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[0, 1] i

j i�k 3PR<R$68;�[ZY"[Q3PO U Vml]3PV<b<[Q6

(X,Y ) =

(

U1/2

U1/2 + V 1/2
, U1/2 + V 1/2

)

= i�n 6]\�4?Y-;DOZY-9<[Q6]\oY-[Q_`Y-S�3POa;�6]\ X
68S

Y
\�3PR+SJpq68[a[Q6]\oOaR U _8b�68R U Y-RTS�6]\Ir

s i�k 3PR<R$68;�[ZY"[Q3PO U 6 X i
%'&)(+*-,+./,0(ut
j i MN3POaS N : Ω → N

V<R$6�4?Y-;DOZY-9<[Q6"Y-[Q_`Y-S�3POa;�6"68RTSDOQv8;�6 i:w R U _yx$R<OaS�\zYdf{3PR$l8SDOQ3PR| _8R$_8;zY-SD;DOQl]6 φN
b}Y-; [ZY";�68[ZY-SDOQ3PRm\DV<Oa4?Y-R+S�6?~

∀s ∈ [−1, 1], φN (s) = E(sN ) =

+∞
∑

n=0

P{N = n}sn

� 3P7�7d6�\�_8;DOQ6'68RTSDOQv8;�6 U 6'[ZY�fh3P;D7d6 ∑+∞
n=0 ansn Y`406]l ∑ |an| < ∞ � [ZY�fh3PR$lypSDOQ3PR

φN
6]\�S�l]3PR+SDOaR+V$6�\DV<;

[−1, 1]
68S

C∞ \DV<;
] − 1, 1[ i

� Y0� � Y-[Ql8V<[Q68;�[ZY U _8;DOa40_]6 n
p�OQv87d6

φ
(n)
N (0)

b�3PV<;
n ∈ N

68S�68R U _ U V<Oa;�6��TV$6
φN

l`Y-;zYPl8S�_8;DOQ\�6�[ZY"[Q3PO U 6 N i� 9�����3PRTSD;�68;'�TV$6�b�3PV<;
s ∈] − 1, 1[ � 3PR�Y φ′

N (s) = E[NsN−1] i� l5����3PRTSD;�68;��+V$6
N
6]\DSCOaR+S�_ | ;zY-9<[Q6�\�O�68S \�68V<[Q687d68RTS�\DO φ′

N (s)
Y U 7d68SCV<R$6[aOa7�OaS�6:� | Y-V$lz�$6�x$R<OQ6�68R j i ��3PR+SD;�68;��+V$6 U Y-R$\'l]6�l`YP\`~

E(N) = lim
s→1−

φ′
N (s)

� U ��MN3POQ68R+S N1
68S

N2 U 68VXW�4?Y-;DOZY-9<[Q6]\�68R+SDOQv8;�6]\�b�3?\DOaSDOa406]\�OaR U _8b�68R U Y-RTS�6]\ i��3PRTSD;�68;'�TV$6
φN1+N2

= φN1
φN2

= i�� l��}YP�TV$6uOaR$\DSzY-RTS
n ∈ N

∗ � V<R��J3PV$68V<;��D3PV$6���V<R��J68V U 6��}YP\zY-; Uei MXY
b<;�3P9}Y-9<Oa[aOaS�_ U 6o\DV$l]l]v]\^6]\DS p ∈]0, 1] i�w R�R$3PS�6 (Ti)i≥1

[ZY�\DV<OaS�6 U 6]\GOaR$\DSzY-RTS�\
U 6�\�V$l]l]v]\ i�w R�R$3PS�6�_ | Y-[Q687d68R+S (Xi)i≥1

[ZYm\DV<OaS�6�O i O i�Uei�U 6�4PY-;DOZY-9<[Q6]\ U 6�C68;DR$3PV<[a[aO�4?Y-[ZY-R+S j \DOe[Q6 �J3PV$68V<;oY"V<R�\�V$l]l]v]\o�"[�� OaR$\DSzY-RTS
i
68So>�\DOaR$3PR i

j



� Y0���'Y-b<b�68[Q68;d[ZY�[Q3PO U 6 T1 i ��3PRTSD;�68;��TV$6 \zY�f{3PR$l8SDOQ3PR | _8R$_8;zY-SD;DOQl]6m6]\DS
U 3PR<R$_]6�b}Y-;`~

