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Titre : Modéles multi-échelles pour les fluides viscoélastiques.

Résumé : Ce travail porte principalement sur ’analyse mathématique de mo-
déles multi-échelles pour la simulation de fluides polymériques. Ces modéles couplent,
au niveau microscopique, une description moléculaire de ’évolution des chaines de
polymére (sous forme d’une équation différentielle stochastique) avec, au niveau
macroscopique, les équations de conservation de la masse et de la quantité de mou-
vement pour le solvant (sous forme d’équations aux dérivées partielles). Le cha-
pitre 1 introduit les modéles et donne les principaux résultats obtenus. Dans les
chapitres 2, 4, 5 et 7 on montre en quel sens les équations sont bien posées pour
divers modeles de polymeére, en considérant soit des écoulements homogenes, soit des
écoulements cisaillés plans. Dans les chapitres 2, 3, 6 et 7, on analyse et on prouve la
convergence de méthodes numériques pour ces modéles. Enfin, le chapitre 8 concerne
le comportement en temps long du systéme. Une deuxiéme partie de ce document
est constituée de trois chapitres portant sur un travail en magnétohydrodynamique
(MHD), en collaboration avec l'industrie. Le chapitre 9 est une introduction a la
problématique ainsi qu’aux méthodes numériques utilisées. Le chapitre 10 décrit un
nouveau cas-test en MHD. Enfin, le chapitre 11 donne une analyse de la stabilité du
schéma numeérique utilisé.

Mots clés : équations différentielles stochastiques, équations aux dérivées par-
tielles, systéme couplé, méthode de Monte Carlo, techniques de réduction de va-
riance, probléme multi-échelles, fluide polymérique, magnétohydrodynamique.

Title : Multiscale models for viscoelastic fluids.

Abstract : The most important part of this work deals with the mathematical
analysis of multiscale models of polymeric fluids. These models couple, at the mi-
croscopic level, a molecular description of the evolution of the polymer chains (in
terms of stochastic differential equations) and, at the macroscopic level, the mass
conservation and momentum equations for the solvent (which are partial differen-
tial equations). In Chapter 1, we introduce the models and give the main results
obtained. In Chapters 2, 4, 5 and 7 we make precise the mathematical meaning and
the well-posedness of the equations in either homogeneous flows or plane shear flows
for some specific models of polymer chains. In Chapters 2, 3, 6 and 7, we analyse
and prove convergence of some numerical schemes. Finally, in Chapter 8, we deal
with the longtime behaviour of the coupled system. A second part of this document
concerns a magnetohydrodynamic (MHD) problem coming from industry. In Chap-
ter 9, we introduce the problem and the numerical methods used. We present a new
test-case in MHD in Chapter 10. Finally, we give a stability analysis of the scheme
in Chapter 11.

Key words : stochastic differential equations, partial differential equations, cou-
pled system, Monte Carlo method, variance reduction techniques, multiscale pro-
blem, polymeric fluid, magnetohydrodynamic.
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Introduction générale

Le travail de thése a porté principalement sur I’étude mathématique de modéles
micro-macro de fluides polymériques. Il s’agit d’étudier des systémes couplant équa-
tions aux dérivées partielles (au niveau macroscopique) et équations différentielles
stochastiques (au niveau microscopique). Ces systémes ont été assez récemment
introduits pour construire des lois de comportement a partir de modéles microsco-
piques décrivant I’évolution des microstructures (les molécules de polyméres) dans
le fluide.

Précisons les contributions originales de ce travail :

— Mathématiquement, on a pu démontrer que les modéles micro-macro de fluides
polymériques les plus courants sont bien posés (les équations admettent une
solution et une seule) (modéles des dumbbells hookéens et FENE pour le sys-
téme couplé dans un écoulement cisaillé, ainsi que les équations différentielles
stochastiques FENE et FENE-P dans le cas d’'un écoulement homogene) ; on
a également analysé le comportement en temps long du systéme.

— Numériquement, on a pu démontrer la convergence de méthodes numeériques
dans certains cas (modéles des dumbbells hookéens et FENE-P) et analyser la
maniére dont la dépendance en espace du mouvement brownien interagit avec
les opérateurs différentiels pour influencer la variance des résultats.

La premiére partie de la thése est donc consacrée a la présentation de ces tra-
vaux. Le premier chapitre est une introduction générale aux fluides viscoélastiques
et précise les modeéles utilisés ainsi que les résultats que nous avons obtenus, en
essayant de les positionner parmi les analyses mathématiques développées depuis
plus de trente ans sur les modéles macroscopiques, pour lesquels les lois de com-
portement sont données par des équations aux dérivées partielles ou des équations
intégrales (et non pas via des équations différentielles stochastiques). Les chapitres
suivants donnent les détails de chacun des résultats évoqués dans le chapitre 1. Les
chapitres 2 et 3 sont essentiellement consacrés a I’étude de la convergence d’un al-
gorithme classiquement utilisé pour discrétiser le systéme micro-macro, dans le cas
du modéle des dumbbells hookéens. Dans le chapitre 4, on étudie le systéme cou-
plé pour le modéle des dumbbells FENE tenant compte de I'extensibilité finie de la
molécule, tandis que le chapitre 5 s’intéresse plus spécifiquement a ’équation dif-
férentielle stochastique régissant 1’évolution du polymeére pour ce modéle. Dans le
chapitre 6, on s’intéresse a la variance des résultats, une fois le systéme discrétisé,
en fonction des paramétres numériques. Le chapitre 7 est consacré a I’étude d’une
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équation différentielle stochastique non-linéaire au sens de Mc Kean qui apparait
dans un modeéle ot intervient une approximation de fermeture. Le chapitre 8 donne
des résultats partiels sur un travail en cours concernant les propriétés du systéme
en temps long.

Une grande partie de ces trois années a également été consacrée a des sujets liés
a des contrats industriels. On a inclu dans une deuxiéme partie de ce document les
travaux effectués en partenariat avec la société Aluminium Pechiney.

Pour une introduction a la modélisation des cuves d’électrolyse d’aluminium,
on renvoie a la thése de Jean-Frédéric Gerbeau (cf. [52]), et aux deux premiéres
sections du chapitre 9. Disons simplement et succinctement qu’il s’agit de résoudre
un probléme de magnéto-hydrodynamique (MHD) avec deux fluides séparés par une
interface.

Suite aux travaux réalisés par Jean-Frédéric Gerbeau et Claude Le Bris dans les
années 1995-2000, un code d’éléments finis développé en C++ permettait de simuler
des écoulements MHD avec interface libre en utilisant une formulation Arbitrary
Lagrangian Eulerian (ALE). Plusieurs questions restaient en suspens :

— Analyse numérique de la stabilité du schéma dans le cas de l'interface libre,

— Prise en compte de la tension de surface,

— Validation du code dans des configurations complexes.

Nous avons pu répondre a chacun de ces points et les chapitres suivants décrivent ces
résultats. Plus précisément, le chapitre 9 est une introduction aux problémes posés
par la simulation des cuves d’électrolyse de I'aluminium et présente succinctement la
stratégie numérique qui a été adoptée ainsi que les simulations numériques les plus
représentatives. Le chapitre 10 décrit plus en détail un cas test pertinent du point
de vue industriel qui permet de comparer notre approche numérique avec d’autres.
Enfin, le chapitre 11 donne les détails de I'implémentation numérique, ainsi que de
I’analyse de la stabilité du schéma.

La plupart des chapitres sont des reproductions d’articles parus ou acceptés pour
publication (2, 3, 4, 6, 9, 11) ou soumis (7) ou bien encore d’actes de conférences (5,
10), et Pensemble présente donc quelques redondances.
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Chapitre 1

Modélisation micro-macro des
solutions de polymeéres : contexte et
résultats mathématiques

Les modéles et les techniques micro-macro (ou multi-échelles) se sont beaucoup
développés ces derniéres années, aussi bien d’un point de vue numérique que mathé-
matique. Le qualificatif micro-macro indique I'existence de deux échelles distinctes
(en espace ou en temps) s’influengant 'une autre et sous-tend donc l'existence d’un
couplage entre des équations a chacun des niveaux.

A TDorigine de cette explosion, on trouve bien sir I’évolution informatique et
notamment la parallélisation, les méthodes micro-macro conduisant souvent a un
grand nombre de petits problémes indépendants pouvant étre traités en paralléle.
Par ailleurs, un certain nombre de méthodes mathématiques (la stabilisation, 1’ho-
mogénéisation, la réduction de systémes) peuvent s’interpréter comme des méthodes
micro-macro, car elles reposent sur l'existence de deux échelles (en espace ou en
temps).

Les techniques micro-macro ont notamment été introduites en rhéologie pour
simuler les fluides polymériques. Pour prévoir et mieux comprendre le comportement
d’un fluide complexe, on modélise la maniére dont le champ de vitesse dans le fluide
influence les microstructures, le couplage se faisant via le tenseur des contraintes qui
dépend de la configuration des microstructures.

On se propose dans un premier temps de décrire précisément les modéles micro-
macro de fluides polymériques, et plus précisément des solutions infiniment diluées
de polyméres, en montrant leurs liens avec les modéles macroscopiques plus tra-
ditionnels de fluides viscoélastiques. On indiquera ensuite les principaux résultats
mathématiques et numériques obtenus ainsi que quelques perspectives. Par ailleurs,
on détaille en annexe quelques caractéristiques communes des modéles et méthodes
multi-échelles.



Chapitre 1 : Modélisation micro-macro des solutions de polyméres

1.1 Modéles micro-macro pour les fluides polymé-
riques

Nous nous proposons dans cette section d’introduire les modéles micro-macro de
fluides polymériques, et particuliérement les modéles de solutions diluées de poly-
meéres. On s’appuie ici sur les ouvrages de référence (12,13, 39,120, 122|, ainsi que
sur les notes de cours [10,11]|. Les deux livres |6, 38| sont des introductions plus
courtes et trés accessibles a la rhéologie (la science qui étudie les déformations et
'écoulement de la matiére) et en particulier & la rhéologie des fluides polymériques.

Dans la suite, on entendra par polymeére une macromolécule (c’est-a-dire une
molécule formée de plusieurs milliers d’atomes) constituée de la répétition d’une
petite unité chimique appelée monomeére. L’exemple typique est une chaine de po-
lyéthyléne de formule CHs — (C'Hj),, — C'Hs, avec n grand (plusieurs milliers). On
peut penser a cette molécule comme a un spaghetti.

On appelle fluide tout matériau presque incompressible qui coule, c¢’est-a-dire qui
prend la forme du récipient qui le contient, éventuellement en un temps long. Cette
notion dépend bien sir de I’échelle spatiale et de I’échelle de temps d’observation.
En mécanique des fluides comme en mécanique des solides, on cherche & comprendre
les relations entre les sollicitations (contrainte ou déformation appliquées au bord)
et la réponse du matériau (contrainte ou déformation obtenues dans I’échantillon),
soit dans un régime transitoire, soit dans un état stationnaire. Dans le cas de la mé-
canique des solides, on mesure en général la déformation en fonction de la contrainte
(solides élastiques). Pour un fluide visqueux (fluide newtonien), c’est en fait le taux
de déformation (autrement dit la vitesse de déformation) qui est proportionnel a
la contrainte (cf. la formule (1.5) ci-dessous). Pour les fluides qui nous intéressent
et que l'on appelle fluides viscoélastiques, le comportement est une combinaison de
ces deux cas et leur modélisation reste un sujet difficile et d’actualité. Les fluides
viscoélastiques font partie d’une classe plus importante de fluides appelés fluides
non-newtoniens dont on ne sait pas décrire simplement le comportement. L’étude
de ce comportement sous écoulement est important car ces fluides interviennent dans
de nombreuses applications (industrie alimentaire, peinture, industrie plastique,...).

Les fluides non-newtoniens (c’est-a-dire tels que le taux de déformation n’est pas
proportionnel a la contrainte) sont trés courants dans la nature et dans 'industrie.
Les boues, le sang sont des fluides non-newtoniens. De méme, dans le domaine
alimentaire, le blanc d’oeuf, la mayonnaise, le fromage ou le chocolat fondu. Dans
I'industrie, on ajoute souvent des polymeéres a des fluides pour leur conférer certaines
propriétés. De tels fluides ou de longues molécules baignent dans un solvant sont
appelés des fluides polymériques. C’est le cas des shampooings, des gels ou des
détergents. On épaissit des peintures, des dentifrices, des soupes ou des sauces en
ajoutant des polymeéres inélastiques. On trouve également des applications dans le
domaine de 'automobile o1 on ajoute des polyméres pour modifier le comportement
des carburants sous des conditions particuliéres de température et de pression, ou
encore dans le domaine de l'industrie pétroliére pour stabiliser 'interface eau /
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§ 1.1.1 : Modéles micro-macro pour les fluides polymériques

pétrole afin d’extraire plus de pétrole. Enfin, signalons une derniére propriété trés
utile des fluides polymériques et encore mal comprise : en ajoutant trés peu de
polymeéres & un solvant (comme de 1’eau), on réduit la chute de pression pour un
écoulement dans un tuyau jusqu’a 50% (ce phénoméne est appelé drag reduction).
Ceci trouve des applications dans tout procédé nécessitant le transport d’un liquide
(lance a incendie,...).

Les fluides polymeériques constituent une part trés importante de la recherche en
rhéologie, de par leur intérét industriel d’une part, et aussi parce qu’on peut jouer
sur leurs propriétés de maniére simple, par exemple en changeant la concentration ou
les propriétés des polymeéres ajoutés au solvant. Parmi les fluides polymériques, on
distingue les solutions diluées de polyméres pour lesquelles on peut négliger les inter-
actions entre les chaines de polymeéres, des polymeéres fondus ou solutions concentrées
pour lesquelles ces interactions jouent un réle important. Dans la suite, nous allons
nous concentrer sur ’étude mathématique des modéles pour les solutions diluées.

Nous nous proposons maintenant de montrer comment on peut décrire mathé-
matiquement le comportement des fluides polymériques, en développant particu-
lierement les approches basées sur le couplage entre équations macroscopiques et
modéles moléculaires, du type équations de Langevin.

1.1.1 Equations de la dynamique des fluides, rhéologie

On s’intéresse a des fluides incompressibles, ce qui se traduit par :
div (u) =0, (1.1)

ou (u(t,x)) désigne le champ de vitesse, ¢ > 0 le temps, et @ la variable d’espace.
On suppose que € D ot D est un domaine borné de R? (d = 2 ou d = 3).

L’équation de conservation de la quantité de mouvement (momentum equation
en anglais) pour un fluide incompressible s’écrit :

p (0w +uw.Vu) =div (o) + f (1.2)

ou p deésigne la densité du fluide (constante par hypothése d’incompressibilité),
(f(t,x)) une force volumique extérieure et (o (t,x)) le tenseur des contraintes.
Ce tenseur est tel que o (t,x).n(x) représente la force surfacique élémentaire qui
s’exerce au temps ¢ sur 1’élément de surface situé au point & et de normale n(x).
Par des raisonnements classiques, on montre que le tenseur o doit étre symétrique.
L’expression de o est la suivante :

o=—-pld+ T, (1.3)

ou (p(t,x)) est le champ de pression dans le fluide, Id désigne la matrice identité de
taille d x d et (7(t,x)) désigne le tenseur des extra-contraintes (extra-stress tensor).
Pour fermer le systéme, il reste a préciser une relation entre 7 et u, relation appelée
loi de comportement.

11



Chapitre 1 : Modélisation micro-macro des solutions de polyméres

Remarque 1 Dans plusieurs livres de physique anglo-sazons (cf. par exemple [12,
13,120]), la convention de signe pour le tenseur des contraintes o est l'opposée de
la convention choisie ici.

1.1.1.1 Fluides newtoniens

Pour un fluide newtonien, on postule une relation linéaire entre T et le tenseur
taux de déformation < défini par :

A = Vu+ (Vu)’. (1.4)

Remarquer que par hypothése d’incompressibilité, v est de trace nulle. La constante
de proportionnalité entre 7 et 4 s’appelle la viscosité (dynamique) et est notée 7.
On obtient alors I’expression suivante pour o :

o=—pld+n(Vu+ (Vu)’), (1.5)

et en injectant cette relation dans (1.2) et en utilisant la relation d’incompressibi-
lité (1.1), on obtient les équations de Navier-Stokes :

{ p (0w +u.Vu) —nAu+Vp = f,

div (u) = 0. (1.6)

Il est important de noter qu’en dépit de la simplicité de la relation de comportement
postulée, ces équations permettent de simuler un grand nombre de fluides (I’eau, le
miel,...) et fournissent des résultats qui se comparent trés bien a I'expérience, méme
dans des conditions extrémes (nombre de Reynolds élevé, géométrie complexe).

1.1.1.2 Fluides viscoélastiques et écoulements simples

Les fluides viscoélastiques sont caractérisés par le fait que la réponse a une défor-
mation présente a la fois un caractére visqueux (contrainte proportionnelle au taux
de déformation) et un caractére élastique (contrainte proportionnelle & la déforma-
tion). Les fluides polymeériques sont des fluides viscoélastiques.

Pour explorer le comportement des fluides viscoélastiques et plus généralement
des fluides non-newtoniens, et pour comparer les modéles et les expériences, on
étudie la réponse de ces fluides dans des écoulements dit simples pour lesquels le
champ de vitesse est connu explicitement et pour lesquels il est facile de calculer les
contraintes prédites par les modéles. Le fait que le champ de vitesse puisse étre donné
a priori provient du fait que ces écoulements sont homogénes (cf. section 1.1.3.3 pour
une définition et une explication de ce fait). Citons deux exemples particuliérement
importants : I’écoulement cisaillé simple et les écoulements élongationnels (cf. no-
tamment le chapitre 3 de [12]).

Un écoulement cisaillé simple est un écoulement pour lequel la vitesse u est
donnée par

u(t, z) = (7(t)y,0,0),

12



§ 1.1.1 : Modéles micro-macro pour les fluides polymériques

o
. =
?

S

entrée

sortie

profil de vitesse

F1G. 1.1 — Représentation schématique d’un rhéométre (ou viscosimeétre) cylindrique.
Sur une portion infinitésimale, on réalise un écoulement cisaillé, appelé écoulement
de Couette, caractérisé par le profil de vitesse (u(t,y),0,0). La vitesse en y = L
est (,0,0). On a également représenté quelques chaines de polymére a 1’échelle
microscopique qui sont déformées par I’écoulement. Dans le cas ou u(t,y) = ¥(t)y
on parle d’écoulement cisaillé simple.

13



Chapitre 1 : Modélisation micro-macro des solutions de polyméres

ou = (z,y,2) et ou ¥ est un scalaire appelé taux de cisaillement. Dans de tels
écoulements, on est notamment intéressé par la viscosité de cisaillement 7 (shear
viscosity) définie par :

oyt Toy(l

(t) — = Iz?/(t) _ iﬂyyt( )7 (17)

Yoult)  F(@)
et par les premiére et seconde différences des contraintes normales (i.e. des compo-
santes diagonales du tenseur des contraintes) :

Ni(t) = 0u.(t) —oy,(t),
Na(t) = oy,(t) —o..(1).

Ces quantités sont intéressantes car mesurables en pratique. Pour des fluides newto-
niens, la viscosité de cisaillement est constante (égale a la viscosité dynamique 7) et
les différences des contraintes normales sont nulles, d’aprés la relation (1.5), puisque
les termes diagonaux de Vu sont nuls. Une des caractéristiques des fluides non-
newtoniens est que 7 n’est pas constant. En pratique, on étudie ce type d’écoulement
dans des rhéométres ou le fluide est placé entre deux cylindres, I'un fixe et 'autre
étant en rotation (cf. figure 1.1). Il s’agit en fait dans ce cas d’un écoulement qui
est localement un écoulement cisaillé : on parle d’écoulement viscométrique (cf. [11]
section 2.2, ou [133] section 3.2).

En effectuant des mesures sur des écoulements stationnaires, on peut construire
pour un fluide donné les fonctions (%), Ni(¥) et Na(§) ot 4 = ¥ est le taux de
cisaillement & 'état stationnaire (cf. figure 1.1). Pour la plupart des fluides non-
newtoniens, on observe que 7 est une fonction décroissante de 4 (on parle de shear-
thinning viscosity et de fluide rhéofluidifiant) qui tend vers une constante 7., quand
4 tend vers 'infini, et vers une valeur 7y appelée zero-shear rate viscosity quand ~
tend vers zéro. Par ailleurs, les expériences suggéerent que des valeurs non nulles pour
N1(¥) et No(%) caractérisent des fluides viscoélastiques. Le fait qu’un cisaillement in-
troduise des différences dans les contraintes normales est lié au fait que I’écoulement
de cisaillement introduit des anisotropies dans la microstructure du fluide.

L’écoulement cisaillé simple est également utilisé pour étudier des comportements
dynamiques. On peut par exemple étudier la réponse a une sollicitation périodique
sinusoidale de faible amplitude : §(t) = 7o cos(wt). Cette expérience permet notam-
ment de distinguer la réponse élastique du fluide, qui correspond & une contrainte en
phase avec la déformation, de la réponse visqueuse, qui correspond a une contrainte
en quadrature de phase avec la déformation (cf. le modéle de Maxwell unidimen-
sionnel et Panalogie avec un circuit électrique RC, figure 1.6).

Les écoulements élongationnels (appelés aussi shear-free flows) interviennent sou-
vent dans les procédés industriels (filage, soufflage ou étirage de film, cf. [6] section 5).
A Détat stationnaire, un écoulement élongationnel est caractérisé par le fait que le
champ de vitesse s’écrit :

u(x) = (éx,mey, — (1 + m)éz)

14



§ 1.1.1 : Modéles micro-macro pour les fluides polymériques

F1G. 1.2 — Représentation schématique d’un appareil a quatre rouleaux pour produire
un écoulement élongationnel plan.

ou € est appelé taux élongationnel et m € {—0.5,0,1} pour les écoulements élon-
gationnels classiquement étudiés (cf. figure 1.2 pour le cas m = 0 correspondant
a un écoulement élongationnel plan). La encore, on définit des quantités, fonctions
du taux de déformation ¢, que I'on peut estimer dans des expériences. Ce sont les
viscosités élongationnelles 1, et po définies par :

o-m,m - Uz,z

f11(€) 2@ mi (1.10)
1a(6) = ﬁ (1.11)

Pour un fluide newtonien, on vérifie que u; = ps = n, o n est la viscosité dyna-
mique définie dans (1.5). Pour des fluides non-newtoniens, ces coefficients dépendent
généralement de €.

1.1.1.3 Quelques expériences de rhéologie

Les fluides non-newtoniens ont des comportements qui permettent de les différen-
cier nettement des fluides newtoniens. Nous décrivons ici plusieurs comportements
typiquement non-newtoniens des fluides visco-élastiques, en essayant de les éclairer
a partir des propriétés exhibées dans les écoulements simples décrits dans la section
précédente.

Une premiére expérience surprenante est le rod-climbing effect (cf. figure 1.3 ou
figure 1.9 p. 13 dans [122]) : on plonge une barre dans un fluide et on la fait tourner.
Pour un fluide newtonien, la surface libre & tendance a se creuser autour de la barre.
Pour certains fluides viscoélastiques, on observe que le fluide grimpe le long de la
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|

F1G. 1.3 — Représentation schématique de deux comportements surprenants des
fluides polymeériques : le rod-climbing effect (& gauche) et le open syphon effect (a
droite).

barre (on parle de leffet Weissenberg). On peut montrer par des raisonnements
simples que ce phénomeéne est lié au fait que les différences des contraintes normales
(cf. (1.8)) ne sont pas nulles dans un écoulement cisaillé (cf. [11] p. 49-51 qui cite
A.S. Lodge [107]).

Une seconde expérience est le open syphon effect (cf. figure 1.3 ou figure 1.11 p. 16
dans [122]). On observe que pour certains fluides visco-élastiques, on peut vider com-
plétement un récipient simplement en amorc¢ant 1’écoulement en dehors du récipient
(et sans tuyau!). Ce phénoméne est relié a l'existence de viscosité élongationnelle
importante.

Une troisiéme expérience, plus simple, consiste a considérer 1’évolution en temps
d’un fluide initialement au repos, puis cisaillé (start-up of shear flow) (cf. les fi-
gures 1.1 et 1.4). Pour un fluide newtonien, on observe un profil de vitesse qui
atteint progressivement et de maniére monotone en temps I’état stationnaire. Pour
des fluides polymériques, on observe un comportement différent (cf. [97]) : la vitesse,
avant d’atteindre son état stationnaire, passe localement au-dela de sa valeur a I’état
stationnaire (phénoméne d’overshoot sur la vitesse).

Signalons enfin deux cas tests sur des écoulements complexes qui sont utilisés
dans la littérature : calculer I’écoulement autour d’un cylindre, et I’écoulement dans
une contraction 4 :1 (cf. figure 1.5). On dispose pour ces écoulements de mesures et ils
constituent donc des bons cas tests pour valider des modéles de loi de comportement.

1.1.1.4 Loi de comportement

On s’intéresse dans la suite & décrire mathématiquement le comportement des
fluides polymeériques. Pour cela, on décompose le tenseur T des extra-contraintes
défini par (1.3) en une contribution newtonienne du solvant et une contribution due
aux polymeéres :

T =Ny + Tp, (1.12)

ou 7y désigne la viscosité du solvant et 4 est défini par (1.4). Le tenseur 7, est la
partie du tenseur des extra-contraintes dues aux polymeéres. L’objectif des modéles
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Re=0.1 Epsilon=0.9, T=1. Re=0.1 Epsilon=0.9, We=0.5, T=1.

F1G. 1.4 — Représentation du profil de vitesse au cours du temps dans I'expérience
du start-up of shear flow. On représente le profil de vitesse (u fonction de la position
y, cf. figure 1.1) a différents instants de l'intervalle [0,1] : & gauche pour un fluide
newtonien, et a droite, pour ce méme fluide auquel on a ajouté des polymeéres (modéle
des dumbbells hookéens). On observe un phénomeéne d’overshoot sur la vitesse. Pour
la définition des paramétres adimensionnels Re, €, We , cf. (1.49).
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— —
— —
—

— —

F1G. 1.5 — Représentation schématique de deux cas tests types : la contraction 4 :1
(en haut) et I’écoulement autour d’un cylindre (en bas). On calcule pour ces cas
tests les solutions stationnaires. On a indiqué les profils de vitesse en entrée et
en sortie ainsi que les lignes de courant, en pointillé pour la contraction 4 :1. Sur
la contraction 4 :1, la taille et la forme de la zone de recirculation a l'entrée de
la contraction dépend typiquement du fluide polymérique considéré (cf. figure 1.6
dans [133]).

mathématiques est de trouver une formule donnant le tenseur 7, en fonction de
I’histoire de la déformation du fluide. Cette relation s’appelle une loi de comporte-
ment, et peut prendre des formes trés différentes, parfois équivalentes : différentielle
ou intégrale (cf. section 1.1.2) ou moyenne d’une fonctionnelle décrivant les micro-
structures du fluide (cf. section 1.1.3).

La simulation d’'un écoulement complet nécessite donc la résolution du systéeme
constitué des équations aux dérivées partielles (1.1)—(1.2) (avec o et T respective-
ment définis par (1.3) et (1.12)) et d’une formule donnant 7, du type (1.16), (1.26)
ou encore (1.41)—(1.43) (cf. ci-dessous). C’est un probléme posé sur trois inconnues
(on parle de probléme a trois champs) : la vitesse u(t, ), la pression p(t,x) et le
tenseur des contraintes dues aux polyméres 7, (¢, ). Quand I’équation sur 7, est une
équation différentielle ou intégrale, on parle de modéles macroscopiques (ou modéles
macro-macro). Quand l'expression de 7, implique des variables microscopiques dont
on modélise I’évolution dans le fluide, on parle de modéles micro-macro.

1.1.2 Modéles macroscopiques pour les fluides polymériques

Historiquement, les premiers modéles qui ont été batis pour construire des lois de
comportement pour les fluides viscoélastiques étaient des modéles macroscopiques,
dans le sens ot ces modéles cherchaient & donner directement une relation entre le
tenseur T, et le tenseur du taux de déformation 4 (ou d’autres tenseurs construits a

18



§ 1.1.1 : Modéles micro-macro pour les fluides polymériques
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~

F1G. 1.6 — Schéma unidimensionnel du modeéle de Maxwell. L’analogie avec un circuit
électrique est évidente, la déformation v jouant le role d’une tension, la contrainte
7 jouant le role de I'intensité, et n et £ se comparant respectivement a la capacité
d’un condensateur et a la conductivité d’une résistance.

partir de I'histoire de la déformation, cf. section 1.1.2.2), sans introduire de variables
supplémentaires microscopiques. Ces lois macroscopiques peuvent s’écrire soit sous
la forme d’une équation différentielle (qui devient en fait une équation aux dérivées
partielles une fois introduite l'advection), soit sous la forme d’une intégrale (qui
s’écrit le long des lignes de courant une fois considérée 'advection). Dans tous les
cas, ces équations traduisent le fait que 7, dépend de I'histoire de la déformation.

1.1.2.1 Modéles différentiels

Le modéle de base pour les fluides viscoélastiques est le modéle de Maxwell. Il
consiste & combiner un modéle d’élasticité linéaire, et un modéle de viscosité linéaire.
Pour le modéle d’élasticité linéaire, on postule que la contrainte est proportionnelle
a la déformation (loi de Hooke), le coefficient de proportionalité étant le module
dYoung E : on associe naturellement a ce modéle un ressort hookéen. Pour les
fluides newtoniens, on postule que la contrainte est proportionnelle a la vitesse de
déformation, le coefficient de proportionalité étant la viscosité n : on associe a ce
modéle un piston. En mettant en série un ressort hookéen et un piston, on obtient
le principe unidimensionnel du modéle de Maxwell (cf. figure 1.6). Dans le cas uni-
dimensionnel, si on note 7 la contrainte et 7 la vitesse de déformation, on obtient
I’équation différentielle ordinaire suivante :

. Ldr n T (1.13)
TTEdt n '
On peut réécrire cette équation sous la forme
d
A b=, (1.14)

dt

ol A\ = % est un temps de relaxation du systéme.

Pour passer au modéle de Maxwell tensoriel, il faut remplacer la dérivée tem-
porelle dans (1.14) par une dérivée convective sur un tenseur. Par des arguments
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d’invariance par changement de référentiel (on parle aussi de dérivées objectives),
on montre qu’un modéle possible est le suivant :

A (@TP +u.V1,—Vur, — Tp(Vu)T) + 71, =17, (1.15)

oll A est un temps de relaxation, et 7, une viscosité due aux polymeéres. On rappelle
que le tenseur des extra-contraintes T est ensuite donné par (1.12). Dans le cas ou
ns = 0, on parle du modéle Upper Convected Mazwell (UCM). Dans le cas ot 0y # 0,
on parle du modéle Oldroyd-B (ou modéle de Jeffreys).

Remarque 2 Dans (1.15) ainsi que dans tout ce qui suit, on choisit comme conven-

u.
tion (Vu); ; = —. Cette notation est consistante avec le fait que la différentielle de

Ox;

u en un point & appliquée a un vecteur (colonne) h s’exprime comme le produit ma-

trice vecteur Vu(x) h. Noter que dans beaucoup de livres de physique anglo-sazons
J , ce qui entraine

(cf. par exemple [12, 183,120, 122]), la convention est (Vu); ; = T
T

des modifications des positions des transposées dans les équations.

