A thin-layer reduced model for
shallow viscoelastic flows

UNIVERSITE
— PARIS-EEST

Francois Bouchut? & Sébastien Boyaval'

" Univ. Paris Est, Laboratoire d'hydraulique Saint-Venant (ENPC — EDF R&D — CETMEF), Chatou, France & INRIA, MICMAC team

2Univ. Paris Est, LAMA (Univ. Marne-la-Vallée) & CNRS

July 2013, CEMRACS, Marseille



S
Outline

Formal derivation of the mathematical model
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S
Upper-Convected Maxwell (UCM) model

Mass and momentum equations for incompressible fluid

(velocity u ; pressure p ; Cauchy stress —pl + 7))

with non-Newtonian rheology (7 % D(u) = (Vu + Vu')/2):

divu=0 inDy,
ou+ (u-Viu=—-Vp+divr+f inDy,
A (an +(u- V)T — (Vu)r — T(VU)T) = npD(U) — T inDy,

under gravity f = —ge, in time-dependent domain D; C R?
Dy ={x=(x,2), x¢€(0,L),

0 <z-b(x)<h(t,x)}
F. Bouchut & S. Boyaval
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Thin-layer geometry with non-folded interfaces
V4
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S
A free-surface boundary value problem

We supply the UCM model with initial and boundary conditions

u-n=0, for z = b(x),
Tn=((Tn)-n)n,
ath + Uxax(b + h) = Uz,

x € (0,L),
forz=b(x), xe€(0,L),
for z = b(x) + h(t,x), x e (0,L),
(pl — 1) - (—0x(b+ h),1) =0, forz = b(x) + h(t, x), x € (0,L),
where n is the unit normal vector at the bottom inward the fluid
_ —0xb n— 1
/1 + (0xb)2 ‘

V1 + (0xb)2
F. Bouchut & S. Boyaval
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S
8xux + azUz - O,

Oty + UxOxUyx + Uz07Ux = —OxP + OxTxx + O77xz,
81‘Uz + UxOxUz + Uz0zU; = _82,0 + OxTxz + 02727 — g,

OxUx —
OtTxx + UxOxTxx + Uz02Txx = (20xUx)Txx + (207Ux)Txz + 77px+7'xx’
OzUz —
OtTzz + UxOxTzz + Uz07Tzz = (20xUz)Txz + (202Uz) T2z + w,
np(azux+axuz) — Ty
OtTxz + UxOxTxz + Uz07Txz = (aXUZ)TXX + (82Ux)7'zz + \ :
u; = (Oxb)ux atz=0>b,
- (axb)Txx + Txz = —axb(—(axb)sz + Tzz) atz = b,
—Ox(b+h)(p—Txx) =Tz =0 atz=>b+h,
8x(b+ h)sz+(p_Tzz):0 atz=b+ h,
oth + Uxax(b+h)zuz atz=b-+ h.
T og Dr <> <2r 2> B oac

—_ F. Bouchut & S. Boyaval
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S
Long-wave asymptotic regime for shallow flows

(HI)h~ecase—0 0

O(1), 9x = O(1), 9, = O(1/¢)
(H2) dyb = O(e) = Uy = (9xb)ux|s—p — / " deux = O(e)

= €
b
= dxh = O(e) i.e. long waves, since Jth+uxdx(b+h) = Uz|z=pih
(H3) 7 = O(e), hence also np ~ € (A ~ 1),= 0,p = 02722—g+O(e)
(H4) motion by slice 0,ux = O(1) = 0,7xz = Diux + O(e)
compatible With 7;|,—p p1p if Txz = O(*), = 0zux = O(e)

2 _
9y
Momentum depth-average & ux(t, x, z) = uy(t, x) + O(e°) yields
b+h b+h
O / axux+8zUZ — 8th+ax/
HYBRAULICS F. Bouchut & S. Boyaval
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Viscoelastic Saint-Venant equations

Assuming 0,7xx, 0,72z = O(1), we get the closed system

deh+ dy(huy) = O,
h2
8t(hUX) + 8)( (h(Ux)2 + g? + h(Tzz - Txx)> = _g(axb)h,

y
OtTxx + UxOxTxx = 2(OxUx)Txx + i;axux - XTXXv
1

77—22 .
A

OtTzz + UxOxTzz = _Z(aXUX)TZZ - i;axux -

To explore the new reduced model: numerical simulations with
a Finite-Volume scheme (conservativity).