∀s ∈ [−1, 1], φT1
(s) =

ps

1 − (1 − p)s

� 9���MN3POQ68R+S
(n1, . . . , nk) ∈ (N∗)k i ��3PR+SD;�68;'�+V$6

{T1 = n1, T2 − T1 = n2, . . . , Tk − Tk−1 = nk}
= {X1 = 0, . . . , Xn1−1 = 0, Xn1

= 1, Xn1+1 = 0, . . . ,

Xn1+n2−1 = 0, Xn1+n2
= 1, Xn1+n2+1 = 0, . . . , Xn1+···+nk

= 1}
� l5����R U _ U V<Oa;�6��+V$6'[Q6]\C4?Y-;DOZY-9<[Q6]\ (Ti − Ti−1)i≥1

\z3PR+SCOaR U _8b�68R U Y-RTS�6]\�68S
U 6�7dc87d6'[Q3PO | _]3P7d_8SD;DOQ�TV$6 U 6�b}Y-;zY-7dv8SD;�6 p i � w R�Y-V<;zY�b�3?\�_ T0 = 0 i �� U ��MN3POaS r ∈ N

∗ iCk _ U V<Oa;�6 U 6:l]6��+V<O)b<;�_]l]v U 6:[ZY"fh3PR$l8SDOQ3PR | _8R$_8;zY-SD;DOQl]6 G68S�[ZY�[Q3PO U 6 Tr i� 65����R�6yWNb<;DOa7�Y-RTS U Oa;�6]l8S�687d68R+S�[���_840v8R$687d68RTS {Tr = n} ��b}Y-;DSDOa; U 6 Xn68S U 6 X1 + · · · + Xn−1 � ;�68SD;�3PV<4068; U Oa;�6]l8S�687d68R+S'l]6�;�_]\DV<[aSzY-S i
s i'w R 4068V<S�7d3 U _8[aOQ\�68; � b}Y-;�6yW<687�b<[Q6 � V<R"�J68V U 6�S��Tb�6�;�3PV<[Q68SDS�6:3�� [ZY�9}Y-R$�TV$6;�_]l8V<b�v8;�6�[���68R$\z687:9<[Q6 U 6]\C7�OQ\�6]\ U v]\ �TV$6�[Q6��`_8;�3dY-b<b}Y-;zY
	QS iG� l]68SDS�6�x$R � 3PR\DV<b<b�3?\�6�\`��c8SD;�6 U 3PR<R$_�V<Rd�D68Vm�TV<O�\`� Y-;D;�c8S�6�Y-b<;�v]\oV<R�R$3P7:9<;�6"Y-[Q_`Y-S�3POa;�6 U 6l]3PV<b$\ U 6�f{3PR$l8SDOQ3PR | _8R$_8;zY-SD;DOQl]6 G

� 68Rm;�68b<;�68R}Y-R+S�[ZY��TV$6]\DSDOQ3PR�b<;�_]l]_ U 68R+S�6 �3PR�b�3PV<;D;zY
	QS�Oa7�Y | OaR$68;��+V$6�[Q6'�J3PV$68V<;�;zY-7�YP\z\�6"[Q6 | ;�3?\�[Q3PS U v]\��+V)� Oa[^Y�YPlypl8V<7:V<[Q_
r
\DV$l]l]v]\ � l?��6]\DSJp � p U Oa;�6���[�� OaR$\�SzY-R+S Tr

� i�w R OaR+SD;�3 U V<OaS"[Q6�;��P[Q6 U 6[ZY�9}Y-R$�TV$6:68Rm\�V<b<b�3?\zY-RTS'�TV)� Oa[ \�3POaSob�3?\�\�Oa9<[Q6��+V)� �dl��}YP�TV$6�l]3PV<b � [ZY�b}Y-;DSDOQ668R�l]3PV<;�\'\�6�S�687�OaR$6:9<;DV<SzY-[Q687d68R+S�68S�;�68b<;�68R<R$6"�
�`_8;�3���[�� OaR$\DSzY-R+S�\DV<Oa4?Y-R+S i
w Rm\`� OaRTS�_8;�6]\�\�6 U Y-R$\o[���6yWX68;�l8OQl]6��TV<O�\DV<OaSo��[ZY U V<;�_]6 U 6�l]6 �D68V i�w R f�Y-OaS�[Q6]\���Nb�3PSD�$v]\z6]\�b<[aV$\ b<;�_]l8OQ\�6]\'\DV<Oa4?Y-R+S�6]\`~
� Y0� n 6]\�;�687�OQ\�6]\��
�`_8;�3 U 6�[ZY�b}Y-;DSDOQ6�OaR+S�68;D4NOQ68R<R$68R+S:� U 6]\oOaR$\�SzY-R+S�\�Y-[Q_`Y pS�3POa;�6]\