Remarque 3 La dérivée convective apparaissant dans (1.15) (cf. le terme entre pa-
renthéses) s’appelle la upper-convected derivative ou dérivée sur-convectée. Il existe
d’autres dérivées convectives pour les tenseurs qui satisfont ['invariance par chan-
gement de référentiel (notamment la lower-convected derivative ou dérivée sous-
convectée et la dérivée corotationnelle, appelée aussi dérivée de Jaumann et qui est
la moyenne des deur dérivées sur et sous-convectées). Nous emploierons dans la
suite exclusivement la dérivée sur-convectée, car c’est celle qui apparait naturelle-
ment quand on relie les modéles cinétiques (modéles que nous allons considérer par
la suite) auz modéles macroscopiques (cf. section 1.1.4.1). C’est d’ailleurs ce type de
dérivée convective qui est utilisé dans la plupart des modéles macroscopiques (cf. par
exemple ci-dessous les modéles de Phan-Thien Tanner, de Giesekus ou FENE-P).
Pour une discussion de la pertinence physique du choiz de la dérivée convective, on
renvoie également au chapitre 3 de [11].

Le modéle Oldroyd-B présente plusieurs défauts. En effet, avec ce modéle, on
observe que (cf. section 1.1.1.2) :
— dans les écoulements cisaillés simples stationnaires, la viscosité de cisaillement
n ne dépend pas du cisaillement ¥ (pas de shear-thinning effect),
— dans les écoulements cisaillés simples stationnaires, la seconde différence de
contraintes normales Ny est nulle,
— et surtout, dans les écoulements élongationnels stationnaires, les viscosités
élongationnelles p; et ps explosent pour un taux élongationnel € fini.
Toutes ces prédictions sont en contradiction avec les résultats d’expériences menées
sur la plupart des fluides polymériques. Notons que ces résultats sont trés simple-
ment obtenus en injectant dans (1.15) Pexpression de la vitesse u(t,z) = (yy,0,0)
pour I’écoulement cisaillé simple, ou w(t, x) = (éx, —€y/2, —éz/2) pour écoulement
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¢longationnel (cf. [122] p. 38-39 ou [13] p. 73-74). Dans ces deux cas, le tenseur 7, ne
dépend pas de I’espace et est donc a divergence nulle, ce qui implique que I’équation
sur 7, est découplée de I'équation (1.2) sur w (cf. le paragraphe sur les écoulements
homogeénes dans la section 1.1.3.3, page 34).

Des modéles macroscopiques permettant d’obtenir des résultats qualitativement
plus en accord avec les expériences ont alors été développés. De maniére générale,
ces modéles s’écrivent :

A (@Tp +u.V1,—Vur, — Tp(Vu)T) +T(1p,%) = 1,77, (1.16)

ou T'(7,,7) dépend typiquement de maniére non-linéaire de 7,. Citons simplement
trois modeles parmi les plus utilisés.
Le modéle de Giesekus (cf. [64]) introduit un terme quadratique :

A
A (8,57'13 +u.V1, —Vur, — ‘rp(Vu)T) + 7, + Ozn—Tpr = NyY. (1.17)
P

ou « est une constante.
Le modéle de Phan-Thien Tanner (PTT) est dérivé d’'un modéle sur réseau
(cf. [124]) et s’écrit :

A (8t7p +u.V1,—Vur, — Tp(V'u,)T) + Z(tr(1),))T)p + g/\ (YT + TpY) =Y,

(1.18)
avec deux choix possibles pour la fonction Z :
t

NG

Z(tr(7p)) = e (1.19)
t Y
exp (6)\ r(Tp))
Tlp

ou £ et € sont des constantes.

Citons enfin le modéle FENE-P, que 'on retrouvera par la suite car il peut étre
dérivé a partir d’'un modéle cinétique. Suivant les idées de Peterlin (cf. [123]), Bird
et al. (cf. [14]) on introduit le modéle suivant :

A ((%‘rp +u.V1,—Vur, — ‘rp(Vu)T) + Z(tr(1,))T)

5\ <Tp + n—;1d> (8, +w.V) In (Z(tx(T))))) = 1,7, (1.20)
Z(tr(r,) =1+ %l (1 + A%) , (1.21)

ou d est la dimension de ’espace et b est une constante que ’on interprétera dans
la suite comme étant proportionnelle au carré de I'extensibilité maximale des poly-
meéres.
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Chacun de ces modéles non-linéaires donnent lieu a des comportements qualita-
tivement corrects dans les écoulements simples décrits dans la section 1.1.1.2. On
retiendra que les modéles macroscopiques sont dérivés de telle sorte qu’ils vérifient
des principes d’invariance par changement de référentiel et que leur comportement
qualitatif dans des écoulements simples soit bon. De plus beaucoup de modéles
macroscopiques différentiels ont en fait été dérivés a partir de considérations micro-
scopiques (cf. section 1.1.3).

On peut généraliser ces modeéles en considérant plusieurs temps de relaxation A
et plusieurs viscosités 7,, et en posant 7, = > ;""" T,,; ou T,,; vérifie par exemple
(1.15) ou (1.18)—(1.19) avec A = A; et 1, = ;.

1.1.2.2 Modéles intégraux

Considérons a nouveau le modéle de Maxwell unidimensionnel (1.14). La solution
peut s’écrire sous forme intégrale :

(#) = (k) exp (—t _Ato) 4 /t:gexp (—t . S) N(s)ds.  (1.22)

En faisant tendre ty vers —oo et en supposant que 7 reste borné si 7 I’est, on obtient

la forme suivante :
¢ n t—s
(1) = / T exp <— . ) 5(s) ds. (1.23)

—00

En introduisant (¢, t) défini par :

d _ .
{ %g%;): 07(1f> , (1.24)

on obtient par intégration par partie une relation équivalente a (1.23) :

() = /; e (—t A 5) V(t,5) ds. (1.25)

Sous cette forme, on voit que la contrainte a 'instant ¢ dépend de I'histoire de la
déformation. La fonction 15 exp (—"/’Ts) est appelée fonction mémoire.
Ce calcul unidimensionnel et homogéne en espace se généralise en la formule

suivante :
To(t,x) = —/_ M(t—s)f (C;'(s,2)) (Id — C; (s, x)) ds. (1.26)

oit M est une fonction mémoire, f une fonction a valeur réelle, et C; '(s, x) désigne
le tenseur des déformations de Finger (relatif & la configuration au temps t). Le
tenseur de Finger C; '(s, ) est 'inverse (matriciel) du tenseur des déformations de
Cauchy (relatif a la configuration au temps t) C(s, ) qui est défini par :

C.s,x) = Fys,z)  F(s,x) (1.27)
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ou F(s,x) est le gradient de déformation (relatif a la configuration au temps t) :

Fi(s,z) = V(x,(s))(x) (1.28)

ou x,(s) désigne 'application qui envoie les particules de leur position & l'instant
t a leur position a 'instant s. Noter qu’il est naturel de faire apparaitre le tenseur
C, ! pour définir une contrainte, car ¢’est celui qui caractérise la déformation des
surfaces (cf. [10] p. 32), et qu’il est logique de penser que les contraintes surfaciques
dépendent de la déformation passée des éléments de surface sur lesquels elles agissent
(cf. [11] p. 84).

On peut vérifier que la dérivée sur-convectée (par rapport a t) du tenseur de Fin-
M t -5
a2 P
par simple dérivation de la formule (1.26) que le tenseur 7, défini par (1.26) vérifie
'équation différentielle dérivée du modéle de Maxwell (1.15). Le paramétre A s’inter-
préte donc facilement sous cette forme comme le temps caractéristique qu’il faut au
systéme pour oublier I'histoire de la déformation. De méme que dans le cas des mo-
déles différentiels, on peut généraliser ce modéle en considérant plusieurs temps de re-

ger C; ! est nulle. Dans le cas M (t — s) =

et f = 1, on vérifie ainsi

7fmaz
t—s
laxation \; et plusieurs viscosités 7,,; et en posant M (¢t — s) E ( 3 ) .
i

On retrouve dans ce cas le modeéle de Maxwell généralisé é evoque a la fin de la section
précédente.

Noter qu’il existe des modéles intégraux qui n’ont pas d’équivalent simple sous
forme différentielle. On renvoie au chapitre 8 de [12| pour des exemples.

Remarque 4 De méme qu’on pouvait choisir différentes dérivées convectives pour
les modeles différentiels (cf. Remarque 3), il existe également d’autres choiz “natu-
rels” que le tenseur de Finger pour erprimer le tenseur des contraintes sous forme
intégrale. Comme on l'a vu ci-dessus, le tenseur de Finger est associé au choix
d’une dérivée sur-convectée. Au contraire, choisir une dérivée sous-convectée revient
a choisir une expression pour T, de la forme :

o (t,3) / M(t — 8)g (Ci(s, %)) (Ci(s, ) — Id) ds. (1.29)
On renvoie & [11,12] pour des détails.

1.1.3 Modéles microscopiques pour les fluides polymériques

Dans la section 1.1.2, on a cherché a établir une relation entre le tenseur 7,
donnant la contribution des polymeéres au tenseur des extra-contraintes (cf. (1.12))
et I'histoire de la déformation au travers de formules ne faisant intervenir que des
grandeurs macroscopiques (cf. (1.16) et (1.26)).
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On s’intéresse maintenant a écrire une loi de comportement en partant d’un autre
point de vue : on cherche & décrire la maniére dont évoluent les polymeéres au niveau
microscopique dans le champ de vitesse du solvant puis, ensuite, comment les po-
lymeéres influencent le tenseur des contraintes et donc ’écoulement macroscopique.
Nous allons donc introduire des variables supplémentaires dans le probléme pour mo-
déliser les microstructures. Nous ne pouvons pas nous permettre de décrire trés fine-
ment les molécules de polymeére dans le fluide, en utilisant par exemple la mécanique
quantique ou la dynamique moléculaire, pour des raisons de cotit calcul, puisque ’on
cherche a simuler des écoulements a 1’échelle du centimetre et de la seconde. Nous
allons plutot utiliser des modéles cinétiques, type équation de Langevin, pour si-
muler I’évolution de la conformation des polyméres (on parle parfois de modéles
mésoscopiques, pour les distinguer des modéles plus fins qui décriraient 1’évolution
des molécules elles-mémes). Ces modéles ont été développés depuis les années 1930
mais ont surtout été améliorés durant les trente derniéres années (cf. [12,13,33,39|)
et I'idée de coupler ces modéles avec les équations macroscopiques sur la vitesse
pour simuler des écoulements complexes date des années 1990 (cf. [97] et les théses
récentes [16,108,148]).

1.1.3.1 Evolution d’une chaine de polymére dans un champ de vitesse
fixeé

Nous nous intéressons dans un premier temps a la description de 1’évolution
d’un polymeére dans un champ de vitesse donné. L’hypothése fondamentale que nous
ferons par la suite (cf. une discussion de ces hypothéses dans la section 1.1.3.5) est
que les chaines de polymere n’interagissent pas entre elles. Nous nous limiterons
donc a la modélisation des fluides polymériques infiniment dilués.

Introduction du modéle du dumbbell.

Un des modéles les plus simples qui permettent de décrire la conformation d’un
polymére dans un solvant est la chaine de Kramers (cf. figure 1.7). On représente le
polymére par une chaine de N billes reliées par N — 1 tiges rigides de longueur a.
Dans ce modéle, les billes représentent des portions de 10 & 20 monomeéres. On
suppose par ailleurs que les angles entre tiges sont libres, ¢’est-a-dire que les positions
des tiges sont représentées par des variables aléatoires indépendantes uniformément
distribuées sur la sphére (on parle de “chaine libre”). Cette hypothése d’absence de
corrélation entre les tiges est d’ailleurs ce qui détermine la longueur des tiges (on
parle de segment statistique de Kuhn). Ce modéle présente plusieurs caractéristiques
d’une “vraie” chaine de polymeére :

— la chaine posséde un grand nombre de degrés de liberté internes,

— elle peut étre étirée ou orientée,

— elle posséde une longueur maximale : (N — 1)a.

Dans la limite N grand, en utilisant le théoréme de la limite centrale (cf. [39] p. 12-13
ou [13| p. 14), on peut montrer qu'une trés bonne approximation de la densité de
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FiG. 1.7 — Modélisation d’un polymeére : de la molécule au modéle du dumbbell en
passant par le modéle de la chaine libre de billes et de tiges (appelée chaine de
Kramers). On désigne par X le vecteur qui joint une extrémité a l'autre.
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probabilité pour le vecteur bout-a-bout X joignant les deux extrémités du polymére
(cf. figure 1.7), dans un champ de vitesse nulle, est :

X 2
ba(X) = 2 oo (52 ) (1.30)
ol Z est une constante de normalisation. L’énergie libre du systéme étant donnée, a
une constante additive pres, par A(X) = —kT In(¢eq(X)), o0t k désigne la constante
de Boltzmann et T la température (supposée constante dans toute la suite), on peut
introduire une force qui est reliée aux variations de 1’énergie libre et définie par
dA = F(X).dX (ce qui oriente la force F'). On obtient alors une force linéaire,
correspondant & un ressort hookéen :

Froox(X) = HX (1.31)

3kT
ou H = (N—1)2 désigne la constante de raideur du ressort. On aboutit donc a
—Da

un modéle trés simple dans lequel un polymeére est modélisé par deux billes reliées
par un ressort hookéen (cf. figure 1.7) : ce modéle s’appelle modéle du dumbbell
hookéen. On appellera par la suite modéle de dumbbell (haltére en frangais) tout
modéle de la chaine de polymére par deux billes reliées par un ressort. Noter que
la force reliant les deux billes dans ces modéles est purement d’origine entropique.
L’hypothése fondamentale derriére cette modélisation est que ’échelle de temps a
laquelle on regarde évoluer le polymére dans le fluide est suffisamment grande pour
que la molécule ait le temps d’échantillonner I’espace des configurations possibles
(équilibre statistique).

L’approximation précédente (appelée approximation gaussienne) peut étre affi-
née pour prendre en compte I'extensibilité finie de la chaine. Par des arguments
de physique statistique, on peut montrer (cf. chapitre 6 de [147]) qu'une bonne
approximation de la force qui s’exerce entre les deux extrémités de la chaine est :

kT | X || X
Fr. (X)=—L"" < (1.32)
: a (N =1)a/ [[X]]
o L1 désigne la réciproque de la fonction de Langevin définie par :
1
L(x) = coth(x) — —. (1.33)
x

Cette expression est difficilement manipulable en pratique, et on lui préfére souvent
son approximation introduite par Warner [151] :

HX

L- bkT/H

ou H = % et b = 3(IV — 1). On appelle ce modéle le modéle des dumbbells
FENE (Finite Extensible Nonlinear Elastic dumbbells), car la force Frgng dans le
ressort explose quand || X || tend vers (N —1)a. Noter que dans les limites || X || tend

vers 0 ou bien b tend vers oo, on retrouve bien la force hookéenne (1.31).
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3kT

(N—— Da? et b=3(N — 1) sont valables en dimen-

Remarque 5 Les valeurs H =

ston d = 3.

Evolution du dumbbell dans un champ de vitesse donné.

Supposons un instant que le solvant soit au repos et considérons simplement le
mouvement d’une bille dans le fluide (cf. [120] p. 82-83). On décompose la force que
le solvant exerce sur la bille en deux types de force (approche de Langevin) :

— une force de friction, proportionnelle a la vitesse relative de la bille par rapport

au solvant, (le coefficient de friction est noté ( et peut étre estimé, par exemple

en utilisant la loi de Stokes, cf. [12] p. 23),

— une force brownienne, provenant des nombreux impacts aléatoires des petites

molécules du solvant sur la bille représentant une “grosse” molécule.
L’hypothése du caractére brownien de la force exercée par le solvant sur la bille
provient du fait qu’on suppose que la corrélation en temps pour cette force est
trés petite devant le temps d’observation du mouvement de la bille. En notant m la
masse de la bille et V; son vecteur vitesse, on obtient donc I’équation du mouvement
suivante (équation de Langevin) :

ou B; désigne un mouvement brownien standard d-dimensionnel, et D un para-
meétre scalaire que 'on veut déterminer. La solution est un processus d’Ornstein-

Uhlenbeck :
D t
V:=Vyexp <—£t> + —/ exp (—g(t — s)) dB,,
m m Jo m

ou V' désigne la vitesse initiale que 1’on suppose indépendante de B;. Le processus
V' est donc un processus gaussien de moyenne

E(V,) =E(Vy)exp (——C t) ,
m
et de matrice de variance-covariance

E((Vi-E(Vy) @ (V- E(Vy)))

— E(Vo- B(Ve) ® (Vo - B(Va)exp (- 1)

D? 2(
+2C_m (1 — exp <_Et)> Id.

On a supposé que le fluide était au repos, et on s’attend donc a ce que le processus
V', soit stationnaire, ce qui impose :

E(V:) =E(V,) =0,

E(Vi© V) =E(Vo® Vo) = (1.36)

Id.
ZCmd
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Fic. 1.8 — Modéle du dumbbell. Le vecteur bout-a-bout X est la différence des
vecteurs positions de la bille 2 et de la bille 1. Le vecteur R donne la position du
centre de masse du dumbbell.

En utilisant le principe d’équipartition de 1’énergie, on sait que 1’énergie cinétique
moyenne mE(||V|?) doit étre égale a 2kT d’otl la relation de Nernst-Einstein :

D = \/2kT¢. (1.37)

Ce raisonnement est lié au théoréme de fluctuation-dissipation.

Intéressons-nous maintenant a une bille d’'un dumbbell dans un champ de vitesse
fixé u(t, ) (on rappelle que ¢ désigne la variable de temps et @ la variable d’espace).
Aux deux forces précédemment évoquées s’ajoute la force dans le ressort, que nous
notons génériquement F'(X) (cf. (1.31), (1.32) ou (1.34)). On note X! le vecteur
position de la bille 7 (i = 1 ou 2) de sorte que X = X* — X' (cf. figure 1.8). On
introduit également R = % (X1 + X2) la position du centre de masse du dumbbell.
On a (cf. 'équation de Langevin (1.35)) :

X! X!
md (ddtt> = (ddtt — u(t,X§)> dt + F(X,)dt + /2kT¢ dBj,

dX? dX?
md( dtf> = ( dtf —u(t,X§)> dt — F(X,)dt + /2kT( dB;},

(1.38)

oil B} et B? désignent deux mouvements browniens d-dimensionnels indépendants.
Dans la limite ou % tend vers 0 (c’est-a-dire si 1’échelle de temps a laquelle on
regarde le mouvement du polymeére est trés grande devant le temps caractéristique

28



§ 1.1.1 : Modéles micro-macro pour les fluides polymériques

%), par combinaison linéaire des deux équations de (1.38), on obtient donc :
, 1 2 KT
dX, = (u(t, X7) —u(t, X;)) dt — ZF(Xt) dt + 2 ?th,
1 2 A A
(u(t, X;) +u(t,X7)) dt + Tcht,

on W; =L (Bf — B;) et Wi = \% (B% + B?) sont deux mouvements browniens

(1.39)
th ==

DN | —

V2
d-dimensionnels indépendants.

On fait maintenant les approximations suivantes :
— on effectue les développements limités

u(t, X)) ~u(t, R;) + Vu(t, R)(X! — R))

pour ¢ = 1,2, cette approximation étant justifiée par le fait que la taille du po-
lymeére est petite par rapport aux variations spatiales de la vitesse du solvant,
~ on supprime le bruit dans I’équation sur R, (W} = 0), cette approximation

étant justifice par le fait que le terme 3 (u(t, X}) 4+ u(t, X7)) dt est de taille

« : ) N t ot kT 2w . : i)
macroscopique” par rapport a une variation , /Tth microscopique’.

On obtient alors (en notant W = W) :

2 kT
AX = Vu(t, R) X dt = ZF(Xy)dt + 2 [ =AW, (1.40)
th = ’U,(t, Rt) dt

On adjoint a ce systéme d’équations des conditions initiales : X (la conformation
initiale du vecteur bout-a-bout) et Ry (la position initiale du polymeére). On voit
donc que les processus X; (et donc les mouvements browniens W) sont naturel-
lement indexés par les trajectoires des particules (disons par exemple par Ry), du
moins dans la mesure ou le champ de vecteur u(t, ) est suffisamment régulier pour
pouvoir étre intégré. Si on introduit une description eulérienne du vecteur bout-
a-bout, X,(x) représentant la conformation “type” d’un polymeére situé au point
x a linstant £, on obtient 1’équation aux dérivées partielles stochastique (EDPS)
suivante sur X () :

dX () +u(t,x). VX, (x)dt = Vu(t,z) X, (x)dt — %F(Xt(w)) dt + 2 kTTth.

(1.41)

Noter que I’on a ici supposé que le mouvement brownien W ne dépend pas de I'espace

(cf. section 1.2.2.2 et chapitre 6 pour une discussion des descriptions eulériennes et
lagrangiennes).

Le modéle que nous considérerons dans la suite est donc (1.40) ou (1.41) avec

pour la force entropique F', soit le modéle linéaire (F' = F'yook, cf. (1.31)), soit le
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Chapitre 1 : Modélisation micro-macro des solutions de polyméres

Fi1G. 1.9 — Représentation de la force en fonction de la longueur pour le modéle
hookéen (en trait plein) et pour le modéle FENE (en trait pointillé).

modéle FENE tenant compte de 'extensibilité finie des polyméres (F = Fggpng,
cf. (1.34)).

De maniére générale, la force F'(X) dérive toujours d’un potentiel convexe I1(X)
qui peut s’écrire sous la forme I1(X) = 7 (|| X||) (potentiel radial). Ainsi,

X
F(X) =7([1 X)) %71 (1.42)
[1X]]

Voici quelques exemples de potentiels utilisés en pratique (cf. figure 1.9) :
l2
— le potentiel hookéen (cf. (1.31)) : Thook(l) = HE’

~ le potentiel FENE (cf. (1.34)) : )= -2 (1= ’
€ potentie CI. . . TFENE = 9 bk}T/H .

On peut également citer le potentiel de la force de Langevin (cf. (1.32)) ou un poten-
tiel tenant compte des effets de volume exclu (cf. [120] p. 215) : 7oy (1) = H(1 — v)I/ =)
avec typiquement v = 0.6 en dimension 3. Certains auteurs utilisent aussi la somme
d’un potentiel hookéen quadratique et d’un terme en puissance quatre (cf. [78]).

Remarque 6 On peut vérifier qu’une condition nécessaire et suffisante pour que
IT soit une fonction convexe (resp. a-conveze) est que T soit une fonction convexe
(resp. a-conveze) telle que '(0) > 0.
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1.1.3.2 Contribution des polymeéres au tenseur des contraintes

On dispose maintenant d’un modéle décrivant ’évolution d’un polymeére dans un
champ de vitesse u(t, ) du solvant donné. Pour pouvoir fermer le systéme, il faut
calculer la contribution 7, des polymeéres au tenseur des extra-contraintes 7.

FEzpressions du tenseur des contraintes 7.

En utilisant le fait que le tenseur des contraintes testé contre un vecteur unitaire
n donne la force qui s’exerce sur I'élément de surface de normale m, on montre
que T, s’exprime de la fagon suivante en fonction de X, (cf. [120] p. 158-159, [39]
section 3.7.4, ou [13] section 13.3) :

T,(t) = n, (]E(Xt ® F(X,)) - k:TId), (1.43)

ou ® désigne le produit tensoriel et n, la concentration en chaines de polymeére.
Cette expression est obtenue en écrivant que la force qui s’exerce sur I’élément de
surface de normale n est égale aux forces cumulées des ressorts des dumbbells coupés
par I’élément de surface. La formule (1.43) s’appelle la formule de Kramers. Noter
que cette formule est telle que 7, est un tenseur symétrique, d’aprés ’expression
générale de la force (1.42).

Remarque 7 Nous n’avons pas indiqué de dépendance en la variable de position
macroscopique x dans (1.43), mais celle-ci est sous-entendue : dans le cas lagran-
gien (1.40), T, dépend de la trajectoire, de la méme fagcon que X, et dans le cas
eulérien (1.41), T, dépend de la position x occupée a l'instant t par le polymére de
conformation “type” X(x).

Par un calcul d’Tt6 sur le tenseur de structure (X ;(x)®X(x)), en utilisant (1.41),
on obtient :

d( X (x) @ Xi(x)) = (dX(x)) @ Xi(x) + Xi(z) @ (dX () + 4k)TTId dt

= (~ut.2) .V (X(2) ® X))
+Vu(t, z)( X (z) @ Xi(z)) + (Xi(z) ® Xi(x))(Vu(t,z))"
2 2 AKT
—F(X)® X, 72X & F(X) + TIcl) dt

+2\/¥((Xt(w) ® dW,) + (AW @ Xy (x))) .

On note A(t,x) la moyenne du tenseur de structure :

Alt,z) = E(X,(z) ® X,(z)). (1.44)
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En supposant que le processus X est tel que, pour tout ¢ > 0, fot X, (x) @ dW , est

une martingale (par exemple, X est un processus tel que fot E(|| X ||*) ds < o), on
obtient I’équation suivante sur A(t, x) :

0 A(t, ) +u(t,x). VA(t,z) — Vu(t,z)At,z) — A(t,z)(Vu(t, z))"
4 4kT
= —-E(X,® F(X,)) + —1d.
¢ ¢
En utilisant (1.43), on obtient alors une expression pour T, appelée expression de
Giesekus qui est équivalente & celle de Kramers, mais qui ne fait intervenir que des
moments d’ordre deux du processus X; :

T,(t,x) = (1.45)

—%np (0. A(t, ) + u(t, ). VA(t, z) — Vu(t,z)A(t,x) — A(t,z)(Vu(t,z))") .

Autrement dit, 7, est proportionnel & la dérivée sur-convectée de A (cf. remarque 3).
Noter qu’avec cette expression, on a bien 7, = 0 a 'équilibre (une quantité est dite
“a I'équilibre” quand c’est la solution du probléme stationnaire avec u = 0).

Remarque 8 La trace de A qui donne la moyenne du carré de l’extensibilité du
dumbbell est une information importante en pratique car il existe des moyens pour
mesurer la taille moyenne des polymeres dans le fluide (cf. [13] p. 72). Dans le
cas du dumbbell hookéen, a [’équilibre, on wvoit facilement que la racine carrée de
tr(A) vaut \/@. Compte tenu de ’expression de H = % (cf. remarque 5),
on obtient donc la valeur suivante de la taille moyenne du polymeére en dimension

d=3:ayN —1.

1.1.3.3 Le systéme micro-macro

On dispose a ce stade de toutes les équations pour pouvoir écrire un systéme
micro-macro décrivant 1’évolution d’'un fluide polymérique. En regroupant (1.1)-
(1.2)-(1.3)(1.12)—(1.41)—(1.43), on obtient le systéme suivant :

( p(Opu(t,x) +u(t,z).Vu(t,x)) — nAu(t,z) + Vp(t, x)
= div (7,(t, @) + f(t, ),
div (u(t,z)) = 0,

7)(t,@) = n, (B(X (@) © F(X,(2))) - kT1d), (1.46)
dX () +u(t,x).VX,(x)dt

_ Vult, 2) X, (@) dt %F(Xt@;)) dt + 2\/?&4@.

\

Noter que les EDS doivent étre résolues en chaque point de ’écoulement. Le proces-
sus X; dépend donc de t, de ® et de la variable de probabilité que I’on note w. Ce
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type de modéle micro-macro reléve de la classe générale de modéles évoquée dans la
section 1.A.3.

On se propose de réécrire ce systéme avec des variables adimensionnelles. On
introduit donc une vitesse caractéristique U et une longueur caractéristique L. Le
temps est alors adimensionné par L/U et X, par L. Par ailleurs, on introduit un
temps caractéristique de relaxation des polyméres A (qui se mesure en seconde) et
la viscosité due au polymére 7, (qui se mesure en Pascal.seconde) définis par :

A= % (1.47)
np = npkTA. (1.48)

Ces expressions sont définies pour les forces hookéennes et FENE et seront justifiées
dans la section 1.1.4.1. Dans le cas d’autres forces, H est plus généralement la
dérivée seconde du potentiel 7 en 0. On note n = 7, + 7, la viscosité totale et
on adimensionne 7, et p par nU/L. On adimensionne f par nU/L?. On introduit
maintenant les nombres adimensionnels suivants :

L
Re = PUL , €= o

U 12H (1.49)
We=" r=T%

Le premier nombre adimensionnel Re est le nombre de Reynolds qui mesure le
rapport des effets d’inertie sur la viscosité; € € (0, 1] mesure 'influence relative de
la viscosité introduite par les polyméres par rapport a la viscosité totale ; We est le
nombre de Weissenberg (aussi appelé nombre de Deborah) et est égal au rapport d'un
temps caractéristique de relaxation pour les polyméres et d’un temps caractéristique
de I’écoulement ; p mesure le carré du rapport entre la longueur caractéristique

choisie L et la taille caractéristique des polymeres 4/ %T (cf. remarque 8). Le systéme

(1.46) se réécrit alors, en surlignant les variables adimensionnées, et en omettant ici
les dépendances en temps et en espace :

[ Re (0w +u.Vu) — (1—e)Au + Vp = div (7,) + f,
div (u) =0,
\ 7 = o (HEX © F(X)) — 1)), (1.50)
A 1 — J—
dX +u.V X dt = VuX dt — F(X)dt + ———dW5.
L T v 2We (X) +\/We,u !

ol les opérateurs surlignés indiquent qu’ils agissent sur des variables adimensionnées,
W;=/U/ LWy Ju est un mouvement brownien et la force adimensionnée F définie
par :

F(LX)

FX) =71
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a pour potentiel TI(X)

7(|1X]1), avec :

7(l) = 7;;?2) :

Dans la suite, comme cela est trés souvent le cas dans les articles et les ouvrages
de référence, on prend

p=1
c’est-a~-dire qu’on choisit pour longueur caractéristique du systéme L la taille carac-
téristique des polymeéres @/%, et on se place désormais dans le cadre des équations

adimensionnées (1.50). En omettant désormais et pour plus de clarté les barres
surlignant les variables adimensionnées, le probléme qui nous intéresse est donc fi-
nalement :

[ Re (Qu +u.Vu) — (1 — €)Au + Vp = div (1,) + £,
div (u) =0,
€
_ _ 1.51
T (E(X ® F(X)) Id)l, 1 (1.51)
dX +uVXdt=VuXdt — —F(X)dt + dW ;.
L “ 2We ( ) v We ¢

avec, typiquement, F(X) = X dans le cas des dumbbells hookéens et F(X) =
W dans le cas des dumbbells FENE.

Remarque 9 Dans la plupart des publications, on observe des valeurs du nombre de
Weissenberg entre 0.1 et 10, du nombre de Reynolds entre 0 et 10, et de € de ['ordre
de 0.1 (cf. [3] par exemple). Pour le modéle FENE, b varie typiquement entre 10 et
100 (cf [120] p. 217 ou [13] p. 81). En particulier, les difficultés numériques qui se
posent pour la simulation de ces modéles ne sont pas dues au fait que ’on travaille
avec des nombres de Reynolds importants, mais plutot de difficultés de convergence
quand le nombre de Weissenberg devient trop grand (cf. section 1.2.1.2).

Etude des modéles cinétiques dans un champ de vitesse homogeéne.

