato-
mistique (microscopique) est complétement décrit par les positions et les vitesses de
toutes les particules qui le composent. Lorsqu’on considére un systéme comportant
un grand nombre de particules, la physique statistique indique qu’on peut décrire le
systéme a 1’échelle macroscopique (globale) par un petit nombre de champs (la tem-
pérature, les déformations, les contraintes, ...) et que la valeur de ces champs est
définie comme la moyenne de certaines fonctions sur ’ensemble des configurations
microscopiques du systéme (ou encore espace des phases). Par exemple, la tempé-
rature est proportionnelle & la moyenne de I’énergie cinétique du systéme, qui est
une fonction des vitesses des particules. Les quantités pertinentes ne sont donc pas
les positions et les vitesses de toutes les particules, mais des moyennes dans I’espace
des phases, et ce sont ces quantités que 1’on cherche a connaitre.

La dynamique moléculaire est une approche pour calculer ces moyennes. Dans
ce modéele, ’évolution en temps, par exemple suivant les équations de Newton, de la
position et de la vitesse de toutes les particules est simulée. L’utilité de la dynamique
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moléculaire repose sur I’équivalence entre moyennes dans l’espace des phases et
moyennes temporelles le long des trajectoires en temps ainsi générées, dans la limite
d’une trajectoire de longueur infinie. Il est possible de calculer numériquement (ou
au moins d’approcher) ces moyennes temporelles, ce qui permet donc d’accéder
aux moyennes dans l’espace des phases. D’un point de vue mathématique, il s’agit
d’étudier le comportement en temps long de solutions de systémes dynamiques. Dans
le cas le plus simple, ces systémes sont Hamiltoniens, et nous nous intéressons dans
les chapitres 2 et 3 a ’analyse numérique de plusieurs schémas pour le calcul de
moyennes temporelles.

Dans d’autres cas, ces systémes ne sont pas Hamiltoniens, mais ils conservent
néanmoins une mesure. Le chapitre 4 est consacré a la construction de schémas nu-
mériques d’intégration qui conservent cette mesure, pour des équations d’évolution
qui intéressent la dynamique moléculaire.

A T’autre extrémité du spectre des échelles, la mécanique décrit la matiére comme
un continuum. Cette approche devient discutable lorsqu’on cherche & prendre en
compte des phénomeénes localisés dans le matériau, et dont les dimensions caracté-
ristiques sont proches des dimensions atomiques. La description de la propagation de
fractures dans des matériaux cristallins est un exemple de tels phénoménes : loin de
la fracture, le réseau atomique constituant le matériau peut étre supposé parfait. Au
niveau de la pointe de la fracture, des liaisons atomiques se cassent, et sur les lévres
de la fracture, le réseau atomique est fortement distordu. Bien d’autres exemples
existent pour lesquels des singularités apparaissent dans le matériau. La description
précise de ces singularités nécessite 1'utilisation d’'un modéle a une échelle atomis-
tique, mais d’autre part, pour éviter des effets de bord, il est nécessaire de considérer
des matériaux suffisamment grands.

Pour traiter ce genre de problémes, une approche consiste a partitionner le do-
maine de calcul, et & utiliser un modéle atomistique dans les zones qui le nécessitent,
tandis qu'un modéle de continuum est utilisé dans le reste du matériau. Un grand
nombre de méthodes multi-échelles procédant de ce principe ont été proposées ré-
cemment. Ces méthodes reposent souvent sur un critére empirique permettant de
choisir en chaque point du matériau le modéle (discret ou continu) qui est utilisé.
Nous nous intéressons au chapitre 6 a ’analyse numérique d’un exemple trés simple
d’une telle méthode, en mettant I’accent sur le critére d’adaptivité.

Concernant les thémes mentionnés ci-dessus, les contributions originales de cette

thése sont :

— l’analyse numérique des méthodes classiques de dynamique moléculaire pour
le calcul de moyennes temporelles en temps long, et la proposition et I’analyse
de schémas permettant une convergence plus rapide des moyennes temporelles
vers leur limite en temps infini;

— la construction, pour certains systémes dynamiques utilisés en dynamique mo-
léculaire, et qui conservent une mesure, d’algorithmes d’intégration qui con-
servent cette mesure;
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— I’analyse numérique, dans un cas simple, d’'une méthode multi-échelle couplant
un modéle de continuum avec un modéle atomistique.

Enfin, une partie du travail de cette thése est consacrée a 1’étude de modéles
décrivant le comportement de la matiére & une échelle mésoscopique. La plupart
des métaux ne sont pas constitués d’un réseau atomique parfait : ils sont souvent
constitués d’un agrégat de grains. Dans chaque grain, le réseau peut étre considéré
en premiére approximation comme parfait, mais son orientation varie d’un grain a
un autre. Pour certains métaux, la taille caractéristique d’un grain est de ’ordre du
micromeétre, si bien que chaque grain peut étre décrit par un modele de continuum.
La loi de comportement, qui relie les contraintes aux déformations, est homogéne
a l'intérieur d'un grain, mais ses caractéristiques changent d’un grain a& un autre.
Dans le chapitre 7, nous nous intéressons a I’homogénéisation de matériaux formés
par un ensemble suffisamment grand de grains.

Cette étude est donc reliée & une approche multi-échelle, mais il s’agit ici plutot
d’un couplage séquentiel : une loi effective est déterminée & partir de la loi a 1’échelle
fine, qui n’est plus prise en compte par la suite.

J’ai pu bénéficier au cours de cette thése d’un environnement a la fois académique
et industriel, puisque j’ai partagé mon temps entre le CERMICS, laboratoire de ma-
thématiques appliquées de ’ENPC, et EDF R & D. Les techniques de dynamique
moléculaire sont couramment utilisées dans de nombreux projets d’EDF, tandis que
les méthodes multi-échelles constituent un enjeu fort pour I’avenir. Cette collabo-
ration industrielle m’a aussi permis de travailler sur des problémes de mécanique
moléculaire, pour lesquels il s’agit de minimiser I’énergie d’un systéme moléculaire
par rapport aux positions des atomes le constituant. Ce travail est présenté dans le
chapitre 5.
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Chapitre 1

Introduction a la dynamique
moléculaire et & quelques méthodes
multi-échelles pour les matériaux

Le but de ce chapitre est de remettre en perspective le travail effectué au cours
de cette these, et de le situer dans son contexte général. Les résultats originaux sont
présentés dans les sections 1.1.3, 1.1.4 et dans la fin de la section 1.1.5.1 pour ce qui
concerne le travail relié a la dynamique moléculaire, et dans la section 1.2.1.1 et la
fin de la section 1.2.2 pour ce qui concerne les méthodes multi-échelles.

A plusieurs reprises, un probléme bien connu de l'industrie nucléaire, celui de
la modification des propriétés mécaniques des cuves des centrales nucléaires, est
cité. C’est en effet un probléme qui permet d’illustrer plusieurs des thémes abordés
au cours de cette thése, puisqu’il fait & la fois intervenir des questions reliées a la
dynamique moléculaire et des questions reliées aux approches multi-échelles. Une
autre raison pour le mentionner est bien siir ma collaboration avec EDF, qui m’a
permis de découvrir ce probléme et de comprendre certains de ses enjeux!

1.1 Présentation succincte de la dynamique molé-
culaire

Dans cette section, nous donnons une bréve description de la dynamique molé-
culaire. On s’intéresse d’abord aux échelles des systémes physiques décrits et aux
problématiques qu’on aborde. Les outils mathématiques et les méthodes numériques
sont ensuite exposés, ainsi que les difficultés rencontrées, a la fois théoriques et pra-
tiques. Cet exposé se veut donc avant tout méthodologique. Une présentation plus
physique peut étre lue dans [2,7,16], tandis que beaucoup de questions d’implémen-
tation sont discutées dans [2,13].



Chapitre 1 : Introduction a la dynamique moléculaire et & quelques
méthodes multi-échelles pour les matériaux

1.1.1 Les modéles physiques et les objectifs

La dynamique moléculaire s’intéresse a des systémes atomiques ou moléculaires,
décrits dans 'approximation classique'. Les atomes constituant le systéme sont donc
considérés comme des particules ponctuelles de position ¢; € R?® et d’impulsion
pi € R3 i =1,...,N, ou N est le nombre d’atomes du systéme. On s’intéresse
surtout a la description de systémes en phase liquide ou solide : 1’échelle d’espace
est donc la distance caractéristique entre deux atomes dans un systéme en phase
condensée, soit de I'ordre de ’Angstrom (1071 m). Le nombre d’atomes considérés
est couramment de ’ordre de 10°, et les équipes disposant des moyens de calcul les
plus performants simulent aujourd’hui des systémes comportant de I’ordre de 10°
atomes.

Par définition, se donner un état microscopique du systéme, c’est se donner une
valeur pour I'’ensemble des variables microscopiques

(qap) = (qla--'ac.IN)pl)"'apN) € R?’N X R?’N'

L’énergie d’un tel état est

N 2

H(q,p) = Z Pi + Vg, g - qn), (1.1)

— 2m,
i=1

ou le premier terme est I’énergie cinétique du systéme (m; est la masse des atomes)
et le second terme son énergie potentielle. Toute la physique du systéme est contenue
dans l'expression de cette fonction V' en fonction des positions ¢ des particules. La
fonction H(q,p) est aussi appelée Hamiltonien du systéme.

L’utilisation de la dynamique moléculaire est motivée par le constat suivant :
lorsqu’on s’intéresse a des systémes a 1’échelle atomique, le modéle fondamental est
le modéle quantique, qui s’appuie sur ’équation de Schrédinger. Cependant, la taille
des systémes pour lesquels des calculs numériques peuvent étre menés a ’aide de
ce modéle est trés petite : quelques centaines d’atomes si on ne s’intéresse qu’a
des propriétés statiques, moins encore si on s’intéresse a la dynamique du systéme.
Dans ce dernier cas, la durée de la trajectoire qu'on peut simuler est de 1'ordre de
la picoseconde.

Or, dans un grand nombre de domaines, on s’intéresse a des systémes compor-
tant plusieurs milliers d’atomes ou plus (typiquement plus de 100 000 pour certains
systémes biologiques), et sur des temps allant jusqu’a la microseconde. Il est donc
nécessaire de faire des approximations et de changer de modéle. En plus d’une ap-
proximation déja faite dans les modéles de chimie quantique, qui consiste a décrire
les noyaux comme des particules classiques ponctuelles, on suppose que l'effet des

1 s’agit donc de dynamique moléculaire classique, mais cet adjectif est souvent omis; au
contraire, on parle de dynamique moléculaire ab initio lorsqu’une description strictement quantique
des électrons est présente dans le modéle.
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§ 1.1.1 : Présentation succincte de la dynamique moléculaire

électrons sur le systéme peut étre pris en compte a travers un terme d’énergie po-
tentielle qui ne dépend que de la position des noyaux. L’énergie potentielle V' (q) qui
apparait dans (1.1) rend donc compte des interactions entre noyaux, mais aussi des
interactions entre les noyaux et ’ensemble des électrons, qui ne sont pas explicite-
ment décrits dans un modéle de dynamique moléculaire (classique).

Les systémes qu’on considére sont constitués de N atomes de méme espéce chi-
mique, ou bien d’un grand nombre de molécules, qui sont toutes du méme type (c’est
le cas si on simule de I'eau, cf. la figure 1.1) ou bien de plusieurs types différents.
Certaines équipes en biochimie [41,42, 56| simulent par exemple une portion de la
membrane d’une cellule humaine, avec 1’eau a I'intérieur et a ’extérieur de la cellule.

Fi1G. 1.1 — Exemple schématique de la simulation d’un systéme composé de molécules
tri-atomiques.

Des exemples d’énergie potentielle V' sont donnés dans [7,16]. De fagon générale,
I’'expression de V' est de la forme

N

V(i)=Y Vila)+ Y. Valgna)+ > D> Valgigiae) +.-.  (1.2)

i=1 =1 j>1i =1 j>1 k>j

Dans cette expression, le terme V), modélise I'interaction des particules avec un
champ (électrostatique, magnétique, ...) extérieur, tandis que le terme V3 est un
terme d’interaction de paire, qui ne dépend (pour des raisons d’invariance galiléenne)
que de la distance entre les deux particules ¢ et j, soit V2(gi, q;) = Va(|¢i — g;l)- Ce
terme modélise soit des interactions entre des particules d’une méme molécule, soit
entre des particules de molécules distinctes. Sans simplification supplémentaire, son
cotit calcul est proportionnel & N2.

La prise en compte d’'un terme comme Zf\il Zj>i Ek>j V5(4i, g5, ) dans Dex-
pression (1.2) rend le cotit calcul proportionnel & N3, si tous les triplets d’atomes
(1, J, k) participent & la somme. Un tel coiit n’est pas acceptable du point de vue du
calcul numérique. C’est pourquoi la somme sur tous les triplets d’atomes n’est que
trés rarement prise en compte, et cette approximation semble satisfaisante du point

9
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de vue physique (cf. [2], p. 9). Les termes a trois corps les plus fréquemment pris en
compte modélisent une énergie intra-moléculaire. Ainsi, I’énergie potentielle d’une
molécule composée d’au moins trois atomes peut dépendre de I'angle 04 p - entre
les deux liaisons A — B et B — C (cf. la figure 1.2), et cette dépendance est prise
en compte A travers un terme a trois corps du type V3(qa, ¢s, qc) = V3(0ap.c)- Le
colt d’évaluation des interactions & trois corps est donc proportionnel au nombre de
molécules simulées, car on ne considére plus que des triplets d’atomes consécutifs.
Pour les termes a 4 corps, la situation est évidemment la méme : seules des éner-
gies intra-moléculaires sont prises en compte. Ainsi, lorsqu’une molécule comporte 4
atomes C, D, I/ et F' formant une chaine linéaire, on définit ’angle dihédral ¢c p g r
par I'angle formé entre le plan C'—D—FE et le plan D— E—F (cf. la figure 1.2). L’éner-
gie d’une telle molécule dépend en général de I’angle dihédral, et cette dépendance
est prise en compte via un terme a 4 corps du type Vi(qc, 9p, ¢g, qr) = Va(éc.p g.F)-

F1G. 1.2 — Sur une molécule linéaire, définition de I’angle 64 p ¢ entre deux liaisons et de
I’angle dihédral ¢c p £ F.

La dynamique moléculaire est un outil utilisé dans de nombreux domaines (en
chimie, en sciences des matériaux [211,212], en biologie [53-55]), et dont le but est
essentiellement de répondre a deux questions, le calcul de I’évolution en temps d’un
systéme moléculaire, et surtout le calcul de moyennes thermodynamiques?. Nous
décrivons maintenant ces deux problématiques.

1.1.1.1 Calcul de la dynamique d’un systéme

La dynamique d’un systéme classique isolé est donnée par les équations de New-

ton
d((];it) _ pi<t>’ d];@'it) = Fi(q(t)) = _g}]/i@(t))’ (1.3)

my;

ou les forces F; dérivent du potentiel V. Les équations (1.3) s’écrivent aussi sous la
forme du systéme dynamique Hamiltonien

0~ w00y, B =S a0.500) (1.4

2Cette seconde question est beaucoup plus abordée que la premiére. Nous commencons néan-
moins par la description du calcul de I’évolution en temps d’un systéme moléculaire, car ce calcul
sera nécessaire pour calculer des moyennes thermodynamiques.
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§ 1.1.1 : Présentation succincte de la dynamique moléculaire

ou H est la fonction définie par (1.1). Le probléme qu’on se pose est le calcul de
I'évolution en temps du systéme & partir d'une configuration initiale (¢°, p°) € R3V x
R3Y donnée.

Une particularité du probléme (par rapport a des calculs de trajectoires en astro-
nautique ou en mécanique céleste) est le grand nombre N de particules & considérer,
ainsi que le cotit d’évaluation des forces F(q), étant donnée une configuration g du
systéme (le cofit d’évaluation des interactions de paire est proportionnel a N?). Ces
deux spécificités imposent des choix sur les méthodes numériques utilisables, comme
nous le verrons ci-dessous.

Une autre spécificité du probléme réside dans les différentes échelles de temps
qui apparaissent dans la dynamique (1.4). Les vibrations des liaisons atomiques (par
exemple, la liaison H — O dans la molécule d’eau) ont une période de 'ordre de la
femtoseconde (10715 s), tandis que certains phénoménes intéressants du point de vue
des applications ont des temps caractéristiques de I'ordre de la microseconde (107°
s). Cette variété des échelles de temps pose des problémes qui ne sont pas encore
aujourd’hui complétement résolus.

Donnons ici quelques exemples d’applications et de calculs qui intéressent la
communauté des physiciens et des chimistes.

Un probléme connu de l'industrie nucléaire est la modification des propriétés
mécaniques des aciers des cuves des centrales, sous 'effet du bombardement neutro-
nique. De fagon trés schématique, un neutron issu du cceur du réacteur percute un
atome de l'acier de cuve, qui acquiert brutalement beaucoup d’énergie et va a son
tour percuter les atomes environnants (comme dans un billard). Il s’ensuit une sorte
de réaction en chaine (on parle de cascade), jusqu’a ce que le réseau retrouve un état
d’équilibre. Certaines zones sont alors devenues amorphes : les positions des atomes
ne sont plus sur un réseau ordonné (cf. la figure 1.3). Ces zones constituent autant
de points de faiblesse de I'acier. La dynamique moléculaire est un outil qui permet,
a partir de la position et de la vitesse de ’atome excité, de calculer la configuration
du réseau atomique une fois ’équilibre revenu?.

Dans le domaine biologique, un probléme non résolu a I’heure actuelle est celui du
lien entre la structure 3D d’une protéine et la séquence des acides aminés qui la com-
posent. Plus précisément, une protéine est constituée d’une chaine linéaire d’acides
aminés (il existe une vingtaine d’acides aminés différents, deux protéines sont diffé-
rentes si la séquence des acides aminés dans les deux chaines est différente). In vivo,
cette chaine d’acides aminés se replie sur elle-méme pour former des structures 3D
complexes. La séquence de nombreuses protéines est connue expérimentalement, de
méme que leur structure 3D, par contre le lien entre ces deux informations est encore

3Les processus physiques qui conduisent de la formation de ces zones amorphes & la modification
macroscopique des propriétés mécaniques sont multiples et complexes. Entre le choc initial et le
retour & I’équilibre, c’est-a-dire entre les deux états représentés sur la figure 1.3, il s’écoule environ
20 picosecondes, et les dimensions de la zone qui devient amorphe sont de ’ordre de 20 nanométres.
L’évolution des propriétés mécaniques met en jeu des phénoménes sur des échelles de temps et
d’espace beaucoup plus grandes.
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F1G. 1.3 — Cascade dans une cuve de réacteur nucléaire (représentation schématique) :
a gauche, réseau parfait avant événement, I'atome avec la fleche est celui percuté par
un neutron; & droite, réseau déformé en fin d’événement (les atomes hachurés au centre
forment une zone amorphe).

mal compris. Ce lien est important car c’est la structure 3D de la protéine qui est
responsable de ses propriétés biologiques. De nombreuses équipes ont donc cherché
a calculer le repliement d’une protéine, en partant par exemple d’une configuration
linéaire.

Un autre probléme est celui de la propagation de fractures au sein de nanotubes
[206]. La fracture avance car des liaisons atomiques se cassent. L’idée est donc de
simuler un nanotube (un systéme d’un millier d’atomes), en imposant des conditions
de type Dirichlet & ses extrémités, et d’étudier a partir de quelle déformation une
fracture se propage (cf. la figure. 1.4).

Pointe de fracture

F1G. 1.4 — Nanotube mis en extension dans la direction horizontale : on impose un déplace-
ment aux atomes du premier plan vertical & gauche et aux atomes du dernier plan vertical
a droite. Une fracture se propage dans la direction transverse (comme une fermeture éclair
qui s’ouvre). Les lignes fines représentent des liaisons atomiques (pour simplifier le dessin,
la maille du réseau atomique est supposée carrée).

1.1.1.2 Calcul de moyennes thermodynamiques

La problématique du calcul de moyennes thermodynamiques est reliée a la phy-
sique statistique. Lorsqu’on considére des systémes comportant un grand nombre de
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particules, il convient de distinguer les variables a I’échelle microscopique de celles a
I’échelle macroscopique. Les premiéres sont celles relatives aux particules qui forment
le systéme (leur position, leur vitesse), tandis que les secondes sont relatives au sys-
téme dans son ensemble (masse volumique, pression, ... ). Comme précisé ci-dessus,
se donner un état du systéme, c’est spécifier la valeur de toutes les variables mi-
croscopiques. Cependant, seules les informations macroscopiques ont une pertinence
physique, car ce sont les seules qui sont en pratique mesurables. Sous ’hypothése de
I’équilibre thermodynamique local, la physique statistique permet de montrer que :

1. on peut décrire le systéme a 1’échelle macroscopique par un petit nombre de
champs (la masse volumique, la vitesse, la température, I’énergie interne, la
pression ou le tenseur des contraintes, ...), qui sont des variables macrosco-
piques;

2. la valeur de ces champs est définie comme une moyenne d’une certaine fonction
(dans la terminologie physique, on parle d’observable) sur un ensemble d’états
(de configurations) microscopiques du systéme;

3. dans certains cas, il est possible de relier ces grandeurs macroscopiques entre
elles pour obtenir une loi constitutive & 1’échelle macroscopique (la loi de Ma-
riotte, qui relie la pression, le volume occupé et la température d’un gaz parfait,
en est un exemple).

L’ensemble des configurations qu’on prend en compte pour calculer la moyenne
mentionnée au point 2 est relié aux conditions physiques dans lesquelles le systéme
est étudié. Se donner un ensemble thermodynamique, c’est par définition se donner
un ensemble d’états microscopiques, et les probabilités relatives des états pour le
calcul de la moyenne.

L’exemple le plus simple est celui de ’ensemble thermodynamique NVE, pour
lequel on suppose que le nombre de particules N du systéme, le volume V' accessible
aux particules et I’énergie E du systéme sont fixés et connus. Seules les configurations
microscopiques telles que I'énergie du systéme soit égale a E interviennent dans la
moyenne, et elles sont équiprobables.

Formalisons maintenant les différentes notions évoquées. Soit A(g, p) une obser-
vable, c’est-a-dire une fonction de (¢, p). La moyenne thermodynamique (dite aussi
moyenne statistique ou encore moyenne d’ensemble dans la communauté physique)
de A est définie par

/Q Alg,p) dp

[
Q

ol la mesure du et le domaine Q C R3Y x R3*" dépendent de ’ensemble thermo-
dynamique dans lequel on travaille. Le domaine (2, appelé espace des phases du
systéme, est I'espace des configurations (¢, p) qui lui sont accessibles?. Travailler

(4) = (1.5)

“Dans la communauté mathématique, on désigne ainsi (1.5) sous le terme de moyenne dans
I’espace des phases.
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dans ’ensemble NVE correspond & faire le choix

Q=Qnve={(¢.p) € VxRN; H(q,p) = E} (1.6)
et p
o
d,u:d,uNVE: I ———— (17)
IVH]
ol do est la mesure induite sur la variété H'(E) par la mesure euclidienne dq dp
de R3N x R3N et ol || - || est la norme euclidienne. Pour la distinguer de la valeur

calculée dans d’autres ensembles, nous noterons (A)yy g la quantité (1.5) avec les
choix (1.6) et (1.7).

Donnons maintenant quelques exemples d’observable A. Pour un systéme tel
qu'un polymére ou un alcane, une grandeur importante est la distance entre le
premier atome de la chaine et le dernier (cf. la figure 1.5) : 'observable s’écrit donc
Alg,p) = a1 — anl-

qN

q1

F1G. 1.5 — Représentation schématique d’un alcane ou d’un polymeére : chaque particule
représente un groupe C'Ho dans le premier cas et un monomére dans le second cas.

Dans un liquide, la pression est définie par (1.5) avec

N
1 p?
Nwmgvg(ﬁ+wﬂ@)

o F;(q) sont les forces.

Dans un solide, lorsque les déformations sont suffisamment petites, on peut faire
I'approximation de I’élasticité linéaire : le champ de contrainte o (qui est une variable
macroscopique qu’on peut calculer sous la forme (1.5) pour un certain A) est relié
au champ de gradient de déformation e (lui aussi macroscopique et calculable par
(1.5)) par une relation du type

c=A:e.

Le tenseur d’élasticité A (tenseur 9 x 9) peut étre calculé par dynamique moléculaire
[51].

Remarque 1.1.1 1] est possible de travailler dans d’autres ensembles thermodyna-
miques. Travailler dans [’ensemble NVT signifie que le nombre de particules N, le
volume V' qui leur est accessible et la température T du systéme sont connus, mais
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que l’énergie du systéme n’est pas connue. La moyenne d’une observable est alors
définie par (1.5), avec les choiz

Q:QNVT:V XRSN (18)
et H(g.p)
dp = duyyr =exp | — .0 dq dp, (1.9)
kT

ot kg est la constante de Boltzmann, et nous noterons cette moyenne (A)yyr.

Les raisons qui motivent les choix de ) et de du, la description d’autres ensembles
thermodynamiques et l'influence du choiz de [’ensemble thermodynamique de travail
sont détaillées dans [4]. Mentionnons simplement ici qu’a la limite d’un nombre de
particules N infini, tous les ensembles sont équivalents (la moyenne d’une observable
devient indépendante du choiz de ’ensemble thermodynamique dans lequel elle est
calculée), mais que pour les valeurs de N aujourd’hui considérées dans la pratique,
il peut y avoir des différences non négligeables entre deux moyennes calculées dans
deux ensembles thermodynamiques différents.

Remarque 1.1.2 Certaines grandeurs importantes, comme le coefficient de diffu-
sion dans un liquide, ne s’expriment pas sous la forme (1.5), mais sous une forme
un peu différente. Soit

/ B (®:(q,p), (¢:p)) du
C(t) = £

[
Q

ot 2 et dp ont la méme signification que dans expression (1.5), ou @, est le flot
associé a la dynamique du systéme (c’est l’état du systéme a linstant t sachant qu’il
est en (q,p) a Uinstant initial), et ot B est une fonction définie sur R x ROV,
Dans l’ensemble NVE, l’espace des phases € et la mesure du sont donnés par (1.6)
et (1.7) et @, est le flot du systéeme (1.4). La quantité C(t) est appelée coefficient
d’auto-corrélation (on regarde les corrélations de deuz états du systéme séparés par
un intervalle de temps t). Par exemple, le coefficient d’autocorrélation en vitesse
Cy(t) est défini par (1.10) avec

(1.10)

N
1 D Di
B((q,p' = =) =
((q 7p)7 (qap)) N — Z2

Le coefficient de diffusion d’un liquide, qui est un paramétre macroscopique, est
donné par

D:l/ O, (1) dt.
3 Jo

Le calcul de coefficients d’auto-corrélation est un probléme important en pratique,
nous ne l’abordons pas plus avant ici, en préférant nous concentrer sur le cas simple
qui est le calcul d’une moyenne thermodynamique définie par (1.5).
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Le probléme est donc de calculer I'intégrale (1.5), ce qui n’est pas simple & cause
de la grande dimension (6/N) dans laquelle on travaille. Pour cette raison, il n’est
pas envisageable d’utiliser les méthodes classiques comme celles des points de Gauss.
Deux approches sont utilisées pour le calcul de (1.5) :

1. I'approche Monte Carlo d’une part,
2. 'approche dynamique moléculaire d’autre part.

L’approche Monte Carlo consiste a générer aléatoirement une suite de points (¢,, Pn)nen
qui échantillonnent 1’espace des phases () suivant la densité de probabilité C' dyu, ou C'
est une constante de normalisation. Par construction, les points (g, p,)nen sont dé-
corrélés les uns des autres. Historiquement, c’est cette méthode qui a été la premiére
mise en ceuvre pour le calcul de (1.5) (cf. [50]). Depuis, elle fait ’objet d’une impor-
tante littérature, a la fois dans le domaine probabiliste [10] et dans les domaines de
chimie ou de physique.

Passons maintenant a I’approche dynamique moléculaire, qui est celle qui a été
étudiée dans le cadre de cette thése. Le cas le plus simple est celui du calcul d’une
moyenne dans I’ensemble NVE (le cas de I’ensemble NVT est traité dans la sec-
tion 1.1.5). Cette approche repose sur le caractére supposé ergodique du systéme
Hamiltonien (1.4) (nous revenons sur ce point ci-dessous). Sous cette hypothése
d’ergodicité, on a, pour presque toute condition initiale (g, po) € QnvE,

T

(e = Jim 7 [ Attt p0) (1.11)
ou (q(t),p(t)) est la solution de (1.4) de condition initiale (go,po). La condition
initiale est choisie telle que H(qo,po) = E, ou E est I'énergie a laquelle on sou-
haite travailler, et qui apparait dans la définition de (A)yyp (cf. (1.5), (1.6) et
(1.7)). Comme ’énergie H(q,p) est un invariant de (1.4), on voit que la trajectoire
(q(t),p(t)) appartient a ’ensemble 2y . L’équivalence (1.11) entre moyenne d’en-
semble et moyenne temporelle signifie que la trajectoire ¢t — (¢(t),p(t)) “remplit”
I'espace des phases ()yy g avec la densité de probabilité duyy g. Le calcul de (A) yy g,
qui est la quantité qui nous intéresse in fine, se fait donc par le calcul d’une trajec-
toire du systéme et d’une moyenne temporelle sur cette trajectoire. Ces deux étapes
sont réalisables en pratique.

Les premiers systémes a avoir été étudiés par ’approche dynamique moléculaire
sont des systémes avec interaction de paire (’énergie potentielle V' définie en (1.2)
ne comporte que le terme V3), tout d’abord dans le cas des sphéres dures [39], puis
dans le cas d'un potentiel de Lennard-Jones [45,46,58,59]. Dans le premier cas, le
potentiel est défini par

Va(r) =0sir <r, Va(r)=+oo sinon,

ol r. est un rayon de coupure représentant le rayon des particules qui interagissent.
Dans le second cas, plus réaliste du point de vue physique, le potentiel est donné
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§ 1.1.1 : Présentation succincte de la dynamique moléculaire

par

Va(r) = de ((%)12 - (%)6) , (1.12)

ou ¢ et o sont des paramétres du modéle. Une question classique consiste a étudier
les courbes de changement de phase d’un tel systéme (courbe de coexistence liquide-
vapeur, température au point triple, ...).

Revenons sur I’hypothése d’ergodicité. A notre connaissance, les seuls systémes
pour lesquels elle est démontrée sont des systémes de sphéres dures (le billard de
Sinai [34], cf. aussi [18,26,32,33]). Donc, pour la majorité des systémes moléculaires
étudiés, le caractére ergodique n’est ni démontré, ni infirmé. Les tests numériques
semblent montrer que cette hypothése est vérifiée, au sens ou les moyennes tempo-
relles convergent vers une limite indépendante de la condition initiale. Remarquons
qu’une condition nécessaire pour que 1’égalité (1.11) soit vraie est que la dynamique
ne préserve qu’un seul invariant, ’énergie. S’il existe d’autres invariants (I’impulsion
totale, le moment cinétique, ...), alors la trajectoire reste sur la surface d’isova-
leur de ces invariants. Dans (1.11), la moyenne d’ensemble sur Qyy g doit alors étre
remplacée par la moyenne sur la surface d’isovaleur de tous les invariants.

Les deux objectifs de la dynamique moléculaire que nous venons de décrire, le
calcul de I’évolution en temps d’un systéme et le calcul de moyennes thermodyna-
miques, font donc appel au calcul d’une solution du systéme dynamique (1.4). La
motivation est cependant différente suivant ’objectif poursuivi. Dans le premier cas,
détaillé dans la section 1.1.1.1, 'objet d’étude est bien la dynamique du systéme :
on cherche a comprendre les mouvements collectifs d’atomes, les mécanismes dyna-
miques de repliement de protéines, . ... Lorsque ’objectif est le calcul d’une moyenne
d’ensemble, suivre la trajectoire du systéme n’est qu'un moyen parmi d’autres pour
échantillonner I’espace des phases suivant la densité de probabilité du. L’analyse nu-
mérique des deux cas n’est pas la méme, car on peut faire une erreur sur la trajectoire
qui disparait lorsqu’on considére une moyenne sur cette trajectoire>.

1.1.2 Intégration en temps d’un systéme Hamiltonien
1.1.2.1 Algorithmes symplectiques

Dans cette partie, nous nous intéressons aux méthodes numériques pour calculer
une solution approchée de (1.4). Ce calcul intervient en effet dans les deux objec-
tifs détaillés ci-dessus. Le systéme (1.4) d’équations différentielles ordinaires (EDO)
posséde la propriété fondamentale d’étre un systéme Hamiltonien, et les méthodes
numériques spécifiques a ce cas font 1’objet d’une importante littérature (on pourra
en particulier consulter [5,9]). La notion centrale est celle de symplecticité.

5Cette remarque ne s’applique pas au calcul de coefficients d’auto-corrélation (1.10), dans la
définition desquels la trajectoire du systéme intervient explicitement.
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Définition 1.1.1 Soit x(z) une application de R*! dans R??, de classe C*, et soit
jacx sa matrice jacobienne. On dit que ’application x est symplectique si

Vr e R*,  (jacx(x))" J (jacx(z)) = J,

(0 I
=(56)

ot I; est la matrice identité de taille d x d.

ot la matrice J est définie par

On peut montrer qu’un systéme dynamique est Hamiltonien si et seulement si
son flot est symplectique. La symplecticité est donc une caractéristique des flots des
systémes Hamiltoniens, et il est naturel de chercher & construire des schémas numé-
riques dont le flot est lui aussi symplectique®. La définition d’un schéma numérique
symplectique est la suivante :

Définition 1.1.2 Soit I une fonction de R*? dans R, on considére la dynamique

dx(t)
= [(z(t), =(0)= . (1.13)

On se donne un schéma d’intégration et un pas de temps At. Soit Y, le flot numé-
rique, c’est-a-dire la fonction telle que le schéma numérique s’écrive

Tp4+1 = \DAt (xn)a

ol x, est une approximation de x(nAt). Si la fonction VU, est symplectique (pour
tout At) dés que la dynamique (1.18) est Hamiltonienne, alors la méthode numérique
est dite symplectique.

Avant de donner des exemples de schémas numériques symplectiques, expliquons
maintenant leurs qualités. L’énergie H(q, p) est un invariant du systéme (1.4), et on
s’'intéresse a la préservation, par le schéma numeérique, de cet invariant. Lorsqu’on
utilise un schéma non symplectique (schéma d’Euler, ou bien schéma de Runge-
Kutta, méme d’ordre élévé), on constate que I’énergie n’est pas bien conservée : la
quantité H (g, pn), ol (¢n, pn) est approximation fournie par le schéma numérique
de (q(nAt), p(nAt)), s’éloigne de 1’énergie initiale Hy = H(qo, po) & une vitesse ex-
ponentielle en la longueur nAt de la trajectoire simulée. Au contraire, lorsque le
schéma utilisé est symplectique, on constate une trés bonne conservation de 1’éner-
gie : la quantité H(q,, p,) fluctue autour de ’énergie initiale Hy, sans s’en éloigner, et
ceci pendant un temps trés long. Plus précisément, on a le théoréme suivant (cf. [9],
théoréme 8.1 p. 312) :

6Cet intérét pour les schémas symplectiques est justifié par leurs excellentes propriétés numé-
riques qui sont décrites ci-dessous.
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Théoréme 1.1.1 On suppose que H : D C R3*" x R* — R est analytique, et que
le schéma numérique utilisé pour intégrer (1.4) est un schéma symplectique de pas
At et d’ordre ro. On note (G, Pn)nen la trajectoire numérique fournie par le schéma.
St la solution numérique reste dans un compact K C D, alors il existe Aty et Cy
tels que, pour tout At < Aty, on a

Vn t.q. nAt < exp (QA—At(;) s | H(qn, pn) — H(qo, po)| < CoAL™.
La preuve de ce théoréme repose sur I’analyse rétrograde, dont nous expliquons ici
briévement 1'idée. Etant donné le systéme dynamique (1.13), qui & ce stade 1a n’est
pas nécessairement Hamiltonien, on note W, le flot numérique fourni par un schéma
de pas At. On cherche maintenant une fonction I'a,(z) telle que le flot exact, noté
D py(z0,t), de 'équation

dx(t)

dt

= Tas(2(2)) (1.14)
vérifie

V.TO, (pAt(x(b At) = \IIAt(:Lb)-
Il est en général impossible de trouver une telle fonction I'a;(z), par contre on peut

trouver une fonction I'p¢(x) telle que, étant donné un compact K, le flot exact de
I’équation modifiée (1.14) vérifie

Vag € K,  ®a(wo, At) = Uay(w9) + O (At e 4) (1.15)

pour une certaine constante ¢ > 0 indépendante de At. Donc, & des termes exponen-
tiellement petits en At prés, le flot numérique WA, est égal au flot exact de I’équation
modifiée. Si de plus le systéme initial (1.13) est Hamiltonien (de Hamiltonien H)
et que la méthode numérique utilisée pour 'intégrer est symplectique et d’ordre r,
alors le systéme dynamique (1.14) est lui aussi Hamiltonien, de Hamiltonien Ha; tel
que

Hai(gq,p) = H(q,p) + O (At™), (1.16)

uniformément en (g, p) sur tout compact. On étudie maintenant la conservation de
I’énergie. On voit que

n—1
Hav(gnspn) = Halgo.po) = Y HaulGie1, pis1) — Haulgi, pi)

=0
n—1

= Z Ha(Yai(qi,pi)) — Hae(gis pi)
i=0
n—1

= Z Hpt(Par(qs, pis At)) — Har(qs, i)
=0
+O (e—c/At)

- 0 (efc/At) ’
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ol on a utilisé a la derniére ligne le fait que le flot ®A; conserve Ha,;. En utilisant
(1.16), on voit donc que 'énergie H est conservée par le schéma numérique a une
erreur O (At™) preés.

Les critéres a considérer lors du choix d’un schéma numérique pour I'intégration

de (1.4) sont donc les suivants :

— la symplecticité du schéma, qui permet de préserver sur le long terme 1’énergie
du systéme ;

— le caractere explicite du schéma ; ce critére est motivé par le grand nombre de
particules qu’il faut simuler, qui rend les schémas implicites difficiles d’emploi.
La contrepartie est une contrainte de stabilité forte sur le pas de temps.

— le nombre d’évaluation des forces F'(q) nécessaire a chaque pas. Ce terme est
en effet trés cher a calculer. C’est aussi pour cette raison que les schémas
dits “multi-derivatives”, qui font appel a la dérivée du membre de droite du
systéme dynamique (dans le cas présent, la dérivée des forces par rapport aux
positions), ne sont pas utilisables.

Dans la plupart des simulations de dynamique moléculaire, c’est le schéma velocity
Verlet [58] qui est utilisé. On introduit la matrice diagonale

M = diag(mq, mq, my, mg, Mo, Mg, ..., My, My, My),

qui est de dimension 3N. Notant At le pas de temps, le schéma velocity Verlet,
appliqué aux équations (1.3), s’écrit

At

DPnt+1/2 = Pn T+ > F(qn),
Qi1 = Qo+ AL Milanrl/?a
At
Pn+1 = pn+1/2 + 7 F(Qn—l—l)

Ce schéma est trés populaire car il satisfait toutes les contraintes exposées ci-dessus.
De plus, il est facile & implémenter, assez précis (c’est un schéma d’ordre 2) et,
enfin, il préserve une autre propriété qualitative des équations (1.3), qui est leur
réversibilité en temps.

La construction de ce schéma repose sur un argument de splitting d’opérateur
(cf. [9], pp. 43) entre d’une part, 'opérateur p%, et d’autre part I'opérateur F(q)%
Le splitting considéré est symétrique, ce qui assure la réversibilité en temps du
schéma numérique. Le schéma velocity Verlet est aussi une méthode de Runge-Kutta
partitionnée sur le Hamiltonien séparable (1.1) (cf. [9] pp. 34).

L’analyse numérique des schémas d’intégration des systémes Hamiltoniens est
aujourd’hui bien comprise (cf. [9]). Nous décrivons maintenant deux difficultés, a
la fois théorique et numérique, qu’on rencontre dans le domaine de la dynamique
moléculaire.
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§ 1.1.1 : Présentation succincte de la dynamique moléculaire

1.1.2.2 Evaluation des forces a longue portée

L’étape la plus coiiteuse du calcul de la trajectoire d’un systéme en dynamique
moléculaire est ’évaluation des forces provenant du terme

2D Vil — g) (1.17)

i=1 j>i

dans l'expression (1.2). Sans plus de simplifications, 'évaluation de ce terme a un
cotit proportionnel & N2. Il faut ici distinguer deux types de potentiel.

On définit souvent les potentiels de paire V5(r) & courte portée comme ceux,
en 3D, qui décroissent plus vite que 1/r® quand r tend vers +oo (le potentiel de
Lennard-Jones (1.12) en est un exemple). Pour ces potentiels, il est possible d’utiliser
un rayon de coupure 7. : on ne considére dans la somme (1.17) que les particules i et
Jj telles que |g; — g;j| < r.. Comme le potentiel décroit rapidement, ’erreur commise
est considérée comme faible (I'influence de la troncature est discutée dans |2|, pp.
24-29). Avec cette simplification, et en tenant a jour la liste” des particules i et j
proches au sens ci-dessus, on réduit le coit calcul de O(N?) a O(N).

Le probléme est plus difficile pour des potentiels a longue portée, comme les
potentiels électrostatiques, pour lesquels il faut calculer une somme du type

DB

i=1 5>t

1.18
‘Qz - QJ ( )

ol Z; est la charge électrostatique de ’atome . L’expérience numérique montre qu’on
commet une erreur significative en utilisant un rayon de coupure. Deux méthodes
(au moins) ont été développées pour traiter ce cas, et sont couramment utilisées en
dynamique moléculaire : la méthode Fast Multipole Method (FMM) (cf. [78,79]) ou
une méthode fondée sur les sommes d’Ewald (cf. [80] pour les aspects mathématiques
et [74,75,81,87,89] pour des exemples de mise en ceuvre).

La méthode FMM raméne le coiit calcul de O(N?) a O(N In N). Cependant, le
potentiel (1.18), qui est une fonction continue des positions ¢, est alors approché par
un potentiel discontinu. En effet, si deux noyaux sont éloignés I'un de ’autre, leur
interaction est calculée de facon approchée, alors que s’ils sont proches, on conserve
I'expression exacte. Or, I’analyse rétrograde (cf. le théoréme 1.1.1 ci-dessus) comme
la théorie KAM® dont on a besoin ci-dessous (cf. la section 1.1.3.1) s’appuient sur
I’analyticité du Hamiltonien. Ces deux théories ne s’appliquent donc pas dans le
cadre d’un potentiel calculé par la méthode FMM.

"On parle des listes de Verlet [58], du nom de la premiére personne & avoir proposé et implémenté
cette idée.
8du nom de ses auteurs, Kolmogorov, Arnold et Moser ; cf. par exemple [5], et [9] pp. 327.
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1.1.2.3 Présence de plusieurs échelles de temps

Pour intégrer (1.4), comme on utilise des méthodes explicites, le choix du pas
de temps doit respecter une contrainte de stabilité, qui fait intervenir la plus haute
fréquence présente dans le systéme.

Dans les systémes moléculaires, la plus haute fréquence présente est celle associée
a la vibration de la longueur des liaisons atomiques : la période correspondante est
de 'ordre de la femtoseconde, et I’amplitude de vibration est trés petite. Du point
de vue de la modélisation, deux approches existent :

— soit I’énergie potentielle inclut un terme du type

5 (1 — 3] = re)?,
ol 7 et j sont deux atomes reliés par une liaison dont la longueur d’équilibre est
Teq- Alors la vibration de cette liaison est explicitement décrite, ce qui nécessite
de choisir un pas de temps de ’ordre de la femtoseconde.

— soit la liaison est modélisée comme une contrainte holonome, ce qui permet de

prendre des pas de temps plus grands mais transforme le systéme (1.4), qui
est un systéme d’EDO, en un systéme algébro-différentiel, plus compliqué a
résoudre numériquement.
Les deux approches existent : dans le second cas, ’algorithme fréquemment utilisé
est I'algorithme Rattle, qui est symplectique [44] (cf. aussi [40,72]).

Méme si cette fréquence trés élevée est supprimée, les systémes considérés en
pratique font tout de méme intervenir une multitude d’échelles de temps. De plus,
en pratique, le cas est fréquent ot les forces qui varient lentement sont celles qui sont
chéres a évaluer. Plusieurs méthodes ont été développées pour traiter ce probléme,
qui est fondamentalement un probléme d’EDO avec des oscillations rapides. Les
méthodes de Gautschi et de Deuflhard (revisitées par Hairer, Hochbruck et Lubich,
cf. [9] pp. 417 pour une analyse globale) s’appuient sur la connaissance exacte de la
fréquence élevée.

Nous décrivons maintenant briévement la méthode “Impulse”, proposée en 1992,
et qui a été trés employée dans la communauté chimiste (cf. par exemple [82,105]
pour un emploi de cette méthode en combinaison avec la méthode FMM et la mé-
thode des sommes d’Ewald ; un autre exemple d’application est décrit dans [90]),
jusqu’a ce que ses limitations soient observées puis comprises [73,76,77,93|. Suppo-
sons que les forces F'(q) soient décomposées en un terme rapide F,.(¢q) et un terme lent
Fi(q), soit F(q) = F.(q)+ Fi(q). En s’appuyant sur les idées de splitting d’opérateur,
Tuckerman et al. ont proposé le schéma suivant [100] :

At 0
) = oo (TR0 ) ) (1.19)
(@0 0h) = (Whym)” (g2 05), (1.20)
At 0
(nesine) = ep (SR ) Ghiah) (121
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ou V7, Jm €St n’importe quel schéma, de petit pas de temps At/m, qui intégre les
équations de Newton dans lesquelles seules les forces rapides F,(q) sont prises en
compte (en pratique, on choisit ici encore ’algorithme de velocity Verlet).

Le probléme avec cette méthode est que des résonances apparaissent. On com-
prend trés bien pourquoi en supposant que la solution exacte du probléme s’écrit

0(8) = anlt) + 5 cos(),

ol ¢, (t) est une fonction dont les temps caractéristiques de variation sont trés
supérieurs a 27 /€, qui est la période du mouvement rapide. La normalisation devant
le coefficient de haute fréquence assure que 1’énergie reste bornée méme si ) est
grand. La variable ¢ oscille trés rapidement (avec une pulsation ) autour d’une
position moyenne qui est g,,(t), qui elle-méme évolue beaucoup plus lentement. Si le
pas de temps At est égal a une période 27/ du mouvement rapide, alors les forces
Fi(q) sont évaluées aux temps k27 /€, k € N. A ces instants 1a, la valeur de ¢(t)

2
vaut q,, (k—ﬂ

1
O ) + Q’ alors que la valeur moyenne de ¢, une fois les oscillations de

T .
forte fréquence intégrées, vaut ¢, kﬁ) . Les forces F; sont donc systématiquement

calculées en dehors de la trajectoire moyenne, et cette erreur systématique est la
cause des instabilitées observées.

S’inspirant de la méthode Impulse, la méthode “Mollified Impulse Method” a
ensuite été proposée [83] (cf. aussi [85]). Elle repose sur I'idée de ne pas calculer les
forces lentes en la valeur de la position trouvée aprés I’étape (1.20), mais sur une
position moyenne.

1.1.3 Calcul de moyennes d’ensemble : analyse numérique
dans un cadre simple

On passe maintenant a la deuxiéme utilisation standard de la dynamique molé-

culaire, c’est-a-dire le calcul de moyennes d’ensemble. Le probléme a été exposé dans

la section 1.1.1.2 et la formule fondamentale sur laquelle on s’appuie est la formule

(1.11). La méthode standard pour calculer (A)yy g consiste a choisir un temps de
simulation 7°, puis & approcher la moyenne temporelle

par la somme de Riemann

Np—1

ART) =5 D Alan ) (122

ot (qn, pn) est la trajectoire numérique fournie par un algorithme de pas At = T'/N,,
appliqué aux équations (1.3). La moyenne (A)yy g est donc approchée par (1.22).
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1.1.3.1 La méthode standard

Un des résultats de cette thése (cf. [P1,P2]) concerne I'analyse numérique de la
méthode décrite ci-dessus. Il a été établi en collaboration avec Eric Canceés, Francgois
Castella, Philippe Chartier, Erwan Faou, Claude Le Bris et Gabriel Turinici, au
sein de PRESTISSIMO, qui est une Action de Recherche Coopérative de 'INRIA.
Nous nous sommes placés dans le cadre de systémes Hamiltoniens complétement
intégrables (nous revenons dans la section 1.1.3.3 sur la validité de cette hypothése
en pratique). Par définition?, un tel systéme dynamique sur les variables (¢, p) €
R3N x R3N admet 3N invariants, qu’on note I1(q,p), ..., Isn(q,p), et qui vérifient

Vi, J2, V‘]‘[jl 'VijQ = Vp]jl 'vqug-
On pose
S(q,p) = {(z,y) e R*N x R*N t.q. Vj € [1,3N], L;(z,y) = L;(q,p)}.

Soit (qo, po) une condition initiale : par définition, la trajectoire (q(¢),p(t)) du sys-
téme Hamiltonien (1.4) issue de cette condition initiale reste sur la variété S(qo, po),
et la moyenne d’ensemble qu’il faut considérer est la moyenne sur S(qo, po). Posons
donc I = I;(qo, o), si bien que

S(qo,po) = {(z,y) e R* x R* t.q. Vj€[1,3N], Li(z,y)=1'}.  (1.23)
La moyenne d’ensemble qu’on cherche & calculer est

/ Alg,p) dpro 1o,
— Z5(a0.po) , (1.24)

/ dMI?,...,IgN
S(qo,p0)

ot duo o est la mesure invariante sur S(qo, po) (cette mesure invariante généra-
lise (1.7)). Sous une hypothése de non-résonance, et supposant que le Hamiltonien
H(q,p) et observable A sont analytiques, on peut montrer (cf. [3] p. 287) que

(A

0
1oy

(A0, = %/0 Alq(t),p(t)) dt + O (%) : (1.25)

ou (q(t),p(t)) est la solution de (1.4) de condition initiale (g, po). On rappelle ici
briévement les étapes de la preuve, ce qui nous sera utile dans la suite :

1. Dans le cas d’un oscillateur harmonique en une dimension, le Hamiltonien
2
s’écrit H(q,p) = 2]'; + 5 w?q?, et la trajectoire s’écrit
m

q(t) = Cp cos(wt + @), p(t) = —Chw sin(wt + ¢).

9Une définition précise d'un systéme Hamiltonien complétement intégrable est donnée dans
[3,5,9]. Nous retenons ici les hypothéses les plus fortes.
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Comme la fonction 6§ — A(Cy cosd, —Cyw sin @) est périodique, on peut la
décomposer en série de Fourier, soit

A(Cy cos, —Chw sinf) = Z ag exp(ikd). (1.26)

keZ

En insérant ce développement dans la moyenne temporelle de A, on voit!® que

1 [T 1 /7
—/ Aq(t),p(t)) dt = —/ Zak exp(iko) exp(ikwt) dt
o T Jo kEZ
o letT
= ag+ kz#o ay exp(zlc(b)fW

Le terme aq est la moyenne d’ensemble qu’on souhaite calculer, et le second
terme de la somme est donc I'erreur, qui décroit'! comme 1/7', ce qui donne
donc l'estimation (1.25).

2. On traite maintenant le cas d’un systéme Hamiltonien intégrable. On note
T = R/27 le tore [0,27]. Puisque le systéme (1.4) est intégrable, il existe
un changement de variables symplectique local 1) qui permet de passer des
variables initiales (¢, p) € R* x R3Y 3 des variables (a,0) € R3Y x T3V dites
variables action-angle telles que, si (¢(¢),p(t)) est solution de (1.4), alors

(a(t),0(t)) =¥~ (q(t), p(t))
vérifie I’équation da() 29)

a(t t

T T CON

Par construction, v est périodique en #. La dynamique dans les nouvelles
variables peut étre intégrée, et donc

A(q(t), p(t)) = Ao ¢ (a(0),6(0) + tw(a(0))) .

Comme 1) est périodique de sa seconde variable, I’argument utilisé a ’étape 1
peut étre réutilisé, ce qui montre (1.25).

En pratique, on ne calcule qu’une approximation de la moyenne temporelle qui
apparait au membre de droite de (1.25), en choisissant un pas de temps At > 0
d’intégration numérique. Sous des hypothéses mathématiques fortes (dont la com-
pléte intégrabilité du systéme Hamiltonien, I'analyticité des fonctions H et A, et
la symplecticité du schéma numérique), on peut montrer [P2| I’estimation d’erreur
suivante :

(A (T) = (A) 1o

0
num 1rod3n

S C(T(]u H7 A) (% + Atr()) ) (127)

10T ’hypothése d’analyticité sur A permet de permuter I’intégrale en temps et la somme sur k € Z.
"En dimension d > 1, le dénominateur ikw devient ik-w, ot k € Z4\ {0} et w € R%. L’hypothése
de non-résonance permet de minorer |k - w|.
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oll 7y est 'ordre du schéma numérique, (A)7¢ (T') est 'expression algébrique (1.22),
et C(rg, H, A) est une constante indépendante de T et de At (mais qui dépend de

ro et des propriétés de A et de H).