Anticipating stability of the FV scheme: mathematical entropy.
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S
UCM eqgns naturally dissipate energy !

Wltho'—l—i—

7- the UCM model rewrites

A (810 +(u-V)o - (Vu)o — o(Vu) ) .

in Dy,

F(Ucr)—/D< WP+ 1o o 1)~ 1 x)dx 3)

Flu,o) = — 4A2/1 (0401 —20)dx.

4)
F. Bouchut & S. Boyaval
—~
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Reformulation with energy dissipation

oth + 8x(hU) =0,

h2

1-0
Otoxx + UOxOxx — 20xxOxU = b\ XX7
1 -0z
8l‘o'zz + Uaxo'zz + ZUzzaXU = N\ 5

Ot (h? + 95 + gbh + ﬁh’[r(a —Ino 1)

u? tr(c —Ino — 1
+0x ghu(?‘f‘g(h‘f‘b)‘l’g—g\( (U 20 )+Uzz_0xx)>>
P htr(o + o]~ —21).

4)2
LABORATORY FOR «O>» «Fr « = = = 9vae
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Discretization of the new model
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Flux (conservative) formulation a.u+a.Fu) = s
oth + 8x(hU) =0,
(s) 4 2ilhu) + o (hu2 + P(h, s)) — —ghdyb,

hS(h, s)
A )

0t(hs) + 0x(hus) =

—-1/2 1/2 >
Where s = —O.X)% ; —Uzﬁ ), P(h, S) = g% + ;]_ih(o'zz - Uxx),

—3/2 —1/2
S(h,s) = <—"X2Xh (1 —oxx), Zp—(1 — azz)> is hyperbolic.

VF: real eigenvalues (%) ; = gh+ 35 (3022 + 0xx) > 0)

Ma=u+ \/gh—i— %(302z + oxx) 9.n.l, Ao =uld..

HYBRAGLICS o = = E
—u F. Bouchut & S. Boyaval
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S
Problem: how to ensure stability

There is a problem with discretizing (S) in conservative
variables: the natural energy is not convex with respect to s !
2 2
~ u h
E = h? + g? + gbh + Z—ih(axx + 02z — In(G'XXUZZ) - 2)
Now, convexity is essential to entropic stability of FV schemes
(Jensen) and to preserve the invariant domain {h, oxx, 02z > 0}.

HYBRAGLICS
—u F. Bouchut & S. Boyaval
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S
A splitted Finite-Volume approach

m Free-energy-dissipating FV scheme: piecewise constants

(anticipate: approximations of non-conservative variables)

q = (Q1 9 QZ» q3» Q4)T = (ha hU, hO-XX» hO-ZZ)T

on a mesh of R with cells (x;_1 2, Xj11/2), i € Z of

volumes AX; = Xj41/2 — Xj_1/2 at centers X;

_ Xi—1/2tXi11/2

m At each discrete time t,, variables updated by splitting:

2
Without source: Riemann problems (Godunov approach)

+ topo hdyb : preprocessing (hydrostatic reconstruction)
+ dissipative sources in o : implicit

,\ F. Bouchut & S. Boyaval
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S
Finite Volume discretization

n
91

a’

Xj

Xit1
Xi—1/2 Xit1/2

Xi+3/2
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S
Step 1: Godunov approach