Pour analyser la qualité de ces modéles, on peut commencer par calculer 7, pour
des champs de vitesse donnés et homogénes c’est-a-dire de la forme :

u(t,x) = k(t)x,

ou K(t) est une matrice de dimension d x d de trace nulle. Noter que dans ce cas,
Vu = k(t) ne dépend pas de la position x et que 'on peut donc chercher des
solutions de (1.41) qui ne dépendent pas de la variable d’espace . Ceci permet en
particulier d’éliminer le terme w.V dans (1.41), et conduit donc (via (1.43)) & un
tenseur des contraintes 7, indépendant de . Dans la mesure o il existe une pression
p et une force extérieure f telle que (u(t, x),p(t,x)) est solution des équations de
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Navier-Stokes (les deux premiéres équations de (1.51) avec div (7,) = 0), le triplet
(u,p, Tp) constitue bien une solution du systéme (1.51) tout entier puisque 7, ne
dépend pas de ’espace. Le probléme est donc dans ce cas partiellement découplé :
le champ de vitesse influe sur X et donc sur 7,, mais 7, n’intervient pas dans les
équations sur le couple (u,p). La mesure des contraintes dans de tels écoulements
permet alors de donner des caractéristiques du fluide et de vérifier la validité des
lois de comportement de maniére simple (cf. la section 1.1.1.2).

Nous avons déja rencontré dans la section 1.1.1.2 deux types d’écoulement homo-
geénes : les écoulements cisaillés simples et les écoulements élongationnels. Observons
le comportement du modele des dumbbells hookéens et FENE dans ces écoulements.
On montrera dans la suite (cf. section 1.1.4.1) que le modéle des dumbbells hoo-
kéens est en fait équivalent au modéle de Maxwell (cf. (1.15)). En particulier, il
présente les mémes inconvénients (une viscosité de cisaillement indépendante du
taux de cisaillement, une seconde différence des contraintes normales nulle et des
viscosités élongationnelles qui peuvent exploser pour des taux élongationnels finis,
cf. section 1.1.2.1). En introduisant une extensibilité maximale pour le dumbbell,
le modéle FENE permet de corriger ces problémes et d’obtenir un comportement
qualitatif correct pour les solutions stationnaires d’écoulements homogénes simples
(en particulier la propriété de shear-thinning cf. |13] p. 82-83).

Le cas d’un écoulement cisaillé général.

Dans la suite, nous considérerons trés souvent le cas d’'un écoulement cisaillé
(cf. figure 1.1) en dimension d = 2. Dans un écoulement cisaillé, on suppose que
la vitesse s’écrit sous la forme wu(t,x) = (u(t,y),0) et que toutes les quantités ne
dépendent que de y (I’écoulement cisaillé simple introduit dans la section 1.1.1.2
correspond au cas u(t,y) = ¥(t)y). On note 7(t,y) la composante (z,y) du tenseur
T, et f(t,y) la premiére composante de la force extérieure f(¢, ). On montre alors
facilement que le systéme (1.51) se simplifie en :

( Redyult, y)e— (1 —€)0yult,y) =0,7(t,y) + f(t,y),
r(t.y) = 7E(X0) R (X)) ).
1 1
dXy(y) = Oyu(t,y)Yi(y) dt — ———Fx(X(y)) dt + ———=dV, (1.52)
) 2We vVWe

\ dYy(y) = _mFY(Xt(y)) dt +

AW,

1
v We
ou on a noté (X;(y), Yi(y)) les composantes du processus X(y), (V;, W) les compo-
santes du mouvement brownien W et (Fx(X), Fy (X)) les composantes de la force
F(X). On rappelle que d’aprés 'expression générale (1.42) de F', le tenseur T, est
symétrique et donc, on a aussi

m(t,y) = 5B (V) Fx (Xu())-

On distingue en particulier deux types d’écoulement cisaillé : ’écoulement de Poi-
seuille, pour lesquels f # 0 et u est nul sur les parois (penser a un écoulement
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sous pression dans un tuyau), et écoulement de Couette, pour lequel f = 0 et
u(t,y =0) =0, u(t,y = L) =V (cf. figure 1.1). Noter que dans le cas d'un écoule-
ment cisaillé général, on a bien un vrai systéme couplé : u intervient dans les EDS
sur (X,Y) et (X,Y) dépend a priori de I'espace, donc intervient dans PEDP sur u
via OyT.

1.1.3.4 Avantages et inconvénients des modéles microscopiques

Les modéles microscopiques ont d’abord été développés dans le but de com-
prendre quelle est I'influence des polyméres sur le tenseur des contraintes et de
construire des modéles macroscopiques sur 7, : en travaillant dans un champ de
vitesse homogéne, on cherche a comprendre les interactions entre le solvant et les
polymeéres, et I'influence qu’ont les polyméres sur une quantité macroscopique, le
tenseur des contraintes. L’idée d’utiliser directement ces modeéles pour simuler des
écoulements complexes est venue ensuite (cf. la méthode CONNFFESSIT [97,98]).
Dans ce cas, on résout donc directement (1.51).

Les avantages de cette approche micro-macro par rapport a une approche macro-
scopique plus traditionnelle qui consiste a coupler les équations sur la vitesse avec
une équation macroscopique sur T, sont les suivants :

— ces modeéles semblent “plus sirs” car ils reposent sur une approche cinétique

dont on connait a priori les limites et les hypothéses,

— les constantes introduites dans ces modéles (H, b, k, T, ¢) ont une signification
physique claire et peuvent étre estimées a partir des propriétés des polyméres
et du solvant,

— ces modeéles permettent d’explorer “numériquement” les rapports entre compor-
tement macroscopique et caractéristiques microscopiques des microstructures
et ouvrent par conséquent de nouveaux champs de modélisation possibles,

— il semble que dans des écoulements complexes, les méthodes numériques baties
a partir des modéles micro-macro soient plus robustes que celles construites
pour résoudre des modéles macroscopiques (cf. [148| p. 38 pour le calcul d'un
écoulement autour d’un cylindre par exemple ou [16] p. 115 et [28] pour le
calcul d’un écoulement sur une contraction 4 :1).

L’inconvénient principal de ’approche micro-macro est qu’elle reste extréme-
ment coliteuse par rapport a une approche macroscopique, puisqu’elle nécessite la
résolution d’une équation différentielle stochastique pour chaque position & (disons
pour chaque point de Gauss du maillage pour une discrétisation par éléments finis).
Quelle que soit la méthode de résolution de cette EDS (schéma d’Euler sur 'EDS
ou résolution de I’équation de Fokker-Planck associée, cf. section 1.1.4.2), le modéle
nécessite donc le calcul de plus de quantités (des variables microscopiques ont été
introduites) qu'un modéle macroscopique, ce qui a des conséquences en termes de
cotit de calcul et de stockage en mémoire. Il faut cependant remarquer que les EDS
sont indexées par les trajectoires, et qu’on peut, pour un champ de vitesse donné
sur un intervalle de temps [t,, t,11], les résoudre séparément : la parallélisation du
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FiG. 1.10 — Modélisation du polymére par une chaine de N billes et n = N — 1 res-
sorts. Les vecteurs X ; s’appellent les vecteurs connecteurs. Le modéle des dumbbells
correspond au cas N = 2.

schéma numérique est immeédiate! Actuellement, 'approche micro-macro est une
piste validée par les laboratoires académiques et qui semble prometteuse, mais n’est
pas encore utilisée par les codes commerciaux employés par les industries.

Par ailleurs, ’approche micro-macro ne permet pas de résoudre toutes les dif-
ficultés rencontrées dans la modélisation des fluides polymériques. En particulier,
méme pour des modéles sophistiqués (cf. section 1.1.3.5), il reste en général difficile
de retrouver quantitativement les résultats des expériences.

1.1.3.5 Raffinements et autres modéles

Le modéle des dumbbells décrit dans les sections précédentes et sur lequel nous
allons nous concentrer dans la suite, est un modéle trop grossier pour pouvoir modé-
liser quantitativement le comportement des polyméres. En particulier, on observe en
pratique que plusieurs temps de relaxation régissent le comportement des polymeéres.
Pour remédier a ce probléme, on peut introduire une chaine (cf. figure 1.10) de N
billes reliées par n = (N — 1) ressorts (et non pas (/N — 1) tiges rigides comme dans
le modéle de la chaine de Kramers, cf. section 1.1.3.1). Dans le cas ou ces ressorts
sont tous des ressorts hookéens, on parle du modéle de Rouse. En suivant la méme
démarche que pour le modéle des dumbbells (cf. section 1.1.3.1), on montre dans ce
cas que les équations (1.40) deviennent :

/sz
dX,, = Vul(t, Rt)X”dt——ZAsz X 1.0)dt + (ZS” )

th = U(t, Rt> dt.
(1.53)
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ou le vecteur Xy, représente 1'état d’étirement du k-iéme ressort (1 < k < n),
les (Byt)1<i<n sont N mouvements browniens d-dimensionnels indépendants, et les
matrices A et S sont définies par :

2 —1 0 e 0]
1 2 -1 0 e 0
0 -1 2 -1 0 0
0 0 -1 2 —1 0
0 0 -1 2 -1

0 0 -1 2 |
[ 1 1 0 0

0 -1 1 0 0
S= 0 o0

0 0 —1 1 0

0 0 -1 1

Par ailleurs, la formule (1.43) donnant le tenseur des contraintes 7, devient :

Tp(t) =1y (i E(Xip: @ F(Xpy)) — nk’Tld) . (1.54)

k=1

De méme qu’on montrera dans la section 1.1.4.1 que le modéle du dumbbell hookéen
est équivalent & un modeéle de Maxwell (cf. (1.15) et section 1.1.2.1), on peut montrer
en diagonalisant A et en utilisant le fait que A = SST (cf. [120] section 4.1) que le
modéle de Rouse est équivalent a un modéle de Maxwell différentiel généralisé avec
des temps de relaxation \; = %az ou (a;)1<i<n—1 désignent les valeurs propres de la
matrice A.

Par ailleurs, les principaux effets qui manquent au modéle décrit dans les sec-
tions précédentes sont la modélisation des interactions hydrodynamiques et des ef-
fets de volume exclu. On appelle “interactions hydrodynamiques” les interactions qui
existent entre les billes d’une chaine bille-ressort du fait que le mouvement d’une
bille influe le mouvement d’une autre via la perturbation du champ de vitesse du sol-
vant autour de la chaine. On peut prendre en compte ces interactions on ajoutant un
terme supplémentaire dans le systéme d’EDS (1.53) réécrit sur la position des billes
(cf. formule (4.64) dans [120]). En tenant compte de ces interactions sous forme d’une
approximation du type champ moyen (du méme type que I'approximation FENE-P,
cf. section 1.1.4.1), on arrive au modéle de Zimm. On appelle “effets de volume ex-
clu” le fait que certaines configurations des vecteurs connecteurs (Xy)i<g<, sont
interdites puisque deux billes de la chaine ne peuvent pas occuper le méme point.
Ces effets peuvent étre pris en compte en modifiant la force F' (cf. section 1.1.3.1
et [120] section 4.3.1).
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Rappelons enfin que les modéles développés ci-dessus ne s’appliquent qu’a des
solutions diluées de polyméres. En effet, ils ne tiennent pas compte des interactions
entre chaines de polymeéres. Dans le cas des polyméres souples, la modélisation des
interactions utilise le concept de reptation (cf. [32] et la théorie de Doi-Edwards [39]).
Ces théories s’appliquent typiquement aux polyméres fondus. Dans le cas de poly-
meéres rigides, la modélisation des interactions peut se faire via des approximations
type champ moyen (cf. chapitre 10 de [39]). Ce type de modéle s’applique notamment
aux cristaux liquides.

1.1.4 Modéles microscopiques et équations aux dérivées par-
tielles

Il est bien connu que processus stochastiques et équations aux dérivées partielles
entretiennent des liens étroits. Il y a au moins deux facons trés naturelles d’associer
une EDP & une EDS. La premiére consiste a écrire 'EDP vérifiée par la densité
de probabilité du processus (cf. section 1.1.4.2). Cette EDP s’appelle 'équation de
Fokker-Planck (ou équation de Kolmogorov forward, ou encore équation maitresse).
La deuxiéme consiste a écrire 'EDP vérifiée par I’espérance d’une fonctionnelle du
processus (cf. section 1.1.4.3). Cette EDP s’appelle équation de Feynman-Kac (ou
équation de Kolmogorov backward). Enfin, il est également possible dans certains cas
d’obtenir des équations fermées sur les moments du processus (cf. section 1.1.4.1).
Nous nous proposons dans cette section d’explorer les liens entre EDP et EDS dans
le cas du modéle micro-macro de fluides polymériques exposé ci-dessus.

1.1.4.1 Dumbbells hookéens, approximations de fermeture

En observant les deux expressions équivalentes de T, (expression de Kramers (1.43)
et expression de Giesekus (1.45)), on voit que si E(X ® F(X)) s’exprime en fonc-
tion de la moyenne du tenseur de structure A = E(X ® X), on peut obtenir une
équation aux dérivées partielles sur A et donc sur 7.

Dans le cas des dumbbells hookéens, on a E(X ® F(X)) = HE(X ® X), et on
obtient donc facilement 'EDP suivante sur A :

DAt x) +u(t,x).VA(t,x) — Vu(t,z)At,x) — A(t,z)(Vu(t,x))”

= —%A(t, x) + 4I{:TTId,

qui se réécrit sous la forme suivante sur 7, :
% (Orrp(t, ) + ult, ). VT,(t, @) — Vu(t,z)m,(t, ) — 7,(t, ) (Vu(t,x))")
¢

= 1yt @) + kT (Vult, @) + (Vu(t,2)")
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Chapitre 1 : Modélisation micro-macro des solutions de polyméres

En introduisant le temps de relaxation A défini par (1.47) et la viscosité 7, définie
par (1.48), on retrouve donc exactement le modéle macroscopique de Maxwell (1.15).
Ceci justifie les expressions (1.47) et (1.48).

On voit donc que certains modéles microscopiques sont équivalents a des mo-
déles macroscopiques. On remarque que c¢’est bien la dérivée sur-convectée qui ap-
parait naturellement & partir de modéles cinétiques (cf. remarque 3). Le fait que
I’on retrouve des modéles macroscopiques a partir de modéles cinétiques permet de
conforter I'une et I'autre approches. Remarquons également que le modéle micro-
scopique contient beaucoup plus d’informations puisque ’on modélise la chaine de
polymeére elle-méme, et non pas seulement une espérance d’une fonctionnelle de la
conformation du polymeére.

En dehors du modeéle des dumbbells hookéens, on ne sait pas exprimer 7, en
fonction de A pour obtenir une équation aux dérivées partielles sur A et donc sur
Tp. Or, de telles équations macroscopiques sont intéressantes d’un point de vue nu-
mérique car leur résolution nécessite moins de temps CPU et de mémoire. Afin de
se ramener a une EDP, on peut alors faire des approximations (appelées approxima-
tions de fermeture). Prenons exemple du modéle FENE, pour lequel on ne connait
pas a ce jour de modeéle macroscopique équivalent. En suivant les idées de Peterlin
(cf. [123]), Bird et al. (cf. [14]) ont proposé de remplacer la force FENE (1.34) par
une force avec une valeur moyenne de I’élongation au dénominateur :

HX
Freng-p(X:) = th\lz)' (1.55)
L= bkT/H

Sur le systéme (1.46), on obtient donc pour les deux derniéres équations :

o < HE (X, ® X,)
PP \L=E([IXP) /(bkT/ H)
2H X+

¢ L=E(||X:|?) /(bkT/H)

- kTId) ,

kT

(1.56)
En utilisant 'expression de 7,, on obtient alors a partir de (1.43) et de (1.45) 'EDP
suivante sur A :

O A(t,x) +u(t,x). VA(t,z) — Vu(t,x)At,x) — A(t,z)(Vu(t, z))"

_ 4H A(t) 4T
T I w(AQ)GkH) T ¢

En injectant alors dans cette EDP D'expression suivante de A obtenue a partir de
I'expression de 7, :

_ 1 Tp
A= T Z0ulry) (n * kTId) ’
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ou Z est défini par (1.21), on obtient I’équation suivante sur 7, :

¢ T
10 (Orp(t, @) + u(t, @).VT,(t,x) — Vu(t,z)1,(t, @) — 7,(t, ) (Vu(t,z))")

+Z(tr(1y,))T)p — % (Tp + npkTId) (0 + w.V) In(Z(tr(7,)))
C T
= nkaE (Vu(t,z) + (Vu(t,z))"),

qui est exactement le modéle FENE-P (1.20) introduit précédemment, en prenant
toujours pour A et 7, les expressions (1.47) et (1.48).

Le modéle FENE-P n’est qu’une approximation du modéle FENE, faite pour ob-
tenir un modéle macroscopique. On observe des différences qualitatives importantes
entre ces deux modéles notamment dans des écoulements transitoires (cf. [89]). On
renvoie également a [44] pour une discussion des effets de ce type d’approximation
pour des écoulements élongationnels. Plusieurs améliorations du modéle FENE-P
ont d’ailleurs été proposées (cf. [13] page 89, [29] et le modéle FENE-CR, ou [104]
et le modele FENE-L(S)).

Notons que ces approximations de fermeture peuvent avoir un intérét dans le
cadre des simulations micro-macro car les solutions des EDP obtenues peuvent servir
de variable de contrdle pour réduire la variance des résultats (cf. section 1.2.2.2).

1.1.4.2 L’équation de Fokker Planck

Il n’est pas nécessaire de connaitre la loi du processus (X;);>o pour calculer le
tenseur des contraintes 7, : seules suffisent les lois marginales (c¢’est-a-dire les lois des
variables aléatoires X, pour ¢t > 0). Or, on sait que ces lois sont solutions de ’équa-
tion de Fokker Planck associée & 'EDS. Ainsi, on peut réécrire le probléme (1.51)
sous la forme :

Tt @) = Le ( (X @ F(X))(t,z, X)dX — Id),
o(t,z, X) + 'u,.V);z/z(t, x, X)

\ = —div x ((Vu(t,m)X - ﬁF(X)) w(t,az,X)) - ﬁAxw(t,w,X)-
(1.57)

On sait que si (u(t,x),p(t,x), Xi(x)) est solution de (1.51) et que X;(x) admet
une densité de probabilité ¢ (t, x, X), alors (u(t, ), p(t,x),(t, x, X)) est solution
de (1.57). La réciproque n’est pas aussi évidente, étant donné que linformation
contenue dans la fonction ¢ est moins importante que I'information contenue dans
le processus (X¢)i>o-
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Si on est intéressé par la densité de probabilité a 1’équilibre, c’est-a-dire par la
solution stationnaire de I’équation de Fokker-Planck pour w = 0, il faut se souvenir
que la force F' dérive d’un potentiel IT (cf. (1.42)). Tl est alors facile de vérifier qu'une
solution stationnaire est donnée par

eq(X) = Cexp(—1I(X)) (1.58)

ou C' = ([ exp(—II(X)) dX)f1 est une constante de normalisation. Noter que cette
solution stationnaire est bien en accord avec la densité de probabilité a I’équilibre
Geq (définie par (1.30) dans le cas hookéen) qui était a I'origine de 'expression de la
force F'. En fait cette solution est mieux que stationnaire : elle est réversible (on dit
aussi symétrique). Cela signifie qu’elle vérifie la relation d’équilibre détaillé :

—F (X )theq(X) + Vxtheq(X) = 0. (1.59)

Le fait que I'on qualifie cette solution de réversible provient du fait que si le proces-
sus X; solution de I'EDS associée a ’équation de Fokker-Planck a pour condition
initiale une variable aléatoire de densité 1), alors la loi de (X, X is) est égale a
la loi de (X, X;_5). Ceci peut se démontrer facilement en suivant, par exemple, les
arguments de Rogers dans [135] (cf. aussi [84]). On comprend également que cette
densité stationnaire soit associée a I'idée d’équilibre car il est naturel qu’a I'équilibre,
on ne voie pas la fléche du temps.

Remarquons que 'on peut encore identifier une solution stationnaire réversible
dans le cas d’un écoulement stationnaire homogéne potentiel (on dit qu'un écoule-
ment est potentiel si le champ de vitesse s’écrit u(t,x) = Vo(t,xz) ot ¢ : RT x D —
R), c’est-a-dire si

u(t,x) = K,

avec Kk une matrice symétrique. En effet, dans ce cas, le terme de dérive dans 'EDS
(kX — 7= F(X)) dérive du potentiel II(X) = 1(kX.X)— 5_II(X) et la solution

2We
stationnaire réversible est donc donnée par :

eg(X) = C exp(—I1(X)) exp(We (kX . X)) (1.60)

ou C' est une constante de normalisation. On a rencontré un exemple d’écoulement
homogeéne potentiel stationnaire dans la section 1.1.1.2 avec les écoulements élonga-
tionnels stationnaires.

Par contre, dans le cas d'un écoulement stationnaire quelconque (non homogéne
potentiel), la solution stationnaire n’est pas a priori réversible, ce qui a des impli-
cations sur des propriétés du type convergence vers I’équilibre (cf. section 1.2.2.1).

1.1.4.3 L’équation de Feynman-Kac

Une derniére maniére naturelle d’essayer de résoudre le probléme (1.51) par des
méthodes de type EDP est de chercher I’équation de Feynman-Kac vérifiée par le
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tenseur des contraintes. On peut vérifier que
€
Tp(t, w) = W (E(Tt(t, T, XO)) — Id)

oit T"(s,z, X) (a valeurs dans R?*?) vérifie 'EDP suivante, pour tout 0 < s <t :

0T (s,2, X) —u(t — s,2).V T (s, 2, X)
_ (Vu(t @)X — QLWeF(X)> VT (s, 2, X) + QLWeAXTt(s, z, X),
T'(0,z, X) = X @ F(X).
(1.61)
Cette méthode n’est pas utilisable en pratique, car elle ne permet pas complétement
d’éliminer des espérances (il reste & moyenner sur les conditions initiales) et car elle
nécessiterait a chaque pas de temps un nouveau calcul complet (pour 0 < s < )
de la fonction T" (sauf dans le cas d’écoulements homogénes, pour lesquels T" ne
dépend pas de la variable de position x). Elle a cependant le mérite de mettre a
nouveau en évidence le fait que la valeur du tenseur des contraintes a ’instant ¢ au
point & dépend de toute I’histoire de la déformation du fluide le long des trajectoires
aboutissant en @ a Uinstant ¢ (cf. les termes contenant w(t — s, x) dans (1.61)).
Nous terminons cette section de présentation des modéles pour les fluides poly-
mériques par un schéma récapitulant les interactions entre modéles macroscopiques
et modeéles microscopiques (cf. figure 1.11), et en donnant des indications sur les
méthodes numériques employées pour les discrétiser, ce qui sera développé dans la
section suivante.

Considérations phénoménologiques
Principes de la mécanique des fluides

[ Modélisation microscopique }

[ Modeles intégraux JH[ Modeéles différentiels J%[ Modeéles stochastiques }

Discrétisation de
I’intégrale en

utilisant la Eléments finis
fonction mémoire

Eléments finis (fluide)
Monte Carlo (polymeres)

‘ Simulations macro—macro ‘ ‘ Simulations micro—macro ‘

F1G. 1.11 — Les simulations macroscopiques (ou simulations macro-macro) couplent
un modéle différentiel ou intégral sur 7, avec I’équation sur la vitesse. Les simulations
micro-macro couplent des modéles moléculaires pour calculer 7, avec I’équation sur
la vitesse.
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1.2 Résultats mathématiques et numériques

Dans cette section, nous nous intéressons aux résultats mathématiques obte-
nus sur les modéles de fluides viscoélastiques présentés précédemment. Nous nous
concentrerons sur les modéles différentiels (cf. section 1.1.2.1), et les modéles micro-
macro (cf. section 1.1.3), les modéles intégraux (cf. section 1.1.2.2) ayant été beau-
coup moins étudiés, aussi bien du point de vue numérique que mathématique, étant
données les difficultés posées par leur implémentation (cf. chapitre 6 de [122]). Si-
gnalons simplement que certaines méthodes numériques sont basées sur une discré-
tisation de l'intégrale en temps du type méthode des trapézes en tenant compte
du fait que la fonction mémoire M (t) tend exponentiellement vite vers zéro quand
t — oo et un calcul du tenseur de Finger C; ' pour différents instants ¢ en utilisant
le fait que la dérivée sur-convectée (par rapport a t) de ce tenseur est nulle (cf.
section 1.1.2.2).

Nous nous proposons tout d’abord de résumer les difficultés mathématiques com-
munes a ces modeéles (micro-macro ou macroscopiques). Tout d’abord, ces systémes
contiennent les équations de Navier-Stokes (du moins si 75 # 0), avec un terme
de force supplémentaire (div (7)) (cf. les équations (1.2)—(1.3)—(1.12)). L’équation
sur 7, est essentiellement une équation de transport et, formellement, 7, a la ré-
gularité de Vu, ce qui fait que le terme div (7,) au second membre de I’équation
sur la vitesse apporte au mieux un peu plus de viscosité (le fait que 7, a la régu-
larité de Vu se retrouvera a la fois dans les espaces fonctionnels utilisés dans les
preuves d’existence-unicité, et dans le choix des espaces d’approximations). On s’at-
tend donc a rencontrer au moins autant de difficultés dans I’étude de ces systémes
d’équations que pour les équations de Navier-Stokes, pour lesquelles on sait prouver
Iexistence de solutions faibles globales, mais les questions de 1'unicité des solutions
faibles et de I'existence de solutions fortes globales restent ouvertes. Aux difficul-
tés inhérentes aux équations de Navier-Stokes (c’est-a-dire essentiellement au terme
u.Vu) s’ajoutent des problémes posés par les équations sur 7, ((1.16) pour les mo-
déles différentiels et (1.41)—(1.43) pour les modéles moléculaires). Tout d’abord, ces
équations contiennent un terme de transport (w.VT, dans les modeéles différentiels,
©.V X dans les modéles moléculaires) sans terme de diffusion. Par ailleurs, les équa-
tions donnant 7, contiennent un terme multiplicatif contenant Vu (VuT, pour les
modéles différentiels, ou VuX; pour les modéles moléculaires) dont la non-linéarité
est difficile a traiter. Signalons enfin que les modéles qui permettent de décrire qua-
litativement les propriétés des fluides polymériques contiennent des non-linéarités
supplémentaires dans les équations définissant 7, (la fonction T dans (1.16) pour
les modéles différentiels ou la force F' dans (1.41) pour les modéles moléculaires).

En résumé, les difficultés mathématiques sont de quatre types :

(i) terme de Navier u.Vu dans 'équation sur u,

(ii) terme de transport dans les équations définissant 7,

(iii) terme multiplicatif du type Vur, ou VuX, dans les équations définis-

sant T,
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(iv) non-linéarité “interne” dans les équations définissant 7.

Ces quatre difficultés conduisent en général, sur les problémes dépendant du temps,
a des résultats d’existence partiels du type existence de solutions fortes (voire a
régularité C*) en temps petit. Par ailleurs, elles ont également des implications nu-
mériques (difficultés de convergence, choix d’espaces de discrétisation,...).

Nous résumerons tout d’abord rapidement les principaux résultats mathéma-
tiques et numériques obtenus sur les modéles macroscopiques. Nous présenterons
ensuite les travaux numériques de diverses équipes sur les modéles moléculaires,
ainsi que notre travail d’analyse mathématique de ces modéles et des méthodes
numériques, et notamment les questions spécifiques qu’ils posent (existence de so-
lutions a des EDS avec des termes de dérive explosifs, analyse de la variance des
résultats,...).

1.2.1 Modéles macroscopiques

Concernant ’analyse mathématique des modéles macroscopiques, nous renvoyons
a l'ouvrage de M. Renardy [133]. Pour les méthodes numériques, nous renvoyons aux
articles de revue [4,88] et & 'ouvrage de R.G. Owens et T.N. Phillips [122] pour les
développements les plus récents.

Pour plus de clarté, on rappelle ici le modéle macroscopique le plus simple, a

savoir le modéle du type sur-convecté (écrit ici sous forme adimensionnée, cf. (1.2)—
(1.3)-(1.12)~(1.15)) :

Re (Oiu +u.Vu) — (1 — ¢)Au+ Vp =div (1,) + f,
div (u) = 0, (1.62)
We (81, + u.VT, — Vur, — 7,(Vu)") + 7, = €7,

ou 7 est défini par (1.4). Pour la définition des nombres adimensionnels, on renvoie
a (1.49). On rappelle que € € (0, 1], le cas € = 1 correspondant au modéle de Maxwell,
et € € (0,1) au modeéle de Oldroyd-B.

1.2.1.1 Résultats mathématiques

Concernant ’existence de solutions pour les modéles macroscopiques différentiels,
on trouve dans la littérature essentiellement quatre types de résultats sur le probléme
couplé :

— des résultats en temps petits (perturbations de la condition initiale),

— des résultats en temps long avec données petites (perturbation de I’équilibre),

— des résultats d’existence de solutions stationnaires perturbations de I’équilibre,

— des résultats d’existence de solutions stationnaires perturbations de solutions

des équations de Navier-Stokes stationnaires.
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A titre d’exemple, citons simplement le résultat obtenu par M. Renardy dans [130].
L’auteur considére le probléme couplé suivant, posé dans un domaine D borné de R? :

p(Ou+uVu)=divr,—Vp+ f,
div (u) =0,
ou

(1.63)
k
(O +uN) (Tp)ij = Aijiri (Tp)a_ml +g;;(Ty),

ou on utilise la convention de sommation sur les indices répétés dans la derniére
équation. Noter qu’on considére ici un fluide sans viscosité (ns = 0). Le systéme est
complété de conditions aux limites de Dirichlet homogénes sur la vitesse u, ainsi
que de conditions initiales. Noter que les modéles différentiels rencontrés dans la
section 1.1.2.1 rentrent bien dans ce cadre général. L’auteur introduit ensuite le
tenseur d’ordre 4 :

Cijni=Aijri— (Tp)iidk, (1.64)

ot d désigne le symbole de Kronecker, et fait I’hypothése d’ellipticité forte suivante
sur C : V¢,n € R3

Cijra(Tp)GCenym > w|C? 0| (1.65)

avec k > 0 une constante ne dépendant pas de 7,. Sous des hypothéses supplémen-
taires de symétrie sur le tenseur A et de régularité ou compatibilité sur les conditions
initiales, I’auteur montre :

Théoréme 1 (M. Renardy [130]) Il ezxiste un temps T > 0, tel que le sys-
teme (1.63) admette une unique solution de régularité :

we [\ CH([0,T), H*(D), 7, € [\ C*([0,T'), H* (D).

k=0 k=0

Nous renvoyons également aux travaux de C. Guillopé et J.C. Saut [71, 72| no-
tamment pour l'analyse du cas ou 7y # 0, qui permet d’obtenir des résultats dans
des espaces un peu moins réguliers que dans le théoréme précédent.

Signalons qu’il existe par ailleurs une littérature importante sur les questions de
stabilité des écoulements de fluides viscoélastiques, et du changement de type des
équations. Nous renvoyons a [133] et a [122] pour les détails et une bibliographie sur
ces sujets. Voir aussi l'article de revue [45].