La preuve de ce résultat est basée sur les arguments suivants :

1. le systéme Hamiltonien (1.4) posséde 3N tores invariants, qui sont définis par
I;(¢q,p) = Constante.

2. puisque le schéma numérique est symplectique, le flot numérique est quasiment
égal au flot exact d’'un Hamiltonien modifié Ha; qui est égal & H a At™ prés
(cf. la preuve du théoréme 1.1.1 et les relations (1.15) et (1.16)).

3. la théorie KAM montre que ce Hamiltonien Ha; posséde lui aussi 3N tores
quasi-invariants, et que ces tores sont At"-proches des tores invariants de H.
Autrement dit, il existe 3N fonctions Ia; (¢, p), j =1,...,3N, telles que

Iatj(q,p) = Ii(q,p) + O(At™), (1.28)

et telles que Ia; (g, p) soient des quasi-invariants'? pour le systéme Hamilto-
nien associé a Ha;.

4. grace a la relation (1.28), la moyenne de A sur la variété S(qo, po) définie par
(1.23) est égale, a un terme d’erreur en At" prés, a la moyenne de A sur la
variété Sa¢(qo, po) définie par

SAt(q07p0) = {(J:,y) tq VJ € [173N]7 ]At,j(x7y) = [At,j(QOapO)} .

5. Il reste maintenant & estimer l’erreur entre la moyenne de A sur la variété
Sat(qo, po) et la moyenne temporelle fournie par (1.22). Cette fois-ci, les points
(Gn, pn) de la trajectoire numérique qui sont pris en compte dans la moyenne
temporelle sont (quasiment) sur la variété Sa;(qo,po) sur laquelle on calcule
la moyenne d’ensemble. On peut montrer que cette erreur décroit comme 1/7
(c’est essentiellement la méme preuve que pour démontrer (1.25)).

1.1.3.2 Accélération de la convergence

Le rythme de convergence en fonction du temps de simulation 7' peut étre

amélioré. Revenons une nouvelle fois a l'oscillateur harmonique de Hamiltonien
2

1
H(q,p) = 2p—m + §w2q2, et définissons la moyenne temporelle par ’expression

2 T2 T2
W= (2) [ [ A+ ehptn e dndn 129

12Tes fonctions Ia: j(g,p) sont constantes sur la trajectoire du systéme Hamiltonien associé &
Ha: & un terme exponentiellement petit en le pas de temps At prés.
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En utilisant le développement en série de Fourier (1.26), on obtient

o\2 [T/2 [T/2 o ‘
(A)(T) = (T) / / > agetkoetht Rtz gt dt,
0 0

keZ

(2 (T2 ’

= ag+ Z akedﬂi) ?/ ekwt 1y ’
0

et le second terme du membre de droite, qui est I’erreur, décroit comme 1/72. La
moyenne temporelle (1.29) converge donc vers la moyenne d’ensemble au rythme
1/T?. 1l est bien sir possible de généraliser la formule (1.29) pour obtenir un rythme
de convergence en 1/T%, pour tout entier .
La formule (1.29) peut s’interpréter de deux maniéres :
— le calcul d’une moyenne temporelle se fait & partir d’une trajectoire, il faut donc
choisir une condition initiale, et ’expression (1.29) est une fagon de moyen-
ner les résultats par rapports aux conditions initiales, puisqu’on moyenne la

t14+7/2
quantité T/ A(q(ts2), p(t2)) dts par rapport a t;.
t

1
— la formule (1.29) peut se récrire comme

/0 Alq(t),p(t)) £(2) dt

pour une certaine fonction f, ce qui montre qu’il s’agit d’une moyenne tem-
porelle filtrée du signal t — A(q(t), p(t)).
Par des arguments similaires & ceux utilisés pour prouver 'estimation (1.27), on
peut montrer le résultat suivant : pour tout k € N*, il existe des poids w*™™ tels
que la moyenne filtrée

Ny —1
(AE (1) =" wh™ A(gy, pn), (1.30)
n=0

o (¢n,pn) est encore le flot numérique fourni par un algorithme symplectique de
pas At = T'/N,, appliqué aux équations (1.3), vérifie I'estimation

(A (T) = (Moo,

< C(ro,k, H, A) (% + Atm) . (1.31)
La formule avec poids (1.30) est une généralisation de la formule (1.22) : pour k£ = 1,
on a wi¥m = 1/N,, pour tout n. Nous avons vérifi¢ numériquement, que Pestimation
(1.31) est optimale.

Il est enfin possible [P1,P2] d’implémenter la formule avec poids de telle fagon que
le cotit calcul de la moyenne soit négligeable devant le cotit calcul de la trajectoire
(comme c’est le cas avec 'expression (1.22)).

27



Chapitre 1 : Introduction a la dynamique moléculaire et & quelques
méthodes multi-échelles pour les matériaux

1.1.3.3 L’hypothése de compléte intégrabilité

Pour démontrer les estimations (1.27) et (1.31), nous avons supposé que le sys-
téme Hamiltonien est complétement intégrable, ce qui nous a permis d’utiliser la
théorie KAM. Remarquons que des résultats similaires peuvent étre obtenus dans le
cas de systémes presque-intégrables'®, pour lesquels on peut encore utiliser la théorie
KAM.

Il est bien connu que la plupart des systémes considérés dans les applications ne
sont pas intégrables. Il est en effet trés rare qu’un systéme de N particules posséde
3N invariants. C’est pourquoi, aprés avoir testé la formule (1.30) sur des systémes
intégrables, nous ’avons testé sur des systémes non intégrables |[P1|, dans certaines
conditions physiques (systéme de particules en phase solide interagissant via le po-
tentiel de Lennard-Jones, ...). Nous constatons sur ces exemples que 'estimation
(1.31) est encore vérifiée.

Donc, bien que nous ne sachions pas en faire la preuve, 'efficacité du schéma
(1.30) semble dépasser le cadre des systémes complétement intégrables.

1.1.4 Le cas de systémes explorant plusieurs bassins d’énergie
potentielle

Nous commencgons par préciser ce qu’est un bassin d’énergie potentielle. Chaque
minimum local de ’énergie potentielle correspond a un état métastable. Pour que le
systéme passe d’un état métastable a un autre, il faut qu’il franchisse une barriére de
potentiel (cf. la figure 1.6). A chaque minimum local ¢* € R3" de I’énergie potentielle,
on peut associer un domaine de R3V qui est I’ensemble des positions ¢° € R3V telles
que la fonction ¢(t), définie par la dynamique

dq(t)

— = Fla®), q(0) = ¢, (1.32)

converge vers ¢' quand ¢ — oo. Les équations (1.32) correspondent & la dynamique
de plus grande pente le long de la surface de potentiel (cf. la figure 1.6).

Le comportement en temps long des moyennes temporelles dépend beaucoup
du nombre de bassins d’énergie potentielle explorés, et surtout du temps passé dans
chaque bassin par rapport au temps nécessaire pour changer de bassin. L’étude d’une
particule dans un double puits de potentiel est & ce titre trés instructive (cf. [P1]).

On considére une particule en deux dimensions, soumise au potentiel

Vi(ge, qy) = (62— 1)* + (g, + ¢ — 1)°,

représenté sur la figure 1.7. Ce potentiel posséde trois points critiques, deux minima
globaux en (£1,0) (pour lesquels V(£1,0) = 0), et un point selle en (0,1), pour
lequel V'(0,1) = 1. L’énergie potentielle comporte donc deux bassins.

13Un systéme Hamiltonien presque intégrable est, de facon un peu imprécise, un systéme obtenu
en perturbant un systéme Hamiltonien intégrable. La trajectoire reste alors au voisinage de tores
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Position initiale ¢°

Minimum local ¢*

F1G. 1.6 — Exemple de potentiel avec trois minima locaux (coupe 1D). Les minima locaux
sont séparés par des barriéres de potentiel. Les équations (1.32) correspondent & une dyna-
mique de plus grande pente, la boule représente une particule obéissant a cette dynamique.
Les pointillés séparent les différents bassins.

Le Hamiltonien du systéme est

2 2
px py
H=r 4
2+2

Trois régimes peuvent étre identifiés :

+ V(e qy)-

1. le cas d’une énergie strictement inférieure a I’énergie du point selle (Hy < 1) ;

2. le cas d’une énergie bien plus grande que celle du point selle (Hy > 5 dans le
cas présent) ;

3. le cas d’une énergie légérement supérieure a celle du point selle.

On travaille & énergie constante (dans ’ensemble thermodynamique NVE). Dans
le premier cas (Hy < 1), la particule ne peut pas franchir la barriére de potentiel
et n’explore qu’'un seul bassin. On observe que les moyennes temporelles (1.30)
convergent au rythme 1/7%. Dans le second cas (Hy > 1), la convergence est du
méme type et s’explique en considérant que la particule a suffisamment d’énergie
pour franchir la barriére sans vraiment la “sentir”.

Lorsque I'énergie de la particule est légérement supérieure a la barriére (nous
avons fait des simulations avec Hy = 1.25), alors on constate que les moyennes tem-
porelles convergent trés lentement, au rythme 1//7. L’observation de la trajectoire
montre que la particule reste trés longtemps dans un bassin, puis, en un temps trés
court, va dans ’autre bassin, dans lequel elle réside encore trés longtemps, ...La
trajectoire est donc la succession de périodes de résidence dans chaque bassin, et
le temps de résidence est trés supérieur au temps de transit. Il est possible sur ce
modéle simple de construire une chaine de Markov a deux états, qui sont les deux
bassins, et de paramétrer cette chaine (temps de résidence dans chaque état, ma-
trice de transfert entre états) a partir des résultats obtenus par la simulation de

invariants pendant un temps exponentiellement long en la pertubation.
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FIG. 1.7 — Double puits de potentiel en 2D. On a tracé dans le plan (g, gy) les isovaleurs
de I'énergie potentielle.

dynamique moléculaire. Une moyenne temporelle calculée & partir d’une trajectoire
de cette chaine de Markov converge au rythme universel 1/v/7. L’accord entre ces
deux rythmes (celui obtenu par dynamique moléculaire et celui de la chaine de Mar-
kov) montre que le modéle probabiliste donne une bonne compréhension de ce qui
se passe (sur cet exemple du double puits, cf. aussi [113]).

Ces conclusions se généralisent a des exemples physiques plus complexes. Nous
avons ainsi simulé des alcanes (cf. la figure 1.5; les atomes d’hydrogéne sont ag-
glomérés aux atomes de carbone, qui seuls sont simulés), pour lesquelles I’énergie
potentielle s’écrit

N—-1 N-2 N-3
V()= Valgigiv1) + Y Valai Gisrs Giv2) + > Vi €1, Gias Givs)-
=1 =1 =1

L’énergie potentielle fait donc apparaitre trois types de terme, qui correspondent,
de la raideur la plus importante & la raideur la plus faible, a

— des interactions a deux corps entre atomes de carbone voisins : ces interactions
sont quadratiques, trés raides, et imposent a la distance atomique entre deux
atomes consécutifs de rester proche d’une constante ;

— des interactions a trois corps, qui dépendent de l’angle entre deux liaisons
atomiques successives (cf. la figure 1.2), et qui sont quadratiques en cet angle.

— des interactions a quatre corps (qui dépendent des angles dihédraux, cf. la
figure 1.2), qui font intervenir un potentiel présentant plusieurs bassins (cf. la
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figure 1.8). Dans les unités avec lesquelles on travaille, les barriéres pour la
fonction V, sont de I'ordre de 10~

0.00014 —
0.00012 | -
0.0001 F -
8e-05 -
6e-05 -
4e-05 -

2e-05 - -
0 ! ! ! ! ! !
0 50 100 150 200 250 300 350
¢ (en degré)

F1G. 1.8 — Potentiel de torsion Vj en fonction de I’angle dihédral ¢.

Si ’énergie est assez faible, alors le systéme ne peut franchir aucune barriére,
et les moyennes temporelles (1.22) convergent au rythme 1/7 (qu’on peut accélé-
rer en 1/T% avec la formule (1.30)). Au dessus d’un certain niveau d’énergie, les
moyennes temporelles ne convergent qu’au rythme 1/ VT. On constate que la situa-
tion ne change pas méme si on travaille avec une énergie de plus en plus grande.
Autrement dit, il ne semble pas possible, sur cet exemple, d’identifier un régime
haute énergie pour lequel on retrouve une convergence en 1/7 (& la différence du
cas du double puits en 2D). La maniére dont se répartit I’énergie totale du systéme
dans les différents degrés de liberté (lents, intermédiaires, rapides, qui correspondent
respectivement aux interactions a 4 corps, 3 corps, 2 corps) fournit une explication.

On note
N-3

V4,tot(<]) = Z V4(Qz‘a qi+15 4i4-2, Qi+3)

i=1

le terme d’énergie potentielle qui correspond aux degrés de liberté les plus lents,
et pour lequel plusieurs bassins sont présents. On constate que, au cours de la
trajectoire, 'énergie potentielle Vj ¢o1(q(t)) oscille entre deux valeurs, ‘QIELIE(HO) et
Vitet (Ho), qui dépendent de I'énergie totale Hy du systéme (ce sont des fonctions
croissantes de Hy).

Ces bornes Vit (Hy) et V%% (Hp) ont une limite finie quand H, tend vers Uinfini,
et elle est atteinte pour des énergies qui correspondent a une température de 10000
K. Ainsi, pour les températures'* 7' = 10000 K et 7' = 67000 K, on trouve que

140n ne prétend pas ici que le modéle physique rend bien compte de ’expérience 3 de si hautes
températures. L’idée est simplement de comprendre le comportement du systéme pour un modéle
donné.
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I’énergie moyenne par angle dihédral, soit %W(q(t)), est (respectivement) minorée
et majorée par

1

N
Ces valeurs sont inférieures a la barriére de potentiel, qui est de 10~ pour un angle
dihédral. Donc il semble que I’énergie dans les degrés de liberté “angles dihédraux”
soit trop faible, par rapport aux barriéres a franchir, pour permettre un échantillon-
nage rapide de ’espace des phases. Bien stir, I’énergie V), n’est pas répartie de
maniére équitable entre les différents angles dihédraux (la répartition change au
cours du temps), ce qui permet & chaque angle dihédral, séparément, de franchir
les barriéres de potentiel. Cependant, les mouvements collectifs (plusieurs angles
changent de puits en méme temps) ne sont pas tous permis (le nombre d’angles qui
peuvent changer de puits en méme temps est limité).

. 1
Vit =5.107", + Vet = 6, 25.107°.

En résumé, on peut dresser le tableau 1.1, qui donne le rythme de convergence
des moyennes temporelles en fonction du régime énergétique dans lequel on travaille.

Régime Convergence de Convergence de
| Aml Npn—1
N—m Z A(Qnapn) Z wZ’Nm A(Qnapn)
n=0 n=0
E <V, 1/T 1/T%
E>V, /T 1/T*
E >V, 1/NT 1/VT

TAB. 1.1 — Rythme de convergence des moyennes temporelles en fonction du régime
énergétique. L’énergie F est ’énergie du systéme qui se trouve dans les degrés de liberté
pour lesquels ’énergie potentielle présente des barriéres, et Vj, est la hauteur des barriéres
correspondantes.

Pour certains systémes (comme le cas des alcanes discutés ci-dessus), le régime
E > V), n’existe pas. Par ailleurs, I’expérience numérique semble montrer que le sys-
téme n’est dans le régime £ < V}, que pour des températures trés basses. Autrement
dit, il semble que, en dehors de conditions physiques particuliéres, le régime géné-
rique est le troisiéme, pour lequel la convergence des moyennes temporelles
n’a lieu qu’au rythme 1/v/T.

1.1.5 Extension & d’autres ensembles thermodynamiques : le
cas de ’ensemble NVT

Jusqu’a présent, seul le cas de I’ensemble thermodynamique NVE a été considéré,
car c’est le cas le plus simple. On s’intéresse ici au probléme de calcul de moyennes
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thermodynamiques dans I’ensemble NVT. On rappelle qu'une telle moyenne, notée

(A) Ny, est définie par (1.5), on 'espace des phases est 2 = Q- défini par (1.8)

et ou la mesure est la mesure de Boltzmann duyy+ définie par (1.9).

L’approche dynamique moléculaire consiste & trouver une dynamique sur les

variables (g, p), qu’on écrit ici sous la forme
d (q(t), p(t))
S — T(q(t),p(1)) (1.33)

telle que la seule mesure invariante de cette dynamique soit la mesure duyy 1, ce qui

laisse ensuite espérer un théoréme ergodique, du type

(Avr = Jim 7 [ AGa(0.00)

—00

ou (q(t),p(t)) est une solution de (1.33).

En pratique, ce programme est loin d’étre rempli. De nombreuses dynamiques ont
été proposées, et il est facile de vérifier pour chacune d’elle que la mesure de Boltz-
mann est bien une mesure invariante. Par contre, pour certaines de ces dynamiques,
la question de savoir si la mesure de Boltzmann est la seule mesure invariante est une
question ouverte, et I’expérience numérique laisse entrevoir de sérieux problémes.

Deux approches sont utilisées : des approches déterministes, fondées sur des
systémes étendus, et des approches probabilistes.

1.1.5.1 L’approche “systémes étendus”

Cette approche s’appuie sur la signification physique de ce qu’est un systéme a
température constante : ¢’est un systéme qui échange de 1’énergie avec un thermostat
extérieur, de facon & garder sa température constante. L’idée de cette approche
consiste donc a rajouter aux variables physiques (¢, p) des variables qui décrivent
I’évolution de ce thermostat, et & postuler une forme d’interaction entre les variables
physiques et les variables du thermostat. Nous insistons sur le fait qu’il ne faut pas
chercher de signification physique précise aux équations dynamiques ainsi obtenues :
la seule propriété qu’on demande est que la trajectoire solution de ces équations
parcourt I’espace des phases avec la mesure souhaitée, soit la mesure de Boltzmann.
Donnons un exemple trés simple d’une telle dynamique dans un systéme étendu.
On considére une particule unidimensionnelle, le thermostat est représenté par deux
variables scalaires £ et p¢, et le systéme dynamique s’écrit :

% -z (1.34)
% = F(Q)—%p, (1.35)
% = %Q—kBT, (1.36)
z—i - %. (1.37)
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Dans ces équations, T est la température a laquelle on souhaite simuler le sys-
téme (c’est une constante), et () est un paramétre, qui joue le role de la “masse”
du thermostat. Les équations précédentes sont connues sous le nom d’équations de
Nosé-Hoover [62,69]. Il est possible de les généraliser et d’utiliser plus de thermostats
(on parle alors des chaines de Nosé-Hoover [67]), ce qui revient & coupler le premier
thermostat avec un second, ...Ni les équations de Nosé-Hoover ni les chaines de
Nosé-Hoover ne sont des équations Hamiltoniennes'®, et il existe des cas bien ré-
pertoriés [57,67] dans la littérature pour lesquels on constate numériquement que
la solution de (1.34-1.37) n’explore pas ’espace des phases suivant la mesure de
Boltzmann (dans le cas F' = 0, dans le cas d’un potentiel harmonique, ...). Cette
approche est néanmoins utilisée, les cas problématiques étant bien connus, car le sen-
timent général est que ces problémes sont liés & un trop faible nombre de particules,
ou & un trop faible nombre de thermostats, et que augmenter I'un ou 'autre résout
le probléme. A notre connaissance, il n’y a aucune preuve que ce soit effectivement
le cas, ni aucune preuve qui contredise ce sentiment.

Les équations (1.34-1.37), comme beaucoup de leurs généralisations, conservent
une mesure. Il est naturel de chercher a construire des algorithmes d’intégration qui
conservent eux aussi exactement cette mesure. De plus, on sait que la préservation de
propriétés géométriques par 1’algorithme lui confére en général de bonnes propriétés
(par exemple, l'erreur numeérique en fonction du temps total de simulation croit
moins vite). Ainsi, le flot d’'un systéme Hamiltonien est symplectique (ce qui implique
que la mesure de Lebesgue dq dp est préservée), et nous avons vu que les algorithmes
symplectiques sont particuliérement intéressants (excellente conservation de I’énergie

sur des temps longs, ...). Pour des EDO (non nécessairement Hamiltoniennes) du
type
dx(t)
=T 1.38
() (1.35)

avec div I' = 0, la mesure de Lebesgue dqdp est conservée par le flot, et des expé-
riences numériques montrent que des algorithmes qui conservent exactement cette
mesure ont des propriétés meilleures que les autres [52] (par exemple, dans certaines
applications, I'erreur entre la trajectoire exacte et la trajectoire numeérique croit
comme At™ T, ou At est le pas de temps, rg 'ordre du schéma et T la longueur de
la trajectoire, alors qu’elle croit comme At™ T2 pour des algorithmes qui ne conser-
vent pas la mesure de Lebesgue). Il est donc trés souvent observé, et dans certains
cas prouvé, que les algorithmes qui préservent certaines propriétés géométriques du
systéme ont des comportements quantitatifs intéressants.

J’ai abordé avec Régis Monneau cette question de construire des algorithmes qui
conservent une mesure en travaillant sur une généralisation récente des équations
de Nosé-Hoover, les équations GGMT [65]. Ce systéme d’EDO conserve une me-

15A ce sujet, nous mentionnons l'existence de la méthode Nosé-Poincaré [61], qui est elle-aussi
fondée sur la notion de systéme étendu, et qui est Hamiltonienne. A notre connaissance, c’est la
seule qui soit dans ce cas.
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sure notée du = h(x) dx, ou x représente I’ensemble des variables, soit les variables
physiques (¢, p) complétées par des variables non physiques décrivant le thermostat.
Aprés intégration sur les variables non physiques, la mesure h(z) dz donne la mesure
de Boltzmann :

Vfec, /f(q,p)h(ﬂf) da = /f(q,p) exp <—%) dq dp.

Nous avons montré que les algorithmes proposés dans la littérature ne conservent
pas exactement dpu et nous avons proposé une méthode pour construire un schéma
qui conserve la mesure [P3|. L’idée est de passer, par un changement de variables

-
Jy,vi = 0 pour tout 7 et telle que la mesure dy = h(x)dx s’écrive dp = dy. Sur un
tel systéme, on sait facilement construire un algorithme qui préserve la mesure dy, il
suffit ensuite de revenir dans les variables initiales. La construction d’un changement
de variables explicite répondant aux critéres ci-dessus n’est pas toujours possible.
Pour le cas particulier qui nous intéresse, a savoir les équations GGMT, nous avons
exhibé un tel changement de variables, ce qui nous a permis de construire un nouvel
algorithme.

x +— y(x), du systéme (1.38) & un systéme d’EDO de la forme

1.1.5.2 Les approches probabilistes

Nous avons souligné ci-dessus les difficultés liées a I’approche “systéme étendu”,
citons maintenant d’autres approches, fondées sur des méthodes probabilistes. Il
est possible de travailler avec I’équation de Langevin, bien connue dans d’autres
domaines, et dont la justification mathématique est plus claire.

Une autre méthode est celle dite “Hybrid Monte Carlo” (cf. [49,115]), qui consiste
A générer une suite de positions (g, )nen qui échantillonnent 'espace R*M suivant la
densité exp (=V(q)/(kgT)). On se donne un temps 7. Etant donné ¢, € R, la
position ¢, est calculée ainsi :

— On tire au hasard une impulsion p,, suivant la loi e=%*/?" on 3 = 1/(kgT);

— On calcule la solution de (1.4) (trajectoire & énergie constante) sur linter-
valle de temps [0,7] en partant de la condition initiale (g,,p,), on obtient
((jn-l—laﬁn-i-l)'

— L’algorithme Metropolis est utilisé pour accepter ou rejeter ¢,.;. On note
H, = H(qn,ppn) et Hyy1 = H(Gns1, Prs1). Si Hpp1 < H,, on accepte la nouvelle
position : g, 41 = Gn41. Sinon, on accepte la nouvelle position avec la probabilité
e AHnr1=Hn) "Gj 1a nouvelle position n’est pas acceptée, on pose g1 = Gn.

Cette méthode utilise donc a la fois des tirages aléatoires et le calcul de trajectoires
a énergie constante.
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1.1.6 Au dela de la dynamique moléculaire

Comme cela a été précisé dans la section 1.1.4, & partir du moment ou le sys-
téme explore plusieurs bassins d’énergie potentielle, et qu’il reste longtemps dans
chaque bassin (par rapport au temps mis pour aller d’un bassin & un autre), les
moyennes temporelles convergent au rythme 1/ VT, ce qui pose des problémes pour
la mise en ceuvre numérique. Par ailleurs, il n’est pas certain que, sur le temps fini
de simulation, tous les puits soient explorés. Par conséquent, la moyenne temporelle
converge lentement, et de plus, & un instant 7', sa valeur peut étre assez éloignée de
sa limite en temps infini, si certains puits n’ont pas encore été visités. Enfin, certains
phénomeénes intéressants pour les sciences des matériaux (la diffusion d’impuretés
dans le réseau cristallin) ou en biologie (le repliement d’une protéine) ont des temps
caractéristiques de l'ordre de la microseconde (voire plus), alors que le pas de temps
utilisé en dynamique moléculaire est de 1’ordre de la femtoseconde (il peut étre plus
ou moins grand suivant les différentes techniques utilisées pour traiter les échelles
les plus rapides, cf. la section 1.1.2.3, mais la différence d’ordre de grandeur entre
le pas de temps et la longueur souhaitée de la trajectoire demeure). Plusieurs ap-
proches, dépassant le simple cadre de la dynamique moléculaire, ont été proposées
pour résoudre ce probléme (on pourra trouver dans [27] une revue sur ce sujet, avec
une bibliographie trés compléte).

L’idée essentielle est que la dynamique du systéme est composée de deux phases
distinctes, la résidence dans un puits d’énergie potentielle d’une part et le transit
d’un puits & I'autre d’autre part. Si on connait

1. la localisation des puits de potentiel,
2. les chemins qui ménent le systéme d’un puits & un autre,

3. et les probabilités de passage, au bout d’un temps donné, d’un puits & un
autre,

on peut alors représenter le systéme avec une précision acceptable par une chaine
de Markov dont les états sont justement les états métastables, correspondant aux
puits d’énergie potentielle. Les méthodes que nous citons maintenant ont pour but
de calculer les informations mentionnées ci-dessus, et la difficulté vient de la grande
dimension (3N) dans laquelle on travaille.

Pour trouver ou sont les puits d’énergie potentielle, I'idée est d’aider le systéme
& franchir les barriéres. Supposons que la barriére & franchir soit de hauteur V}, :
alors, suivant la loi d’Arrhenius, la fréquence de sortie du puits est proportionnelle

a
Vi
—— 1.
exp( k:BT>’ (1.39)

ou 7T est la température a laquelle on travaille. Plusieurs méthodes ont été proposées.
La premiére, connue sous le nom de “Hyperdynamics method” [118] (cf. aussi [114]
pour une application) consiste 4 modifier I’énergie potentielle du systéme, de fagon
a relever les fonds des puits (cf. la figure 1.9), sans modifier le potentiel au voisinage
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de ses points-selle (par conséquent, si deux bassins A et C sont accessibles a partir
du bassin B dans lequel le systéme réside initialement, le rapport des probabilités
de transition B — A et B — C est conservé). Les barriéres sont donc moins hautes,
et plus facilement franchies (au bout d’un temps plus court).

A B C

F1G. 1.9 — Méthode “Hyperdynamics” : les fonds de puits de I’énergie potentielle sont
relevés (traits en pointillé), afin d’abaisser des barriéres de potentiel.

La seconde méthode, connue sous la nom de “Temperature Accelerated Dyna-
mics” [112,117], consiste & travailler & une température plus élevée (ce qui encore
une fois va accélérer le franchissement des barriéres), et a extrapoler les résultats
obtenus. Une autre méthode consiste a simuler plusieurs systémes en paralléle [119].

Lorsque les différents bassins d’énergie potentielle sont connus, il faut ensuite
déterminer le chemin de transition, ce qui va permettre de calculer la hauteur du
col (i.e. la barriére) d’énergie potentielle & franchir (par définition, un col est un
point ¢ tel que les valeurs propres de la matrice hessienne du potentiel en ce point
sont toutes positives, sauf une, qui est strictement négative). Cette hauteur de col
intervient en effet pour le calcul de la probabilité de transition (cf. (1.39)). La encore,
plusieurs méthodes ont été proposées (la “String method” [109], la “Nudged elastic
band method” [110]), qui reposent essentiellement sur la méme idée : on se donne
un chemin d’un puits A & un puits B, et on fait évoluer ce chemin suivant les lignes
de plus grande pente de la surface de potentiel, de fagon a ce qu’il passe par le col.

Toutes les méthodes précédentes procédent puits de potentiel par puits de poten-
tiel (pour chaque puits, détermination des puits voisins et des chemins de transition,
...). Une approche plus globale (et analysée sur le plan numérique) a été proposée
dans [107,108,115,116].

Toutes les méthodes que nous avons évoquées sont trés récentes, et elles sont
actuellement en train d’étre testées par la communauté physicienne et chimiste sur
des cas de plus en plus complexes.
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1.2 Meéthodes multi-échelles pour la simulation des
matériaux

Nous abordons dans cette section un sujet tout a fait différent, celui des méthodes
“multi-échelles” pour la simulation des matériaux, qui ont fait leur apparition depuis
une dizaine d’années dans plusieurs domaines reliés au calcul scientifique. Néan-
moins, le mot “multi-échelle” recouvre des réalités trés variées, a la fois sur le plan
des échelles en jeu (qui peuvent étre d’espace et / ou de temps), des motivations
pour de telles approches, des modéles considérés et des techniques mathématiques et
numériques utilisées. Plusieurs de ces différentes méthodes sont discutées dans [133].

De fagon générale, I’apparition de ces méthodes est motivée par la volonté (et la
nécessité) de mieux comprendre I'impact, a 1’échelle macroscopique, de phénoménes
dont la description reléve d’une échelle microscopique. Par ailleurs, le développement
de la puissance de calcul des ordinateurs permet aujourd’hui de mettre en ceuvre de
telles méthodes, qui conduisent pour la plupart a des calculs lourds.

Citons ici un seul exemple de probléme multi-échelle, celui de la dégradation des
propriétés mécaniques des aciers de cuve des centrales nucléaires, qui a déja été évo-
qué. Le phénoméne a l'origine de cette dégradation est l'irradiation du métal et la
désorganisation locale du réseau atomique : 'impact d’un neutron modifie le réseau
sur une zone dont le diamétre est de 'ordre de 20.107° m, et cette modification
prend un temps de 'ordre de 1072 s. Les échelles auxquelles on observe cette dégra-
dation sont des échelles macroscopiques (en espace, le métre, et en temps, I’année).
La compréhension, & partir de considérations microscopiques, d’un tel phénoméne
macroscopique est un probléme excessivement difficile, et sur le plan pratique trés
important, car ¢’est un des phénomeénes qui controlent la durée de vie des centrales.

Au cours de cette thése, nous nous sommes intéressés & deux problématiques bien
précises, qui relévent d’approches multi-échelles en espace. La premiére concerne
le couplage de modéles atomistiques avec des modéles de continuum (cf. la sec-
tion 1.2.1) : Péchelle la plus fine est ici I'échelle atomistique, de 1'ordre de 10~1°
m, et il s’agit de coupler deux modéles physiques différents. [’autre théme étudié
concerne 1’homogénéisation numérique de matériaux polycristallins (cf. la section
1.2.2). L’échelle la plus fine est celle du grain (cf. ci-dessous), qui est de 1'ordre de
107% m, et le méme modéle est utilisé & toutes les échelles, celui de la mécanique du
continuum.

1.2.1 Couplage de modéles atomistiques avec des modéles de
continuum

L’approche la plus courante en mécanique des matériaux consiste a considérer
que la matiére est un continuum, dont I’état, localement, peut étre décrit par plu-
sieurs champs (déformations, contraintes, éventuellement déformations plastiques,
endommagement, ...). Dans ce modéle, la nature atomistique de la matiére est
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ignorée.
Cette approche devient discutable lorsqu’on cherche a prendre en compte des

phénoménes localisés dans le matériau, et dont les dimensions caractéristiques sont
proches des dimensions atomiques.

La description de la propagation de fractures dans des matériaux cristallins [208]
est un exemple de tel phénoméne : loin de la fracture, le réseau atomique constituant
le matériau est parfait. Au niveau de la pointe de la fracture, des liaisons atomiques se
cassent, et sur les lévres de la fracture, le réseau atomique se réorganise. La question
qui se pose pour certains matériaux n’est pas d’éviter la formation de fractures (elles
existent de toute fagon), mais de savoir quelles sont les contraintes maximales que
peut supporter le matériau au dela desquelles la fracture se propage (lorsque les
contraintes sont inférieures a ce seuil, la fracture ne se propage pas et la situation
est considérée comme acceptable).

La description des joints de grain dans les matériaux polycristallins nécessite
aussi de prendre en compte des phénomeénes tres localisés. Un métal, par exemple,
méme s’il n’est pas fissuré, est rarement constitué par un réseau atomique parfait.
Fréquemment, il est constitué d’un assemblage de grains, dans lesquels le réseau ato-
mique est parfait. Le diamétre d’un grain est de ’ordre du micrométre, et 1’orien-
tation du réseau atomique change d'un grain a l'autre (cf. la figure 1.10). Si on
considére un matériau constitué d’un petit nombre de grains, on peut alors isoler
certaines zones (les interfaces entre les grains, aussi appelées joints de grain) ou le
réseau fait apparaitre des singularités, alors que dans le reste du matériau, le ré-
seau est régulier. Le probléme consiste a comprendre comment le réseau atomique
se réorganise au niveau de ces interfaces, ce qui en détermine la fragilité.

Joint de grain ﬁ

qqg nanometres

F1G. 1.10 — Un exemple de matériau polycristallin : la matiére est formée de grains, dont
le diamétre est de 'ordre du micrométre. L’interface entre deux grains est ici représentée.
La fleche sur le dessin de gauche symbolise l'orientation du réseau atomique, qui est sché-
matiquement reproduit a droite, dans deux orientations différentes (on a choisi une maille
atomique hexagonale). A l'interface entre deux grains, le réseau se réorganise.
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Supposons que 1’on souhaite étudier des matériaux dans lesquels des singulari-
tés comme celles décrites ci-dessus apparaissent. Leur description précise nécessite
I'utilisation d’un modéle & une échelle atomistique. D’autre part, pour éviter des
effets de bord, il est nécessaire de considérer des matériaux suffisamment grands.
Dans le cas de la fracture, par exemple, des ondes élastiques sont émises lorsque la
pointe de fracture avance (c’est un des modes de relaxation d’énergie). Ces ondes ont
une influence sur le champ de contrainte dans le matériau, qui en retour gouverne
I’évolution de la fracture. Une description précise de la fracture doit donc prendre
en compte la propagation de ces ondes, dont le calcul ne doit pas étre altéré par la
présence de bords.

Pour étudier les problémes mentionnés ci-dessus, il faut donc a la fois simuler
un grand domaine et décrire précisément des phénoménes trés localisés. Plusieurs
approches sont alors envisageables.

La premiére approche consiste a décrire la singularité avec un modéle phénoméno-
logique a I’échelle du continuum. Dans le cas de la fracture, on modélise cette derniére
comme une ligne de discontinuité du champ de déplacement [209], et on se donne
aussi un modéle pour décrire I’avancée de la fracture : & partir de quelle contrainte,
de quel gradient de déformation celle-ci se propage-t-elle ? dans quelle direction, et
éventuellement & quelle vitesse ? Différents modéles sont discutés dans [207]. Cette
approche est économe en temps calcul, puisque seule 1’échelle du continuum est
traitée. Elle repose néanmoins sur une loi phénoménologique, dont les paramétres
doivent étre calibrés sur ’expérience. L’utilisation de matériaux de plus en plus di-
vers, et dans des conditions mécaniques de fonctionnement de plus en plus variées,
rend cette étape de calibration difficile et coiiteuse. De plus, comme pour toute
loi calibrée sur 1’expérience, il faut rester prudent lorsqu’on travaille en dehors du
régime dans lequel elle a été ajustée.

Une deuxiéme approche consiste & tirer parti du fait que les phénoménes qui ne
peuvent étre décrits qu’a une échelle atomistique sont trés localisés dans le matériau.
Le domaine ou il n’y a pas de singularité est grand par rapport a 1’échelle atomis-
tique, et ’approche classique de la mécanique du continuum est donc valable dans ce
domaine. L’idée est alors de décrire la singularité par un modéle fin approprié, tandis
que le reste du matériau est décrit avec un modele de mécanique du continuum. La
difficulté dans ce cas-1a consiste d’une part & travailler avec deux modéles consis-
tants (nous revenons sur ce point ci-dessous), et d’autre part a trouver un critére
gouvernant le choix des zones : ou utilise-t-on chacun des modéles, sachant que la
localisation de la singularité est une inconnue du probléme ? quelle est la condition
d’interface 7

Nous nous intéressons dans cette section a la seconde approche, qui consiste a
coupler deux modéles. Les deux échelles que nous considérons ici sont celle du conti-
nuum (dont les concepts sont supposés étre connus du lecteur ; on pourra consul-
ter [125,126,130,137] pour I'exposé des modeéles, et [124,148] pour des méthodes
numériques adaptées) et celle de 'atome. De nombreuses échelles intermédiaires
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peuvent étre identifiées, nous nous intéressons ici & des problémes pour lesquelles elles
n’interviennent pas. Nous supposons de plus que les phénomeénes localisés peuvent
étre bien décrits par un modéle atomistique classique tel que celui exposé dans la
section 1.1, dans laquelle la dynamique moléculaire a été présentée : dans ce modéle,
la matiére est décrite comme un ensemble d’atomes, considérés comme des particules
classiques ponctuelles qui interagissent via des potentiels d’interaction.

Pour coupler ces deux modéles, plusieurs méthodes ont été récemment proposées.
L’idée de base est de faire une décomposition de domaine, et d’employer sur chacun
des domaines un modéle physique différent. Puisque 1’on souhaite considérer des
phénomeénes trés localisés, la taille totale des matériaux qui sont simulés est bien siir
trés éloignée des échelles macroscopiques : les dimensions caractéristiques sont de
I'ordre de 100 nm pour des simulations 2D (ce qui représente un systéme de 10° &
10° atomes), et 30 nm pour les simulations 3D (soit un systéme de 10° & 107 atomes).

Une notion trés importante, lorsqu’on souhaite coupler deux modéles, est de
s’assurer de leur consistance. Dans le cas présent, cela signifie que si la déformation
du réseau atomique est donnée et réguliére (et que donc le modéle de mécanique du
continuum est valable), I’énergie du systéme calculée par le modéle atomistique doit
étre la méme que celle calculée par le modéle de mécanique (a une erreur controlée
par la maille atomique prés). De méme, si la déformation n’est plus donnée, mais
qu’on cherche a la calculer, par exemple en considérant un probléme d’équilibre,
alors les équations des deux modéles doivent conduire a la méme solution.

Dans la suite de cette section, nous décrivons plus précisément les problémes
liés au couplage d’un modéle atomistique avec un modéle de continuum, puis nous
présentons plusieurs méthodes proposées dans la littérature pour réaliser ce couplage.
Commencons par le cas le plus simple.

1.2.1.1 Le cas statique a température nulle

On considére un matériau décrit a I’échelle atomique, et on note ¢ le paramétre
de maille atomique. On suppose que les atomes n’interagissent que par un potentiel
de paire, qu'on note V. (V. ne dépend que de la distance interatomique, pour des
raisons d’invariance galiléenne). Pour simplifier, on suppose que, dans sa configura-
tion initiale, le réseau atomique est le réseau cZ>N S, ou  est le domaine (& ’échelle
macroscopique) occupé par le matériau.

On suppose qu’on se donne une déformation du matériau & 1’échelle atomique,
c’est-a-dire qu’on se donne une fonction u : 2 — R? telle que les positions des atomes
dans la configuration déformée soient (u(ic));, avec ic € eZ* N (cf. la figure 1.11).

L’énergie par atome d’un tel réseau déformé est donnée par

B =g Y SV (lutie) —u(ie)) (1.40)
i€73NQ e jFi

ou N = Card (Z3> N Q/¢) est le nombre d’atomes, et ou I'indice x symbolise le carac-
tére microscopique (ici, atomistique) de I’énergie. Le potentiel V. dépend de ¢ : en
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F1G. 1.11 — Configuration de référence et configuration déformée par u.

effet, puisque ¢ est la distance interatomique a 1’équilibre, la fonction r € RT — V_(r)
est minimale en €. On fait en général 'hypothése que

V.= (2).

ou Vj ne dépend pas de ¢ et atteint son minimum en 1. Si la déformation u est assez
réguliére, alors, quand ¢ — 0, I’énergie atomistique (1.40) converge [142] vers

Eay(u) = ﬁ /Q W (Va(z) da, (1.41)

avec W (M) = 3 4 cz0 10y Vo(|M - k[). On retrouve donc une expression de I'énergie
bien connue en mécanique du continuum, mais on dispose en plus d’un fondement
atomistique pour la densité d’énergie élastique W'.

Revenons maintenant au probléme de la description d’une singularité. Une fagcon
de comprendre le lien entre (1.40) et (1.41) consiste a partir de I’échelle du conti-
nuum, dans laquelle I’énergie est définie par (1.41). L’analyse a la limite précédente
permet d’obtenir I'expression de W en fonction d’objets de nature atomistique (le
potentiel d’interaction V;), et de plus montre que définir ’énergie par (1.41) n’est
valable que si la déformation considérée est réguliére. Sinon, le passage de (1.40) a
(1.41) n’est pas valable, et la seule expression dont on dispose pour calculer I’énergie
est (1.40).

Etant donnée une déformation u qui n’est pas réguliére dans ’ensemble du do-
maine 2, une idée est alors de partitionner le domaine,

Q= Qpr(u) UQ,(u),

ot 2/ (u) représente les zones de régularité de u et Q,(u) les zones de singularité'®

16TLes mots “zone de régularité” et “zone de singularité” sont volontairement laissés flous & ce
stade, nous les préciserons plus loin.
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de u. A partir de cette partition, on définit ’énergie par

E.(u) = 2|1Q| - W (Vu(x)) dx

I WP (L))

ie€eZ3NQy, (u) j#i

(1.42)

Passer de (1.40) a (1.42) consiste donc & passer a la limite ¢ — 0 uniquement 1a ou
cela est licite, c’est-a-dire, par définition, dans le domaine §2,,(u). L’expression (1.42)
est donc une approximation valable de (1.40), indépendamment de la régularité de
u.

En pratique, la déformation u est 'inconnue du probléme, et une possibilité est
de la définir par un probléme variationnel, c’est-a-dire comme le minimiseur d’une
certaine énergie (mentionnons qu’une autre approche possible consiste a chercher des
états critiques de ’énergie [189], plutot qu'un minimiseur global). Nous considérons
ici que la déformation de référence est la solution'” u, du probléme atomistique

inf {E,(u); ue X,}, (1.43)

ou I'espace X, englobe les contraintes que I'on impose & u (conditions aux limites,
..), et qui ne sont pas au centre du débat.
Puisqu’on dispose d’une approximation de I’énergie (’expression (1.42)), il est
naturel de chercher & approcher u, par la solution du probléme variationnel

inf {E.(u); u e X.}, (1.44)

ou l'espace X. tient compte des contraintes que I’on impose & u. Cependant, cette
approche conduit a de grandes difficultés. Le probléme (1.44) est trés complexe a
résoudre, car les domaines (2 et €2, dépendent de u. A ce stade, nous n’avons pas

encore précisément défini de ,(u). Une définition naive, pour u € (H'(2))’, est
Q(u) ={z €@ [[Vu(z)]o < C},

ou (' est un certain seuil. Donc la fonction u est considérée comme réguliére si son
gradient est assez petit. Définie ainsi, la fonction u — Q/(u) est trés irréguliére.
Considérons en effet la suite de fonctions

Ve e Q, wu,(z)= (C+%)x

Cette suite converge fortement dans (H(Q))” vers u(z) = Cz, et on a Qy(uy,) = 0
tandis que Qy/(u) = . Donc, méme si u, converge vers u de la maniére la plus
forte possible, il est possible que les ensembles Qy/(u,) et Qp(u) demeurent trés

17Les problémes d’existence et d’unicité sont abordés plus loin.
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différents. Cette forte irrégularité de u — /() laisse penser que la résolution d’un
probléme tel que (1.44) va soulever de grandes difficultés théoriques et numériques.

Pour simplifier (1.44), une idée consiste a supprimer la dépendance de €2, avec
u, i.e. & fixer a priori la partition {2 = €2y, U, : on définit alors I’énergie par

1

Ee(u, Q) 210

W (Vu(z)) dx

Qnr

1 I —
_'_ﬁ Z ZVO<|u8u|)a

1e€eZ3NQy, jFI

(1.45)

et cette fois-ci (1), est un paramétre, u est un champ dans le domaine 2,; et un
ensemble de variables discrétes (les vecteurs u’ € R?, pour i tels que ic € eZ* N Q,,)
dans le domaine §2,,.

Remarque 1.2.1 Soulignons le fait que les énergies (1.40), (1.41), (1.42) et (1.45)
sont toutes consistantes les unes avec les autres, en vertu de ’analyse limite exposée
ci-dessus.

Le probléme variationnel associé a ’énergie (1.45) est
inf {Ec(u, Qr); u € Xo(Qur)} (1.46)

et Pespace X.(€2)) est défini de telle fagcon a ce que u € X.(€2)/) soit régulier dans
Q. Le probléme (1.46) est plus simple que le probléme (1.44) (car la partition
est fixée), néanmoins il fait intervenir en paramétre le domaine ), qu’il faut donc
spécifier. Idéalement, il s’agit de p/(u,) (car on espére que la solution de (1.46)
approche la solution de référence u,), mais la solution du probléme atomistique ne
peut pas étre calculée!

Nous présentons maintenant une méthode, la QuasiContinuum Method (QCM),
proposée dans les années 1990 par une équipe de chercheurs américains (cf. [163,
165,166] pour les premiers articles, et [159,160,162,164,167| pour des applications),
et qui s’appuie sur la définition (1.45) de I’énergie et sur le probléme variationnel
(1.46) pour calculer une approximation de u,. La méthode repose sur I’algorithme
itératif suivant, pour déterminer a la fois un domaine €2, et une fonction u : on se
donne un domaine €1,,, puis

1. a Q) fixé, on résout le probléme (1.46);

2. les zones €2y et ), sont remises & jour en fonction des zones de régularité de
la solution trouvée, suivant un certain critére, et on revient a ’étape 1.

Le premier critére proposé pour la remise & jour de la partition est basé sur le
gradient de déformation, plus précisément sa partie symétrique, soit

e(u) = %(Vu + V). (1.47)
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La déformation u est considérée comme irréguliére lorsque £(u) dépasse un certain
seuil, qui est un paramétre de la méthode que l’utilisateur doit choisir. Précisons
que seule une version discrétisée (par éléments finis) de la méthode a été proposée,
ce qui élimine les questions d’existence et de régularité de (u). Dans une version
plus récente de la QCM, un autre critére a été proposé, basé sur les variations de
¢(u) d’un élément fini & un autre : si cette variation dépasse un certain seuil, alors u
est considéré comme irrégulier sur les deux éléments finis, qui sont donc transférés
du domaine 2, vers le domaine (2,.

Un exemple typique d’utilisation de la méthode QCM est représenté sur la fi-
gure 1.12 : il s’agit du probléme de la nanoindentation, qui consiste a enfoncer dans
un matériau un obstacle'® beaucoup plus dur (I’indenteur, dont le diamétre est de
25 nm), et & étudier la courbe donnant la force exercée sur 'indenteur en fonction
de son enfoncement dans le matériau. Les aspects dynamiques ne sont pas pris en
compte, la simulation est faite dans le régime quasistatique. La force maximale est
atteinte lorsqu’un défaut (plus précisément, une dislocation) apparait dans le réseau
atomique, initialement parfait. On s’attend a ce que des singularités apparaissent
sous l'indenteur : au départ, on se donne donc une zone (2, telle que représentée sur
la figure 1.12, et on la fait évoluer en fonction des criteres décrits ci-dessus. La simu-
lation comporte donc deux boucles : la boucle extérieure incrémente ’enfoncement
de l'indenteur, et la boucle intérieure calcule la solution du probléme variationnel
avec un indenteur a une position fixe, en raffinant / déraffinant le maillage.

Zone réguliére Indenteur

25 nm
‘_//Zone non réguliére

,,,,, v

100 nm

200 nm

F1G. 1.12 — Un exemple d’application 2D de la méthode QCM : le probléme de la nanoin-
dentation. Dans la zone non réguliére, le maillage correspond au réseau atomique. Dans la
zone réguliére, il s’agit d’un maillage élément fini traditionnel (ici, en quadrangle).

J’ai travaillé sur ce sujet avec Xavier Blanc et Claude Le Bris. Notre travail a

18En pratique, on ne traite pas un tel probléme de frontiére libre : on préfére représenter I’in-
denteur par un fort potentiel répulsif dont la zone d’application est trés localisée, ce qui revient
exactement & faire une méthode de pénalisation.
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consisté a écrire les problémes continus (c’est-a-dire non discrétisés en espace) (1.42)-
(1.44) et (1.45)-(1.46), a essayer de comprendre le fondement d’une telle approche et
a en faire I’analyse numérique. En particulier, quel critére doit gouverner la remise a
jour de la partition ? Les approches couplées (1.42)-(1.44) et (1.45)-(1.46) sont-elles
consistantes'® avec I'approche atomistique (1.40)-(1.43), au sens o elles fournissent
une approximation convergente de la solution atomistique 7

Pour ce faire, nous nous sommes placés dans un cadre trés simplifié, en travaillant
en une dimension, sur des matériaux décrits par un potentiel de paire V; & plus
proches voisins, et soumis a des forces de volume f. Dans ce cas, I’énergie atomistique
(1.40) s’écrit

. wtt — b 1<y
Eu<u>=ﬁgvo<f) 2 A

ol u est I'ensemble de variables discrétes (u’)Y, et ou le nombre d’atomes N et le
parameétre de maille atomique € sont liés par Ne = L, ou L = [Q)| est la longueur
du matériau. L’énergie du modéle couplé (1.45) s’écrit

1 witl — i o
E.(u,Qy) = N EZ%/ Vo <f) —u' f(ie)
i€Zn /e (1.48)

Les résultats obtenus dépendent de la convexité du potentiel de paire Vj et sont les
suivants [P4].

Si Vp est strictement convexe, alors le probléme atomistique (1.43) et le pro-
bléme couplé (1.46), pour tout €2y, fixé, sont bien posés et admettent un unique
minimiseur. Il reste alors & fixer {2y, qui idéalement est Q(u,). A cause de la
stricte convexité de V), les équations d’Euler-Lagrange des problémes variationnels
(1.43) et (1.46) sont des équations elliptiques, et par conséquent, on peut montrer
que la zone d’irrégularité de u, est exactement la zone d’irrégularité des forces de
volume f. Autrement dit, Qy/(u,) est déterminé par la simple connaissance de f.
Il est alors possible de donner une définition précise de €2, en fonction de f, et
d’estimer ensuite 'erreur entre la solution du probléme couplé (1.46) et la solution
du probléme atomistique (1.43). Cette erreur converge vers 0 quand le paramétre de
maille atomique ¢ tend vers 0.

Dans le cas non convexe, nous avons étudié un exemple particulier, celui du
potentiel de Lennard-Jones (cf. la figure 1.13)

1 2
Vo(r):VLJ(r):E—E,

qui posséde les propriétés génériques d’un potentiel d’interaction :

¥Nous avons déja précisé ci-dessus que les énergies étaient consistantes, nous nous intéressons
maintenant & la consistance des problémes variationnels.
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— a cause de la répulsion électronique, deux atomes ne peuvent étre infiniment
proches; la propriété V1,;(0) = +oo rend compte de cette répulsion.

— lorsque deux atomes sont trés éloignés I’'un de 'autre, la force qu’ils exercent
I'un sur 'autre est nulle; le comportement de Vi;(r) quand r tend vers 400
rend compte de ceci.

— il existe une distance d’équilibre pour la distance entre deux atomes. Le fait
que V(1) = 0 et que V{’;(1) > 0 rend compte de cette distance d’équilibre
(I'unité de longueur a été choisie pour que la distance d’équilibre soit 1).

3 T T

Vi
2_
1_
0_
1k

! !

0 1 2 3

F1G. 1.13 — Potentiel de Lennard-Jones.

Lorsque le matériau est soumis & des conditions aux limites telles qu’il est en
extension, on peut montrer que la solution du probléme atomistique (1.43) fait
apparaitre une fracture (cf. la figure 1.14) : il existe un couple (7,7 + 1) d’atomes
tels que la distance uffl — uL entre ces deux atomes consécutifs est macroscopique
(du méme ordre de grandeur que la distance quV — ug entre le premier et le dernier
atome), alors que la distance entre tous les autres couples d’atomes consécutifs est
proportionnelle & ¢ (le paramétre de maille atomique).

i€

Fi1G. 1.14 — La solution du probléme atomistique fait apparaitre une fracture lorsque le
matériau est mis en extension.

Le modéle macroscopique reproduit ce comportement, puisque, en extension, il
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fait lui aussi apparaitre une fracture, c’est-a-dire, a cette échelle, une discontinuité
du déplacement.