~ 1 I S TS
9 ~ ax fAX{ q(t,-) — aj : - Ax fx:r://zz q#P (th1 —0,-)

i+1/2
(t_—, ar, q,+1) for x; < x < X1,

(%, a1, gr) is Riemann solver of the system without source
X - _ Ax;
+ CFL {

g7 (1, x) =

2At = R( o qi, QI—H)
AX/-H
> 2Af

=4qi,

for At =t 1 — 1
= R(X, G, Git1) = Qi1 e

n+%

At
g

AX, </—AX;/2 (R(f, q/n7 qlr-,H) - qln) d§

—=q’+

uuuuuu
uuuuuuuuuu

Ax;/2
+/0 (R (fq,1q,)—q,)d§>
—4 F. Bouchut & S. Boyaval
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S
Step 1: the free-energy flux condition
1 0
E(q?) <E <Ax, /

AX,‘/Z

1

Ax;/2
/ R(§7 qln—17qln)d§>
I
with Jensen inequality and the definitions (whatever G)
I

Gi(a,ar) = G(a) — J°., < (R(¢, Q/,Qr))—E(Q/))dE,
Gr(aiar) = G(ar) + J;° (E(R(. 1) — E(ar) ) d.

E
implies, provided G/(q/, qr) < G(q1,9r) < Gi(q1, qr)
a1 t
E(qi?) < E@) + 4, (Gal.aN

1
m ;hii;:vh\lljltsioila‘z:ff\lljlds
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Similarity with isentropic gas dynamics !

Fortunately, hyperbolic step simply advects s (9;s + udxs = 0),
so the situation for i) is similar to isentropic gas dynamics:

m smooth P = g%z + 25 h(02z — oxx) = P(h, s) still satisfy
Ot(hP) + Oy (huP) + (h?0pP|s)0xu = 0 so one can still
invoke Suliciu relaxation scheme introducing = ~ P as a
new variable (the contact-discontinuity solution has same
“structure”: 3 waves with same speeds & Riemann inv.)

m thus a (discrete) entropic stability can still be established
for the FV scheme under same subcharacteristic condition:
choose c large enough so that it holds h?0,P|s < ¢ for all
states on the left/right of the central wave with speed u.

anananananananan

F. Bouchut & S. Boyaval e e nee
- Bouchut & S. Boyaval
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Step 1: approximate Riemann solver

Orh+ Ox(hu) = 0, dy(hu) + Oy (hu? + P) —0,
Or(hoxx) + Ox(MUoxx) — 2ho Oyt = 0, ()
at(ha'zz) + 8x(hu0'zz) + 2ho'zzaxu = 0,

~ gas dynamics for smooth P = g% + 25 h(0zz — oxx) = P(h, s)

HS+udxs =0 9 (hP)+ dx (huP) + (H0pP)s)dxu = 0

m Suliciu relaxation workable: we introduce a “pressure”
variable 7 (such that 9;(hr) + dx(hru) + c?0xu = 0) and a
variable ¢ > 0 to parametrize the speeds (¢® > h?0,P|s).

m Riemann problems of the new system for (h, hu, hr, hc, hs)
will be exactly solvable and the latter will define our
approximate solutions to the initial Riemann problems.

«40r «4F» « =)» «
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S
Step 1: contact discontinuities

The initial system rewritten with 9;(hu) + dx(hu? + 7) = 0 and
oic+ uodxc =0

Or(hr/c®) + dx(hru/c® + u) =0
has a quasi diagonal form with 3 waves of speeds u, u + §

( O(m + cu) + (u+ ¢/h)ox(m + cu)

)

u
- Ecaxc =0
Ot(m — cu) 4+ (u— c/h)ox(m — cu)

I

— %c&xc =0
) (1/h+ 7r/02> + udy (1/h+ 7r/02> =0
( 0tc +udxc =0,

all linearly degenerate: Riemann problems exactly solvable !
“”“A‘T‘D”szi F. Bouchut & S. Boyaval
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Riemann solution with 3 contact discontinuities

t
[}
U—rp u
N i
\\ *
AN q/ /I
N !
ql \\\ ’I
N ]
\\ ,I///
Xit1/2

FOR
&
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S
Step 1: free energy dissipation