1.2.1.2 Méthodes numériques

La plupart des méthodes numériques qui ont été développées sur le probléeme
couplé macroscopique dépendant du temps sont de type éléments finis (cf. cepen-
dant [122] pour des méthodes spectrales) et consistent, & chaque pas de temps, a
résoudre d’abord le probléme sur la vitesse, & contrainte fixée, puis a résoudre le
probléme sur la contrainte, a vitesse fixée. Donnons les principales difficultés posées
par la discrétisation d’un systéme du type (1.62).
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Une premiére difficulté numérique provient de la condition du type inf-sup qui
doit étre vérifiée entre les trois espaces ot 'on discrétise respectivement la vitesse,
la pression et le tenseur des contraintes (cf. [16]). Plus précisément, a la condition
de compatibilité classique entre ’espace en vitesse et ’espace en pression s’ajoute
une condition de compatibilité supplémentaire entre I’espace en vitesse et ’espace
en contraintes, cette condition provenant du fait que ’on veut une propriété de
stabilité méme dans la limite 1, petit par rapport a 7, (c’est-a-dire € tend vers 1).
Cette compatibilité nécessaire entre les trois espaces d’approximation a été analysée
sur le systéme de Stokes a trois champs :

—nsAu + Vp —div (1,) = f,
div (u) =0, (1.66)
Tp — npﬁ’ =g,

ou les inconnues sont (w,p,T,) et ot n; > 0 et 1, > 0. Plusieurs méthodes ont été
proposées pour approximer ce probléme correctement :

— Utiliser des espaces qui vérifient les conditions inf-sup. Ces espaces sont en

général assez compliqués a implémenter (cf. par exemple [110]),
— Introduire une inconnue supplémentaire pour éviter la condition de compati-
bilité entre ’espace d’approximation de la vitesse et ’espace d’approximation
du tenseur des contraintes (cf. la méthode EVSS dans [68]),
— Utiliser une méthode type Galerkin Least Square (cf. section 1.A.1) pour pou-
voir choisir des espaces de discrétisation quelconques pour les trois inconnues
(cf. [16]).
Sins > 0, il n’est pas a priori nécessaire d’ajouter une relation de compatibilité
entre l'espace d’approximation de la vitesse et ’espace d’approximation du tenseur
des contraintes. Ceci dit, dés que 7, est petit par rapport a 7,, on rencontre des
difficultés numériques, qui nécessitent de vérifier ces relations de compatibilité.

Une deuxiéme difficulté numérique provient des termes d’advection, a la fois dans
I'équation en vitesse et dans I'équation sur 7,. Plusieurs techniques permettent de
traiter cette difficulté : utilisation de méthodes de stabilisation type SUPG, utili-
sation d’une méthode type Discontinuous Galerkin (cf. [49]), ou encore utilisation
de la méthode des caractéristiques (cf. [16] ou la méthode Backward-tracking La-
grangian Particle Method [150]). On renvoie au chapitre 7 de [122] et & [90] pour
des références sur ces différentes méthodes dans le cadre de la simulation des fluides
viscoélastiques (cf. aussi [114] pour une comparaison de différents schémas). Cette
difficulté apparait notamment pour des grands nombres de Reynolds (une limite qui
est rarement étudiée en pratique) ou pour des grands nombres de Weissenberg (qui
est un cas beaucoup plus courant).

Enfin, une troisiéme difficulté numérique provient du terme non-linéaire Vut,+
7,(Vu)? dans la dérivée convective de 7,. Dans la plupart des schémas numeériques,
il semble que ce terme est rendu explicite en prenant sa valeur en temps précédent.
Linéariser ce terme en explicitant la vitesse et en implicitant la contrainte conduit
d’ailleurs & un probléme mal posé si le nombre de Weissenberg n’est pas suffisamment
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petit ( [125]).

En résumé, la discrétisation d’une équation du type (1.62) pose trois difficultés,
qui sont reliées aux difficultés mathématiques des modeéles (cf. page 44) :

(i) Compatibilité des espaces d’approximation vitesse, pression, contrainte,

(ii) Traitement des termes d’advection,

(iii) Traitement des termes non-linéaires dans 1'équation sur 7.

En plus de ces difficultés, la simulation est assez cotiteuse puisque 1’on doit calculer
trois champs de solution, si bien que la plupart des simulations numériques de fluides
viscoélastiques ont pour le moment été faites en dimension d = 2.

Nous avons vu que deux de ces trois difficultés numériques sont exacerbées pour
des grands nombres de Weissenberg. D’ailleurs, une littérature importante est consa-
crée aux High Weissenberg Number Problem (cf. notamment le chapitre 7 de |122]),
qui se manifeste en pratique par la non-convergence des discrétisations quand le
nombre de Weissenberg augmente, et dont l'origine n’est sans doute pas seulement
numérique. On a en effet parfois observé sur certaines géométries que le nombre de
Weissenberg maximum permettant la convergence de la discrétisation diminue avec
le pas du maillage (cf. [90]), ce qui semblerait indiquer un défaut de régularité de
la solution continue elle-méme (cf. [136] & ce sujet). I est donc possible que cer-
taines difficultés pour les grands nombres de Weissenberg proviennent du modéle
lui-méme, qui induit des phénoménes de couches limites, ou des singularités au voi-
sinage des coins rentrants. Ces aspects ont notamment été étudiés numériquement
dans des écoulements autour d’un cylindre ou dans une contraction (cf. figure 1.5).
Concernant 1’étude de I'asymptotique We — oo, on renvoie au chapitre 6 de [133].

En guise de transition avec la section suivante, signalons que les modéles micro-
macro n’apportent pas a priori de solutions aux difficultés évoquées ci-dessus. En
particulier, le traitement des termes d’advection reste problématique, de méme que la
discrétisation des non-linéarités dans 'EDS. Par ailleurs, on sait que certains modéles
micro-macro sont équivalents a des modéles macroscopiques (cf. section 1.1.4.1), et
comme certaines des difficultés mentionnées ci-dessus semblent liées aux propriétés
des solutions du probléme continu, on ne s’attend pas a ce qu’elles soient résolues par
I’approche micro-macro. Signalons toutefois que dans certains cas, il semble que les
méthodes numériques basées sur des modeles micro-macro ont permis d’obtenir des
résultats avec des nombres de Weissenberg plus grands que les méthodes construites
pour des modéles macroscopiques (cf. [16,28,148]). Ceci dit, comme expliqué dans la
section 1.1.3.4, I’avantage principal de I’approche micro-macro reste les possibilités
supplémentaires de modélisation qu’elle offre.

1.2.2 Modéles microscopiques

Les questions d’existence de solutions, de convergence des schémas numériques
et de propriétés qualitatives des solutions du probléme micro-macro (1.51) ont été
relativement peu explorées avant ce travail. On peut néammoins citer I'article de
M. Renardy [131] s’intéressant au probléme formulé avec I’équation de Fokker-Planck
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(cf. (1.57)) pour une certaine classe de forces F'. On peut également indiquer le travail
de P. Degond, M. Lemou et M. Picasso [34] qui se sont intéressés a des développe-
ments asymptotiques du modéle FENE pour obtenir des modéles macroscopiques.
On renvoie également a l'article de revue [93] et a [17].

La plupart des publications autour des modéles micro-macro de fluides polymé-
riques concerne plutot des problémes numériques : quelles méthodes utiliser pour dis-
crétiser le systéme (1.51) 7 Quelles sont les résultats numériques obtenus et comment
se comparent-ils & I'expérience ? L’idée de discrétiser le systéme par une méthode
d’éléments finis pour I’équation en vitesse et pression, couplée a une méthode sto-
chastique (Monte Carlo pour approximer I'espérance et schéma d’Euler pour 'EDS)
a été proposée au début des années 1990 par M. Laso et H.C. Ottinger [97]. Cette
méthode s’appelle Calculation Of Non-Newtonian Flow : Finite Elements and Sto-
chastic SImulation Technique (CONNFFESSIT). Elle a au départ été utilisée avec
une méthode lagrangienne sur 'EDS et des mouvements browniens indépendants
d’une trajectoire a Uautre (cf. [98]). Typiquement, pour chaque pas de temps, 1'al-
gorithme se décompose en quatre étapes : on commence par résoudre I’équation sur
(u,p), puis on calcule les mouvements macroscopiques des dumbbells, ensuite on in-
tégre 'EDS le long de la trajectoire, et enfin on calcule le tenseur des contraintes 7,
par une moyenne empirique locale sur les dumbbells présents dans chaque élément
fini. Cette approche lagrangienne est la plus naturelle puisque c’est celle a laquelle
on arrive quand on dérive le modéle (cf. section 1.1.3). Cependant, du fait du terme
div (7,), les résultats numériques sont alors trés bruités sur la vitesse quand on uti-
lise des mouvements browniens indépendants d’une trajectoire a ’autre. De plus, il
est difficile numériquement de suivre les trajectoires de chaque dumbbell, et de s’as-
surer a chaque pas de temps qu’il y a suffisemment de dumbbells dans chaque élément
du maillage. L’idée est ensuite apparue d’utiliser la version eulérienne de I'EDS et
d’introduire des champs de vecteurs bout-a-bout : X () (cf. le concept de Brownian
Configuration Field introduit par M.A. Hulsen, A.P.G. van Heel et B.H.A.A. van
den Brule [82]). Dans cette description eulérienne, le choix le plus naturel et le plus
simple est de prendre le méme mouvement brownien en chaque point de 'espace
(nous reviendrons sur ce point dans la section 1.2.2.2). Ceci a permis de réduire
la variance sur la vitesse (mais curieusement pas sur la contrainte, cf. chapitre 6).
La discrétisation du terme de transport peut alors étre faite par une méthode Dis-
continuous Galerkin (cf. [82]) ou une méthode des caractéristiques (cf. la méthode
employée par J.C. Bonvin et M. Picasso [16] ou la Backward-Tracking Lagrangian
Particle Method de P. Wapperom, R. Keunings et V. Legat [150]). Noter que nous
n’évoquons ici que les méthodes probabilistes. Il existe également des méthodes nu-
mériques basées sur la résolution de I’équation de Fokker-Planck (cf. section 1.2.2.3).

L’objectif de ce travail est d’explorer les interactions entre équations détermi-
nistes et équations stochastiques posées par ’analyse mathématique et la discré-
tisation d’un systéme du type (1.51). Plus précisément, nous nous sommes posés
trois types de questions : sens, existence et propriétés mathématiques des solutions
des modeéles moléculaires; convergence des méthodes numériques; propriétés des
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schémas numériques (notamment variance des solutions).
Pour plus de clarté, on rappelle ici le systéme micro-macro auquel on s’intéresse

(cf. (1.51)) :
([ Re (Qu+u.Vu) — (1 — e)Au + Vp = div (1,) + £,
div (u) =0,

7, = o (E(X © F(X)) - 1d), (1.67)

1 1
dX +u.VX dt =VuXdt — F(X)dt+

\ 2We (X) v We

avec, F(X) = X dans le cas des dumbbells hookéens, F(X) = W dans le

cas des dumbbells FENE ou encore F(X) = m dans le cas des dumbbells

dW .

FENE-P. On rappelle que € D, oit D est un domaine borné de R? et on suppose
dans la suite que ce systéme est complété de conditions aux limites sur la vitesse
et de conditions initiales sur la vitesse et les processus stochastiques. Dans la suite,
nous supposerons € € (0,1).

Bien que plusieurs analyses présentées dans la suite soient valables pour ce sys-
téme général (cf. chapitres 6, 8), nous avons surtout étudié des simplifications de ce
systéme : le cas des écoulements homogénes et le cas des écoulements cisaillés.

Tout d’abord, pour se concentrer sur les aspects stochastiques, nous avons étudié
les équations différentielles stochastiques pour FENE et FENE-P dans le cas d'un
écoulement homogéne (cf. section 1.1.3.3). Ceci concerne les chapitres 5 et 7. On
rappelle que dans ce cas, X et donc 7, ne dépendent pas de I'espace, si bien que
résoudre le systéme revient en fait a résoudre ’équation différentielle stochastique
sans terme de transport, pour un champ de vitesse donné u(t,z) = k(t)x que 'on
suppose solution de I’équation de Navier-Stokes. Le systéme qui nous intéresse dans
ce cas est donc :

T, = WL (E(X ® F(X)) - Id),
dX = e(t)X dt — LF(X) dt + ——aw (1.68)
=K \/W t-

2We
Par ailleurs, nous avons étudié le systéme couplé dans le cas particulier d’un
écoulement cisaillé (cf. figure 1.1, les chapitres 2, 3, 4 et 6). Dans cette géométrie
particuliére, on rappelle que le systéme s’écrit (cf. (1.52)) :

( Redu(t, y)e_ (1- e)@yyu(t, y) = ayT(t’ y)+ f(t,y),
7(t.y) = 5 B () Fr (Xa(y))),

o b L 1.69
dX(y) = 9, it,y)Yt(y)dt Tive [x (Xu(w)) dt + Vs (1.69)

\ dYy(y) = —mFY(Xt(?J)) dt +

1
AW,
v We '
ou on a noté (X(y), Y:(y)) les composantes du processus X(y), (V;, W;) deux mou-
vements browniens indépendants et (Fy(X), Fy(X)) les composantes de la force

50



§ 1.1.2 : Résultats mathématiques et numériques

F(X). Dans ce cas, y € (0,1), et on suppose des conditions aux limites de Dirichlet
sur la vitesse en y = 0 et en y = 1. Les conditions initiales (Xy, Yy) sont supposées
indépendantes entre elles, et indépendantes des mouvements browniens.

Remarque 10 On suppose dans la suite que toutes les variables aléatoires sont
définies sur un espace de probabilité (Q, F,P) muni d’une filtration (F;)i>o vérifiant
les conditions habituelles. On suppose que tous les processus sont (F;)-adaptés, et
on note w la variable de probabilité.

Précisons tout de suite pourquoi il est pertinent d’étudier le modéle dans cette
géométrie particuliére. L’avantage principal est bien sir que 'on fait ainsi dispa-
raitre les termes d’advection qui sont problématiques, méme pour donner un sens
a PEDS (qui est en fait une EDPS dans le cas général) (cf. [100] et chapitre 6 a ce
sujet). Dans la liste des difficultés associées aux modeéles mathématiques des fluides
polymériques, ceci fait donc disparaitre les deux premiers items (cf. page 44). Cette
simplification nous permet alors de nous concentrer sur les questions soulevées par le
couplage entre les deux équations, une déterministe et ’autre stochastique. En par-
ticulier, nous verrons les problémes posés par le terme J,u(t,y)Y;(y) dans 'équation
sur X¢(y), ou encore sur I'interaction entre la variance des résultats et les matrices
obtenues par discrétisation des opérateurs différentiels dans I’équation sur u(t,y).
Nous discuterons également I'influence d'une force explosive F' du type FENE dans
IEDS. Noter que cette géométrie particuliére correspond par ailleurs & un écoule-
ment qui est souvent rencontré en pratique, et qui est utilisé expérimentalement pour
caractériser les fluides (cf. figure 1.1). D’ailleurs, ce cadre d’un écoulement cisaillé
a été choisi par plusieurs auteurs pour des études mathématiques et numériques
(cf. [15,72,97] par exemple).

Signalons enfin que 'objectif de cette section n’est pas de rentrer dans les détails
techniques des preuves (on renvoie aux chapitres suivants pour cela) mais plutot de
donner les principaux résultats de maniére formelle.

1.2.2.1 Analyse mathématique

Pour étudier ces systémes micro-macro, nous avons adopté une démarche varia-
tionnelle, en cherchant des estimées a priori sur le systéme et en utilisant ensuite
une méthode de Galerkin. Cette approche présente I'avantage de permettre de trai-
ter a la fois des questions théoriques d’existence de solution et des questions plus
pratiques de convergence des schémas numériques du type éléments finis.

Signalons par ailleurs que nous cherchons des solutions telles que 'EDP sur «
dans (1.69) soit vérifiée au moins au sens des distributions, et telles que les EDS
solent vérifiées presque partout en espace (ainsi que pour presque tout temps et
presque sirement). Ceci implique que nous demandons une régularité minimale sur
u telle que d’une part, le terme d,u dans ’'EDS ait un sens presque partout en espace
et, pour presque tout temps, et telle que d’autre part, la contrainte 7 construite
a partir des solutions de EDS s’identifie bien & une distribution (ce qui revient
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essentiellement a demander de U'intégrabilité locale en espace et en temps sur 7).
Ces hypotheses sont bien vérifiées dans les cas hookéens et FENE.

Une estimée d’énergie fondamentale

Toutes les analyses que nous avons conduites reposent sur une estimée d’énergie
qui est obtenue (formellement du moins) d’une part en multipliant ’équation sur w
dans (1.67) par w puis en intégrant en espace et en temps, et d’autre part en faisant
un calcul d’'Tto sur TI(X,), en intégrant en espace et en temps puis en prenant
I'espérance (on rappelle que II est le potentiel de la force F'). Formellement, en
supposant des conditions aux limites de Dirichlet homogéne sur v et une force
extérieure f nulle, on obtient pour I'estimation associée a la vitesse :

L [ +a-0 [ [ [wupio
_ %/pmﬁ(o?m)—%/:/I)E(Xs(a:)@@F(Xs(w))) . Vau(s, x). (1.70)

Par ailleurs, un calcul d’It6 permet d’obtenir (toujours formellement) :

[ EO@n + g5 [ BUF @I

:/DIE(H(XO(w)))+/Ot/DE(F(XS(w)).Vu(s,a:)Xs(a:))+ = /Ot/DAH(Xs(w))-

2We

En additionnant ces deux égalités et utilisant le fait que
E(Xs(x) @ F(Xs(x))) : Vu(s,z) = E(F(X(x)).Vu(s, ) Xs(x)), (1.71)

on obtient alors, aprés dérivation en temps :

R_;%/D|u|2(t,a:)+(1—6)/D|Vu|2(t,a:)+ﬁ%/pE(H(Xt(w)))

€ €

+W/DE(||F(X,:(:E))I|2)— 2WQQ/DAH(Xt(w»- (1.72)

Le principal inconvénient de cette estimée est la présence du terme (positif du fait
de la convexité de II) dans le membre de droite, et qui interdit par exemple toute
étude du comportement en temps long (cf. le paragraphe consacré a cette question ci-
dessous). Noter par ailleurs que cette estimée permet seulement de controler la norme
H. de u et on peut donc s’attendre a des difficultés pour passer a la limite dans le
terme non-linéaire VuX dans 'EDS. Nous avons utilisé cette estimée dans le cas
des dumbbells hookéens et des dumbbells FENE pour étudier 'existence et 1'unicité
des solutions au probléme couplé, ainsi que la convergence du schéma numérique,
dans le cas de I’écoulement cisaillé pour le modéle hookéen.

Le cas des dumbbells hookéens dans un écoulement cisaillé (cf. chapitre 2)
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Dans le cas des dumbbells hookéens dans un écoulement cisaillé, on obtient en fait
'existence et I'unicité de solution au systéme (1.69) sur un intervalle de temps [0, T
avec T' arbitraire et pour toute donnée. La solution est une solution faible : u €
L,?O(Lz) N Lf(H&y). Ce résultat peut surprendre quand on le compare a tous les
résultats en temps petit habituellement obtenus, par exemple sur les modéles type
Oldroyd-B. Il est en fait da a une spécificité du modeéle hookéen dans cette géométrie :
pour une force linéaire, la composante Y; ne dépend pas de X; (car Fy(X;) =Y,
cf. (1.69)) et donc, le terme d,u(t,y)Y; dans 'EDS sur X; est un terme linéaire.
Un corollaire de cette propriété est que le processus Y; est un processus d’Ornstein-
Uhlenbeck indépendant de la variable d’espace y et non couplé aux équations sur u
et X. De plus, nous savons que le modéle hookéen a un équivalent macroscopique
ce qui se traduit ici par le fait que ’on peut donner une formule explicite reliant
7 a u (cf. la relation (2.23) dans le chapitre 2). La preuve d’existence et d’unicité
de la solution dans ce cas est donc trés simple. Par ailleurs, du fait de la linéarité
du systeme, on obtient des solutions plus réguliéres dés que les données sont plus
régulieres.

L’EDS pour les dumbbells FENE (cf. chapitre 5)

Nous nous sommes ensuite intéressés au modéle FENE. Une premiére ques-
tion concerne l'existence de solutions a I’équation différentielle stochastique pour
un champ de vitesse donné (cf. (1.68)). Nous avons vu que la force FENE (F(X) =

W) a été introduite pour tenir compte de 'extensibilité finie des chaines de

polymére. Nous avons effectivement montré que dés que b > 0 et k € L (Ry), il
existe une unique solution X, a valeur dans la boule fermée B(0,v/b) et que le pro-
cessus X ne touche pas la frontiére de la boule B(0, \/5) si et seulement si b > 2, ce
qui est une hypothése vérifiée en pratique (cf. remarque 9). Ces résultats découlent

de travaux de E. Cépa [25-27| sur les EDS multivoques.
Le cas des dumbbells FENE dans un écoulement cisaillé (cf. chapitre 4)

En passant du modéle des dumbbells hookéens au modéle des dumbbells FENE

dans le probléme couplé, deux nouvelles difficultés apparaissent :

— tout d’abord, la force non-linéaire conduit a des difficultés pour construire une
solution a 'EDS elle-méme (cf. paragraphe précédent),

— ensuite, et surtout, la composante Y; dépend de X; (au travers du terme
Fy(X:(y))) et on a donc une véritable non linéarité dans V'EDS sur X; via
le terme Jyu(t,y)Y:.

La question qui est donc posée dans ce cas est : pour une régularité donnée de wu,
quelle est la régularité de 7 7 Plus précisément, si on considére I’estimée fondamentale
donnée ci-dessus, pour u € L°(L2) N L7(Hj, ), quelle est la régularité de 77

Nous n’avons pas pu répondre a cette question telle quelle. En fait, formellement,
du fait du terme non linéaire Vu X, dans PEDS, 7 a la régularité de exp(f(;f dyu), ce
qui n’est pas suffisant pour identifier 7 & une distribution par exemple. Nous avons
donc été conduits a demander plus de régularité sur la vitesse u, et a considérer des

53



Chapitre 1 : Modélisation micro-macro des solutions de polyméres

solutions fortes de 'EDP : u € Ly*(Hg,) N L7 (H;). Malheureusement, l'estimée a
priori donnant cette estimée ne peut étre obtenue qu’en temps petit, en multipliant
'équation sur u dans (1.69) par —0, ,u et en utilisant le théoréme de Girsanov pour
expliciter la dépendance de la contrainte 7 en la variable d’espace y sous la forme :

T(ty) = E(l )(ii( )32/:((2 )

b

= E(( Xf;) v /O'ayu@)mvs)), (1.73)

ou E(/t = ()N(t,f/t) est le processus solution de 'EDS pour le modéle FENE avec
Oyu =0

. 1 X, 1
dX, = — il dt + AW,
o2We X2 VWe

et £ désigne 'exponentielle martingale :

1 * - 1 b 1 ¢ ~\2
5(\/_6/0 5’qu;dVS)t—eXp (\/ﬁ/o ayuysdvs—m/o (0,u7:) ds).

Noter que dans (1.73), la dépendance de 7 en y ne provient que du terme exponen-
tielle martingale. L utilisation du théoréme de Girsanov permet donc d’expliciter de
maniére rigoureuse la dépendance exponentielle de 7 en fonction de d,u évoquée pré-
cédemment. Par ailleurs, en utilisant le fait que d,u € Hy1 (pour presque tout temps)
et est donc borné, on obtient des estimations en norme L;° sur 7 (pour presque tout
temps). Le théoréme de Girsanov permet donc a la fois de définir 7 comme une
distribution, et d’expliciter la régularité de 7 en fonction de la régularité de u. Ces
estimations sont en temps petit car on obtient finalement un controle sur une fonc-
tionnelle d’énergie du type : R(t) < A+ C’fot exp(vR(s)) ds (cf. section 4.3.2.2 dans
le chapitre 4 pour les détails).

En conclusion, la non-linéarité VuX; dans 'EDS a limité le résultat a une exis-
tence de solutions fortes en temps petit. De plus, la preuve donnée pour I’écoulement
cisaillé n’est pas directement généralisable pour des écoulements en dimension 2 car
elle utilise I'inclusion de H! dans L>™ pour controler les termes du type exp(f(;5 Oyu).

Comportement en temps long du systéme (cf. chapitre 8)

Nous avons vu que l'estimée fondamentale (1.72) n’était pas utilisable en temps
long a cause d’un terme de “production d’énergie” provenant du calcul d’'It6. En
fait, pour éliminer ce terme, il faut considérer un terme supplémentaire d’entropie :
il semble que la bonne fonctionnelle pour étudier le comportement en temps ne soit
pas I'énergie mais [’énergie libre.

Pour introduire I'entropie, on doit considérer la densité du processus X, et
donc le systéeme couplant 'EDP sur la vitesse avec I'équation de Fokker-Planck
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(cf. (1.57)) Les calculs présentés dans la suite supposent des conditions homogénes
de Dirichlet sur la vitesse, une force extérieure f nulle et 'existence d’une solution
au probléme (1.57) pour ¢t € R, . Etant données les conditions aux limites sur u, la
solution stationnaire “attendue” est :

u(00, ) =0,

w(oovm7X) = ¢eq(X) = Cexp(—H(X)),

ou C' est un facteur de normalisation. Nous allons montrer formellement pourquoi
on obtient une convergence exponentielle vers ces solutions stationnaires. On renvoie
ici a [1,2,109].

Nous introduisons 1’énergie cinétique :

_ R7€/73|u|2<t,x). (1.74)

On a comme précédemment (cf. (1.70)) :
dE
(- / Vull(t, z) / (X ® VII(X)) : Va(t, )b (t @, X).
R4
Nous introduisons 'entropie :
H(t) = / / T(X)e(t, 2, X) +/ b(t, 2, X) In(t(t, 2, X)) — |D|InC,
Rd Rd

()

Noter que 1’'on montre facilement que H(t) > 0 en utilisant le fait que xIn(z) >

et en multipliant I'inégalité par 1. Aprés quelques calculs (en

_ Y

xz—1avec x = ,
Yeq
utilisant (1.71) et le fait que div (u) = 0), on obtient :

A1 otz X)\ |
%__wve/p Rdw(t’w’X)‘vxln< Yea(X) >

+ / (X © VX)) : Vu(t. )itz X).

D’ou, si on pose F(t) = E(t) + W—H( ), (F" est de signe positif et correspond a
e
une énergie libre) :

=0 [ o) - g [ [ vtm 0 [ (20

(1.76)
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On voit donc que l'introduction de I’entropie a permis d’éliminer le terme d’Ito
au membre de droite de (1.72). De cette égalité on peut déduire que les solutions
stationnaires du systéme couplé sont bien u = 0 et 1) = 1),. Par ailleurs, en utilisant
I'hypothése € € (0,1), une inégalité de Poincaré sur u et une inégalité de Sobolev
logarithmique sur vy, on déduit de cette inégalité la décroissance exponentielle de
F' (et donc de u) vers 0. L’inégalité de Csiszar-Kullback permet alors d’en déduire
que ¢ tend vers 1., exponentiellement vite en norme L2(L%).

Remarque 11 L"négalité de Sobolev logarithmique pour ey entraine :

et (@ZD) <c [ ‘w“ <w¢)

et est vérifiée des que, par exemple, on suppose 11 a-convere.

2

Faisons quelques remarques sur ces calculs.

Tout d’abord, il est important de noter que nous n’avons pas pu généraliser ces
calculs au cas u(oo, x) # 0.

Par ailleurs, le choix de l’entropie H semble important dans le calcul : si on
choisit une entropie plus générale

Ho= | [ (ww) Voo

avec h : R — R% de classe C?, convexe et telle que h(1) = 0 (cf. [2]), les termes
contenant (1.71) ne s’éliminent que pour I'entropie “physique” h(z) = zIn(z) — (z —
1). Ceci peut sembler étonnant car quand on considére I’équation de Fokker-Planck
seule (avec u = (), on peut par exemple prendre h(z) = (z — 1)? et une inégalité
de Poincaré sur 1., suffit alors pour prouver la convergence exponentielle de 1 vers
eq €n norme L% .

Enfin, on peut noter que la convergence de F' vers 0 ne suffit pas en général a
obtenir la convergence du tenseur des contraintes.

Importance des hypothéses sur la force F

Nous pouvons a ce stade faire quelques remarques sur 'importance des hypo-
théses faites sur F'. On rappelle que 'on a supposé que F' dérivait d’un potentiel
IT radial (i.e. qui s’écrit II(X) = 7(||X]||) (cf. 1.42)). Voici les hypothéses que nous
avons utilisées jusqu’a maintenant :

— Le fait que la force dérive d’un potentiel II intervient dans le fait qu’il existe

une densité de probabilité stationnaire et réversible a ’équilibre.

— Le fait que le potentiel 11 soit radial intervient de maniére cruciale pour assurer
la symétrie du tenseur des contraintes. Cette symétrie est importante d’un
point de vue physique, et intervient dans les estimées (cf. (1.71)).

— L’hypothése de convexité du potentiel II (cf. remarque 6) est importante pour
I'analyse des EDS (unicité des solutions, interprétation en EDS multivoque).
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— L’a-convexité du potentiel IT est utile quand on s’intéresse au comportement en
temps long, puisqu’elle permet d’obtenir I'inégalité de Sobolev logarithmique
sur 1eq, et donc la convergence exponentielle vers I’état stationnaire.

1.2.2.2 Analyse des méthodes numériques type CONNFFESSIT

Dans cette section, nous nous intéressons a la discrétisation du systéme (1.67)
par des méthodes probabilistes.

La méthode CONNFFESSIT dans le cas d’un écoulement cisaillé

Dans nos travaux, nous nous sommes consacrés a I’étude de la méthode CONNEF-
FESSIT dans le cas d'un écoulement cisaillé (cf. (1.69)). Dans ce cas, les approches
eulériennes et lagrangiennes aboutissent au méme systéme, et le systeme discrétisé
s’écrit : supposons que uj, X,]w et Y,fm sont connus, trouver u’,f“ € Vj, tel que, pour
tout v € Vj,

E/(uzJrl —up)v = —(1 —6)/8yuz+layv - /Th,nﬁyqu/fv,
ot y y

_ J J
Thn = WGRZX FY thYhn)

. . . 1 . .
Xjni1 —Xp = (8 Uy, HYJ — mFX(XiJL,mef,n)> ot
1 )
e (W = Vi)
. 1 1 .
Ve = Yin = gy B O Via)ot + —eee (Wi = Wi, ).

L’indice n désigne le numéro du pas de temps et I'indice 7 le numéro de la réalisation
de 'EDS : on considére R trajectoires des variables aléatoires (X, Ys,). Enfin, Vj,
désigne un espace d’éléments finis, que nous prenons dans la suite égal a P1, de sorte
que Xp 0, Yan et 7, appartiennent a PO (cf. figure 1.12).

La convergence de la méthode CONNFFESSIT dans le cas des dumbbells hookéens
(cf. chapitres 2 et 3)

La premiére question naturelle est d’étudier la convergence de 1’algorithme CONNF-
FESSIT dans la limite 6t — 0, h — 0 et R — o0. Nous avons pu effectivement
montré la convergence de ’algorithme dans le cas de I'écoulement cisaillé et pour
des dumbbells hookéens. Dans ce cas, la composante Yh];n ne dépend pas de 'espace
et est donc notée Y;/. Si on mesure erreur en norme L*(L7(L2)) pour la vitesse, et
en norme L{°(L,(L})) pour la contrainte, on peut montrer que I'erreur est majorée

par C <5t +h?+ f) pour la vitesse et par C <5t + h+ ) pour la contrainte. Les
principales difficultés proviennent du fait que la vitesse u} est devenue une variable
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Ur=0
yr=1 7
| u: P1
] 7 : PO
) " . . ,
h $ . Thn = m% Zj:l(X]]z,nFY(XiJL,n’ Y}f,n))
yo=0 L

Fia. 1.12 — La méthode CONNFFESSIT dans le cas d’un écoulement cisaillé.

aléatoire (et que certaines estimées faites au niveau continu ne se traduisent donc
pas directement au niveau discret), que toutes les trajectoires sont couplées via la
vitesse et que pour prouver la stabilité du schéma, on a besoin d’une estimée sur la
moyenne empirique du carré de Y7 :

R
1 .
ot— § Y72 < 1.

