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Tree methods

Probabilitic methods for option pricing

Plain vanilla options(European and American).

Exotic options.




Markov chain
Let (X,,n > 0) be a sequence of random variables taking values in a finite or countable set E.
X,, is a Markov chain if:

P(Xn_|_1 = y|XO = X0,y - - .,Xn = xn) = P(Xn_|_1 = y|Xn = xn) .

The Markov chain is said time homogenous if P (X, +1 = y| X, = x) does not depend on n.
One then sets:

P(z,y) =P (Xny1 = y|Xn =x).

The matrix (P(z,y))scE,ycE is called the transition matrix of the Markov chain

vx,y,P(x,y) > 0 and, Vx,> P(x,y) = 1.
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Random walks

Binomial random walk Let (X;,7 > 1) a sequence of i.i.d. random variables with
P(X; = 4+1) =1/2. Then S,, = X1 + - -+ 4+ X,, is a homogenous Markov chain with transition
matrix P(z,x +1) = P(x,z — 1) = 1/2, P(x,y) = 0 otherwise.

Trinomial random walk. Let (X;,7 > 1) a sequence of i.i.d. random variables P(X; = 1) = A\/2
and P(X; =0) =1 — A, with 0 < A < 1. The transition matrix is given by
P(z,x+1)=P(x,z — 1) = A/2, P(xz,z) =1 — A\, P(z,y) = 0 otherwise.

Random walk of Cox Ross-Rubinstein. Let (U,,n > 0) a sequence of i.i.d. random variables
with P(U,, =u) =p, P(U, =d) =1 —pand 0 < p < 1, u and d real numbers.Let Sy = = and :

Sn+1 =5SUpns1.

Let S, =« ][, , U;. Sp is a homogenous Markov chain with transition matrix:

P(z,zu) = P(Sp+1 =zulS, = x) — D
P(x,xd) = P(Spt1 =ad|S, =) = 1—p
P(x,y) = 0 otherwise



Binomial random walk
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Trinomial random walk

2 -
1 4 A
2
1—A 1—A
0
A
A
L A 1— X
\\\
_2 | |
0 1 2



Random walk of Cox Ross-Rubinstein




More general definition of Markov chain

Let (€2, F,P) be a probability space. Let (F,,n > 1) a filtration. A process (X,,n > 1) taking
values in a finite or countable set F is a Markov chain with the family of transition matrices
(Pp) if :

e For all n, X,, is F,,-misurable.

e For any bounded function f, we :

E(f(Xn+1)Fn) =E(f(Xn+1)|Xn) = D Pz, y)f(y)
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Furopean option pricing

In the discrete models the European price could be written :

Vo =E (ﬁf(XNO :

where (X, ,n > 0) is a Markov chain et r the intereste rate.

Vo =B (e /XIS )



Dynamic programming

Let f(x) a bounded function. Let (X,,,n > 0) a Markov chain with transition matrix P.
Problem: compute

E(f(Xn))-

Let u the unique solution of:

1) { u(N, z) = f(2),

u(n,x) = ZyeE P(z,y)u(n +1,y).

Then :
E(f(XN)[Fn) = u(n, Xy),

In particular:
E(f(XNn)| Xo =) = u(0, z).

10



Let f(x) a bounded function. Let (X, ,n > 0) a Markov chain with transition matrix P.

Problem: compute
B (o )
1+ RN

Let u the unique solution of:

(2)

{ v(N,z) = f(z),

P(x,
v(n,T) =3 cp 1(_Hg)u(n—|— 1,y).

Then :

e (g fIF ) = vl X,)

In particular:

E (ﬁf(xm‘ Xo = z) = v(0, z).
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Binomial random walk S,, is a Markov chain with transition matrix
P(x,zr+ 1) = P(x,x — 1) = 1/2. We have u(0,z)) = E(f(Sn)|So = x), where u satisfies :
u(N,z) = f(x),
1 1
u(n,z) = §u(n +1,z+1)+ §u(n + 1,z —1).

