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Tree methods

Probabiliti
 methods for option pri
ing- Plain vanilla options(European and Ameri
an).- Exoti
 options.
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Markov 
hainLet (Xn, n ≥ 0) be a sequen
e of random variables taking values in a �nite or 
ountable set E.

Xn is a Markov 
hain if:
P (Xn+1 = y|X0 = x0, . . . , Xn = xn) = P (Xn+1 = y|Xn = xn) .The Markov 
hain is said time homogenous if P (Xn+1 = y|Xn = x) does not depend on n.One then sets:

P (x, y) = P (Xn+1 = y|Xn = x) .The matrix (P (x, y))x∈E,y∈E is 
alled the transition matrix of the Markov 
hainRemark

∀x,y,P(x,y) ≥ 0 and, ∀x,Py∈E P (x, y) = 1.
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Random walksExampleBinomial random walk Let (Xi, i ≥ 1) a sequen
e of i.i.d. random variables with

P(Xi = ±1) = 1/2. Then Sn = X1 + · · · +Xn is a homogenous Markov 
hain with transitionmatrix P (x, x+ 1) = P (x, x− 1) = 1/2, P (x, y) = 0 otherwise.ExampleTrinomial random walk. Let (Xi, i ≥ 1) a sequen
e of i.i.d. random variables P(Xi = ±1) = λ/2and P(Xi = 0) = 1 − λ, with 0 < λ ≤ 1. The transition matrix is given by

P (x, x+ 1) = P (x, x− 1) = λ/2, P (x, x) = 1 − λ, P (x, y) = 0 otherwise.ExampleRandom walk of Cox Ross-Rubinstein. Let (Un, n ≥ 0) a sequen
e of i.i.d. random variableswith P(Un = u) = p, P(Un = d) = 1 − p and 0 < p < 1, u and d real numbers.Let S0 = x and :

Sn+1 = SnUn+1.Let Sn = x
Qn

i=1 Ui. Sn is a homogenous Markov 
hain with transition matrix:

P (x, xu) = P (Sn+1 = xu|Sn = x) = p

P (x, xd) = P (Sn+1 = xd|Sn = x) = 1 − p

P (x, y) = 0 otherwise
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Binomial random walk
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Trinomial random walk
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Random walk of Cox Ross-Rubinstein
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More general de�nition of Markov 
hainDe�nitionLet (Ω,F , P) be a probability spa
e. Let (Fn, n ≥ 1) a �ltration. A pro
ess (Xn, n ≥ 1) takingvalues in a �nite or 
ountable set E is a Markov 
hain with the family of transition matri
es

(Pn) if :

• For all n, Xn is Fn-misurable.
• For any bounded fun
tion f , we :

E (f(Xn+1)|Fn) = E (f(Xn+1)|Xn) =
X

y∈E

P (x, y)f(y)
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European option pri
ingIn the dis
rete models the European pri
e 
ould be written :

V0 = E

„

1

(1 + R)N
f(XN )

«

,where (Xn, n ≥ 0) is a Markov 
hain et r the intereste rate.
Vn = E

„

1

(1 + R)N−n
f(XN )|Fn

«

.
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Dynami
 programmingPropositionLet f(x) a bounded fun
tion. Let (Xn, n ≥ 0) a Markov 
hain with transition matrix P .Problem: 
ompute
E (f(XN )) .Let u the unique solution of:(1) (

u(N, x) = f(x),

u(n, x) =
P

y∈E P (x, y)u(n + 1, y).Then :

E (f(XN )|Fn) = u(n,Xn),In parti
ular:

E (f(XN )|X0 = x) = u(0, x).
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CorollaryLet f(x) a bounded fun
tion. Let (Xn, n ≥ 0) a Markov 
hain with transition matrix P .Problem: 
ompute
E

„

1

(1 + R)N
f(XN )

«

.Let u the unique solution of:(2) (

v(N, x) = f(x),

v(n, x) =
P

y∈E

P (x,y)
1+R

u(n + 1, y).Then :

E

„

1

(1 + R)N−n
f(XN )|Fn

«

= v(n,Xn),In parti
ular:

E

„

1

(1 + R)N
f(XN )

˛

˛

˛

˛

X0 = x) = v(0, x).
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ExampleBinomial random walk Sn is a Markov 
hain with transition matrix

P (x, x+ 1) = P (x, x− 1) = 1/2. We have u(0, x)) = E(f(SN )|S0 = x), where u satis�es :

8

<

:

u(N, x) = f(x),

u(n, x) =
1

2
u(n+ 1, x+ 1) +

1

2
u(n + 1, x− 1).ExampleTrinomial random walk Sn is a Markov 
hain with transition matrix

P (x, x+ 1) = P (x, x− 1) = λ/2, P (x, x) = 1 − λ.We have u(0, x)) = E(f(SN )|S0 = x), where usatis�es :

8

<

:

u(N, x) = f(x),

u(n, x) =
λ

2
u(n+ 1, x + 1) + (1 − λ)u(n + 1, x) +

λ

2
u(n + 1, x− 1).
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ExampleCox-Ross-Rubinstein random walk
V0 = E