Advantage of the relaxation:

it ensures the dissipation of a convex energy like

2

u

E= h? + g? + Z—ih(ﬂxx + 02z = In(0xx022) — 2)
provided a subcharacteristic condition is satisfied !
Note: E without gbh, unlike E

HYBRALLICS
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Step 1: energy equation

E = hu?/2 + he formally satisfies
or(hu?/2 + he) + ox ((hu? /2 + he + m)u) =o.
On introducing a new variable & solution to the equation
or(e — 2/2¢?) + udy(é — 12/2¢?) = 0

solved simultaneaously with the relaxation system, we show
a discrete free energy inequality thanks to convexity of E
(under a subcharacteristic condition on c).

oxx, 0zz > 0 automatically ensured by convexity (like h > 0) !
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S
Step 1: the free-energy flux condition
1 0
E(q?) <E <Ax, /

AX,‘/Z

1

Ax;/2
/ R(§7 qln—17qln)d§>
I
with Jensen inequality and the definitions (whatever G)
I

Gi(a,ar) = G(a) — J°., < (R(¢, Q/,Qr))—E(Q/))dE,
Gr(aiar) = G(ar) + J;° (E(R(. 1) — E(ar) ) d.

E
implies, provided G/(q/, qr) < G(q1,9r) < Gi(q1, qr)
a1 t
E(qi?) < E@) + 4, (Gal.aN

1
m ;hii;:vh\lljltsioila‘z:ff\lljlds
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S
Step 1: free-energy flux

Recall 0y (hu? /2 + h&) + o, ((hu?/2 + h& + m)u) = O here.
Define the energy flux G(qy, gr)

<(hu2/2 + he + ) u)

x/t=0
Glar,ar) = Gla) - [°. ((2/2 + 8)(¢) ~ E(a) )&,
= G(a) + J5~ ((he?/2+ 8)(¢) - E(ar) ) d,

where G = (E + P)u
A discrete free energy inequality finally holds provided
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Step 1: subcharacteristic condition

For the solution to Riemann problem R(-, q;, gr) initialized with

(m1,&) =(P.e)(@) (7, &)= (P,e)qr)
the condition (7) is ensured provided

vhe [h,hi] HonPls(h.s) < cf, @®
vh € [hr, h7] hzahP|s(h sr)<c r2

HYBRALLICS «O» <
F. Bouchut & S. Boyaval
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Step 1: explicit choice of the speeds

Defining P, = P(hy, s)), Pr = P(h;, s;), and

OnPls(hs, s1), ar =

aI’1F>|S(hl'7 sr)7
the following explicit choice works

c max<0,P,—P,
l — N 7/
= g+ 2 | max (O u — u,) + —Ratha ;

max <O,P/—Pr>
& =a+2 max(O U/—Ur> T ~hatha |-

C
|P| < hahP]s:max(h h ) < C(] ,\+]u27,|+a/+a,>,

=] =
““““““““““ F. Bouchut & S. Boyaval
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S
Step 1: explicit Riemann solution

On each interface, by Riemann invariants conservations

% __ gk gk CUACrUrtm—Tr x _ % _ Crm+Cmr—cicr(Ur— Ul)
U=Ur=u= crter ’ T ="Tr = crcr
l — l + CI'(UI‘_UI)"FTrl Tr l — l + C[(Ur—U[)-‘rTI'( vl
hf hy c(ci+er) ’ hf hr cr(ci+cr) ’
C;k:Ch C;’k:Cfv s;kzslv sﬁzsfa
2
U;x,/ = Oxx,l _/i) s Oxx,r
2
g