Trinomial random walk S,, is a Markov chain with transition matrix
P(z,x+1)=P(x,z — 1) = A/2, P(xz,z) =1 — A\.We have u(0,z)) = E(f(Sn~)|So = z), where u
satisfies :

u(N,z) = f(z),
u(n,x) = %u(n—i— Lxe+1)+ (1 —XNu(n+1,z) + %u(n—i— 1,z —1).
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Cox-Ross-Rubinstein random walk

Vo =E (ﬁf@m) :

we have Vo = v(0, Sp), where v satisfies :

v(N,z) = f(=),
v(n,z) = P vin +1,zu) + = _pv(n—i— 1,xd).
14+ R 14+ R

p = q Risk neutral measure
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Tree algorithm
European option in discrete model

/*Risk neutral probability*/
pu=((1+R)-d)/(u-d);
pd=1-pu;

/* Condition at maturity*/
for (j=0;j<=N;j++)
P[j1=MAX(0.,K-S_O*pow (u,N-j)*pow(d,j));

/* Backward induction */
for (i=1;i<=N;i++)
for (j=0;j<=N-i;j++)
P[jl=pow(1.+R,-1.)*(pu*P[jl+pd*P[j+1]);

/* E(£(S_N)|S_0=x) is given in P[0] */
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European options in Black-Scholes continous model
Problem: compute European put options

P=e¢ "TEo [(K — S7)4 }

where (St) is a geometric brownian motion.

dSt

—— =rdt+ ocdB¢,So = x
St

S = zel™™ 30°)T+oBr
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G.M.B. and random walk

Let So<t<7 a g.b.m. Then :
Proposition
Let (X;,i > 1) a sequence of i.i.d. random variables P(X; =u) =q e P(X; =d) =1 — q. Let
So = x and :
Sn_|_1 = San_|_1.

Let AT =T/N the time discretization step,

U — oVvVAT
dze—U\/AT
B erAT —d
4= u—d

Then with this choiche of parameters, Sy converges in law St., t.e. if f is continous and
bounded function, E, [f(SN)] approrimates Eq [f(ST)} :

P=e"TEq [(K — S7)4 }

is approximated by e”"TE, [(K — SN)+]
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European price with CRR random walk

To compute e” "' E, [f(SN)] we have to solve:

W(NAT,2) = f(x),
u(nAT,x) = e~ AT [qu((n + 1)AT, :Cu) + (1 — q)u((n + 1)AT, :I:d)] :

For the put option, f(Sy) = (K — Sy )+ we obtain the following :
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CRR Algorithm for put option in BS model

/*Up-Down factors*/
h=T/N;
u=exp(sigma*sqrt(h));
d=1./u;

/*Risk neutral probability*/
pu=(exp(r*h)-d)/(u-d);
pd=1-pu;

/* Condition at maturity */
for (j=0;j<=N;j++)
P[j]=MAX (0. ,K-x*pow(u,N-j)*pow(d,j));
/* Backward induction */
for (i=1;i<=N;i++)
for (j=0;j<=N-i;j++)
P[jl=exp(-r*k)* (pu*P[jl+pd*P[j+1]);

/* E(£(S_N)|S_0=x) is given in P[0] */
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Let S =1 and h = AT. for A € R
E;[exp (iAIn Sy (h))]
= E4 |exp (z')\ln J;ij: ng(}i;”)]
[ LSt (MY
= FE, _exp <z)\ In S, >]
= (q exp (i)\O’\/E) + (1 — q) exp (—iAa\/ﬁ))N

2
r_o

andsinceqzerh—_dwé—kg\/ﬁ

u—d 20

E, [exp (iXIn Sy (R))]  ~ (1 n [M (T Syl

Sy (h) — ST

in law for N — oo.
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Local consistency

Kushner’s theorem says that the local consistency conditions, that is the matching at the first
order of the first and second moments of the logarithmic increments of the approximating chain
with those of the continuous-time limit grant the convergence of the expectations of smooth

functionals.
DISCRETE CONTINUOS
Stn+n)aT = SnaT X(nt+1)AT dS; = Sidt + 0S:dBy
Sen S §
qu+ (1 —q)d = B[~ T2 ) m g [P1E20] = AT
SnAT St

S n S r 0_2
qu® + (1 = )d” = By[(—H250)%) m Eq[(—£=0)%) = &2 Atro A
SnAT St
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Brownian motion and discrete random walk
Proposition

Let (X;,i > 1) a sequence of i.i.d. random variables P(X; = 1) = 1/2.
Let S, = X1 4+ -+ X,,.
Let AT =T/N the time discretization step. Set:

By = VATSyN.