Pour prouver la convergence, nous avons donc proposé d’utiliser un cut-off sur Y7,
puis montré que ce cut-off n’était utilisé qu’avec une probabilité extrémement faible
quand 6t est suffisamment petit ou R suffisamment grand. Nous avons montré que
ce résultat de convergence était valable quelle que soit la dépendance en espace des
mouvements browniens (W} )i<j<r-

Au sujet de la variance des résultats et de la dépendance en espace des mouvements
browniens (cf. chapitre 6)

Nous avons également réfléchi sur I'influence de la dépendance des mouvements
browniens en espace (cf. notamment la section 6.2 dans le chapitre 6). On peut
se convaincre, du moins dans le cas de solutions réguliéres, que la dépendance du
mouvement brownien en la trajectoire n’a pas d’influence sur le résultat continu. On
a pu en tout cas le démontrer dans le cas des dumbbells hookéens dans un écoulement
cisaillé. Par contre, cette dépendance a une influence sur la variance des résultats,
une fois le probléme discrétisé : on observe que choisir des mouvements browniens
décorrélés en espace plutot que ne dépendant pas de I'espace augmente la variance
sur la vitesse mais la diminue sur la contrainte. Cette observation a été faite par
plusieurs auteurs (cf. [15,74]).
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Nous avons analysé la variance des résultats en fonction des différents paramétres
numeériques et notamment de la matrice de corrélation en espace des mouvements
browniens (W}{,t)lﬁjSR‘ Nous avons ainsi pu démontrer, toujours dans le cas des
dumbbells hookéens dans un écoulement cisaillé, que :

a) La variance sur la vitesse est minimum pour un mouvement brownien constant

en espace,

b) Utiliser des mouvements browniens complétement décorrélés n’est pas le meilleur
moyen de réduire la variance sur 7 ; I'utilisation d’un brownien multiplié alter-
nativement par +1 ou —1 dans les cellules est optimal pour ce qui est de la
variance sur T,

c¢) Il est possible de réduire la variance sur 7, en comparaison du cas d’un mou-
vement brownien constant en espace, et ce a coiit calcul constant.

Pour le détail, nous renvoyons au chapitre 6 et notamment aux tableaux récapitu-
latifs 6.10 et 6.11.

Méthode particulaire pour le modéle FENE-P (cf. chapitre 7)

Nous nous sommes finalement intéressés au modéle FENE-P. On rappelle que
pour ce modeéle, on remplace le carré de la norme du vecteur bout-a-bout dans
le dénominateur par sa moyenne. Il s’agit donc d’une approximation type champ
moyen qui a pour but d’obtenir une équation fermée sur le tenseur des contraintes
(cf. section 1.1.4.1).

Nous avons analysé 'EDS associée au modéle FENE-P, qui est non-linéaire au
sens de Mc Kean. Nous nous sommes pour cela placés dans le cadre d’un écoulement
de vitesse connu (cf. (1.68)). Nous avons montré que 'EDS non-linéaire admettait
une unique solution. Une fois le probléme discrétisé, on peut utiliser une approxi-
mation particulaire de 'EDS sous la forme (cf. [89]) : V1 <1i < M,

: . 1 xpM 1 :
dX;’M = n(t)Xf;M — Mt —7 ) dt + ——=dW; (1.77)
( 2We 1—%2121IIX{ |12/b v We

oit (W) <i<ar désigne une collection de M mouvements browniens indépendants.

Le tenseur des contraintes est alors estimé par la moyenne empirique :

M i M i\M

M € %21:1 (Xt ® X, )
T =

. ~1d
P We \ 1 g XY/

Nous avons montré l'existence d’une solution au probléme particulaire (1.77) et la
convergence du tenseur des contraintes dans la limite M — oo. La preuve est basée
sur la démonstration de la tension de la suite des mesures empiriques, puis sur
I'identification de la mesure limite via un probléme de martingale.

1.2.2.3 Autres méthodes numériques

Dans cette section, nous présentons d’autres aspects numériques de la discréti-
sation de (1.67).
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Réduction de variance

Un aspect important de la simulation de (1.67) par la méthode CONNFFESSIT
est la réduction de variance. Nous renvoyons a [15] pour des techniques de variables
de controle. Il s’agit de réécrire I'équation sur 7, dans (1.67) sous la forme :

T, = % (B(X ® F(X) - X ® F(X)) +E(X ® F(X)) — Id)
ott X désigne un processus solution d’une EDS “proche” de celle vérifice par X
(pour que la variance de la variable aléatoire (X @ F(X) — X ® F(X)) soit plus
petite que la variance de (X ® F(X))) et telle que la quantité E(X ® F(X)) peut
étre calculée de maniére indépendante et précise (solution analytique, solution d’une
EDP). 1l faut bien noter que les approximations de fermeture (cf. section 1.1.4.1)
qui permettent d’obtenir des modéles macroscopiques équivalents jouent un role
important dans ce domaine, car on peut ensuite utiliser ces modéles pour batir des
variables de contréle. Ainsi, on peut choisir comme variable de contréle pour le
modéle FENE;, soit le processus a I'équilibre (0,u = 0 dans I'EDS), soit le processus
avec la force hookéenne, soit le processus avec la force FENE-P. Dans le premier
cas, on connait analytiquement la valeur de E(X ® F(X)), tandis que dans les deux
derniers cas, on peut la calculer en résolvant une EDP (cf. section 1.1.4.1).

Résolution de l’équation de Fokker-Planck

Plusieurs équipes se sont également intéressées a la résolution du systéme (1.57).
Signalons en particulier la thése récente de A. Lozinski [108] ainsi que [143]. Les
méthodes spectrales sont en général privilégiées pour résoudre I’équation de Fokker-
Planck et sont couplées & une méthode d’éléments finis pour I’équation sur la vitesse.
Le probléeme principal de cette approche est qu’elle est a prior: limitée au dumbbell
et difficilement généralisable a une chaine de ressorts, qui est un modéle plus réaliste
(cf. section 1.1.3.5). Nous avons cependant commencé a tester des techniques pour
pouvoir résoudre ’équation de Fokker-Planck en grande dimension, et les premiers
résultats semblent prometteurs (travail en cours en collaboration avec C. Schwab).

1.3 Conclusions et perspectives

Nous avons dans ce chapitre introduit les modéles moléculaires pour les fluides
polymériques et montré comment ces modéles étaient liés aux modéles macrosco-
piques. Nous avons ensuite analysé les modéles micro-macro, qui couplent les modéles
moléculaires aux équations macroscopiques de conservation du moment et d’incom-
pressibilité sur la vitesse.

Du point de vue de I'analyse mathématique du probléme couplé, nous avons,
dans le cadre d’un écoulement cisaillé, retrouvé les difficultés mathématiques déja
rencontrées par plusieurs auteurs dans l'analyse des modéles macroscopiques. Les
non-linéarités dans le modéle conduisent a des résultats d’existence et unicité par-
tiels. Nous avons par ailleurs montré, a écoulement donné, I'existence de solutions
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aux EDS régissant I’évolution du dumbbell (pour les modéles hookéen, FENE et
FENE-P).

Du point de vue de ’analyse numérique des modéles, nous avons pu, dans cer-
tains cas simplifiés, montrer la convergence des méthodes numériques employées
(CONNFFESSIT). De plus, nous avons analysé la maniére dont la variance des ré-
sultats dépendait des parameétres numériques, et notamment de la maniére dont le
mouvement brownien modélisant le bombardement du solvant sur le dumbbell dépend
de I'espace. Enfin, nous avons également montré la convergence d’une approximation
particulaire dans le cas du modéle FENE-P.

Plusieurs questions restent a ce jour ouvertes. Du point de vue de ’analyse ma-
thématique, il reste a généraliser les résultats obtenus pour des écoulements cisaillés
a des écoulements quelconques. Nous pensons que ’extrapolation de nos résultats
d’existence en temps petit sur le systéme couplé en dimension supérieure (d = 2
ou d = 3) doit étre possible, mais en invoquant parfois d’autres arguments et en
demandant sans doute plus de régularité sur les solutions (cf. les résultats typi-
quement obtenus sur les modéles macroscopiques). Cependant, la véritable question
reste Iexistence de solutions en temps long. En particulier, nous n’avons pas encore
pu exploiter Pestimée faisant intervenir I'entropie (1.76) qui contient a priori plus
d’informations que la premiére estimée d’énergie (1.72) que nous avons utilisée. De
méme, la question de 'analyse des modéles micro-macro dans le cas € = 1 (c’est-a-
dire pas de viscosité dans le solvant) n’a pas été abordée et semble difficile. Nous
avons également soulevé plusieurs questions sur le comportement en temps long de
ces modeles, qui semble un aspect plus spécifique aux modéles micro-macro. Nous
avons par ailleurs 'intention de généraliser les résultats obtenus & d’autres modéles
de fluides complexes (cf. section 1.1.3.5).

Du point de vue de ’analyse numérique, nous travaillons actuellement sur la réso-
lution de ’équation de Fokker-Planck en grande dimension. Par ailleurs, la question
de I'analyse de convergence du tenseur des contraintes dans le cas du modéle FENE
en utilisant un schéma numérique adapté pour discrétiser ’'EDS reste un probléme
ouvert. Plus précisément, il s’agit de prouver la convergence de l’espérance d’une
fonction singuliére (le tenseur des contraintes) de la solution d’un schéma d’Euler
associée a une EDS dont le terme de dérive présente la méme singularité. En outre,
il serait intéressant de comprendre si les propriétés en temps long des équations au
niveau continu se traduisent par des propriétés similaires sur le probléme discrétisé.
Les schémas numériques couplant méthodes d’éléments finis et méthodes de Monte
Carlo sont certainement encore trés riches de questions intéressantes et originales
(réduction de variance, convergence, schémas en temps).
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1.A  Modéles multi-échelles et méthodes multi-échelles

Afin de présenter le contexte des modéles micro-macro pour les fluides polymé-
riques, on se propose de dresser un rapide panorama des modéles multi-échelles,
en rappelant leurs principales caractéristiques et leur utilisation. On ne prétend ici
a aucune originalité ni exhaustivité. Pour une présentation plus compléte d’autres
problémes multi-échelles, on renvoie a [99].

Le qualificatif multi-échelles s’applique & tout modéle ou méthode faisant inter-
venir au moins deux échelles (de temps ou d’espace) différentes. Les objectifs de ces
modéles peuvent étre :

— de stabiliser une méthode numérique,

— d’améliorer une discrétisation et de réduire 'erreur,

— de modéliser plus finement des phénoménes en décrivant les petites échelles

avec des équations spécifiques.

Développons chacun des points évoqués ci-dessus.

1.A.1 Modéles multi-échelles et stabilisation

En ce qui concerne la stabilisation, on peut interpréter les méthodes du type
“bulle” (cf. [21,22]) ou SUPG (cf. [23,50,80]) comme des méthodes multi-échelles de
la maniére suivante. On considére un probléme d’advection-diffusion sur un domaine
D C R?, posé sur une fonction u: D — R :

—kAu+c.Vu=f sur D,
uw=0 sur 0D.

On suppose que k est un scalaire positif et, pour simplifier, que ¢ est un champ
a divergence nulle. On note L D'opérateur défini par Lu = —kAu + ¢.Vu. Une
formulation variationnelle de ce probléme s’écrit : trouver u € H} (D) tel que Vv €
H}(D), a(u,v) = l(v) avec

a(u,v) = /kVu.VU—i—/c.Vuv

[(v) = /fv.

On suppose, pour fixer les idées, que ¢ € L=(D) et f € L*(D). 1l est bien connu
qu'une méthode d’éléments finis standards sur ce probléme donne de mauvais ré-
sultats quand I'advection domine la diffusion (||c||L=<h > k ou h désigne le pas du
maillage) : les estimations d’erreurs en norme d’énergie se dégradent et on observe
une oscillation des solutions si les couches limites ne sont pas résolues (c’est-a-dire
suffisamment finement maillées).

L’idée est alors de décomposer la solution u en une partie grossiére u et une
partie plus fine v’. On peut aussi interpréter @ comme une moyenne et u’ comme une

et
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variation autour de cette moyenne. Typiquement on fait ’hypothése que w € Vj, ou Vj,
est un espace d’éléments finis lagrangiens sur un maillage 7, = |J K, (ou K}, désigne
les éléments du maillage) et que v’ appartient a un espace V' supplémentaire de V},
dans Hj. On se propose alors de résoudre la formulation variationnelle suivante :
trouver u € Vj, et v’ € V' tel que

{ a(u,v) + agu'

Tel quel, ce probléme est équivalent a résoudre le probléme continu. L’hypothése
fondamentale qui permet de résoudre de maniére simple le probléme sur u’ a 'échelle
fine consiste & se restreindre & un ensemble V' de fonctions qui s’annulent sur les
bords des éléments (on n’a alors évidemment plus Vj, & V' = H}(D)). Le probléme
sur u’ devient alors une collection de problémes découplés et posés sur chaque maille
(on parle de problémes sous-maille, cf. aussi [69]). La fonction ' (qui dépend de @)
est donc construite a partir d’une collection de petits problémes indépendants puis
réinjectée dans I’équation sur . On peut par exemple prendre pour V' des fonctions
bulles dans chaque élément et on obtient alors une premiére méthode numeérique.

Une autre idée consiste a résoudre de maniére approchée et analytiquement les
problémes sous-maille, qui constituent une collection de problémes linéaires indépen-
dants. Le second membre d’'un probléme sous-maille contient le résidu du probléme
sur  car [(v') —a(w,v') = D p, th(f+kAﬂ—c.Vﬂ)v/ (on a utilisé le fait que v s’an-
nule au bord des éléments). On peut donc écrire de maniére symbolique la solution
u’ aux problémes sous-maille sous la forme v’ = M (f + kAu — ¢.Vu) ou M désigne
un opérateur linéaire & valeur dans V’. En injectant cette relation dans I’équation
sur w, on obtient aprés une intégration par partie la formulation variationnelle :
trouver u € V}, tel que Yu € V},,

a(w,v) —/M(—kAﬂJrc.Va—f)L’(@) =1(v),

ou L' = —kA —¢.V désigne 'opérateur transposé de L. Typiquement, on approxime
ensuite M par la multiplication par une constante 7(K}) sur chacun des éléments
K, et le terme de stabilisation s’écrit donc :

—/M(—k:AﬂJrc.Vﬂ—f)L’(@) :ZT(Kh)/ (—kAT + . VT — [)S(7),

Ky, Ky,

avec S(v) = —L/'(v). Ce choix pour lopérateur S, justifié par cette approche multi-
échelle, correspond a la Subgrid Scale Method (SSM). Le choix S = L correspond
a la méthode Galerkin Least Square (GLS). Le choix S = ¢.V¥ correspond a la
méthode Streamline Upwind Petrov Galerkin (SUPG) (cf. [30] pour une comparaison
de ces méthodes). Ces méthodes sont équivalentes dans le cas d’éléments finis du
premier degré. Il est important de signaler que ces méthodes permettent aussi de
s’affranchir de la condition inf-sup dans la résolution du probléme de Stokes. Bien
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que ces méthodes reposent sur une hypothése difficilement justifiable (la nullité des
fonctions de V' a I’échelle fine sur les arétes du maillage), elles permettent en pratique
d’améliorer les résultats obtenus par une méthode d’éléments finis standards dans des
cas ol cette derniére s’avére déficiente. Ces méthodes de stabilisation sont largement
utilisées aujourd’hui, notamment dans le cadre de la mécanique des fluides, pour
faire des calculs a des nombres de Reynolds plus élevés que ce que permettent les
méthodes basées sur des éléments finis standards.

1.A.2 Modéles multi-échelles pour améliorer la discrétisation

Pour des équations dont la discrétisation ne pose pas de problémes de stabilité,
les méthodes multi-échelles peuvent également permettre d’améliorer la discrétisa-
tion et de réduire ’erreur d’approximation. L’exemple typique est 'homogénéisation
(cf. [8]). On considére un milieu trés hétérogéne dans lequel on veut par exemple
calculer un champ de température. Le probléme s’écrit : trouver u¢ € Hg (D) tel que

—div (A(z/e)Vu©) = f(x),

oit D est un domaine de R A(x/€) désigne la matrice de conductivité thermique,
qui varie typiquement sur une échelle de € (e désigne la taille typique d’une micro-
structure dans le matériau). La résolution de ce probléme nécessiterait normalement
un maillage qui capture ’échelle € des microstructures : ceci est bien souvent im-
possible en pratique, et on cherche donc un probléme équivalent, posé a I'échelle
macroscopique, mais tenant compte des microstructures du matériau.

L’hypothése fondamentale pour pouvoir séparer les problémes au niveau micro-
scopique est dans ce cadre une condition de périodicité sur A (on suppose ici A
périodique de maille élémentaire Q = (0,1)?). En passant & la limite ¢ — 0, les pro-
blémes microscopiques posés en chaque point macroscopique = vont se découpler.
Indiquons simplement une méthode pour calculer le probléme homogénéisé, sans
rentrer dans les détails mathématiques justifiant la méthode. Le principe consiste a
postuler un développement limité & double échelle de la forme :

uf (1) = up(x) + euy(z, x/€) + ug(x, x/€) + ...

ou on suppose que les (u;(z,y));>1 sont périodiques en la variable y (que I'on appelle
“variable rapide” car elle oscille avec une période a ’échelle de la microstructure). En
injectant ce développement limité dans I’équation sur u et en identifiant les termes
aux différents ordres en €, on obtient successivement (en facteur de ¢!, puis de €°) :

—div ,(A(y)(Vauo(z) + Vyus (z,y9))(x,x/e) = 0,
—div o (A(y) (Vauo(z) + Vyur(z,y)))(, z/€)
—div , (A(y)(Vaur (z,y) + Vyua (2, 9)))(z,x/e) = [(z).
De la premiére équation complétée par les conditions aux limites de périodicité en

y sur uy, on déduit
ur(z,y) = U(y).Vup(z) (1.78)
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ou, par définition, la i-éme composante U;(y) de U est solution périodique et de
moyenne nulle sur ) de :

—div ,(A(y)(e; + V,Ui(y)) = 0,

ou e; désigne le i-éme vecteur de la base canonique. L’hypothése de périodicité
intervient ici de maniére cruciale pour pouvoir résoudre séparément les problémes de
cellules (c’est-a-dire les problémes posés sur Q). Pour des problémes plus compliqués
(par exemple en dimension 2 ou 3), on peut résoudre ces problémes posés a I’échelle
microscopique de maniére numérique (cf. a ce sujet [111]).

En posant ensuite < ¢ >= @ﬂ fQ ®(y) dy et en prenant la moyenne de la deuxiéme
équation (en utilisant le fait que < 0,9 >= 0 pour toute fonction ¢ Q-périodique),
on obtient :

—div , < A(y)(Vyuo(z) + Vyui(z,y)) >= f.

En injectant la relation (1.78) dans cette équation, on obtient finalement que wuq est
solution du probléme homogénéisé :

—div , < A"V, uo(z) >= f.
avec A* défini par : pour tout vecteur p,

A'p =< A(y)p + A(y)Vy(U(y).p) > .

Dans cette exemple, on voit donc comment on peut déduire de I’équation initiale
un probléme sous-maille dont la solution, une fois réinjectée dans I’équation initiale,
permet de poser un probléme macroscopique “équivalent” tenant compte des échelles
fines du probléme.

1.A.3 Modélisation multi-échelles de phénoménes physiques

Dans les exemples présentés précédemment, une échelle fine est présente dans
les équations que 'on cherche a discrétiser, et cette échelle fine doit étre prise en
compte si on veut obtenir des résultats satisfaisants. Il existe également des cas
ou l'on est intéressé par modéliser I'échelle fine par des équations différentes des
équations décrivant [’échelle macroscopique. On pense évidemment ici aux sciences
des matériaux, ou les lois de constitutions (donnant la relation entre le tenseur des
contraintes et, la déformation dans le cas de la mécanique des solides ou le taux de
déformation dans le cas de la mécanique des fluides) nécessitent souvent de modéliser
les échelles microscopiques pour comprendre la réponse a une sollicitation. Plutot
que de postuler des lois empiriques, on préfére alors décrire, éventuellement d’une
maniére approchée, les échelles microscopiques et traduire ensuite l'influence des
échelles microscopiques sur les variables macroscopiques.

On peut citer dans cette classe de modéles la quasicontinuum method (QCM)
dans laquelle I’énergie mécanique est calculée a partir de potentiels moléculaires

65



Chapitre 1 : Modélisation micro-macro des solutions de polyméres

(cf. [144]) ou alors les modéles cinétiques de fluides complexes dans lesquels une
équation du type Langevin décrit la conformation des macromolécules dans le fluide
(cf. [12,13,39,120] pour les fluides polymériques ou [75] pour les suspensions concen-
trées, par exemple). Cette thése porte sur de tels modéles rhéologiques pour les
fluides polymériques. On renvoie & la section 1.1 pour le détail de ces modéles.

De maniére générale, on peut décrire les phénoménes a 1’échelle microscopique,
suivant la précision requise, par les équations de la mécanique quantique (équa-
tion de Schrodinger), les équations de la dynamique moléculaire, ou des équations
cinétiques (équations de Langevin, équations de Fokker-Planck). A I’échelle ma-
croscopique, ce sont habituellement les classiques équations de conservation (de la
quantité de mouvement, du moment cinétique, de la masse, de 1'énergie, ...) qui
sont utilisées (penser aux équations de la dynamique des fluides ou de ’élasticité).
Outre la difficulté du couplage des échelles en espace se pose également ici la ques-
tion du couplage des échelles en temps : les phénoménes microscopiques ont en effet
souvent des temps caractéristiques beaucoup plus petits que ceux relatifs aux phé-
nomeénes macroscopiques (cf. figure 1.13). C’est pourquoi tous les couplages ne sont
pas toujours possibles en pratique, et il faut parfois avoir recours a des techniques
de coarse-graining qui permettent de réécrire les équations microscopiques a des
échelles moins fines, par exemple pour ne retenir de la dynamique a I’échelle micro-
scopique que certains événements rares qui influencent I’échelle macroscopique. La
question du couplage des échelles reste difficile et dépend grandement du probléme
étudié. Cette difficulté n’est pas nouvelle : un des objectifs de la physique statistique
est justement de tirer de données microscopiques des variables macroscopiques et
d’étudier les relations entre ces variables macroscopiques, en fonction des lois mi-
croscopiques. Relier les lois macroscopiques a des modéles microscopiques est un
chantier encore ouvert dans plusieurs cas (limite des équations de Boltzmann vers
Stokes ou Navier-Stokes compressible par exemple).

On remarque qu’a I’échelle microscopique, le hasard intervient de maniére trés
naturelle dans la modélisation : en mécanique quantique, le hasard est une compo-
sante fondamentale de la théorie imposée par le fait que le résultat d’une mesure est
aléatoire ; en dynamique moléculaire, la notion de hasard et de description statistique
provient d’une part de la grande sensibilité du systéme & des perturbations (notion
de chaos) et également du grand nombre de degrés de liberté qui se superposent et
dont on veut extraire des informations a 1’échelle macroscopique (typiquement des
informations a 1’équilibre, notion qui se définit naturellement a I’échelle macrosco-
pique) ; les équations cinétiques ont également une interprétation probabiliste. En
pratique, cela signifie que 1’on rencontre souvent des cas ou ’échelle microscopique
est décrite par des modéles aléatoires (équations différentielles stochastiques, chaines
de Markov, ...) alors que I’échelle macroscopique est décrite par des modéles déter-
ministes (équations différentielles ordinaires, équations aux dérivées partielles, ...).
L’étude mathématique de ces systémes couplés fait donc appel a des notions en
probabilités et calcul stochastique, ainsi qu’en analyse fonctionnelle, deux domaines
qui ont certes pour socle commun la théorie de la mesure mais qui se sont déve-
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Temps caractéristique

Dynamique moléculaire
Briques élémentaires : Atomes

Mécanique quantique
Briques élémentaires : Noyaux et électrons

Taille caractéristique

FiG. 1.13 — Champ d’application des modéles multi-échelles étudiés dans ce docu-
ment (les échelles sont logarithmiques).

loppés en grande partie séparément. Typiquement, les régularités utilisées en calcul
stochastique sont des régularités Holdériennes alors qu’on utilise plus volontiers des
régularités Sobolev pour 'analyse mathématique des modéles issus de la physique.
Ces “détails” techniques conduisent a des difficultés mathématiques quand on étudie
ces modéles.

1.A.4 Hypothése de séparation des échelles

Le point commun de tous ces modéles et de ces méthodes est qu’ils reposent
sur une hypothése de séparation des échelles qui permet de découpler les calculs au
niweau microscopique. Ce découplage conduit a une collection de petits problémes
indépendants. Les équations aux échelles microscopiques sont alors résolues, de ma-
niére exacte ou approchée, soit numériquement (éventuellement en paralléle), soit
analytiquement, et les solutions de ces équations interviennent dans les équations
aux échelles macroscopiques. Les modélisations multi-échelles conduisent donc treés
généralement a des couplages entre équations qui peuvent étre de natures diffé-
rentes : équations aux dérivées partielles, équations différentielles ordinaires (dy-
namique moléculaire), équations différentielles stochastiques (rhéologie), équations
intégrales (rhéologie), relations algébriques (réduction de systémes)... Cela conduit
souvent a des questions mathématiques et numériques originales.
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Chapitre 2

Analyse du modéle des dumbbells
hookéens : existence de solution et
convergence du schéma numérique

Les résultats présentés dans ce chapitre ont fait I’objet d'un article paru dans
Mathematical Models and Methods in Applied Sciences. On démontre un théoréme
d’existence et unicité en temps long pour le modéle des dumbbell Hookéens, et sur-
tout un résultat de convergence d’'une méthode utilisée pour discrétiser le systéme
couplant Navier-Stokes avec une équation différentielle stochastique : la méthode
CONNFFESSIT. Tous ces résultats sont établis dans le cadre d’un écoulement ci-
saillé.
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Numerical analysis of micro-macro simulations
of polymeric fluid flows : a simple case.

Benjamin Jourdain, Tony Leliévre, Claude Le Bris
CERMICS, Ecole Nationale des Ponts et Chaussées,

6 € 8 Av. Pascal, 77455 Champs-sur-Marne, France.
{jourdain, lelievre, lebris } @cermics.enpc.fr

We present in this article the numerical analysis of a simple micro-macro
simulation of a polymeric fluid flow, namely the shear flow for the Hookean
dumbbells model. Although restricted to this academic case (which is ho-
wever used in practice as a test problem for new numerical strategies to
be applied to more sophisticated cases), our study can be considered as a
first step towards that of more complicated models. Our main result states
the convergence of the fully discretized scheme (finite element in space, fi-
nite difference in time, plus Monte Carlo realizations) towards the coupled
solution of a partial differential equation / stochastic differential equation
system.

2.1 Introduction.

We are concerned here with the numerical analysis of a simple micro-macro simu-
lation of a polymeric fluid flow. More precisely, we deal with the situation where
the polymeric liquid, which is here supposed to be an infinitely diluted solution of
polymers, experiences a pure shear flow and is modeled at the microscopic scale by
the dynamics of stochastic Hookean dumbbells. To the best of our knowledge, such
a study is new. We shall explain below why, despite the simplicity of the underlying
model, our work can be seen as a first step towards the treatment of the more sophis-
ticated models that are commonly used in the context of the so-called micro-macro
approach in computational rheology.

Numerical simulations of the flow of complex fluids such as polymeric liquids is
a long lasting challenge. The central difficulty is the rheology of these fluids, highly
non Newtonian in nature : there is no simple linear relation linking the stress tensor
7 and the deformation tensor % (Vu +' Vu) as in the case of Newtonian fluids. This
algebraic relation, the so-called constitutive equation of the fluid, is replaced in such
fluid by a partial differential equation (abbreviated in PDE in the sequel) of the

form Dt

D = (1,Vu), (2.1)

to be integrated along the Lagrangian trajectories of the particles, or by an integro-
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differential equation (the integral is taken along the trajectories)

T = / m(t — s)S(s) ds, (2.2)

—00

where m is a memory function (typically a decreasing exponential) and S(s) is a
deformation-dependent tensor (typically a function of the Finger strain tensor).

The standard (“macroscopic”) approach to simulate an incompressible flow of
such polymeric liquids therefore consists in approximating the solution to a coupled
system of the form Du

P or = —Vp + nAu + div T, (2.3)
div u = 0, (2.4)
%"t- = f(Ta vu)?
or (2.5)
T = ffoo m(t — s)S¢(s) ds,

together with convenient initial and boundary conditions. The derivative D%

the convective derivative % +u.V, the vector u denotes the fluid velocity, p denotes
the pressure. The two constants p and 7 denote respectively the density and the
Newtonian viscosity of the solvent. We refer the reader to Refs. [88,90,91,143| for a
general introduction to the subject, and to Refs. [71,72,129,132,136| for examples
of the numerous mathematical studies that have been devoted to such models. In
this field, the most recent contribution is due to P.L. Lions and N. Masmoudi in
Ref. [106].

Although very efficient, this purely macroscopic approach is now being questio-
ned. The main concerns are indeed to find good constitutive equations (2.1) or (2.2)
that could apply to the ever increasing number of non Newtonian fluids of interest
in today’s technology, and also to evaluate the impact of some closure hypothesis
made to build these constitutive equations on the quality / validity of the final re-
sult. An alternative approach, which circumvents the bottleneck of making those
closure hypothesis, has therefore been developed on the basis of kinetic theory. In
a nutshell, this approach consists in finding an expression of the macroscopic stress
tensor in terms of the microscopic dynamics of the polymer chains and in treating
explicitly both scales in the simulation. On the contrary, constitutive laws are deri-
ved in a more or less rigorous way from the kinetic theory with the help of closure
approximations, the kinetic foundation being next forgotten. Instead of (2.5), the
system that has therefore to be treated is (2.3)-(2.4) together with the Fokker Planck
equation describing the microscopic dynamics

denotes

0 ) 2 2
8_25& +u. V) = —div g ((VgCuQ — ZF(Q))@/}) + %AQw, (2.6)
and the expression of the stress tensor as the average
e n/(Q @ F(Q))o(t,x, Q) dQ — nksTId, 2.7)
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The function ¥ (t, z, Q) is the probability density function of the end-to-end vector
Q of the polymer at time ¢ and at position . The function F'(Q) denotes the force
within the spring which models the polymer, ¢ denotes the friction, n is the number
density of polymers and o is defined by 02 = 2kgT'(, where T is the temperature. We
refer to Refs. [12,13,39,120] for more details about the derivation of such equations.