D1, D1 +D2, . . . , D1 +D2 + · · ·+Di, . . . � 3���[ZY�\DV<OaS�6 (Di)i≥16]\DS:V<R$6�\DV<OaS�6�O i O i�Uei�U 6d4?Y-;DOZY-9<[Q6]\ | _]3P7d_8SD;DOQ�+V$6]\ U 6db}Y-;zY-7dv8SD;�6 λ ∈
]0, 1[ i� 9�� w R l]3PR$\DO U v8;�6�V<R$6�\DV<OaS�6oO i O i�Uei (Si)i≥1 U 6�4PY-;DOZY-9<[Q6]\ 68RTSDOQv8;�6]\ � \DSD;DOQl8S�6yp7d68R+S�b�3?\DOaSDOa406]\ �<U 6�7dc87d6�[Q3PO � 68S U 6�fh3PR$l8SDOQ3PR | _8R$_8;zY-SD;DOQl]6:l]3P7�7�V<R$6
G i � 6]\�4PY-;DOZY-9<[Q6]\�;�68b<;�_]\�68R+S�68RTS�[Q6]\dS�68R+SzY-SDOa406]\�\DV$l]l]6]\�\DOa406]\ U 6 S�68;Jp7�OaR$68;�[Q6C�D68V�68R [�� Y-9$\�68R$l]6 U 6�;�687�OQ\z6:���`_8;�3 U 6�[ZY�b}Y-;DSDOQ6 i� l5� w Rm\DV<b<b�3?\�6�[Q6]\�\DV<OaS�6]\ (Di)i≥1

68S
(Si)i≥1

OaR U _8b�68R U Y-RTS�6]\ i� U � w R U _]\DO | R$6�b}Y-; N
[Q6�b<;�687�OQ68;�OaR U OQl]6 i

b�3PV<;o[Q6]�+V$68[
Si < Di

~

N = inf{i ≥ 1 : Si < Di}
� 65� w RmR$3PS�6 Xi = min{Si, Di} i�n Yd\�V<OaS�6 (Xi)i≥1

6]\DS'l8[ZY-Oa;�687d68RTS��d\�3PR
S�3PV<;�V<R$6�\DV<OaS�6 U 6�4PY-;DOZY-9<[Q6]\ OaR U _8b�68R U Y-R+S�6]\�68S U 6�7dc87d6�[Q3PO i

=



n 3P;�\ U 6]\ N − 1
b<;�687�OQv8;�6]\�;�68b<;DOQ\�6]\ U V"�D68V � [ZY�b}Y-;DSDOQ6�6]\DSCOaR+S�68;D;�3P7�b<V$6�Y-V9�3PV<S U 6 Di

l]3PV<b � [ZY N
p�OQv87d6�;�68b<;DOQ\�6�6]\DS"[ZY�9�3PR<R$6�68Sd68[a[Q6�\`� YPlz�$v8406�Y-V

9�3PV<S U 6 SN
l]3PV<b$\ i�� 406]l�l]6]\oR$3PSzY-SDOQ3PR$\ � [ZY U V<;�_]6 Z U V��D68V�\`��_]l8;DOaS U 3PR$l?~

Z =
N−1
∑

i=1

Di + SN =
N
∑

i=1

Xi

� Y0����Rm_]l8;DOa4?Y-R+S {S1 < D1} = ∪+∞
n=1{S1 < D1, S1 = n} � 7d3PR+SD;�68;��+V$6

P{S1 < D1} = G(1 − λ)

� 9�����3PRTSD;�68; �+V$6
N
6]\DS^V<R$6'4?Y-;DOZY-9<[Q6 | _]3P7d_8SD;DOQ�TV$6 U 6ob}Y-;zY-7dv8SD;�6 G(1−

λ) i� l5� O i�� V$\DSDOgx}68;�[���_]l8;DOaSDV<;�6

E(Z) =

+∞
∑

i=1

E
[

Xi1{N≥i}

]

OaO i ��3PRTSD;�68; �+V$6 1{N≥i}
6]\DS OaR U _8b�68R U Y-RTS U 6 Xi

68S 68R U _ U V<Oa;�6��+V$6

E(Z) = E(X1)