Then , By converges in law to Br.Then
Ep [f(BN)| ~ e[ f(Br)]

' 1 2
In particular for the pult (;ptions case, h(Br) = (K — Soel""2° )T+UBT)+ is approximated by
W(Bx) = (K — Spelr— 3o T+oBN )
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u(NAT, z) = f(z),
w(nAT,z) = e ™27 [%u((n + DH)AT, z + 1) + %u((n + DHAT, x — 1)]
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M.B.G. and Kamrad Ritchken tree

Kamrad and Ritchken choose to take a symmetric 3-points approximation to log (STLS%T)

log Sp,aT + logu  with  p,

log S,aT +logd with pyg
0

In order to obtain the convergence, they match the 2 first moments of log (S%%) By
replacing log u by AoV AT this leads to

Pu = 22 * 20
B 1
Pm — 1— ﬁ
1 (r-%) VAT
bPa = 9x2 ~ o

The parameter A\ appears as a free parameter of the geometry of the tree, which may be useful
for some purposes. It is called the stretch parameter. The value A = 1.22474 which corresponds

to P = % is reported to be a good choice for an at the money Call (or Put) option.
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Trinomial algorithm of Kamrad Ritchen

To compute e” "' E, [f(SN)], one has to solve :

W(NAT,2) = f(z),
u(nAT, x) = e AT [puu((n + 1)AT, :Cu) + pmu((n + 1)AT, :C) + pdu((n + 1)AT, :I:d)} :

In particular if, f(Sy) = (K — Sy )+ then :
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Trinomial model of Kamrad Ritchken

/*Up-Down factors*/

h=T/N;

lambda=1.22474;

u=exp(lambda*sigma*sqrt (h)) ;

d=1./u;

/*Probabilities*/

z=r-SQR(sigma)/2.;

pu=(1./(2.*SQR(lambda))+z*sqrt (h)/(2.*lambda*sigma)) ;
pm=(1.-1./SQR(lambda)) ;

pu=(exp(r*k)-d)/(u-d) ;

/* Condition at maturiy */
for (j=0;j<=2*N;j++)
P[j]=MAX(0.,K-x*pow(u,N-j) induction */
for (i=1;i<=N;i++)
for (j=0;j<=2#N-2%i;j++)
P[jl=exp(-r*k)*(puxP[j]+pm*P[j+1]+pd*P[j+2]) ;

/* E(£(S_N)) is given in P[0] */
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American option
The value at time t = 0 of an American Put option on the risky underlying, with maturity 7" and
payoff function ¥ (z) = (K — x)4, is, in the connection with Optimal Stopping Theory, given by:

v(0, s0) = sup Eq (6_7’%(&))
TELo, T

where 7o r is the set of all stopping times with values in [0, T'].
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CRR algorithm

U = oVvVAT
dze—U\/AT
B erAT —d
1= u—d

The price of an American out vg is obtained solving:

v(N,z) = (K — z)4,
v(in,z) = MAX (e_rATqv(n +1,zu) + (1 — q)v(n + 1, zd), (K — x).,.) :
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Binomial algorithm
American Put option

/*Up-Down factors*/

h=T/N;

u=exp(sigma*sqrt(h));
d=1./u;

/*Risk neutral probability*/
pu=(exp(r*h)-d)/(u-d);
pd=1-pu;

/*Intrinsic valuesx*/
for (j=0;j<=2*N;j++)
InV[j]l=max(0.,K-xpow(u,N-j));
/*Terminal condition*/
for (j=0;j<=N;j++)
P[j1=InV[2%j];
/*Dynamic programming*/
for (i=1;i<=N;i++)
for (j=0;j<=N-i;j++)
P[j]=MAX (exp(-r*k)*(pu*P[jl+pd*P[j+1]) ,InV[i+2%j]);

/* Price in P[0] */
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Greek

Delta
A — oC  v(AT,zu) — v(AT, zd)
- o ru — xd
Gamma
Let h = 1 (zu”® — zd?). Then
(U(QAT,:Eu2)—U(2AT,a;)) (U(2AT,$)—U(2AT,$d2))
820 (qu—w) N (:Jc—ocd2)
I" = ==
Ox? h
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