From the theoretical standpoint, this approach is clearly more satisfactory than
the previous one. It is however not perfect : current research in the modeling of
complex flows aims at going further the simple setting of “thermodynamics at equi-
librium” upon which this approach is based (see Refs. |9,66,67]). From the mathema-
tical standpoint, systems of the type (2.3), (2.4), (2.6) and (2.7) have been studied
for instance in Refs. [34,131], and are therefore rather well known. However, this
approach, as such, suffers from a severe drawback as far as numerical simulations
are concerned : the Fokker Planck equation is to date only tractable numerically in
spaces of small dimension N, far smaller than the typical N required in practice
(say N = 100). However, huge efforts, with promising results, are devoted to such
a technic (see Ref. |[143]). The idea has emerged in the early 90’s to simulate the
underlying stochastic differential equation (abbreviated in SDE in the sequel) rather
than the Fokker Planck equation itself. This approach has been called CONNFFES-
SIT [97] which means Calculation of Non-Newtonian Fluids : Finite Elements and
Stochastic Simulation Techniques.

The “modern” way of simulating an incompressible flow of an infinitely diluted
solution of polymer is therefore to approximate

p(Z +uw.Vu) = —Vp+nAu +div (1),

div (u) = 0,

T=nE(Q® F(Q)) — nkgT1d, (2.8)
dQ + u.VQdt = (qu _ §F(Q)) dt +22qw

where E denotes the expectation and W, is a standard (multidimensional)
Brownian motion. This very lively field of numerical simulation can be approached
by the reading of works such as Refs. [15,17,97,120,148| (see other references the-
rein). It should be already clear in the reader’s mind that such an approach raises
hundreds of interesting questions, both theoretical and numerical, and all lying at
the intersection of the world of PDEs and SDEs (or even SPDEs i.e. stochastic
partial differential equations). So far as we know, no existing study deals with the
existence of solution (u, 7, Q,) to the above system (2.8) or any system of the same
family. Moreover, despite the numerous simulations done, no proof of convergence
of a numerical scheme towards the “continuous” solution has ever been established.

Our present work aims at giving a complete mathematical and numerical analysis
of a system such as (2.8). For reasons that will be clear below, we are bound to restrict
ourselves to a very simple case, that we hope however to be instructive enough to
motivate further studies.
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2.2 The model and our main result.
The system we study here is the following

ou

O 10) = B yult2) = Our(t.) + fot) 29)
r(ha) = E(POQ 1)), (2.10)
iP(t) — —?dt%—d%, (2.11)

Q(t, x)

dQ(t,r) = (axu(t,x)P(t)— 5

) dt +dW,,  (2.12)

complemented with ad hoc boundary and initial conditions, which will be both made
precise below. It is obtained from (2.8) by making the following assumptions :

— (H1) We consider a shear flow in 2D : u = uy(x)e, (see Figure 2.1). The func-
tion u, is henceforth denoted by u. Consequently, the divergence free condition
(2.4) is automatically fulfilled. Another striking consequence of this geometri-
cal assumption is that the Navier term w.Vu in (2.3) and the transport term
©.V in the stochastic equations both vanish. In equation (2.10), 7 denotes
the (x,y) components of the stress tensor 7. In equations (2.11) and (2.12),
(P(t),Q(t,x)) (resp. (V;, W;)) are the two components of the end-to-end vec-
tor Q(t) (resp. the Brownian motion W). In equation (2.9), f.,: denotes an
external force.

— (H2) The force F(Q) in (2.8) is chosen to be a simple linear force F(Q) = HQ
with H the coefficient of the Hookean spring which models the polymer (let us
incidentally mention that such a force has nothing to do with the modeling of
intra-molecular forces inside the polymer chain : it is only entropic in nature,
and models the simple property stating that when the polymer chain stretches,
the volume of the region of the configurations space visited by the polymer
gets smaller). A consequence of this “Hookean dumbbell” assumption is that
the model (2.8) is indeed equivalent (at least formally, but more can be said
than that) to a purely macroscopic model of the type (2.1), namely the famous
Oldroyd B model written here in its differential form :

T+ )\(;—I = nkgTA(Vu +' Vu), (2.13)

with the upper convected derivative % defined by

4] 0
5—; = 8_725- +u.VT — 7'Vu — Vur,
where \ = & is a characteristic time. In our simple case, (2.13) reduces to :
0
a—:; + 7 = J,u. (2.14)
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FiG. 2.1 — Velocity profile in a shear flow of a dilute solution of polymers.

Let also notice that we have chosen units of time and length such that A = 1
and d = \/'“BTT = 1. Moreover, we have taken the physical parameters in order to

simplify the equations. All the results we give are of course also valid with different
conventions.

The main two results of our work, which are respectively stated in Theorem 1
and Theorem 3 in a very precise way show :

(a) that there exists a solution (u, ;) to the system in the natural energy spaces
associated to the problem, o

(b) that the fully discretized solution (W,%Zﬁlﬁi@?m) (the velocity being
discretized over P1 finite elements in space, and by finite differences in time
while the SDE being discretized by an Euler scheme in time and the stress
tensor approximated by Monte Carlo realizations) converges up to a slight
technical modification, which is linked to the stability of the SDE and that
will be made precise in subsection 2.4.34.3, to the continuous solution at the

order O (h + 0t + ﬁ)? where h is the space step, dt is the time step and M

is the number of realizations of the SDEs (i.e. the number of dumbbells per
cell).

The sequel of this paper is devoted to the proof of these two assertions. However,
before we get to the heart of the matter, let us emphasize our goal, and also give
some comments that we believe such results deserve.

The proof of the existence (and in fact uniqueness and regularity) of the conti-
nuous problem is reproduced here mainly for the sake of consistency. Although it
does not, appear as such in the literature, it could be derived in a rather straight-
forward way from the observation that our model is, as mentioned above, in fact
equivalent to an Oldroyd B type model. The only (slight) novelty is that, with a
view to tackle next the Galerkin approximation, we deliberately work in the natural
energy (Sobolev) spaces. On the contrary, studies such as Ref. [131] take a much
more regular setting and the study Ref. [106] considers another type of convec-
tive derivative (for details about convective derivatives and frame indifference, see
for example Ref. [137]). On the other hand, the “numerical analysis” part of our
work seems completely new. We are aware that the case we deal with, precisely
because of its simplicity and its formal equivalence with a purely macroscopic model
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(hypotheses (H1) and (H2)) cannot be considered as a prototype (in terms of the
mathematical difficulty) of all models of type (2.8). However,

(a) the simple model (2.9)-(2.12) embodies many, if not all, difficulties of model
of type (2.8) : the coupling between the stochastic part and the macroscopic
flow part, the fact that at any fixed number of dumbbells the (apparently
determininistic) flow velocity is actually a stochastic variable. It is therefore
expected that the mathematical toolbox used for its study will be useful and
instructive for the analysis of the other cases. At least it is a preliminary matter
for them.

(b) the simple model (2.9)-(2.12) is indeed used in the numerical practice (and co-
ded as such) in order to serve as a test case for advanced numerical techniques
that will be then extended to more sophisticated cases. This justifies (to our
opinion at least) the need for the numerical analysis of this model per se.

Remark 1 When the microscopic model is not that of Hookean dumbbells, the force
F(Q) is no longer linear but can be

HQ
F(Q) = ?Q’Q/b’
or HO
9= e

which are respectively the case for the so-called FENE and FENE-P dumbbells case.
The FENE-P model is derived from the FENE model via a closure approrimation
(the so-called Peterlin approzimation), which enables to obtain a purely macrosco-
pic equivalent of the microscopic model. In these models, b is a positive parameter
which is the square of the mazimum elongation of the dumbbells. The mathematical
difficulty is then to ensure that Q does not leave the region |Q| < Vb and does not
even reach its boundary. Current research (cf. Ref. [86]) is directed towards trying
to extend the present analysis to this case.

Remark 2 When the macroscopic flow is no longer a pure shear flow, (at least)
four new difficulties arise :

(i) the divergence free constraint (2.4) has to be accounted for,

(ii) the Navier term has to be treated,

(7ii) the term w.VQ, in the left hand side of the SDE of (2.8) has to be dealt
with,

(iv) product of two non autonomous stochastic processes arises in the definition
of T. (Note that in (2.10), P, is autonomous, i.e. does not depend on the flow.)

Of these four difficulties, difficulties (iii) and (iv) are so far as we understand the
most embarrassing ones. Difficulty (i) is standard, and (i) is a classical well-known
difficulty of the mathematical analysis of incompressible (Newtonian) Navier-Stokes
equation (and we cannot hope to go further in the analysis of the present models than
in that of the Navier Stokes equation). Difficulty (iii), namely the appearance of a
transport term in the SDE (which ipso facto becomes a SPDE), creates at once an
interesting question : in what sense can we consider the SDE of the system (2.8) ¢
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A way to circumuvent the difficulty is to set the SDE in the Lagrangian setting, i.e.
follow the characteristics of the flow and write the SDE along them. But as we have
in mind to deal with a weak solution w of the macroscopic flow equations (think of
the 3d case), it is not an easy task to define these characteristics, and also to give a
rigorous foundation to the Lagrangian form (because of the term VuQ in the right-
hand-side which lacks of reqularity with respect to Q if w is only H'). We refer the
interested reader to Ref. [100] where it is shown that one can adapt and complete
the Di Perna-Lions theory of almost everywhere flows to accommodate for this new
situation.

Remark 3 When the solution is no longer infinitely diluted, other models arise. For
high densities, models like those issued from the theory of reptation (Doi-Edwards
models) appear. Then again, macroscopic models and micro-macro models are two
alternatives. Questions like those of simulation of refliected Brownian processes then
come into the picture (see Ref. [120]), giving also rise to questions of interest for
the numerical analysist. Let us also mention that what is expected to be the most
challenging case with respect to the difficulty of its modeling is neither the infinitely
dilute case, nor the polymer melt case, but the case in between !

Let us end this section saying that we hope to complement the results of the

present work at least in two directions :

(a) evaluate on the same toy-model both by numerical analysis and computational
experiments the validity of well known and commonly used techniques of this
field of computational rheology such as variance reduction methods,

(b) do the same analysis as that of the present paper for some of the more difficult
cases mentioned in the above remarks.

We refer the reader to Refs. [83] for (a) and to Refs. [86] for (b).

2.3 Brief mathematical analysis of the continuous
problem.

2.3.1 Precise setting of the equations and definition of solu-
tions.

As announced above, we complement system (2.9)-(2.12) with the following
boundary conditions :
{ u(t, 0) = fo(0), (2.15)

u(t, 1) - f1<t)7
together with the initial data :

u(0,2) = wo(x),
Q0,z) = Qo, (2.16)
PO) = P

Let us also make precise the notations : Fy and )y denote two independent normal
random variables (because we suppose that the polymers are initially at equilibrium),
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also independent of V; and W; which denote two standard independent Brownian
motions. Notice that, as function of the space variable x, (V;, W;) is constant. In the
following, we have (t,z) € (0,7) x O with O = (0, 1).

The following regularity for the external forces and the initial velocity are sup-
posed :

fe:rt S L%<Hals) N WtLl(L?:)a
fezt(owr) € L:Zm (217)
Uy € H?.

It is to be remarked that although the regularities (2.17) have been chosen for
simplicity and because they are necessary for our result of convergence (Theorem 3),
some parts of the arguments below may be done under less regular requirements.
Let us also notice that all the results we give are also valid with other assumptions
of regularity on fe..

We restrict ourselves to the case of homogeneous boundary conditions (fo = f1 =
0), the modifications to deal with the other cases being only a technical matter. In the
following, ¢,z and w denote respectively the variable in time, space and probability.
For example, Q; € Lg°(L%(L2)) means that supess;cr){ [, E(Q7) dz} < oc.

We are now in position to define the notion of solution we shall deal with.

We say that (u,@Q)) is a weak solution of the homogeneous problem if u €
L(L2) N L (Hy,) and Q; € L°(L2(L2)) satisfy that for all v € Hj(O),

d
— uv—l—/ 0y u0yv = —/ E(P,Q¢(x))0v —I—/ fext(t, )0, (2.18)
dt Jo o o o
t t
for a.e. (z,w), Vt € (0,T), Qi(z) = e 2Qq + /esgt dW, +/6S5t8qu5 ds, (2.19)
0 0
with
t
P, =e 3P+ / ez dv,. (2.20)
0

Equation (2.18) holds in the sense of distributions in time. As usual, one may equi-
valently use time dependent test functions v € L{°(L2) N L (Hy ).

2.3.2 Formal a prior: estimates.

We now establish formal a priori estimates on the solution (u, Q). These esti-
mates will be made rigorous at the discrete level in the next subsection.
Multiplying (2.9) by u, next integrating over the domain and in time, we obtain

% /O u(t,x)z—% /O up(z)? + /O t /O (Bpu) = — /0 t /O E(PsQs(z))0yu(s, x)
+/Ot/ofemt(s,x)U(Sax)-
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Next we compute Q? by It6’s formula using (2.12), take expectations and integrate
again on O and in time to obtain

s [E@h-5= [ [Erawonsn-; [ [ e

Summing up these two equalities, we obtain

Sl + [ lowalls + 3 LE@3+;£/E@bw=1WMé
+ (141 + //fmtu (2.21)

||U||%;>0(Lg) + ||U||%3(H37x) + ||Qt||2Lg°(Lg(Lg)) + ||Qt||%§(Lg(La))
S C (1 + ||U0||i% + T+ ||fext||%t1([,%)> ) (222)

which yields the first energy inequality :

with C' a constant independent of the data of the problem.

At this stage, it is to be remarked that using the same arguments as in the
derivation of (2.21) or (2.22) with u = u; — uy and Q = @1 — @2, one can show
the uniqueness of solution. This point should be not surprising for the reader as the
system (2.9)-(2.12) (once written in terms of u only, using equation (2.10) on 7 and
equation (2.12)) on @ is indeed a linear system with respect to the variable u. This
is obviously a consequence of our simplifying assumptions (H1) and (H2).

We must also notice that this energy estimate shows that the regularity of the

solution is at least : v € L?(H}) and % € LZ(H_,'). This shows in fact that

u € C([0,T], L*(O)) which allows us to define u(0) (see Ref. [145] Chapter III,
Lemma 1.2).

Let us now turn to the second energy inequality. This time, we multiply (2.9) by
—Giwu and integrate over the domain to obtain

G Lo+ [ @ = - [ 0RRQE— [ 10

We need to control the first term in the right-hand side. Computing d(P,Q;) from
(2.11) and (2.12) and taking expectations, we get the following equation (equivalent
0 (2.14)) :

0

EE(PtQt) —E(P,Q,) 4+ 0,uE(P?). (2.23)

By a standard application of Gronwall’s lemma, this yields the following bound

t
10.E(PQ0)|[72 S/ 102 ,ullZs,
0

which we use to finally obtain (using again Gronwall’s lemma) the second energy
mequality :
||UHL;>°(H;)0L§(H3) <C (||U0HH; + ||fext||Lt1(H;)) ) (2.24)
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§ 2.2.3 : Brief mathematical analysis of the continuous problem.

where C' only depends on 7.
Likewise, we multiply (2.9) by % after derivating it in time (all this is done
formally we recall), and we 1ntegrate over O to obtain
2
L%) |

(PQ
e (0

Using again equation (2.23), we obtain (by Gronwall inequality)

u

2

oul|?

ot

Ou
ot

afezt 2
ot

(98xu
ot

Lge(L3) L}(L3) Li(L3) t=0

|28

< O (1+1fuol By + Il et By 1))

L (L2)
and we then derive another reqularity in time :

ou

' Ou

ot

< C (1+ lluollan + 1 femtllysgezy + om0 D)5z )+ (2:25)
Lgo(L2)NLE(HY)

where C' only depends on 7.

2.3.3 Existence.

We can now show the existence of a solution of problem (2.18)-(2.19).

2.3.3.1 Semi-discretized weak formulation.

Let us define a Riesz basis {v;}i=1.00 of Hi(O). We set V,, = Vect{vy, ..., v, }.
The semi-discretized problem is the following :
Find U™ € (L°(R))™ and Q7 € L°(L2(L?)) such that, for all 1 < i < m, the
couple (u™(t,x), Q7" (x)), where u™(t,x) = >, U™ (t)vi(x), satisfies :

d
— [ W™, = —/8zum8$1)i—/E(BQ;”(x))ﬁzvi—k/ fextvi,  (2.26)
dt Jo o o o
¢ ¢
Q" = eéQo—i-/ es;dWs—i-/ 7 9,u™ P, ds, (2.27)
0 0

with Q7' = Qo and u™(t = 0) = II,,(ug) where II,, is the H'-projection on Vj,.
Again, (2.27) has to make sense for a.e. (z,w), for all t € (0,7).

2.3.3.2 Existence of a semi-discretized solution.

It is standard to find a solution to the discretized problem (2.26)-(2.27) using
e.g. a fixed-point argument on the function

X — X

P (Uo—Al(fo(BU - JoE PQ56V+FW))> ,
Q) e QQO—i—fOe 2 dWS—i-fO > Uidpvi Py
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Chapitre 2 : Analyse du modéle des dumbbells hookéens

where X = {(U,Q;) € (L*(R))™ x L°(L2(L?))} is a Banach space for the norm
(U, Qullx = WUl + 1@t wzzy, Aij = / Vv, Bij = / 0xvi0zv5, V' is a
o o

field of components v; and F,,; is a vector of components fo feat?;.
The point is the following result stating the regularity of the discretized solution.

Lemma 1 (Regularity of the space-discretized solution) Assuming uy € L?
and fezr € LY (L2), we have :

||um||%f°(L§) + ||Um||ig(HO{m) + ||Qfen||%go(Lg(Lg)) + ||Qz7£n||%f(L§(LE,))
<C(1+luolBy + T+ femlByr)) . (228)
with C independent of the data of the problem.

Assuming ug € H? and fuyy € W' (L?), we have :

w
where C' only depends on T. By definition, ||g||H 1= sup M
 wevm ||0pw]| 2

< C (Il + 11 feanllwpagozy + Wfear (0, D112 ) - (2:29)
L (L2)NL2(HY)

82 m
ot?

< C (lluollie + 1| feanllwpauzy + Wear (0,012 ) - (2:30)
L} (H:z)

Proof. To obtain the first two estimates (2.28) and (2.29) is a classical exercise :
one just needs to reproduce in a more rigorous way the a priori estimates (2.22)
and (2.25) of the former subsection. The last result (2.30) is obtained by writing the

derivative in time of (2.26) and observing that 2E(P,Q7") = —E(P,Q}")+0,u™E(P?)
which ensures 2E(P,Q)") € L7 (L?). 0

2.3.3.3 Convergence towards a continuous solution.

We assume ug € L2 and fops € LI (L?). According to the former lemma, we have
™| Lo (r2)n2 () Q™ | Lo (22 (22)) < C with C independent of m. The convergence
of the sequence (u™, Q™)men then classically derives from this estimate (notice that
there are only linear terms in «” and Q™ in the equations (2.26) and (2.27), since P,
is autonomous), following the next three steps :

Step 1 Using the estimate on (u™),,en, one can define a function u € L°(L2) N
L7(Hy,) such that u™ converges towards u weakly in L7(H,) and for the weak-*

topology of L°(L2) (and therefore in D'((0,T) x O)). This function u satisfies the
first energy inequality (2.22) (taking the inferior l1m1t)

Step 2 One can then define Q by Q = ¢ 2Q0+f0 ez dW, +f0 ez 0 Lu(s, z) Py ds
and check that Q € L®(L2(L2)).
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§ 2.2.3 : Brief mathematical analysis of the continuous problem.

Step 3 It remains to check the convergence of the terms of the equation (2.26)
satisfied by u™. The only non-trivial term is [, E(P,Q}"(x))d,v;. We use that for
w € L3(0),

t t
/E(PtQ;"(x))w = /IE (Pt / 7 du" P, ds) w = / / dyue’T E(P,P)w ds da,
@] o 0 0J0

and this last term goes to [, [i dyue’s E(P,P)wdsdr = [, E(P,Q,(z))w (because
d,u™ converges weakly towards d,u in L?(L2)).

We have therefore obtained a solution of the problem (2.18)-(2.19). Let us show

now the convergence of Q)" towards Q, as well as the strong convergence of u™
towards u.

Lemma 2 Assume ug € H2 and fey € th’l(Li). Set (u, Q) the solution of the
problem (2.18)-(2.19). Set V,, a subspace of Hy and (u™, Q™) the solution of the

semi-discretized problem (2.26)-(2.27) with an initial velocity uy'. Then, we have
for allt € [0,T],

m i m m 1 i m
lu(t) = O + (110200 = I +110: = @ Bagezy +5 [110: = Q2lfzrz
0 0
< lhuo = w'litz + inf (31100 (u = w)l B sz + Cllu = wllzzas) )

with a constant C' which depends on the data of the problem : ug, fex and T.

Proof. Let w be a function in V,,. One can easily obtain, using the linearity of the
variational formulations, and integrating in time :

1/(U—u //|8 u—u™ 1/(Uo—u0)2
// Qe Noalu —u” // Q)1 — )
//atu—u u—w //a w— w0, (u—w). (231

Using the equations on Q); and @)}, one can show that :

%/OM@—@?V:/;/OE(PS( — Q)0 (u — u™ __//
Summing up (2.31) and (2.32), we have :
;/u—u //|8 u—u™) [+ / //
=5 o) // Q) — )
//at“_“ o //3 u— ") (u — w). (2.33)

(2. 32)
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Chapitre 2 : Analyse du modéle des dumbbells hookéens

Using Cauchy-Schwarz inequalities, we have

//au—u //|au—u|2 //\au—

and (using E(P?) = 1)

[[[eic-ami-wsd [ [a-are [ [

The estimation of Hag—;nH 12(12) given by Lemma 1 also holds for the continuous
t x
solution w (taking the inferior limit). This yields the final estimate
t m
fo fo %(“_U )(u —w) SCHU—UJHLf(Lg)- 0

In the former proof, we notice that we can assume that w also depends on the
time variable. Choosing w = II,,,(u) (we recall that IT,, is the operator of the H'-
projection on V;,), one can therefore show the strong convergence of u™ towards u
in L°(L2) N L?(H}) and the strong convergence of Q™ towards Q; in L{°(L2(L2)).
We have therefore proved the following result :

Theorem 1 (Existence of a continuous solution) Let us assume ug € L2 and
fext € Li(L2). The problem (2.18)-(2.19) admits a unique solution
u € C([0,7], L3(0)) N Li(H, ,) and Qy € L*(L3(LY)).

The solution (u™, Q") of the semi-discretized problem (2.26)-(2.27) is unique. As-
suming ug € H? and fo € W'(L2), (W™, Q1) converges towards (u,Qy) in the
following sense : u™ — wu strongly in L°(L2) N L2(HY) and Q7 — Q; strongly in
Lo (L3(LE))-

Remark 4 It is clear that, under the hypothesis ug € H? and fen € I/th’l(Li), the
continuous solution w is a function of L{°(L2) N L?(H}) which satisfies the inequa-
lity (2.25). Moreover, under the assumptions ug € H} and fe,y € L} (H}), we can
also prove that the solution satisfies the second enerqy estimate (2.24), what will be
used in the subection 2.4.14.1. To prove this result, one uses the uniqueness of the
solution and the fact that one can construct a sequence of approximations of the
solution which satisfies (2.24) by a Galerkin method on a special base (stable for
the laplacian). One can then also obtain (2.24) for the solution, taking the inferior
limat.

2.4 Analysis of the numerical scheme.

In this section, we want to show the convergence of a standard discretization
of the problem (2.9)-(2.12). As above, we will suppose ug € H2, fer € Li(H})
and 2Lzt € L1(L2), which yields, using the a priori estimates (2.24) and (2.25) :
u € LE(HY) N LI (H2) and 2% € L°(L2) N L (HY).

For the sake of simplicity, we also assume here homogeneous Dirichlet boundary
conditions. Standard modifications of our arguments yield the same conclusions with
non homogeneous Dirichlet boundary conditions (see e.g. Remark 6.2.2 in Ref. [127].)
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§ 2.2.4 : Analysis of the numerical scheme.

The original problem is discretized in three steps : in space (by a Galerkin me-
thod), in time (by an Euler semi-implicit scheme) and finally using the Monte Carlo
method. We choose a P1 discretization in space of the velocity : the velocity space
functions V}, is the space of the piecewise polynomials of degree 1 on a mesh 7,
where h is the space discretization step. The time interval (0,7") is discretized with
a constant step 6t. We consider M realizations of the dumbbell processes (F;, Q;).
The scheme we use will be made precise in the subsection 2.4.34.3 (see equations
(2.48)-(2.50)).

The aim of this section is to show Theorem 3 which states that the order of
convergence of this scheme is O (h + ot + \/LM)

2.4.1 Convergence of the space-discretized problem.

We consider here the space-discretized problem which is (2.26)-(2.27) with V™ =
Vi, C H} (we use a Galerkin method). Notice that since the velocity uy is a piece-
wise linear function (P1), the process @, (and therefore the stress 7, = E(PQy))
is a discontinuous piecewise constant function (discontinuous P0). We have already
shown in subsection 2.3.3.23.3 that this problem admits a unique solution. Moreo-

ver, Lemma 2, together with the standard finite elements approximation inequality
o = T ()| 13 + 12110 (0 — T (w)) |12, < [l 3 yields :

Lemma 3 (Convergence of the space-discretized problem) Let us assume

uy € H2, forr € LI(HY) and 2zt € L(L2). Set (u,Q;) the solution of the pro-
blem (2.18)-(2.19). Let us assume a P1 space discretization for the velocity. Set V},
the velocity space functions and (up, Q) the solution of the semi-discretized problem

(2.26)-(2.27) with an initial velocity upo = Hp(uo) € Vi,. Then we have :
[lu(t) = wn(t)l[Zge 2y + 1100 (w = w722y + Q0 = QuallLeer2 2y < CP
with C' a constant which depends on the data of the problem : ug, fex and T.

2.4.2 Convergence of the time-discretized problem.

We turn now to the semi-discretized problem in time and in space. We have
already compared the continuous solution (u, Q) with the space-discretized solution
(up, Qp) and we want to estimate the error introduced by discretizing (un, @Qn) by
an Euler scheme in time.

More precisely, we consider the following problem :

Being given (u}, Qnn, P), we compute (u}™ Quni1, Puy1) by the following algo-

rithm : uZ“ is such that Yv € V},,

51t/( W ”*/ Oy O = —/OE<Pth,n(x))8xv+/Ofm(tn)v. (2.34)

Qhnt1 and P,y are then computed by :
1
Qh,n—i—l - Qh,n - <azuz+lpn - 5@!1,71) ot + th+1 - tha (235)

1
Pt =Py = =3Pt + Vi, = Vi, (2.36)

n
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Chapitre 2 : Analyse du modéle des dumbbells hookéens

This problem is complemented with the initial data w9, Py and Qo.
We will first show the stability of the scheme and then the convergence.

Lemma 4 (Stability of the space-time-discretized problem) We assume that

feat € L(L2) and ug € L2. Under the assumption 0t < 5, we have : for alln < L,

. 5t &
b7z + 1QnnllZ2 12y + 5 Z/@ |Opup|* < 1+ [|unollfz +T (1 + CerxtH%?o(L%)) ,
=1

where C' is a constant independent of the data of the problem.

Proof. In order to lighten the notations, we set v} = u,, and Qp, = @,. We
also set || f|| -1 = sup,ey, Haff%. If f € L?, one clearly has || f|[;-1 < C|| ]|

HL?D

We choose v = w41 in (2.34), what yields

1 1
_/ U721+1+/(axun+1)2: —/ Unun+1+/ fext(tn)un+1—/E(PnQn)axunJrl
1 1
< 557 (/ up, +/ ugm) + E/(axunﬂ)Z + Ol fert ()| [3-1 — / E(PoQn) Oyt 1.
O O @) o

One multiplies next (2.35) with @,, and takes the expectation value :

E(Qn-‘rlQn) - E(Qi) = <E(awun+1PnQn) - %E(Qi)) 5t7

1 1

Summing this estimate multiplied by é and integrated in space, and the one on u,,

we get :
@i - [E@) + 5 [

i /u2 - /u2 + L
20t \Jo "™ Jo™) 26t
1

1
+5 [BQ) < Cllfualta)lfyor + 557 [ BUQuir = Q). (23)

It remains to estimate the last term in the right-hand side. This is done by taking
the square of (2.35) and then the expectation value :

2
E ((axunﬂpn — %Qn) ) 5t + ot

< 2Byupsr E(PY)SE + %E(Qi)étz 4 6t.

E((Qn—i—l - Qn)Q)

It is easy to show that E(P?) is bounded by - (by induction, using

4—6t
E(P2,,) = ( — %)%E(Pﬁ) + dt). We obtain then :
) , 80t 1 o\ 1
E((Qni1 — @n)?) < (Optntr) Tt §E(Qn)6t + t. (2.38)
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§ 2.2.4 : Analysis of the numerical scheme.

Using (2.37) and (2.38), one threfore obtains :

20t (/ / ) 251 (/E( 2 - /(91@(@2)) = /(a )

1 40 ) 1
3 [ < Ol + 125 [l + % [@D ] a0

o 4 Jo
Under the assumption 6t < 1, one has [,u2,, — [, u2 + [, E(Q%,) — [, E(Q?
Adt [ (Opting1)? < Ot <2C’||fext(tn)||§r1 + 1) (with A = 28 > 7). We conclude by

summation over n. O
We are now going to show the convergence of this scheme. We will first show

the convergence of P, towards P, and then, reproducing the proof of the energy
estimate (2.22) at the discrete level, we will show the convergence of (u},Qnn)

towards (up(t,), Qn(tn))-

Let us begin with the convergence of P, towards P;, (we recall that P, and P,
are defined independently of any space discretization). Since the diffusion coefficient
in the SDE satisfied by P, is constant, the Euler scheme is in fact a Milshtein scheme
on P;. The convergence is therefore in ¢ (see Theorem 10.3.5 in Ref. [94]) :

Lemma 5 (Convergence of the Euler-Maruyama scheme) There exists a constant
C which depends only on T such that

E (P, — B.,)?) < C(6t)%

Remark 5 We could have used a scheme ezxact in law for P;. We have chosen a
classical Euler scheme because this is the scheme used in more complicated cases
(see Remarks 1 and 2), when P; also depends on x.

We can now show the following convergence theorem :

Theorem 2 (Convergence of the time- discretized problem) Let us assume ug €
H? and fo € WH(L2). Under the assumption 5t < 5, one has :

[lugy = un(ta)l[72 + [1@nn — Quta)l[22(2) < C(01),

with C independent of h and n < L

51> but depends on the data of the problem : uo,
fewt and T'.

Proof. As in the former proof, we omit here the subscript h : up = tn, Qnpn = @n,
u = up and Q = Q. We introduce the processes P defined by dP;, = 1PTt dt + dV;
(with 7 = | £ ét, Where |z] is the integer part of x, and Py = P,) and Q defined

by dO, = (a Uty o1 By — 2Qn) dt +dW, (with n(t) = | £ | and Qo = Qo). One can

check easily that P, = Pt and Q, = Qt Moreover, we set e, = u, — u(t,).

