
Binomial Method for pri
ing path-dependent optionsBla
k-S
holes model
dSt

St

= rdt+ σdBt, S0 = s0,

• Asian option.
• Lookba
k option

• Barrier option.

1



Asian optionsThe pri
e of an European Asian option is given by

P (0, s, s) = E
h

e
−rT

f(ST , AT )|S0 = s,A0 = s
i

.where AT is the integral mean
AT =

1

T

Z

T

0

StPayo� examples

• Fixed Asian Call: the payo� is (AT −K)+.
• Fixed Asian Put: the payo� is (K − AT )+.
• Floating Asian Call: the payo� is (ST − AT )+.
• Floating Asian Put: the payo� is (AT − ST )+.
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Dis
rete approximationIdea: approximate the integral mean with the arithmeti
 average.

E
h

e
−rT

f(SN
, A

N )
i

.ove

A
N =

1

N + 1

N
X

n=0

S
n
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Pure Binomial methodThe average pro
ess (Ai)0≤i≤n is re
ursively 
omputed by

Ai+1 =
(i+ 1)Ai + Si+1

i+ 2
, A0 = s0.The bidimensional transition matrix is given byup (x, y) → (xu,

(n+1)y+xu

n+2 ) with probability qdown (x, y) → (xd,
(n+1)y+xd

n+2 ) with probability 1 − qBa
kward indu
tion

8

<

:

v(N, x, y) = f(x, y)

v(n, x, y) = e
−r∆T

h

qv(n + 1, xu,
(n+ 1)y + xu

n + 2
) + (1 − q)v(n + 1, xd,

(n+ 1)y + xd

n+ 2
)
i

,Rem In the Ameri
an 
ase we have to take in a

ount the early exer
ise (y − k)+
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ComplexityThe obtained tree is not re
ombining so that the algorithm is of exponential 
omplexity. Theevaluation of v(0, s0, s0) requires time 
omputations and memory requirement of the order

O(2n) and this fa
t shows that the algorithm is 
ompletely unfeasible from a pra
ti
al point ofview. Oss Se n = 50, 250 = 1.12 × 1015.Implementation of the algorithm
• Computation of 2N averages at maturity v(N, x, y) = f(x, y). Binary representation.

vp[i] = (vm[i] −K)+, i = 0 . . . . . . (2
N − 1)

• For all n = (N − 1) . . . . . . . . . 0

vp[i] = e
−r∆T

“

q vp[2i+ 1] + (1 − q) vp[2i]
”

, i = 0 . . . . . . . . . (2
n − 1)
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Hull-White algoritmIdea: The main idea of this pro
edure is to restri
t the range of the possible arithmeti
 averagesto a set of some representative values. These values are sele
ted in order to span all the possiblevalues of the averages rea
hable at ea
h node of the tree. The pri
e is then 
omputed by aba
kward indu
tion pro
edure where the pri
es asso
iated to the averages not in
luded in the setof representative values, are obtained by some suitable interpolation methods.

A
N
min = s0

1

N + 1

N
X

k=0

d
k = s0

1

N + 1

1 − dN+1

1 − d

A
N
max = s0

1

N + 1

N
X

k=0

u
k = s0

1

N + 1

uN+1 − 1

u− 1In parti
ular for every node (n, j)

A
n,j

min =
1

n + 1
s0(1 + d+ . . . . . .+ d

j−1
+ d

j
+ d

j
u+ d

j
u
2

+ . . . . . .+ d
j
u

n−j
) =

1

n+ 1
s0

h 1 − dj+1

1 − d

i

+
1

n+ 1
s0d

j
hun−j+1 − 1

u− 1
− 1

i

A
n,j
max =

1

n+ 1
s0

hun−j+1 − 1

u− 1

i

+
1

n+ 1
s0u

n−j
h 1 − dj+1

1 − d
− 1

i

6



Hull-White algorithmDis
retization mesh of type
A

k,n = s0e
mhwhere for a given h, the range of m values is sele
ted to span the possible average at timestep n.Hull and White suggest that, to ensure a

ura
y for the algorithm, the value h = 0.005 issu�
ient. Linear interpolation should be performed Complexity of order N3.
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FSG Method Forward Shooting Grid Method of Barraquand-Pudet for both Fixed orFloating Strike 
ases.
Sn

j = s0e
jσ

√
h, An

k = s0e
kσ

√
h j, k = −n, ..., n where n = N, .., 0.If at time n the bidimensional pro
ess is at (Sn

j , A
n
k ), at time n+1 the pro
ess 
an rea
h in theupward and downward transition 
asesup (Sn

j , A
n
k ) → (Sn+1

j+1 , A
n+1
k+ ) with probability pudown (Sn

j , A
n
k ) → (Sn+1

j−1 , A
n+1
k− ) with probability pd

(1) 8

<

:

CN
j,k = ψ(SN

j , A
N
k ) = (AN

k −K)+

Cn
j,k = max

“

ψ(Sn
j , A

n
k ), e−r∆T

h

puC
n+1
j+1,k+ + pdC

n+1
j−1,k−

” iRemark 1 Time 
omplexity of FSG algorithm is O(N3) and the 
onvergen
e is slowRemark 2 However, these te
hniques have some drawba
ks related both to the pre
ision of theapproximations and to the 
onvergen
e to the 
ontinuous value, as observed by Forsyth et al inReview of Derivatives Resear
h 2002. Forsyth et al proved that a pro
edure of order O(n
7
2 ) isne
essary in order to assure the 
onvergen
e of these algorithms.
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Lookba
k optionsThe pri
e of an European lookba
k option is given by

P (0, s, s) = E
h

e
−rT

f(ST ,MT )|S0 = s,M0 = s
i

.where MT

MT = max
0≤t≤T

St

mT = min
0≤t≤T

StPayo� example:

• Fixed Lookba
k Call: the payo� is (MT −K)+.
• Fixed Lookba
k Put: the payo� is (K −mT )+.
• Floating Lookba
k Call: the payo� is (ST −mT )+.
• Floating Lookba
k Put: the payo� is (MT − ST )+.
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Binomial method
E

h

e
−rT

f(S
N
,M

N
)
i

.where

M
N = max

0≤n≤N
S

n
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Pure Binomial methodThe maximum pro
ess (Mi)0≤i≤n 
an be 
omputed re
ursively by

M
n+1 = max(Mn

, S
n+1),M0 = s0The bidimensional transition matrix is given byup (x, y) → (xu,max(xu, y)) with probability qdown (x, y) → (xd, y) with probability 1 − qBa
kward indu
tion

8

<

:

v(N, x, y) = f(x, y)

v(n, x, y) = e
−r∆T

h

qv(n + 1, xu,max(xu, y)) + (1 − q)v(n + 1, xd, y)
i

,Rem In the Ameri
an 
ase we have to take in a

ount the early exer
ise (y − k)+
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ComplexityThe evaluation of v(0, s0, s0) requires a number of 
omputations of order n3.Implementation of the algorithmNumber of di�erent maximum at every node (n, j)

8

>

<

>

:

j + 1 j ≤ n
2

n− j + 1 j > n
2 ,
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FSG Method Forward Shooting Grid Method of Barraquand-Pudet for both Fixed orFloating Strike 
ases.
Sn

j = s0e
jσ

√
h,Mn

k = s0e
kσ

√
h j, k = −n, ..., n where n = N, .., 0.If at time n the bidimensional pro
ess is at (Sn

j ,M
n
k ), at time n+1 the pro
ess 
an rea
h in theupward and downward transition 
asesup (Sn

j ,M
n
k ) → (Sn+1

j+1 ,M
n+1
k+ ) with probability pudown (Sn

j ,M
n
k ) → (Sn+1

j−1 ,M
n+1
k− ) with probability pd

(2) 8

<

:

CN
j,k = ψ(SN

j ,M
N
k ) = (MN

k −K)+

Cn
j,k = max

“

ψ(Sn
j ,M

n
k ), e−r∆T

h

puC
n+1
j+1,k+ + pdC

n+1
j−1,k−

” iRemark 1 Time 
omplexity of FSG algorithm is O(N3) and the 
onvergen
e is slow
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Babbs method Babbs gives a very e�
ient and a

urate solution to the problem with anone-dimensional tree method in the 
ase of Ameri
an �oating strike Lookba
k options. The mainidea is to use a 
hange of �numeraire� approa
h using a re�e
ted barrier.

Yt =
Mt

St

(3) Yn+1 =

(

uYn with pu

max(dYn, 1) with pd

Remark Time 
omplexity of Babbs algorithm is O(N2) and the 
onvergen
e with re�e
tedbarrier is very fast for the pri
e
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Barrier optionTe pri
e of an down-out option
P (0, s) = E

h

e
−rT

f(ST )1(mT>L)|S0 = s
i

.where mT is

mT = min
0≤t≤T

St
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Binomial method
E

h

e
−rT

f(S
N

)1(Sk>L,k=0...N))

i

.Ba
kward indu
tion
8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

v(N, x) = f(x) if x > L

v(N, x) = 0 if x ≤ L

v(n, x) = e
−r∆T

h

qv(n + 1, xu) + (1 − q)v(n+ 1, xd)
i if x > L

v(n, x) = 0 if x ≤ LThe 
lassi
al CRR may be problemati
 when applied to barrier options be
ause the 
onvergen
eis very slow 
ompared with that for standard vanilla options. The reason is 
lear: let nL denotethe index su
h that

S0d
nL ≥ L > S0d

nL+1Then the algorithm, N being �xed, yields the same result for any value of the barrier between

S0d
nL and S0d

nL+1.
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Rit
hken algorithmRit
hken noted that the trinomial method, for the extra freedom in 
hosing the parameters λ,
an be prefered to the binomial one. The main idea here is to 
hoose the stret
h parameter λsu
h that the barrier is hit exa
tly.
s0d

N = Land then 
hoose

λ =
1

N

ln
“

S0
L

”

σ
√

∆T
.

17