+∞
∑

i=1

P{N ≥ i}

OaOaO i ��3PRTSD;�68;'�TV$6
+∞
∑

i=1

P{N ≥ i} = E(N)

w Rml]3PR$l8[aV<S U 3PR$l��TV$6 E(Z) = E(X1)E(N) i� U ����_8;DOgx}68;'�+V$6O i E(X1) =
∑+∞

n=1 E(min(n,D1))P{S1 = n} �OaO i E
(

(D1 − n)1{D1>n}

)

= (1−λ)n

λ i� 65����R�;�687�Y-;��+V}Y-RTS��+V$6
min(n,D1) = D1 − (D1 − n)1{D1>n} � 68R U _ypU V<Oa;�6��TV$6
E(X1) =

1 − G(1 − λ)

λb<V<OQ\ol]3PR$l8[aV<;�6��TV$6

E(Z) =
1 − G(1 − λ)

λG(1 − λ)
.

� fy� ��R�\DV<b<b�3?\zY-R+S
E(S1) < +∞ U 3PR<R$68;�[Q6]\�[aOa7�OaS�6]\ U 6 1−G(1−λ)

λG(1−λ)

b�3PV<;
λ → 0

68S
λ → 1 i�� R+S�68;Db<;�_8S�68; i

s
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��	�+����,	&-�/.�w R�l]3PRXp\DO U v8;�6�[Q6�b<;DOgW U � V<R$6�3Pb<SDOQ3PR � l`Y-[a[ � \DV<; U 68VXWmYPl8SDOgf{\Cx$R}Y-R$l8OQ68;�\�~

p = E((λ1 exp(σ1G1) + λ2 exp(σ2G2) − K)+),

3��
G1

68S
G2

\�3PR+S OaR U _8b�68R U Y-R+S�6]\'68S�\DV<Oa4068R+S V<R$6�[Q3POeR$3P;D7�Y-[Q6�l]68RTSD;�_]6�;�_yp
U V<OaS�6�68S x+ = max(x, 0) U _]\DO | R$6�[ZY�b}Y-;DSDOQ6�b�3?\DOaSDOa406 U 6 x ∈ R i10 ;�3 | ;zY-7"p7d68;�68S�l]3P7�b}Y-;�68;:R+V<7d_8;DOQ�TV$687d68R+S�[Q6]\�4?Y-;DOZY-R$l]6]\�687�b<Oa;DOQ�+V$6]\ U 6�lz�}YPl8V<R$6
U 6]\�7d_8SD�$3 U 6]\:\DV<Oa4?Y-R+S�6]\ � 3PR�b�3PV<;D;zY�b<;�68R U ;�6 λ1 = λ2 = 5 � K = 10

68S
σ1 = σ2 = 0.2

�y~
� Y0����_8SD�$3 U 6 U 6���3PR+S�6 � Y-;D[Q3d\zY-R$\C;�_ U V$l8SDOQ3PR U 6�4PY-;DOZY-R$l]6 �� 9�����_8SD�$3 U 6 U 6'��3PR+S�6 � Y-;D[Q3�Y]406]l�l]3P7�7d6'4PY-;DOZY-9<[Q6 U 6�l]3PR+SD;��P[Q6�[Q6�b<;DOgW

U V�b<V<S�~
(K − λ1 exp(σ1G1) − λ2 exp(σ2G2))+

� l5����_8SD�$3 U 6 U 6���3PR+S�6 � Y-;D[Q3�Y]406]l�l]3P7�7d6�4PY-;DOZY-9<[Q6 U 6:l]3PR+SD;��P[Q6
(

(λ1 + λ2) exp

(

λ1σ1

λ1 + λ2
G1 +

λ2σ2

λ1 + λ2
G2

)

− K

)

+

243 �5�!���6&7�98:�'���;�%��8"���%���<�/=	�6>*�������	��8?�%�@&A��B
�	��
:�����	�C�%�@�4�D�!���'�����������E�%�
&A�?FG���%8�8��H�'�I�J��KIB
�	��
:�����	��L�M�NGO�P	Q�8R�	��8 SJ
R�T&-�%$�KU�!�	�?��=%�'>V��&(�:.XW

= iV�����	��

�����	�Y�%�Z�#�	�����	��
��[�!�	�5��
'\]���+���6&T&-�	�I���:F��^���4�TB
�R���'�������'&(. w R ;�68b<;�68R U[���6yWX687�b<[Q6 U Vml`Y-[Ql8V<[ U V�b<;DOgW U � V<R�b<V<S

p = E((1 − exp(σG))+),

3��
G
\DV<OaS�V<R$6�[Q3PO�R$3P;D7�Y-[Q6�l]68R+SD;�_]6:;�_ U V<OaS�6 i

� Y0����RuV<SDOa[aOQ\zY-R+S:[Q6�f�Y-OaS��+V$6
exp(x) − 1

6]\�S�b<;�3Nl��$6 U 6 x
b�3PV<;

x
b�68SDOaS �3PR�b<;�3Pb�3?\�6 U ��_]l8;DOa;�6 p

\�3PV$\C[ZY"f{3P;D7d6?~

p =
1√
2π

∫

R

(1 − exp(σx))+
|x| |x| exp(−x2/2) dx.