The stability lemma 4 shows that fo (Q?) is unlformly bounded (in h and n),
hence fo QQ) is also uniformly bounded in s. We have also a uniform bound in n
on E(P?) and a uniform bound in s on E(P?).
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Equation on u :

One obtains by subtraction of the continuous formulation in time at time %,
(2.26) (we recall that v € C([0,T], L2(O))) and the discretized formulation (2.34) :
for all v € Vj,

Up41 — Up ou _
J (e = S Yot [@nen - dutt)ouw = - [B(RQu - PG

With similar computations as those used in the proof of Lemma 4, choosing v = e,,41,
we obtain :

1
57 (leasllZz = llealfzz) + [ 10cenil < = [ E(PQu — P, Q)0
@] @

20t
tnt1 1 tnt1 2
/ 99: u@ o / (ths1 — ) %(s)enﬂ dx ds. (2.40)
@] (@)

For the last two terms, using Cauchy-Schwarz and the inequality ab < §ta® + 43%192

we have
(2} aa tnt1
/ / O i < 5t/
tn

In the same way :

tni1 82 tni1
/ (ths1 — ) N ——(8)epg1 drds < C(6t)? /
¢ t tn

n

2

00,1
ot

+ 5 onensallls

2
ot
ZHa:ven-i-lH%%'

Therefore, we obtain finally :

1 ot
5 <||en+1|‘%§ - HenH%%) + 5/ |8xen+1|2 < _5t/ ]E(PnQn - ]Dthtn)axen-H
O O

tn+1 2
(51)? / 00,u 0%u
tn

r (s) ﬁ(s) ds.  (2.41)
Equation on Q :

tni1
ds + C(6t)* /
tn

-1
L2 HI)

In order to estimate the first term on the right-hand side of (2.41), we reproduce
the proof of the energy inequality (2.22) at the discrete level. We write the SDE

satisfied by (Q; — Qt)Q
%d((Qt - Qt)2> = <(Qt - Qt)(arupt - axun(t)+1th> - %(Qt - @t)(Qt - @Tz)) dt

We set in the following f,, = @, — @,. Integrating the last equation over (¢,,%,.1),
we have :

L o 2 L[l s =
3= 1 ==5 [ Q= @)@~ @)+ [ (Powu(s) = Pdsunin)(@. = )

1 [l - 1 [t ~ 5
=3 | @-are; [Te-ai@.-a

n

+/ n+(1P88xu(s) — Palitin1)(Qs — Q).

n
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§ 2.2.4 : Analysis of the numerical scheme.

We introduce in the expectation of the last expression the term of (2.41) we want
to eliminate, namely 6t [, E(P,Q, — P, Q,)0zens1. We obtain :

1 1 [in+ -
§E<fT2L+1 - fr%) + 5/ E(Qs - Qs)2 - 6tE(PnQn - Pthtn>ax6n+1 + A, (242)
tn
with

A=t /E (@ - @)@ - Q) + /E ((P.0cu(s) = Poditin1)(Qs — Q)

—0tE(P,Qn — P, Q4,)0ren1.
We will show the following estimate on A :

Proposition 1

90,u|?
ot

1 [t
Al < Cot? <1+|8 Upi1)? + — /

1 t”*é 2 1 t"IE 9
= v [P+ / (@)

1 [te - tnt1 -
+E(Q?) + &/ E(Q§)> + 6/ E ((QS — Q8)2> + €6t|0pent1]?,
tn tn
with € arbitrarily small and C a constant which is independent of n and &t, but

depends on € and on the data of the problem : g, feze and T.

Let us postpone the proof of Proposition 1 after the end of the proof of Theorem 2.
Summing up (2.41) and (2.42) (integrated in space), using the estimation of Prop-
sition 1, we have :

tn+1

lewsn Eellenlts +[EC2,112) + (1=20) [ B(@. = Q0 + (1=2) 1] e
5 1 tn+1 tnt1 2 )
< o6 (14 [l + 57 [ Towulis + / E(Q) / E(Q2)

tn

tn+1 2 tni1 2
ds |,
B T / Hi;

where a and ( are arbitrarily small positive constants. Summing up over n and
using the regularities proved in Lemmas 1 and 4, this concludes the proof. 0

tn41

82

aau
8t2< s)

Y (s) ds

L 515

We now have to prove Proposition 1. We will need the next two lemmas.

Lemma 6 Set R(t,x) a process (possibly deterministic). We have the following in-
equalities :

tnt1 1 tn+1
‘E ( R(s,x)(0z€n+1) ds) ‘ < E/ (E(R(s,)))* ds + €0t|Dpens1|?,
t tn

n
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= ([ R - ayas)

n

< 1 /tn]E (R(s, x)Z) ds + e/ttnfEl ((Qs — Qs)2> ds.

de [,

Let S(t,x) be an It6 process such that dS; = a(x,t) dt + b(x,t) dV; + c(x, t) dW,; with
b and c square integrable in t. We also have the following inequality :

n

tni1 tn4+1
‘E (/ (S(s,z) — S(tn,x))(ﬁmenﬂ)ds) < 4%5152/ (E(a(z, s)))* ds+edt|0zena|?,
t tn

n

with € arbitrarily small.

Proof. These results are easy to obtain by Cauchy-Schwarz inequality, noticing
that 0,e,+1 is deterministic and using the inequality |ab| < 4%(12 + eb?. O

Lemma 7 We have the following two inequalities :

‘E (/tt(é —Q)(Qs — Q1) ds)

n

tni1
<C6t2 <5t + StE(Q?) + 0t|0ytn 1 |+ / E(Q?))
t

v f "E((@. - G.?) ds

n

with € arbitrarily small.

([ - qup - pas)

n

tn41
< C&QQR+&a?+/ WWF)
t

n

e / "R (@~ @.7) ds.

n

with o a constant, € arbitrarily small and C a constant independent of «. The
constant C' is independent of n and 0t, but depends on € and on the data of the
problem : ug, fezr and T.

Proof. The proof of the first inequality mimics that of the second one. Therefore,

we only prove the second inequality. For all ¢t € (t,,t,11), one can write dP, =
—%Pndt + dV;. We have therefore :

B ([P s0) — Pltwe)(Q - Q) s

n

_ /ttﬁl:: (- t) g Pa(Qs - Q.) ds +E (/ttof(v —V,.)(Qs — Q) ds) [(2.43)

n

For the first term of the right-hand side of (2.43), we apply the second inequa-
lity of Lemma 6 (with R(s,z) = —(s — t,)§P,) in order to obtain a bound in

Cot3a? + eﬁi"“ E <(Qs - Q5)2> ds. The aim of the remainder of the proof is to
show the following estimation on the second term of the right-hand side of (2.43) :

([ e - )

tn+1
< Cot? <5t+5m2+/ \(’3mu|2). (2.44)
tn
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In order to show (2.44), we use the SDE satisfied by Qs — Q. :

Qs - Qs = Qtn - Qn - %/t:(Qv - Qn) dU + /t: (a:cupv - 6xun+lpn) dU

1

- /t (Qu — Qu. ) dv + /tn d,u(P, — P, ) dv. (2.45)

Let us denote B the term in brackets. The random variable B is independent of
(Vs —V,,), which implies :

tni1
E (/ a(Vy—V,,)B ds) = 0.
tn

We still have to estimate the contributions of the last two terms of (2.45). These
contributions will be denoted respectively by 77 and 75.
Let us first turn to the term 7} which is :

T, - JE(/jw%(v;—v;n>/tj(czv—@tn>dvds>

- 3 / B V)@. Q) dvas.

It is clear that :
1 tnt1 S 2
i <ore s g ([ [ B0 v@ - Q) dvas)
tn tn

Using the expression of Q, — @y, = —% fti Q. dw + fti OyuPy, dw + W, — Wy, , one
obtains :

1

B0 -1)@ - Qu) = 5E(00-1) [ (-Qudu)

+E ((VS -Vi,) O, uP, dw)
tn

+E (Ve = Vi, ) (W = W4,)) (2.46)

The third term of (2.46) is zero. For the second term of (2.46), we write (using
Cauchy-Schwarz) :

1 tni1 s v 2
5 (/ / / O, uE (Vs — V4,)Py) dw dv ds)
2 \Jt, tn Jitn

tn+1 s v tnt1
< / / / 0uul? (B((Vy — Vi, ) Po))? dw duds < C§t3/ 10,2,
tn tn Jtn tn
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For the first term of (2.46), we write in the same manner :

s ([ [ E-vioe. wivis)
/tnﬂ/t / (V, = V,,)Quw))* dw dv ds
g/tml/t /t (s — tn)E(Q) dw dv ds < 6t° /ttn+1E(Q§).

Let us now turn to the estimation of the term 715 :

tn+t1 S
., = E (/ a(Vy — th)/ o,u(P, — P,,) dv ds)
tn tn

tn+1 s
= a/ / O ul (Vs = Vi ) (P, — P,,)) dvds.
tn t'll

It is clear that :

1 tnt+1 S 2
tn tn

Using the expression of P, — P, = —% fti P,dw+V, -V, , we obtain :

E((Ve— Vi, )(P, — Py.)) = 1[E<—<v; _V)P) dw+E((V, = Vi) (Ve — Vi)

2
(2.47)
For the second term of (2.47), we have therefore :

L[ [ o) < L[ [ oare -y
— Lu(v —t,) dvds < —/ / Lul“(v —t,)“ dvds
a3 \ Js, 4 ot Ji. 4

tn+1
< 5t2/ 10,2,
tn

For the first term of (2.47), we obtain in the same way :

tn+1 2
5 (/ / Ou/ (Vs —=V,,)P, )dwdvds)
tni1 tn+1
< & / |0, u|2/ / ((V, = Vi )Py))* ds<5t3/ |0, ul?.
tn

This ends the proof. 0

One can now prove Proposition 1.
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§ 2.2.4 : Analysis of the numerical scheme.

Proof. The first inequality of Lemma 7 shows that :

tnt1 tnt1 -
41 < 0o (5t 4 tfouun P+ B + 0@ ) +of E (@, - Q) + 14,
t t

n n

with

W / g ((Psaxu(s) — Pyttn)(Qs — MS)) ds
_6t]E(PnQn - Pthtn>a’B(un+1 - U(tn+1))

= / " E((PSQBU(S) - Pnaa:un—i-l)(Qs - Qs)
_(PnQn - Pthtn)(awun—I—l - azu(tn-i—l))) ds.

Using Lemmas 6 and 7, we will prove the following estimate on A’ :

2 1 tn+1 ) 1 tn+1 )
— Oy — E

+EQ%+%Z%@@0++L%E@&—Qﬁ)+dwmmf,

00,1
ot

1 tn+1
A < Cst? <1+\axun+1\2+§/
tn

with € arbitrarily small. o

The third inequality of Lemma 6 applied successively to P;Q)s and P,(Q), and the
second inequality of Lemma 7 (applied with o = 0, uy,41) show that |A’| is bounded
by :

/Ehg@mg—E@MHW&—@%%R@—RQMQMH_@Mmmgl

3 o1 [ oL 2 L[
n tn

t tn

tni1 _
—i—e/ E <(Q5 — QS)2> + €6t]0penst|?.
tn

Then, using the second inequality of Lemma 6 (with R(s,z) = Ps(0,u(s)—0,u(t,11))),
we obtain the following bound on |A’| :

[ HE <(Psaa:u(tn+1) - ﬁ)s@xun—‘rl)(Qs - Qs) - (pst - PSQS)(8$UH+1 - awu(tn—i—l))) ‘

00,1
ot

2 tn+1
ra / E(Q2) + E(Q?)

tnt+1 1 tnt+1
+C6* | 14 |Optinsa |+ & [ [0oul” + —/ 5
tn tn

1 tn+1 ~ tn+1 _ ) )
i [ E@)) e [ E(Q- Q) + eotldnen
tn tn
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Then, developing the expression under the integral, we obtain the following term :

_ /ttnﬁ—:?j (&cu(th)QS(Ps — ]55)> + /ttnﬁ-i <8xun+1Qs(PS - 155)>

tn+1

= /t:n]E (axun+1(Ps — 155)(@5 - Qs)) + /tn E <QS(PS — ps) (Optip i1 — axu(tn+1))> .

One can now conclude using the inequality E <(PS — P8)2> < O6t? and applying the
first two inequalities of Lemma 6 to both terms of the above expression. 0

2.4.3 Convergence of the Monte Carlo discretized problem.

We now turn to the last level of discretization : the Monte Carlo method. In the
preceding subsections, we have shown that the space and time discretized problem
(u}y, Qnn) converges towards the continuous solution at time ¢, = ndt : (u(t,), Qs ).
We now want to estimate the error induced by the approximation of E(P,Qp) by
an empirical mean. All the results of this subsection hold under the assumption
ug € L2 and fe,y € L°(L2).

We define the fully discretized problem : ‘
Being given at time t,, = ndt, the velocity uj' and the random variables P?, ﬁfl and
Qh ns One finds u”Jrl € Vj, such that Yv € Vp,

1 (HZ“—HZ)U%—/@ uton = —/?hm&wjt/ fewt(tn)v. (2.48)

with Sy, = = Z]J\il Fi@im Then, one computes Pn+1, Piﬂ and @i,n+1 using :
y ey . 1 . )
Ghs = Qo = (0Pl = 300 )00+ (W~ W), (249
(2.50)

PgH — P = -Lpist+ (V. —VD),
me = SUP( A 1nf(A P£+1))

The processes (V!, ..., V;N)and (W}, ... W) are standard independent M-dimensional
Brownian motions. Initial conditions are o = II;(ug) (with II, the finite elements

interpolation operator), Pg and Q%,' which are independent normal variables, inde-

pendent of the Brownian motion V; and W} .

One can see that we have modified the standard Euler scheme on F; by intro-
ducing a cut-off constant A > 0. In fact, we will show two types of results : results
with cut-off (A < oo) and results without cut-off (A = 00). In the first case, we will

= (and then use a constant y > 0 such that A > —v1In(6t)). The
choice of the upper bound will be justified in the proof of Lemma 10. In the second

require 0 < A <

case (A = 00), we have P! = PJ and we will state the results on a subset of the
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§ 2.2.4 : Analysis of the numerical scheme.

probability space. This subset will tend to the entire probability space when 6t — 0
or M — oo. These difficulties are linked with usual stability problems encountered
in the discretization of SDEs (see Ref. [126]). More precisely, let us introduce the
subset A,, defined for all n < % by :

1, 131
n=3VE<n, =) (P)P< =3,
A { = M;( ) 205t}
The value of the upper bound %é will be justified in the proof of the stability
lemma 9. For the sake of concision, the results at time ndt will be stated on the

event A, in the absence (A = o) as well as in the presence (A < y/z%) of the

cut-off, but it is important to notice that in the latter case, the probability of A, is
equal to 1.

Lemma 8 (Properties of A,)) Let us assume A = oo (in which case ?fl = PJ).
The sequence of sets (Ay), oy s decreasing. Moreover, we can estimate the probability

of the event A, : assuming ot < %,

1 M [ 13 13
>1 - — = _ 1= i
PlAn) 2 1 ot P ( 2 (405t I=h (40575))) ’

with Cy and Cy two constants independent of n. In particular, for any t € [0,T],
IP’(ALLD — 1 when 6t — 0, or when M — oo with 6t < 411_3'

ot

Proof. The first property is clear. For the second one, notice first that a simple
calculation yields E(P?) < 2. Hence, if (G;);>1 denotes a sequence of i.i.d. normal

random variables, P (% Zj]\il(P,{f > C’> <P (ﬁ ij‘i1(Gj)2 > %) . By Chernoff
inequality,

P <% > (G > C) < exp(=M(AC = A(A))),

J=1

for any A > 0 where A denotes the Legendre transform : A()\) = In(E(exp(AG?))).
We conclude by minimizing the right-hand side over A using :

0 if x <1,

sup(Az — A(N)) = { %(x —1—Inz) ifzx>1.

A>0

0O

In the following, we omit the subscript & in order to lighten the notations. It is
important to already notice that for all n, the couples (F‘;,@‘;) are exchangeable,
i.e. the law of the M-uplet ((F;,@;), . (ﬁf,@f)) remains the same for any per-

mutation on the indices (1, ..., M). This allows one to write e.g. E (ﬁ Z£1@i> =
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E (@i) or E (ﬁ Zﬁl(ﬁl)zﬁmﬂiH) =E ((?:L)Qa,ﬂi“). Let us introduce another
notation, only used in the proofs. We define the function E™ by : for any random
variable X, E*(X) = E(X14,). Notice that in the case A < /:% (with cut-off),

5t
one has E" = E.
We start with the stability of the scheme.

Lemma 9 (Stability of the fully discretized problem) We assume ot < 2. Mo-
reover, we assume either 6tA* < 13 or A = co. We have then the following inequa-

207
. . T
lity : Vn < 5,

5tn_1 1 M .
E(u2la,) + — /E Oplins1)*1 +/E— Q) )14,
[B@ 5 Y [Eenarig - [2(5 @i
< 1+ JJuollzs + T (L + Cll featllrpo2)) »

with C' a constant independent of the data of the problem.

Proof. Choosing v = T, as a test function in (2.48), we obtain (in the same
way as in the preceding stability proofs) :

1 . _ 9 . _
%51 (/Ouiﬂ—/olﬁl) +1_O/(;8$ui+1 < —/Osnamunﬂ+C||femt(tn)||2L%,

Multiplying the equation (2.49) with @i and 14,, we obtain :

a5t (E'(@)) = EX(@1) + 5B(@"
= B0 PiZ) + 5B (@~ B

Summing up these two relations and using exchangeability, one obtains :

at ( /@ E"(7,) /O E“(ﬂi)) o ( /O £ (@h)?) - /O E" ((@,1)2))

9 1 _ 1 — —
g B0 + 5 /O E (@) < 557" (@uer = @) + Cll e 8] -

We have now to estimate the term on the right-hand side. We use again :

1 —1

E'(Qy — Q)Y = OPE"((9T01 P, —

< 2E"((DyUps1 Py

—1

ST+
)+

%5#1@”((@;)2) 16t
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§ 2.2.4 : Analysis of the numerical scheme.

This yields :

QL& (/O E"(u?,,) — /OE”(EZ)) +/OE" ((1% —5t%i§(ﬁi)2> &ﬂfm)

J

o ( |E@ar- [ E”(@i)%) 5/ (1 - %) E"((@.)?)

< 24 Ol () 2.

Using the following three properties :

((1% — stk M 1(?{)?) axagﬂ) 14, > 20,12, 14, (this is the inequality which

defines the upper bound in the definition of A,), 14, > 14,,, and 6t < 2, we get :

s (L@ - [ea) ] [E o)
tar (LB (@) - [ (@) < 5+ Cllfuetell

This yields the stability, by summing up over n. 0

Let us now turn to the convergence of the solution of the fully discretized problem
towards the solution of the problem discretized in space and time.
We need to introduce the random variables @7, (denoted @, in the following) :

, . 1. , .
o = Q= (037 PL= 300 Yo+ W, — W (2a)

The couples (P?, Q%) are independent realizations of the couples (P,, @,). They also
are exchangeable random variables.
The aim of this section is to prove the following lemma.

Lemma 10 (Convergence of the Monte Carlo method) We assume 0t <

N =

Moreover, we assume either 0 < A < w/% (convergence with cut-off), or A = oo

T
ot’

| B =)+ [ B (% S - @i)?un> <c(g+or).

j=1

(convergence without cut-off ). We have then the following inequality : ¥n <

The constant C' is independent of n, h and 6t, but depends on the data of the pro-
blem : ug, fext and T. In the case 0 < A < ,/%, C also depends on v > 0 such that

A > —~v1In(dt). In the case A = oo the estimation is in fact of order %

In the following, we will need an estimate of the variance of P,Qp .
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Lemma 11 (A variance estimate) We assume 6t < 1. Then, 3C, Vn < L,

| (R~ BP.@1)?) < C.

o

The constant C' is independent of h and dt, but depends on the data of the problem :
Uo, fe:vt and T.

Proof. The proof is based on an explicit calculation of the variance. Recall that
we omit the subscript h.

In the following, we set W;, ., — W, = V/6tG, and Vi, — Vi, = V/5tG!,. The
random variables GG,,, G| are independent normal random variables, independent of
PO and QQ.

We recall that P, and @),, are defined by :

ot ot
Pk+1 = <1 — 5) Pk + \/EC%C and Qk+1 == <1 - —) Qk + oto. ukHPk + \/_C:].C

By induction, it is easy to show that

5t 5t ok
Q, = (1 - 5) Qo + Z (1 — —) VotGr_1 + Z (1 — —) Ops, Py_10t.
(2.52)
We set X, =0ty ,_, (1 — ‘”)4c Opup, Pr_1 P,. We have the following equalities :

2
n —k

5t\" - 5\ "
k=1
Using independence properties, we find :

E ((PaQn — E(PaQn))?)
(1 - %) ( E(P?) + Z (1 - —) SIE(P2) +E (X, — E(Xn))2)> .

A simple calculation yields E(P?) < 2 and therefore E(P,P,,) < 2. It remains now
to estimate (1 — ﬁ)ME (X, —E(X,))?). One can show that

5t m 2(n—k)
(1 - 5) (X, —E(X,))* < 5t2nz (1 B _> |05t* [} (Py—1 Py —E (P -1 Py))?.

One can check that E ((P,_1 P, — E(Py_1P,))?) < C with C independent of §t (this
is deduced from E(P}) < C). We obtain then :

(1 - %) E (X, — E(X,))?) < CTot Y [0.uf].

k=1
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§ 2.2.4 : Analysis of the numerical scheme.

The stability lemma 4 has shown that > ,_, §t|0,ux|[3. < C, which leads to the
result. O

In order to prove Lemma 10 in the case A < 0o (convergence with cut-off), we will
also use the following estimates :

Lemma 12 We assume 6t < % Moreover, we assume that the cut-off constant is
such that —vy1In(dt) < A < oo, for some positive constant . We have then :

E ((P; - F}f) < Ot

1 \2
[ (@ -)) < oo
o
with C' a constant depending on v and on the data of the problem : ug, fere and T.

Proof. In the following, as in the former proof, we set Wiﬂ — Wi =+/6tGJ and
VP9 =V = V0t(G)'. The first estimate is deduced from an estimation on normal

tn+1
random variables. We know that for all n, the random variables P! are normal
variables of variance less than 2. One can therefore write : for all n,

22

E ((Pé — F,ll)Z) < % /AOO(:I; — A)?e T du.

A simple calculation yields

2

1 [ g _a? JA
ﬁ/A (x —A)*e” 7 dx < Cexp <—C ?) < Cy exp(aln(dt)),

for any exponent o > 0. Taking o = 4, we obtain the first estimate. One can show
in the same way the following estimate which will be used at the end of this proof :

E ((P; - ij) < O5t*, (2.53)

For the second estimate, we use the former computation (2.52) of Q). We can then
write :

JE ((@;w& —?i))g)s s [E (((1 - %)n%(zﬂ; —?i>)2>

sfe((S0-2) e -m)

(@]

k=1
+3 /OIE > (1 - 5) dyupPL_ (P} —P,)ot
k=1
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For the first and second terms, we notice that the random variables Q}, (P! — P,)
and G are independent, which yields :

[e(((-5)aue-70) Jofe (3 (1-5) Vacie - F;>>2

<E((QD)E((Pi=P)?) + Y0t ((GL)") E((P) —P,)?)
<(+DE((P-P,)?) <C

For the third term, we write :

2
~ St\" " —1
/OIE > (1 - 3) dpupPL (P! — Pn)6t>

< [\ X0 S s - P
@]

< 52 / > 0iE (Z(P;il):’(Pi - ?if) -
O k=1

k=1

We have shown in the stability lemma 4 that 6t Y}, [, d;up < C. One last term
remains :

E(iw,s_l)?w;—ﬁ;f) < S VEEL) (8 -P) < St

k=1

using the fact that E <(Pkl)4> < C and (2.53). D

We can now prove Lemma 10.

Proof. We set S, = +; Z;‘il PIQJ | g, = u, — T, and R} = Q) — Q). Using the
same arguments as in the former proofs, we obtain

1 —
25t (/ G —/gi) +/ axgiﬂé—/(E(PnQn)_sn)axgn%
(@] (@) o o
1 1

557 (B (R = EM(R)D) + 3B (8))E" ((Outnsa P = 0,001 PR

i n J N >YAY
o B (Rl — L))
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Summing up these two expressions, one finds :

% (/OEn(ggH)_/OE“(gi)) +/(91E"(8mgi+1)
Yop ( /O E" ((R.,,)%) — /O E"((R;f)) +3 /O E" ((R,)?)

1 n 1 1\2 n n 1
= 26t /OE ((R”'H ) ) +/(’)E ((Sn — E(P.Qn))0:gnt1) +/(9]E ([n) .

with
IrIL = (awun—&-lpri - axﬂn—&-lﬁrlz)erz - (P’;erz - ﬁqlzajz)axgm—l
= OsttnrQu(Py = B) + 0,01 Q) (P = P).
For the second term on the right-hand side of (2.54), we use Lemma 11 :
1
JE (50~ BP.@)guen) < 15 [E" (Gugin)?) +10 [E (S~ ER.QLP).
@ @ @

The first term is controlled on the left-hand side of (2.54), while the second term is
estimated using the variance of P,Q, (see Lemma 11) :

1 M

JRACES- TR (M Z(Pngg—E<PzQ£>>> <

J=1

=

For the first term on the right-hand side of (2.54), we write :
=1 1 2
(RTIH—I - erz)Q = ((8xun+1pri - axﬂn-‘rlpn) - Eerz) 5t2
_1 1 1)
Tn the case A = oo, using P = P, one notices that forall j, I/ = 0 and that
j 72 5\ 52 0 L piy2 s
(R, —RI? < 2 (argnﬂpn) 5° + 5 (Ri)* ot

Using the assumption %575 < 1, the second term is controlled on the left-hand side
of (2.54). It follows that :

s ([t - [Ba)+ [ e ((% ot f(ﬁi)?) amgiﬂ)
1
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Using the properties of A, we easily derive
C

st frd) ([ o fr ) <5

Summing up (2.54) on n, we obtain an estimation in <, using the stability lemmas 4
and 9.
In the case A < oo, we have (notice that P! # P,ll) :

—1.\2 1\ 2 3

(R, —R)? < 3 (axunﬂ(P; - PL)) 52+ 3 <8xgn+1P,ll> ot + 7 (RL)? 6t2.
Using the assumption %Azét < 1% (this is the inequality which defines the upper
bound of A in the case A < co) and 36t < 1, the last two terms are controlled on

the left-hand side of (2.54). We obtain a bound of order C'§t? on the first term using

6ty JoOpui,y < C (see Lemma 4) and E ((P,% —Fi)2> < C6t (see Lemma 12).

For the third term on the right-hand side of (2.54) (which is E(I})), we use twice
Lemma 12. Indeed, for the first term of I, we write :

E (0,101 Q0P = Py [ @ensinE 4] [ @2(PL = P
o (@) (@)

s\/ /O <azun+1>2\/E ( /O @i)?) ﬁ: (@, - ry2),

which yields after summation over n an estimate of order C'§t2. For the second term
of I', we write :

/O]E (@canHQ;(F; - Pg)) < \//OE ((8xﬂn+1)2)\//OE ((Q}L(?,ﬁ - Pﬁ))Q),

which also yields after summation over n a bound in C'§t2. We can again conclude
summing up over n and using the stability lemmas 4 and 9. 0

Remark 6 One can estimate, in the case A < oo, the probability that the cut-off is
active during a simulation. Indeed, the probability that one of the |Pi| (withn < L)

22
goes beyond A is roughly bounded by éMt (1 — #ﬂ foA e_%c?) = % <1 — erf(ﬁ))
with o2 an upper bound on the variance of the P? (one can take o2 = ﬁ) and
erflxr) = \%fox e dt. Choosing M = = (which is consistent with the order of

convergence O (h+§t+ﬁ)) and A = 1/%, this probability is bounded by

% (1 — erf( 3(;10_5?) ) This upper bound is very close to 0 when ot is small

(it is equal to 1078 for 5t = 0.01).
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§ 2.2.4 : Analysis of the numerical scheme.

2.4.4 Conclusion : convergence of the fully discretized pro-
blem.

We now state our main result.

Theorem 3 (Convergence of the fully discretized problem) We assume a
P1 discretization of the velocity in space. We also make the following regularity

a exr .
hypothesis : ug € H?, fo € Ly (H}) and gtt € L;(L%). We assume either A = oo

(without cut-off), or 0 < A < /7% (with cut-off, in which case 14, =1). Assuming

1 ) T
0t < 5, we have : Vn < 4,

M
1 s
+ HE(PMW — 37 2. PuQhala,
j=1

LE(LZ)

1
<C <h+ 5t -+ —) ,
LL(L) VM

where C' is independent of h and 0t, but depends on the data of the problem : ug, fert

and T. In the case 0 < A < /7=, C also depends on ~y > 0 such that A > —~1In(6t).
Proof. For the estimation on u, we write : u(t,) — upla, = (u(t,) — un(ts)) +
(up(tn) —up) +up (1 —14,) + (up —a)) 14,. We use Lemma 3 for the first term,

Theorem 2 for the second term and Lemma 10 for the last term. In case A < %,
the third term is nul. In case A = oo, we upper bound this term thanks to Lemmas 8
and 4.

For the estimation on E(P,Q;), we write : E(P, Qy,) — Zjﬂilﬁi@i,nlm =
(B(P, Qi) — E(PyQni)) + (E(P,Que,) — B(PuOnn)) + B(PuQnn) (1 - 14,)
+(BPQu) — £ S PO ) e+ (5T P, - @) La,
+ (% Zj\il @im(P,{ —ﬁi)) 14,. We use then Lemma 3 for the first term, Theo-
rem 2 for the second term, Lemma 11 for the fourth term and Lemma 10 for the

5ot

4 in the case A = oco. The last term is zero in the case A = co and is estimated by
Lemma 12 in the case A < oc. 0

fifth term. The third term is nul when A < /-3 and is estimated by Lemmas 8 and

Remark 7 We have actually shown the following convergence result on @Q; : Vj <

M
1
<C(h+ot+—),
12(L2) ~ ( \/M)

where'(Ptj,’Qf) are the processes defined by (2.20) and (2.19) with (Vy, W;) replaced
by (Vi', WY).

)

e
e, - @i

Remark 8 In the space-discretized problem of our model, the 3t dumbbell in each
cell is driven by the same Brownian motion (V7,W7). However, the first CONNF-
FESSIT simulations were made with driving Brownian motions independent from
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one cell to another. More generally, one could choose any correlation in space for
these Brownian motions. In fact, the convergence result stated in Theorem 3 holds
whatever the choice of the correlation in space (the constant C' in front of the rate of

convergence C' (h + 0t + ﬁ), does not depend on the correlation). In return, the

av . .
convergence on Qy, ,, stated in the previous remark no longer makes sense.

Remark 9 It can be noticed that we obtain a convergence of the L{°(L2) norm of
! to u(ty,) at the speed h (up to the L2 morm of course). As we work with P1 finite
elements, the convergence of uy to u(t,) is expected at the speed h in the L?(H})
norm (which we indeed obtain in Lemma & above) but also at the speed h* in the
L°(L2) norm. In our context, this h* convergence is indeed confirmed by numerical
experiments. It is indeed possible to prove it using similar techniques as those of the
standard case, but, as our emphasis here is on the stochastic side (see section 11.2 of
Ref. [127] and chapter 1 of Ref. [146]), we do not want to enter such technicalities
here.

2.5 Numerical results.

In this section, we show some numerical results about the latter step of discretiza-
tion : the convergence of the Monte Carlo method. It is indeed the less classical one,
and the model we use is simple enough to compute exactly (uZH,E(PnHQh,nH))
being given (ul!, E(P,Qn.)). We use (2.34) to compute u}"' and the following ex-
plicite calculation of E(P,1Qp 1) derived from (2.35) and (2.36) (which is just a
discretization of the equivalent macroscopic model for the stress tensor) :

]E(Pn—l-lQh,n-‘rl) - (]- - %)2 E(Pth,n) + ( - %) 8$UZ+1E(P3)5t7
E(P2,,) — (1- %) E(P2) + ot.