L’utilisation d’'une méthode multi-échelle doit permettre de calculer le réseau
atomique au voisinage de la fracture par le modéle atomistique. Or, ceci est impos-
sible si I’énergie du modéle couplé est définie par (1.48). En effet, supposons qu’il
n’y a pas de force de volume, et considérons une déformation u faisant apparaitre
une fracture, qui est placée successivement dans la zone €)); puis dans la zone (2,,.
Les énergies correspondantes sont notées E.(F' € Q) et E.(F € Q,), et on constate
que

E.(F €Q,) > E.(F € Qu). (1.49)

Donc le coiit énergétique d’une fracture est plus grand lorsque celle-ci se trouve dans
la zone €2,. Lorsqu’on considére le probléme variationnel (1.46), la fracture se place
de telle fagon a ce que son cofit énergétique soit le plus faible : elle se place donc
dans €2,/, ce qui ne convient pas.

Nous proposons dans [P4] une fagon de remédier & ce probléme. Essentiellement,
il s’agit de définir autrement 1’énergie dans le modéle couplé, pour inverser ’inégalité
(1.49). Au lieu de travailler avec (1.48), on travaille avec I’énergie

Emod(u, Q) = % > (g)—uif@?)
1ELNQ /e (150)
1
Rl Viy (' (2) = u(z) f(x) de,

Qs
avec
Vig(r) = Vos(r) + & 7(r — ro),

ou p vérifie 0 < p < 1 (on peut par exemple choisir p = 1/2), 7 est une régularisation
de la fonction t € R +— ¢, = max(0, t), et oil ry est un réel arbitraire choisi dans |1, 7|
(par construction, le potentiel de Lennard-Jones Vi ;(r) est minimal en 1, convexe
pour 7 < 7. = (13/7)"/5 et concave ensuite). La méme comparaison des énergies des
configurations fracturées donne cette fois-ci

Emod(F € QM) < Emod(F € QM) (151)

L’énergie couplée (1.50) vérifiant cette inégalité, il est ensuite possible de construire
une méthode multi-échelle. Le probléme, comme dans le cas convexe, est de défi-
nir €2); sans passer par le calcul de u,. On montre en fait qu'on peut approximer
Qar(uy) par Qp(upr), ol up est la solution du probléme variationnel & 1'échelle
macroscopique, qu’il est possible de résoudre. Une définition précise est proposée

dans [P4].
1.2.1.2 Une méthode a température non nulle, dans un cadre dynamique

Comme souligné ci-dessus, la QCM est fondée sur une minimisation d’énergie,
ce qui n’est pas compatible avec une température non nulle. Nous avons en effet
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expliqué dans la section 1.1.1.2 (cf. la remarque 1.1.1) que travailler a la température
T > 0, c’est considérer que le systéme peut étre dans n’importe quel état énergétique
(et pas seulement celui de plus basse énergie), et que la probabilité d’étre dans un
état (q,p) d’énergie H(q,p) est donnée (& une constante de normalisation prés) par
la mesure de probabilité

dpnvr = exp (—=BH(q,p)) dqdp,

avec

ou kp est la constante de Boltzmann. La méthode QCM, fondée sur une minimisa-
tion d’énergie, est donc par construction une méthode pour traiter des problémes
statiques, a température nulle.

Nous détaillons maintenant une méthode [182] qui permet de travailler & tempé-
rature non nulle dans un cadre dynamique. Cette méthode est fondée sur I'idée de
“coarse graining”, i.e. de suppression de degrés de liberté.

Considérons un systéme unidimensionel de N atomes, de positions ¢;, d’impul-
sions p; et de masse m (pour simplifier, tous les atomes ont la méme masse). On
suppose que l'interaction se fait via un potentiel de paire V. qui ne fait intervenir
que les plus proches voisins. L’énergie totale du systéme est

N o N-1
bi
H(g.p) =) 5=+ ) Velgiv1 —a). (1.52)
=0 =0

On travaille maintenant & température constante 7', et on introduit la fonction de
partition du systéme

N T (1.53)
Qnvr Voee X R3N

qui est une fonction de la température du systéme (V.. est le volume occupé par
le systéme). L’expression (1.52) permet de séparer I'intégrale en p de celle en ¢g. On
pose

2
D;

1.54
2m> dp, (1.54)

Zo = [ ew(-Vi) da (1.55)

avec V(q) = V" Vi(gis1 — @:). Done Z = Z,Z, et Z, peut étre calculée analyti-
quement. Par contre, Z, n’est pas facile & calculer, & cause du trop grand nombre
de variables qui interviennent.
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La fonction de partition Z permet le calcul de toutes les grandeurs thermodyna-
miques du systéme. Ainsi, en séparant les contributions de I’énergie cinétique et de
I’énergie potentielle, I’énergie libre F' s’écrit

F=—kgT InZ =—kgT InZ, + F,, (1.56)
avec
F,=—kgT InZ, (1.57)
tandis que ’entropie, qui est une mesure du désordre du systéme, est définie par
OF
S=—-——. 1.58
oT (1.58)

L’idée de la méthode que nous présentons ici est de supprimer des degrés de
liberté, tout en conservant les propriétés thermodynamiques du systéme, ce qui est
le cas dés que la fonction de partition est conservée. Comme ’expression de Z, est
connue, il faut donc s’attacher a conserver Z,.

A titre d’exemple, nous expliquons ci-dessous comment la dépendance en g;;4
peut étre supprimée. On considére donc le systéme composé des N — 1 atomes
{1, R ,j,j + 2, NN ,N}, et on définit ‘/(1)((]]‘, qj‘+2,T) et F(l)(T,j + 1) par

6*5(\/(1)(QJ7QJ'+2,T)+F(1)(T,j+1)) — /e—ﬁ(Vs(qJ',qg'+1)+Vs(Qj+1,qg'+2)) de+1-

La dépendance de I'intégrale avec g; et ;o est regroupée dans V(;), et le reste est
dans F(1y(T,7 + 1), qui est I'énergie libre associée & la présence de 'atome j + 1.
Les fonctions V() et F{(;) ne sont définies qu’a une constante prés, mais ce n’est pas
un probléme car seules comptent leurs dérivées (une énergie potentielle est toujours
définie & une constante prés, la grandeur physique importante est son gradient,
c’est-a-dire les forces; pour ce qui est de 1’énergie libre F', elle n’intervient dans
le calcul des grandeurs thermodynamiques que par 'intermédiaire de ses dérivées,
cf. par exemple (1.58)). Dans le nouveau systéme, le potentiel entre I’atome j et
l'atome j + 2 est V), il dépend a prior: de la température. La quantité F;) est la
contribution a I’énergie libre de ’atome j + 1.

L’originalité de cette approche est la prise en compte du terme F{;). La présence
de I'atome j + 1 apporte de I'entropie au systéme (cf. la relation (1.58)). Lorsqu’on
cherche & construire un systéme ne contenant pas cet atome, il faut garder en mé-
moire cette contribution, ce qui est le role de F{;). Si on 'oublie, alors au fur et a
mesure qu’on supprime des degrés de liberté, on retire au systéme de I’entropie, ce
qui donne un résultat final faux.

Pour le systéme composé de N — 1 atomes, I’énergie libre est la somme de 3
termes :

— un terme provenant de I’énergie cinétique, qui peut étre calculé analytique-

ment ;
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— le terme F;, provenant de I’énergie potentielle. Celle-ci s’écrit

j—1 N-1
Vig) = Ve(@ivr — @) + Vi (g5, @42, T) + Z Ve(Givr — i), (1.59)
i=0 i=j+2

et la contribution correspondante a la fonction de partition est donnée par
(1.57), ot Z, est donné par (1.55) et V' est donné par (1.59).
— le terme F{y).

Nous avons décrit dans le détail comment supprimer un degré de liberté. Il
est tout a fait possible de supprimer un degré de liberté sur deux, en suivant la
méme méthode. Il est aussi possible de supprimer des degrés de liberté de fagon non
homogéne dans le matériau. C’est intéressant lorsqu’on cherche & simuler un systéme
pour lequel les champs sont singuliers dans certaines zones (on va alors conserver
tous les degrés de liberté pour rendre compte au mieux de cette singularité), et
réguliers dans d’autres zones (peu de degrés de liberté suffisent alors).

1.2.1.3 Couplage fondé sur la dynamique Hamiltonienne

Nous décrivons maintenant une autre méthode, initialement proposée par F.F.
Abraham et al (les articles fondateurs sont [168,169,171|, I'utilisation de cette mé-
thode sur des problémes concrets est décrite dans [174-181]). Cette méthode couple
elle aussi un modéle de continuum avec un modéle atomistique. La démarche est tou-
tefois différente, elle s’appuie sur la similarité entre les équations de la dynamique
moléculaire et celles issues de la mécanique des milieux continus, apreés discrétisation
en espace.

Cette méthode n’a pas été approfondie dans ce travail de thése, aussi nous la
décrivons telle que présentée par ses auteurs, i.e. dans une version déja discrétisée
en espace.

En dynamique moléculaire, ’évolution du systéme est gouvernée par son Ha-
miltonien, qui s’écrit, en supposant encore une fois que 1’énergie potentielle ne fait
intervenir que des interactions de paire,

N—-1 N
1 p;
Hu(g.p) =5 ) > Velay =)+ D5t (1.60)
=0 ji =0

En mécanique des milieux continus, notant u(z,t) le champ de déplacement et e(u)
le gradient de déformation (donné par (1.47)), le Hamiltonien du systéme s’écrit,

dans le cas de I’élasticité linéaire,
1

Hy(u,v) = 5 / (e(u) : A e(u) + pv?) d, (1.61)

ol A est le tenseur d’élasticité (tenseur constant d’ordre 4), p la masse volumique
et v la vitesse de déplacement. Aprés discrétisation en espace de Hj;, on obtient

Hly i) = 5l (1) K un(0) + 500 M o), (162)
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ot uy(t) est le vecteur décrivant le champ u(z,t) aprés discrétisation spaciale, K est
la matrice de rigidité, et M est la matrice de masse. On fait I'approximation de la
condensation de masse, si bien que la matrice M est diagonale. Le vecteur py(t) est
obtenu aprés discrétisation spatiale de I'impulsion pv(z,t).

Les deux modéles (atomistique et continuum) ont donc la méme structure, car ils
sont tous les deux fondés sur une dynamique Hamiltonienne, a partir respectivement
de (1.60) et de (1.62). Nous revenons ci-dessous sur I’hypothése de I’élasticité linéaire
pour le modéle de continuum et sur la consistance des deux Hamiltoniens.

Le couplage des deux modeéles est fait via un unique Hamiltonien. On partitionne
le systéme en deux zones, une zone ), dans laquelle on va utiliser la dynamique
moléculaire et une zone €),; dans laquelle on va utiliser la mécanique des milieux
continus : 2 = )y U 2,. Au niveau de 'interface, on définit une zone dite “Hand-
Shake” (2gs), 1a ot on va coupler les deux modéles. Cette zone est a cheval entre
les zones Q,, et )/ (cf. la figure 1.15).

Zone €, Interface entre 2, et Atom'e : position
. q(t), impulsion p(t)

1
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1
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Zone Qpgs (a cheval
sur €2, et Q) Noeud de maillage : déplacement

Zone Qpp up(t), impulsion pp(t)

F1G. 1.15 — Exemple de décomposition €2 = 2, U/, et schéma d’une zone intermédiaire
Qpg. Le cas considéré est celui de la simulation 3D d’un film de SisN, (de dimension 25
nm X 5 nm, et représenté en grisé sur le dessin de gauche) sur un cristal de silicium Si
(c’est le support situé sous le film). Le paramétre de maille atomique de Si est plus petit
que celui de Si3N4 de 1.25 % : a 'interface entre les deux réseaux, on s’attend a de fortes
distorsions, c’est pourquoi cette interface est immergée dans la zone €2,. La figure de droite
détaille les degrés de liberté.

Comme pour la méthode QCM, le domaine est partitionné. Cependant, la mé-
thode décrite ici n’inclut pas de critére d’adaptation, et la partition n’évolue donc
pas au cours de la simulation. Le problémes traités ne sont cependant pas les mémes :
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ici, on étudie des cas pour lesquels on a une bonne idée a prior: de la localisation
des singularités. Les auteurs vérifient que la solution trouvée (pour une partition
donnée) ne dépend pas de cette partition, en faisant un nouveau calcul avec une
partition différente.

Comment choisir les zones 2/, €2, et Q27g 7 Dans la méthode telle que proposée
par ses auteurs, ceci est fait de fagcon empirique. Cependant, tous les choix ne sont
pas possibles. Nous avons en effet fait 'hypothése de 1’élasticité linéaire en écrivant
le Hamiltonien (1.61) du modéle de continuum. La méthode n’a donc un sens que si
la déformation dans la zone €2, est effectivement proche de I'identité. Nous avons
aussi souligné ci-dessus I'importance de la consistance des modéles considérés. Cette
consistance est assurée par le mode de calcul du tenseur d’élasticité A : a partir
du potentiel V' du modéle atomistique, il est possible de calculer les constantes
élastiques du mateériau (cf. la section 1.1.1.2), ce qui permet d’obtenir une valeur
pour le tenseur A.

Dans la zone €, le champ u est discrétisé par éléments finis. Le maillage est tel
que, dans la zone Q) N Qpg (au voisinage de la zone €2,), les nceuds du maillage et
les atomes sous-jacents correspondent. Au fur et & mesure qu’on s’éloigne de la zone
Qps, la taille des éléments finis grandit, jusqu’a atteindre en pratique 4 a 8 unités
atomiques.

Les degrés de liberté du probléme sont les suivants (cf. la figure 1.15, a droite) :

— dans la zone (2, et en dehors de la partie {24, on utilise la dynamique molé-
culaire ; les degrés de liberté sont les positions ¢;(t) et les impulsions p;(t) des
atomes présents dans cette zone.

— dans la zone €2, et en dehors de la partie Q2yg, on utilise la mécanique des
milieux continus; les degrés de liberté sont les déplacements u”(t) et les im-
pulsions p?(¢) aux nceuds du maillage.

— dans la zone Qpg, nceuds de maillage et atomes correspondent, on note x; ()
le déplacement (qui correspond & la différence entre position de 'atome et
position initiale), et w;(¢) I'impulsion. On va utiliser un modéle hybride.

On définit le Hamiltonien pour le systéme total par

1 pi(t)
H<q7p7 uh7ph7X7w> = 5 N Z ‘/f-:(q] - ql) + ' Z om
Z,]GQ,’L\QHS ZGQ,’L\QHS
1 1
+ 5“5(15) K up(t) + 5175(15) M pi(t)

Oy

1€Qys

otl 'expression de V75 (x(t)) est donnée ci-dessous. Pour les degrés de liberté qui ne
sont pas dans la zone {2y, on reprend donc la méme énergie que dans les deux mo-
déles précédents. On explique maintenant la construction du terme hybride. A cause
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de ’hypothése de condensation de masse, et comme, dans la zone g, le maillage
est raffiné a I’échelle atomique, Iexpression de 1’énergie cinétique est naturelle (les
modéles atomistique et de mécanique du continuum donnent la méme expression).

L’expression de 1’énergie potentielle n’est pas la méme avec les deux modéles,
et V5 est définie comme une moyenne entre les deux expressions. On a noté par
Xi(t) le déplacement de I’atome i, donc sa position dans la configuration déformée
est R; + x;(t), ol R; est la position initiale de I'atome i. Le potentiel V7% est défini
par

1
VIS (x) = 5 >0 0y xiKix; + (1—=635) Va(i + Ri — x; — R;),

1€Qps jHi

ou K est la matrice de rigidité dans le modéle de mécanique du continuum tandis
que V; est le potentiel de paire du modéle atomistique. La fonction 6;; permet de
donner un poids différent aux deux contributions, suivant que les deux degrés de
liberté x;(t) et x;(t) sont plutdt dans la zone Q) ou plutdt dans la zone Q. Le
choix précis de cette fonction est assez empirique.

Dans la méthode décrite ci-dessus, les descriptions atomistique et de continuum
se recouvrent dans la zone Qyg. Dans [170], la méthode décrite ci-dessus est compa-
rée 4 une méthode similaire, ol cette fois-ci les deux descriptions ne se recouvrent
pas.

1.2.2 Homogénéisation de matériaux polycristallins

La seconde approche multi-échelle abordée dans cette thése, et que nous décrivons
maintenant, concerne des échelles tout a fait différentes de celles qui sont en jeu dans
I’approche précédente. On s’intéresse ici & des matériaux hétérogénes, décrits par la
mécanique du continuum, et on cherche & en déterminer les propriétés effectives. La
démarche qu’on présente ici est donc a rapprocher de la théorie de I'homogénéisation
des EDP elliptiques.

Les matériaux hétérogénes sont depuis longtemps utilisés dans I'industrie. Ils per-
mettent de faire des compromis entre différentes exigences : masse volumique (les
matériaux légers sont plus intéressants), résistance mécanique, cofit, ... Un exemple
est celui des matériaux composites : un réseau de fibres, constituées d’'un maté-
riau résistant, est “plongé” dans un matériau moins résistant (la matrice), mais par
exemple meilleur marché ou plus léger (cf. la figure 1.16). Comprendre comment, les
propriétés des matériaux constituants et la géométrie de I’assemblage influence les
propriétés effectives du matériau ouvre la voix a la création de nouveaux matériaux
possédant des propriétés mécaniques plus intéressantes.

Dans d’autres cas, I’hétérogénéité n’est pas un choix, mais une contrainte, venant
soit du processus de fabrication, soit de 'utilisation du matériau. On peut penser
aux mousses de caoutchouc utilisées dans I'industrie automobile (joints de portiéres,
joints entre le moteur et le chassis, ...) : ces mousses comportent initialement de
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.

F1G. 1.16 — Schéma représentatif d’un matériau composite (coupe 2D).

petites cavités, et avec 'usure, ces cavités grossissent et parfois coalescent. Le calcul
précis du comportement effectif d’un tel matériau est nécessaire pour mieux prévoir
son temps de vie, par exemple.

La détermination des propriétés effectives de matériaux hétérogénes fait 1’'objet
d’une importante littérature. Le cas des matériaux élastiques linéaires a été large-
ment étudié. Dans le cas périodique, le probléme modéle est I’étude du comportement
quand ¢ tend vers 0 de la solution u® de I’équation

) x
—div (a (x, E) Vu€> = f dans (Q, (1.63)
u, = 0 sur 0L,
ou a(x,y) est une matrice périodique en la variable y de période 1 et uniformément
coercive. Ce probléme a été traité sur le plan théorique, par plusieurs méthodes
(cf. [140]). A la limite ¢ — 0, on obtient un probléme de méme nature que (1.63)
(une EDP elliptique), et des méthodes numériques standard peuvent étre utilisées
pour sa résolution. La solution de (1.63) fait apparaitre des oscillations a 1’échelle ¢,
et, dans certains cas, il est intéressant de calculer la solution u. a cette échelle (on ne
souhaite pas passer a la limite ¢ — 0 car on étudie un probléme concret pour lequel
¢ a une valeur, certes petite, mais non nulle). Des méthodes numériques adaptées
ont été développées pour répondre a cette question (cf. par exemple [147,151,153)|).
Le cas de matériaux élastiques nonlinéaires et périodiques a été étudié dans [150)].
Soit
e(u) = % (Vu" + Vu)

le tenseur des déformations (qu’on ne confondra pas avec la petite échelle € destinée
a tendre vers 0). Notant f les forces de volume auxquelles le matériau est soumis,
Q2 C R? le volume occupé par le matériau et u : 0 — R? le déplacement, ’énergie
s’écrit,

x

L(u) = /QW <g,e(u(:c))) — f(z) u(z) da, (1.64)
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et on suppose que W est une fonction strictement convexe de la seconde variable
et Y-périodique de la premiére. Sous des hypothéses de croissance sur W et de
régularité sur f, le probléme variationnel

inf {Ig(u); ue (Wg’pm))d} (1.65)

est bien posé. Dans [150], on montre que le probléme homogénéisé associé a (1.65)
s’écrit B ;

inf{](u); ue (WP (Q) } (1.66)
ou

T(u) = / W (e(u(x)) — f(x) u(x) de.

Dans cette expression, W est le potentiel effectif, défini pour toute matrice symé-
trique A de taille 3 x 3 par

W(\) = inf {/Y W (y, A+ e(w(y))) dy; w e (W;’p(Y))d} : (1.67)

ol W;gp (Y') est I'espace des fonctions appartenant a W1?(Y") et qui sont Y-périodiques.

Le lien entre (1.65) et (1.66) est le suivant : comme W est strictement convexe
de sa seconde variable, on peut montrer que W est aussi une fonction strictement
convexe, si bien que le minimiseur @ de (1.66) est unique. Alors le probléme (1.65)
converge vers le probléme (1.66) au sens ot, quand ¢ tend vers 0,

u. — u faiblement dans (Wol’p(Q))d,

L(u.) — I(u).

Résoudre directement un probléme tel que (1.65) nécessite une discrétisation du
domaine 2 a I’échelle ¢, c¢’est donc un calcul trés cotiteux. L’analyse ci-dessus montre
qu’une bonne approximation de u. est fournie par la résolution du probléme (1.66),
qui ne fait plus intervenir de petites échelles (on peut donc utiliser une discrétisation
bien plus grossiére).

Dans la littérature de mécanique, un grand nombre de bornes ont été proposées
pour la fonction W ()), c’est-a-dire de fonctions Wi, r(A) et W,,(A) telles que

VA, Winp(A) S W(A) < Wep(N).

On pourra par exemple consulter [192,198-200]. Des approches multi-échelles plus
complexes ont été développées dans [193,195-197|.

Ecrire I’énergie du matériau sous la forme (1.64) est équivalent a écrire que la
loi constitutive du matériau, ou encore loi de comportement, qui relie le champ de
contrainte o(z) au gradient de déformation e(z), s’écrit

o(z) = W <§,5($)) : (1.68)
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ou O,W est la dérivée de W par rapport a sa deuxiéme variable. En notant U (y, o)
la transformée de Legendre de W (y, \) par rapport a A, la loi (1.68) se récrit

e(z) = DU (g,a(x)> . (1.69)

Cependant, pour beaucoup de matériaux, la loi constitutive ne s’écrit pas sous
la forme (1.69). C’est le cas des matériaux élasto-viscoplastiques, dont la loi de com-
portement fait intervenir deux potentiels, un potentiel viscoplastique et un potentiel
élastique. En relachant aussi ’hypothése de périodicité, la loi de comportement de
tels matériaux s’écrit

ft) = 855 (2, 0z, 8)) + %(f (2,62, 1)), (1.70)

ou U (x,0) est le potentiel viscoplastique et US(x, d) est le potentiel élastique. La
dépendance en x des potentiels rend ces matériaux hétérogénes, et on suppose que la
distance caractéristique de variation de UP et U¢ par rapport a la premiére variable
est .

La principale différence entre (1.69) et (1.70) est que cette derniére est une
équation dépendante du temps. Pour de tels matériaux, on ne dispose plus d’aucune
borne sur le comportement effectif. Il n’est méme pas évident a priori que la loi
effective soit du méme type que la loi (1.70).

Une partie du travail de cette thése a consisté en ’étude numérique de tels ma-
tériaux [P5|. A I’échelle du micrométre, pour certains matériaux comme les alliages
de zirconium, la matiére est formée de grains. Chaque grain peut étre supposé ho-
mogene et suivre une loi de comportement du type (1.70). D’un grain & un autre,
les paramétres de la loi changent, si bien que globalement, un assemblage de grains
(aussi appelé polycristal, car le réseau atomique dans un grain est supposé quasi-
ment parfait, donc chaque grain est un monocristal) est un matériau hétérogéne et
non périodique (cf. la figure 1.17) qui suit une loi de comportement du type (1.70),
ol ¢ est la taille caractéristique des grains.

L’approche suivie consiste a travailler séparément sur chaque terme de la loi
(1.70). Pour le potentiel viscoplastique comme pour le potentiel élastique, il est
possible de définir un potentiel effectif, soit respectivement U (o) et US(d), en
utilisant (1.67). On postule alors que la loi effective s’écrit sous la forme

fat) = 85% (oo, 1)) + %(d(@«, ).

On compare ensuite le comportement d’un matériau décrit par une telle loi constitu-
tive avec le comportement d’un matériau décrit la loi (1.70). Pour les cas considérés,
on constate un bon accord.

1.3 Perspectives

L’exposé ci-dessus laisse beaucoup de questions non explorées, et pose aussi un
certain nombre de questions nouvelles. Nous en citons quelques unes.
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F1G. 1.17 — Structure d’un polycristal : la fleche symbolise I’orientation du réseau atomique
dans chaque grain. La loi de comportement a l’intérieur d’un grain est homogeéne, et dépend
de lorientation du grain.

En dynamique moléculaire, nous avons étudié le cas le plus simple, celui du calcul
de moyennes thermodynamiques dans I’ensemble NVE. Je souhaite poursuivre le tra-
vail en m’intéressant au calcul d’autres grandeurs (des coefficients d’auto-corrélation
par exemple), dans d’autres ensembles thermodynamiques.

Le calcul de coefficients d’auto-corrélation (cf. la remarque 1.1.2) est un probléme
important en pratique. Il est donc intéressant d’étendre a ce type de calculs les sché-
mas a convergence rapide développés jusqu’ici. La question est & la fois simple (du
point de vue de I'implémentation) et difficile (du point de vue de I’analyse numé-
rique). Concernant le second point, on ne sait pas par exemple démontrer que le
coefficient de diffusion, qui est défini en dynamique moléculaire & partir des corré-
lations en vitesse, est un nombre mathématiquement bien défini. Il est néanmoins
possible de traiter, & court terme, d’autres coefficients d’auto-corrélation, comme par
exemple le calcul du spectre de phonons dans un solide [43], pour lesquels ’analyse
semble plus simple.

A plus long terme, une autre piste concerne I’extension de notre travail au cas de
I’ensemble thermodynamique NVT. Nous avons expliqué que I'approche “systémes
étendus” pose des problémes (cf. la section 1.1.5.1), est-il possible de calculer plu-
sieurs moyennes sur des trajectoires a énergie constante (ce qu’on sait bien faire) et
de les combiner ensuite pour obtenir une moyenne dans I’ensemble NVT ? L’idée est
donc de feuilleter I’espace des phases accessible dans I’ensemble NVT en fonction de
I’énergie du systéme.

Sur le calcul proprement dit de la dynamique, beaucoup de méthodes ont été
développées, soit pour réduire le coiit calcul des forces, soit pour travailler avec un
pas de temps plus grand. La méthode FMM, qui répond a la premiére question, est
maintenant bien comprise sur le plan de I’analyse numérique, et elle est couramment
utilisée en dynamique moléculaire. Nous avons cependant mentionné le fait que
I’énergie potentielle du systéme telle qu’approximée par la méthode FMM est une
fonction discontinue de la position des particules. Or, toute I'analyse numérique
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pour le calcul des moyennes en temps long repose sur la théorie KAM, qui suppose
une régularité trés forte du Hamiltonien. Donc, lorsqu’on travaille avec le potentiel
FMM, la théorie ne s’applique plus. Il est donc intéressant de chercher & comprendre
comment les résultats obtenus dépendent de la régularité du potentiel. Des premiéres
observations numériques semblent montrer que lorsque le potentiel est de classe C*,
le systéme se comporte bien. Que se passe-t-il si le potentiel n’est que de classe C° ?
ou bien discontinu ? Ce sujet est important dans la pratique (la méthode FMM étant
trés utilisée), mais aussi sans doute trés difficile sur le plan de 1’analyse numérique.
Dans un premier temps, nous envisageons surtout de faire des expérimentations
numeériques, afin d’essayer de comprendre ce qui se passe et quelles peuvent étre de
bonnes stratégies.

Enfin, comme expliqué dans la section 1.1.6, un des problémes majeurs de la
dynamique moléculaire est la différence des échelles de temps entre les temps sur
lesquels il est possible de simuler un systéme et les temps caractéristiques de certains
phénoménes qu’on souhaite étudier. Plusieurs méthodes pour résoudre ce probléme
ont été proposées. Je me suis intéressé a la méthode développée dans [107,108,115,
116] au cours du CEMRACS 2004%°, et aussi via 'encadrement d’un stagiaire de
DEA, Mohamed El Makri?!.

Concernant les méthodes multi-échelles, au moins deux pistes de travail ont été
dégagées. La premiére concerne le développement d’éléments finis adaptés a des
densités d’énergie élastique qui présentent des singularités, et I’autre concerne 1’ex-
tension de notre travail sur les méthodes couplant modéle atomistique et modéle de
continuum a un cadre dynamique.

Supposons que la solution du probléme atomistique soit réguliére a [’échelle ato-
mistique : alors ’expression intégrale de I’énergie (celle du modéle de mécanique)
est une bonne approximation pour calculer I’énergie du modéle atomistique (qui est
une somme discréte portant sur tous les atomes du systéme), et dans le cas ou le
potentiel est convexe, nous avons expliqué que la solution du probléme macrosco-
pique est une approximation convergente de la solution du probléme atomistique.
On suppose maintenant que le potentiel du modéle de mécanique du continuum est
singulier en 0 (ce qui provient de 'impossibilité pour des atomes d’étre au méme
point). Alors il est possible que la solution du probléme de mécanique exhibe des
irrégularités a [’échelle macroscopique, a cause de la singularité du potentiel. Par
conséquent, une approche basée sur des éléments finis usuels peut conduire & une
mauvaise approximation de la solution. Une collaboration avec Claude Le Bris et
Yvon Maday est en cours, pour construire un élément fini adapté a cette situation.

L’étude du cas non convexe montre que I’écriture naturelle de I’énergie couplée

20CEMRACS est un acronyme pour Centre d’été Mathématique de Recherche Avan-
cée en Calcul Scientifique. Le site web de D’édition 2004 de cette école d’été est
http ://smai.emath.fr/cemracs/cemracs04/index.php.

2lEleve du DEA Equations Auz Dérivées Partielles et Applications, Paris Dauphine, que j’ai
encadré pendant son stage en collaboration avec Eric Cancés.
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conduit a des problémes, au moins dans le cas simplifié que nous avons considéré.
Qu’en est-il en dimension supérieure ?

Le modéle atomistique avec lequel nous avons travaillé montre que le matériau
casse dés qu’il est mis en extension. Ceci n’est pas trés physique, on s’attend plutot a
ce que le matériau casse au deld d’une certaine extension. Ce comportement vient des
propriétés génériques du potentiel de Lennard-Jones, et du fait que nous avons posé
le probléme comme un probléme de minimisation. Comme expliqué ci-dessus, les
propriétés génériques du potentiel semblent motivées par des arguments physiques.
Par conséquent, c’est peut-étre la notion de minimisation globable qu’il faut revoir.

Si on ne souhaite pas chercher un minimiseur global, une autre approche consiste
a définir la solution comme un minimiseur local de I’énergie. Une telle approche a
peut étre plus de sens physique, mais souléve des difficultés sur le plan de ’analyse
numérique : en général, il y a beaucoup de minimiseurs locaux; faut-il en privilé-
gier un par rapport aux autres? et dans ce cas, sous quel critére? Une autre idée
est de considérer un probléme dynamique, et d’essayer de coupler une dynamique
Hamiltonienne décrivant un systéme discret avec 1’équation de 1’élastodynamique.
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Chapitre 2

Schémas d’ordre élevé pour le calcul
de moyennes en dynamique
moléculaire

Ce chapitre reprend l’intégralité d’un article écrit en collaboration avec Eric
Cances, Francois Castella, Philippe Chartier, Erwan Faou, Claude Le Bris et Gabriel
Turinici, et accepté dans Journal of Chemical Physics [P1].

La dynamique moléculaire repose sur 1’équivalence entre moyennes dans I’espace
des phases d’une part et moyennes temporelles le long d'une solution d’une équation
différentielle ordinaire d’autre part, et permet d’approcher les premiéres en calcu-
lant les secondes. Nous nous intéressons a la vitesse de convergence des moyennes
temporelles vers leur limite en temps infini et nous proposons des schémas numé-
riques permettant d’accélérer cette convergence. Dans ce chapitre, ces schémas sont
mis en ceuvre sur plusieurs exemples de systémes physiques, tandis que leur analyse
numérique est présentée au chapitre 3.
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§ 2.2.1 : Introduction

High-order averaging schemes with error bounds for thermodynamical
properties calculations by molecular dynamics simulations

Eric Cancés®, Francois Castella®¢, Philippe Chartier¢, Erwan Faou¢, Claude
Le Bris?, Frédéric Legoll*? and Gabriel Turinici®

* CERMICS, Ecole Nationale des Ponts et Chaussées, 6 et 8 avenue Blaise Pascal,
77455 Marne-la-Vallée Cedex 2
and
MICMAC, INRIA Rocquencourt, Domaine de Voluceau, 78153 Le Chesnay Cedex
b IRMAR, Université de Rennes 1, Campus de Beaulieu, 35042 Rennes Cedex
¢ IPSO, INRIA Rennes, Campus de Beaulieu, 35042 Rennes Cedex
4 EDF R & D, Analyse et Modéles Numériques, 1, avenue du Général de Gaulle,
92140 Clamart

{cances,lebris,legoll} @cermics.enpc. fr,
francois. castella@univ-rennesl.fr,
{chartier,efaou } Qirisa.fr,
Gabriel. Turinici@inria. fr

We introduce high-order formulae for the computation of statistical ave-
rages based on the long-time simulation of molecular dynamics trajecto-
ries. In some cases, this allows us to significantly improve the convergence
rate of time averages toward ensemble averages. We provide some nume-
rical examples that show the efficiency of our scheme. When trajectories
are approximated using symplectic integration schemes (such as velocity
Verlet), we give some error bounds that allow to fix the parameters of the
computation in order to reach a given desired accuracy in the most efficient
manner.

2.1 Introduction

The properties of a given physical system at thermodynamical equilibrium (radial
distribution functions, free energies, transport coefficients, ...) can be computed as
averages of some observables over the phase space of a representative microscopic
system |2, 7].

In most applications of interest, this microscopic system is composed of a high
number of particles (typically more than 100,000 atoms for biological systems), so
that the dimension of the phase space, which is 6 times the number of particles, is
also very large. This makes the computation of averages a challenging issue.
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Two families of methods are commonly used in order to sample the phase space
according to the convenient probability density (which depends on the thermodyna-
mic ensemble in which the calculation is performed : NVE, NVT, NPT, ...) : Monte
Carlo methods [2,7] on the one hand, and Molecular Dynamics (MD) on the other
hand. In the latter case, the time evolution of the microscopic system is simulated
(possibly coupled with a bath) ; under the ergodicity assumption, the trajectory of
the system samples the phase space and the time average of the observable over the
trajectory converges toward the ensemble average when time goes to infinity [57].

When time averages are estimated by MD calculations, a numerical scheme is
needed to compute the dynamics of the system. The numerical trajectory covers
a finite but large range of time and in addition may deviate significantly from the
exact trajectory for large times. It is however of common belief and indeed commonly
observed that, in many situations, results obtained by time averages are satisfactory.

In this article, we introduce and analyze a new method for calculating time
averages, that can be used either to speed up the convergence at a fixed given
accuracy, or to achieve a better accuracy at a given computational time.

The motivation for the introduction of such a method is the observation, comple-
mented by a rigorous numerical analysis on simple cases, that the error between the
time average and the ensemble average often decreases as 1/7 for long times when a

1 /7
standard discretization of T / A(t) dt is employed (here and below, A(t) denotes

0
the value of the observable under study at time ¢). On the contrary, if the time
T

average is evaluated by the formula we introduce, namely A(t) fer(t) dt where

fr.r(t) is some filtering function (to be made precise below, soee formulae (2.10) and
(2.11)), then the convergence rate can be in general improved to 1/T*, for arbitrary
large k. This rate can again be rigorously established in simple cases, and the pre-
cise estimation of the error (as a function of the time integration step, the trajectory
length, the order of the numerical scheme and other parameters of the method) can
be used in order to efficiently calibrate all these parameters.

Our method is presented in Sec. 2.2. Under some strong hypotheses collected in
Appendix 2.6 (in particular, we assume that the Hamiltonian system is integrable),
and if the numerical scheme used to compute the trajectory is symplectic, we are
able to rigorously establish the error estimate mentioned above. The rather intricate
and mathematically demanding proof of this estimate can be read in a companion
article [P2].

We next turn in Sec. 2.3 to applications to examples of physical interest. Test
cases are performed in order to illustrate the method and show the sharpness of the
error bounds obtained analytically. We provide in Secs. 2.3.1 and 2.3.2 numerical
examples on integrable systems that show that our estimate is indeed sharp. Of
course, very few of the systems used in physics or chemistry are integrable. For-
tunately, even if we are not able to prove it rigorously, our estimate seems to also
hold true in more realistic and complex situations, as it is shown in Sec. 2.3.3,
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where convincing results on a system of particles interacting through a Lennard-
Jones potential are provided, and in Sec. 2.3.4, where alkane chains are studied. In
Sec. 2.3.5, we simulate a 2D particle in a double well potential, in the regimes of
low or high energy. This toy model mimicks larger systems whose potential energy
surface presents several basins corresponding to metastable states.

For all the examples that we study in Sec. 2.3, time averages computed by MD
converge to ensemble averages at the rate 1/7". In this case, we show that our method
allows one to speed up this convergence rate to 1/7%. In Sec. 2.4, we continue
the study of systems that present several metastable states, and we focus on the
regime when transitions between these states are possible but they are rare events
in comparison with the faster characteristic time scale of the system. This energy
regime is outside the scope of our theoretical analysis, and we observe that the rate
of convergence of time averages calculated by MD is slowed down to 1/v/7T.

We wish to emphasize that we only deal here with the NVE thermodynamical en-
semble. The equations of motion which correspond to this ensemble are the Newton
equations (governing the “physical” dynamics of the system), which can be recast
as a Hamiltonian dynamical system. Although we have no definite conclusions to
date, similar results are likely to hold for other statistical ensembles, provided the
underlying dynamical system is Hamiltonian ; that is the case when Nosé-Poincaré
thermostats [61] are used to perform computations in the NVT ensemble.

2.2 Main setting and result

Let us consider M particles in 3D. Each particle ¢ is described by its position
q; € R?, its momentum p, € R?® and its mass m;. Let H(q,p) be the Hamiltonian
of the system, defined on R3* x R3M by

M9
p.
H = E 4+ V o
<q7 p) — 2777/2 + (q17 ) qM)7

where V' is the interaction potential, and q and p are notations for (q,...,q,,) and
for (py,...,pys) respectively. The Hamiltonian dynamical system associated to H
is given by

dq OH

— = —(q(f t

pm ap (a(t), p(t)),

J oH (2.1)

p
— = ———(q(t),p(t)).
= 9 (A1) P(?)

We suppose that the dynamical system (2.1) is integrable (see Appendix 2.6)
and that the numerical scheme we use to integrate it is symplectic (recall that, for
instance, the velocity Verlet scheme is symplectic). Since the dynamical system is
integrable, it has 3M invariant functions /;(q,p), j = 1,...,3M, which means that

I;(q(t),p(t)), where (q(t), p(t)) is solution of (2.1), is constant with respect to time.
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Of course, H(q,p) is one of these invariants, since the energy is preserved by the
dynamics. We denote by

S(q,p) = {(x,y) e R* x R*™ s.t.Vj € [1,3M], I;(x,y) = I;(q,p)} (2.2)

the level set of the invariant functions {/;},_;,,, containing the phase space point
(a,p)-

Let (q,, py) be an initial condition, and let A(q, p) be an observable whose ave-
rage is well-defined in the NVE ensemble. As we suppose that the dynamical system
has 3M invariants, the actual trajectory starting from the initial point (q,, p,) re-
mains for all times on the level set S(qg, py). Thus, the ensemble average of the
observable A reads

/ A(q,p) du(q, p)
S(ag,Po)

/ du(q,p)
S(‘lmpo)

where du(q, p) is the invariant measure [P2] on S(qy, py)-

(4) =

, (2.3)

Under some hypotheses collected in Appendix 2.6, the so-called ergodic theorem
[P2, 3] holds :

fim 7 [ Ala(0).p(o) de = (4) (2.4)

where (q(t), p(t)) is the trajectory of the system (2.1) starting from the initial point
(dg, Py)- As an approximation to (2.3), it is a standard approach to use the discrete
sum

(A, 6. T) = 1 3 A (a,.p,). (2.5)

where (q;, pj)é\if]l is the numerical trajectory given by an integration scheme with
time step 6t = T/N applied on Egs. (2.1). However, as the convergence in (2.4)
occurs [3] only at the rate 1/7', we cannot expect a faster convergence rate of (2.5)
toward (A).

In order to improve this asymptotic convergence rate, we suggest to replace the
T

1
uniformly-weighted time average T / A(q(t),p(t))dt by
0

AMWMWhW% (2.6)

where fr acts as a filtering function of the signal ¢t — A(q(t),p(t)). We present
two different types of filtering functions, that both improve the convergence rate.
The first one allows for a better understanding of our method, whereas the se-
cond one (see formulae (2.10) and (2.11)) is easier to implement. Denoting by
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2 t1+T/2
?/ A(q(t),p(t)) dt the time average in the interval [ti,t; + T'/2]

t1
(with ¢; € [0,7/2]), one can consider the average

Bi(t1) =

(AYNT) = % / T/QBl(tl)dtl

T/2 T/2
- ( ) / / Aty +t2), p(ty + t2)) dty dis.
t

Let us define the function a7 by

2.7)

apr c t€R — 1/T ift€[0,7], 0 otherwise.

Then (A)*9)(T) can be written in the form (2.6) with fr = f5,, where f5, is
the convolution of ajyr/y with itself. So (4)3*)(T) can be understood as a filte-
red average and also as a mean value, over initial conditions chosen along a MD
trajectory (here, the trajectory (q(t1),p(t1)), t1 € [0,7/2]), of standard MD ave-
rages (see the right hand side of (2.7)). More generally, denoting by f; ;- the k-th

convolution of the function a7/ with itself, one can define the time average by
T

(AY*)(T) = / A(q(t),p(t)) fir(t) dt. We can prove [P2], under the assumptions
0
collected in Appendix 2.6, that

A0 = () +0 (7). 28)

Thus, for any arbitrary positive integer k, it is possible to design an averaging
scheme which converges to the ensemble average at the rate 1/T*.
The discrete version of (A)®**) (T) is

(AYF) (5t T) Z C(k,N —1,5)A (qa;,p;) . (2.9)

where A/ = kN is the number of time steps that have been computed, (q;, p;)¥2 is
the numerical trajectory given by an integration scheme with time step dt = T'/(kN)
and where C'(k, N —1, j) is the number of k-tuples of non-negative integers ji, ..., jx
whose sum is fixed to be j and which all belong to [0, N — 1]. These coefficients can
be computed by recursion, in such a way that their computation is almost for free
in comparison with the computation of the trajectory (q;, p])kN

However, formula (2.9) is not incremental, due to the presence of the coefficients
C(k,N — 1,j) in the summation. In other words, the average after k(N + 1) steps
are not simply deduced from the knowledge of that after kN steps. This difficulty
leads us to use other filtering functions and to define the time average by

() = [ atao,p) fi (1) d, (2.10)
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with
fe(t) = agt™ 1 (1 — )", (2.11)

where ay, is a normalizing constant (k > 1). Again, (A)*)(T) satisfies an estimate
similar to (2.8). The discrete version of (A)*)(T) is

(AW (5t,T) = -

num

: (2.12)

where T' = N t. Decomposing f; as a sum of monomial functions, one can see that
the averages after A/ + 1 steps can be computed from the averages after N steps
and the observable values at time step N + 1. So, just like the standard formula
(2.5), formula (2.12) allows one to compute time averages “on the fly”. In the test
cases below, we will make use of (2.12) with several values of k& to compute an
approximation of the ensemble average.

Formulae (2.9) and (2.12) are generalizations of (2.5) since

(Ao (08, T) = (A) [ (68, T) = (A)n, (68, T).

To the best of our knowledge, formulae (2.9) or (2.12) do not seem to be used in

Molecular Dynamics simulations, or at least are not reported on in the literature.
In addition, if a symplectic scheme of order r; is used to compute the trajec-

tory (ro = 2 for the velocity Verlet scheme), we can prove [P2] the following error
estimate :

(A8 (6, T) — (A)| <C <% + (5t)ro) (2.13)

for some constant C' which does not depend on 7" or §t (a similar estimate holds for
(A} @1, T)).

We emphasize the fact that the polynomial decay of the error with respect to
the total time of simulation 7" is made possible by the fact that the values A (qj, pj)
are correlated in time, in the sense that they are obtained by the simulation of one
single trajectory. When one uses a Monte Carlo method, the values A (qj, pj) are
not correlated any longer, and the error between the computed empirical average
and the ensemble average (A) only decays at the universal rate 1/+v/T.

The proof of (2.13), together with details on the filter function used in formula
(2.12), may be read in a companion article [P2].
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2.3 Numerical examples

We now turn to numerical examples showing that :
— estimate (2.13) is sharp for integrable Hamiltonian systems satisfying (at least
some of) the assumptions under which the estimate has been rigorously proved.
— in some particular conditions, estimate (2.13) seems to also hold for some
non-integrable systems of practical interest, although our proof does not carry
through such non-integrable systems.
We first present results in the case of a collection of independent harmonic oscillators
(see Sec. 2.3.1), then on the Kepler problem (see Sec. 2.3.2). Both systems are
integrable, and fall within the hypotheses of our theoretical result. In Sec. 2.3.3,
we study a system of particles subjected to the Lennard-Jones potential, and in
Sec. 2.3.4, we study alkane chains described by the “united atom” (UA) model [47].
Finally, in Sec. 2.3.5, we study a particle submitted to a double well potential in 2D,
in the case when the particle energy is lower than or much larger than the saddle
point energy (the study of the other cases is postponed to Sec. 2.4). In all these
cases, time averages computed by (2.5) converge to ensemble averages at rate 1/7,
and we show the efficiency of the method (2.12) that we propose.

With a view to showing that our approach is insensitive to the numerical inte-
gration scheme, provided that it is symplectic, we have used, depending on the case
at hand, three different algorithms [9], of different orders, to integrate the dynamical
system (2.1) :

— the standard velocity Verlet algorithm, which is, as recalled above, symplectic
and of order 2; we denote by ¢y a step of the algorithm of time step 6t :
(Gns1: Prg1) = 05" (Qns Pr) 3

— a composition of the velocity Verlet algorithm with itself so that the order of
the algorithm increases to 4 ; namely,

4
(qn+17 anrl) = ¢¢($t) (qn7 pn) - ¢l‘7/1‘6/t © ¢l‘7:)‘6/t © ¢l‘7/1gt(qn7 pn)

with by = 1/(2 — 2'/3) and by = 1 — 2b;.
— a composition of the velocity Verlet algorithm with itself so that the order of
the algorithm increases to 6 ; namely,

_ (6)
(anrl? anrl) - ot (qn7 pn)
_ Vv Vv Vv Vv Vv Vv A%
- c3ot © co 0t © c10t © colt © c10t © co ot © 035t<qn7 pn)

with c; = —1.17767998417887, co = 0.235573213359357, c3 = 0.784513610477560
and ¢y =1 —2(c1 + 2 + ¢3).
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2.3.1 Collection of harmonic oscillators

In this section, we consider the dynamics of a system of five particles in 1D
described by the Hamiltonian

with the following frequencies :
wi = 1.0, wy = 8.01256, ws = 12.25245, wy = 17.234, ws = 20.98765.  (2.14)

As an instance, we study the average of A = p? with the algorithm of order 6.
The exact value (A) = 0.5 of the ensemble average can be obtained by analytical
calculations.

All but one hypothese needed to prove our estimates are satisfied : the inte-
gration algorithm is symplectic and the analyticity and integrability assumptions
on the Hamiltonian function (see Appendix 2.6.1) are satisfied. The frequencies
(2.14) do not satisfy the diophantine assumption (see Appendix 2.6.2) for they are

rational numbers, but the level set (defined by (2.2)) of the invariant functions
2

Ii(q,p) = % + wf%] is well-enough sampled, in comparison to the precision needed
for the computation of (A).

We use formula (2.12) with different values of & (k = 1 to 4), for a given 0t
(0t = 0.025). The numerical error as a function of the length of the MD trajectory
is displayed in Fig. 2.1. A least-square fit provides the following result : the error

(A),%)m(ét, T) - <A>’ decreases with rate 1/T*, with

k(k=1)=0978, k(k=2)=191, k(k=3)=23.05 k(k=4)=3.8T.

So, the time average defined by (2.12) converges to the ensemble average with a rate
very close to 1/T*.

2.3.2 The Kepler problem

We next turn to the simulation of the Kepler problem. We consider the Hamil-
tonian
P’ 1

2 g’
describing a 3D particle in an attractive Coulomb potential.
Let us for instance study the average of A = |q|. As in the previous example,
the ensemble average can be computed analytically :

(lal) = (3+2EoL5) /(4] Eol),
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k
(P3) it — (12)

0.01

0.001
0.0001
le-05
1e-06
le-07
1e-08
1e-09

1 10

F1G. 2.1 — Convergence of (pi)%@m(ét,T) to (p?) for different values of k, in the case of
a collection of 5 harmonic oscillators. Initial conditions are q; = 4, p; = —1.2, ¢; = 0 and
pi=1fori=2,...,5.

where Ej is the initial (negative) energy and L, is the norm of the initial kinetic
momentum. The simulation time step is 6t = 0.01, and we use the algorithm of
order 6. As for the harmonic oscillators, the Hamiltonian function is analytic and
integrable and the integration scheme is symplectic.

We compute the averages (2.12) with k ranging from 1 to 4. We see that, for
T > 40 (approximately beyond 4 revolution periods), the larger k, the larger the
convergence rate (see Fig. 2.2 ; the convergence rate is quantitatively studied below).
Remark that, as k increases, the amplitude of the oscillations at the beginning of
the simulation (which is not the focus here) increases (see Fig. 2.3). This fact seems
to be generic, and not to be restricted to the Kepler problem.

Let us now check that the estimate (2.13) is sharp. For this purpose, we study
the dependence of the error e (§t, T) with respect to 7 and dt in order to check
whether there exist constants C(k) and Cy(rg) such that

e® (5, T) = [(AE) (6, T) — (A)] ~ ClT(kk)

num

+ CQ(T‘()) ((%)TO .

The initial conditions are such that (A) = 1.37. We first determine Cy(rp). To do
this, we choose several values of the time step 0t in the interval [0.025;0.2], and for
each of them, we compute a long-time trajectory. We estimate that the trajectory
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()% — (|a)

0.1

1e-05 F

1e-06 F

le-07 LK

F1G. 2.2 — Convergence of <]q])1(1]2m(5t,T) to (|q|) for different values of k, in the case of
the Kepler problem. Initial conditions are q = (0.9,0,0) and p = (0,1.1,0.5).

5 10 15 20 25 30 35 40
T

F1G. 2.3 — Oscillations of (\q\)%@m(ét, T) at the beginning of the simulation (Kepler pro-
blem), for different values of k. Initial conditions are q = (0.9,0,0) and p = (0,1.1,0.5).
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is long enough when the oscillations of the function 7" — <A>£L@m(5t,T) are both
smaller than 10™® and more than 100 times as small as the difference between (A)
and <A>%@m(5t, T). So the leading term of the error is Cy(r()(dt)". We observe indeed
that Ine®) (6, T) is a linear function of In 6t of slope —r, and find values for Cs(r()
which do not depend on £ and are given by

CQ(T’O = 6) = 0163, CQ(TO = 4) = 109, 02(7’0 = 2) = 0.622.

In order to determine the values of C;(k), we work with very small values of &t
(respectively 6t = 1072, 5.107% and 5.10~* when we use the algorithm of order 6, 4
and 2) so that the term Cs(ro)(5t)™ is lower than 10~7. We also observe that the
time average converges to the exact ensemble average up to an error of 10~7. So, as
long as the error is larger than 1077, its leading term is Oy (k)/T*. A least-square fit
of Ine®)(§t, T) as a function of In T shows that the error decreases with rate 1/7*,
with

k(k=1)=1.02, k(k=2)=201, k(k=3)=282, k(k=4)=3.85.

Likewise, we observe that the rescaled error T* <A)g§2m(5t,T) - (A)‘ is bounded

independently of 7', and we also notice that the bound is independent of ry. We
obtain

Ci(k=1)~ 06, Cy(k=2)~144, Ci(k=3)~212, C)(k=4)~ 8270.

Not surprisingly, the values of C(k) quickly increase with % (this is in agreement
with the fact that oscillations at the beginning of the simulation are larger for larger
values of k).

These numerical experiments therefore confirm the sharpness of the estimate
(2.13).