��R�OaR+SD;�3 U V<OQ\zY-R+S�[Q6�l��}Y-R | 687d68R+S U 6:4PY-;DOZY-9<[Q6 x =
√

y � 7d3PRTSD;�68;��TV$6[���3PR�b�68V<S�_]l8;DOa;�6?~

p = E

(

(1 − exp(σ
√

Y ))+ + (1 − exp(−σ
√

Y ))+√
2π

√
Y

)

,

3��
Y
\�V<OaS V<R$6�[Q3PO)6yWNb�3PR$68R+SDOQ68[a[Q6 U 6�b}Y-;zY-7dv8SD;�6 1/2 i� 9�� � 3P7�b}Y-;�68;:RTV<7d_8;DOQ�+V$687d68RTS�[Q6]\�4?Y-;DOZY-R$l]6]\:687�b<Oa;DOQ�TV$6]\ U 6]\�;�_]\DV<[aSzY-S�\3P9<S�68R+V$\�b}Y-;�7d_8SD�$3 U 6 U 6���3PR+S�6 � Y-;D[Q3 � Y`406]l�68S�\zY-R$\';�_ U V$l8SDOQ3PR U 64PY-;DOZY-R$l]6 i

_
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	 MN3POaS

Xn
[���_8SzY-S U � V<R�\DS�3Nl�� U 6�b<OQv]l]6]\"� [�� OaR$\�SzY-R+S n � Dn+1

[ZY U 6yp7�Y-R U 6 � \DV<b<b�3?\z_]6�Y-[Q_`Y-S�3POa;�65� f{3P;D7�V<[Q_]6 b}Y-;G[Q6 l8[aOQ68RTS^68R+SD;�6 [Q6]\�OaR$\�SzY-R+S�\ n
68S

n+168S
q ∈ N \ 0

[ZY��TV}Y-R+SDOaS�_ � \�V<b<b�3?\�_]6 U _8S�68;D7�OaR<OQ\�S�65� U 6"b<OQv]l]6]\�f�Y-9<;DOQ�TV$_]6]\�68R+SD;�6[Q6]\�OaR$\DSzY-R+S�\
n
68S

n + 1 i^n Y"\DV<OaS�6 Xn
40_8;DOgx}6?~

Xn+1 = (Xn + q − Dn+1)+
� j �

3��
x+ = max(x, 0) U _]\�O | R$6:[ZYdb}Y-;DSDOQ6:b�3?\DOaSDOa406 U 6 x ∈ R iow R�\DV<b<b�3?\�6��+V$6:[Q6]\4?Y-;DOZY-9<[Q6]\'Y-[Q_`Y-S�3POa;�6]\

(Dn)n≥1
\�3PR+SoO i O i�Uei ��4?Y-[Q68V<; U Y-R$\ N �$U 6�[Q3PO ∀k ∈ N, pk =

P(D1 = k) ij i ��3PRTSD;�68;��+V$6 (Xn)n≥0
6]\�SoV<R$6"l��}Y
	QR$6 U 6���Y-;
�0354m68S U 3PR<R$68;�\zYd7�Y-SD;DOQl]6

U 6�SD;zY-R$\DOaSDOQ3PR i
= i'w R�\DV<b<b�3?\�6 U Y-R$\�l]68SDS�6��+V$6]\�SDOQ3PR��+V$6 q = 1 � 68S��+V$6�[ZY U 687�Y-R U 6�R$6�b�68V<Sb<;�68R U ;�6:�TV$6�SD;�3POQ\�4?Y-[Q68V<;�\`~ 0 � 1 3PV 2 i w Rm\DV<b<b�3?\�6��+V$6 p0 � p1

68S
p2
\z3PR+S

\DSD;DOQl8S�687d68R+S'b�3?\�OaSDOa406]\ i
� Y0����3PRTSD;�68;'�TV$6�[ZY"l��}Y
	QR$6 U 6���Y-;
�0354 (Xn)n≥0
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