2

h
= Oxx,r (h_r£> )
_ h\?
=0zzr \p/ ) >

Ak ( )
el’
F. Bouchut & S. Boyaval
U
SAINT-VENANT

h
(#) - o
h*
;zl =0zz] <_/) s Oz
/é;k == e/ - (7T/) + (ﬂ — er (7”) 202 )
and we get a solution with a discrete free-energy inequality

hy
i )
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S
Step 1: CFL and flux formula

We use Atmax(|Z4],|Zz|,|Za]) < & min(Ax;, Ax;1) and
F = ( Fh Fhu ]_—Iham? Flha'zz)7

Fr= (fh,fhuvfr,’gxx7fpgzz)a
where the conservative part is standard

Fh= (hu)x/t:0= F = (hU2 + 7T)x/t:0

and denoting 1 = uy — ¢;/h;, £ = u*, ¥z =ur+¢//hr,

hG’xx,zz _
fl,r -

(haxx,zzu)l,r + min(0, 21)((h0xx,zz)zr - (haxx,zz)/,r>
—+ min(O, zz)((hgxx,zz);( - (hO'XX,zz);ir>

FOR
uuuuuuuuuu

+ min(o7 Z3) ((haxx,zz)r - (hUxx,zz)
— F. Bouchut & S. Boyaval
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Step 2: topographic source

We want to treat topographic source term such that for
E(g,b) = E(q) + ghb and G(q, b) = G(q) + ghbu:

31E/ + é,'_H/g — é,‘_1/2 <0

and steady states at rest are preserved.
= [Audusse-Bouchut-Bristeau-Klein-Perthame 2004]

With g = (h, hu, hoxx, hUzz) and Abi+1/2 = bi+1 — b;

n+1/2 n

At
q; =9 Ax (FI(al". qlq, Abiy12) — Fr(Ql1, a7, Abi_12)) -

uuuuuuuuu
uuuuuuuuuu

o 5 =
F. Bouchut & S. Boyaval
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S
Step 2: hydrostatic reconstruction

= (h—(ab)y),.  h=(h—(-Db):),,
Cﬁi = <h97hyul7h§‘7xxlahlazz /) qﬁ =

<hlﬁ’7 hﬁury h&Uxx r N2z r)

h
0 g— —

2
(qlvthb) fl(Q/aQr)‘i‘ ( 7a0 o>
Fr(q1, gr, Ab) = F(q}, gF) (

2 hti2
- — ,0
0,9 2 9— 5 0)
Well-balanced scheme: preserves steady states u =0
h+b:CSt, UXX:UZZ_1

—_ F. Bouchut & S. Boyaval
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S
Step 3. stress source terms
Compute o

n

+1 n+1/2
XX,22 from o

xx,zz_impicitly:
A ntt _ A nyt2

dissipative by convexity of the energy E
En+1
EMT—

)

En+1 /2

n+1
i <(1—o )1, <‘7i -9
—_— I -

n+1/2 n+1
i _ 2—tro;
At

F. Bouchut & S. Boyaval
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Numerical simulation & physical interpretation
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T —
Dam break (Stoker) atnp = A = 1

(h, hU, ho'xx7 hO’zz)tzo - (3 - 2H(X))(1 5 0, 1, 1), b = 0
hoyx: 50,100,200 and 400 points at time T = .2 (CFL = 1/2).

Longitudinal stress convergence (50,100,200 and 400 points)

+ 400
+ + 200
X X 100

@ so

BXF -
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Statistical physics interpretation

TRy

X T
F(X)
N

N

Assume that X(x, t) = R(?) is a 2D diffusion process solution to
overdamped Langevin (Ito SDE) in every point x:

dR(t) (+udxR(t)dt) = (agu _gxu> R(t)dt—;/\R(t)dt—\%dB(t)

competition between drag, extension, elasticity and Brownian
collisions B(t) with “temperature” A (defining a relaxation time

Y FOR

nnnnnnn
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