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q; = q;(t) : center of particle /.
Fluid domain : QF(t) = Q\ UY,; B;.
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Stokes equations in the moving domain Qg(t),

—pulAu+Vp = 0,
V-u = 0,

Balance of forces for the particles

/a-n:F,-,

I

/r,-xa-n:O,
I

o=pu(Vu+ *Vu)—ply.

No-slip condition :

u(x) =V;+w;xrionl;forl<i<N,

—10-12-14-15
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Apparent viscosities : 2.0, 2.45, 1.62, and 6.54.
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Direct estimation of lubrication forces
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THEORETICAL RESULTS

In 2D : no contact in finite time (M. Hillairet, D. Gérard-Varet) for
sufficiently smooth surface

In 3D : non contact in finite time for smooth surfaces (M. Hillairet,
T. Takahashi)

Asymptotic behaviour (Brenner, Kim)

U
F/ub ~ —671‘/13256),.
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Notations
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Fl = —F = —x(Dy) [(€-C)es] e,

which can be written
Fl =[x (Dy) ej @ eg] - (C] — €)) . w(d) =pu 1/d.

m;q; = ®; +Z FJ CJ ".
J#i
Méa+ [x(Dyj) Gy ®Gyl-g=9o
i<j

The velocity u = q verifies the associated energy balance

d

1
p ( Mu - u>+\U(u,u):<D-u,

with W symmetric, nonnegative bilinear form.
(in its kernel : rigid motion of clusters)
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Numerical strategy : decoupling of q and the distances.

Dpg =Gpg 4, Dpg=Gpg-d+Gpq-q,

. D
— Dpg = Gpg- M0 —y D—pq Gpq - M 'Gpyq
Pq
1 _
—52 % (Dj)(Gjj - u) (Gpg - M™'Gy)
i#j
One keeps Dpq implicit, the other distances explicit
— D=—-uD/D +f
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1) Compute the distances (ODE).
2) Compute the matrix

A=Y "[x(Dy) Gj ® Gy

i<j
3) Compute velocities and positions

n+1 _ ..n
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VANISHING VISCOSITY LIMIT
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qe(o) = qO >0, qe(o) = an
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THEOREM : Let € >0 and f € L (R™) be given.

Jlg. € W2 (RY).

PROOF. There exists a maximal solution defined on [0, 7[.
If 7 < o0, then necessarily g. goes to 0 as t goes to 7. But

g(t) = u® —¢ln (qil(ot)> + /Ot f(s) ds,

so that g. — 0 implies g.(t) — 400, hence a contradiction.

B. Maury (Orsay) A. Lefebvre (Eco/e Polytechnique) Direct simulation of dense suspensions



ASYMPTOTIC BEHAVIOUR

g e WL(l)ywith ge BV(I), ye€BV(l), pe M(l), s t.
g="Ff+XinM(Il),

supp(A) € {t, q(t) = 0},

" =P,

Yy=-A, v<0, g>20, gy=0 ae.in/,

q(0) =q¢° >0, §(0) =’

R if ¢>0,
with Cg=| Rt if g=0and~y =0,
{0} if g=0and~~ <O.
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I
ALTERNATIVE FORMULATION

(equivalent for a finite number of contacts)

g€ WhHeo(l), ~ € L°(I), such that
t

g+y=10= u°+/ f(s)ds |
0

7y<0, g>0, gy=0,
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N
THEOREM

q° >0, 0 cR, I =]0,T[ fe L.
We denote by g. € W°°(1) the unique solution in /, and we set

Ve =€lng..
When ¢ goes to 0, there exists a subsequence, still denoted by
(ge), g € WL2(1), v € L>(1), such that

g: — q uniformly ,

Ye ==~ in L™ weak — x,

and the couple (g,7) is a solution to the limit problem.

B. Maury (Orsay) A. Lefebvre (Eco/e Polytechnique) Direct simulation of dense suspensions



N
NUMERICAL SCHEME

( un+1 =yt hf(t"+1) ’
("L = A" hF(EMHY)
gt = q" + hu"tt
n+1 __ 0
q" >0 ifan+1<0‘qnii—0,+l qg"=0 if _O‘un+1:0
AT =0
. un+1 = f}/
I7+1 —_ ~n+1 |f t‘)/n+]- > 0 n+1

if""+1>0‘q =9 \ gl =gq

L q el ,yn—l—]. =0 ,
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N
MODELLING ISSUES

Paradox : modeling of contacts with a highly viscous interstitial
fluid obtained as a vanishing viscosity limit.

r x T T
0.025F | m = = modéle de contact visqueux
mélasse : p=100

miel : u=10

huile de ricin : p=1

0.02 T
huile d'olive : p=0.1
sang : u=0.025
0.015- T
0.011 T
couche de

fluide visqueux

0.005
N
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In real life : rough walls. Contact actually occurs at distance § > 0.
If the distance below which the models produces significant forces
is 9. < 6, the model does not make sense.

y

\/
SR AAVAC A

Numerically : cut-off applied to v below some threshlod value.
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I
MANY-BODY SITUATION

% = f+ZA,-jG,-j
i<j
pij € M(1), supp(uy) < {t, Dy(a(t)) =0},
ut = Peu,
\ Vi = A

CqZ{VETQ, D;j(q):0:>G;j-VZO, ’)/;_,'<0:>G,'J"V:0},

Remark : tangential forces can be included.
—30-40-42-50-52
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I
TOWARD MACROSCOPIC 7

Op+0x(pu) = 0
Oe(pu) + Ox(pu?) +0xp = f
ey +0x(yu) = —p
7¥<0, p<1, 7(1-p) = O
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History of the apparent viscosity
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Apparent viscosities : 2.0, 2.45, 1.62, and 6.54.
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Some animations to download
http ://www.math.u-psud.fr/~maury/
http ://www.cmap.polytechnique.fr/~lefebvre/
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