2.3.3 Particles in a truncated Lennard-Jones potential

We study here a system of M = 288 particles in 3D interacting through a
truncated Lennard-Jones potential. The Hamiltonian of the system reads

H=3 5 +3. 2 V(a-al).
i—1 =1 j>i

4 4
with Vi;(2) = 5 — — and V(2) = Vy(2) — Vis(ze) = Vis(20)(2 — 2e) if 2 < 2, 0
z
otherwise. Thus, both the potential and the forces are continuous at the cutoff radius
2. = 3.08. We apply periodic boundary conditions (the simulation box is [—3.2; 3.2]?)
and use the minimum image convention [2]. The initial conditions correspond to a

solid state and are such that the density of the system is 1.12 and the average kinetic
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temperature is 0.884. Such an initial condition ensures that the system remains in
the solid phase. The hypotheses of Appendix 2.6 are not satisfied (in particular,
there are not enough invariant functions). The observable under examination is the
pressure :

M
Alq,p) =P = %Z <p?+zqij-Fij> ,

i=1 §>i

0H
where q;; = q, — q; and F;; = P We work with the velocity Verlet algorithm,
q;;
using a time step of 6t = 5.1073.
The results are displayed in Figs. 2.4 and 2.5. We have checked that the error

(AVE (58, T) — <A>’ decreases with the rate 1/T*, with

k(k=1)=099, k(k=2)=185 k(k=3)=267, k(k=4)=3.76.

So, as in the previous examples, the rate of convergence is improved from 1/7 to
almost 1/T*, even if the system at hand is not integrable. Indeed, even if the system
remains in the solid phase, the potential cannot be approximated by a harmonic
potential : along the trajectory of the system, we have observed that some eigenvalues
of the Hessian of the potential are negative, and that some other ones vary by 20%.

F1G. 2.4 — Average pressure <P>,(1]Z)m(5t,T) at the beginning of the simulation of the
Lennard-Jones system, for different values of k.
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0.1F
0.01
0.001 E

0.0001 g

F1G. 2.5 — Convergence of the average pressure <P>,(1’Z)m(6t,T) t0 (P)estim for different
values of k, in the case of the Lennard-Jones system.

2.3.4 Alkane chains

We now study chains of particles interacting through the Ryckaert- Bellemans
united atom (UA) model [47]. These chains represent alkane molecules. The obser-
vable under examination is the normalized end-to-end distance

la; — qM|2
A = ——
(@) Md%fc ’

where deo_ = 1.53 A is the constant bond length. We work with the velocity Verlet
algorithm. As in the previous example, the hypotheses of Appendix 2.6 are not
satisfied.

The first example is a chain of M = 40 particles. For an extremely low tempe-
rature (7= 2.13 K), we obtain the convergence of the time averages (see Fig. 2.6,
obtained with a time step of 6t = 0.1 fs) with the rate 1/7%, with the following
values for k :

k(k=1)=098, k(k=2)=170, k(k=3)=302 kik=4)=421

So we again observe convergence at a rate close to 1/7". In Fig. 2.7, we display the
results obtained with a chain of M = 100 particles in 3D : results on this larger
system are similar to those for the 40 particles chain.

The case of higher temperatures will be studied in Sec. 2.4.
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0.001

0.0001 F """

10000 100000

F1G. 2.6 — Convergence of the end-to-end distance of an alkane chain (M = 40 particles)
for different values of k, in the low temperature case (T = 2.13 K).

0.01

0.001

100000
T

F1G. 2.7 — Convergence of the end-to-end distance of an alkane chain (M = 100 particles)
for different values of &, in the low temperature case.
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2.3.5 One particle in a double well potential

In this section, we deal with the Hamiltonian

2 2

Pz P
H = 5 + Ey _'_V(q;mQy),

where
V(qe,qy) = (a7 — 1)* + (g + a5 — 1)%,

describing a 2D particle in a double well potential. The potential V' goes to +oo
at infinity and has three critical points : two global minima located at (£1,0), at
which V(£1,0) = 0, and one saddle point located at (0,1), at which V' (0,1) = 1.

The behaviour of time averages strongly depends on the value of the particle
energy F, with respect to the saddle point energy (here equal to 1). Three different
regimes can be identified :

1. for Ey smaller than 1, the trajectory only explores a single basin. Time averages
converge to a limit and using the filtering function f; and formula (2.12)
improves the convergence rate from 1/7 to 1/T* (for an arbitrary k) as in
the previous examples. These results hold even if the energy is large enough
(for instance, Ey = 0.8) so that, on the region sampled by the particle, the
potential cannot be approximated by a harmonic potential ;

2. for Ey much larger than 1 (say Fy > 5), the particle is so energetic that it
does not really “feel” the barrier and the convergence of the time averages is
similar to the one observed in the first case; once again, we have checked that
we are far from the harmonic approximation ;

3. for Fj alittle larger than 1, the system really “feels” the presence of two distinct
basins ; we postpone the study of this case to Sec. 2.4.

Let us end this section by a discussion on the ergodicity of the 2D double well sys-
tem under study. It is easy to check that the isoenergetic surface H(qy, gy, pz, py) =
Ey can be parametrized by three angles :

e = i\/l—i— Eq cos(0), ¢ = +/Eo (sin(f)cos(¢) — cos(8)),

Pr = V2Ey sin(f)sin(¢) cos(v), p, = +/2Ep sin(f)sin(¢)sin(v)),
with (0, ¢,¢) € [0,0)] x [0,7] x [0,27], where 0, = 7 if By < 1 and 0y =
arccos(—1/v/Ey) if Ey > 1. It is therefore possible to compute numerically the
NVE ensemble average of any (regular) observable with a high accuracy. It reads

(A)(E0) = [ A0, 6,) w(6,6) db d v, (2.15)

[0,02s]%[0,7] % [0,27]

. . 2

where w(f, ¢) = C sin(¢) sin(0) is the relevant invariant probability density of
\/ 1+ +/Eycos(6)

the dynamical system on (6, ¢,v) (C is a normalizing constant). In Table 2.1, we
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compare this ensemble average with several time averages computed from trajecto-
ries with various initial conditions that all correspond to the energy Fy = 0.5. In
general, these time averages are different from the ensemble average. This difference
can be explained either by the fact that the isoenergetic surface has invariant sub-
sets (this may be due to the existence of a second invariant that we did not manage
to identify), or by the fact that the system is ergodic but on very long time scales,
much longer than the simulation times we can afford.

A {A)(E =05) | (A% (ay,py) | (A)em (dy, Po) | (AT (a3, 5) |

0 ~0.94459 ~0.93118 ~0.95585 ~0.92386
e 0.92843 0.90077 0.95170 0.88565
¢ 0.98964 0.92855 1.04074 0.89565
q 0.071562 0.099221 0.048292 0.114346
¢ 0.25517 0.14298 0.34725 0.085192
p? 0.24482 0.33949 0.16794 0.38717
P’ 0.24482 0.14615 0.32574 0.095278
V(s @) 0.25517 0.25717 0.25315 0.25878

TAB. 2.1 — Computed values for the ensemble average and the time average of different ob-
servables A (double well potential). Ensemble averages are computed from (2.15). For the
time averages, computed from (2.12), initial conditions are (q;,p;) = (—1,0.5;0.5, —0.5),
(2, pP2) = (—0.9,0.772...;0,—0.5) and (q3,p3) = (—1.05,0.549;0.3606 . . . ,0), correspon-
ding to the energy 0.5, and the time step is ¢ = 0.005. We checked that a simulation of
length 7' = 5000 was long enough and that time average values do not depend on k.

From a practical point of view, one way to solve this issue is to compute the
mean value of the time averages over several different initial conditions. First, as in
a Monte Carlo method, we choose many initial conditions (q;, p;); on the surface
of constant energy Fjy, according to the probability density w(d,¢) (to do so, one
can use the Acceptance-Rejection method [14]). For all these initial conditions, we
compute a MD trajectory and a time average, and then the mean value u(FEy) and
the standard deviation oyc.ap(Ep) of these data. Results are reported in Fig. 2.8 :
this method yields a good approximation of the ensemble average.

Thus, to compute an ensemble average, we can suggest to choose several different
initial conditions on the constant energy surface, and to use each of them to compute
a trajectory and a time average. A good approximation of the ensemble average is
the mean value of these time averages.
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L1 T T T T
Ensemble average (normalized) ——
1.08 |~ . . -
Time average (normalized) —+—
1.06 = T -
1.04 = -

0.96 = 1 -
094 ] ] — ] ]

F1G. 2.8 — Comparison between the ensemble average of A = qs, computed from (2.15),
and the expected time average (error bars correspond to a 95% confidence interval; 1000
initial conditions have been used), on the double well potential, for different energy levels
Ey. All quantities have been normalized by the ensemble average (q;)(Eo).

2.4 The case of systems with multiple metastable
states

Alkane chains and the double well example are systems presenting several me-
tastable states. In Sec. 2.3, we have studied them in the regimes of either low or high
energy (see Secs. 2.3.4 and 2.3.5). In such regimes, either a unique well is explored
(because the system does not have enough energy to visit other wells), or the system
is so energetic that it does not really “feel” the barriers. We now focus on the case
of an intermediate energy : transitions between metastable states are possible but
they are rare events in comparison with the faster characteristic time scale of the
system. In this regime, we show that time averages converge to ensemble averages
at the slower rate 1/v/T.

2.4.1 One particle in a double well potential

In this section, we simulate the same system as in Sec. 2.3.5, but we now choose
to work with an energy Ey = 1.25 that is slightly larger than the saddle point energy
(which is equal to 1). In this case, one does not observe any convergence of the time
averages, even for simulation times 10,000 times as large as those which lead to
convergence in the cases of low or high energy (see Fig. 2.9).
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F1G. 2.9 — Evolution of <qm>,(£2m(5t, T) as a function of 7' (double well potential, energy of
1.25 close to the barrier energy), for a time step §t = 0.05 and 2.10% time steps.

Actually, as shown on Fig. 2.10, the particle spends “a long time” in one basin,
then quickly undergoes a transition into the other basin, in which it spends another
“long time”, and so on. In this simple example, the basin locations are known and
the mean exit time can be easily estimated from MD simulations. These data can be
used to parametrize a two-state Markov chain model [116] mimicking the transition
between the two basins. A comparison between the convergence rate of time averages
(2.12) computed by MD on the one hand and by the so-obtained Markov chain
model on the other hand, for the observable g, (the average of which is zero due
to the symmetry of the potential), is reported in Fig. 2.11. The good quantitative
agreement, between these two convergence rates confirms that the bottleneck in the
computation of averages by brute force MD simulations is the presence of several
well-separated basins ; in this case, the convergence rate is no longer of 1/7" or better,
but falls down to 1/+/T, at least in the range of accessible simulation times to date.

2.4.2 Alkane chains

In this section, we simulate the same chains of particles as in Sec. 2.3.4 (with
M = 40 particles), but we now work at higher temperature.

We first simulate the chain at an energy such that the temperature is 7' = 135
K, and study the end-to-end distance. Although the simulation time is 400 times
longer that in the case studied in Sec. 2.3.4, time averages have not yet reached their
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Trajectory q,(t)

1.5 F ' ' ' qm(t)l_

0.5

_15 ] ] ] ]
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simulation time ¢

F1G. 2.10 — Evolution of ¢,(t) as a function of time ¢ (double well potential, energy of
1.25 close to the barrier energy, time step ot = 0.01).
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F1G. 2.11 — Estimation of the convergence of N Zq% to 0 with respect to N with a
j=1

Markov chain model (double well potential, energy of 1.25 close to the barrier energy,
ot = 0.01; (-);. denotes average over 16 initial conditions).
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infinite time limit (see Fig. 2.12). We study in Fig. 2.13 their convergence rate : it
is very close to 1/v/T.

The reason for this slow convergence is the same as in the double well potential
case : the system has enough energy to explore many wells, but it spends a long time
in each well (in comparison with the time needed to go from one well to another
one). Thus, once again, time average convergence rate is slowed down to 1/v/7.

Ak
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25

24.9 1 1 1
0 le+07 2e+07 3e+07 4e+07

T

F1G. 2.12 — Evolution of the end-to-end distance time average as a function of 7' (alkane
chain with M = 40 particles, temperature of 7' = 135 K).

Let us now simulate the chain at a temperature somewhat higher (7" = 4.16 K)
than that in the case studied in Sec. 2.3.4 (where T' = 2.13 K), but still very low.
The situation is exactly the same as that in the case 7' = 135 K : neither time
averages computed by (2.5) nor by (2.12) converge (see Fig. 2.14).

2.5 Conclusions

In order to compute ensemble averages of observables, one can use Molecular
Dynamics and compute a time average of these observables over one (or several)
trajectory of a dynamical system. When the ergodic assumption is satisfied, this time
average converges, as the trajectory length goes to infinity, towards the ensemble
average. We have presented a numerical method which allows, when this convergence
occurs at the rate 1/7", to speed up the convergence up to 1/7* (k arbitrary) so that a
trajectory of reduced length (and thus needing less computational effort) is sufficient
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F1G. 2.13 — Estimation of the convergence rate of the averaged end-to-end distance (alkane
chain with M = 40 particles, temperature of 7' = 135 K).
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to achieve a given precision. Together with this numerical method, we have presented
some error bounds that may be used to optimize the simulation parameters. We have
demonstrated by test cases the sharpness of these bounds. However, a limitation of
our method must be pointed out.

A typical problem in Molecular Dynamics is the exploration of the whole phase
space when the potential energy of the system has several basins corresponding to
distinct metastable states, and when the energy is such that transitions between
these states are possible but are rare events. In this case, the convergence rate of
time averages is very slow (it is close to 1/v/T). The method we have presented in
this paper does not solve this issue (it does not improve the phase space exploration,
but the computation of the time average). Other methods have then to be used, for
instance those suggested in Refs. [109,111,116,117,120], and maybe combined with
our method.

Acknowledgments

We would like to thank Gilles Zérah for his very helpful suggestions and Chris-
tophe Chipot for stimulating discussions. We also gratefully acknowledge the finan-
cial support of INRIA through the contract grant “Action de Recherche Coopérative
PRESTISSIMO”.

2.6 Appendix

In this appendix, we detail the hypotheses needed to prove estimates (2.4) and
(2.8). As we have mentioned it in Sec. 2.2, we consider a system of M particles in
3D, described by the Hamiltonian H(q, p). Let (q,, py) be the initial condition.

2.6.1 Assumptions on the Hamiltonian function H :

We suppose that the Hamiltonian H is an analytic function, and that it is com-
pletely integrable, that is to say that (see Ref. [3], pp 214 and 272) :

— there exist 3M invariant functions /;(q,p), j = 1,...,3M, of the dynamical

system (2.1) (the definition of an invariant function is recalled in Sec. 2.2);

we denote by S(q,p) the level set of the invariant functions {I;},_; 4, (see

(2.2));

— these invariants /; are in involution, i.e. satisfy the condition

Valji(a,p) - Vplj(a,p) = Vil (q,p) - Vqlj,(q,P)

for all (q,p) € R* x R* and all j; and j», where V is the gradient with
respect to the position variables and V is the gradient with respect to the
momentum variables ;

— there exists a neighbourhood of the initial condition (q,, p,) such that, for all
(q,p) in this neighbourhood, (i) the level set S(q,p) is compact and connec-
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ted [17], and (ii) the gradients VI; of the invariant functions are linearly in-
dependent.

2.6.2 Diophantine assumption :

Let T be the torus R/27Z. Under the above hypotheses, it is possible |3,9] to find
a bounded open set B C R3M containing (I;(qq, Py); - - -, I31(dg, Py)), a bounded
open set B’ C R3M xR3M containing the initial condition (q,, p,) and a local change
of variables 1),

V:(a,f) e BxT™ — (q,p)€B CcRM xR,
such that the new variables (a(t),0(t)) = ¥ *(q(t), p(t)) obey the simple dynamics

B0 B @), (216)

supplied with initial condition (a(0),6(0)) = (a,6y) = ¥ *(qy, Py)- In (2.16), w
is a function from R3* to R3M. The trajectory in the new variables is a(t) = ay,
Q(t) = (90 + w(ao)t.

We then make the following additional assumption (the so-called diophantine
assumption) on the vector w(ay) : there exist a constant Cy > 0 and an exponent

Yo > 0 such that
C
Vo € ZPM\ {0}, o w(a)| > ﬁ (2.17)
«
where we note || = a; + ... + agy and a - w(ag) = aqwi(ag) + . .. + azywsi(ag).
This assumption means that the quantity « - w(ag) can get close to zero only if |a
goes to infinity.

Under the assumption that the Hamiltonian function H is analytic and inte-
grable, and the diophantine assumption, one can prove that time averages converge
to ensemble averages at the rate 1/7', and that this rate can be improved up to 1/7*
by using filtering functions. In addition, if the numerical scheme used to integrate
the equations of motion is symplectic, and if a non-resonance condition is added to
the diophantine assumption (2.17), then one can prove estimate (2.13) (see Sec. 2.2
and Refs. [P2,3]).

85



Chapitre 2 : Schémas d’ordre élevé pour le calcul de moyennes en dynamique
moléculaire

86



Chapitre 3

Calcul de moyennes en temps long
pour des systémes dynamiques
Hamiltoniens intégrables

Ce chapitre reprend l’intégralité d’un article écrit en collaboration avec Eric
Cances, Francois Castella, Philippe Chartier, Erwan Faou, Claude Le Bris et Gabriel
Turinici, et soumis & Numerische Mathematik [P2].

Nous nous intéressons ici a I'analyse numérique de schémas pour le calcul de
moyennes temporelles en temps long sur des trajectoires de systémes dynamiques
Hamiltoniens intégrables. L’application de ces schémas au domaine de la dyna-
mique moléculaire a été présentée au chapitre 2. Les schémas étudiés procédent
d’une double discrétisation, celle de la moyenne temporelle et celle de la solution
du systéme dynamique. Nous étudions 'effet des deux discrétisations. Le schéma
couramment utilisé en dynamique moléculaire pour calculer une moyenne tempo-
relle est analysé. De plus, nous proposons et analysons de nouveaux schémas, qui
permettent d’accélérer la vitesse de convergence de la moyenne temporelle vers sa
limite en temps infini.
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Long-time averaging for integrable Hamiltonian dynamics
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Given a Hamiltonian dynamical system, we address the question of compu-
ting the space-average of an observable through the limit of its time-average.
For a completely integrable system, it is known that ergodicity can be cha-
racterized by a diophantine condition on its frequencies and that the two
averages then coincide. In this paper, we show that we can improve the rate
of convergence upon using a filter function in the time-averages. We then
show that this convergence persists when a symplectic numerical scheme is
applied to the system, up to the order of the integrator.

3.1 Introduction

Consider a Hamiltonian dynamical equation in R? x R?

{P(t) = =V H(p(t),q(t)), p(0)=po, (3.1)
q(t) = V,H(p(t),q(t)), q(0)=qo. '

Let M(po, qo) be the manifold {(p,q) € R**| H(p,q) = H(po, q)}. The solution of
(3.1) is a dynamical system on M (pg, qo) with the invariant measure

B do(p, q)
WD) = 1ol
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where do(p, q) is the measure induced on M (pg, qo) by the Euclidean metric of R?¢
(see for instance [6]), and || - ||, the Euclidean norm in R>.

It is a common problem to estimate the space average of an observable! A over
the manifold M (po, qo)

/ A(p,q)dp(q,p)
M (po,q0)

: (3.2)
/ dp(q,p)
M (po.,qo0)
through the limit of the time average
1 [T
Jim % [ A).at0)ar (3)

where (p(t), q(t)) is the solution of (3.1). Our wish is here to give a sound ground to
(and in some cases improve [P1]) the numerical simulations of (3.3) commonly used
in the field of molecular dynamics.

The conditions under which the two quantities (3.2) and (3.3) coincide cannot
be stated in general. In contrast, a dynamical system is known to have an ergodic
behavior in two clearly identified -and somewhat opposite- situations :

— in the case of a differential equation with an hyperbolic structure, giving rise to
mixing, the convergence of (3.3) toward (3.2) for 7" going to infinity is insured
at a typical rate of 1/v/T. It is the belief of the authors that not much can be
gained in this situation due to the presence of chaos;

— in the case of an integrable system, a well-known result of Bohl, Sierpinski and
Weyl (see [3] p. 287 and references therein) states that, under a non-resonant
condition on the frequency vector associated with the initial condition, the
space average of a continuous function on the manifold

S(po,q) = {(p.q) eRT xR’
Li(p,q) = Ii(po; @), - - - La(p; @) = La(po; o) } (3.4)

where Iy,...,1; are the d invariants of the problem (3.1), coincide with the
long-time average of this function. Moreover, if the frequencies satisfy a dzo-
phantine condition, the convergence is of order 7~!. Being more analytically
tractable, this case allows for the design of more elaborated averaging methods
than the straightforward numerical simulation of (3.3).

IProperties of a physical system at thermodynamical equilibrium such as radial distributions,
free energies, transport coefficients can be computed as averages of some observables over the phase
space of a representative microscopic system. In most applications of interest, this microscopic
system is composed of a high number of particles, making the computation of averages a challenging
issue.
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In realistic situations, Hamiltonian systems belong neither to the first category, nor
to the second one : they typically exhibit different behaviors for different energy
levels. Nevertheless, the acceleration techniques presented in this paper are relevant
to actual computations for the following two reasons :

— their efficiency shows off also in situations where integrability assumptions are
not satisfied (see the companion paper [P1]).

— their induced computational overhead is only marginal and thus not penalizing
when integrability assumptions are violated. Meanwhile, when the explored
energy level is such that the system can be (locally) considered as integrable,
a significant acceleration is observed.

Integrable systems under some diophantine condition will thus constitute a natural
framework for this work. Besides, all the results presented here could be extended
with only minor modifications to the case of near-integrable systems.

In the following, we consider a completely integrable Hamiltonian system (3.1)
in the sense of the Arnold-Liouville theorem [3,9] : there exist d invariants [, =
H.I,...,1; in involution (i.e. their Poisson Bracket {I;,I;} = 0) such that their
gradient are everywhere independent, and the trajectories of the system remain
bounded. Under these conditions, there exist action-angles variables (a, #) in a neigh-
borhood U of S(py, qo). We have (p,q) = ¥(a, ), where 1 is a symplectic transfor-
mation

Y :DxT?> (a,0) — (p,q) €U,

with T¢ = (R/27Z)? the standard d-dimensional flat torus, and D a neighborhood
in R¢ of the point ag such that (ag,8y) = ¥ ~(po, qo). By definition of action-angle
variables, the Hamiltonian H(p, q) of (3.1) is written H(p,q) = K(a) in the coordi-
nates (a,#), and thus the dynamics reads

i) = 0,
{e<t> = wlalt)), (3:5)

where w = 0K /0da is the frequency vector associated with the problem. The solution
of this system for initial data (ao, 6p) is simply written a(t) = ao and 0(t) = w(ao)t+
90.

For fixed (ag, ) = ¥ (po, @), the image of S(py, o) under 1! is the torus {ag} x
T?. On this torus, the measure df is invariant by the flow of (3.5). Considering the
pull-back of this measure by the transformation 1), we thus get a measure du(p, q)
on S(po, qo) which is invariant by the flow of (3.1). For any function A(p, q) defined
on S(po, qo) we define the space average :

/ Alp, q)dp(p, q)
(A) = 5(po.q0) — 2y /TdAoz/J(ao,H)dH. (3.6)

/ du(p, q)
S(po,q0)
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For a fixed time 7', the time average is defined as

A1) =7 [ Ao).a) (3.7

In a first step, we will investigate the extent to which the convergence of the time
average (3.7) toward the space average (3.6) can be accelerated through the use of

weighted integrals of the form
Tt
e (3) A0,
0

[e@e

where ¢ is a positive smooth function with compact support in [0, 1] (later on, we
will refer to ¢ as the filter function; it is sometimes refereed as a window function
in the context of signal processing [11]). In a second step, we will consider the time-
discretization of (3.8), i.e. the discretization of both the integral through Riemann
sums and the trajectory with symplectic integrators. In particular, we will derive
estimates of the convergence with respect to 7" and the size h of the time-grid, which
are in perfect agreement with the numerical experiments conducted in [P1].

(A)e(T) = (3.8)

3.2 The complete analysis of the d-dimensional har-
monic oscillator

In this section, we illustrate the main ideas of the paper in the rather simple
situation of the d-dimensional harmonic oscillator, where most of the analysis can

be conducted in an explicit way. Hereafter, H(p, ¢) is thus the Hamiltonian function
from R? x R? to R defined as

d
Z Widi + D})s (3.9)

k=1

N)IP—‘

and the corresponding dynamics is governed by the equations

{pk - k=1,....,d.
G, = Pr Y

The exact trajectory lies on the d-dimensional manifold S(py, qy) defined by (3.4)
where the Ij,(p,q) = 3 (wiq; + p}) are the conserved energies of the d oscillators.
Hence, denoting 7 = \/21;(po, @), k = 1,...,d and z = (w1q1 +ip1, . . .,wWaqq +iPa)

the aggregated vector of rescaled positions and momenta, the exact solution is of
the form

z(t) = (r?ei(“’lﬂr‘bl), o ,rgei(“’dt+¢d)) ’ (3.10)
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where ¢ = (¢1, ..., ¢q) depends on the initial conditions (pg, qo). As a consequence,
the space average (3.6) we wish to approximate may be written here as :

1 0
(4) = ) /T (Ao 2)(r",0)do,

0 0
where A(r°,0) = <T—1 cos(0;), ) sin(0y), . . ., T4 cos(04), 15 sin(@d)) . As for the time-

w1 Wd
average (3.7), it reads :

1

(ANT) = T /0 (Ao A)(r® wt + ¢)dt.

In order to estimate the rate of convergence of (3.7) toward (3.6), we expand AoA in
a Fourier series (the conditions under which this expansion is valid will be detailed
in the following sections) :

(Ao A)(°,.0) = Y Ao A(r, a)e’™”,
a€Zd
where av- 0 = a1 601 + ... + a4 0, and with :

Ao A(r°, o) = (2;)01 /T (4o A)(r°, 0)e "0 do.

In particular, m(ro, 0) = (A). Hence, we have :

2A/O\Ar0,oz
(4) — (A)T)| < 7 o5

3.11
a€Z a#0 |a.w| ( )

This infinite sum can then be bounded if we assume, on one hand, that the vector
of frequencies w = (w1, . ..,wy) satisfies Siegel’s diophantine condition

Jy,v>0, Yae€Z' |a-w|>7lal™, (3.12)

and on the other hand, that the Fourier coefficients decay sufficiently rapidly. This
relatively poor rate of convergence (1/7) may now be considerably improved by
considering iterated averages of the form :

(A)(T) ;:%/0 /0 (Ao A)I°, (b + ... +ty)w+ @)dty ...dby,.  (3.13)

Using Fourier expansions as in (3.11), we indeed obtain in a very similar way the
following error estimate for (3.13) :

1 2 ’m(ro,a)’
_ , (3.14)

o w|®
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and under slightly more stringent bounds on the ‘m(ro, a)‘, (3.14) leads to a rate

of convergence of 1/T". Inspired by these computations, and noticing that (3.13) is
a special case of (3.8) (more precisely (A)x(T/k) = (A),(T) with ¢ = X>[k0k,1/k]’ the
k™-convolution of the characteristic function of [0,1/k]), we will consider in the
sequel more general filter functions and demonstrate that the rate of convergence
can be further improved.

Now, a natural question that arises is whether the techniques explained above
are amenable to numerical computations, when both the trajectory z(t) and the
integrals (3.7) or (3.13) are approximated using numerical schemes. In the case of
the harmonic oscillator, it turns out that the numerical trajectory 2"(t,) (i.e. the
approximation at time ¢, = nh of z(¢,)), when the underlying scheme is a symplectic
(or symmetric) Runge-Kutta method, may be interpreted as the exact solution of
a harmonic oscillator with modified frequencies w} = wyO(hwy,). In particular, the
numerical trajectory lies on the same manifold S(qo,po) as the exact one. For the
velocity-Verlet scheme (and partitioned methods), the same interpretation is pos-
sible, though the numerical trajectory would lie on an invariant torus O(h?)-close
to S(qo,po) : this situation is more typical of what happens for general integrable
Hamiltonian systems.

In our situation, we have :

)

Zh(tn) _ (T?e’i(wlg(hWI)tn+¢l)’ o ’Tgei(wd@(hwd)tn-i-(ﬁd))

where © is a smooth function defined by

( R(iy) — R(—iy) )
i(R(iy) + R(—iy)) )’

1
O(y) = — arctan
Y

R(z) being the stability function of the method (in fact, © is real analytic as soon
as R has no pole on the imaginary axis and satisfies ©(y) = 1 + O(y") where r
denotes the order of convergence of the Runge-Kutta method). As a consequence,
the Riemann sum associated with (3.13) (note that (3.15) with & = 1 corresponds
to (3.7)) reads, for T'=nh, n € N,

(AVRe(T) := % 2 .. i(A o AYr% (ji+ ... +jhwO(Wh) +¢),  (3.15)

=0 jp=0

where wO(wh) = (W1O(w1h),...,wsO(wyh)), so that using once again Fourier ex-
pansions, we get straightforwardly :

einha~(w@(wh)) -1 k

etha (WO (wh)) _ 1

() — (P < 3 |A0AG0,0)

a€Z4, a0

(3.16)
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Bounding the above infinite sum now requires to bound the term |e™* — 1|/|e"” — 1|
for = of the form z = ha-(wO(wh)). To this aim, we use the following two inequalities

30y, 20> 0, ¥n € N, Y|z| < 20, | = ol o< Gy (3.17)
e — x
einm -1
Vn e N, Ve € R, |— s (3.18)
ell‘ J—

according to whether |z| is small (3.17) or not (3.18). The bound we are looking for
is now based on the following lemma :

Lemma 3.2.1 Assume that the vector of frequencies w satisfies the diophantine
condition (3.12) and the Runge-Kutta method is of order r. Then, there exist strictly
positive constants ¢ and hy such that

Vh<hy VacZ |a-(wO(wh))< % | = |a| > ch™ 7.
Proof. Assume that there exists o € Z? such that
o+ (@OWh))| < Flal ™
Then, from O(hwy) =1+ O(|hwk|"), we obtain for h sufficiently small :
2lal™ = |w-al = Clal [hwl",
> 1l = Clal|hwl,

where C' is the strictly positive constant contained in the term O (note that if
© = 1, although the constant C is zero, there is no « violating condition (3.12) and
the lemma remains valid). Hence,

1
/y _ v+1
> h™" .
o 2 (MW )

|
But for |a] < ch /@) we have |ha - wO(wh)| < Eh'7/W+D for a constant ¢
independent of h. Hence if v > r—1, then for small enough h we have |ha-wO(wh)| <
xq defined in (3.17). Now we can split the sum in (3.16) into
. Ck
Ao A 0 ‘ 0
2. ) ‘ R B sy =TI
1<|a|<ch™ 7HT

_ ‘m(r(x@‘ . (3.19)

\oz|20h_#I
Using Lemma 3.2.1 for the first term and assuming that the Fourier coefficients
’A o A(rY, a)’ decay exponentially with ||, an estimate of the form

() = (R = 0 (g +exp (= b)),
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with s = r/(v+1). Whenever a symplectic partitioned method is used, the quadratic
invariants I, might be preserved only up to the order of the scheme, and an additional
term A" then comes into play which becomes dominant : for general Runge-Kutta
methods, the best possible estimate is thus of the form

[(A) — (A)F(T)| =0 (% + hr) . (3.20)

The term 1/T* is the intrinsic error component of the iterated-average, whereas
the term A" reflects the use of a numerical scheme of order r. It is worth noti-
cing that there is no secular component in A" (neither in the bound e=¢/"") :
symplectic schemes (partitioned or not) preserve quadratic invariants for all times
(either exactly or up to the order of the method). Our aim in next sections is to
prove that (3.20) remains true over exponentially long times for averages with ge-
neral filter functions and for general integrable Hamiltonian systems with bounded
trajectories.

3.3 Approximation of the average : The continuous
case

The function ¢ considered in Formula (3.8) is somewhat arbitrary. The most
commonly used function in practice is ¢ = 1, which corresponds to the usual time-
average as defined in (3.7), for which convergence when T tends to infinity is rather
slow (with rate 1/7"). For the harmonic oscillator, we have seen that the use of
iterated-averages (which can be seen as a special case of filtered-averages) allows for
a significant acceleration of the convergence. Theorem 3.3.1 below shows that with
increasingly smooth functions ¢ satisfying appropriate zero boundary conditions, it
is possible to improve the rate of convergence to 1/T* for any integer k > 1, not
only for the harmonic oscillator, but for a general integrable Hamiltonian system.
It is then natural to investigate what happens in the limit when % tends to infinity.
To this aim, we shall consider, as an example of infinitely differentiable functions ¢
with compact support [0,1] that satisfy p*)(0) = p*)(1) = 0 for any k € N, the
function ¢ defined below :

£:[0,1] — [0, 400]
v — exp G%) (3.21)

1—12)

In the sequel, we shall assume that the estimates

1
€@, = / €W ()| da

¢ = sup [E®(z)] < ppFEF, 3.23
LOO

z€(0,1]

VAN

B k", (3.22)
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hold for some strictly positive constants p, 3 and 0. The existence of such constants
will be shown in Appendix (Lemma 3.7.1).

Theorem 3.3.1 Consider the completely integrable system (3.1), and assume that
the diophantine condition (3.12) is satisfied for w(ao) defined in (3.5) by the initial
condition (qo,po), with (qo,po) = ¥ (ag,0y). Consider a function A real analytic on
R x R? (the observable). Recall that to this function we associate the space-average
(A), the time-average (A)(T) and the filtered time-average (A),(T) respectively de-
fined in (3.6), (3.7) and (3.8), where ¢ € C°(0,1) (the filter function) is assumed to
be positive. Then we have the following convergence estimates :

1. There exists a constant ¢ depending on A, d, v and v such that

[(AN(T) = (A)] <

N|o

2. Let k> 1. If v is C*1(0,1) with 9 (0) = V(1) =0 forall j =0,...,k—1,
then there exist positive constants ¢y and R depending on A, ¢, d, v and 7,
such that (here v € N, though a similar formula holds for general v using the
[ function)

where
@ (0)] + [® ()] + [V,
el

c(k, ) = coRF M (v(k + 1) + 1)!

3. If € defined in (3.21) is taken as the filter function, then there exist strictly
positive constants c1, k and p depending on A, d, v and vy, such that

[(A)e(T) — (A)] < cre™ "

Proof. Statement 1. is proved in [3]. It may also be obtained as a special case
of 2. with ¢ = 1. Now, if A is real analytic on R? x R? then so is A o on the
d-dimensional torus T? and we can expand it as a Fourier series

(Ao ) (ag, ) = Z m(ao,a)em'e,
a€ezd

with exponentially decaying coefficients :
— la]
Va € 7, ’Aoz/;(ao,a)’ < Ce c,

where C'is a strictly positive real constant. The integral over T¢ of the first coefficient
of the series (a = 0) is straightforwardly identified as the space-average

Ao 0(a0,0) = (er)d /T (Ao ) (a0, 0)d6.
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T
t
Writing / @(T)dt =Tl = x ', the error can be computed as follows :
0

WD) - (W) =x 3 Aoulana) [ o)

T
a €79 a#0

T
A~ (o t it(aw(a
=y E Ao (ag, a)e’@b0) /0 cp(f>e Howlao) gt (3.24)

a€Zd a#0

Now, the integral in each term of the series can be integrated by parts

T t it(aw(a T
/ <p(£>eit(a'w(a°))dt _ 90(7)6( (a0))
0 T i(a-w(ap)) .
1 T ! 4 it
. AR X (aw(ao))dt
Ti(a-w(ao))/o ‘P<T)e

Integrating repeatedly by parts, this last term can be written as

i1 (a-w(a T
AT »( (1) — p(0) | 1 / (p/(i)eit(a-w(ao))dt
i(a - w(ap)) Ti(er- w(ao)) Jo T

... = (Tz'(of-_:)(l;o)))k /0 ! (p(m(%)eu(a.w(%))dt,

and eventually,

/T S0(z)eit(ouw(a()))dt — <_1>k T |}0(k) (i)eit(aw(ao))]
o (Ti(a - w(ao)))™ T 0
k T
_ (—1) / ot+1) (3) pitlaw(ao) gp.
Tt o™ b © T

Inserting this expression in equation (3.24) and taking the moduli of both sides, we
finally get the bound

T

™ O)] + l® W] + ™Vl
el oll

‘A/o\@D(ao, a) }

[(A)e(T) = ()] <

D

) |k+1
a€Z a0

|- w(ag

It remains to justify the convergence of the series considered above (and to bound its

limit). This is a consequence of the diophantine condition |« - w(ag)| < T which

Ll

98



§ 3.3.3 : Approximation of the average : The continuous case

gives here
’A/o\@/)(ao, a) . v(k+1)
> R ey e (B
a€Z4, a#0 ‘Oz ' w(a0>| a€Z4, a#0 v
(k+1) le] o vy
= 2. eF <'rz71/”) '
a€Z a0
We now take n = 2C//y/* so that 1/(y'/*n) = 1/(2C) and we obtain :
’A/O\QID(CLQ, Oz) ol
Z g < Cn** D (p(k 4 1) + 1)! Z e 2C,
a€Zd, a0 |Oé ' w(a0>>| a€cz?
C(Qc)u(kJrl) (8C)d

i (v(k+1)+ 1),

where we have used z™ < e”(n + 1)!. Statement 3. is a consequence of Statement 2.
with a suitably chosen k : since £®)(0) = ¢®)(1) = 0 for any k € N, we have indeed
that for all kK > 0 :

Tl

(AT) — (A)] < e () (b4 PS04 1) + 1)1,

with ¢; = copu and 71 = Rf3, p and (3 being the constants of (3.22). Now let & be the
nearest integer to v toward infinity. This gives :

T
S c ef(k+1) 7

(A(T) — (A)] < e () (k 4 1) 09051,

where f(¢) = {[In(r1”/T)+(6+7) In(¢)]. The minimum of f for positive £ is attained
L/ T \ Vet
forﬁz;( ) and is

Remark 3.3.1 In the proof of Theorem 3.5.1, one gets co = C(8C)¢, R = (2C)" /~,
¢ = pco, k= (6 +0)e "7 and p = (6 + D), where v = v + 1. The values of
these constants rely heavily on the sharpness of estimates (3.22) and it is likely that
they might be itmproved. Nevertheless, the convergence behavior would be essentially
the same for large dimensions : even if & were analytic, one would get p = 1 + D.
More noticeably, since almost all frequencies w(ay) satisfy the diophantine condition
for some v as soon as v > d — 1, we may think of U as being d and thus § as being
approrimately 1+ d. The rate of convergence thus directly depends on the dimension
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of the phase-space.

3.4 Semi-discrete averages

We now wish to investigate whether the estimates of Theorem 3.3.1 persist when
one replaces the integrals by Riemann sums. It turns out, quite remarkably, that its
proof can be almost readily adapted.

Theorem 3.4.1 Assume that the conditions of Theorem 3.3.1 are satisfied and let
T = nh > 0 for a given integer n > 2. Let us further define the Riemann sums
corresponding to the continuous time-average

—

n—

(A)H(T) = A(p(ih), q(3h)),

SRS
<.
I
o

and the filtered time-average
> #li/m)Alp(ih), a(jh))
Yise e(i/n) ’

where p € C°(0,1) is the filter function. Then we have the following convergence
estimates :

(AT =

)

1. There ezist constants ¢ and ¢* depending on A, d, v, v and w = w(ag) such
that

. 1
A7) - ()] < 5+ e (1 ).
2. Let k> 1. If v is C*1(0,1) with o) (0) = V(1) =0 for all j =0,..., k—1,
then there exist strictly positive constants c*, cq and R depending on A, ¢, d,
v, v and w such that

() - ) < S s e (- )

where

c(k,p) = coRF R (v(k + 1) 4 1)!
1
X
el

(e )1+ ™) + * 2]l ).

3. If £ 1is taken as the filter function, then there exist strictly positive constants
c*, c1, k and p depending on A, d, v, v and w, such that

. Ve 1
‘<A>?IG(T)—<A>‘ Scle—nT/ +c exp (_C*h).
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Remark 3.4.1 In the proof of Theorem 3.4.1, one gets p = (6 + 1+ 7) and k =
(64 1+ v)e () 7571, where 7 = v + 1.

Proof. Statement 1. is a special case of Statement 2. with ¢ = 1, so that we focus
on the error estimate for the filtered average. Expanding (A o) in Fourier series as
in Theorem 3.3.1 and denoting S,, = Z;:&(l/n)go(j/n), we have :

. 1 i A N
Rie o _ i(a-0p) J i jhw
(AFT) (A =~ 3 Aodlana)e™™ x 0:cp<n)e o
J:

" a €7 a0

where w = w(ag). We use the following result, whose proof is given in Appendix :

Lemma 3.4.1 For a given filter-function o in C*1(0,1) with ©7)(0) = ©W)(1) =0
forall j =0,....,k—1, and a given integer n > k + 2, let ¢; be the real numbers
defined by ¢; = ¢(j/n) for j=0,...,n. If b# 1 is a complex number of modulus 1,
then we have the estimate

> gl

0<j<n—1

< ﬂ ®) (0 *)(1 (k+1)
= nk[1 — p|k+1 ™ (0)] + ™ (D] + |l ||Loo .

Now, we can bound the previous sum by using the following splitting

. m(a()?a)
e - < Sy "1_—|

" aezd, 0<|a|<(hlw]) !

+ Z }A/OTZJ(@O, a)

a€Z? |af>(hlw])~!

. (3.25)

where we have denoted
Ok, ) = 262 (1o (O)] + [P (D] + e * V. )

Note that, since 0 < |a| < (h|w|)™! in the first term, we have 0 < |ha - w| < 1, so
that b = ehov £ 1,

The second term in the right-hand side can be straightforwardly bounded by c* exp(—ﬁ).
Using (3.12), we have for all |a| < (h|lw|)™! :

1 1
< Cp——.
11— eiohe| = "Ohla - wl

The first term in the right-hand side can be estimated as
’m(ao, Oé) ’

|Oz~w\k+1

C<k> SO)C'(])CJrl Z

TH1S,
a €z 0<|a|<(hlw|)~1

and we can conclude as in the proof of Theorem 3.3.1. [ ]

101



Chapitre 3 : Calcul de moyennes en temps long pour des systémes
dynamiques Hamiltoniens intégrables

3.5 Fully discrete averages

We consider the numerical trajectory (p,, ¢,) for n > 0 obtained by a symplectic
rh-order numerical scheme ®;, from the initial point (pg, go) = ¥~ (ag, bo).
For T'=nh and n € N, the corresponding Riemann sum reads

S0 e(i/n) Alpy, 4;)
>0 (/)
Theorem 4.4 and 4.7 of Chapter X in [9], which strongly rely on the theory developed

by Kolmogorov, Arnold and Moser [20,24,25,28,29] and on results from the backward
analysis (see [9] pp. 288 and references therein), yield the following result :

(A)on(T) =

(3.26)

Theorem 3.5.1 (Hairer, Lubich, Wanner [9]) Let a* € T¢ such that w(a*) sa-
tisfies the diophantine condition (3.12) with constants v and v, and suppose that
H(p, q) is analytic on a neighborhood of the torus {(p,q) = ¥ (a*,0) |0 € T¢}. Then
there exists positive constants p, cq, ¢, Co and hg such that for all h < hg and
u < min(r, o) where o« = v+ d + 1, the following holds : there exists a symplectic
change of coordinates 1y, : (a,8) — (b, x) analytic for
la —a*|| < coh® and 0€U,={0ecT+iR%; [Imb| <p}

and h"-close to the identity in the sense that

(a,0) — ¥u(a,0)|| < Coh”  for |la—a*|| <coh® and 6 € U,p,

such that in coordinates (b, X), the numerical trajectory (b, X»n) = ¥, ' 0 V" (Pp, @)
satisfies
by = by + O(exp(—ch™#/*)),

Xn = nhwp(by) + O(h=2H/ exp(—ch™#/®)),
for nh < exp(ch™"?), where wy(b) = w(b) + O(h™) uniformly in b.

(3.27)

Using this result, we get the following Theorem :

Theorem 3.5.2 Under the conditions and notations of Theorem 3.5.1, if the nu-
merical trajectory starts with

lag — a|| < coh™ (3.28)

where (ag, 0y) = V" (po, q0), then we have :
1. If o is O with ©9)(0) = W) (1) =0 for all j =0,...,k — 1 and if A is real
analytic on RY, then there exist constants ¢; and C depending on A, v, v, d,
k, v, such that

Vh < hy VT =nh < exp(c;h™),

(AT~ () < C (40 ) . (329
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2. If € is taken as the filter function, if A is real analytic, then there exist constants
c1 and C, depending on A, 7, v and d such that

Vh < hy VT =nh < exp(cih ™),
(AT = (A < € (e +47) . (3.30)

Proof. With the notation S, = E;:&(l/n)go(j/n), we have using Theorem 3.5.1
that

. 1 n—1 .
AT = =30 (L) Acvo )
(L

Using the Fourier expansion of A o 1) oy, and (3.27), we obtain

i) i jhwp,
o()e

—_

n—

1 Z A ;ﬂ?@/}h(bo, a)eioz-cpo

ns
a€Zd

(AT =

p;h

<
I
=)

+ O(exp(—ch ™)) (3.31)

for nh < O(exp(ch™"/%)) (we write ¢ for a generic constant in the exponential),
where w;, = wy(b).
As 1)y, is an analytic function O(h")-close to the identity, we have

A S o (b, 0) = (A) + O(R"),

and the Fourier coefficients A @wh(bo, «) decay exponentially with respect to «,
uniformly with respect to h. Now similarly to Lemma 3.2.1 we get that

Vh<hy VacZ' |a-(hw)) < %\arv — || > eh .

And we conclude as in the proof of Theorem 3.4.1 using Lemma 3.4.1 and a splitting
similar to (3.25). n

3.6 Remarks on the implementation and numerical
experiments

Though optimal with respect to the rate of convergence, the filter function &
does not seem to allow for the derivation of an error estimate : given that the values
of the constant C' in (3.30) is out of reach, the value of n for which

20 Pi/n)A;

R? =
nllelly,

n

becomes sufficiently close (up to user’s tolerance) to its limit as n goes to infinity
cannot be determined in advance. An update formula for R¥ from n to n + 1 thus
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appears of much use and this should guide the choice of . In order to get such a
formula, we study the dependence on T' of

Differentiating with respect to 7" leads to

W = AR - 7 [ 1o (7)Ao (632

To be of practical use, it is thus necessary that x¢'(z) is of the form ap(z) (where
« is an arbitrary constant) so that (3.32) becomes an ordinary differential equation
for a(T). The only admissible solutions are thus monomials in . We thus consider
the following polynomial filter functions

pp(x) = 2P(1—2), peN. (3.33)

Denoting for p and n in N the elementary Riemann sums

it is easy to get the desired update formula

Sy=0 and S?=A,+ (1—1/n)PS?

ne1s n>1.
Now, since
2

i) = S 0F () ¥ and gl =

2p+ 1)V
the approximation we seek for can be obtained as the linear combination
(2p+ 1! ¢ k(p) "
Ri?» = ————=% (—1) Ptk
n(p!)? ; k

We now consider the application of our method to the modified 2-dimensional
Kepler problem with Hamiltonian

1 %
Va+a (Vi +a)?

Besides the Hamiltonian, this system has one other invariant, the angular momentum

H(p,q) = p; +p3 —

L = @p1 — qipa.

104



§ 3.3.7 : Appendix : some technical results

Our goal is here to estimate the average over the manifold

S ={(p,q9) €RY; L(p,q) = L(po, q0), H(p,q) = H(po, q0)}

For = 0.2, po = (0,1.1)7 and ¢y = (1,0)7 this leads to (r) = 1.021466044527120.

To this aim, we consider the Verlet method as the basic step and use the 8-
order 15-stage composition of [38]. In Figures 3.1 and 3.2 are represented the errors
|(r)e,(T) — (r)| in logarithmic scale for two different step-sizes. On Figure 3.1, the
three curves all reach a plateau corresponding to the A"-error term. Refining the
step-size removes this plateau (or at least shifts it to the right, see Figure 3.2).
In both cases, the predicted rate of convergence in 1/T7%! is clearly observed (it
corresponds to a slope of p+ 1 for ¢,).

5 Stepsize h=0.4
10

107

107

10°L

107

10°F

10°F

107E

-8
10 L L
10° 10" 10° 10°

F1G. 3.1 — Error in the averages for p = 1,3,5 and h = 0.4 (2D-Kepler problem).

3.7 Appendix : some technical results
In this Appendix, we collect a few technical results used in the paper.

Lemma 3.7.1 Let £ be the function defined on [0, 1] by &(x) = ¢~ 7071 . There exist
strictly positive constants ;1 < 1, 3 < (2v/3+6)/e? and 6 < 3 such that the following
estimates hold for all k € N* :

1
le®) = / D@ de < R,

1EW) o = sup [€P(2)] < pBR*.

z€0,1]
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o Stepsize h=0.05
10 T

10°

pd

il

.

1070k

10715 -1 0 1 2 3
10 10 10 10 10

F1G. 3.2 — Error in the averages for p = 1,3,5 and h = 0.05 (2D-Kepler problem).

Proof. Looking for an expression of £()(z) of the form

(k) () — Py(z)
S

__ 1
e z(1-=) ,

where II(z) = (1 — z) and where P is a polynomial, we easily find the recurrence
relation :

Py=1and Py =11 (1 —2kI0) P, + P, TI?, k> 0. (3.34)
We now look for bounds on balls B, of radius > 0 and center z = 1/2 + 07 € C.
The bounds for IT and II' read

sup [II(z)] < (r* +1/4), sup [I'(z)| <,
ZEB’I‘ ZGBT

and the Cauchy integral representation of P} leads to

Ve >0, sup |P(z)] < sup |Py(2)].
2EDB, €  2€Brie

r+e

Inserting these bounds in (3.34) we get :
sup [Pesi(2)] < rfk(2r® —1/2) + 1] sup [ Pi(2)|

ZEB’I‘ ZGBT

sup [ Pr(2)],

2€Br4¢

< (r[k(2r2 —1/2) + 1] + - i 2

(r2+1/4)2> sup |Px(2)].

ZeBr+a
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Denoting C(r, k,¢) := r[k(2r* — 1/2) + 1] + Tgi(rz +1/4)?, we finally get
sup [Pii(2)] < Clrk,e) sup |Pil2),
z€B, ZEBT+E
< CO(ryk,e)C(r+e,k—1,e) sup |Pr_1(2)|,
ZGBT‘+28
k
< [[]ctr+is,k—ie)| sup |Po(2)].
i=0 ZeBr+(k+1)a
-1 3
A bound can then be obtained as follows : let £ = +\/_, €= E—k? and r = 1/2.

Then it is easy to check that for all 0 < i < k, we have

I &0 . €0 V3 : 1 :
i k—i, =) < Zk—i4+1 k 1
C(2+zk,k z,k) < 2[ z+]+\/§_1 +i+1,

V3+3
9

< (k+1),

and hence,
k41

V3+3
9

(k+1)

(HC(T +ie, k — i,&t)) <

1=0

Taking into account that Fy = 1, we obtain

k
\/§+3k

Vk € N* sup |Py(z2)| < 5

ZGBI/Q

It remains to bound W@ i, Denoting Y =
1 ~F-)
su e =(1-2) = sgsupe
sefon () Y24

4 k
< e *2k) < (—) k2*,

o
z(1—x)

—Yy2k‘

Proof of lemma 3.4.1. Let us denote by V the operator of backward divided
differences defined by :

Vi €{0,...,n}, V%, = ¢,
Vie{m+1,...,n}, V™o, = V", — V"0, .
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The sum in the statement can then be written as
n—1 n—1 J n—1
et = Y VY Vet ad,
j=0 j=1 =1 =0

11— L p—pn
- 1 SOO_FZVSOZ —b’

o — Vs 1 N

k n—1
bV ™ — "V, 1 - .
= > (1 p)m+l T > (V.
m=0 j=k+1

Denoting h = 1/n, it is well-known that, for all n — 1 < j > k + 1, there exists
Cik+1 € [(J —k —1)h,jh] C [0,1] such that we have :

vk+1(,0j — So(k—i_l)(gj,k—}—l)hk-i_l

Hence, we can bound the second term in (3.35) as follows :

n—1

Z (VkJrl(pj)bj

j=k+1

<™V e B — K - 2).

In order to estimate the first sum, we notice that, for 0 <m <k <n — 2,

V™ = Sp(m)@m,m)hm
for some (,,,, € [0,mh] and a Taylor-Lagrange expansion of ©(™ (¢, ) at order
k+1—m gives

hF Ck+1 hF+1
—mm . LR) (o _omm
G O T

for some 1, € [0,mh] C [0, 1]. Hence, we have :

V™m = (kJrl)(nm)

k pm

Zl—b P

m=0

Kk |1-m
k

k,kthrl k |1 _ b|m

= 1B &= (m+ 1))

Hlp®

e2kkpk
v (k) (k+1)
< o (PO R,

Similarly we have :

vm‘)onfl = So(m) (Cnfl,m>hm
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for some (, 1., € [1 — (m+1)h,1 — h] C [0,1], so that

k
b" m 2e2kkpk
> g V| S g (PO ).

m=0

Gathering the contributions of all terms then gives the result. |
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Chapitre 4

Construction d’algorithmes
préservant une mesure et application
a la dynamique moléculaire

Les résultats présentés dans cet article, obtenus en collaboration avec Régis Mon-
neau, ont fait ’objet d’une publication dans Journal of Chemical Physics [P3].