„

1

(1 + R)N
f(SN )

«

,we have V0 = v(0, S0), where v satis�es :
8

<

:

v(N, x) = f(x),

v(n, x) =
p

1 + R
v(n + 1, xu) +

1 − p

1 + R
v(n + 1, xd).

p = q Risk neutral measure
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Tree algorithmEuropean option in dis
rete model/*Risk neutral probability*/pu=((1+R)-d)/(u-d);pd=1-pu;/* Condition at maturity*/for (j=0;j<=N;j++)P[j℄=MAX(0.,K-S_0*pow(u,N-j)*pow(d,j));/* Ba
kward indu
tion */for (i=1;i<=N;i++)for (j=0;j<=N-i;j++)P[j℄=pow(1.+R,-1.)*(pu*P[j℄+pd*P[j+1℄);/* E(f(S_N)|S_0=x) is given in P[0℄ */
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European options in Bla
k-S
holes 
ontinous modelProblem: 
ompute European put options
P = e

−rT
EQ

h

(K − ST )+
i

.where (St) is a geometri
 brownian motion.
dSt

St

= rdt+ σdBt, S0 = x

ST = xe
(r− 1

2
σ2)T+σBT
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G.M.B. and random walkLet S0≤t≤T a g.b.m. Then :PropositionLet (Xi, i ≥ 1) a sequen
e of i.i.d. random variables P(Xi = u) = q e P(Xi = d) = 1 − q. Let

S0 = x and :
Sn+1 = SnXn+1.Let ∆T = T/N the time dis
retization step,

u = eσ
√

∆T

d = e
−σ

√
∆T

q =
er∆T − d

u− dThen with this 
hoi
he of parameters, SN 
onverges in law ST ., i.e. if f is 
ontinous andbounded fun
tion, Eq

h

f(SN )
i approximates EQ

h

f(ST )
i.

P = e−rT
EQ

h

(K − ST )+
i

.is approximated by e−rT
Eq

h

(K − SN )+
i

16



European pri
e with CRR random walkTo 
ompute e−rT
Eq

h

f(SN )
i we have to solve:

8

<

:

u(N∆T, x) = f(x),

u(n∆T, x) = e
−r∆T

h

qu
“

(n+ 1)∆T, xu
”

+ (1 − q)u
“

(n+ 1)∆T, xd
”i

.For the put option, f(SN ) = (K − SN )+ we obtain the following :
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CRR Algorithm for put option in BS model

/*Up-Down fa
tors*/h=T/N;u=exp(sigma*sqrt(h));d=1./u;/*Risk neutral probability*/pu=(exp(r*h)-d)/(u-d);pd=1-pu;/* Condition at maturity */for (j=0;j<=N;j++)P[j℄=MAX(0.,K-x*pow(u,N-j)*pow(d,j));/* Ba
kward indu
tion */for (i=1;i<=N;i++)for (j=0;j<=N-i;j++)P[j℄=exp(-r*k)*(pu*P[j℄+pd*P[j+1℄);/* E(f(S_N)|S_0=x) is given in P[0℄ */
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Let S0 = 1 and h = ∆T . for λ ∈ R

Eq [exp (iλ lnSN (h))]

= Eq

"

exp

 

iλ ln

N−1
Y

n=0

Sn+1 (h)

Sn (h)

!#

= Eq

»

exp

„

iλ ln
S1 (h)

S0

«–N

=
“

q exp
“

iλσ
√
h
”

+ (1 − q) exp
“

−iλσ
√
h
””N

and sin
e q = erh−d
u−d

∼ 1
2 +

„

r− σ2

2

«

2σ

√
h

Eq [exp (iλ lnSN (h))] ∼
“

1 +
h

iλ
“

r − σ2

2

”

− λ2 σ2

2

i

T
N

”N

→ exp
“h

iλ
“

r − σ2

2

”

− λ
2 σ2

2

i

T
”

= EQ

h

exp
“

iλ
““

r − σ2

2

”

T + σBT

””i

= EQ [exp (iλ lnST )]

SN (h) → STin law for N → ∞. 19



Lo
al 
onsisten
yKushner's theorem says that the lo
al 
onsisten
y 
onditions, that is the mat
hing at the �rstorder of the �rst and se
ond moments of the logarithmi
 in
rements of the approximating 
hainwith those of the 
ontinuous-time limit grant the 
onvergen
e of the expe
tations of smoothfun
tionals.DISCRETE CONTINUOS

S(n+1)∆T = Sn∆TX(n+1)∆T dSt = Stdt+ σStdBt

qu+ (1 − q)d = Eq [
S(n+1)∆T

Sn∆T

] ≈ EQ[
St+∆t

St

] = e
r∆T

qu
2

+ (1 − q)d
2

= Eq[(
S(n+1)∆T

Sn∆T

)
2
] ≈ EQ[(

St+∆t

St

)
2
] = e

2r∆t+σ2∆t
20



Brownian motion and dis
rete random walkPropositionLet (Xi, i ≥ 1) a sequen
e of i.i.d. random variables P(Xi = ±1) = 1/2.Let Sn = X1 + · · · +Xn.Let ∆T = T/N the time dis
retization step. Set:
BN =