La dynamique moléculaire repose sur I’équivalence entre moyennes dans 1’espace
des phases d’une part et moyennes temporelles le long d’une solution d’une équation
différentielle ordinaire d’autre part, et permet d’approcher les premiéres en calcu-
lant les secondes. Lorsqu’on souhaite calculer des moyennes dans 1’espace des phases
pour des systémes dont I’énergie est connue, les équations différentielles mentionnées
ci-dessus sont les équations de Newton. Lorsqu’on étudie des systémes dont 1’éner-
gie n’est pas connue (c’est le cas lorsqu’on travaille & température constante), on
ne peut plus utiliser les équations de Newton, et d’autres systémes dynamiques ont
été proposés. Ces systémes ne sont en général pas Hamiltoniens, mais ils conservent
néanmoins une mesure. Dans ce chapitre, nous nous intéressons a la construction
d’algorithmes préservant cette mesure et appliquons les nouveaux algorithmes pro-
posés & un exemple simple.
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A new method for generating measure invariant algorithms is presented.
This method is based on a reformulation of the equations of molecular dy-
namics. These new equations are non-Hamiltonian but have a normal form
which guarantees that the invariant measure is the canonical one for the
new variables. Furthermore, from this normal form, one can easily build
algorithms to integrate these equations. Using a Trotter-type factorization
of the classical Liouville propagator, we build (time) reversible measure in-
variant integrators as successive direct translations. We apply this method
to propose new algorithms to generate the Nosé-Hoover chain dynamics
and the isothermal-isobaric dynamics. We also give a measure invariant
integrator for the generalized Gaussian moment thermostatting dynamics
recently introduced by Liu and Tuckerman. Finally, we present numeri-
cal results which show comparable performances with previously proposed
algorithms.

4.1 Introduction

Continuous dynamical methods for generating statistical ensembles are, by now,
standard. In this approach, we consider a single trajectory which generates a given
sampling of the phase space. So, the integration over the trajectory of some physical
quantities provides an estimate of some thermodynamic properties of a material. To
calculate these estimates, we need to numerically simulate the trajectory. In general,
these continuous dynamics preserve at least an energy and a measure. One may
want to find algorithms that exactly preserve the energy, or the measure, or both. It
has been shown [23] that for some dynamical systems, under some hypotheses, one
cannot have algorithms that exactly and at the same time preserve the measure, the
energy, and the other quantities preserved by the dynamics. In our case, preserving
at the same time the energy and the measure seems therefore difficult. Recently, it
has been shown that measure invariant algorithms play a key role to make a good
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sampling of the phase space. So exactly preserving the measure is more interesting
than exactly preserving the energy.

Many measure invariant algorithms have been proposed in the literature. We
refer to the beautiful paper by Tuckerman and Martyna [57] for a survey of recent
progress in molecular dynamics. The first molecular dynamics equations proposed
to simulate the canonical ensemble were given by Nosé [69] and Hoover [62]. An
improvement of this dynamics, called the Nosé-Hoover chain dynamics, has been
proposed by Martyna, Klein and Tuckerman [67]. Tuckerman, Berne and Martyna
[100] have proposed a first reversible measure invariant algorithm in the case of
two thermostats. A generalization of this algorithm to the case of M thermostats
has been given by Martyna et al. [48,68]. Recently, Liu and Tuckerman [65] have
proposed a new dynamics to simulate the canonical ensemble, called the generalized
Gaussian moment thermostatting (GGMT) dynamics.

There are also many works on constant pressure molecular dynamics and on
path integral molecular dynamics [66,91,121,122|. Let us also note that multiple
time scale methods have been used to improve the previous algorithms [84,95, 97—
99,102,103,123].

As underlined previously, preserving at the same time the measure and the energy
exactly is difficult, if not impossible. Thus, it is not surprising that the proposed
measure invariant algorithms do not exactly preserve the energy of the system. This
energy is only approximately conserved [15,63,64,70,96,101]. More generally, the mo-
lecular dynamics of non-microcanonical ensembles is refered to as non-Hamiltonian
dynamics [71]. In practice, even if the energy is not exactly conserved by the mea-
sure invariant algorithms, there is no constant draft on it. This can be considered as
very surprising. For instance, the well-known fourth-order Runge-Kutta method ap-
plied on the Kepler two-body problem gives a quadratic long term error growth [52].
The surprisingly good conservation of the energy is actually due to the fact that
the algorithms are measure invariant. More precisely, let us suppose that we work
with a Hamiltonian dynamics, and we use a p-order measure invariant algorithm to
integrate it. The energy at the beginning is Hy, and the numerical energy at time
step k is Hyum(k At). Then, under some regularity conditions on the Hamiltonian,
and for small enough time steps At, one can prove [8,9] that the numerical error on
the energy satisfiesab

Vk < éecl/m, | Hpum(k At) — Hy | < ¢y AP,
where ¢; and ¢, are two constants which do not depend on the time step At (they
depend on the Hamiltonian function which defines the dynamical system and on the
measure invariant algorithm chosen). This means that the longtime error remains
bounded for exponentially large times.

In this article we go one step further in the research of measure invariant al-
gorithms. We present a systematic method to build reversible measure invariant
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algorithms (see Sec. 4.2). Our approach allows us to generate many algorithms. In
order to proceed pedagogically, we first apply our method on a simple example (see
Sec. 4.3). Actually, this example is a simplified case of the equations used to simulate
the isothermal-isobaric ensemble [68]. We show in appendix (see Sec. 4.5.1) how to
get measure invariant algorithms for the whole set of equations. Then, in the main
part of the article, we focus on the GGMT dynamics [65]. First, we show how to get
new algorithms, then give some numerical results (see Sec. 4.4). In the appendix, we
take a close look at measure invariance for the GGMT dynamics. For this dynamics,
the algorithm proposed by Liu and Tuckerman [65] is numerically efficient. However,
it is actually only approximately measure invariant (see Sec. 4.5.4 and 4.5.5). Our
method gives us an algorithm which is exactly measure invariant.

4.2 A method to generate measure invariant algo-
rithms

Our method simply consists in rewriting (when it is possible) systems of ordinary
differential equations

XJ:FJ<X177X11)7 j:1,,n, (4]‘)

in the normal form

. \Y%
Yi:Gi(Yi), i=1,...,n, (4.2)

where 1\//; =(Yy,...,Yi1,Yq,...,Y,) is the whole set of variables ezcept Y;. The Y;
are obtained from the X; by a change of variables. So, the normal form is charac-
terized by the fact that Y; does not depend on Y;. Following the usual method [57],
one can check that system (4.2) preserves the following measure

m=dY; ... dY,.

Now, we want to build measure invariant algorithms. One can notice that the
system (4.2) is a divergence-free dynamical system. Many ways to build volume-
preserving algorithms for this kind of dynamics are known [22]. In this article, we
take advantage of the fact that the system (4.2) is more than divergence-free, it is
in a normal form. We follow a usual method [57], and build algorithms by Trotter
factorizations of Liouville propagators. This gives simple algorithms by successive
translations :

eAtLepr H o to(k) Cot) Oy, ()
k

The k' operation is a translation on the variable Y, ), where p(k) is a subscript
in [1,n]. This translation preserves the measure m, since it reads Y,u) — Yyx) +
Aty Gpk)- So the complete operator eAtlesr also preserves the measure .

115



Chapitre 4 : Construction d’algorithmes préservant une mesure et
application a la dynamique moléculaire

Let us now briefly discuss the existence of a transformation such as the one
considered at the beginning of this section. Is it always possible to find variables
Y; so that the dynamics on these new variables is in a normal form? In general,
it is not possible to have an explicit expression for a good change of variables. So,
in general, it is not possible to explicitly transform a dynamics such as Eq. (4.1)
into a normal form dynamics such as Eq. (4.2). However, for some particular cases,
such a transformation exists and can be explicitly written. In the following parts
of this article, we consider specific examples of dynamics (the ones usually used to
generate NVT and NPT ensembles), and we explicitly transform them into normal
form dynamics.

4.3 A simple application

To illustrate our purpose, we consider Nosé-Hoover equations. Actually, we are
going to work on a simplified example of these equations. So we simulate a one-
dimensional particle coupled with a thermostat of Nosé-Hoover [57] :

. D
q — T
m
. P
p = F(Q)—ép,
p2 (4.3)
pe = — —kgT,
m
e
£ = =
Q

Here, the particle position is ¢, its impulsion is p, and its mass is m. The tempera-
ture is T, and kg is the Boltzmann constant. The forces are F'(q) = —V’(q). The
thermostat state is defined by two variables, { and p¢. The particle is coupled to the
thermostat by the variable pe, and () is a coupling parameter (it can be considered as
the thermostat mass). It is known that system (4.3) preserves the following energy
and measure

p> v )

H =—+4+V(q) + == + £ kT,
om (9) 20 §kp
mo = e* dq dp dpe d§.

To be efficient, an algorithm in molecular dynamics applied to Egs. (4.3) has to
exactly preserve the measure mg. Actually, for many dynamical systems, the same
approach has been used. The continuous dynamics preserves a measure, one has to
find an algorithm that exactly preserves this measure. The discrete conservation of
a measure similar to mg can be checked analytically or numerically. In this article
we propose a unified approach to design measure invariant reversible integrators. So
no a posteriori check is required anymore.
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Let us apply our method to the system (4.3). We introduce
p=esp. (4.4)

Then the variables (g, p, pe, §) satisfy

i = s
m
p = e F(g),
~2 (4.5)
pe = L% kpT,
m
¢ = =
Q

Now, we have a dynamical system in a normal form. So, it is clear that the measure
m = dq dp dpe d§

is preserved. When writing m in the original variables, one can check that m =
mg. Furthermore, from the normal form, building a reversible measure invariant
algorithm is quite easy. Using the Trotter formula :

pAHA+B) _ GEB AtA S8 +O(AP), (4.6)
and using the fact that [¢ 0, pe 9, = 0, we get
L=1L+Ly+ Ls

with )

Ll - 5857

L2 = ﬁaﬁ,

L3 — qaq —|—p£ 8175.
We can now generate 3! different algorithms of the form

eAtLeff —

e 2

At At At At
67[/0, Sty eAtLC eTLb €7La (47)

with {a, b, c} = {1,2,3}. All these algorithms are measure invariant. From Eq. (4.6),

we deduce
eAtlers = AL L O(AL). (4.8)

With variables (¢, p, pe, £), the energy reads
-9 2

- D
)3 e T
o © +V(q)+2Q+§kB
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It is preserved up to the order 2 in At. For instance, the particular choice (a, b, c) =
(1,2,3) in Eq. (4.7) gives the following algorithm :

1 pg
(1) €=&+500 5,

1
(2) 15—’15+§At et F(q),

¢ — g+t Lt
m
3) )
pe — pe+ At (gezg—kBT),
m

1
(2) p—p+ éAt e“F(q),

1 pg

So, the dynamics given by Eqs. (4.5) is exactly the same as the dynamics given
by Egs. (4.3), provided that p and p are linked according to Eq. (4.4). However,
working with new variables allows us to derive measure invariant algorithms in a
quite simple way. The numerical properties of these algorithms are studied in the
following parts on some examples.

Finally, let us notice that more sophisticated algorithms than the one given in
Eq. (4.7) are also possible. For instance, we can write

pAtL atr, e%Lb e&La eAtLe

A A A
eff — ¢4 4 G La eTtLb eitL“.

e 4 4

It is also possible to use a Yoshida-Suzuki like decomposition [37, 60, 68]. Thanks
to these more complex decompositions, energy conservation properties are probably
better.

4.4 Generalized Gaussian Moment Thermostatting

4.4.1 Normal form for the GGMT dynamics

Let us now take the example of the Generalized Gaussian Moment Thermostat-
ting (GGMT) equations. In this case, transforming the system into its normal form
is more complex than in the simple example described in the beginning of the article.

We simulate N particules in d dimensions. The temperature is 7', and the forces

ov
are F;(q) = —a—(q). The GGMT dynamics is :

)
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q = Pi 1<i<N,
my
M
p; = Fi(q) - (Zm) P, 1<i<N, (4.9)
k=1
. Sk .
Pg, = _dN(kBT)a 1<k< M.
Cr-1

The constants (Cy),._, are given by

k
1 .
C_lzd—N s C():]. s Ck:H(dN+2j)

We also set

-~ p?
S:Z;E,

k—1 ‘
Re = 2 P (kpTy 1< k<M.

With the help of some M additionnal variables 7, one can find [65] a preserved
energy and a preserved measure my.

The previous dynamical system is clearly not a system in a normal form, since
p; depends on p,. In order to transform it into a normal form system, we add M
variables &, whose dynamics are given by

ék = Fk [(qi)i:I,N ) (pi)i:I,N ) (pﬁk)k:LM ) (@c)k:LM] )

where F}, is a function we are going to make precise later on. We also need to take
some initial conditions on these additional variables &.. With all these data, we
have a new dynamical system, written with variables (q;, p;, pe,,&x)- This system
is not in a normal form. We are going to transform it, finding new variables, in
order for the new system to be in a normal form. Actually, the new variables will be
(d;, Pis Py s €k)- So p; is going to be replaced by p,.

Let us choose the following dynamics for & :

él = éh
ék _ 2k (614 sk jmo,. TeE] Ing;) ék’ 2 < k<M.
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The expressions of the Ry are similar to the expressions of the Ry, :

~ Mp
Rl - ZQ— /{?BT

Re = 2(k—1) Z% (kpT)' ™ 2< k<M,

N o 2
where S = Z bi So the quantity .S is the same as S, except that it is defined from
=1
variables p, instead of variables p,. The new impulsions are linked to the old ones
by

p; = eX P;;
with
X1 = 617
1
= — 1 2<k< M
Xk 1) ™ €k < k< M, (4.11)
X = 224:1 Xk-

Let us notice that it is possible to rewrite the dynamics on & for & > 2 as

From this equation, we can deduce that the dynamics of the M variables y; reads
Xt = R

Let us now explain the transformation. In the initial dynamical system (4.9), p
depends on p,. It is thus natural to add the M variables yx; defined by xi = Ry,
and to transform p; into p,; according to p, = X! XM p.. We want now to write
the complete dynamical system only using variables

((a;)i=1,n, (By)i=1.55 (P Jk=1,005 (X )h=1,01) -

Reminding x is the sum of the x;, we get

qz - & e_X’ ]- S Z S N7
my
p; = e Fiq), 1<i <N, (4.12)
S«k
be = 7 e X _ N (kgT)", 1<k<M,
k—1
and y
Ck—1
Xk‘ = S— e_Q(k_l)X Z p£] (k,BT) 1 S k: S M
Ckfl =k J
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So the system is not yet in a normal form, since y, depends on y; (for & > 2). That
is why we need to go from the x; to the &, defined as & = €2~V (for k > 2).
From this definition, it is possible to write the dynamics on &, which is exactly what
we announced in Eq. (4.10). Then the dynamics for (q,, P;, Pe,, &) is given by the
system (4.10)-(4.11)-(4.12). One can check that this set of differential equations is
now a normal form system. It clearly preserves the measure

m=d"p d"q d"ps dM¢.

If we write the measure m with the original variables, we can check that m = m,,
where my is the conserved measure given by Liu and Tuckerman [65]. In addition,
the energy

N .9 M p2
H = =L X L V(q) + Sk
i=1 2m; @ ; 2Qk
C(] Cl In §2 CQ h’lfg CM*I hlfM
kgT [ =— — = 4 = o 4.1
+ ks <1§1+CO 5 "0 2x2 +CM,QQ(M—Q (4.13)

is preserved. A proof of this conservation is given in appendix (see Sec. 4.5.3).

4.4.2 Numerical results

On their web site [1], Frenkel and Smit propose many molecular dynamics codes,
including sources. To get the results we present in this article, we worked from one
of these codes.

We now want to compare the algorithms given by our method with algorithms
given by Liu and Tuckerman [65]. We choose to simulate one particle (N = 1), in
one dimension (d = 1), in the quartic double well potential given by :

V(g) = Dy (a® — ¢*).

Usually, molecular dynamics algorithms are first tested with the harmonic potential.
However, when using this potential, the invariant measure is a Gaussian function.
We want to test algorithms given by our method on more demanding potentials.
That is why we choose a double quartic well potential. We work with Dy = 1,
a = 1.5, and kgT" = 1. So, the barrier height is close to 5 kgT'. Initial conditions are
q(0) = 0 and p(0) = 1. Thus, at the beginning of the simulation, the particle is in
a non-equilibrium position, and goes toward the right well. In order to control the
temperature, we use two thermostats (M = 2). Equations of motion in this case are
given in appendix (see Sec. 4.5.2). We set the masses ()1 and @), of the thermostats
according to adviced values [65], so Q; = 1 and @y = 8/3.

To generate trajectories, two algorithms have been used. The first one is a rever-
sible measure invariant algorithm. It is given in appendix (see Sec. 4.5.2). Generally
speaking, we have focused on measure invariance, and not on energy conservation.
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So this algorithm is a simple one rather than a sophisticated one (see the end of Sec.
4.3 for more details on this distinction).

The other algorithm is the one given by Liu and Tuckerman [65]. The authors
present a general algorithm using a Yoshida-Suzuki decomposition [37,60]. We work
with n, = ny, = 1. We have made this choice in order to compare our algorithm,
which is not really improved in term of energy conservation, with an algorithm
having the same feature. Of course, it is also possible to use a Yoshida-Suzuki de-
composition on both algorithms.

For the Liu and Tuckerman algorithm, initial conditions for thermostat variables
are 11(0) = 12(0) = 0 and p¢, (0) = —pe, (0) = 1. For the measure invariant algorithm,
initial conditions are & (0) = 0, £&2(0) = 1 and p¢, (0) = —pe, (0) = 1. Thus, the energy
has the same initial value in both simulations. With both algorithms, we generate
trajectories of length 2.5 10° steps, using a time step of At = 0.001.

With this dynamics, analytical position and impulsion distribution functions are
known. As the potential is symmetric, the particle spends equal amounts of time into
both wells (let us notice that the particle has enough energy to cross the barrier). So
the analytical position distribution function is symmetric. From a numerical point
of view, getting the proper function is a challenge.

Results on position distribution functions are given in Fig. 4.1. One can see
the functions generated by the algorithms, as well as the analytical solution. No
algorithm gives a perfectly symmetrical function. However, the asymmetry is lower
for the measure invariant algorithm.

f(a)
1.4 T T T T T
1y S =
_ . GGMT ===-- -
1.2 Analytical «-----

F1G. 4.1 — Position distribution functions for the double quartic well potential generated
by measure invariant GGMT algorithm (solid line) and by Liu and Tuckerman GGMT
algorithm (long dashed line), compared with the analytical result (short dashed line).
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In Fig. 4.2, we plot the quantity < f(q) — fezact(q) > (f) as a function of time.
This quantity is an estimator of the difference between the analytical distribution
function and the calculated function, and it is defined [65] by

N(t

)
< @) = forc) > ) = 505 T4 = Frsaala)]

At time ¢, N(t) bins have been generated. With these bins, it is possible to calcu-
late a distribution function, which is f,. We can see that the distribution function
generated by the measure invariant algorithm converges more quickly to the proper
one. So, in term of position distribution function, the measure invariant algorithm
gives better results.

< f(Q> - fe:mct<Q) >

1
' m.i. GGMT ——
1t GGMT ===--
0.8 -
0.6
04
02

0 500 1000 1500 2000 2500
time

F1G. 4.2 — Convergence of the position distribution functions for measure invariant GGMT
algorithm (solid line) and for Liu and Tuckerman GGMT algorithm (dashed line) for the
double quartic well potential.

We show on Fig. 4.3 the impulsion distribution functions generated by the algo-
rithms, as well as the analytical solution.

The Liu and Tuckerman algorithm function is closer to the analytical solution.
However, when one looks at the convergence of the calculated distribution function
to the exact one, algorithms performances are similar. The convergence can be esti-
mated by many ways. We can look at the quantity < f(p) — fezact(p) > (cf. Fig. 4.4),
but also at the moments of the distribution function. The second moment (which is
linked to the temperature) is given on Fig. 4.5, whereas the fourth moment is given
on Fig. 4.6. Obviously, both algorithms have the same performances.
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F1G. 4.3 — Impulsion distribution functions for the double quartic well potential generated
by measure invariant GGMT algorithm (solid line) and by Liu and Tuckerman GGMT
algorithm (long dashed line), compared with the analytical result (short dashed line).

< f<p> - femact(p) >

m.i. GGMT —

L.t. GGMT ====-
02K -
0.15 -

0.1

0.05

0 500 1000 1500 2000 2500

time

F1G. 4.4 — Convergence of the impulsion distribution functions for measure invariant
GGMT algorithm (solid line) and for Liu and Tuckerman GGMT algorithm (dashed line)
for the double quartic well potential.
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0.001 g

0.0001 g

1e-05 E

L L L L
0 500 1000 1500 2000 2500
time

F1G. 4.5 — Convergence of the second moment of the impulsion distribution functions
for measure invariant GGMT algorithm (solid line) and for Liu and Tuckerman GGMT
algorithm (dashed line) for the double quartic well potential.

0.01
0.001 g

0.0001 g

le-05 = 1 -
[ | [ | [ | [ |

0 500 1000 1500 2000 2500
time

F1G. 4.6 — Convergence of the fourth moment of the impulsion distribution functions
for measure invariant GGMT algorithm (solid line) and for Liu and Tuckerman GGMT
algorithm (dashed line) for the double quartic well potential.
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Finally, let us give results on the conservation of the energy. The expression of
the conserved energy is given in Eq. (4.13) when using the new variables. Let us
underline the fact that we have chosen initial conditions for both simulations so
that the initial values of the energy are the same : [/ ,(t = 0) = Hj,(t = 0) = 6.25.
Results are given in Fig. 4.7. The Liu and Tuckerman algorithm better preserves
the energy. At all times, its numerical energy is close to the correct value. Our
algorithm quite well preserves the energy for times ¢ < 1800. At that moment, there
is a sudden change. For times ¢ > 1800, the numerical energy keeps constant, but
at another value. However, one can notice that this change has no consequence on
the quality of the distribution functions generated by our algorithm. We can see this
kind of “shock” neither on the position distribution function (see Fig. 4.2) nor on
the impulsion functions (see Figs. 4.4, 4.5 and 4.6). We think that it can be possible
to improve our algorithm by changing the Trotter decomposition order.

energy

6.2503
6.2502
6.2501

6.25
6.2499
6.2498

6.2497

6.2496 1 1 1 1
0 500 1000 1500 2000 2500

time

F1G. 4.7 — Evolution of the numerical energy for measure invariant GGMT algorithm
(solid line) and for Liu and Tuckerman GGMT algorithm (dashed line) for the double
quartic well potential.
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4.5 Appendix

4.5.1 Nosé-Hoover chains for NVT and NPT ensembles

In this part, we want to show how to proceed to find equations in the normal
form from the NPT equations, that simulate particles at constant temperature and
constant pressure. So, we study N particles in d dimensions, that are coupled to
M thermostats and one barostat. Let N; be the number of degrees of freedom
of the system that we have to thermostate. For the NPT equations, given below,
Ny =dN + 1.

This formalism also includes the NV'T ensemble. To go back to it, we first need
to set Ny = dN. We need also to set 1/ =0, so V' becomes a constant. The NVT
ensemble equations only involve (q;, p;, Pe, , &k)-

We consider the following NPT equations [68]. The particles positions are q;,
their impulsion are p,. They are coupled to a single barostat described by p.. The
volume V' is allowed to fluctuate, but we want the pressure to stay constant at
P..;. The barostat and the particles are coupled to the same chain of thermostats,
described by pg,, in order for the simulation to run at constant temperature 7" (let
us notice that slightly different dynamics are possible, that also generate the NPT
ensemble).

D; Pe

Yy, = =+ = a. 1<i<N
q; m + W q;, S 1S 0N,
. Dey LY pe .
= F-Sp (14 2) Ep, 1<i<N,
pl lel ( +N) Wpl —Z—
N 9 2
. pi pz—: p§2
P& — m; + W fvB QQ YZ3%
2
po, = =t ppp Do o< k<M1,
Qk—l Qk—f—l (414)
2
: Pepry
b = gy T
: Pey,
= =k 1<k< M,
3 o
. dV p.
vV =
W )
1l e~p? »
‘e = dVPm_Pe:v T _Z_ie
b ( ! t> N N;mi le
Internal pressure and forces are defined by
N N
1 p; 9p(q, V')
P = — - . F, —dV ————= 4.15
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d9(q,V
and F; = —M. The system (4.14) preserves [57] a measure mg and an energy

dq
H'.

)

The system (4.14), written in variables (q;, P;, pg,, $k, V, Pe), is obviously not in a
normal form. We are going to change variables. The new ones are (q;, P;, De, , &k, V', Pe)-
We set

b, = Vv £ p. )
P; Vi et py, 1<i<N,
e = €% pg, l<k<M-1, (4.16)
ﬁém = DPens
V = InV,
pe = et De-
With these new variables, the dynamical system can be rewritten as
q = Pies Vil 1<i<N,
my
p, = i M F, 1<i<N,
: 13 2¢ oV ML = 132 2¢ 152
De, = € e e AN =L | +e 5 == — N¢kgT|,
Pg ; m; W fhvB
~9
. p
Pe, = eSk+1 &6—2£k_kBT ’ 2< k< M~—1,
Qr—1
~9
. p
ﬁfﬂ{ _ Ev—1 e 2%M — kpT,
Qrm-1
& = %eﬁkﬂ, 1<k<M-1,
k
: ﬁﬁM
gM = 5
Qum
2 d
Vo= et
1 Y p?
R 21 Vv —2¢; —2oyNEL i
= et |de” (Py — P., — e e dN =1
De (Pint )ty Zm,
(4.17)

In the last equation, P, is defined as in (4.15), but has to be written with variables
introduced in (4.16). The important thing is that we can check by (4.15) that P,
does not depend on p..

It is straightforward to notice that this last system of equations is in a normal
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form. So the measure
m=dVp dVq dMpe dM¢ dp. dV

is conserved. Thanks to (4.16), we can express m with the original variables, and
check that we find the same measure as the one already known [57]. With the new
variables, the energy reads :

_E[/ — 67251 672\7% N 13—12 N ng(eV/dé], 6\7) + ]wz_lﬁGQ&C«H
= 2 — 20k
~ _ M
+ fiﬂ%p—g + NpkpT & +kpT D & + Pae’.
Qum 2w —

From the system (4.17), it is straightforward to generate an algorithm. In the
particular case M = 2, the classical Liouville propagator can be factorized as

L=L+Ly+Ls+Ly+ L5+ Lg+ L7+ Lg
with
Ly = &0, Ly = &0, Ly = pe, Op,
Ly = ]352 Dpe, s Ly = Zf\; f)z 3 Lg = Zf\il qz g,

L7 — Va‘}, Lg — ]558156.

We took advantage of the fact that the operators f)z Jp, commute one with each
other, as well as the operators ql O, From then on, we go on as in the first example.
We expand el as in equations (4.7) - (4.8), or in a more sophisticated way to
better preserve the energy.

4.5.2 GGMT dynamics, Case M =2, N =1,d=1

In section 4.4, we present numerical results for the simulation of one particle
coupled to a chain of two thermostats. In the following lines, we are going to detail
the algorithm we implemented. Let us first rewrite the system (4.10)-(4.12) in this
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particular case. We have eX = /& €. The dynamics for (q, p, pe,, Pe,, &1, E2) 18

p 6_61
q = )
m /&
b= V& Fg),
S0 _2f
. p- e
= = — kgT
Y23 m 52 BL,
ra— 2 (4.18)
¢, = —— ——— — (kgT
De, 3m2 gg ( B ) )
: Pe | Pg
= — 4+ ==kgT,
CE ot
. . 2 —2& 132 Pe,
and the energy reads
~2 —2&1 2 2
] b e Pe, D, 3
H = % — 4+ == 4+ kT =1 .
om & + (Q)+2Q1+2Q2+ B <§1+2 né

The preserved measure is

m = dq dp dpe, dpe, d§id&s.
Let ) )
Ll = 51 6617 L2 = 52 852
L3 = ]58];, L4 = qﬁq + pgl 8,,51 + p& 81”62 .
We can generate 4! algorithms of the form

At At At At At At
o3t La 0B Ly o3t Le pAtLa 5 Le 5Ly o5t e _ AtLesy

with {a,b,c,d} = {1,2,3,4}. We implemented this algorithm with (a,b,c,d) =
(1,2,3,4).

4.5.3 Proof of the conservation of the energy for the GGMT
dynamics

We want to prove that the energy written in (4.13) is conserved by the dynamics
(4.10)-(4.11)-(4.12). Thanks to the relations &, = xi, & = 2*~Dxx for k > 2, we
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can first rewrite the energy as

Co o Cy Ch_
+kBT(C X1+COX2+CX3+ 4 M )

We know [65] that the following energy is preserved :

N

~ 2 M
I pz —2 pﬁk
H'=) —e™+V(q § QQk+deBT§ s
i=1 ! k=1

1=

where the dynamics on 7 is

Qk dN st Cj_g
We then only have to check that
(& Cy Cr-1 .
N = . 4.19
d E M ( X1+~ o X2+~ o X3+ ...+ Cors XM) (4.19)
pg K Sk 1
h E =L (k T .S
We have x;, = B o 0
P& Pe, Pes Péns
= == + kgT) + kgT + ...+ kgT
o= g g e+ g, ke Quy (T
. 1433 S Pes S Péns S M—2
= + =—(kgT) + ... + — (kgT
v Q2 Cy Q. c; T Quer e
v = Pep SM-1
Qu Crra’
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whereas
AN = Ci_l%
ANy = i%(kﬂ) + %C%
Wik = C%%(kBT)Q + %%(%T) + %g—j
ANy = Ci_lg‘:]”v[ (ksT)" ™" + %ZC%(@T)M—Q + gﬁ;g—j@BT)M_?”
+ . L Pew sut
Qum Crr—o

So the equation (4.19) is true.

4.5.4 Non-exact preservation of the measure for the algori-
thm Liu et al. [65] proposed for GGMT dynamics, case
of the free particle

We show here that the algorithm proposed by Liu and Tuckerman [65] does not
exactly preserve the measure analytically, in the very special case of a free particle
(a more general case is studied in the next section). However, we will see that, for
some initial conditions, the preservation, if not exact, is very good. This may explain
the good numerical properties that Liu and Tuckerman noticed.

We work in the case M = 2 (two thermostats), N = 1 and d = 1 (one particle
in a one-dimensionnal space), and with the variables used by the authors, i.e. X =
(¢, P, Dey» Peys s M2). We use MAPLE to get explicit formulas when needed.

The GGMT equations :

For the present moment, we recall the GGMT equations and the algorithm pro-
posed by Liu and Tuckerman, without any assumption on the force. The equations
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are
_ D
q -
m
3
Pey D¢, p
= F(q)—=p—=| (kT +—),
p (q) 0." "0, (( sT)p + 5~
o Pa
7]1 Q17
2
. p De,
- (T
" (B m) Q2
2
Py = o —kpT,
m
p* 2
e, = —— — (kgT)".
p§2 3m2 ( B )
They preserve the following measure
mo = ™" dp dq dpe, dpe, dmy dna. (4.20)

The algorithm proposed by Liu and Tuckerman is the following

eAtlerr — 6% Laaur e%F(Q)ap eAt%&] e%F(Q)aﬂ 6% Laamr, (4.21)

The central part of this decomposition corresponds to the simple Velocity Verlet
algorithm. The external operator is

The operators A(At), B(At) and C(At) are defined by
At At
A(At) = exp <Z G1(p) 8%) exp (Z Ga(p) 8%),

At At 3 At
B(At) = exp (—F)\pap) exp (—— Pee P 4 ) exp (—g)\pap),

i) = o (280,) on(2a10,)
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We set,
Pg D¢,
MX) = =+ kT ==,
&) = g, Th Ty,

p2

g(p) = kBT+_7
m

p2
Gl(p) = E_kBT’

4

Calp) = 55— (haT)”
Gp) = Gg;f’>+kBT Gz;f ),

UX) = m+mn.

/

X

If the vector X' is a function of the vector X, the Jacobian matrix is noted

X/
The Jacobian of the transformation is Jac (88 e )

If the complete algorithm (4.21) preserves the measure mg defined by Eq. (4.20),
we have

mo [X'(X)] = mo [X] .

Using the Jacobian of the function X’(X), and the function U(X) already defined,
we get

oxX’ ,
Jac (6)() = UX)-UX), (4.22)

Study in the case F(q) =0 :

The equation (4.22) must be true for all parameters m, @1, Q2, 7', At, and for all
initial conditions X. Let us now choose some specific values for some parameters :

m = 10, Ql = 10, QQ = 8/3, kBT = 1.0.

p4

11
Then G(p) = 5 +p? — T Let 11 be the real positive root of G : = v/ —4 + 3v/3.

We also choose some specific initial conditions X = (g, p, pe, (), Pe, (P), M1, M2)- So, in
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X, there are only 4 free variables, and we choose p¢, and p¢, according to

2 2
pT—p Al
Pe(p) = 3mQs = 22 1 2(p)
_ P Atpt
At p?p? 4 \ 3 ’
(4.23)
kT At
wd a0 = -0 (B + o))
Q2

where i is the real positive root of G(p) (we assumed that At > 0). Reasons to make
this choice can be found in the next section, in which we give a general proof of the
non preservation of the measure.

Using MAPLE, we compute 7;(At) and 7ny(At). Working only with p > 0, we
have
116mp? — 12 p* V3 + 12p% + 48 — 36 V3 — AT At? p? + 2T At p* /3
4 (—4 + 3v/3) p?

m(At) =

and
M+ e — m(At) — np(At) =
p? (—36p* V3 + 249 AL* p? /3 — 288 /3 — 431 At® p* + 48 p* + 516)
(—4 4+ 3V3) (=4 +3V3+p2) (18p2 + 24 — 183 — 47T At? p2 + 27 At* p2/3)

where 7; stands for 7;(0) and 7y for 7,(0).

We can also compute

. <8X/> . (—4+3v3)"" V32
0X (12p% + 24 — 183 — AT AL p? + 2T AL p2 /3) ™

If At =0, we choose p = p, so initial values for p;, and pg, are well defined. With
these values, one can check that 1+ —n(At)—n2(At) = 0 and that Jac (%lx) =1.

Now we have to check whether Jac ( %—fg) is equal to em T2~ m(A)-m(AY) We notice

that these two functions depend only on p and At, and not on ¢, 1, or 7. In

0xX’
Fig. 4.8, we plot the ratio Jac <8X) JemFrmmA=m(At) for At = 0.001 and for

p € [2.0;5.0], and we compare it with 1.
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09 Ratio Jacobian / U X)-T(xm) I

0.8 -
0.7
0.6
0.5
0.4
0.3
0.2

0.1 ] ] ] ] ]
2 2.5 3 3.5 4 4.5 5

initial impulsion p

F1G. 4.8 — Checking the preservation of the measure in the case of the free particle, for
p € [2.0;5.0] : we compare Jac <%—)§(/> (p) with emtn2—m(A)-m(A8)(p) by plotting their

ratio.

We clearly see that, for some values of the impulsion p, the ratio is different from
1. However, in Fig. 4.9, we plot the same ratio for p € [0.9; 1.1] (with the same value
for At) :

Functions are close to each other. We can check that their values for p = 1 are

really close :
0xX’
=1) = 1.8151
Jac(aX)(p ) 81517,

6771+772_771(At)_772(At) (p — 1) = 1.81153.
When p = 1, the initial condition is X = (g, 1,491.96, —1311.89, 11, 12).

So, for some initial conditions, the measure is very well preserved. However, for
some other initial conditions, it is not at all preserved.

4.5.5 Non-exact preservation of the measure for the algori-
thm Liu et al. [65] proposed for GGMT dynamics, a
more general case

In the previous section, we study the very special case of a free particle, F'(¢) = 0.

Now, we have a look at a more general case : we suppose that the force F(q) is a
polynomial function of ¢, whose degree is odd (for instance, this is the force given by
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1.045
1.04
1.035
1.03
1.025
1.02
1.015
1.01
1.005

T
Ratio jacobian / eU(X)*U(X'm) -

0.995 1 1 1
0.9 0.95 1 1.05 1.1

initial impulsion p

F1G. 4.9 — Checking the preservation of the measure in the case of the free particle, for
p € [0.9;1.1] : we compare Jac <%—)§> (p) with emtn2—m(A)-m(A8)(p) by plotting their

ratio.

the harmonic oscillator). We still work with M = 2 (two thermostats), N = 1 and
d = 1 (one particle in a one-dimensionnal space), and with the variables used by the
authors, i.e. X = (q,p, pe,, Pey» M, M2). The GGMT equations and the algorithm to
integrate them are the same as in the previous section.

The main idea :

Previously, thanks to the simple choice made for the force, we used MAPLE
to get explicit formulas. Here, we do not use MAPLE, but we rather give a more
general proof. It will enlighten the choice of the functions pe, (p) and p,(p) made in
Eq. (4.23).

Our proof is based on the concept of algebraicity [12]. We will use the following
facts. A polynomial function is algebraic. Any function obtained by addition, multi-
plication or composition of a finite number of algebraic functions is algebraic. Any
root of a polynomial function is an algebraic function of the coefficients. However,
the function x +— e”, with z real, is not algebraic. We suppose that the algorithm
(4.21) is measure invariant, and we look for a contradiction.

Let us set X = A(At) X. It can be checked that the vector X is a polynomial
function of X, and thus a real algebraical function of X. Let us suppose for a moment
that X’ = eALesr X is an algebraical function of X. We assume that the complete
algorithm (4.21) preserves the measure mq defined by Eq. (4.20). So we have

8X/ /
— U(X)-UX")
Jac( X) e .
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We know that X’(X) and U(X) are algebraical functions of X. Furthermore, they
are not constant. So we conclude that the exponential of an algebraical function is
an algebraical function, which is not true. We reach the contradiction.

The difficulty and how to solve it :

The previous proof is incorrect, since X'’ is actually not an algebraical function
of X. The issue is on the operator B(At), which only modifies the value of the
impulsion. Let us set X° = B(At)X. The impulsion in X and X° are respectively
p and p’, and the second thermostat impulsion in X is pe,. Setting o = 3:1% and
A = A(X), we have

At

b pe

)
At 2 —)\&t
\/1—|—a7pe 4
)\ At

0X?® op® e T
sac (G ) (X0 = P = -
32

aX 8]? <1+O[%p26_)\%)

Because p® depends on A\(X) by an exponential function, the vector X° is not an
algebraical function of X.

Now, let us suppose that, instead of working with X, we work with X = (q,p, pe,)-
We define X as a function of X by

X<)~() = (¢,p, =1 kBTpgg/Q27p£27 0,0).

Let us now set X” = B(At) X(X). As A(X) = 0, we check, thanks to the formulas
previously written, that

— X is an algebraical function of X

— Jac (%—))(:) (X (X)) is also an algebraical function of X.

So we solved our issue.

The solution on the whole algorithm :

In the algorithm (4.21), the operator B(At) appears four times. However, bet-
ween the first and the second time, and between the third and the fourth time, the
value of )\ is not modified. All we need to ensure is that A = 0 just before the first
application of B(At), and also just before the third application. We set

v ABY o BOY g Ca

B0 xe BAY xa ABD S ye
xe R yep BB g BAYD
A(AY) B(AY) S . B(AY) A(AY)

X = o xt = ox 2 o xh = oxt == xm

with X = (q,p,pgl,p&,nl,ng), X = (qa,pa,pgl,pg,n%,ng), and so on. So we need
to ensure that A\(X®) = A(X") = 0.
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Expression of the constraints :
We compute

1 At kgT At

A(X®) = o (P& 7 G1(p)) 0, <p§2 o G2(p))

and

A = a0 + 5 (B g S

At
= AX9)+ 560
At At
= MXY)+ e G(p?) + e G(")
At At
= MXY)+ T G(p?) + R G(p").
d a, At d At h d
We set &(p®, q) = p* + - F(q)+ F (q+ Atp® + TF(q) , 8o that p" = ®(p?, q).
We want to choose X so that

1 JAN krT At
o <P£1 + ZGl(p)> + % <p52 + ZG&@)) = 0, (4.24)
g (@@ q9) +90") = 0. (4.25)
Choosing X :

The goal of this part is to show how to choose X in order for the two previous
constraints to be fulfilled. The variable ¢ will be free, and we will define X by

X = (qvp = ¢(Q7 At)7p§1 = ¢1(q7 At)vp& = ¢2(Q7At)7771 = OanQ - 0)

Let us first show that there exists a value of p?, which is (g, At), so that the
second constraint (4.25) is fullfilled.

Let us suppose that ¢ = 0. Since F' is a odd degree polynomial function, we
see that limj, ., G (®(p?, ¢ = 0)) = +o0. So the function p? — G (P(p%,q = 0)) +
g (pd) goes to +oo when | p? | goes to +o00, and has a negative value when p? = 0.
So there exists 0(q = 0,At) > 0 so that (p?,q) = (0(0, At),0) fulfills the second
constraint. When ¢ is small enough, we can do the same. So we define a function
6(q, At) which is algebraic in ¢, positive, and which satisfies G (®(0(q, At),q)) +
G (0(q,At)) = 0. Let us call u the strictly positive root of G. We can check that
limag 0 6(q, At) = pn > 0, where  is independent of q.

Let us set
3mQ2 1

TN P+ B A+ 1

7(g, At) (4.26)
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We suppose that we can choose X so that pg, = p§, = 7(q, At) and A\(X,) = 0. So

p° c %
¢ p° =17,

b
= s p = .
\/1 +7(q, At) gobz (0°)? \/1 +7(q, At) gobs P

p

The function p — p%(p, ¢, At) is an increasing function, and its limit when p — Foo
is T, /Ai’;”(ifiw. Thanks to the choice of 7, the equation

P (p. g, At) = 0(q, Ab),

where p is the unknown, has a unique solution, p = (g, At). This function is
algebraic in ¢. Using the limit of 6, one can check that lima; .01(q, At) = u > 0.
Let us notice that many other expressions for the function 7 are possible. The main
constraint is to ensure that the previous equation (where p is the unknown) has a
unique solution, and that lima, .o 7(g, At) exists and depends on q.

Now we define (g, At) = 7(q, At)— 2t G5 (1(¢, At)), and we choose in X the va-
lue pe, = 12(q, At). Once again, this function is algebraic in ¢, and lima,—.o ¢2(q, At) =
7(q,0).

Let us sum up what we have done until now. We show that it is possible to
choose p and pe, as algebraic functions of ¢, so that the second contraint is fulfilled.
Furthermore, we identified the limit when At — 0 of these functions.

Now, we use the first constraint (4.24) and define

A A
(0, 84) = =5 Q11 (900, A0) — kT T [vala A + T Ga (0. 0) |

and we choose in X the value pg, = 11(¢, At). Once again, this function is algebraic
in q, and hmAtHO wl <Q7 At) = _kBT % T(Qa O)

We proved what we announced at the beginning of this part.

Conclusion :

In the previous part, we show it was possible to define an algebraic function
g +— X(q) so that :

— X'(X(q)) is an algebraical function of ¢

— Jac (%—))((') (X (q)) is also an algebraical function of g.
where X’ = e2tLers X If the algorithm (4.21) is measure invariant, then we have the
relation (4.22). We just need to prove that U(X'(X(q))) —U(X(q)) is not a constant
function to reach a contradiction. In order to do so, we make a Taylor expansion on
the variable At, and we check that the first term really depends on ¢. We can do
so because we have checked that all the functions we defined to build the function
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q — X(q) have a finite limit when At — 0.

U(X'(X(9)))

UX(q)=n+n—m —mn

At (1 1 . 1 1 o
<—P21 + o0+ 5og(0") e, + —g(ﬁ)pg)

2\ 1 Q2 Q2

8t (Gtn(0.0)+ oo (000,00 balan0)+ o))
8t (=55 0.0+ ot (0.0) + o))

At <mMQ27(q, 0)+ 0(1)).

One can check that 7(¢,0) depends on ¢ (thanks to the particular choice of 7 in
Eq. (4.26)). The real p is a strictly positive constant. So we reach the contradiction.
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Chapitre 5

Algorithmes pour la résolution de
problémes de mécanique moléculaire
de grande taille

Ce chapitre reprend des résultats obtenus en collaboration avec Véronique Duwig,
et qui ont donné lieu & un rapport technique interne & EDF. Ce travail a été fait
dans le cas unidimensionnel, et nous présentons ci-dessous ses limitations.

On considére un systéme de N + 1 atomes en une dimension. Le probléme qu’on
cherche a résoudre est le probléme de minimisation (dit probléme de mécanique
moléculaire)

N-1 M-1
uEI]Rnlf‘HV {Z; W(uigr —w;) — 2 fiug; ug =0, uy = a} , (5.1)

ou W est le potentiel interatomique d’interaction (nous faisons I’hypothése d’inter-
action & plus proches voisins) et f sont les forces de volume. Le vecteur u € RV +!
représente la position, dans la configuration déformée, des N +1 atomes. On suppose
que les forces n’agissent pas dans tout le domaine, mais simplement sur les atomes
i €[0,M—1], avec 1 < M < N. Nous supposons que N est trop grand pour que le
probléme (5.1) soit tractable numériquement, mais que M est assez petit pour que
le méme probléme, posé sur un systéme contenant M atomes, soit tractable. Le but
de I’étude est de construire des algorithmes fondés sur la résolution d’un probléme
de taille M pour approcher u|r[07 M) OU u” est la solution de (5.1) (nous revenons
ci-dessous sur les problémes d’existence et d’unicité de solution).

Nous expliquons maintenant notre démarche dans un cadre EDP (description
du matériau par un continuum plutét que par un ensemble discret d’atomes), et
en dimension 2. Soit donc W une densité d’énergie élastique, Q C R? le domaine
occupé par le matériau, et €2;,,; le domaine intérieur, dans lequel des forces de volume
agissent. Soit Qe = Q\ Q¢ le domaine extérieur. On note v l'interface entre €,
et ey, et ' le bord du domaine extérieur Q.. (cf. la figure 5.1).
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Interface I
-

Domaine intérieur ;,;

Interface ~y

Domaine extérieur ..,

F1G. 5.1 — Décomposition du domaine 2 en un domaine intérieur €2;,; et un domaine
extérieur 2q,:, séparés par une interface v. Il n’y a pas de recouvrement entre les deux
domaines.

Le probléme de référence est
inf {/ W (Vu(zx))de — / f(@)u(z)dz, u € (VVl’p(Q))2 , U = uo} . (5.2)
Q Qint

ol p € N* est tel que I'énergie est bien définie dés que u € (WLP(Q))?, et ug est une
condition aux limites définie sur T'. La plupart des méthodes que nous étudions (en
particulier I’algorithme d’Uzawa 5.2.4) sont des méthodes itératives : partant d’une
condition aux limites u* définie sur 7,

1. on résout le probléme de minimisation

inf{ /Q | W(Vu(x))—f(x)u(a;)dx,ue(WLP(Q))Q,M:M}, (5.3)

int

qui est un probléme posé sur le petit domaine €2;,;, on note u¥ , sa solution ;

2. on résout le probléme de minimisation
inf{ W(Vu(x))dz, u € (I/Vl’p(Q))2 cup = uF up = uo} , (5.4)
Qeact

et on note u* , sa solution ;

3. les fonctions uf,, et u” , sont utilisées pour mettre a jour la condition d’interface
et définir u**! sur .

Le probléme de cet algorithme (et les limitations de notre approche) provient de
I'étape (5.4), qui est un probléme de minimisation sur un grand domaine €, donc
a priori aussi difficile a résoudre que le probléme de référence (5.2).

Dans certains cas particuliers, on connait néanmoins la solution de (5.4). Sup-
posons que F'— W(F) soit une fonction strictement convexe sur les matrices 2 x 2,
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alors les problémes (5.2), (5.3) et (5.4) ont une unique solution. On s’intéresse main-
tenant a la résolution de (5.4). Supposons que, a l'itération k, il existe une matrice
constante A* telle que les fonctions u* et ug qui apparaissent dans (5.4) vérifient

Vo € vy, u"(x) = AFz et Vo € T, up(z) = Arx. (5.5)

Alors, comme W est convexe donc quasi-convexe, on sait que u(x) = A*x est une
solution de (5.4), et c’est la seule car IV est strictement convexe. Donc, dans ce cas
trés particulier, on connait la solution analytique de (5.4).

On affaiblit maintenant ’hypothése de convexité sur W, et on suppose simple-
ment que IV est quasi-convexe. Alors les problémes (5.2), (5.3) et (5.4) ont au moins
une solution. Sous I’hypothése (5.5), on sait ici encore que u(z) = Az est une
solution de (5.4).

Si maintenant W n’est pas quasiconvexe, ou bien si (5.5) n’est pas vérifiée, la
résolution de (5.4) est difficile.

Dans I’étude qui suit, nous supposons que W est strictement convexe, et nous
considérons le probléme dans le cas unidimensionnel. Par conséquent, I’hypothése
(5.5) est toujours vérifiee (en 1D, A* est un scalaire et v est la réunion de deux
singletons, de méme que I'), donc on connait analytiquement la solution de (5.4),
ce qui permet donc d’utiliser 'algorithme fondé sur (5.3)-(5.4), dans sa version
atomistique, pour résoudre le probléme de référence (5.1).

145



Chapitre 5 : Algorithmes pour la résolution de problémes de mécanique
moléculaire de grande taille

146



§ 5.5.1 : Introduction

Analysis of some domain decomposition algorithms for lattice statics
computations
Véronique Duwig® and Frédéric Legoll®®
® EDF R & D, Analyse et Modéles Numériques, 1, avenue du Général de Gaulle,
92140 Clamart
b CERMICS, Ecole Nationale des Ponts et Chaussées, 6 et 8 avenue Blaise Pascal,
77455 Marne-la-Vallée Ceder 2

and
MICMAC, INRIA Rocquencourt, Domaine de Voluceau, 78153 Le Chesnay Cedex

veronique. duwig@edf.fr, legoll@cermics.enpc.fr

We study some methods to solve minimization problems set on atomistic
systems of large size. We propose several algorithms based on the domain
decomposition paradigm. Convergence properties of these algorithms are
studied, and implementation issues are discussed. Many numerical examples
are provided.

5.1 Introduction

In many practical situations, the strength of materials is governed by the presence
of singularities in the atomistic lattice. For instance, stacking faults, dislocations
or grain boundaries are weak points of a crystalline solid. In order to accurately
compute the macroscopic properties of the material, one needs to account for these
microscopic singularities, and, for this purpose, the use of an atomistic model is
appropriate. However, the size of the material that can be simulated by only resorting
to such a fine scale description is very small in comparison with the size of the
sample that one is interested in. The same issues arise when one wants to compute
the atomistic positions of a dislocation core. The question we address in the present
work is the computation of the equilibrium configuration of such large atomistic
systems, when the singularities (the grain boundaries, the dislocation core, ...),
that call for a fine scale description, are localized in the materials, that is, the
deformation is smooth in the main part of the sample.

Many methods have been proposed to address this question. The idea we follow
here is to simulate a smaller system, centered around the singularity of interest, and
to impose adequate conditions on its boundary. Such methods have been used to
compute dislocation properties in [201] (see also [202,203,205| for other applications).
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In a dynamical setting, a common problem with such an approach is the unphysical
reflection of waves on the interface. In [172,173], boundary conditions have been
developed to minimize these artefacts.

The methods that we will study stem from the domain decomposition and from
the integral representation techniques that have been successfully developed in the
PDE literature. Let us fix an immersed interface in the system so that the whole
system is partitioned into a small interior domain, which contains the singularity,
and an ezterior domain (see Fig. 5.2).

Interior domain

Interface
Exterior domain

F1G. 5.2 — Decomposition of the whole domain into an interior domain and an exterior
domain, separated by an interface.

Both domains are described by the same atomistic model, and the interior do-
main is supposed to be small enough so that, if conditions are applied on its boun-
dary, one ends up with a tractable numerical problem. A natural idea is to choose
some arbitrary boundary conditions on the interface, then to solve the corresponding
minimization problem in the interior domain, and finally to update the boundary
condition. The displacement must be continuous on the interface between the two
domains, and the sum of the forces acting on the interface atoms must be equal to
zero. Thus, updating the boundary condition can be done either by cancelling the
residual force on the interface, or by cancelling the discontinuity of the displacement
(that is, atoms on the interface are considered to belong to two systems, the interior
one and the exterior one, and the global equilibrium has been reached when the dis-
placement according to the interior problem is equal to the displacement according
to the exterior problem).

The aim of the article is to compare several different methods, both on the nu-
merical analysis standpoint and regarding implementation issues. For this purpose,
we assume that we have two softwares at hand :

(i) the first one can compute the equilibrium configuration of a not too large’

atomistic system ;

(ii) the second one can handle large atomistic systems described by quadratic

interaction potentials.
For each of the algorithms we shall present below, we will discuss its implementation

LA more precise definition will be given in the next sections.
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issues, and point out whether it is possible to use the two softwares as black boxes
that are simply coupled, or whether one has to modify them.

The article is organized as follows. The numerical analysis of the methods is
presented in Section 5.2. To simplify the analysis, we only consider one dimensional
problems. First, a reference problem is set in Section 5.2.1. In Section 5.2.2, three
methods based on the cancellation of the interface forces are presented. The first
one has been proposed in [201], and we propose in Sections 5.2.2.2 and 5.2.2.3 some
modifications of this method. In Section 5.2.3, the problem is treated with an adap-
tation of the Uzawa algorithm. The relation between the latter and the algorithm
proposed in Section 5.2.2.2 is outlined. Next, methods based on the continuity of the
displacement on the interface are presented in Section 5.2.4. We first develop in Sec-
tion 5.2.4.1 an iterative method, in the spirit of domain decomposition techniques.
Next, in Section 5.2.4.2, we develop a direct technique which is close to integral
representation techniques.

Many numerical examples are provided in Section 5.3, to illustrate the results
obtained by numerical analysis. A conclusion of the present work is given in Section
5.4.

5.2 Analysis of several algorithms

5.2.1 Reference problem and main setting

Let us consider a one-dimensional atomistic chain composed of N + 1 atoms, and
let us denote by {u;}o<;<n the positions of the atoms in the current configuration.
We assume that only the atoms of index i € [0, M — 1], with 1 < M < N, are
subjected to body forces, and we denote by f; the force acting on atom 7. The energy
of the system is given by

N—

ET(U) = Z W(ui—i—l — U,Z) — Z_ fiui, (56)

—

1=

where u € R stands for the atomistic position vector (ug, ..., uy). In this equa-
tion, W is the interaction potential between atoms, which is such that its minimum
is attained at 1. For the sake of simplicity, we will assume only nearest neighbour
interactions throughout this article.

Definition 5.2.1 (Reference problem) The reference problem is the minimization
problem
I" = uei]Rplf‘FN {E"(u); up =0, uy =a}. (5.7)
Lemma 5.2.1 Let us assume that the interaction potential W € C*(R) satisfies
Ja >0, VzeR, a<W'(x),

38 >0, Ve e R, W"(z) < B and |W'(z)| < Bz — 1. (58)
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Then problem (5.7) has a unique minimizer u".

We skip the proof since it is based on standard arguments. The Euler-Lagrange
equations of (5.7) read

fiif i< M —1,

Vie [L,N 1], =Wy —up) + W(u] —uj_,) = { 0if i>M

(5.9)

We assume that N is too large for the minimization problem (5.7) to be solved in
practice, but that M is small enough so that it is tractable to solve a minimization
problem of type (5.7) set on a system of M atoms. In the sequel, as pointed out in
the Introduction, we also assume that we can solve the quadratic problem

N-—1
. 1

ueR+N £
=0

for any j € [1, N — 1], that is to compute the response of the whole system (in the
harmonic approximation) when it is subjected to a body force localized on the atom
j. More comments on how to make this computation are given in Section 5.4.

5.2.2 Methods based on the cancellation of the interface for-
ces

5.2.2.1 A first algorithm

For any v = (vg, ..., vy ) € R™M let us set

<

Eint<V) = W(’Uzqu — Uz') - Z fl"Ui, (511)
=0

i

I
o

and for any u € R let us set

=

EMr(u) = (wip1 — u; — 1)% (5.12)

NN
I
o

i

The energy E™! is the energy of the interior domain system, whereas E"%" is the
elastic energy of the whole domain in the harmonic approximation. In order to
approximate the reference solution u”, the following iterative algorithm has been
proposed in [201] (see also [204]) :

Algorithm 5.2.1 (A first method based on interface forces) Let E™ and E"™" be
defined by (5.11) and (5.12), and let us denote by u* € RN the configuration at
iteration k.
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Let v € R"™M be the minimizer of

nt/ kN s int . _ _ .k
I"(uy) = inf {E™(v); vo =0, vnr =y} (5.13)
Let us set
g =W (vf —vhy) = W (Wl — o) (5.14)

and let d* € R™YN be the minimizer of

1"(gh) = inf {E""(d)+ ghdas; do =0, dy =0} (5.15)

deR1+N
The configuration at iteration k + 1 is defined by
w = (v, okl dy e ul Y (5.16)
One can see that problems (5.13) and (5.15) are well posed. In the sequel, the

problem (5.13) will be referred to as the interior problem. Let us now define the
following function that will be needed to analyze the algorithm 5.2.1 :

Definition 5.2.2 Let E™ be defined by (5.11). We define

h : @eR — y_1 €R, where v € R™M is defined by

E™(v) = inf {E™(y); yo=0, yu =a}. (5.17)

yERl‘HM

We now turn to the study of algorithm 5.2.1. Let u’ be the initial configuration,
and let us set

Q) = W' (x = h(z)) = W' (£ = mo(u’) = ), (5.18)
where
M
1= N 0 Ul 0
CleH, To(u )ZT_UM“’ (519)
N
and where h is the function defined by Definition 5.2.2. We define
M
frlz)=2—-M <1 — W) Q(z). (5.20)

Lemma 5.2.2 (Interpretation of algorithm 5.2.1 as a fixed point algorithm) The se-
quence {u’fM}k provided by the algorithm 5.2.1 satisfies

W= fouly). (5.21)
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Theorem 5.2.1 (Convergence of the algorithm 5.2.1) We assume that the initial
configuration u® € RN satisfies

uy="0, uy =a and Vi € [M +1,N — 1], 2u) —u) ; —u),; =0. (5.22)

Let {uk}k be the sequence provided by the algorithm 5.2.1. We assume that (5.8) is
satisfied as well as the inequality

16 1 2
< . 5.23
ﬁ(Ma+N—M _M ] M (5.23)
N
Then the sequence (vg, vk =k ,u?v) converges, as k — 400, to the refe-
rence solution u’.
An admissible initial guess is u} = a i/N. Before proving Lemma 5.2.2 and

Theorem 5.2.1, let us make a few comments.

Remark 5.2.1 (Properties of the algorithm 5.2.1) The algorithm 5.2.1 can be im-
plemented with the two codes we have at hand, without modifying them. If «, 3,
M and N do not satisfy (5.23), the convergence of the algorithm is not guaranteed,
and it is indeed possible to build some test cases such that the algorithm does not
converge (see Section 5.3).

The following lemmae will be useful in the sequel :

Lemma 5.2.3 Let A be the matriz of size (N — 1) x (N — 1) of the Laplacien
operator, with Dirichlet boundary conditions equal to zero. Its inverse A™' is given

by A
. . _ . J

vi<i (07 =i(1-4),
o o,

Vizj+1 (A 1)1',1':](1—N)-

Lemma 5.2.4 Let § be the matriz of size (M — 1) x (M — 1) of the Laplacien
operator, with Dirichlet boundary conditions equal to zero, and let 6~ be its inverse.
The matrices A~" and 6~ satisfy

-1 -1 —1 _
_AMA,M + AM,M 5M71,M71 =0.

We skip the proof of the two lemmae, which relies on simple matrix analysis. We
now prove first Lemma 5.2.2, next Theorem 5.2.1.

Proof of Lemma 5.2.2: In view of (5.15), the vector d” satisfies

T
A (dlfv d§7 R d?\f—l) = _g]]f/[ €, (524)
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where ey, = (0,...,1,...,0)" € R¥! is the M-th unitary vector of R¥~!, and
where A is the matrix of size (N — 1) x (N — 1) of the Laplacian operator. With
(5.16) and (5.24), we obtain

k+1 ok k (A-1

uy = ui— gir (A )M,Mv
k+1
Upryq

(5.25)
U]f\4+1 — g (A_1>M+1,M .

Let us set ¢ = (A7), /(A1) 00 and 1o = uf,/c — ull, ;. We have uff! —

k1 _ ok k
Cuyj 4, = Uy, — Cuys, , hence

u
Uppy = —F = To. (5.26)
Making use of the function h defined by Definition 5.2.2, we see that (5.14) reads

hy = W' (uhy = h(uhy)) = W (uhy,, )

With (5.26), we see that g%, = Q(u%,), where Q is defined by (5.18). The first line
of (5.25) then yields

it =y — Qi) (A7)

With Lemma 5.2.4 above, we obtain the expression of (A™"),, ,/, that allows us to
compute c¢. We thus obtain (5.21), with fr defined by (5.20). O

Proof of Theorem 5.2.1: We show that fr defined by (5.20) is a contracting
mapping. First, because of (5.22), we see that 75 defined by (5.19) does not depend
on u’. We have

C

Q'(x) = W" (x — h(z)) (1 — W(z)) — W" (% 1y — x) (1 . 1) , (5.27)

where () is defined by (5.18) and

11
¢ N-M
With (5.20), we obtain
fule)=1-M (1 - %) Q'(x). (5.28)

We now need to estimate Q)'(x), thus h'(@) for any @. By definition, h(@) = Op/-1,
where v is the minimizer of (5.17). The Euler-Lagrange equation of (5.17) reads

Vi € [1, M — 1], —WI<’Z72‘+1 - @z) + WI<171 — ’172‘,1) = fz (529)
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In addition, vy = 0 and v, = . Let us differentiate the above equation with respect
to the boundary condition @ : we obtain

. W/I 6 _?7
Vie[l,M], a;—a;1= W (a1 — ap), (5.30)
where we set 95
Vi .
i = a=, , M.
a4 =—2-, 1€ 0, M]

Summing the equations (5.30) over i € [1, M — 1] yields

M—-1

(i) = ay—y = (a1 —ap) Y

=1

W (1 — @)
W”(f)i — 77@'—1) ’

So we have

(5.31)

where v € R depends on @ € R (see (5.17)). With the convexity assumption
(5.8), we see that, for any u € R,

_ p _ o
! - <h@a)-1< ———. :
0<h'(a) <1 and Ma_h<u> 1< Y (5.32)
Inserting (5.32) in (5.27) and (5.28), we see that
Vo, 0 <k <Q'(r) < kg and fr(z) <1, (5.33)
1 1
with k1 = « <J\jﬁ + T M) and kg = 3 (]\5@ + N M) In addition, (5.23) is

a sufficient condition to ensure f;. > —1. Thus fr is a contracting mapping, and the
sequence {u’]ﬁJ} , converges. By construction, we have, at any iteration £,

Vie M+1,N—1], 2uf—uf,—uf, =0. (5.34)

So the set {uf}M<Z.<N
converges, one can see that, for all i € [M +1, N — 1], the sequence {uf} ., converges.
By definition (see (5.13)), the sequence {v*} also converges. Let us now consider

the configuration w* defined by

is completely determined by u%, and u%, = a. As {u%}k

wh = (vé,...,vﬂ:u%,...,ulfv).

We have proved that the sequence {wk} ., converges, and one can show that its limit
w™ satisfies the Euler-Lagrange equations (5.9) of the reference problem (5.7). So
w>® =u'. ]
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Remark 5.2.2 Let us show that, when the algorithm 5.2.1 converges to some u™>,
the assumption (5.22) is a necessary condition for u™ to be the reference solution.
We argue by contradiction. With (5.24), we see that

Vie [M+1,N—1], 2df—df,—df,=0.

By construction (see (5.16)), for alli € [M +1, N — 1], we have uf = u{ + E';;é d?
for all k > 0. Thus we see that

Vk, Vi€ [M+1,N—1], 2uf—uf, —uf,=2u)—u)  —ul,. (5.35)

If (5.22) is not satisfied, and if the algorithm converges, then klim uf = u and we

infer from (5.85) that o
Vie [M+1,N—-1], 2u—u, —usy, #0.
On the other hand, with (5.9), we see that
Vie [M+1,N—-1], 2uj —u;_; —uj,, =0.

Thus u™ # u'.

5.2.2.2 Another algorithm

In the algorithm 5.2.1, the current position u%, of the atom M at the iteration
k is updated according to uﬁj ' = uk, + dk,. We now propose a different algorithm,
based on the updating relation u5f' = %, + ud%,, where u > 0 is a user-chosen
parameter that is kept fixed along the iterations. The algorithm that we propose

reads :

Algorithm 5.2.2 (Another method based on interface forces) Let E™ and E™" be
defined by (5.11) and (5.12), and let us choose > 0. Let us denote by u* € RN
the configuration at iteration k.
Let v° € RY™M be the minimizer of (5.13), let g%, be defined by (5.14), and let
d* € RN be the minimizer of (5.15). The configuration at iteration k+ 1 is defined
by
= (vf, . vk by opdy ol pdy) (5.36)

The algorithm 5.2.1 is a special case of the algorithm 5.2.2 (it corresponds to the
case it = 1). Let u® be the initial configuration, and let us set

frple) ==t (157 ) Q). (5.37)

with @) given by (5.18).
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Theorem 5.2.2 (Convergence of the algorithm 5.2.2) We assume that the initial
configuration u® € RN satisfies (5.22). Let {uk}k be the sequence provided by the

algorithm 5.2.2. The sequence {u’jy}k satisfies

ub ™t = fr(uf)). (5.38)
Let us now assume that (5.8) is satisfied and that o, 3, M, N and p > 0 satisfy
16 1 2
B ( + < . (5.39)
Ma N-M) = uM(1-4)
Then the sequence (vg, vk =k ,u’fv) converges to the reference solution u’.

An admissible initial guess is u) = a i/N. The proof of Theorem 5.2.2 is skipped
since it follows the same pattern as the proofs of Lemma 5.2.2 and Theorem 5.2.1.

Let us now study the influence of ;1 on the convergence rate of the algorithm
5.2.2. With (5.37), we see that

Fhul@) =1 - uM (1 - %) Q'(a) (5.40)

and we also have Q'(x) > 0 (see (5.33)).

Let us assume that the algorithm 5.2.1 does not converge : then the sequence
{u%,}x provided by the algorithm does not converge. Since this sequence satisfies
(5.21), it implies that fr is not a contracting mapping. With (5.33), we know that
sup fp < 1, so we have inf fr = inf fr ,_, < —1. In view of (5.40), we see that, when
p decreases, fr, increases. Since ()'(z) is bounded with respect to = (see (5.33)), it
is possible to find a value 1 € (0, 1) such that, for all z € R, ff (z) > —1, and for
such a value, the algorithm 5.2.2 converges.

Note that, if inf f. > 0, the algorithm 5.2.1 converges, and the algorithm 5.2.2
with p < 1 also converges but with a slower convergence rate.

5.2.2.3 A Newton algorithm

As the algorithm 5.2.2 is a fixed point algorithm on w,,; defined by the contrac-
ting mapping fr,, one can choose to use, at iteration k, the value u¥ such that
e (uk;) = 0. With (5.27) and (5.40), we see that this “optimal” value reads

1y (1 _ %) (w" (= o) (1= W (k)

pt
1
— W (ufyq — uly) <— — 1)), (5.41)
c
where v* is the minimizer of (5.13) and where h/(u%,) can be computed from (5.31).
The equation (5.41) allows one to guess, on the fly, a good value for the parameter
1. So the algorithm with optimal value of i reads :
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Algorithm 5.2.3 (A Newton algorithm based on interface forces) Let E™ and E™"
be defined by (5.11) and (5.12). Let us denote by u* € RN the configuration at
iteration k.

Let v* € RYM be the minimizer of (5.13), let g%, be defined by (5.14), and let
d” € RN be the minimizer of (5.15). The configuration at iteration k+1 is defined

by
ut = (o, okl o+ k) (5.42)

where u* is given by (5.41).

The algorithm 5.2.3 can be recast as a Newton algorithm. Indeed, with (5.40),
we see that the equation f}, .(uf,) = 0 implies

= . :
M (1 - 5) Q'(ufy)

At each step, we have uyj' = fr . (uf;) (see (5.38)), which reads

k
ul]fv}Ll _ uﬁd — g'((zjl\f\/;))

So the algorithm 5.2.3 is exactly a Newton algorithm for computing a zero of function
(. Note that the algorithm 5.2.2 has been presented as an algorithm to find a fixed
point of fr,, but, in view of (5.37), x is a fixed point for fr, if and only if Q(x) = 0.

Theorem 5.2.3 (Convergence of the algorithm 5.2.3) We assume that the initial
configuration u® € RN satisfies (5.22), and that o, 3, M and N satisfy

15} 1 « 1
<2 . 5.43
ﬁ(Ma+N—M =\t N—m (5.43)
Then the sequence (vg, vk =k ,u?v) provided by the algorithm 5.2.3 converges

to the reference solution u’.

Note that, in the limit 1 < M < N, the condition (5.43) reads (5/«a)? < 2.

Proof of Theorem 5.2.3: We know that u’y, ; = h(u),), where h is defined by
(5.17) and u” is the reference solution. Because of the choice (5.22), we have

u?"
M 0 ro__ .7 r

Inserting this information in (5.18), we obtain

Q(uy,) = W/(u§\4 — Uy ) — W/(u§\/1+1 — ;).
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With (5.9), we infer that Q(u’;) = 0. Since @ is an increasing function (see (5.33)),
the equation Q(z) = 0 has a unique solution. We now prove that the sequence {u%,};
provided by the algorithm converges to u),. Let us denote by

k_ k r

the error : we have el = & — Q(uk,)/Q'(u%,). Let us assume for instance that
uk, > uh, : since Q(u},) = 0 and Q' is bounded from below by #; > 0 and from
above by ko (see (5.33)), we have

thus

and the condition (5.43) ensures that the right hand side of the above inequality is
lower than 1. Thus the sequence {¢}, converges to 0 as k — +oo and therefore uf,

T
converges to u’,. U

5.2.3 Uzawa algorithms

The algorithms 5.2.1, 5.2.2 and 5.2.3 rely on the successive minimization of, first
an energy in the interior domain, next another energy in the whole domain. We
now adapt the well-known Uzawa algorithm, which often leads to such alternate
minimizations, to our problem.

The Uzawa algorithm is an algorithm to solve constrained problems. In the se-
quel, we associate to the reference problem (5.7) two different constrained problems,
and thus we obtain two different algorithms. The first one will be shown to be, in
the setting we work in, identical to the algorithm 5.2.2 (see Section 5.2.3.1), whereas
the second one, obtained with more natural ideas, will be shown to be very difficult
to implement (see Section 5.2.3.2).

5.2.3.1 An algorithm based on the stress at the interface

Let us consider the minimization problem

I"= inf {E"(u); up=a, uy =a}, (5.44)

ucR+N
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where E" is the energy defined by (5.6), and let U be the Legendre transform of the
interaction potential W :

U(s) = max (sz — W(zx)). (5.45)
Let us consider the problem
fr = inf {ér(0)7 Vi € [O,N - 1], 0; — 03—1 + fz = O} 5 (546)
ocRN

where f; = 0 for all ¢ > M, and where the energy G reads

N—
Vo = (09,...,0n_1) €ERY, G"(0) = Z U(o;) — on-1a + ooa, (5.47)

=0

[y

where @ and a are the Dirichlet boundary conditions of (5.44). We recall the following
theorem :

Theorem 5.2.4 Let us assume that (5.8) is satisfied. Then U is well defined by
(5.45), problems (5.44) and (5.46) are well posed, and

=1 (5.48)

In addition, let 4" be the minimizer of (5.44) and let 0" be the minimizer of (5.46) :
then
of =W'(a},, —a). (5.49)

Thus, in view of this theorem, we can associate to (5.7) the problem

inf {GW(CT)7 Vi € [O,N - 1], 0; — 031 + fz = 0}, (550)

o€RN
where f; = 0 for all ¢ > M, and where the energy G" reads

N—

Vo = (0q,...,on-1) ERY, G'(0) = Uloy) — on_1a, (5.51)

—_

1=

where a is the boundary condition of (5.7). As fi; = 0, we have o)y = o)1 in the
variational space of the problem (5.50). Instead of working with o = (09, ...,0n_1) €
RY, we now work with

int __ int int M ext __ ext ext N—M
o —(00 ,...,ch,l)eR and o —(OM,...,ON,I)GR .

The problem (5.50) is equivalent to a contrained minimization problem set on va-

riables (0" o°**) where the constraint reads o$}' = ¢%}' ;. For this minimization
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problem, where the unknown are the stresses, it is possible to write down an Uzawa
algorithm. We now change of variables, and work with

v = (vo,...,vy) € RM™ and x = (zpy, ..., 2x) € RVMTL (5.52)

which are homogeneous to position variables. Let us introduce the energy

Eft(x) = Z_: W(wip1 — ;). (5.53)

Expressed in position variables, the preceeding Uzawa algorithm reads :

Algorithm 5.2.4 Let E™ and E¢*" be defined by (5.11) and (5.53). Let v* € RM*1,
' € RYN="M+1 gnd \¥ € R be the positions and the Lagrange multiplier at iteration
k. We now define them at iteration k + 1.

Let v be the minimizer of

inf {Emt('u), vo =0, vy = )\k} , (5.54)

let "' be the minimizer of
iréf {Ef (@), xa = ', 2y = a} (5.55)
and let \F*1 be given by
DU Ly (W’ (xﬁ/ﬁl — xﬁjl) - W (v]'f/fl — Uﬁr_ll))
where 1 > 0 is a user-chosen parameter.

Remark 5.2.3 (Properties of the algorithm 5.2.4) The first step (5.54) consists in
the resolution of a nonlinear problem set on the interior domain [0, M| with Dirichlet
boundary conditions, we can thus use the first code that we have at hand.

The second step (5.55) is a nonlinear minimization problem with Dirichlet boun-
dary conditions and without body force term. As W is convex and since we work in
a one dimensional setting, the minimizer of (5.55) is known, it is the linear defor-
mation

Y N (5.56)

We now compare the algorithms 5.2.2 and 5.2.4. The first step (5.13) of the
algorithm 5.2.2 is exactly the same problem as (5.54). We have seen that the solution
of (5.55) satisfies (5.56), so, on the exterior domain, the deformation is always linear.
In view of (5.34), the same property holds for the algorithm 5.2.2. So, if the initial
guesses are such that \’ = «,, and if the initial guess of the algorithm 5.2.2 satisfies
(5.22), then algorithms 5.2.2 and 5.2.4 yield the same sequence.
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5.2.3.2 An algorithm based on the position at the interface

For the sake of completeness, we study in this section a constrained problem
which is naturally associated to the reference problem (5.7). Then, we write down
the Uzawa algorithm to solve this constrained problem, and we show that the so-
obtained numerical problems are as difficult to solve as the reference problem.

The idea is to use two degrees of freedom to describe the position of atom M,
one corresponding to the interior system, the other one corresponding to the exterior
system (in a PDE setting, this method would correspond to a discontinuous FE
discretization of the displacement field). Let us define v € RM*! and x € RV-M+!
by (5.52), and

Q(v,x) = xp — vy (5.57)

The reference problem (5.7) is equivalent to the constrained minimization problem
inf {Ey(v,x); vg =0, zy = a, Q(v,x) =0}, (5.58)

where the energy Ey is given by
Ey(v,x) = E™(v) + EE(x), (5.59)

where £ and E& are defined by (5.11) and (5.53). For any A\ € R, let us set

L (v, ) = E™(v)— vy, (5.60)
LM (x,\) = EFH(x) + Azyy (5.61)

To solve (5.58), the Uzawa algorithm reads :

Algorithm 5.2.5 Let v* € RM*+! o8 ¢ RVN-"M+1 gnd \¥ € R be the positions and
the Lagrange multiplier at iteration k. We now define them at iteration k + 1.
Let v"*! be the minimizer of

inf { £ (v, \¥), v =0}, (5.62)

let £t be the minimizer of

inf { Lz, \¥), zx =a} (5.63)

and let \FT1 be given by
)\k-i—l — )\k +MQ(Uk+1 :ch—i-l)
where 1 > 0 1s a user-chosen parameter.

The second step (5.63) of the algorithm is as difficult to solve as the reference
problem, for it is a nonlinear problem set on the exterior domain [M, N|, with
Dirichlet and Neumann boundary conditions. This is why the algorithm 5.2.5 cannot
be used in practice for large scale problems.
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Theorem 5.2.5 (Convergence of the algorithm 5.2.5) Let us assume that (5.8) is

satisfied, and that

2
O<u< —. 5.64
P (5.64)

Then the algorithm 5.2.5 converges.

Proof: To simplify the notation, let us set ¢» = (W’)"". Then one can show that
the sequence {)\k} ., brovided by the algorithm 5.2.5 satisfies

)\k-l-l — fd,u ()\k) ’

where fg,, is such that

fou (W) =1—p ((N — M)y’ (\F) + T (M; - Wl)) : (5.65)
i=0 i+1

7

where v#*1 is the minimizer of (5.62). The condition (5.64) ensures that ‘fé,u‘ <1,
thus the sequence {)\’“} , converges. 0

Remark 5.2.4 (Algorithm with optimal value of 1) In view of (5.65), one can pro-
pose a value u* such that, at the iteration k, we have fh i ()\k) = 0. However,

to compute this value, one needs to know v’ ()\k), which can be difficult to com-

pute. The “optimal” value that we propose is based on the harmonic approrimation
¢ (AF) = 1/W"((A\F)) = 1/W"(1) and reads

k 1

— , (5.66)
N—M . le 1
Wr(1) = Wi = ot

where vFt!

been solved.

is the minimizer of (5.62). This value can be computed once (5.62) has

5.2.4 Methods based on the continuity of the displacement
at the interface

We first present in this section a method related to domain decomposition ideas,
then a method based on integral representation ideas.

5.2.4.1 An iterative algorithm

For any Vv = (Upr_1,...,0n) € RY"MF2  we define the elastic energy (in the

harmonic approximation) of the exterior domain by
N-1
EhaT(V) - (@Z’Jrl - ﬁi - 1)2 . (567)
i=M—1
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Let § be the matrix of size (N — M) x (N — M) of the Laplacien operator (with
Dirichlet boundary conditions equal to zero). To compute the reference solution
u” € RV the following algorithm can be used :

Algorithm 5.2.6 (A method based on the positions at the interface) Let us denote
by u* € RN the configuration at iteration k.
Let v* € R1"M pe the minimizer of (5.13), and let 7" € RVN-"M+2 be the mini-
mizer of
"= inf  {E"(9); Uy =}y, Oy =a}, (5.68)

BERN—M+2

where E"" is defined by (5.67). The configuration at the iteration k + 1 is defined
by

(b ok =kl okl kel
u = (U5, ., Uiy = Up 1, Upf ey U )

This algorithm is a domain decomposition algorithm, where the two domains
overlap on a single atom (the atom M).

Remark 5.2.5 (Relation between 6 and A) Let ¥ = (Op_1,...,0y) € RV"M+2 pe
the minimizer of

mhar (~\ : har . _ 7 _ =
B () = yeR%vn—me {E (); yy—1 =0, ynv = CL} , (5.69)
where b and @ are two real numbers. Then the restriction (Opgy .-, On—1) of D is the

solution of the following linear system of size (N — M) :

~ T
5 (Oags . on)T = (b,o,...,o,a) . (5.70)

It is possible to compute v with the Green function of the whole problem, that is, in
our case, the inverse of the matriz A. Indeed, we have the relation

’I): (b,uM,...,ﬂN_l,a),
where & = (U1, ...,Uy_1) is defined by
@’ = A0,...,0, Far_1,0,...,0,a)",

with

r _ b— (Ail)M—l,N—l a
M (A Yy v '

The proof relies on the observation that (wyy, ..., un_1) satisfies (5.70).

So, when one knows the Green functions of the whole system (composed on N +1
atoms), one can directly compute the minimizer of the exterior problem (5.68). There
is no need for computing the Green functions of the domain [M — 1, N].
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Theorem 5.2.6 (Convergence of the algorithm 5.2.6) Let u’° € R be any ini-
tial guess, and let us define the sequence {uk}k by the algorithm 5.2.6. If (5.8) is
satisfied, then the sequence {uk}k converges to the reference solution u" of (5.7).

Proof: Let us first assume that the algorithm converges to a configuration u>.

Then, letting k£ go to +oc into the Euler-Lagrange of (5.13) and (5.68), it can be

shown that u® satisfies the Euler-Lagrange equations (5.9) of (5.7). So u® = u".
We now prove that the algorithm converges. For this purpose, it is sufficient to

prove that the sequence {vz’fﬁl}k converges. The Euler-Lagrange equation of (5.68)
reads

(@t o) =0 (vl .0, 0,0)
SO

i =T = (07 o+ (07 v

Hence, the sequence {v}, ,} satisfies the recursion formula

Uﬁfh =h (“ﬁjl) =h ((571)1,1 Uﬁﬂfl + (571)1,N7M a) ’

where h is defined by Definition 5.2.2. So the algorithm (5.2.6) is a fixed point
algorithm on vy;_1, namely vﬁj_ll = fp (v]’f/[_l), where

frp:veER — h((5_1)11v+(5_1)1N_Ma> . (5.71)
Let us now show that fp is a contracting mapping. Its derivative reads
fpv) =1 ((5_1)1,1 v+ (5_1)1,N—M a) (5_1)1,1 : (5.72)
. . F— 1 .
With (5.32), we have sup|h/| < 1. Since (0 1)171 =1— oo e obtain
sup | fp| < 1. O

Remark 5.2.6 (Convergence rate of the algorithm 5.2.6) We work in the regime
1 < M < N. So (5_1)11 ~ 1, and the convergence rate of the algorithm 5.2.6

directly depends on h'. In view of (5.72), we can see that, the closer h' to 0, the
larger the convergence rate.
If W is a quadratic potential, then (5.32) implies that

1
R, W(u) =1— —.
Vu € R, h'(u)

As soon as M is large, h' is close to 1 and the convergence rate, which reads, with

(5.72),
fﬂ@z<1—i)(y—ﬁt%aj), (5.73)

18 slowed down.
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Remark 5.2.7 (Properties of the algorithm 5.2.6) With Remark 5.2.5, we see that
the algorithm 5.2.6 can be implemented with the two codes we have at hand. Unlike
the algorithm 5.2.1, the algorithm 5.2.6 always converges. However, in general, the
convergence rate is slow (see Remark 5.2.6).

Remark 5.2.8 (Domain decomposition with a larger overlap) The algorithm 5.2.6
can be generalized to an algorithm with a larger overlap (R € N* atoms instead of
one, namely the atoms M — R+ 1,..., M instead of the atom M ). Then the se-
quence {u%}k provided by the algorithm satisfies uﬁjl = fpr(uk,), where fpg is

some contracting mapping. If W is a quadratic potential, then, one obtains, in the

regime R < M,
o R R
Tpn() (1 - m) (1 - M) -

So fpr > 0 is lower than f, (see (5.73)), hence the convergence rate increases when
the overlap increases. However, the difference between fp and fp is of order 1/M,
which is very small. So a larger overlap than one atom does not significantly improve
the convergence rate in comparison to that of algorithm 5.2.6.

Remark 5.2.9 (Coupling of algorithms) The algorithm 5.2.1, that has been analy-
zed in Section 5.2.2.1, is not sure to converge (see Remark 5.2.1). With (5.28), one
can see that, the closer h' to 1, the larger its convergence rate. If h' is too small,
then the algorithm may not converge anymore.

On the contrary, the algorithm 5.2.6, that has been studied in Section 5.2.4.1,
always converges. However, its convergence rate is in general slow (see Remarks
5.2.6 and 5.2.7), and we have mentioned that, the closer h'(u%,) to 1, the slower the
convergence.

We know that 0 < h' < 1 (see (5.32)), and we have at hand two algorithms, one
that fastly converges when h' is close to 1, and one that fastly converges when h' is
close to 0. An idea is then to couple these two algorithms, that is, at each iteration,
to use the one whose convergence rate is the largest. In other words, denoting by uys
the current position of the atom M, we can compute h'(uys) with (5.31) and compare
the convergence rate of the algorithms 5.2.1 and 5.2.6.

This algorithm always converges but has not proved computationally very effi-
cient.

5.2.4.2 A method inspired of integral representation

When one wants to solve a PDE on an unbounded domain, one can use a method
based on integral representation, which amounts to defining an artificial boundary
and to solve a PDE in the so-obtained bounded domain, with an adequate boundary
condition. This method is a non iterative method. We adapt here such an idea to
our case. The method consists in determining only Wi p/_1)- For this purpose, we

165



Chapitre 5 : Algorithmes pour la résolution de problémes de mécanique
moléculaire de grande taille

look for an equivalent problem that makes use of the fact that u}, can be considered

as a function of v}, ;. For any w = (wy,...,wy_1) € RM let us set
M—1
Eazlrzlﬁect Z W wH—l - wl Z fl W;
) i=0 (5.74)

_(571)71 W ((571)1,1’LUM—1 + (571)1,1\/71\4& — wal),
11—

where § be the matrix of size (N — M) x (N — M) of the Laplacien operator (with
Dirichlet boundary conditions equal to zero).

Theorem 5.2.7 (A direct method) We assume that (5.8) is satisfied.
1. Let w € RM be the minimizer of

nf {Eirea(@); @0 =0} . (5.75)
Then (wo, ..., wy—1) = (ug,...,ul, 1), where w is the solution of the refe-

rence problem (5.7).
2. Let v € RVN"M+2 be the minimizer of

. rhar . _ _
yeR%l*fMJr? {E (y), Ym—1 = Wpr—1, YN = CL} . (576)
Then u" = (wo, ..., Wy—1 = Up—1, 005 - - -, ON)-
- 1
Proof: As (6 1)1 =1~ Nl < 1, the function w — E7 (W) is strictly
convex, so the minimization problem
Eél?ﬁect( ): IIlf {Ecll?fect N)? IIDO :O} (577)

WeRM

is well posed. We now prove assertion 2. The vector V satisfies

(Tt On-1)" =0 (wy-1,0,...,0,a)",
hence B -
(571)171?1]]\471 + (571)17]\[,]\4& —Wpy—1 = EM — Wpr—1- (578)
The vector w, which is a minimizer of (5.75), satisfies the Euler-Lagrange equa-
tions of (5.75). With (5.78), it can be shown that the configuration (wy, ..., wy_1 =

Un—1,UM, - - -, 0y ) satisfies the Euler-Lagrange equations (5.9) of the reference pro-
blem. This proves assertion 2, which implies assertion 1. ([l

This method is a non-iterative method, unlike all the other methods that we
study in the present work. It is based on the minimization of the energy E% .
defined by (5.74), which is not a standard molecular mechanics energy. In addition,
when iteractions beyond nearest neighbours are taken into account, it is possible to
generalize the method but the expression of the energy E7 . becomes more and

more complicated. Let us also mention that this method cannot be implemented
just by interfacing the two codes we have at hand.
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5.2.5 Conclusions

We collect here the results of the analysis conducted so far.

— Under the simplification assumptions we have adopted, the algorithms 5.2.2
and 5.2.4 are identical.

— The algorithms 5.2.2 and 5.2.5 depend on a parameter pu, they converge if u
is small enough. The algorithm 5.2.1 corresponds to the algorithm 5.2.2 with
the choice ;1 = 1, its convergence is not guaranteed.

— An optimal choice for the parameter y at each iteration has been proposed
for the algorithm 5.2.2, thus obtaining the algorithm 5.2.3, that reads as a
Newton algorithm.

— The algorithms 5.2.6 always converges. However, we expect its convergence
rate to be slow.

The algorithms 5.2.1, 5.2.2 and 5.2.6 can be implemented with the two codes we
have at hand. The practical implementation of the algorithm 5.2.5 raises issues.

5.3 Numerical examples

We now turn in this section to numerical tests. We first study the different
algorithms on small systems (see Section 5.3.1). Based on these first tests, the best
algorithms are identified and then tested on larger systems (see Section 5.3.2).

5.3.1 Comparison of the methods on small systems

In this subsection, we consider a system of N = 100 atoms, and we set M = 20.
The interatomic potential is
r—1)*% (z—1)?
@=1', @=1
4 2

W(x)=c¢ e>0, (5.79)
where we choose £ = 0.5. The potential W attains its minimum at 1. The boundary
condition on the last atom is uy = a = 125. The system is subjected to body forces
{fi}izl,M such that

fi = if fori<12,

fi = 0 otherwise, (5.80)

where f is a parameter. In the sequel, we choose f = 0.006 or f = 0.6. For this
small system, it is possible to solve (5.7). The positions {uf}" , and the gradient of

the deformation, that is {u;’ 1 u;"}ﬁvz_ol, are displayed on Fig. 5.3.

5.3.1.1 “Easy to implement” algorithms

We study here the algorithms 5.2.1, 5.2.2, 5.2.3 and 5.2.6, that can all be im-
plemented with the two codes we have at hand (the algorithm 5.2.5 will be studied
in Section 5.3.1.2). The algorithms 5.2.1, 5.2.2 and 5.2.6 are based on fixed point
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F1G. 5.3 — Equilibrium positions of the atoms (top) and gradient of deformation (bottom)
of the reference solution u” (small system problem ; on the left hand side, case f=0.006,
and on the right hand side, case f=0.6).
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iterations (the contracting mapping on which these algorithms are based is respec-
tively fr, fr, and fp, see (5.20), (5.37) and (5.71)), whereas the algorithm 5.2.3 is
a Newton algorithm. The initial guess is always the linear configuration u{ = ai/N.

In the case f = 0.006, all the algorithms converge (see Fig. 5.4). To reach a
given accuracy, the algorithms 5.2.1, 5.2.2 (with ¢ = 0.8) and 5.2.3 need the same
number of iterations. The algorithm 5.2.6 converges at a slower rate than the three
algorithms mentioned above.

We now turn to the case f=0.6 (see Fig. 5.5). The algorithm 5.2.1 does not
converge, and the algorithm 5.2.2 converges neither with ;4 = 0.8 nor with © = 0.3.
The algorithm 5.2.6 converges very slowly. The best results are obtained with the
algorithm 5.2.2 (with = 0.1 or g = 0.2) and the algorithm 5.2.3.

This example shows that algorithms 5.2.2 and 5.2.3 are interesting : the algorithm
5.2.1 does not converge, but with a very simple modification, we obtain a converging
algorithm. The algorithm 5.2.3 is also interesting because it provides guidelines to
choose a value for 1. We can see that it converges more quickly than the algorithm
5.2.2 with © = 0.1 or © = 0.2, which can be expected since the algorithm 5.2.3 is
a Newton algorithm, whereas the algorithm 5.2.2, where p is kept constant, is a
gradient algorithm.

On Fig. 5.6, we display the optimal value of u as given by (5.41). One can see
that, in the case f = 0.006, the optimal value stays close to 0.84 : this is why
algorithms 5.2.1 (that corresponds to x4 = 1) and 5.2.2 (with u = 0.8) give good
results : they correspond to a value of p which is close to the optimal one. Indeed, as
can be seen on the right hand side of Fig. 5.4, the function fr, is almost constant
for 4 =1 and for p = 0.8. In the case f = 0.6, the optimal value of 1 increases from
0.07 to 0.45 in 6 iterations (see Fig. 5.6). So working with © = 1 is a bad choice :
we can see on the right hand side of Fig. 5.5 that the slope on fr is smaller than
-1, and the algorithm 5.2.1 does not converge. The same observation holds for the
algorithm 5.2.2 with © = 0.8 or p = 0.3. Working with = 0.2 or x = 0.1 is a
better choice : the slope of the function f, is between -1 and 1, and the algorithm
converges.

As the algorithm 5.2.3 is a Newton algorithm, it may be too expensive to use.
However, we see on this example that, to obtain a converging algorithm, it is not
necessary to use the “optimal” value of u at each iteration. Indeed, if one uses the
algorithm 5.2.2 with a constant i that is chosen close to the optimal value computed
by the algorithm 5.2.3 in the first iterations, one obtains a converging algorithm.
Indeed, when f = 0.006, the optimal value of i keeps close to 0.84, and the algorithm
5.2.2 with © = 0.8 and p = 1 is a converging algorithm. In the case f = 0.6, the
same observation holds (in this case, a good choice is © = 0.1).

5.3.1.2 Uzawa algorithm

We now study the algorithm 5.2.5, on the same problem as previously. This
algorithm depends on a parameter y, we will test its influence as well as the optimal

169



Chapitre 5 : Algorithmes pour la résolution de problémes de mécanique
moléculaire de grande taille

45
uk, T T T T T T
40 —
BT T T T T T T
R — 351 7
27 - - U 7
R _ 25 —
26.5 =
26 | =08 —-—- i 20 |- i
fL Opt ------
| _ 15 _
255 Algo. 5.2.6 -
25 2 A N N N N A O 10
5 10152025 30 35 40 45 50 10 15 20 25 30 35 40 45
Iterations X
Uiy
28

27.5
27
26.5
26
25.5
25

Iterations

F1G. 5.4 — Convergence of the fixed point algorithms in the case f=0.006 (see (5.80))
for the small system problem. On the left hand side, evolution of the position uﬂ along
the iterations k& (the bottom figure is a zoom of the top figure; ;= 1 corresponds to the
algorithm 5.2.1, u = 0.8 corresponds to the algorithm 5.2.2 and p opt corresponds to the
algorithm 5.2.3). On the right hand side, fr(x), fru(z) (with © = 0.8) and fp(z) as a
function of x (the curves with slopes 1 and —1 are also plotted).
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F1G. 5.5 — Convergence of the fixed point algorithms in the case f=0.6 (see (5.80)) for
the small system problem. On the left hand side, evolution of the position u’]ﬁ/f along the
iterations k (the bottom figure is a zoom of the top figure ; the algorithm 5.2.2 with 1 = 0.3
does not converge). On the right hand side, the functions fp, (with ¢ =0.1,0.2 and 0.3)
and fp (the curves with slopes 1 and —1 are also plotted).
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F1G. 5.6 — Optimal value of p for the algorithm 5.2.3, as given by (5.41), along the
iterations (small system problem; on the left hand side, case f=0.006, and on the right
hand side, case f=0.6).

value proposed in (5.66).

The optimal value of y is displayed on Fig. 5.7. It is almost constant along the
iterations. In both cases f = 0.006 and f = 0.6, we have p* ~ 0.012.

As one can see on Fig. 5.8, the convergence rate strongly depends on the value of
(. When o is smaller than this optimal value, the sequence {u’fw} , 1s monotonous.
When g is larger than the optimal value, the sequence {u’fw} . oscillates. If u is too
large, the algorithm 5.2.5 does not converge anymore.
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0.01172 . . L 0.0118
1 2 3 4 5 6 1
Iterations Iterations

F1G. 5.7 — Optimal value of u for the algorithm 5.2.5 along the iterations (small system
problem ; left hand side : case f=0.006, right hand side : case f=0.6).

5.3.1.3 Conclusion

The most efficient algorithms are the algorithms 5.2.2, 5.2.3 and 5.2.5. However,
the algorithm 5.2.5 is not easy to implement (see Section 5.2.3.2).
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5.3.2 Application to larger systems

In this subsection, we test the algorithms 5.2.1, 5.2.2 and 5.2.3 on a larger system.
We work again with the interatomic potential W defined by (5.79) (with again
e = 0.5). The whole system is now composed of N = 10000 atoms, and the boundary
condition on the last atom is uy = a = 12500. We choose to work with the following
body forces :

fi = f for: <1200,
fi = 0 otherwise,

with f = 0.08.

Three algorithms will be tested : the algorithm 5.2.1, the algorithm 5.2.3 and
the algorithm 5.2.2 with a constant value of u (unless otherwise stated, the value
we work with is the optimal value computed by the algorithm 5.2.3 at the second
iteration). We show that, if M is large enough, then the three algorithms converge.
However, the use of algorithms 5.2.2 and 5.2.3 allows one to solve the same problem
with fewer degrees of freedom : there exist values of M such that the algorithms
5.2.2 and 5.2.3 converge whereas the algorithm 5.2.1 does not converge.

Let us start with the choice M = 4000. Then the three algorithms converge (see
Fig. 5.9). The optimal value of y, as computed by the algorithm 5.2.3, changes a lot
during the first iterations, then stays constant (see Fig. 5.10, left hand side). The
value at the second iteration (which is used for the algorithm 5.2.2) is u = 0.55.
On the right hand side of Fig. 5.10, we can see the configuration (u;)o<;<as that has
been computed.

If M = 3000, then the algorithm 5.2.1 does not converge anymore (the sequence
{u’fw} . diverges and is not represented here). The algorithms 5.2.2 and 5.2.3 converge
(see Fig. 5.11). The evolution of u* along the iterations is not displayed but it is
similar to that displayed on Fig. 5.10 : it changes a lot during the first iterations
then stays almost constant.

The system we study is subjected to body forces on the atoms ¢ € [0,1200].
So it is not possible to choose M < 1200, since, in all the methods that we have
analyzed, we have assumed that there was no body force in the exterior domain. We
now choose M = 1300, a value which is close to the lower bound. As in the case
M = 3000, the algorithm 5.2.1 does not converge. The algorithm 5.2.3 converges
(see Fig. 5.12). The evolution of the optimal value of y is displayed on Fig. 5.13 :
once again, it very quickly reaches a constant value. If we now use algorithm 5.2.2
with p = 0.14, which is the value of the optimal parameter at the second iteration,
we obtain a converging algorithm, though with a slow convergence rate. This can
be seen on the left hand side of Fig. 5.12, where we observe large oscillations of the
sequence {uﬂ} .- These large oscillations are characteristic of a too large value for
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FIG. 5.10 — Left hand side : evolution of the parameter y* (algorithm 5.2.3, optimal value

computed from (5.41)). Right hand side : equilibrium configuration of the system : the

three algorithms give the same result (case M = 4000).
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. If p is decreased to = 0.1, then we obtain an algorithm with better converging
properties.

The results obtained on this system confirm the conclusions we have made after
the study of the small system : the algorithms 5.2.2 and 5.2.3 have good convergence
properties, they can handle situations in which the simulated domain is just a little
larger than the domain subjected to body forces. The algorithm 5.2.2 is easier to
implement and to use than the algorithm 5.2.3, but it is a first order algorithm,
while the algorithm 5.2.3 is a Newton algorithm.

5.4 Conclusion

Most of the methods we have presented need the resolution of the large quadratic
minimization problem (5.10). For one dimensional problems with nearest neighbour
interactions, an analytical solution has been proposed. In a more general case, several
methods can be envisioned :

— one can take advantage of the linearity of the problem to develop specific

methods to solve it (for instance by Fourier methods).

— there exists PDEs whose fundamental solution « (in an unbounded domain

with the condition u(r) — 0 as |r| — +00) is known analytically. Let G(z,y)
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be such a fundamental solution, that is the response of the system at point x
for a sollicitation at point y. Then one can approximate the Green function
G, of the atomistic system (the response of the atom & to a sollicitation on
the atom p) by Gy, =~ G(k, p).

— some expressions are provided by the literature, for some special cases (see for
instance [201,202,205]).

— another method to compute G, is to consider a sollicitation on atom p, and to
compute the response of a small system, which includes the atom k, around the
atom p. In doing so, we assume that atoms further away than some distance
to the atom p do not feel the sollicitation.

In the one dimensional setting we have chosen, several iteratives methods to
compute the equilibrium of large atomistic systems have been presented along with
their numerical analysis. The most interesting algorithm we have studied is the
algorithm 5.2.2, which can be recast as an Uzawa algorithm. It allows for an easy
implementation and has good convergence properties.

178



Chapitre 6

Méthode multiéchelle couplant un
modéle atomistique avec un modéle
de continuum : analyse d’un cas
simple

Ce chapitre a été écrit en collaboration avec Xavier Blanc et Claude Le Bris, et
soumis & Mathematical Modelling and Numerical Analysis [P4].

Nous nous intéressons ici & un exemple simplifié de méthode multiéchelle couplant
un modéle atomistique avec un modéle de continuum, dans le cas unidimensionnel.
L’idée est de décrire une partie du domaine de calcul par un modéle atomistique,
car des singularités a 1’échelle atomistique sont attendues, et d’utiliser dans le reste
du domaine un modeéle plus grossier. Notre travail met ’accent sur le critére utilisé
pour partitionner le domaine et décider de la zone sur laquelle I'un ou I'autre des
deux modéles est utilisé. Dans le cas d’une densité d’énergie élastique convexe, nous
faisons I’analyse numérique de la méthode la plus naturelle et montrons qu’elle
conduit & des résultats satisfaisants. Puis un cas particulier de densité non convexe
est étudié, nous soulignons alors les difficultés liées a I'approche la plus naturelle et
proposons une modification de cette approche.
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Analysis of a prototypical multiscale method coupling atomistic and
continuum mechanics

Xavier Blanc?, Claude Le Bris® and Frédéric Legoll®*

@ Laboratoire J.L.-Lions, Université Pierre et Marie Curie, Boite courrier 187,
75252 Paris
b CERMICS, Ecole Nationale des Ponts et Chaussées, 6 et 8 avenue Blaise Pascal,
77455 Marne-la-Vallée Cedexr 2
and
MICMAC, INRIA Rocquencourt, Domaine de Voluceau, 78153 Le Chesnay Cedex
¢ EDF R & D, Analyse et Modéles Numériques, 1, avenue du Général de Gaulle,
92140 Clamart

blanc@ann.jussieu.fr, {lebris,legoll} @cermics.enpc. fr

In order to describe a solid which deforms smoothly in some region, but
non smoothly in some other region, many multiscale methods have been
recently proposed, that aim at coupling an atomistic model (discrete me-
chanics) with a macroscopic model (continuum mechanics). We provide
here a theoretical ground for such a coupling in a one-dimensional setting.
We study both the general case of a convex energy and a specific example
of a nonconvex energy, the Lennard-Jones case. In the latter situation, we
prove that the discretization needs to account in an adequate way for the
coexistence of a discrete model and a continuous one. Otherwise, spurious
discretization effects may appear. We provide a numerical analysis of the
approach.

6.1 Introduction

Traditionally, mechanics makes use of a continuum description of matter [130,
135]. However, when nanoscale localized phenomena arise, the atomistic nature of
material cannot be ignored : for instance, to understand how dislocations appear
and propagate under a nanoindenter, one has to describe the deformed atomistic
lattice. The situation is the same when the material is subjected to singular body
forces, or is likely to break because of extensional forces. In all these examples, an
appropriate model to describe the localized phenomena is the atomistic model, in
which the solid is considered as a set of discrete particles interacting through given
interatomic potentials.

Nevertheless, the size of the materials that can be simulated by only resorting to
an atomistic description is very small in comparison with the size of the materials
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one is interested in. Indeed, for some phenomena we have mentioned above, it is
not possible to make accurate computations by just considering a small piece of
material, because large scale or bulk effects have to be accounted for. For instance,
crack propagation depends on the far stress field (so there is an influence of the
coarse scale onto the fine scale'), and, at the same time, when crack propagates,
it creates stress waves that modify the far stress field (so there is also a feedback
influence of the fine scale onto the coarse scale).

Fortunately, in the situations we have considered above, the deformation is
smooth in the main part of the solid. Hence, a natural idea is to try to take ad-
vantage of the two models, the continuous one and the atomistic one, by coupling
them. The atomistic model is used in the zone where the deformation is expected
to be non smooth, while the continuum description is used everywhere else. Many
methods following this paradigm have been proposed and employed on realistic and
complex situations : see [165,191,218| for some variational approaches (based on
global minimizers), and [171] for time-dependent methods based on hybrid hamilto-
nians. Notice that alternative ways, consisting in the approximation of the variatio-
nal problems with a T'-limit approach [143], or considering local minimizers instead
of global ones [183], have also been considered.

We consider here a prototypical example of a variational method that couples
a fine scale model in one zone with a coarse-grained model in another zone. This
example is a toy-model for more advanced methods such as the Quasi-Continuum
Method [159,161-163,165-167|. At least from the theoretical standpoint, a first key
issue in the method is the consistency of the two models. Indeed, if the solution to be
determined is smooth, then the solution given by the coarse-grained model should
be the same as that given by the fine scale model, within an error controlled by
the discretization parameters. A second issue is the adaptivity in the determination
of the zones : we need to know where to use one model rather than the other
one. Several multiscale methods that we have mentioned above include such an
adaptation procedure, that seems however to lack from a rigorous ground.

The present work aims at giving such a theoretical ground for the micro-macro va-
riational approach under study. The setting is one-dimensional. It is a clear limitation
of the work. We have not been able to extend our analysis to the three-dimensional
mechanically relevant case and it is not clear to us, even at the formal level, which
of the results contained here may survive in the three-dimensional setting. We ho-
wever hope that the present study will contribute to a better understanding of the
fundamental issues.

6.1.1 The atomistic and continuum problems

Let us consider a one dimensional material, occupying in the reference configu-
ration the domain Q2 = (0, L). Let u be the deformation, i.e. the map defined on (2
such that u(x) is the position, in the current configuration, of a material point that

LAt this stage, the notion of fine or coarse scales is still vague. It will be made precise below.
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is at = in the reference configuration. This material is subjected to body forces f
and to Dirichlet boundary conditions «(0) = 0 and u(L) = a > 0.
The solid will be described at two different space scales :
— the fine scale, at which the atomistic nature of the matter is taken into account.
— the coarse scale, which corresponds to a continuum description.
At the fine scale, the solid is considered as a set of IV + 1 atoms, whose current
positions are (u?)Y,. The energy of the system is given by

N-1 i+l i N
B, .. u®) :hZW(%) —n Y f(ih). (6.1)
=0 1=0

In this equation, W is the interaction potential between atoms and h is the atomic
lattice parameter, which is linked to the number of atoms and the size of the solid by
L = Nh. For the sake of simplicity, we will assume only nearest neighbour interac-
tions throughout this article. Although we do not have definite conclusions to date,
other cases are likely to be analyzed in the same way. The potential W is normali-
zed so that its minimum is attained at 1. The atomistic equilibrium configuration,

denoted by wu, = (uf, ..., u), is the solution® of the variational problem

I, =inf{E,(’...,u"), (. ....,u") € X,(a)}, (6.2)
where the minimizing space is
X,(a) ={@°,...,u"), «* =0, N =a, Vi, " >u'}. (6.3)

Recall that a deformation u of the solid is mechanically admissible only if it is an
injective function. As we work in a one-dimensional setting and impose u"¥ = a >
0 = u°, a necessary and sufficient condition for injectivity is that u is increasing,
thus the constraint v'*' >« in (6.3).