√
∆TSN .Then , BN 
onverges in law to BT .Then

EP

h

f(BN )
i

∼ EP

h

f(BT )
i.In parti
ular for the put options 
ase, h(BT ) = (K − S0e

(r− 1
2

σ2)T+σBT )+ is approximated by

h(BN ) = (K − S0e
(r− 1

2
σ2)T+σBN )+
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8

<

:

u(N∆T, x) = f(x),

u(n∆T, x) = e
−r∆T

h 1

2
u((n+ 1)∆T, x+ 1) +

1

2
u((n + 1)∆T, x− 1)

i

.
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M.B.G. and Kamrad Rit
hken treeKamrad and Rit
hken 
hoose to take a symmetri
 3-points approximation to log
“

Sn∆T
S0

”

(3) logS(n+1)∆T =

8

>

>

>

>

<

>

>

>

>

:

log Sn∆T + log u with pu

log Sn∆T with pm

log Sn∆T + log d with pdIn order to obtain the 
onvergen
e, they mat
h the 2 �rst moments of log
“

Sn∆T
S0

”. Byrepla
ing log u by λσ√∆T this leads to
pu =

1

2λ2
+

“

r − σ2

2

”√
∆T

2λσ

pm = 1 −
1

λ2

pd =
1

2λ2
−

“

r − σ2

2

”√
∆T

2λσThe parameter λ appears as a free parameter of the geometry of the tree, whi
h may be usefulfor some purposes. It is 
alled the stret
h parameter. The value λ = 1.22474 whi
h 
orrespondsto pm = 1
3 is reported to be a good 
hoi
e for an at the money Call (or Put) option.
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Trinomial algorithm of Kamrad Rit
henTo 
ompute e−rT
Eq

h

f(SN )
i, one has to solve :

8

<

:

u(N∆T, x) = f(x),

u(n∆T, x) = e
−r∆T

h

puu
“

(n + 1)∆T, xu
”

+ pmu
“

(n+ 1)∆T, x
”

+ pdu
“

(n+ 1)∆T, xd
”i

.In parti
ular if, f(SN ) = (K − SN )+ then :
24



Trinomial model of Kamrad Rit
hken/*Up-Down fa
tors*/h=T/N;lambda=1.22474;u=exp(lambda*sigma*sqrt(h));d=1./u;/*Probabilities*/z=r-SQR(sigma)/2.;pu=(1./(2.*SQR(lambda))+z*sqrt(h)/(2.*lambda*sigma));pm=(1.-1./SQR(lambda));pu=(exp(r*k)-d)/(u-d);/* Condition at maturiy */for (j=0;j<=2*N;j++)P[j℄=MAX(0.,K-x*pow(u,N-j) indu
tion */for (i=1;i<=N;i++)for (j=0;j<=2*N-2*i;j++)P[j℄=exp(-r*k)*(pu*P[j℄+pm*P[j+1℄+pd*P[j+2℄);/* E(f(S_N)) is given in P[0℄ */
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Ameri
an optionThe value at time t = 0 of an Ameri
an Put option on the risky underlying, with maturity T andpayo� fun
tion ψ(x) = (K − x)+, is, in the 
onne
tion with Optimal Stopping Theory, given by:

v(0, s0) = sup
τ∈T0,T

EQ

“

e
−rτ

ψ(Sτ )
”

where T0,T is the set of all stopping times with values in [0, T ].
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CRR algorithm
u = eσ

√
∆T

d = e
−σ

√
∆T

q =
er∆T − d

u− dThe pri
e of an Ameri
an out v0 is obtained solving:
8

<

:

v(N, x) = (K − x)+,

v(n, x) = MAX
“

e
−r∆T

qv(n + 1, xu) + (1 − q)v(n + 1, xd), (K − x)+
”

.
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Binomial algorithmAmeri
an Put option/*Up-Down fa
tors*/h=T/N;u=exp(sigma*sqrt(h));d=1./u;/*Risk neutral probability*/pu=(exp(r*h)-d)/(u-d);pd=1-pu;/*Intrinsi
 values*/for (j=0;j<=2*N;j++)InV[j℄=max(0.,K-xpow(u,N-j));/*Terminal 
ondition*/for (j=0;j<=N;j++)P[j℄=InV[2*j℄;/*Dynami
 programming*/for (i=1;i<=N;i++)for (j=0;j<=N-i;j++)P[j℄=MAX(exp(-r*k)*(pu*P[j℄+pd*P[j+1℄),InV[i+2*j℄);/* Pri
e in P[0℄ */ 28



GreekDelta
∆ =

∂C

∂x
=
v(∆T, xu) − v(∆T, xd)

xu− xdGammaLet h = 1
2 (xu2 − xd2). Then

Γ =
∂2C

∂x2
=

“

v(2∆T,xu2)−v(2∆T,x)

”

“

xu2−x

” −

“

v(2∆T,x)−v(2∆T,xd2)

”

“

x−xd2
”

h
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