On the other hand, at the coarse scale, the solid deformation is described by a
map u : {2 — R chosen in the variational space

Xu(a) ={ue H(Q), u(0) =0, u(L) = a, uis increasing on Q} . (6.4)

The energy of the system reads

EM(u):/QW(u’(;U)) dx—/ﬂf(x)u(x) dr. (6.5)

We will give below (see Section 6.2.1) more precise assumptions to ensure that the
energy is well-defined as soon as u € H'(f). The equilibrium configuration, denoted
by ups(x), is a solution of the variational problem

Iy =inf {Ey(u), ue€ Xpy(a)}. (6.6)

2Existence and uniqueness of solutions will be discussed in the next sections.
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Remark 6.1.1 In a two- or three-dimensional setting, some sufficient conditions
for the injectivity of a map are given in [130] (see pp. 222-231).

The question we address in the present work concerns the approximation of
problem (6.2). Indeed, for any deformation u of the material, the energy is given
by (6.1), but the number of atoms to be considered in the sum, typically of the
order 10* in a macroscopic sample of material, makes the computation of (6.1)
untractable in practice.

When the deformation u is regular and fixed, it has be shown in [142] that the
atomistic energy E, (u(0),u(h),...,u(INh)) converges to Ej(u) when the atomic
lattice parameter h goes to 0 and the number of atoms goes to infinity such that
Nh remains constant, Nh = L. This result ensures the above mentioned consistency
of the two descriptions, (6.1) on the one hand and (6.5) on the other hand, and
also provides with an economical way to compute the sum (6.1), namely by approxi-
mating the integral (6.5). It remains that, when deformations that are expected to
play a role are not regular enough to allow for the above convergence, the only way
to compute the energy seems to be resorting to the atomistic expression (6.1). An
economical approach is the coupled approach we consider in the present work.

6.1.2 A coupled problem

Let 5, C Q be an open subset of the solid in which the deformation u is supposed
to be smooth enough so that the atomistic expression of the energy may be replaced
by the continuum one. Throughout this article, we suppose that €2,, satisfies the
following property :

Property 6.1.1 For simplicity, we suppose

Q= szl(ajh, bjh) C Q, (67)
with aj,b; € {0,...,N}, a; < b; < aj41, and where the number J of connected
components of QU is bounded by N, where N is a given fized parameter (see Fig.
6.1).
Definition 6.1.1 Let us denote by

N“:{ie{o,...,N—l}; iheQ“andih—i—heQ“} (6.8)

the set of indices © such that both atoms i and i + 1 are contained in €.
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Continuum mechanics Atomistic model
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F1G. 6.1 — Partition of € into a regular zone Qj; where the continuum mechanics model
is used, and a singular zone (1, where the atomistic model is used. By definition, we have
a;h € Q, and bjh € Q.

With (6.7), we can see that N, = U;’;ll{bj, s — 1)
For any partition €2 = Q,, U €, the solid deformation can be described by an
element of the hybrid (atomistic/continuum) space
u; ujg,, € Xw(),uq,is the discrete set of
variables (u")ineq,, w(0) =0, u(L) =a,
u((ah)) = u®, u((bh)7) = u”,

u is increasing on )

Xe(a, Q) = , (6.9)

where Xy (€)/) is some functional space that depends on the potential ¥ and
that will be made precise below. We have written down the boundary conditions
supposing that 0 and L are in Q,; (otherwise, adequate and simple modifications
are in order). The last line in (6.9) is equivalent to the injectivity of w.

A natural idea is to first fix Q,;, next, for each u € X (a,)y), to define the
energy of the deformed system by

E.(u)=h Z W (#) —h Z u' f(ih) + W' —uf, (6.10)

iEN, iih€, Qum
and finally to state a minimization problem at 2, fixed,
I.(Qy) =inf{E.(u), ue X.(a, )} (6.11)

The point is unfortunately that €2, is difficult, or even impossible, to determine in
advance. In fact, it depends on the minimizer u,, of (6.2) as it should, vaguely stated,
consist of all the zones of regularity of u, (in order to allow for both an economical
and correct evaluation of the energy), and u,, which is the reference (ideal) solution,
cannot be computed. Our way to treat the difficulty is the following. In the case
of a conver interaction potential W, we show that the zones of regularity of u,
can be approximated by a set, again denoted by (2,;, that can be computed. This
approximation is so that :
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1. when the atomistic solution u, is smooth in some region of €2, the set {1, is a
domain embedding this region;

2. the minimization problem (6.11) is theoretically well posed ;
3. an algorithm can be proposed to compute a solution of (6.11);

4. the error between the computed solution and the reference solution u, may be
estimated.

The above program is fulfilled in Section 6.2.

In Section 6.3, we show that any minimization problem set with energy (6.10) is ill
posed when nonconver interaction potentials W are used (which is the mechanically
relevant case). The examination is performed on a special case of a nonconvex elastic
energy density W, that is the Lennard-Jones case. Both the continuum model and
the atomistic model are unable to sustain traction (see Sections 6.3.1 and 6.3.2),
and a fracture appears for any extensional load. With the coupled model, a spurious
effect appears in the energy functional (6.10) : the comparison of the energy of a
fracture in the zone €2, with that of the same fracture in the zone €2); shows that
the energetically most favorable situation is the latter (see Section 6.3.3). This rules
out the possibility of ever self-consistently adapting the zone to the singularities of
the deformation and leads us to a modification of the coupled energy : instead of
defining it by (6.10), we define it by

witl — i A
Emoa(u) =h Y W <T) —h > Wf(ih)+ [ W) —uf, (6.12)
iEN, iiheS, Qum
with
Whr) = W(r) + Vh 7(r — o).
In the latter relation, ry is some threshold parameter (to be made precise below)
and the function 7, which does not depend on A, is a regularization of the function
t € R t, = max(0,t). The minimization problem associated to the energy (6.12)
reads
[mod<QM) = inf {Emod(U), U € XC<CL, QM)} . (613)

This modification remedies to the above obstruction, and is also consistent both
with the atomistic model energy (6.1) and the continuum mechanics model energy
(6.5). Again, as in the convex case, (), should consist of all the zones of regularity
of the reference solution u,. In Sections 6.3.4 and 6.3.5, we show that this set can be
approximated by a set (again denoted by €2,/) that can be computed. We then show
that the solution of the so-obtained problem (6.13) is a converging approximation
of the reference solution w,, and that, when the solid is subjected to an extensional
load, the atomistic domain €2, = Q \ ), contains the fracture.

6.1.3 Outline of the results

We wish to point out that the main purpose of the present work is to study the
coupled (atomistic/continuum) models (6.11) and (6.13), especially in the nonconvex
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case, because this is the mechanically relevant case and the most interesting case
from numerical analysis standpoint. But before going to this, we need to lay some
groundwork. This is the reason why we first study in Section 6.2 the continuum,
the atomistic and the coupled problems in the convex case. We also need to study
the continuum and the atomistic problems in the nonconvex case (this is done in
Sections 6.3.1 and 6.3.2). On the ground of this preliminary work, we address the
key models and study the coupled problems in the nonconvex case.

The fully atomistic (resp. continuum) problems of Sections 6.2 and 6.3 have
been addressed before in the literature (see [130, 135,139, 148, 210]). But in the
absence of a systematic mathematical study and with a view to self-consistency, we
prefer to devote a large part of the present work to them. The reader, either not
mathematically oriented, or familiar with such studies, may directly proceed to the
study of the coupled models, which is presented in Sections 6.2.2 and 6.2.3 for the
convex case and in Sections 6.3.3, 6.3.4 and 6.3.5 for the nonconvex case, where the
most original results are discussed.

We collect now the main results of our work. At this stage, they are somewhat
vaguely stated, but they will be made precise below.

1. The atomistic problem (6.2) and the continuum problem (6.6) are well posed
in the convex case (see Lemma 6.2.1) and in the Lennard-Jones case (see
Theorems 6.3.1 and 6.3.3).

2. In the convex case,
— for any Q) C €, the coupled problem (6.11) is well posed (see Lemma
6.2.1);
— it is possible to define §2;; in such a way that the solution of the coupled
problem (6.11) is a converging approximation of the solution of the atomistic
problem (6.2) (see Definition 6.2.2 and Theorem 6.2.1).

3. In the Lennard-Jones case,
— for any Q) C €, the coupled problem (6.13) is well posed (see Theorem
6.3.5) and if a fracture appears, it is located in Q,,;
— it is possible to define €2,; in such a way that the solution of the modified
coupled problem (6.13) is a converging approximation of the solution of the
atomistic problem (6.2) (see Theorem 6.3.6 and Definition 6.3.1).

6.2 The case of a convex elastic energy density W

Let us first make precise the hybrid space X.(a,€2s) defined in (6.9). In this
section, we set Xy () = HY(Qyy).
6.2.1 Properties of the variational problems

In this subsection, we provide conditions ensuring that the variational problems
we consider are well-posed.
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Definition 6.2.1 We suppose that the body forces f satisfy

fec’(Q). (6.14)
Let us define Fiy and F, by
Ve e Q, Fy(x / f(s (6.15)
F0=0 and Vie{l,...,N}, F;:hZf(jh). (6.16)
j=1

For any Qy;, we also define a function F,. as follows : on Qyr, we set, for all x €
(Cljh,, bjh), j S {1, ey J},

F.(x) :/ s)ds + hz )+ f(bgh+h) + ...+ f(ags1h)), (6.17)
Qarn(0 x)

whereas, on Q,, for all j € {1,...,J — 1}, we set, for all i € {b;,...,aj41},
Fi = / s)ds+ h Z + flarh) + 0 f(gh).  (6.18)
QMﬁ(oﬂh) q=b;

We note that F, is continuous on €27, continuous at a;h, but not continuous at b;h.
In the sequel on this section, we assume that the elastic energy density W satisfies

W e C*(R),
da >0, Ve eR, a<W"'(z), (6.19)
38> 0,Ve e R, |W'(z)| <pBlx—1].

Although W is defined on R, we need in fact to know W (x) only for = > 0, due to

the injectivity constraint that is included in the variational spaces (6.3), (6.4) and
(6.9). Let us set

at, = /Q wH™! (W’(O)+sgpFM—FM(x)) dr, (6.20)
a, = hjf wH~! (W’(O) + <0§?§1€—1Fﬁ> — FZL) : (6.21)
@ = /Q W W0) 4 - i) da (6.22)

z€Qnm iEN;L

where F, = sup ( sup F.(zx), sup FZ) )
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Lemma 6.2.1 (Existence and uniqueness of solutions) Let Q) be a fized subdomain
of Q. We assume that the elastic energy density W satisfies (6.19) and that the body
forces [ satisfy (6.14).

If a > a%;, then the continuum problem (6.6) has a unique minimizer uy, which
is in addition in H*(Q). If a < a};, the problem (6.6) is not attained.

If a > a,, then the atomistic problem (6.2) has a unique minimizer u,. If a < a,,
then the problem (6.2) is not attained.

If a > a}, then the coupled problem (6.11) has a unique minimizer u.. If a < af,
the problem (6.11) is not attained.

Proof: The proofs of the three problems follow the same pattern and, for brevity, we
only detail here that of the continuum problem (6.6). We first assume a > a},. Let
us show the existence of a minimizer. For this purpose, let us consider the following
minimization problem, without the increasing condition :

inf { E(u), u € H'(Q), w(0) =0, uw(L)=a}. (6.23)

With the second line of (6.19), we see that E), is a a-convex function. The third
line of (6.19) implies that F); is continuous for the H' norm. Thus, problem (6.23)
has a unique minimizer u,;. We now show that uy, is a minimizer of (6.6). The
Euler-Lagrange equation of (6.23) reads

uyW" () + f =0 ae. on Q. (6.24)

Assumptions (6.19) imply that uy, € H*(Q2). Integrating the previous equation from
0 to x, one obtains u),(z) = (W)Y (A\ys — Fu(z)), where \yy = W' (u);(0). Let us
set
Ay = W'(0) + sup Far,
Q

so ay, = / (W™ (X:, — Fu(a)) da. We also have
Q

a = /Qu'M(x) dz = /Q(W’)l()\M—FM(x))dx.

Since (TW')~! is an increasing function, we see that a — aj; has the same sign as
A — Ny

As a > aj};, we have \yy > X}, hence v, > 0 on Q. So uy, is an increasing
function, it belongs to the variational space (6.4) and, since it is a minimizer of
(6.23), it is a minimizer of (6.6). So, the problem (6.6) has at least one minimizer.
Moreover, this minimizer is unique by convexity arguments.

We now turn to the case a < aj};. One can prove, by a standard technique of
regularization [131], that the relaxed problem

inf { Eys(u), uwe H(Q), u(0) =0, u(L) =a, v >0 ae. on Q}
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has a unique minimizer @,; € H?(2). The condition a < a}; implies that there exists
an interval on which @, (z) = 0. So 1y, is not injective, and the problem (6.6) is not
attained. 0

Before proceeding further, let us write the Euler-Lagrange equation for (6.2).
Under the assumption a > a7, the constraint u*" > v’ is not active, thus

i

_ g1 i+l _ 0
Vie{l,...,N—1}, W (%) W (Lh““) — hf(ih) = 0. (6.25)

An equivalent formulation is obtained easily :

wtt — gt ) A
vief0,... . N-1}, F——"=()" (A —F)), (6.26)

where \, = W' ((Ui — ug)/h) and F), is defined by (6.16). With similar arguments,
it can be shown that the minimizer u. of (6.11) satisfies

Vo € Qu, ul(z) = (W) (N — Fu(z)),
i1 _ i (6.27)

Vi € N, % =Wt (- FY),

where A\, = W/(u.(0)) (recall we have assumed 0 € 2,), the set N, is defined by
(6.8) and F, is defined by (6.17) and (6.18).

6.2.2 Definition of the partition
We now introduce a criterion in order to define the subdomain €2;;.
Definition 6.2.2 (Partition in the convex case) We assume that (6.14) is satisfied.

Let Ky > 0. We say that the interval (ih,ih + h) is a regular interval if f €
WL(ih, ih + h) with

ih+h

Vo € (ih,th+h), |f(z)| < ky and /

ih

K
()| dzx < h=L.
@)l do < 0"
We define
QM = U?ih,ih-‘rh) regular(ih7 ih + h) and QH =0 \ QM’

where U* means that the point {ih} is also included in Qyy if both (ih — h,ih) and
(th,ih + h) are regular intervals.
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Remark 6.2.1 The subdomain 2y, as defined above only depends on f. Actually,
due to the convexity of W, which allows for elliptic reqularity results on the FEuler-
Lagrange equation (6.25), the singularities of the solution u, are solely linked to the
singularities of the body forces f. So the subdomain €y, as defined above is the zone
of reqularity of u,. The situation will be radically different in the Lennard-Jones case
(see Definition 6.3.1).

By construction, f and f’ are bounded on €, :

||f||L°°(QM) < Kf and ||f,||L1(QIVI) < Kf- (628)

In Definition 6.2.1, we have introduced the functions Fj;, F,, and F, (see (6.15),
(6.16), (6.17) and (6.18)). In the sequel, we will need an estimate of their difference,
which is provided by the following lemma.

Lemma 6.2.2 We assume that the body forces satisfy (6.14) and (6.28). Then

. k|
Jimg sup |Far(kh) — Fyi| =0, (6.29)

and, for all h,

Vk s.t. kh € Qup, |Fo(kh) — FF| < hip(Nee + 1),

6.30
Vk s.t. kh € Q,, |FF—Fr| < hxp(Nee +1). (6.50)

We skip the proof of this lemma, which relies on a Taylor expansion.

6.2.3 Comparison of the atomistic problem and the coupled
problem

In this subsection, we assume that the partition is defined according to Definition
6.2.2. To simplify the notation and since there is no ambiguity, we denote by I.
instead of I.(€2/) the infimum (6.11).

We now estimate how the coupled problem (6.11) approximates the atomistic
problem (6.2). For this purpose, we need the following operators :

Definition 6.2.3 The operator II. : v, € X,(a) — Ilov, € X.(a, Q) is the
interpolation-on-Sy; operator defined by

Vo e Qu, (Ilev,)(z) = vp(x), and  Vikh € Q,, (Hw,)" = v,

where v, s the piecewise linear interpolate of v,, at points ih, in Q.
The operator 11, : v. € X.(a, Q) — v, € X, (a) is the evaluation operator

defined by
Vih € Qur, (Iv,)" = v.(ih), and Yih € Q,, (I,v.)" = v’

[
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To estimate the distance between the respective minimizers u, and u. of problems
(6.2) and (6.11), we will argue on the basis of (6.26) and (6.27), that provide ex-
pressions of u, and u,. as functions of the Lagrange multipliers A, and A..

Remark 6.2.2 An alternative method to evaluate u,—u. is based on the observation
that minimizing E,, over X,(a) is equivalent to minimizing E. over a finite element
space X! (a, Q) C X.(a,Qu) of mesh size h, where the body force integral term
is now computed by a numerical integration formula (namely, a Riemann sum). So
standard results of FEM theory can be applied in order to obtain an H' estimate on
u, — .. Derivating L™ estimates from such an argument is more tricky (see [127,
136,145, 146]), and this is the reason why we prefer here a self-contained argument
that we present in the proof of Theorem 6.2.1.

For any v € X, we define

follomesy = o (Tl o, ma ). (6.31)
witl —
|u|W1’O°(Xc) = nax (HUIHLOO(QM)aIirElI%i( T )7 (632)
and for any v € X, we define
. UL — oy

lullzecx) = zg[l(%f}\if] [l and - fulwroei = iG%}JE\Lf}El] h (6.33)

Lemma 6.2.3 We assume that (6.14) and (6.19) are satisfied, and that
a> ay, (6.34)

where a}; is defined by (6.20). We assume that the partition Q = Q UQ,, is defined
according to Definition 6.2.2 for some ky > 0.

Then there exists hg < 1 (which depends on ry) such that, for all h < hy,
problems (6.2) and (6.11) have a unique minimizer.

Proof: With (6.29), (6.30) and (6.34), we see that, for h small enough, we have
a > a;, and a > a;, where ay and a; are defined by (6.21) and (6.22). So Lemma
6.2.1 can be applied, it shows that problems (6.2) and (6.11) are well posed. UJ

Theorem 6.2.1 We assume that (6.14), (6.19) and (6.34) are satisfied, and that
the partition Q = Qy UQ, is defined according to Definition 6.2.2 for some ky > 0.
Let 11, and 11, be the operators defined in Definition 6.2.3.
Then there exist hg < 1 (which depends on r¢) and constants Cy and Ci(ky),
i =2,...,5, such that, for all h < hg, the minimizers u,, of (6.2) and u. of (6.11)
satisfy
|uc|Wl,oo(XC) < Cl and \uﬂ|W1,oo(X#) < Cl, (635)
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and are at a distance of order h from one another in the sense that

‘(Huuc> - u/.l,|W1,oo(XH) S Cz(lif)h/if,
|uc - (HCUMHWLOO(XC) < Cz(ﬁf)hﬁf,
”(HMUC) - uuHLoo(Xu) < Cg( )hl‘@f,
(k)

[ ue — (HCUN)HLW(XC) <Cy

Ky

Ry h/{f,

while the energy infima also differ of an order h :
|I. — 1,| < Cs(ky)hky. (6.40)

The constant Cy does not depend on ry, whereas the functions ky — Ci(ky), i =
2,...,5, are bounded on any compact.

Remark 6.2.3 The proof yields the following explicit expressions for the constants

Crm ol 45, Gl = 2520 (14 2) gy
Cg(/{f) = LCQ(Kf), C4(I<uf) = Cg(%f) h + Cg(%f), (642)
Cs(ry) = 2a+ L (B Ca(kf)(Cr + 1) + Cs(rp) [l fll o) (6.43)

where Bk (ky) = maxg W (W' (-)). Here, K is the closed interval of center 0 and of
radius horp(1 4+ Neo) + 5 (Cr + 1).

Remark 6.2.4 In view of Remark 6.2.2, the atomistic problem can be reinterpreted
as a continuum problem posed on a finite element space of mesh size h. Therefore
the convergence of order h for the “first derivative” of u. — w, is sharp (see (6.36)
and (6.87)). Using an argument a la Aubin-Nitsche, and assuming additionally that
W e C3(R) and f € H*(Qy), one can improve (6.38) and (6.39) and show that, for
h small enough,

| (Tue) — uMHLoo(X#) + [Jue — chuHL“(Xc) < Ch?
for some constant C' that does not depend on h.

Proof of Theorem 6.2.1: Since u, is an increasing discrete function, the boundary
conditions imply that 0 < !, < a. With the Euler-Lagrange equations (6.25), one
can show that

. wi=l — oy it 1
Vi € {1,...,N—1}, = h; K’ < a ||f||Loo(Q)
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Collecting this bound with the bound on u,, one obtains

i+l _ i

Vie{0,...,N—1}, |2~ Ll <y,

where (' is defined by (6.41). With the same arguments, we obtain a similar bound
on u., so estimate (6.35) is proved. With (6.26) (respectively (6.27)), we see that
(6.35) implies

Vie{0,...,N =1}, |\, —F]<%1g>§\W|<ﬁ(Cl+ 1), (6.44)

and a similar bound on \.— F! (for i € N,,) and \.— F.(x) (for z € Q) respectively.
With (6.30), we infer from the estimate on A\, — F, that

Vie{0,....N—=1}, |[A—F| <B(Ci+1)+huyNee+1). (6.45)
Let us define the functions
N-1
=h )\ F’)
=0
pe(N) = / (W) (A= Fo(2) de+h Y (W) (A= F)).
Qs

€N,

In view of (6.26) and (6.27), we have a = p,(\,) = pc(Ac), so

Pe(Ae) = pu(Ae) = Pu(An) = Pu(Xe)- (6.46)

Using this equality, we now estimate |\, — A, |.

With (6.19), we can see that 0 < ((W’)~!)’ () < 1/« for any = € R. Furthermore,
we see that, for any compact K C R, there exists Gx > 0 such that, for any x € K,
(W)=Y () > 1/Bk. For any \ € R,

bj—1

pe(A) = pu(N) = /Q (W' (\ = Fu(x dm—hzz Y(\ = E.(ih))
J bj—1 s
+ hzz LA = F.(ih)) — (W)Y (A = F)))
+ hz : A= F) = (W)Y (A= F))).

(6.47)
We bound the first term : with (6.28), one can show that

/(W) A — Fua dx—hzz L\~ Fu(ih))| < By 2
Qnr «@

Jj=1 i=a;
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For the third line of (6.47), we obtain, with (6.30),

Y (V) E) (- F)| < DY -

€N, 1€EN,
hI{f
< Q= (1 + Neo),
Q@
and a similar estimate holds for the second line of (6.47). So we have, for any A € R,
L
On the other hand,
N-1

p,u()\u> - pu<)\c) =h ((Wl)il ()‘H - F;i) - (Wl)il ()\C - Fli)) :

i

I
o

The function (W’) " is increasing, so all the terms (W’) ™! (X, — F)—(W')~! (A, — F})
have the same sign. In view of (6.44) and (6.45), we see that A\, — F}; and A\, — F},
belong to the closed interval K of center 0 and of radius £ (Cy + 1) + hor (1 + Nee).
So there exists G, which does not depend on h, such that

L
Pu( M) = Pu(Ae)| = ﬁ_ [Au = Al - (6.49)
K
Collecting (6.46), (6.48) and (6.49), we finally obtain
A — A < Cohky, (6.50)
where Cy = Bk (2 + N..)/a. We now prove (6.36). With (6.26) and (6.27), we have
ISR

ul+1 _ uz 1

Vie N, = 7 E_ = - < E}(A“—Fﬁ)—(Ac—Fj)]

where, in the last line, we have made use of (6.30) and (6.50). With (6.26) and
(6.27), we also have, for all i ¢ N,

uz+1 _

p L (HuuC)Hl - (HuuC)i A

"

h

ufjl —u
h

1 , .

~|(h = Fl) = Qe = Fu(i)] + h%

h/if

u u u

= =

h h

—ul(ih + ’yh)‘

= =

_ u;@h)\ Tl o ann

(Co+ Nue +2), (6.52)

«
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where, in the first line, v € (0,1) and where we assumed at the second line that
ih € Qy (the case ih+h € Qy; can be treated likewise). Collecting (6.51) and (6.52),
we obtain (6.36). The proof of (6.37) follows the same pattern. The estimate (6.38)
is obtained by discrete summations of (6.36). We now prove (6.39). We already have,
with (6.38),

Vi s.t. ih € €,

Let us now consider = € 2,,, and let ¢ such that ih < x < 1h 4+ h. We again assume
that ¢h € Q,;, and we have

u’ — um < Cshky. (6.53)

[

lue(z) — (Heu,) ()] < ‘uc(ih) — “L‘ + ‘uc(a:) — u.(ih) + UL — (chu)(aj)‘ )

The first term is bounded by Cshk; with (6.38). For the second term, we have

le) = welib) + 1, = (L)) < [ ) = (e, )

and the estimate (6.37) allows one to bound the right hand side of the previous
inequality. The energy estimate (6.40) is obtained from estimates (6.35), (6.36),
(6.37), (6.38) and (6.39) by similar arguments. O

Remark 6.2.5 It is also possible to prove (6.40) directly, with variational argu-
ments, without resorting to estimates on u, — u,,.

6.3 The Lennard-Jones case

In this section, the interaction potential is the Lennard-Jones potential

1 2
WLJ<T) = ﬁ - — (654)

r6’

which attains its minimum at 1 : Wy;(1) = inf Wy = —
Let W} be the convex envelop of Wp; (which is also its quasiconvex envelop),

and let us set
13\ /¢
Te = (7) ~ 1.11, (6.55)

such that Wi ; is convex on the interval (0,7.) and concave on (7., +00). We also
define the functions

¥ (—o0, Wi (r.)) — (0,7.) such that oW/, =1d, (6.56)
o : (0,W];(re)) — (re, +00) such that o W{; =1d. (6.57)
For = < 0, we will also make use of the notation (W7;)™" (z) = (), as there is

in such case no ambiguity. We denote by H(¢) the Heaviside function (H(¢) = 0 if
t <0, H(t) =1 otherwise).
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2 | |
Wiy —
Wi -
1F
0 —
1
| |

F1G. 6.2 — The Lennard-Jones potential (solid line) and its convex envelop (dashed line).

We use the Lennard-Jones potential as a prototype for a nonconvex interaction
potential. One important feature allowing for the appearance of fracture is that
lim Wy(r)/r = 0.

In Section 6.3.1, we study the continuum mechanics problem (6.6), and show
that a fracture (a Dirac mass in the derivative of the deformation) appears for any
extensional load. The atomistic model (6.2) exhibits the same behavior (see Section
6.3.2). In Section 6.3.3, we study the coupled problem (6.11) where the energy is
defined by (6.10). In Section 6.3.4, we study the modified coupled problem (6.13)
with the energy (6.12). We then propose a way to build the atomistic-continuum
partition (see Definition 6.3.1 below) such that the solution of the modified coupled
problem approaches the solution of the atomistic problem. To build the partition,
we will make use of a preliminary step : the determination of the solution of the
continuum problem, a task which is assumed to be little demanding computationally
in comparison with the resolution of a problem with a discrete component. The
situation is thus different from the convex case in which we only use the given body
forces f, and not the solution of the continuum problem, to define the partition
(recall Remark 6.2.1).

Before entering the details, let us point out that the analysis below is highly
dependent on the one-dimensional setting we chose here. However, the fact that the
most natural way to couple the atomistic and the continuum models creates some
difficulties (see Section 6.3.3) is more general, and occurs also in higher dimensions.

Remark 6.3.1 On the other hand, the results of this section do not depend on the

particular choice of the exponents that we have made in (6.54). One would obtain
the same results with the potential W (r) = % — % with p > q > 0.
r r
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6.3.1 The continuum problem

We study in this subsection the continuum problem (6.6) for the Lennard-Jones
potential, with f € L'(2). The natural variational space is

u

Xy(a) = {u e Whi(Q), i € L*(Q), u' > 0a.e., u(0) =0, u(L) = a} ., (6.58)

which will possibly need to be enlarged in order for the energy (6.5) to have a
minimizer, as will be seen below. Let us set

O = / (Wiy) ™" (inf Fy — Fa(2)) da, (6.59)
Q
vi(z) = (Wiy)™" (inf Fy — Fy(a)), (6.60)
where F); is defined by (6.15). We also recall (see [213]) the definition of the set
SBV(Q) = {u e D'(Q), v = Du + Zviéxi,Dau c L'(Q),z; €Q, Z lv;| < +oo} )
ieN ieN

We now give the main result of the present subsection :

Theorem 6.3.1 (Minimizers of the continuum LJ model) If 0y, > a, where 0y is
defined by (6.59), then the problem

I, =inf {Ey(u), u € Xp(a)}, (6.61)

where Xy (a) is defined by (6.58) and Eyy is defined by (6.5), has a unique minimi-
zer.
If 0\ < a, then the problem (6.61) is not attained, but the problem

A inf{EM(u), u € SBV(Q), 1 € L*(Q), v >0, u(0) =0, u(L) = a} (6.62)

u/

has at least one minimizer. Moreover, IBY = It and the minimizers of the problem
(6.62) are the functions

u(z) = /0 vy (t) dt + Z 5.H (x — ),

where v, € L'(Q) is defined by (6.60), 1 is any countable set, and v; and x; are any
real numbers such that

Zﬁiza—GM and Vi €1, v; >0, x; € arginf F,.

i€l
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Remark 6.3.2 Let u € SBV(Q) : its derivative reads v = Dyu + ). 0;0,, with

D,u € LY(Q). The notation v’ > 0 means Dyu > 0 a.e. on Q and v; > 0. When
1

D,u’
a reqularization of u' converges to the inverse of D,u in the sense of distribution.
Since Wrj(+00) = 0, we will also use the convention Wi j(u') = Wrj(D,u).

u' > 0, we also use the convention — = The reason is that the inverse of
u

Proof of Theorem 6.3.1: The energy can also be written

Ey(u) = /Q (Wry(u/'(x)) + (Fy(x) — inf Fy) /() do + a (inf Foy — Fay (L)) .

(6.63)
We first treat the case 0, > a. Consider the following minimization problem :

— — 1
Iy = inf {EM(U), veL'(Q), v>0ae., . € L*?(9), /v:a},
Q

where

/ Wi (v — inf Fy)v.

Clearly, I}, = I + a (inf Fyy — Fy (L)) and u is a minimizer of I}, if and only if v’
is a minimizer of I,;. Let us define

vo(z) = (Wi )" (inf Fyy — Fap(x) — \), (6.64)

where A > 0 is chosen such that / v9 = a. This is possible because
Q

/Q (W)™ (inf Fyy — Fyr(2)) do = 0y > a

and  lim (Wi )" (inf Fay — Fag(z) = ) de = L (W) ™" (—o0) = 0. We see that
e o0 Q

vp() is a continuous function that satisfies vo(z) > (W{,) ™" (inf Fay — sup Fyy — A) > 0.
Thus it is a test function for I,,. Consider now v € L'(Q) satisfying v > 0,

1/v € L'*(Q)) and / v = a. The function v = inf{v, 1} satisfies
Q

Fn(v) > Bu(v). (6.65)
Define now for « € [0, 1] the function
pla) =Ey ((1 —a)vg + av) .
We have that p is convex, because both vy and v ly in (0, 1] where Wp; is convex,

and that p'(0) = —)\/ (v —vg) > 0, thus p is nondecreasing. Therefore
Q

p(0) = Enr (vo) < p(1) = Enr (v) < En(v).
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It follows that vy is a minimizer of I,;. On the other hand, if for some v as above,
Eu (vo) = Ey (v), then p(a) must be constant on o € [0,1] and Ey, (v) = Ey (v)
also. As the minimum of W7 is attained at 1, the latter implies that v = v, while p
constant implies that p” = 0, thus vy = v (because W7 is strictly convex on (0, 1]).
This proves that vy is the unique minimizer of I,;, and that

up(z) = / vo(t) dt
0
is the unique minimizer of (6.61).

We now turn to the case 0, < a and show that (6.62) has at least a minimizer.
Consider u € SBV(Q) such that 1/u' € L'?(Q), ' > 0, w(0) = 0 and u(L) = a.
We use the notation v = D,u + Zf)ﬁxi with D,u € L'(Q2), D,u > 0 and v; > 0.

i€l
Recall that we use the convention that Wi ;(u') = Wrj(D,u). Thus

Ea(u) = / Po(Dau(z)) dz + 3 6 (Fa(w:) — inf Fay) + a (inf Fyy — Fag(L)),
@ i€l
(6.66)
where P,(t) is the function

On t € (0,+00), this function has a unique minimizer which is the function v, (z)
defined by (6.60). So P.(Du(z)) > P,(vi(x)) on © and we infer from (6.66) that

Ey(u) > /me(m(ﬂf)) dx + Z 0; (Fpr(x;) — inf Fyy) + a (inf Fyy — Fy (L)) . (6.68)

i€l

Consider now a point xy € arginf Fy;, and define
up(z) = / v1(t) dt + (a — Oy ) H(z — o). (6.69)
0

We have D,ug = v; € L'(2). Since v, is a continuous function that satisfies v;(x) >
infv; > 0, we see that 1/v; € L'*(Q), thus ug is an admissible function of (6.62)
and, making use of (6.66) with u = u,, we obtain

Q
Collecting (6.68) and (6.70), we obtain

En(u) > En(uo) + > 0; (Fa(;) — inf Fy) (6.71)

i€l
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for all test functions u of problem (6.62) such that u' = D,u + Z 0;0,,. Since 0; > 0,
i€l
we have E)y(u) > Ey(up) and the function ug is a minimizer of problem (6.62).
We now look for all the minimizers of problem (6.62). Let u be any test function.
From (6.71), we see that Fy/(u) > FEjy(ug) if there exists i € T such that z; ¢
arginf F; and 9; > 0. In addition, in view of (6.66) and (6.70), we infer from

Eyn(u) = Epn(ug) that /Px(Dau(:c)) dx = / P,(v1(z)) dx. As v1(z) is the unique

Q 0
minimizer of ¢ € (0, +00) — P,(t), we obtain that v; = D,u a.e. on 2. Hence, any
minimizer of (6.62) may be written

u@y:/’@WQ*QMFM—FM@)ﬁ+§:@Hu—x&
0 iel
where [ is any countable set, x; € arginf Fy; and v; > 0 for all + € I, and
Z ﬁl =a— HM
il

Let us now show that I8V = Ii,. We already have I3V < I, and we have shown
that I3V = Ey(ug), where ug is defined by (6.69). Let u5 be a regularization of wu :
then uf is a test function for (6.61) and

IBY = Ey(ug) = lim Ey (uf) > I,

Thus [PV = I},. To prove that problem (6.61) is not attained, we argue by contra-
diction. Let us assume that problem (6.61) is attained and let u be a minimizer.
With (6.63), we see that

EM@:L&@@MMmeM—%@M (6.72)

where P,(t) is defined by (6.67). We have Ey(u) = I3, = IBY = Ej(u), thus, in
view of (6.70) and (6.72), we obtain / P.(v1(z)) dx = / P, (v (x)) dx, which implies
Q 0

that v (z) = ¥/(x) a.e. on €. But this is impossible since /vl =0y <a= / u.
Q Q
O

6.3.2 The atomistic problem

In this subsection, we study the atomistic problem (6.2), where the energy E,
is given by (6.1) with W = Wy;. In particular, we show that, for some particular
choices of boundary conditions, a fracture appears. This means that the distance
between a pair (and actually only one) of consecutive atoms is outstreched. The
ideas of the proof are first explained on the simple case f = 0. Next we deal with
the general case, which is more technical. The main result of this subsection is
Theorem 6.3.3, which is a generalization of some results given in [210].
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6.3.2.1 The case of no body force

To study problem (6.2), we need the following lemma.

Lemma 6.3.1 If a > L, there exists hy such that, for all h < hg, there ezists a
unique pair (s(h), s;(h)) € R? such that

1 <s(h) <14 h, Wi;(s(h)) =W{;(sf(h)) and (L — h)s(h) + hss(h) = a. (6.73)
In addition, we have the estimates

a— L
h
for some Cy that does not depend on h.

s¢(h) ~h—o and s(h) — 1 ~j,_o Coh’, (6.74)

We skip the proof of Lemma 6.3.1, since it proceeds from an elementary study of
—(L—"h

the variations of g(s) = W{,(s) — W}, (Lh)s)

Theorem 6.3.2 We suppose that there are no body force : f = 0.

If a < L, then (6.2) has a unique minimizer, defined by u!, = ih a/L, i =0,...,N.

If a > L, then there exists hy such that, for all h < hg, the minimizers of (6.2) are

exactly the N discrete functions defined for i, € {0,...,N —1} by

iu+1 iy

h
where s(h) and s¢(h) are defined by Lemma 6.5.1.

i+ g,

=sy(h) and Yi#1i,, % = s(h), (6.75)

Remark 6.3.3 In the case a > L, the continuum energy is Iy = LWpy(1) (see
Theorem 6.3.1), whereas it is 1, = LWy5(1) + h + O(h") with the atomistic model.
In the next subsection, we will see a consequence of the inequality I, > Iy;.

Proof of Theorem 6.3.2: As we impose the increasing condition u**! > u!, any
minimizing sequence u!, satisfies 0 < u!, < a for all i, hence is compact in RV,
Thus, one can extract a subsequence that converges to a configuration (denoted by
u,) which is a minimizer of the energy. This configuration satisfies the constraint

ut > wl, for all i. Otherwise, there exists i such that lil’+n ult — ! =0, which
n—-+0o0

implies, as Wp;(0) = 400, that the infimum (6.2) is +o00, which is a contradiction.
Hence, (6.2) has at least one minimizer.

Choosing v’ = ih a/L as a test function, we show that LWy (a/L) > I,.
Bounding Wi,; from below by W], and utilizing the convexity of W[}, we show that
I, > W5 (a/L). Thus

L Wi (%) >1,> LW (%) . (6.76)
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We first treat the case a < L, where Wiy (a/L) = W{j(a/L), thus I, =
LWy (a/L). The configuration v, = ih a/L is thus a minimizer. Let us now consi-
Wit — i

der a configuration v for which the quantities T’i =0,...,N —1, are not

all equal to a/L. Then
N-1 i+1 i N-1 i+1 i
u't —u e (U —u
pior = (£ =S ()

N-—-1 :
» h uz—i—l —
(1)

=0

where we have made use of the strict case of the convexity inequality. Thus we have
E,(u) > LW{j(a/L) = I,, and u is not a minimizer. This shows the uniqueness
claimed in the theorem.

We now turn to the case a > L. Let us consider a minimizer u, of problem (6.2).
As Wr3(0) = +oo, the constraint u'™' > u’ is not active, so the Euler-Lagrange
equation of (6.2) reads as (6.25) :

)

ub — il Wit —

i+l _
Iz Uy

If one slope is equal to or smaller than 1, then the same holds for the

other slopes, and this is in contradiction with the fact that a > L. So all the slopes
are strictly larger than 1. In addition, due to the variations of W j, there are two
values s*(h) and s}(h), with 1 < s*(h) <r. < s3(h), Wyy(s*(h)) = W{;(s}(h)), such
that each of the slopes is either s*(h) or s%(h). Let

Wit i
k = Card {z € {0,..., N — 1} such that % = 5;(h)} :

We have (L —kh)s*(h)+khs}(h) = a and I, = (L —kh)Wyy(s*(h)) +khWyy(s}(h)).

We claim that £ = 1. For this purpose, we consider the discrete function wu,
defined by u} = ih for i =0,...,N — 1, and uj' = a. Its energy is

E(wy) = (L — h) Wiy(1) + hWi (“ - Ly 1) ,

and satisfies }llin% E,(up) = LWy;(1). We first show that k& # 0. Otherwise, all slopes

(uf™* —u,) /h are equal to the same value s*(h), which thus needs to be a/L. As

w, is a minimizer, I, = L Wy;(a/L). However, we also have I, < E, (u;). Letting h
go to zero, we obtain Wy ;(a/L) < Wy ;(1), which is a contradiction as a > L.
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We now show that £ < 1. As [, < E,(uy), one obtains

L (WLJ<8*<h)> — WLJ(l)) + kh (WLJ(S;(h)) — WLJ(S*(h>)) S _hWLJ<1>. (677)
The left hand side is a sum of two nonnegative terms, for 1 < s*(h) < s3(h) and Wy,
is an increasing function on [1,+00). So we have ]llin% Wiy(s*(h)) = Wiy(1), hence
lim s*(h) = 1, which in turn implies that ]llin% s}(h) = +oo. Inserting this information

—0

in (6.77), we obtain k£ < 3/2, thus k£ = 1 for h small enough.

We finally identify (s*(h),s}(h)) for h small enough. We have (L — h)s*(h) +
hs}(h) = a. So, using ]1112% s*(h) = 1, we see that s;(h) ~ o (a — L)/h. So Wy ;(s*(h)) =

Wi;(s5(h)) ~ Ch, and s*(h) = 1+ O(h"). As a consequence, s*(h) € [1,1+ h]. By
uniqueness of the pair (s(h), s¢(h)) satisfying (6.73) (see Lemma 6.3.1 above), one
has s*(h) = s(h) and s}(h) = s;(h). So u, satisfies (6.75) for some integer i,. O
6.3.2.2 The general case

We now assume that the body forces f are in C° (ﬁ), and are not necessarily zero.
This regularity assumption is needed for E, to be well-defined. For any configuration
u € X,(a), we define a partition of the set of indices {0,..., N — 1} in 3 different
subsets :

Gi(u) = {ie[O,N—l];O<7§1},
Golu) = {ie[O,N—l];1<uT_Ui<rc},

i+l i
Gs(u) = {ie[O,N—l]; rcgu}.

h
Let us set
L = izo,l.{livq s (6.78)
N-—1
O, = hY (W) "(F.—F}), (6.79)
i=0

where F), is defined by (6.16). In view of (6.29), we have ]llin% 6, = O, where 0,,

given by (6.59), is the threshold for appearance of a fracture in the continuum model
(see Theorem 6.3.1). We note that, if f =0, 6, = 0y = L. To study problem (6.2),
we need the following lemma, :

Lemma 6.3.2 (Estimate on the Lagrange multiplier for the atomistic problem (6.2))
Let i, be an index such that F;' = F),, and let us assume that a > 0.
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There exists hy such that, for all h < hg, there exists a unique X\, such that

0<XAi<h and b Y w(ﬂ—FﬁJr)\u)thgo()\u):a, (6.80)

1€{0,...,N—1},i#1,

where 1 and ¢ are defined by (6.56) and (6.57).
In addition, \, does not depend on i, and satisfies

)\“ ~h—0 C()h7, (681)
for some Cy that does not depend on h.

The proof of Lemma 6.3.2 is based on the study of variations, on [0, h], of the function
0= RS, ¥ (Fu— Fj+ )

gulN) = A=W, :

. We now turn to the main result

of this section.

Theorem 6.3.3 (Minimizers of the atomistic problem (6.2)) We assume that [ €
C%(Q). Let 6, be defined by (6.79).

Ifa <4, then (6.2) has a unique minimizer.

If a > Ou, there exists hg such that, for all h < ho, the minimizers of (6.2) are
ezactly the discrete functions defined for i, € {0,...,N — 1} such that F) = F,, by

uf, =0 and
ipt1 in i+1 i
— u — U .
Uy ; Uy, —o(\,) and Yi#i,, %:@/’(ﬂ—ﬂi*%)v (6.82)

where N\, is defined by Lemma 6.3.2 and 1 and ¢ are defined by (6.56) and (6.57).
In addition, Gs(u,) = {i,} and
uff“ — ufj‘ a— 0y

h The0 T

(6.83)

Remark 6.3.4 If 0, < 0y, Theorem 6.3.3 does not apply to a € (0,,60r]. Note
however that fllin% 0, = Onr, thus all boundary conditions a are asymptotically covered.

Proof of Theorem 6.3.3: If f = 0, then Theorem 6.3.3 is identical to Theorem
6.3.2. We now concentrate on the case f # 0. As in the proof of Theorem 6.3.1, we
first reformulate the energy, here in term of the slopes

Wt — o

vi:T, 0<i<N-1. (6.84)
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The energy (6.1) can be written

N-1 Uit A Wt — i
Buw) =a (B~ FY)+ h; (WLJ (T) +(F - F,) T) .

Then we consider B o
I, =inf{E,(v); veY,(a)}, (6.85)

where

N-1
Y,(a) = {v:(vo,...,vN_l) € RY, thi:a, vi>0},

=0

Clearly, I, = I, + a (ﬂ— Ff) If u is a minimizer of (6.2), then the discrete
function v defined from w by (6.84) is a minimizer of (6.85). On the other hand, if
v is a minimizer of (6.85), then u defined by v’ = h Z;;B v/ for i > 1 and v’ =0is
a minimizer of (6.2).

Let v,, be a minimizing sequence of Tu- Since 0 < vﬁl <a/hforall0 <i< N-—1
and all n, one can extract a subsequence that converges to the configuration v,,.
Again, since Wr;(0) = +oo and the infimum (6.85) is not equal to +oo, we have
v/, >0forall 0 <i< N —1and v, is a minimizer of (6.85). Hence (6.85), and the-
refore (6.2), have at least one minimizer, we denote by v, and u, two corresponding
minimizers of (6.85) and (6.2).

In the case a < 6, the proof of uniqueness follows the same lines as the proof of
Theorem 6.3.1, in the case a < ).

We now turn to the case a > 6,;. As }Lirr(l] 6, = O, we choose h small enough

such that a > 6,. We introduce the function
Pt) = Wis(t) + (F — E),

which attains its minimum with respect to ¢ € [0, +00) at ¢t = v¢ defined by

vp = (Wiy) ' (F,—F,), i=0,...,N—1. (6.86)
We notice that
N—-1
Vo €Y,(a), Eu(v)=h)Y_ Pv')>E,(v). (6.87)
=0

As W1,3(0) = +o0, the constraint v* > 0 is not active in (6.85), so the Euler-Lagrange
equation of (6.85) reads 4 4
Wi (uh) + Fi — F, = A%, (6.88)
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N-1

where A} is the Lagrange multiplier associated to the constraint Z vi = a. Since
i=0

a > 0, one can show that X\ > 0 (otherwise, (6.88) leads to v/, < v{, and summing

these inequalities leads to a < §,,). It holds that

Vi € Gi(uy,) U Ga(u,), UL =Y(Fu — F;i + L) (6.89)

Step 1 : liminf hCard(Gi(u,)) >0 :
In view of (6.87), we have

E,(v) <1, (6.90)

Let i be an index such that Fﬁo = [, and let us consider the function v, defined

by vj = v} > 0 for i # i¢ and v such that h 3" vj = a. By construction, v} = 1

and hv,” =a—0, +h, so

a — HM
h

Hence, v, is a test function for (6.85) and we have I, < E,(v,). Collecting this
inequality with (6.90), we have

(6.91)

i
Ubo ~h—0

E,(v) < 1, < E,(w). (6.92)

Since Fio = F,, we have E,(vs) — E,(v1) = h (Wi(v;°) — Wiy(v7°)) . We know that
v® = 1. With (6.91), we obtain

0 S Eu(vb) — Eu(vl) S _hWLJ(l) (693)

With (6.92) and (6.93), we have

/lzii%j“ = E{%Eu(vl) = /QWLJ(vl () + (Fp(z) — inf Fiyp)vg (2) de, (6.94)

where v;(z) is defined by (6.60). We now establish a lower bound for I,. Since
N-1

I,=h <WLJ<UL) + (F" — &)UZ), we have

Iz Jz

The previous inequality implies

N-1
I,—h ZZ; (WLJ(l) + (F, — &)) > —h Card(G1(uy,)) (ogzs;lzg—l F, - &) :
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Letting h goes to zero in the above inequality, we obtain, in view of (6.94),
/ WLJ(Ul) + (FM — mf FM)Ul — / WLJ(l) + (FM — 1nf FM)
Q Q
> — lim inf (h Card(G1(u,)) ( sup F; — FM)) .
h—0 0<i<N—1 —

Since f # 0, we see that vy (z) # 1 somewhere in 2. As v;(x) minimizes the function
Wiy(t) + (Fam(x) — inf Fy)t on [0, +00), we obtain lim inf 2 Card(G1(u,)) > 0, and
there exists L; > 0 such that, for h small enough, h Card(G;(u,)) > L.
Step 2 : A first estimate of the Lagrange multiplier A}, and of v, :

In view of (6.92) and (6.93), we have

0<1,—FE,(v)) <—hW(1). (6.95)
Since E,(v) = h 3.1 ," P,(v') for any v € Y,,(a) (see (6.87)), we have

h Y (P) = P@))+h Y (Biv)) = P(v) < —hWis(1).  (6.96)

ieGl(u;L) Z¢G1(UH)

Since ¢ +— P;(t) attains its minimum at v}, we see that the left hand side of the
above inequality is a sum of two nonnegative terms. We know that v{ < 1. Using
the convexity of P; on (0, 1], one obtains

Vi€ Gi(u), Pie}) — P.(}) 2 O}, — oi), (6.97)

"

where C' stands (here and below) for a generic constant which does not depend on
h. With (6.86) and (6.89), we obtain v}, — v{ > C\’, for some constant C'. Inserting
this information in (6.96) and (6.97), one obtains (A,)* h Card(G1(u,)) < O(h). As
h Card(G1(u,)) > Ly > 0, we have

0 <\ < CVh (6.98)

Collecting (6.86), (6.89) and (6.98), we infer that there exists a constant C' inde-
pendent of h such that, for all 7 in Gy(u,) U Ga(u,), we have |vl, — vj| < CX,
S0
Vi € Gi(u,) UGa(u,), |v, —vi| < CVh,
C (6.99)
Ri/ia

Vi € Gs(uy), UL >

Step 3 : Card G3(u,) =1 :
For any i € Gi(u,) U Ga(u,), we see that v} and v/, belong to the interval

(0,14 Cv/h], on which Wyy and P; are convex. So inequality (6.97) is valid for all
i € Gi(u,)UGa(u,), ie. for all ¢ ¢ G3(u,). Thus, (6.96) implies on the one hand

Ch > (v, =v)><h Y (Bv)) = P(v})) < —hWi(1). (6.100)
i€G3(up) i¢G3(up)
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On the other hand, for any i € Gs(u,), P;(vi) < Py(1) = Wiy(1) + F), — F, and,
with (6.99),

i i i ¢ i
Pi(v,) > Wis(v,) + F, — F, > Wi, <W) + F, = I
Inserting this information in (6.96), we obtain

Card Gy (u,) (WLJ (hﬁ/) - WLJ@)) < Y (PGl - P) < —Was(1).

1€G3(up)

So, for h small enough, Card G3(u,) < 1. If Gs(u,) = 0, then, with (6.100), we
obtain

and we come to a contradiction with a > 0y, = lim 6,. So Card G5(u,) = 1, and we

h—0
denote by i, its unique index : G3(u,) = {i,}.
If £ > Fy, let ip be an index such that F;io = F},. By exchanging vl and vff,
one can lower the energy of v,. This is in contradiction with the fact that v, is
minimizer. So F;/ = F),.

Step 4 : Identification of the Lagrange multiplier :
We have

a—0y=a—0,+o0(1) 1)+nh Z v, — v} —|—h(vz;‘—vi“>.
i¢Gs(up)

With (6.99), we see that h Z v —v}) = o(1). With (6.86), we have ol =1,
 igGau)
so a — 0y = o(1) + hv,!'. Hence,

ilt a — HM
UV, ~h—0

K h ’

which implies (6.83). As a consequence, W/ ; (Ufj‘) ~ Ch”. From (6.88), we obtain

A= Wiy (vfj‘). So, for h small enough, we have \* € (0, h] and, since hy_ v, = a,
the Lagrange multiplier A", satisfies (6.80). Since ), defined by Lemma 6.3.2, is the

unique solution of (6.80), we have Ay = ). Collecting this equality with (6.88), we
obtain (6.82). O
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6.3.3 The natural coupled approach

We study in this subsection the problem (6.11). We will see that this coupled
problem, though natural, has a flaw. In order to illustrate this fact, we restrict
ourselves to the case f = 0 (see Remark 6.3.7 below for the case f # 0). We also
assume that

a> L,

because otherwise the minimizers of the continuum and atomistic problems are equal
and no singularity appears, and it is therefore not interesting to use a coupled
method. We assume that 2 = (0, L) is partitioned into two subsets 2y, and 2, =
Q\ Qu, and that, for simplicity,

0, = (0,Kh], Q= (Kh,L).

We will see in Remark 6.3.5 below that the treatment of the general case follows
exactly the same lines. Our aim is to study the minimization problem (6.11), where
the variational space X.(a,€) is defined by (6.9), with Xy (Qy) = SBV(Qu),
and where the corresponding energy FE. is given by (6.10), with W = Wp;. The key
ingredient of the mathematical analysis is the following observation. Let us choose
xo € Qs and let us consider the configurations u; € X.(a, Q) and us € Xo(a, Q)
defined by

Vie {0,1,...,K}, ul =ih, Ve € Qu, ui(z) =+ (a— L)H(z — x9),
Vie{l,...,K}, ub=ih+ (a—L), Vre&Qy, u(r)=x+ (a—1L)

(6.101)
and u = 0. Within the configuration u; (resp. us), a fracture appears in Q,; (resp.
in QM) We have Ec(ul) = EC(F € QM) = LWLJ(].) and EC(UQ) = EC(F S QM) =
L WLJ(l) + h + O<h7), SO

E.(F €Q,) > E.(F € Qu). (6.102)

So, if the energy is defined by (6.10), a fracture costs less energy when it lies in
(F € Q) than when it lies in Q, (F' € Q,). Hence, the fracture of the minimizers
of (6.11) appears in €2, as stated by the following lemma.

Lemma 6.3.3 For h small enough, the minimizers of problem (6.11) are of the
form

u' = ih Vie{0,1,...,K}, (6.103)
u(x) = x+ Y GH(x—x;), Vi, z; € (Kh, L), 5 >0, (6.104)
i€l

wz’thHCNandZ@i:a—L.

i€l
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F1G. 6.3 — A minimizer of problem (6.11).

Proof: Since the minimum of Wy is attained at 1, we have

witl — o
with a strict inequality if for some i € {0,1,... K — 1}, — # 1. Moreover,
this value is attained when u is of the form (6.104). Conversely, if u is a minimizer,

we necessarily have (6.103), and the restriction of u to ) is thus a minimizer of

L
I8 (a — Kh) = inf { Wiy(u'), we SBV(Kh,L), u' >0,
Kh
1
— € L¥(Kh, L), u(Kh)=Kh, u(L)= a}.
Now, Theorem 6.3.1 implies that a minimizer of this problem satisfies (6.104). O

Remark 6.3.5 The case of a general set ), may be treated likewise. Then, any
minimizer of problem (6.11) satisfies :

utt —u' = h Vistih€Q, and ih+h € Q,,
u o= 14 00, in Qy, Vi, 2 € Qy, >0, and Y U =a— L.

i€l i€l

The above argument shows that, in the simplest case where we expect a fracture
of the material, for any partition of the domain (2 into a regular domain €2), and a
singular one (), the fracture naturally appears in the regular one.

Hence, if the following algorithm is used to compute an approximation of u,, :
initialize €2, to 0,

1. Solve (6.11) for Qy = Q\ Q,,,

2. Find the set where the solution u. of (6.11) has a large derivative, enlarge €2,
correspondingly if necessary and go back to 1,
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then (), converges to (2, because, at each step, the above algorithm computes a
solution having a singularity in the set (2),. The latest iterations are therefore as
costly as the determination of the atomistic solution.

Remark 6.3.6 A way around the above difficulty might be to allow the set 2, to
shrink back if the computed minimizer happens to be reqular enough (in some sense)
in ). However, we have not been able to solve the difficulty with this alternative
strategy.

Remark 6.3.7 The preceding analysis can be carried out in the case of a force f # 0

satisfying f € C°(Q2). Let us assume that a > Oy, where 0y is defined by (6.59), and

that inf F.(z) = 'iIIl\If F., where F, is defined by (6.17) and (6.18). Let E.(F' € Q)
1eNy,

T€QMm
(resp. E.(F € €,)) be the energy of a configuration with a fracture in Qy; (resp.
Q). Then the inequality (6.102) holds.

6.3.4 A modified coupled approach

In this subsection, we propose a way to build a coupled problem that remedies
to the difficulties observed in the previous subsection.

We again assume, for the time being, that the partition 2 = €2,,U€Q,, is given. We
show in Theorem 6.3.5 that the modified coupled variational problem (6.13) is well-
posed. In Theorem 6.3.6, we show that its solution is a converging approximation of
the solution of the atomistic problem (6.2), and in Subsection 6.3.5, we will propose
a definition of the partition (see Definition 6.3.1 below).

The variational space we work with is X.(a, Q) defined by (6.9) with
1
X (Qur) = {u; u € WhH(Qyy), — € L12(QM)}.

As announced in the Introduction, the modified coupled energy is given by

il i '
Ermod(u) = h Z Wis (%) —h Z w' f(ih) + Wiy (') —uf,

iih€S, Qm

with
Wiy (r) = Wey(r) + Vh 7(r —rg).

Here, r( is any real number in (1,7.) and the function 7 is a regularization of the
function ¢ € R — ¢, = max(0,¢) (in particular, it does not depend on h).

The energy Fioq differs from the natural coupled energy FE. given by (6.10)
by the use of the energy density W}, instead of Wyi; on the continuum domain
Q. Let us explain this choice, assuming that there are no body forces. According
to the definition (6.12), the energy of the fractured configurations (6.101) reads
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Emoa(F € Q,) = LWi5(1) + h+O(R7) and Emea(F € Q) = LWis(1) + (a— L)V,
SO
Emod(F € Q) < Emoa(F € Q). (6.105)

If we compare (6.102) and (6.105), we see that, with the modified definition of the
coupled energy, a fracture costs now less energy when it lies in {2, than when it lies
n QM

Let us now assume that the solution u, of the atomistic problem (6.2) shows a
fracture (on the atom i,), and that we want to use a coupled model to compute
an approximation of u,. At this point, the domain €, is unknown. In order to
determine both €2), and an approximation of u,, a possible algorithm is the one
already given in the previous subsection, which consists in iterating over two steps,
first solve a coupled problem with €2, fixed, second modify the partition according
to the computed solution. Assume now that, at some moment, a “correct” partition
has been found, in the sense that the atom i, (where we expect the fracture to
take place) belongs to €2,,. At that moment, we want the algorithm to stop, because
the zone (2, is satisfactory. Let us consider the minimization problem of the first
step of the algorithm. The position of the fracture is such that its energy cost is
minimal. If one works with the coupled energy (6.10), then, as explained in the
previous subsection, the fracture is located in 2,;, which is not satisfactory. If one
works with the modified coupled energy (6.12), then, in view of (6.105), the fracture
is located in €2, and the computed solution is smooth in €2/, so the partition is not
updated and the algorithm stops.

The difference between E. defined by (6.10) and E,,0q defined by (6.12) is of
order V/h, that is a small quantity (recall that h is the atomic lattice parameter).
However, even if it is small, this correction has an influence on the choices of the
zones, since it allows for the zone €1, to contain the fracture.

Before studying the modified coupled problem (6.13), we study the continuum
problem with energy density WW}";. The following Theorem (which is to be compared
with Theorem 6.3.1) will be needed in the sequel.

Theorem 6.3.4 Consider the energy E?, defined by
Plylu) = | Wiya!(@) = fa)uta) .
Let us set "(x) € (0,7.) such that Wi (6"(x)) = Vh + inf Fyy — Fa(x) and
o, = / B (x) d.
Q
If 6%, > a, then the problem

1
inf {E]’Q(u), ueWh(Q), = € L*(Q), v’ > 0 a.e., u(0) = 0, u(L) = a} (6.106)

u
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has a unique minimizer which reads
u(z) = / ¥ (=A+inf Far — Far(s)) ds (6.107)
0

for some X\ > —/h and where 1 is defined by (6.56).
If 0%, < a, then (6.106) is not attained, but the problem

inf{E&(u), u € SBV(Q), l, € L), v >0, u(0) =0, u(L) = a} (6.108)

u

has at least one minimizer. Moreover, the minimizers of (6.108) are exactly the
functions

u(z) = /Ozv B (t) dt + ZﬁiH(a: —z;),

i€l
where 1 is any countable set, and v; and x; are any real numbers such that
Zﬁi =q— 6;‘4 and Vi €, v; >0, x; € arginf F,.
i€l

We skip the proof of Theorem 6.3.4, which is an easy adaptation of the proof of
Theorem 6.3.1.

We now study the existence and the uniqueness of solutions of the modified
coupled problem (6.13). Let F,. be defined by (6.17) and (6.18), and let us set

I, = inf (})nf F,, inf FZ) .

M 1€EN,
The threshold for the appearance of a fracture will be showed to be
7 \—1 7 \—1 i
Brmod = / (W) (B F) de 4+ 0 S (W) (B— F). (6.109)
O ieN,,

Remark 6.3.8 The modified coupled problem (6.13) could have been introduced in
the conver case, although it was not needed (the coupled problem (6.11) leads to
satisfactory results). In this case, one would have proved results similar to those
given in Lemmae 6.2.1 and 6.2.3 and Theorem 6.2.1.

To study the problem (6.13), we need the following lemma :

Lemma 6.3.4 Let us assume that a > 0y, where 0y, is defined by (6.59), and that
the partition is such that, for any h small enough, there exists imoq € N, such that

F. < F/mt < F,+Ch (6.110)
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for some constant C that does not depend on h.
Then there exists hy such that, for all h < hg, there exists a unique A\pyoq Such
that 0 < Apoa < Ch and

h Z w (& - Fcz + /\mod) + h@(ﬂ - Fcimad + )‘mod)

iEN#7i7éimod
+ / 77Z) (& - FC(:E) + )‘mod) dr =a (6111)
Qnr

where 1 and ¢ are defined by (6.56) and (6.57).

pmod<)\)

Proof: Let us define gpoa(A\) = A + F, — Fimed — WY | ( on [0, 2Ch], where

Pmoa(N) =a—h Y w(&—FHA)—/ ¥ (F, — F.(z) + ) da.

€Ny i#imod Qum

For h small enough, g4 is an increasing function and

—0
Gmoa (2Ch) > Ch — W, <“2TM) > 0.
For h small enough, we have gy,04(0) < 0. Hence there exists a unique A\y0q € [0, 2Ch]
such that gmoed(Amod) = 0. O

Theorem 6.3.5 (Minimizers of the modified coupled problem) We assume that [ €
CO(Q2).

If a < Opoq, then problem (6.13) has a unique Minimizer Umoq, which is smooth :
there exists Cy independant of h such that

|Umod| w1 (x.) < Co, (6.112)

where | - w1 (x,) is defined by (6.32).
If a > 0y, and if

Jip € N, such that F, < Fi° < F, + Cih, (6.113)

for some constant Cy > 0 independent of h (recall F, is defined by (6.78)), then

there exists ho > 0 such that, for all h < ho, the minimizers of (6.13) are ezxactly
the functions defined, for imeq € N, such that F.m! = ‘iIll\lf F}, by Umea(0) =0 and
1eNy

(/1

umod(x) = %U ()‘mod + & - Fc(l’)) on QM,

(Mg ,
%ﬂwd =) ()\,,wd + F, — FCZ) for all i € N, i # ipmoq, (6.114)

imad+1 imnd

u — U .
\ mod - mod __ © ()\mod—i_&_ Fclmod)7

where Apoq 18 defined by Lemma 6.5.4.
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Remark 6.3.9 If 0,00 < 0y, Theorem 6.5.5 does not apply to a € (Omoa, Onr]-
Note however that }llir% Omod = O, thus all boundary conditions a are asymptotically

covered.

Proof of Theorem 6.3.5: The proof in the case 0,,,q > a follows the same pattern
as the proof of Theorem 6.3.1 (in the case 6, > a). We concentrate on the case
a > 0. Let us set

Py(t) = Wi(t) + (Fo(z) - F) t, (6.115)
Pty = Wislt) + (F = Fot, (6.116)

and, for i € N, ' '
vie= Wiy (B~ FY). (6.117)

For x € Q);, we also define 3¢ € (0,r.) such that
Wi, (8%) = Vh+ . — F.(x). (6.118)

As in the proof of Theorem 6.3.1, we first reformulate the energy Ei,,q, which reads

il i
Frmod (1) = / Pe(u/(x))da + 1S Pr (u) +a(F,— Fu(L)).
Qo = h o
Let us consider the problem
7Inod = inf {Emod<v)a v E n(a; QM)} s (6119)

where Ey,oq4 is given by

Buoa(t) = | Pi(u(a)) do+h 3 P, (6.120)

=

and where Y,(a, /) is given by

S|

v; v € L'(Qur), — € L(Q), v, is the discrete set
Ye(a, Q) = . : : . (6.121
(a, Q) of variables (v')ien,, v > 0, / v+ h Z V' =a ( )
Qum

iEN,

~—

Clearly, Imod = Imod + @ (& — FC(L)) and v is a minimizer of (6.13) if and only if
v, defined by

wtl — i

Vo € Oy, v(z) =u/(z) and Vi €N, o' = P

is a minimizer of (6.119).
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Step 1 : A lower bound on the atomistic deformation :

Let u,, be a minimizing sequence of problem (6.13) and let v,, be the associated
minimizing sequence of problem (6.119). Since u,, is an increasing function, we have
0 < v} < a/hfor all i in N,. So, up to a subsequence extraction, we can assume
that the sequence (v;,) converges. Let us set

n

a® = lim hYy vl (6.122)
As / vy +h Z v} = a, we can also define
Qum 1€N,
aj; = lim O (1) dr = a — ay;. (6.123)

Let us establish a lower bound on a;°. For all ¢ > 0, we have

P(t)
FE(t)

> Py(f;) + Vh(t =5, (6.124)
> Pf(vi.), (6.125)

7

where PS, Pf, 35 and v . are defined by (6.115), (6.116), (6.118) and (6.117). We
now consider (6.120) with v = v,,. With (6.124) and (6.125), we obtain

Tawa > [ P o VR (0= [ gde) n S PGL). (6120
Qunr Qnm i€N,
Let us now choose imeq € N, such that Fimed = 'i%f F!'. With (6.113) and (6.30), we
1€ i
see that A
. < Fmed < F. + Ch (6.127)
for some constant C' that does not depend on h. Let us consider the test function v

defined by v,(x) = S in Quy, vy = v}, for all i € Ny, i # imoq, and vpmed such that

/ vy + h E v, = a. By construction, we have
Qo 1€N,

Ulim(’d ~h—0 (CL — GM)/h (6128)

The function 3¢ is continuous and positive, and v; > 0 for all i € N,,. So v, is a test
function for (6.119), and we have

Tood < Fonoa(ty) — / P(E) o+ 0 Y PE(v],)
. & (6.129)

+ WP (0) = hP; (o).

mod
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We now bound the last line of the previous equation, which can be written

h_Panod (,Uémod) hPanod (vinéod) — h (WLJ( Zmod) Wiy (v lmod))
+ h(Fimed — F,)(vpmed — ppmed),

,C

(6.130)

From (6.117), we have 0 < v’m"d < 1, thus Wy(v m"d) > Wi(1). With this inequality
and (6.128), we obtain

h (Wi (vpmed) — Wig(vpmed)) < Ch (6.131)

for some C that does not depend on h. For the second line of (6.130), we see that
hm h(vpmed vi’“d) = a — 0y, and, with (6.127), we obtain

h(Fjmed — F,)(vimed — vimed) < Ch (6.132)

for some C' that does not depend on h. Collecting (6.131) and (6.132), we obtain
hP  (v,m) — hPE (v Z‘“d) < Ch. Inserting this inequality in (6.129) and making

2

use of (6.126), we see that a3y — 3¢ dx < CVh. Since
Qnm

Op = lim ( 3 dx +/ (Wi )" (inf Fyy — Fy(z)) d:c),
Q]M Q

h—0
w

we obtain, for i small enough, the following lower bound on a7 :

G,—QM

5 +/ (W! )~ (inf Fyy — Fay () da < a, . (6.133)
Q,

Step 2 : An auxiliary problem :
For any positive real numbers a,; and a,, let us define

1
I (ay) = inf{/ P(v(x))dz, v e L' (Qy), o€ L™ (),
Qum
v >0 a.e. on Qyy, / v = aM} (6.134)
Qs

and

L( 1nf{hZPc D, v >0, thi:au}. (6.135)

€N, 1€EN,

Problem (6.134) is similar to the problem studied in Theorem 6.3.4 : let

ath = /Q VY (\/ﬁ + inf F, - Fc(x)) da. (6.136)
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If apr < @, then problem (6.134) has a unique minimizer which is continuous,
and if ap; > affy, then problem (6.134) has no minimizer (any minimizing sequence
converges to some measure which includes Dirac masses).

Problem (6.135) is similar to the problem (6.85) studied in Theorem 6.3.3. Let

ot = / (W)™ <igf Far — FM(J:)> dz. (6.137)

By arguments similar to the ones used in Theorem 6.3.3, one can show that, if
a, > all', then a fracture appears in the minimizer(s) of (6.135).
With (6.119), (6.120) and (6.121), we see that

Imoa = inf {Iy(a — @) + [,(a), @ € [0,al}.
Let us define the function g by
g9(a) = In(a —a) + I,(a), (6.138)

and let @* be any real number in [0,a] such that I,,q = infg = g(@*). One can
consider a minimizing sequence of problem (6.135) with a, = @*, and one can also
consider a minimizing sequence of problem (6.134) with a); = a — @*. So we can
build a minimizing sequence v,, of problem (6.119) and apply results of Step 1 to
this sequence. By construction, hZz’eN# v! = @*, so the real number a;y defined by
(6.122) reads a;® = @*. Hence, with (6.133) and (6.137), we see that @* € I,, where
we set

I, = a—2€M +azh , al .
So Imed = inf {g(@), @ € I,}. In the sequel on this Step, we study the variations of
the function g to show that, on the interval /;, g has a unique minimizer.

Let us choose @ € I, let us set a, = @ and a); = a—a and let us consider problems
(6.134) and (6.135). Since @ > a!', problem (6.135) is an atomistic problem with
boundary conditions so that a fracture appears. With results of Section 6.3.2, one
can show that there exists A, € [0, k] such that the minimizers v of (6.135) read

vimed = () and Vi # imoa, 00 = 9(Inf FY — F{+ ),
1€ I

where iy0q is any index such that Flmed = .irll\]f F!. We have also shown that A,
1eNy,

depends on a, but not on iyeq. As a consequence, we can compute /,(a,) and show
that

dI A
dlula,) _ A+ inf Fi — F,. (6.139)
da, ieN, —
In addition,
A,
o —ChT 6.140
da,, h=0 ( )
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for some constant C' > 0. We now study problem (6.134). By similar arguments to
the ones used to prove Theorem 6.3.4, we can show that, if ay; < a¥* defined by
(6.136), then problem (6.134) has a unique minimizer v which reads

o0 =0 (~h+ it F - o))

for some Ay; > —v/h. If apr > @y, then problem (6.134) has one or many minimizers
v which read

v(z) =1 <\/ﬁ + iﬂnf F, — Fc(a:)> + Dirac masses .
M

So we can compute I/(ay) and show that

GO\ fF—F, 6.141
doy MR L (G440
where \y; € [—V/h, +00). If ap; > allt, then \y; = —v/h, and if ay; < afft, then

Das _ Wy (1)
daM - 2|QM| .

(6.142)

We now study the variations of the function g defined by (6.138). In view of (6.139)
and (6.141), it satisfies

g(a) = Ay —inf F, + A, + inf F. (6.143)
Qs N

€N,

If inf F > inf F,, then F, = inf F., and with (6.127), we obtain
ieN, Qnr — Qu

inf F' —inf F, < Ch. (6.144)
Qnr

iEN,

The above inequality also holds if inf F < })nf F.. Inserting (6.144) in (6.143), and
M

ZEN;L
since \, < h, we obtain

g'(a) <Au+Ch

for some constant C' that does not depend on h.

If a—a > a* then \yy = —Vh,s0 ¢'(a) < 0. If a—a < alf},, we differentiate (6.143)
with respect to @, and with (6.140) and (6.142), one can show that ¢”(a) > 0. Since
g'(a) = +o0, there exists a unique @* which minimizes g on I,, and @* € (a —allt, a).

Step 3 : Conclusion :

We know that I,,q = inf g = g(a@*), and that there exists minimizers for problem
(6.134) with ay; = a — @* < @Yl and for problem (6.135) with a, = @*. So problems
(6.119) and (6.13) have a minimizer. Let now umeq be a minimizer of problem (6.13)
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and let vmoeq be its first derivative, which is a minimizer of (6.119). As g has a unique
minimizer a*, we see that

/ Vmod(2) dz = a — @* < alft,
Qm

so that u,.q has no fracture on €2;,. We also see that

3 —x% a_eM
hzvmod:a Z 2 +ath

1] )
ieN,

SO Umoeq has a unique fracture on 2,. We apply Theorem 6.3.3 on problem (6.135)
and Theorem 6.3.4 on problem (6.134), and we obtain (6.114) for some Lagrange
multiplier A} 4 € (0,Ch).

We now identify \* ,. We know that A\* , € (0,Ch), and we see from (6.114)

mod*

that \f 4 satisfies (6.111). In addition, we see that (6.113) implies (6.110). Since

a > 0y, we can apply Lemma 6.3.4, that defines A\poq, and we have A\ ; = Amoa-

O

We now estimate the difference between a minimizer u,,q of the modified coupled
problem (6.13) and a minimizer u, of the atomistic problem (6.2).

Theorem 6.3.6 (Estimate on the minimizers) We assume that f € C°(Q) and that
there exists kg > 0 such that (6.28) is satisfied. Let u, be a minimizer of problem
(6.2) and wmeq be a minimizer of problem (6.13).

If a < Oy, then there exist hg < 1 and C(ky), that both depend on kg, such that,
for all h < hg, the minimizers u, and Umoq, as well as their respective energies, are
at distance of order h in the sense that

|(Huumod) - uu|wl,oo(xu) + |Umod — (chu)|wl,oo(xc) < C(ky)hky, (6.145)
[ (1L timoa) — uuHLoo(X#) + [ wmod — (chu)HLoo(Xc) < C(kyg)hey, (6.146)
‘[mod_[u‘ < C(/if)h/if, (6147)

where 1. and II, are the operators defined in Definition 6.2.3, and || - ||1=(x.),
| lwieoxo)s |- |zex,) and | - [wie(x,) are the norms defined by (6.31), (6.32) and
(6.33). In addition, the function ks +— C(ky) is bounded on any compact.

If a > 0y, and if the partition Q = Qp U Q,, satisfies (6.113), then there exist
ho <1 and a constant C (that both depend on rky) such that, for all h < hy, there
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exist i, € {0,...,N — 1} and imeq € N, so that

tmod — (TLetyy)' || Lo @\ iphsiwhn)) < Ch, (6.148)
sup Ut~ Yo - = < Ch, (6.149)
€Ny i i imod h h
| (g™ — ety — (et — wir)| < Ch, (6.150)
ettt — el 0 — Oy, ul =l ~ong @ — O, (6.151)
[ Imoa — 1] < Ch. (6.152)

In the case a > 0,7, we see that both w, and um.q have a singularity, that is
localized on a unique atom pair (see (6.151)). With (6.150), we can see that the
difference between the discontinuity of umeq and of u, converges to 0 when h goes
to zero.

Proof: We first treat the case a < 6,;. Then, for h small enough, the atomistic
problem (6.2) and the modified coupled problem (6.13) are well-posed (see Theorems
6.3.3 and 6.3.5), and the analysis can be conducted in exactly the same way as in
the convex case (see Theorem 6.2.1). We thus obtain estimates (6.145), (6.146) and
(6.147), which are similar to (6.36), (6.37), (6.38), (6.39) and (6.40).

We now treat the case a > ¢j;. Then, for h small enough, the configuration w,,
which is a minimizer of the atomistic problem (6.2), is given by (6.82) for some
i, € {0,...,N — 1} and some X\, € (0,h] (see Theorem 6.3.3). The configuration
Umod, Which is a minimizer of problem (6.13), is given by (6.114) for some imeq € N,
and some A\pmoq € (0, Ch] (see Theorem 6.3.5). Hence, we obtain

I\ — Amod| < Ch, (6.153)

for some constant C' that does not depend on h. Collecting (6.82), (6.114) and
(6.153), we obtain estimates (6.148) and (6.149). Using boundary conditions, one
can prove (6.150). The estimate (6.83) implies the estimate (6.151) on u,, and we
infer from the latter and (6.150) the estimate (6.151) on umeq. Collecting (6.148),
(6.149) and (6.150), we obtain energy estimate (6.152). O

6.3.5 Definition of the partition

In the statement of Theorem 6.3.6, we have supposed that we were given some
body forces f and a partition Q = Q) U €, satisfying (6.28) and (6.113). In the
sequel, we describe a strategy to find such a partition without resorting to the
computation of F},, an object which is expensive to compute.

Definition 6.3.1 (Partition in the Lennard-Jones case) We assume that f € W1(Q).
Let us fix ky > 0, and let upr € SBV(Q) be a minimizer of the continuum problem
(6.62).
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The interval (ih,ih + h) is said to be a regular interval if f satisfies

ih+h

V€ (th,ih+h), |f(x)] < ky and /

f(2)| dw < b7
h L

and if ups s continuous on [ih,ih + h).
We define Q5 by

- Uzih,ih-i-h) reqular
where U* means that the point {ih} is also included in Qyy if both (ih — h,ih) and
(th,ih + h) are regular intervals.

Note that we make a stronger assumption on f than before (until now, we have
only assumed [ € C°(Q)).

Remark 6.3.10 In the case a < 0y, one can show that problem (6.62) has a unique
minimizer uy;, which satisfies uh, = vy, where vy is defined by (6.64) (the proof of
this fact is similar to the one presented in Theorem 6.3.1, in the case a < 0y). So
upr 18 continuous on ) and the last condition for an interval to be reqular is always
satisfied.

Theorem 6.3.7 Let us consider a partition ) = €y U, as defined by Definition
6.3.1. Then the body forces f satisfy (6.28). If a > 0y, then the function F,, defined
by (6.16) satisfies (6.113).

Proof: Estimates (6.28) are a direct consequence of the definition of Q,,. We now
assume a > 0, and prove (6.113). Let us first note that the assumption f € Wh1(Q)
implies that

Vi€ {0,...,N}, |Fu(kh) — F;| <l f' oo, (6.154)

which is a better estimate than (6.29).
Theorem 6.3.1 shows that the minimizers u,; of (6.62) read

up () = /0 vi(t)dt+ Y 0 H(x — ),

i€l

where v; € L'(Q) is defined by (6.60), I is any countable set, and ©; and x; are such
that, for all ¢ € I, v; > 0 and x; € arginf F);. So uy; is not continuous at x;. Let o,
be such that 21 € [o1h,01h + h). So the interval (o1h,o1h + h) is not regular, thus

lo1h,o1h + h] C Q,, ie 01 € N,.
With (6.154), we see that

|Far(onh) — S < b 'l oey. (6.155)
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We also have

Fuer) = Fuloh)] < [ [(5)lds < W0, (6.156)

o1h

We also infer from (6.154) that
|inf Fys — F,| < Ch (6.157)

for some C' that does not depend on h, and where F), = o gljg 1F’i' As Fy(xy) =
inf F;, we infer from (6.155), (6.156) and (6.157) that

|Fo* — F,| < Ch.

As 01 € N, we obtain (6.113). O
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Chapitre 7

Homogénéisation numérique de
polycristaux

Les résultats présentés dans ce chapitre font ’objet d’un article & paraitre dans
Computational and Applied Mathematics [P5].

Nous nous intéressons ici a des polycristaux élasto-viscoplastiques. Un polycristal
est un agrégat de monocristaux (les grains), et constitue donc un matériau hétéro-
geéne, ou la taille caractéristique de variation des propriétés mécaniques est celle
du grain. Nous étudions d’un point de vue numérique I’homogénéisation d’un tel
matériau, en cherchant a déterminer une loi de comportement effective pour un
polycristal composé d'un nombre suffisamment grand de monocristaux.
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§ 7.7.1 : Introduction

Numerical homogenization of nonlinear viscoplastic two-dimensional
polycrystals

Frédéric Legoll®®

* CERMICS, Ecole Nationale des Ponts et Chaussées, 6 et 8 avenue Blaise Pascal,
77455 Marne-la-Vallée Cedexr 2
and
MICMAC, INRIA Rocquencourt, Domaine de Voluceau, 78153 Le Chesnay Cedex
® EDF R & D, Analyse et Modéles Numériques, 1, avenue du Général de Gaulle,
92140 Clamart

legoll@cermics.enpe.fr

In this article, we numerically determine the effective stress-strain rela-
tion of some two-dimensional polycrystals. These are aggregates of a few
tens of perfectly bonded single-crystal (hexagonal atomic lattice) grains,
with varying orientations. Each grain obeys a given nonlinear viscoplastic
stress-strain relation, which depends on the orientation of the grain. Pre-
cise calculations performed with this microscopic model are compared with
calculations done with a macroscopic approximate model (in which matter
has no microstructure) in order to determine the macroscopic constitutive
law. We find an effective behaviour for the stationary response which ap-
pears to be also consistent for the transient response. The influence of the
number of grains as well as that of the distribution of grain orientations are
investigated.

7.1 Introduction

The theoretical prediction of the effective response of a heterogeneous material is
still an essentially open question. In some few simple cases, an analytic closed form
expression is known. For instance, this is the case for a linear elastic matrix with
linear elastic inclusions, in the dilute limit (that is, inclusions are considered too far
away from one another to have an interaction) [157].

A more general case is that of a material presenting material nonlinearity [130,
148]. The constitutive law (also named the stress-strain relation) of such a material
reads

e(x,t) = g—[j(:p,a(x,t)), (7.1)

where the real-valued function U is the heterogeneous elastic stress potential, o(x,t)
is the stress tensor, and e(z, t) is the strain tensor. Throughout this article, we work
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under the assumption of small perturbations (small strain, small displacement).
All fields are defined on the reference configuration, and e(x,t) is linked to the
displacement field u(z) by the linearized compatibility equation

E =

(Vu + 'Vu). (7.2)

| —

In this setting, one can derive various bounds and estimates on the effective beha-
viour [192,194,198-200]. Let us note that, in general, no closed form expression for
the effective elastic stress potential is available.

In this article, we will consider the elasto-viscoplastic materials whose constitu-

tive law reads
8U”p< (2,8)) + 8Ue(
oo Lo\ oo

where U is the wviscoplastic stress potential (also referred to as the dissipation
potential) and U® is the elastic stress potential. So the strain rate tensor £(x,t),
which is the time derivative of the strain tensor, depends both on the stress tensor
o and the stress rate tensor ¢. In such a case, when the stress-strain relation cannot
be written with a unique potential, there are no theoretical bounds known.

In the following, we numerically investigate the effective behaviour of a hete-
rogeneous polycrystal obeying such an elasto-viscoplastic law [154]. With a view
to studying a more realistic and complex model in the future, we want to check
here whether an effective constitutive law of type (7.3) can be inferred from the
examination of the material at lower scale.

The article is organized as follows. The polycrystal model is presented in Section
7.2. Let us just mention in this Introduction that a polycrystalis an aggregate of per-
fectly bonded single-crystal grains, and that each grain is homogeneous and obeys
a given nonlinear stress-strain relation. This relation depends on parameters which
are not the same from one grain to another one, thus making the polycrystal hete-
rogeneous. Section 7.3 is dedicated to the theoretical study of such a heterogeneous
law. We first recall some definitions and classical results on the derivation of an
effective law for heterogeneous materials, by a homogenization procedure. As above
stated, the classical procedure does not apply for our model, since the microscopic
law cannot be written by using a single potential. We however decide to make use
of the classical procedure separately on the elastic potential and on the viscoplastic
potential, thus obtaining an effective elastic potential and an effective viscoplastic
potential, up to some unknown parameters. Collecting these two effective potentials,
we are able to postulate some expression for the effective constitutive law (see (7.17)
below).

Our aim is to use, in the future, the effective law in the following way. Computing
the response of a structure (composed of a large number of grains) by using the
microscopic law is very expensive. Recall that, if one uses a finite element method,
the mesh size has to be smaller than the grain size. Using an effective homogeneous
law is much cheaper, for it allows for larger mesh sizes. In this article, as a first step,

e(x,t) =

x,0(x,t)), (7.3)
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§ 7.7.2 : The microscopic model

basal plane Laboratory coordinates

F1G. 7.1 — Atomic lattice inside a grain : 3D unit cell (left), 2D section along the
basal plane inside a grain (center), the 3 slip systems we take into account (right).
The orientation of the grain is given by the angle 6.

we look for an effective constitutive law which is consistent with the microscopic law.
This consistency is checked by comparing the numerical results that are obtained on
the basis of the effective law with the numerical results that are obtained (through a
costly calculation) with the microscopic law. For this purpose, we choose some test
problems, and make two computations, one with the macroscopic model, one with
the microscopic model (by using a very fine finite element mesh). Numerical results
are given in Section 7.4.

7.2 The microscopic model

The materials we deal with are metals that have a hexagonal atomic lattice (see
Fig. 7.1). The orientation of the lattice is not uniform in the material : by definition,
a grain is a domain of the material in which the orientation stays constant, and a
polycrystal is a set of a large number of perfectly-bonded grains [154]. We will only
consider polycrystals made of grains of isotropic shape (there is no special direction
in the grain shape). For the materials we deal with, the characteristic size of a grain
is 5.107% m, which is much larger than the atomic scale (1071° m) : so it is possible
to use a continuum model to describe the constitutive relation inside a grain. At
this scale, the stress tensor is o,(x,t), the displacement is u,(x,t) and the strain
tensor €,(x, t) is linked to the displacement by the linearized compatibility equation
(7.2). We do not include in our model any grain interface properties, and we only
suppose that the displacement and the stress vector are continuous at the grain
interfaces. The stress-strain relation inside a grain depends on its orientation, and
the heterogeneity in the polycrystal comes from the fact that this orientation is not
the same from one grain to another one.

We suppose in the following that for all grains, the basal plane of the atomic
lattice (see Fig. 7.1) is the same, namely the (e, e,) plane. So, the grain orientation
is defined by an angle between 0 and 7 /6. We also assume that the grain orientations
occur with equal probability (there are actually very few experimental data for the
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metals we deal with, so this assumption is the most sensible one).

Let us now write the stress-strain relation inside a grain. In the metals we study,
there are 12 preferred slip systems, defined by the plane in which the slip takes place
(the normal direction to this plane is denoted by n), and by the slip direction [;.
Here, the vectors ng(x) and [s(z) depend on the space variable x, as they change
from one grain to another one. In this article, we want to work in a 2D geometry in
the (e,, e,) plane, so we only take into account the 3 systems for which the vectors
ns(x) and [5(z) belong to the (e,, e,) plane (see Fig. 7.1). Knowing the slip systems,
one can compute the orientation tensors mg(x), which are defined by

m(x) = % (ns(2) @ ls(z) + 1s(z) © () - (7.4)

The strain rate tensor ¢, is the sum of two terms, the elastic strain rate tensor

g, and the viscoplastic strain rate tensor €;P. The elastic term is given by the linear

Hooke law. We do not include in our model any nonlinear elastic effects, for they

are small in comparison to the efforts we account for. We suppose that the elastic

characteristics are homogeneous and isotropic in the polycrystal. Using the Young
modulus E and the Poisson ratio v, the elastic term reads

(1) = - LY gt t) — (Ltrou(wn) 1 (7.5)

where [ is the identity 3 x 3 tensor. On the other hand, we assume the viscoplastic
term to be of a power-law type

EP(at) = (' "“(‘”’t;(: ms (z) ')n sign (0, (2, t) : my(x)) my(z).  (7.6)

s=1 K

We make the assumption that the parameters n and K, of the power-law are the
same for all grains. So, as mentioned above, the heterogeneity from one grain to
another one just comes from the fact that the orientation tensors m(x) are not the
same.

So, the constitutive relation inside a grain reads

Eulw,t) = (2, 1) + 7P (1) (7.7)

Recasting (7.7) in the form of (7.3), we see that, in our case, the microscopic stress
potentials (introduced in (7.3)) read

ol L .
Uilon) = 50u A0y, (7.8)
1 (1\"
v o . n+1
U (,0,) = —— <E) ;m.ms(m , (7.9)

where the fourth order tensor A only depends on E and v (see (7.5)).
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Let Q2 be the region occupied by the polycrystal in the reference configuration.
Solving the microscopic model consists in searching for the displacement field w,(x, t)
solution to the equilibrium equation

Ve e Q, vVt € [0,T], divo,(z,t) =0, (7.10)

along with constitutive laws (7.5 - 7.6 - 7.7), compatibility equation (7.2) and conve-
nient initial and boundary conditions.
Quantitatively, we use the following numerical values :

E =105000 MPa, v =0.43, K, =178 MPa, n = 6.5.

7.3 The homogenization procedure

In Section 7.3.1, we first briefly recall the classical homogenization procedure
[199] used in the stationary case when the stress-strain relation can be written by
using a single potential. Next, in Section 7.3.2, we use the procedure to determine
the analytical expression, up to some parameters, of the effective behaviour of the
polycrystal. Henceforth, there are no body forces.

7.3.1 Classical homogenization procedure

Let us consider an elastic material (see Section 7.1) in the stationary case, descri-
bed by a heterogeneous microscopic stress potential U,(z, 0,,). The constitutive law
is given by (7.1) with U = U,. We suppose that U, is strictly convex with respect
to 0,. The microscopic deformation potential W,(x,¢,) is defined as the Legendre
transform of U, with respect to o,,.

We can first work with the displacement as the unknown and define the so-
called effective deformation potential Wy,. For a given symmetric constant tensor
enr, War(en) is defined by

Wy(enm) = inf{(WM(x,su(x)) ), eulx) € K(sM)}, (7.11)
where (-) is the average over 2 and the minimization space is defined by
K(en) = {eﬂ(:c); Ju,(z) satisfying (7.2) in Q, u,(x) =ep -2 on 39}.

Note that, as a consequence of (7.2), all strain tensors ¢, in K(ey;) satisfy
(eu(z)) = em. Let ,(x) be the minimizer of problem (7.11), and let 7,(x) be
the microscopic stress field at equilibrium. The effective strain and stress tensors are
defined as the averages over () of the microscopic tensors. We have already noticed

231



Chapitre 7 : Homogénéisation numérique de polycristaux

that the effective strain tensor is ). We set oy = (@,(z)). One can show that
effective tensors and potential are linked by

oWy
N 85]\/[

For completeness, let us mention that there are other ways to define an effective
potential. We have so far worked with the deformation potential W, (z,¢,), we may
alternatively work with the stress potential U,(x,0,), the stress field being the
unknown. The so-called effective stress potential Uy is defined by

Uyl(om) = inf{( UJz,0,(x))), ou(z) € S(UM)}, (7.13)

where o) is a given symmetric constant tensor, and where the minimization space

is defined by
S(on) = {aﬂ(:c); ou(z) -n(x) = oy - n(z) on 09, dive, =0 in Q}

Let 7, (x) be the minimizer of problem (7.13), and let £,(z) be the microscopic strain
field at equilibrium, which is related to @,(z) by (7.1) where U is replaced by U,,.
Again, effective tensors are defined as averages over () of microscopic tensors. All
stress tensors o, (z) in S(oy) satisfy (o,(x)) = o, so the effective stress tensor is
om. We set ey = (E4(2) ). As in the first case, one can show that effective tensors
and potential are linked by ey, = ﬂ(aM).

80’M

One says that the material follows an effective stress-strain relation if the effective
stress potential Uy, defined by (7.13) is the Legendre transform, with respect to the
macroscopic strain tensor ), of the effective deformation potential W,; defined by
(7.11).

Remark The homogenization procedure we have just recalled is based on calculus
of variations, and no quantity depends on time. In the time-dependent case, under
the quasistatic approximation, it is also possible to define an effective deformation
potential and an effective stress potential, by the same procedure as above.

7.3.2 Homogenization of the polycrystal law

We now proceed to the homogenization of the polycrystal model presented in
Section 7.2. Constitutive laws are (7.5 - 7.6 - 7.7), corresponding potentials are
defined by (7.8 - 7.9), and the equilibrium equation is (7.10). When writing this
equation, we have neglected the acceleration. As two potentials are involved, and
as the constitutive law is time-dependent, we cannot directly use the theory we
have just recalled. However, we can apply the theory separately on the elastic stress
potential and on the viscoplastic stress potential. Indeed, if we only consider one
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potential, we are in the setting detailed in Section 7.3.1. Actually, the procedure
is immediate for the elastic potential as elastic properties are homogeneous in the
polycrystal. We thus focus on the viscoplastic stress potential. To simplify notation,
let d, = €7 denote the microscopic viscoplastic strain rate tensor.

7.3.2.1 The viscoplastic term

We first note that tensors m; are symmetric and satisfy m?* = —m¥¥ and m?* =
m¥* = mZ = 0 (see (7.4)). Hence, for any symmetric microscopic stress tensor o,
we have 0,(z) : ms(z) = a,(z)us(x) + B, (x)vs(z), where we set

a,=0."—0y, Bu=20" us=m", vs=m
With (7.6), we note that tensors d,, only depend on two scalar variables, d;" and d;Y.
So the only variables to consider are d;;*, d;¥, o, and [3,. The potential Ufjp(:c, o)
that we introduced in (7.9) is not strictly convex with respect to o,,, but if we rewrite
it in terms of (ay, 8,),

3

1 1\"
U =y () 2l awnte) + Buaa)

s=1

it turns out to be a strictly convex function of (o, 3,), and (7.6) can be recast into

d:m: Zl}p d d:l:y aU;L)p
= an =
“ Jdoy, “ 0B,

Let WP (z,d;;*, d;¥) be the Legendre transform of U? with respect to (v, 8,). As
U, is a homogeneous function of degree n + 1 of the pair (a,, 3,), the potential

WP is a homogeneous function of degree 1 + 1/n of the pair (d;7, d7¥).

We now turn to the derivation of an effective model. Following the general pro-
cedure recalled in Section 7.3.1, we define the effective potential W37 by

TR R o

WP (@, ) — inf{<w:p<:c a7, dm) ), (27, d) € K ﬁ”,dﬁ’)},

where K (d37,d3Y) is defined by

—_

(dﬁx(x), dﬁy(x)); Ju,(z) such that u,(x) = vy(d37, dyy) - = }

(dir. dar) { on 09 and 5 (Vuy, + 'Vuy,) = y(di*(x), d2¥(x)) in Q

the function v being defined by

U v 0
yi(u,v) ER* = | v —u 0 | € M3(R).
0 0 0
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Just as (7.12) holds, it holds that

oW P - oW P
ay = oy —oh = 6d§§;’ By = 2037 3dﬁ]§ (7.14)

The macroscopic potential W,7 is a homogeneous function of degree 1+ 1/n of
(d%%,d37). To use this fact, we need to change variables : instead of working with the
cartesian variables d}f and d}7, let us work with the polar coordinates associated to
them, the radius

Rar =\ (@57 + (d59)?
and the angle 6,,. These variables present the advantage that R,; and 6, are res-
pectively homogeneous functions of degree 1 and 0 of (d7,d}Y). So W,7 reads

WP (Rar, 0ar) = Ry /™ C(01),

where C' is an unknown function.

As this point, we introduce the following simplification. Considering that, first,
all grain orientations occur with equal probability, and second, that the geometry of
the grains and of the polycrystal is isotropic, we postulate, without any rigorous jus-
tification of this fact, that the response of the polycrystal is isotropic, at least when
the number of grains is large enough. We therefore simplify the previous expression
of W7, setting C(6),) as an (unknown) constant C, for 6, is an anisotropic variable
whereas R;; is an isotropic variable.

Let us define

sow) =3 Jowr - @e - Lo emn @)
1

where o)y = oy — (g tr UM) 1 is the deviatoric part of o). Then equations (7.14)

vp _
€M = < Ko ) Doy’ (7.16)

where K, is an unknown parameter (playing the role of the constant C' used above)
that we will determine by numerical computations in Section 7.4.

can be written as

7.3.2.2 Postulated macroscopic model for the polycrystal

In the previous part, we have made use of the classical homogenization proce-
dure to obtain separately an elastic effective potential and a viscoplastic effective
potential. We postulate, again without any rigorous justification of this fact, that
the effective constitutive law for the polycrystal is the sum of the elastic effective
term with the viscoplastic effective term. So the effective constitutive law that we

use is
J(opn(z,t)) "0J
KM aO'M’

Env(z,t) =A:opy(a,t) + ( (7.17)
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where J is defined by (7.15). Solving the effective model consists in searching for
the displacement field uy(z,t) solution to the equilibrium equation

Ve € Q, vVt € 0,7, divoy(z,t) =0, (7.18)

along with constitutive law (7.17), compatibility equation (7.2) and convenient initial
and boundary conditions.

The whole microscopic constitutive law involves an ODE, and the procedures
detailed in Section 7.3.1 do not apply in this case. With the numerical tests described
in the following, we check whether this approximation may be sensible.

7.4 Numerical results

In the previous section, working with the deformation potential, we have found
an effective model for the polycrystal, up to the knowledge of the constant K, (see
(7.17)). In order to determine a value for K;, we use numerical computations on dif-
ferent polycrystals [155,156], with several linear displacement boundary conditions.
In the following, we check that there exists a single value for Kj; such that ma-
croscopic computations agree with microscopic computations for all test problems
(that is, macroscopic tensors are equal to the average of microscopic tensors over
the polycrystal Q).

One can also work with the microscopic stress potential to obtain an effective
stress potential. One finds the same result as (7.16), with a a priori different constant
K3,. To numerically determine a value for K73,, one would follow the same procedure
as before, except that one would work with linear surface force boundary conditions.
If the value found for K3, is the same as the value found for K, (with linear
displacement boundary conditions), then the effective stress potential is the Legendre
transform of the effective deformation potential, and the polycrystal actually obeys
an effective stress-strain relation (see Section 7.3.1). We did not make this kind of
test, since, when one uses surface force boundary conditions, the displacement at
equilibrium is only determined up to a rigid body motion.

Finally, a third test is possible : one can use mixed boundary conditions (we
impose displacement on some part on the boundary and surface force elsewhere).
Results of this kind of test are given in the following. The polycrystal actually
obeys an effective stress-strain relation if the value previously found for K, (using
linear displacement boundary conditions) is also valid with these mixed boundary
conditions.

We have performed numerical tests with three different polycrystals, one of 30
grains (first with a coarse mesh : 5 to 15 finite elements per grain ; then with a finer
mesh : finite element edges two times smaller), and two of 110 grains (the same grain
geometry, but with two different orientation samples). We work in generalized plane
strain in direction z, that is to say we just simulate a 2D layer of the polycrystal
of side surface S, with 3D displacement, strain and stress tensor fields. Shears ¢,
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and ¢, are equal to zero, and ¢, is uniform on the whole layer. The value of ¢, is
obtained by assuming that the resulting force normal to the layer is zero.

On the side surface S, we choose several different boundary conditions : linear
displacement boundary conditions (tension compression, thus a strain denoted by
a superscript TC; shear, a strain denoted S; tension compression shear, a strain
denoted TCS), and also mized boundary conditions, letting two opposite faces force
free, imposing zero normal displacement on one face, and imposing a uniform tensile
displacement rate on the last face (test denoted T). For displacement boundary
conditions, the strain tensors are

at 0 0 0 at 0
=1 o —at 0 |, )= at 0 0
0 0 0 0 0 0
and
aq t (6D) t 0
Sty = awt  —aqt 0
0 0 0

For brevity, we only detail here one test case, namely that of a polycrystal sub-
jected to shear load. The averaged microscopic strain tensor and the macroscopic
strain tensor increase linearly as time increases. One can see on Fig. 7.2 the avera-
ged microscopic stress (o, (z,t)) as a function of time (we have (o%/) = —(o%%)
and 077 (z,t) = 07 (x,t) = 077(z,t) = 0), and the macroscopic stress oy (t), which
is uniform in this case. We make the assumption that, in the long-time limit, the
stress tensors o,(z,t) and oy (z,t) converge to a limit, which thus corresponds to
the stationary regime of (7.7) and (7.17). One can check that the limit lim, ., o7/ (¢)
depends on K, (for this shear load test, an analytical expression can be found). We
choose K,; so that

lim oy} (t) = tlim (o, (z,t)),

t—o0
which leads in this case to the numerical value K,;, = 347 MPa. The previous
equation enforces that, in the long-time limit, the effective law is consistent with the
microscopic law. The macroscopic stress displayed on Fig. 7.2 has been computed
using this value of Kj;. We also notice that of;f = 0, as expected. On the other
hand, (o}"(z,t)) is not zero, however up to a small error.

For the other test problems, the situation is the same as the one we describe
here. It is possible to find of value for K, by adjusting the largest components of
stress and strain tensors (in the limit ¢ — c0), and there is a small error on some
components (zz and yy in shear load, xy in tension compression load). The values
found for Kj; are given in Tab. 7.1. We notice that, up to a 0.4 % error, the value
depends neither on the type of boundary conditions, on the number of grains, on the
mesh size nor on the orientation distribution sample. Thus the polycrystal obeys an
effective constitutive law with K, = 346 MPa.

In order to measure the error of the small components of the tensors with respect
to the average value, we define some empiric estimators :
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F1G. 7.2 — Shear load on the 30 grain polycrystal : averaged microscopic stress (left),

macroscopic stress (right).

30 grains 30 grains 110 grains 110 grains
Coarse mesh Fine mesh Sample 1 Sample 2
T 345.6 347.1
TC 345.6 345.6 347.1 345.3
S 347.25 347.25 344.6 344.6
TCS 346.1 346.0 346.62 345.4

TAB. 7.1 — Values of K, for different polycrystals with different loadings (the indi-
cated value is the average on different boundary condition values).

~ for mixed boundary conditions, lim ((erv) /() ;

- tlirglo ((ol*)/(oi)) for shear load ;

— for tension-compression load, lim ((osv) /(o))

- lim ((ofr£oy¥ ) /oyf) for tension-compression-shear load, boundary conditions

belng so that hm o toy =0;

The values found for these estimators are given in Tab. 7.2. One can notice that all
errors are small (less than 3%), so the effective law is a good approximation of the
microscopic model in most of the situations studied.

It is also interesting to compute averages on grains of stress or strain tensors,
and not on the whole polycrystal. We want to know whether these averages are
similar from one grain to another one, or very different. Let us focus on the tension-
compression-shear load. At each time step, we compute, for each grain, the average
over the grain of (¢}?)*” and of 53 (& is the deviatoric part of o). We work with the
viscoplastic strain tensor and the deviatoric stress tensor since these are the natural
variables for the viscoplastic term of the constitutive law. Results are given in Figs.
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30 grains 30 grains | 110 grains | 110 grains
Coarse mesh | Fine mesh | Sample 1 | Sample 2

T 2% 0.9%
TC 2.5% 2.5% 0.8% 1.2%
S 2.9% 2.9% 1.1% 1%
TCS 0.3% 0.3% 1.4% 1.3%

TAB. 7.2 — Values of error estimators for different polycrystals with different loa-
dings.

7.3 and 7.4. At the beginning, the averages for all grains are the same : even without
any yield stress, the viscous flow can be neglected, and due to the uniform elasticity
assumption, all grains give the same result. As the viscoplastic term increases, grain
responses become heterogeneous. According to classical results in elasto-plasticity
[158], the first set of points on Fig. 7.4, corresponding to a very low macroscopic
viscoplastic strain (around 0.0002), are aligned along a line, the slope of which is not
far from the shear modulus. Like for self-consistent approaches, the slope decreases
during the loading (see the three sets of points for a macroscopic viscoplastic strain
of 0.0006, 0.0010 and 0.0014), but one can also observe an additional heterogeneity.
This kind of curves can be used to calibrate phenomenological models with uniform
stress and strain in each phase.

60 E T T T (G ;g ]
50 |- -
40 | * i i i

30F t -
20 | -

10 - =
+

0 : 1 1 1 1

-0.0002  0.0002 0.0006  0.001 0.0014 0.0018

{(e)™)

F1G. 7.3 — Evolution of (5% ), as a function of ( (¢;7)*”) for the 30 grain polycrystal,
tension-compression-shear load ((- ), is the average over the grain).

So far, we have just compared responses in the limit ¢ — oo (in this limit, the
elastic part of the constitutive law cancells). We may also compare responses during
the whole load process, to check whether microscopic and effective laws agree only
in the viscoplastic limit or also when elastic and viscoplastic terms are of the same
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60 - ' ' boewl, o+ -
50 |- % & -
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. | | | |

0 .
-0.0002  0.0002 0.0006 0.001  0.0014 0.0018
(7)™ )g

F1G. 7.4 — Evolution of (%" ), as a function of ( (¢,7)"¥ ), for the 30 grain polycrystal,
tension-compression-shear load ((-), is the average over the grain).

order of magnitude. We make such a comparison in Fig. 7.5. For the other test
problems, the situation is alike : the effective law is in good agreement with the
microscopic law (the difference is smaller than 1%).

| | | | | 61.5

60 - —=
61

40 -
60.5

20 - o —— -
<0_;)iy> _____ 60

0 | | | | |

0o 1 2 3 4 5 6 595
2.5

F1G. 7.5 — Transient response of the 30 grain polycrystal, shear load. The effective
law is in good agreement with the microscopic law (left). On the right-hand side, a
zoom on the region where there are some differences.

This numerical result is very surprising. Starting from a microscopic constitu-
tive law which is time-dependent and involves two potentials, we split it into two
terms. We apply separately on each of them a procedure which is based on statio-
nary calculus of variations. We fit Kj; on the long-time limit of the system, which
corresponds to the viscoplastic regime. The numerical result is that the effective law
is in agreement with the microscopic one both in stationary and transient regime!
We acknowledge the fact that there is no rigorous reason for this success : we just
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observe that the two laws are consistent.

7.5 Conclusions

We have dealt in this article with a simple model of a 2D heterogeneous elasto-
viscoplastic polycrystal, for which no theoretical results on the effective law are
available. We have succeeded in numerically identifying an effective law. We observe
that this effective law is consistent with the microscopic law in both the stationary
and transient regime, although it has been obtained by a homogenization proce-
dure designed for stationary problems. We are unfortunately unable to provide any
explanation for this fact but are currently working in that direction.
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