This enables us to compare numerically the deterministic variables (u}, E(P,Qnn))
(which, we recall, are an approximation in space and time of (u(t,),E(P;, Q:,)))

with the Monte Carlo approximation (UZ, ﬁ Zj‘il Fi@fm> All the tests have been

done with the following values for the physical parameters : A\ = 1, nkgT = 20
and T = 1. In the following, I denotes the number of space steps, N denotes the
number of time steps and M denotes the number of Monte Carlo realizations (i.e.
the number of dumbbells in each cell).
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1=100 N=20 1=100 N=8

u_det
u_det

X X

F1G. 2.2 — Deterministic computation of velocity profile as time evolves.

Tests on the stability.

First, by a deterministic calculus yielding (u}, E(P,Qn.)), we have checked that
when 6t is too large, the solution oscillates (see Figure 2.2). This result is to be related
to the stability lemma 4, which states that stability holds for §¢ small enough.

Tests on the cut-off.

In order to illustrate the effect of the cut-off on the fully discretized problem, one
needs to take a dt near the upper bound of stability given in Lemma 4. In practice, we
have chosen dt such that the deterministic computation begins to oscillate. We have
chosen the following parameters : [ = 10, N = 8 and M = 100. We have performed
for each simulation (with cut-off and without cut-off) one million runs. We have
then analyzed the errors (on velocity and stress) :

sup ||uy —wyl[;, and  sup (2.54)

T T
0<n<s; 0<n<s;

M
1 .
E(Pth,n> - M Z ququL,n
j=1

Ly

These errors are in fact relative errors since u} and E(P,Q4,,) are of order 1. For
the simulation with cut-off, the value of A has been chosen “optimally” in order to
obtain the best numerical distribution of errors. It is greater than the theoretical

3
560t

We have noticed that the errors are clearly reduced in the simulations with cut-
off : for the set of parameters given above, the mean error on the velocity goes from
1.68 x 107! without cut-off to 7.56 x 1072 with cut-off and the mean error on the
stress goes from 0.19 to 0.13. Moreover, the empirical probability for the error on
the velocity to be smaller than 0.01 goes from 72% without cut-off to more than
88% with cut-off.

In Figure 2.3, we give a zoom of an histogram representing the empirical dis-
tribution of the error on the velocity : supy,<r |lu, — Whllp2. On the left figure,

upper bound that we need in our convergence result (Theorem 3).
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F1G. 2.3 — Distribution of the errors on velocity (zoom) : on the left-hand side,
simulation without cut-off and on the right-hand side, simulation with cut-off (A =
2.3).

the bar on the far right contains all the simulations for which the error is greater
than 4.95. One can clearly see on Figure 2.3 that the use of the cut-off reduces the
empirical probability for the error to be large. This can be related to the fact that
without cut-off, P(A,) < 1 in the conclusion of the stability Lemma 9.

Tests on the space step, the number of realizations and the time step.

We have also checked that the means (computed without cut-off using 100 000
tests for each simulation) of the errors (2.54) on the velocity and the stress do not
depend on the space step (at least when the solution does not oscillate, i.e. when
0t is small enough for Lemma 4 to hold), which is in agreement with the result of

Lemma 10. As usual in Monte Carlo methods, the error scales like \/LM’ where M is

the number of realizations, which confirms Lemma 10 (see Figure 2.4). Finally, we
show the dependence of the error with repect to 6t (see Figure 2.4). One can observe
that there exists a bound on 0t below which the error remains constant, which can
be related to the result of Lemma 10.

Acknowledgments

The authors would like to thank Roland Keunings for introducing them a few years
ago to the challenging problem of the numerical simulation of polymeric flows as
well as Mireille Bossy, Hans Christian Ottinger, Marco Picasso and Denis Talay for
stimulating and enlightening discussions.

104
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F1G. 2.4 — Errors L°(L2(L2)) on v and L°(LL(LL)) on 7 depending on the number
of Monte Carlo realizations (M) and on the number of time steps (N).
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Chapitre 3

Calcul de 'erreur optimale sur la
vitesse

Les résultats présentés dans ce chapitre ont fait I’objet d’un court article paru
dans Computers and Fluids. On compléte les résultats obtenus au chapitre 2 en dé-
rivant une estimation optimale de Ierreur sur la vitesse pour la méthode CONNF-
FESSIT.
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Optimal error estimate for the CONNFFESSIT approach
in a simple case.

Tony Leliévre

In this short note, we deal with a micro-macro model of polymeric fluids.
We first summarize some mathematical results we have obtained so far on
this model and then focus on a question about the optimality of the error
estimate for the coupled finite element / Monte Carlo discretization.

3.1 Introduction

In order to understand the behavior of non-newtonian fluids, one of the current
trend is to directly modelize the microstructures of the fluid and to then couple the
evolution of these microstructures and the evolution of some macroscopic quanti-
ties (such as velocity or pressure). This coupling is usually performed through the
expression of the stress tensor (which appears in the Navier-Stokes equation) in
function of the microscopic variables.

We are here interested in dilute solutions of polymers. Such fluids consist of
chains of polymers, supposedly non interacting, that evolve within a solvent. For a
general introduction to these types of models, we refer to [12,13,39,120]. In simple
models, the polymer is modeled by two beads linked by a spring (see Figure 3.1).
The evolution of this microstructure at a point @ is ruled by a stochastic differential
equation depending on the velocity of the fluid and its gradient at point @. The
stress tensor is expressed as an expectation value built from the orientation of the
polymer. This expression is then inserted in the Navier-Stokes equation.

y B
1| u OO

el Yy e
|

u=0

F1G. 3.1 — On the left, the polymer (in dashed line) is modelled by a “dumbbell” : two
beads linked by a spring. The vector X is called the end-to-end vector. On the right, these
dumbbells influence the velocity profile in a shear flow.

In [85], we have so far studied the case of a start-up of shear flow (see Figure 3.1).
The focus lies on the coupling between the Stochastic Differential Equation (SDE)
and the Partial Differential Equation (PDE). We have studied the case of a linear
spring force (Hookean Dumbbell) in [85], where it is shown that the coupled system
admits a unique solution and that the finite element method coupled with Monte
Carlo converges. For the sake of consistency, we summarize these results in next
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section. For an analysis of the case of a non-linear dumbbell which takes into account
the finite extensibility of the polymer, we refer to 84, 86].

3.2 Some mathematical results on the coupled sys-
tem

Let us precisely introduce the mathematical system we deal with. Due to the
simple geometry of our problem, the velocity u(t,y) is a scalar only depending on
time t € (0,7") and on the one-dimensional space variable y € O = (0,1), and the
end-to-end vector X, = (X, Y;) only depends on y through ist first component. The
system reads :

du(t,y) — Oyyu(t,y) = Oy7(t,y) + fear(t,y),
) 2B (R ), )
dX(t,y) = (—%X(t y) + 0 u(t,y)Y(t)) dt + dV, '

dY (t) = =LY (t) dt + aw,

and is complemented by an 1n1t1al condition u(0,y) = up(y), and some boundary
conditions u(t,0) = fo(t) and u(t,1) = f1(t) which we can suppose to be zero (see
[85]). The stochastic process (V;, W;) is a standard bidimensional Brownian motion
while the initial condition for X;, namely X, and Y{, are independent normal random
variables. Notice that one can compute Y independently of (u, X) : Y, = Yye /% +
[y ez dw,

Like in [85,86], (u, X) is said to be a solution of (3.1) if : u € L*(L2) N L7 (Hy,,)
and X € L*(L2(L2)) are s.t.,

Oru(t,y) — Iyyu(t,y) = OB (X (8, 9)Y (1) + few(t, ), in D'([0,T) x O),

t
Xi(y) = e X + /6527& dVs +/es2t8yu(s,y)Y; ds,for a.e. (y,w), ¥Vt € (0,T).
0 0

Then, we recall :

Theorem 4 (Global-in-time existence and uniqueness [85]) Assuming ug €
L2 and feor € L{(L), this problem admits a unique solution (u, X). In addition, the
following estimate holds :

[lul[Zo0 12y + ||U||%g(H5’y) Xl e a2y + ||Xt||if(L§(La))
<C (1 + HUOH%§ +7T+ erthig(LgO :

A discretization of the coupled PDE-SDE system (3.1) has been proposed by H.C. Ot-
tinger in |97]. In our simple case, it reads : find @} € V}, such that,

(5 Jo @™ =) on + [, 01 Oyvn = — [, ThOyon + Fuar, Yui, € Vi,
j n=5j,n
=L yM 1<Xh Y )

X=X (A oY) s+ (VL V), (3:2)
—J,n+1

Y -wi).

tnt1

=V (=47 ot + (W
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where V}, is the continuous IP1 finite element space, h is the spacestep, dt the timestep
and M the number of realizations. Notice that for any A > 0, wp € V}, is a random
variable (contrary to the continuous velocity u). We have proven in [85] :

Theorem 5 (Convergence of the numerical scheme [85]) Assuming uy € H,
feat € L{(H}), Oy fear € L{(L3) and ot < %, we have (for Vi, =P1) : ¥n <

(5t’

+
L3 (L2)

]E(th}/;n Z Xh ’VLY 1A’n

] 1

u(ty, )—Uh L4,

1
<C (h + 0t + —) :
Li(LL) VM
(3.3)

The introduction of the event A, is due to the fact that in the present model the
dumbbell may extend to infinity (contrary to the model in [86]). However, it is to be
remarked that the event A4, is “numerically” negligeable since its probability goes to
1 either when 6t goes to 0 or when M goes to infinity.

3.3 Optimality in space

Our attention was brought by M. Picasso on the fact that the estimate (3.3)
is not optimal in space for the velocity. Indeed, in a standard P1 finite element
discretization, a quadratic convergence in h is expected for the L? norm. Numerical
experiments confirm that the h? convergence is indeed observed in practice. Our
purpose here is to complement the results of [85] by showing that such convergence
can actually be proven on the model we have considered. This result was announced
in Remark 9 of [85]. We refer here to A. Quarteroni and A. Valli [127] (section 11.2)
and to V. Thomée [146].

Going through the proof of Theorem 5 in [85], one can see that it is sufficient
to prove that the semi-discretized problem in space enjoys a h? convergence. The
semi-discretized problem is equivalent to : find v € V' and E(X,Y;) € 9,V such that,

{ Jo O + [, O ud,v = — [, E(X,Y;)9yv
fO atE(}/;Xt)O'—FfO th O' = foa uo

for allv € V and o € 9,V. For example, for P1 finite elements, one chooses V = P1
and 9,V = P0. For the continuous problem, one takes V = Hj and 9,V = L%
Notice that the former system is equivalent to : find u € V' such that,

t
/atuv+/ 0yu8yv:—// e* " Oyu(s) dso,v,
@ o 0 Jo

for all v € V and o € 9,V. Let us denote u; the P1 finite element solution. We
suppose in the following that the solution of the continuous problem is such that :
uo € H} and yu € Li(H,). For any v € Hy, we denote II,(v) the Hj projection of
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v onto Vj, defined by : I1,(v) € V3, and Vo, € Vj, fo Oy(v —1II(v))0,v, = 0. We have
the following standard finite element estimate (for Vj, = P1 and v € H?) :

o = 5(v)l|23 < Ch?[[v]|mz. (3.4)

We now want to estimate u — up, = (u — I, (w)) + (I (uw) — up,). For the first term,
we have just recalled the h? estimate (3.4) so that ||u — IT;(u)|[zz < Ch?, where C

depends on ||ug|[rz and |[Oul|L(zz). For the second term, one has :

/at up — T (u) wh+/8 (un — Ty (w))ywy,

/@uhwh—l—/auha wh—/ﬁtﬂh wh—/(?Hh awh
:/8tuwh+/8yu0ywh+// "0, (u — up)(s) dsaywh—/ﬁtﬂh(u)wh

16) o 0 Jo 16)

—/ 8yu8ywh

o
t

:/8t(u—l_[h(u))wh+// e* 0y (u — up)(s) dsdywy,

16) 0Jo

= [ @@+ [ [ 0= 1)) ds

t
+// et 0, (I (u) — up) dsOywy,
0 Jo

_ /0 Oyt — T, (By) oy, + /O /0 10, (T (1) — ) dsOyon.

Choosing wy, = (up, — I (u))(t), one obtains :
1
5Ol lun = T (175 + 119y (un = T ()] <
t
CHa gl — Tl + 110, ~ () ls) sl 13, an = Tl 0
0
so that :

Oclfun — Ta(u)l[7z + 110y (un — Ta(u)l7z < CR?||Opul|mz|lun — TTh(u)]| 2z

t
+C [0, ~ ()55 ds
0
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and
o = T30+ [ 10300~ T35 s < s~ T 0
+OR? [ 10l 0l — Tz s
+C /Ot /05 62(r75)|]3y(uh — Hh(u))H%Z(r) drds

t
< Ch* + COh? /H@UHHg(S)HUh — Ip(w)l|z2 (s) ds
0

t rs
+C // 29110, (up, — Ty (w))] |2 (r) dr ds.
0Jo .

One can suppose that the initial conditions are such that ||us — T, (u)|£2(0) < Ch.

(In practice, one can even choose u,(0) := II,(u(0)).)
Let us denote G(t) the right hand side. One has :

t

G'(t) = Ch||0ul|mz(t)]lun — T (w)|] 22 (t) + 0/0 2018, (up, — i (w)[[7: () ds,
< C <h2||8tu||H§(t)\/G(t) + G(t)> .

Let us denote H(t) = /G(t). One has H'(t) < C <h2\|8tu\|H5(t) + H(t)), so that
H(t) < Ch* where C depends on ||ug||s2 and ||0vul|1(m2) and therefore, for all
tel0,7]:

[lun — T (w)l| 3 (8) < CR*. (3:5)

Collecting (3.4) and (3.5), we obtain
[lu = unll13(t) < O,
which completes the proof of :

Theorem 6 Under the assumption of Theorem 5 and if moreover Oyu € Ltl(Hg),

we have (for V,, =P1) : Vn < £,

u(tn) —upla,

1
<C <h2 + 6t + —) : (3.6)
L2(12) VM

Acknowledgments : We thank M. Picasso who raised this question of optimality
in space during the AMIF 2002 conference.
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Chapitre 4

Analyse du modéle des dumbbells
FENE : le probléme couplé

Les résultats présentés dans ce chapitre ont fait I'objet d’un article paru dans
Journal of Functional Analysis. 11 s’agit d’'un théoréme d’existence et unicité en
temps petit pour le probléme couplé avec le modéle des dumbbells FENE, dans le
cadre d’un écoulement cisaillé.
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Existence of solution for a micro-macro model
of polymeric fluid : the FENE model.

Benjamin Jourdain, Tony Leliévre, Claude Le Bris
We analyse a non-linear micro-macro model of polymeric fluids in the case

of a shear flow. More precisely, we consider the FENE dumbbell model,
which models polymers by nonlinear springs, accounting for the finite ex-
tensibility of the polymer chain. We prove the existence of a unique solution
to the stochastic differential equation which rules the evolution of a repre-
sentative polymer in the flow and next deduce a local-in-time existence and
uniqueness result on the system coupling the stochastic differential equation
and the momentum equation on the fluid.

Keywords : polymeric fluids, CONNFFESSIT method, FENE dumbbell, stochas-
tic differential equation, Cauchy problems.

4.1 Introduction and motivation

We continue here our endeavor, initiated in [85], to put the micro-macro models
for polymeric fluid flows on a mathematically sound ground.

Let us recall for consistency that these models aim at circumventing the diffi-
culty of finding a closure equation at the pure macroscopic level. In the case of non
newtonian fluids such as polymeric fluids, such an equation links the stress tensor to
the velocity field through, say, a partial differential equation or an integral relation.
In order to build a micro-macro model, one goes down to the microscopic scale and
makes use of kinetic theory to obtain a mathematical model for the evolution of the
microstructures of the fluid, here the configurations of the polymer chains. We refer
the reader to [85] or [90] for a more complete introduction to this type of models and
to [12,13,39,120] for a comprehensive survey of the physical background. Contrary
to the purely macroscopic approach where the microscopic models are used to derive
macroscopic constitutive equations, most of the time through some simplifying as-
sumptions (closure assumptions) whose impact on the result is difficult to evaluate,
the so-called micro-macro approach consists in keeping explicit track of both scales.
In mathematical terms, this micro-macro approach translates into a coupled multis-
cale system of the following form (we consider here the simplest case : the so-called
dumbbell model, where the polymer is modelled by two beads linked by a spring,
see Figure 4.1) :

P (%—? + u.Vu) = —Vp+nAu +div T,

divu =0,

r— n/(X © F(X)(t, 2, X) dX — nksTId, (4.1)

AX77ZJ7

2
2w = i x ((Veux = 2r00)) 0) +

where w(t,x) is the velocity of the fluid, p(¢, ) the pressure, 7(¢,x) the stress
tensor, and (¢, 2, X) denotes the probability density function of the end-to-end

\

114



§ 4.4.1 : Introduction and motivation

F1G. 4.1 — The polymer (in dashed line) is modelled by a “dumbbell” : two beads
linked by a spring. The vector X is called the end-to-end vector.

vector X of the polymer at time ¢ and at position @. The other symbols are physical
parameters : F'(X) is the entropic force a representative polymer chain experiences,
p and n respectively are the density and the viscosity of the ambiant fluid, n denotes
the density of polymers, the coefficient o is defined by ¢? = 2kgT¢ with T the
temperature and ¢ the friction coefficient of the beads within the fluid. It is to be
noted that the Fokker-Planck equation on 1 holds at each macroscopic point .

Let us at once indicate that, from a physical point of view, the dumbbell model,
for which the configuration space is R? (that is, X € R3), is too crude to completely
describe the evolution of the polymer chain. But this model serves as an efficient test
problem for more sophisticated modelling strategies. In order to be more realistic,
one has indeed to consider a model where the polymer is not just modelled by its
end-to-end vector but by a chain of beads and springs, which leads to a system of
the form (4.1), but with a Fokker-Planck equation set in a configuration space of
dimension larger than 3. This highly complicates a direct numerical attack of the
Fokker-Planck equation on v (there exists however such tentatives of direct attacks,
see [143] and the references therein).

The main trend in the community of researchers performing numerical simu-
lations of such complex flows is therefore to “replace” the Fokker-Planck equation
by the underlying stochastic differential equation ruling the evolution of random
variables whose density is 1. Such an hybrid strategy mixing stochastic and deter-
ministic aspects can be advantageously studied already in the setting of the simple
dumbbell model. In the simple case of the dumbbell model, it indeed consists in
turning (4.1) into the following mathematical system :

( ou _
p <§ + u.Vu> = —Vp+ nAu +div (1),

div (u) =0,
T=nE(X ® F(X)) —nkgT1d,
V20

dX +u.VXdt = (vux - ?F(X)) At + =AW,

where X (¢, x) is a stochastic process representing the end-to-end vector of the po-
lymer modelled by a dumbbell (see Figure 4.1). The stochastic process W is a

(4.2)

\
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standard (multidimensional) Brownian motion and E denotes the expectation.

1w - | owo

S
| s

u=0

F1G. 4.2 — Velocity profile in a shear flow of a dilute solution of polymers.

In our previous work (see [85]), we have made the (simple) mathematical analysis
and the (more intricate) numerical analysis of this model when applied to a simple
Couette flow (see Figure 4.2) and when considering a linear force in the dumbbell
(model of Hookean dumbbells : F(X) = HX, with H a constant coefficient) (see
also [72] for an other example of a mathematical analysis of a viscoelastic flow in
this geometry). It then reduces to the system :

(O — Oyt = OyT + feut,
T(t7 y) = E(Xéy}/t)a

X
axy =5+ (9qu> dt + dV;, (4.3)

| dY: = —Etdt-i- dw,,

where (due to the simple geometry of the problem) v = wu,(y) and 7 = T,,(y)
are here valued in R, while the space variable y varies in O = (0, 1). In (4.3) and
henceforth, we write all the equations in a non dimensional form and f.,; denotes
an external force. The stochastic variables (X/,Y;) denote the components of the
stochastic variable X, introduced before. We have proved in [85] the well-posedness
of the Cauchy problem by showing a global-in-time existence and uniqueness result.
On the other hand, we have shown the convergence of the numerical approximation
of the solution (finite difference in time, P1 finite element in space, and Monte Carlo
realizations) to the exact solution.

Despite its interest as a test problem for many mathematical and numerical
techniques, the above Hookean dumbbell model is somewhat limited since it can in
fact be written under the form of a purely macroscopic model, namely the Oldroyd-B
model, that we recall here in its differential form :

)
T+ )\5—; = nkgTA(Vu +' V), (4.4)
with the upper convected derivative % defined by :
or 0T .
5 a#—u.VT—TVu—VUT,
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where A = & is a characteristic time.

In order to address more general situations, we here want to treat the case of a
micro-macro model which cannot be written under the form of a macroscopic model,
and therefore is genuinely micro-macro. An instance of this model (at least to the
best of our knowledge, see [89] on this subject) is the so-called FENE model where
the acronym FENE stands for Finite Extensible Nonlinear Elastic. In this model,

the force within the spring has the following expression : F(X) = 1—||X\|2}%lkaT/H)

(H and b being two constant coefficients). This model is more realistic from a physical
point of view than the model of Hookean dumbbell since it accounts for the finite
extensibility of the real polymer. For example, this model exhibits shear-thinning or
hysteretic behavior in elongational flows, contrary to the linear model of Hookean
dumbbells, and accordingly to experiment.

Like in [85], we only consider in the sequel the setting of a simple Couette flow.
The FENE model then reads, in a non-dimensional form :

8tu — 5yyu = 8y7_ + fezta (45)
X7y
-5 (A ). (19
b
y 1 X7 y
aXi = T2 _ D) +OuY,” ) di+dVi,
T (4.7)
. t
vy — (_5 — <xf>2+<Y£>2) dt + dw,.
b

where the non-dimensional parameter b > 0 measures the finite extensibility of
the polymer and is in practice of the order of 100 (see [120] page 217). The space
variable y varies in O = (0,1) and ¢t € [0,7]. The random variables are defined on a
filtered probability space (2, F, F;,P). The random process (V;, W;) is a (F;)-two-
dimensional Brownian motion. For simplicity, the boundary conditions are taken
homogenous : u(t,y = 0) = u(t,y = 1) = 0. The initial velocity is u(t = 0,.) = uy,
and (X, Yp) is a Fp-measurable random variable.

It is worth emphasizing the differences with respect to the Hookean dumbbell
model (4.3) (which can formally be recovered from (4.5)—(4.7) by letting b go to
infinity) :

— No explicit expression of the stress in function of the velocity is known to date

(the FENE model is not closed),

— Both components X/ and Y} of the connecting vector modelling the polymer

chain depend on the space variable,

— The drift term in (4.7) is nonlinear and singular.

Such differences make the mathematical analysis more delicate than that for the
Hookean dumbbell model. The purpose of the present article is to conduct such an
analysis. We hope to be able to treat the numerical analysis of such a system in the
future.

To the best of our knowledge, system (4.5)—(4.7) has never been analyzed ma-
thematically. The only result concerning a problem close to (4.5)—(4.7) is due to M.
Renardy in [131] where system (4.1) is analyzed and proved to admit a local-in-time
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solution in spaces of regular functions. The result applies to the case of a flow of
polymeric inviscid fluid (n = 0) in R?® with spring forces slightly more explosive than
the FENE force.

The article is organized as follows. In Section 4.2, we deal with the stochastic
differential equation (4.7) (see also [84] for a more complete analysis of this stochastic
differential equation). We first show the existence of a solution when u = 0 and then,
using the Girsanov Theorem, we build a weak solution to (4.7) when the velocity
u is arbitrarly given. Using Yamada-Watanabe Theorem, we next show that (4.7)
admits a unique strong solution. The main difficulty in proving the existence of a
solution to the stochastic differential equation comes from the singular nature of the
drift. We shall however see that we can take benefit of this singular nature to obtain
an a priori bound on the stochastic processes (which does not exist in the Hookean
case and must therefore be circumvented by ad hoc cut-off techniques, see [85]). We
next consider the coupled system (4.5)—(4.7) and show some a priori estimates in
Section 4.3. We use these estimates in Section 4.4 to prove our main result (stated in
Theorem 7), namely a local-in-time existence and uniqueness result of the solution
(u, X7, YY) to the coupled system (4.5)—(4.7), being understood that (X}, Y}") is a
strong solution (in the sense of probability theory) of (4.7) and w is a regular solution
giving to (4.5) an almost everywhere sense (which requires a good regularity of the
data : initial condition, boundary conditions, fe.;). We unfortunately are unable to
extend this existence result to any arbitrary large time, nor to extend it to a less
regular class of data. The numerical analysis of some discretization schemes used
for the simulation of stochastic differential equations of type (4.7) is currently under
study.

4.2 Existence of a solution to the stochastic diffe-
rential equation

In this section, we consider the stochastic differential equation (4.7) with a given
velocity u. More precisely, we fix y in O, we set g(t) = d,u(y,t) for conciseness, and
we suppose throughout this section that

ge L. (4.8)
We are interested in solving for ¢ > 0 the following stochastic differential equation :
dX? = (_éﬁ +g(t) Ytg) dt + dVv,
L (4.9)
Ay = <—%(Y—t) dt + dW,
A A Sl A

X2+ (v)?
b

with initial condition (X, Yp). Throughout this paper we will suppose that (X, Yy)
is such that P (X2 + YZ > b) = 0. In this section, we consider that ¢ varies in the
whole of R, .

4.2.1 Notion of solution

Let us begin by giving a precise mathematical meaning to (4.9).
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§ 4.4.2 : Existence of a solution to the stochastic differential equation

Definition 1 We consider a filtered probability space (0, F, F;, P), a (Fi)-two-dimensional
Brownian motion (V;, W) and a Fo-measurable random variable (Xo,Yy). We shall
say that a (Fy)-adapted process (X7,Y?) is a solution to (4.9) when : for P-a.e. w,

Vvt >0,
| _ X209

N 2 +y2
b

( t
/O b
g Lo X/ .

o :X0+/0 3y ommoze PN | dsE

g tl Yy
\ =" +/0 T2]_ CDEOTP as + We.

1
ds < oo with the convention [ = 400 if 2 +y* = b,

(4.10)

Our purpose in this section is to show :

Proposition 2 Assume that b > 2 and (4.8). There exists a unique (F;)-adapted

process (X7, Y,?) with values in C([0,00[, R?) solution to (4.9) in the sense of De-

finition 1. In addition, this solution is such that P (3t > 0,(X7)? + (V)2 =) =

0 and (X7,Y?) is 0 (Xo, Yo, (Vs, Wy)s<t)-adapted. Moreover, assuming b > 4 and
p

_ Xgv¢
b
stress (4.6) in function of the solution (X7,Y?) for ¢ = 0 henceforth denoted by

(X, V) -

XY XY, .
t (1 e | B | X7 & /0 9(s)Y; dV; Bk (4.11)
b

b

1
(— 1s integrable for some p > 1, we have the following expression of the
1

where € (/ 9(s)Y dV5> is the exponential martingale :
0 t

e([f¢$mdm);:wp(42@n@ag—gK%M$nfd9.

We begin by proving the uniqueness, next show the existence when g = 0 and in
a third step show the existence for a general g satisfying (4.8).

4.2.2 Uniqueness

Lemma 13 Let (X9,Y9) and (X9,Y9) be two solutions of (4.9) in the sense of
Definition 1. Provided (X9,Y9) is such that P (3t > 0,(X7,Y?) > b) =0, then,

P (vt >0, (X{, YY) = (X¢,77)) = 1.

119



Chapitre 4 : Analyse du modéle des dumbbells FENE : le probléme couplé

Proof.
Let us consider the stopping time

7, = inf {t,max <(Xf’)2 + (V)2 (X9 + (Y/tg)2> 2 b (1 - l) } .

n

Let set Fy(z,y) =

schitz continuous with constant K, on the ball B = { ,y), 2 +y> <b (1 — %) }
Let us now consider P, = X? — X? and Q; = Y — Y. We have

— and F,(z,y) = —3—4%—. These functions are Lip-

1
2 1— 2+ 1_z2+y2 )

t t
Po= [ RV - RS s+ [ o)Quds
0 0
t
Qr = /F(ng,Y;g) F,(X2,Y7)ds.
0

We can therefore write, for any t € (0,7,) :

|P] + Q| S/O(2Kn+Ig(S)!)(IPsHIQsI)dS

Using Gronwall Lemma and the fact that g € L}, we deduce that, almost surely,
for any t € (0,7,), P, = 0 and @Q; = 0. Hence (X?,Y?) and (X?,Y}?) coincide on
(0,1limy, o0 7). As a consequence, 7, = inf {t, (X7)*+ (V) >b(1 - 1)} and by
the assumption made on (X7, YY), lim, .., 7, = 400. O

Remark 10 The proof makes a crucial use of the fact that (4.9) only differs from
a system of ordinary differential equations by the simple addition of a Brownian
motion.

4.2.3 Existence when g =0

The crucial lemma which will be used in the sequel states the existence of a
(strong) solution to (4.9) when g = 0. We recall that this solution will be denoted
in the following by (X, Y;).

Lemma 14 Assume that b > 2 and g = 0, then there exists a unique solution
(X, Y:y) to (4.9) in the sense of Definition 1. This solution is such that
P (3t >0,(Xy)*+ (Y;)? =b) = 0. In addition, for any p > 1, if b is such that b >

1
2(p + 1) and if the random wariable (
1—

P
W) is integrable, then
b

p
1
t— E (W) 15 locally bounded.
1 _ t t
b
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Proof. We consider the following approximation of the stochastic differential
equation (4.9), with g =0 :

n __ 1 X
dXt - ( 2 (XM)2+(v{)2 4 ) dt +dv,
max l—f =

n __ 1 Y
dY; B < 2 max(l(X?§2+(Ytn>2 l) ) di + th’
b b

n

s

(4.12)

and the stopping time :

T, = inf {t, (X2 +(Y")? >b <1 - %) } :
Using the fact that (4.12) has a unique strong solution (X;,Y;") on [0,7,) and
setting (X4, Y;) = (X[, Y,") on [1,_1, 7,,), one obtains by continuation of the piecewise
solutions a strong solution to (4.9) with ¢ = 0 on [0, lim,, .~ 7,,). Using Itd’s formula,
one finds that R, = (X;)?+(Y;)? satisfies the following stochastic differential equation
on [0,lim,, o 7y) :

dR; = (—1 Rth + 2) dt +2 (X, dV; + YidWy) .
b

Using Girsanov Theorem on (X[, Y"), one may next check that
P(3t € [0,7,), (X[)? + (Y;*)*> = 0) = 0 and therefore P(3¢t € [0,lim, .o 7,), Ry =
0) = 0. The former equation may thus be written in the following form :

R
dR, = (—1—tR + 2) dt + 2+/R,dB,, (4.13)

b

where B; is a Brownian motion by Paul Lévy characterization. Let us now consider
a scale function s: (0,b) — R such that :

(— : +2) S(x)+ 228" (x) = 0

3

which leads to
s'(x) = C(b—x)" %L,

We choose a primitive function s defined on (0, b). This function s is increasing and is
such that lim, ., s(x) = 400, provided b > 2. Using 1t6’s formula, on [0, lim,, . 75,),
we have

S(Ry) = s(Ro) + 2 /0 S (Ro)/RdB., (4.14)

Let us suppose first that s(Ry) is integrable, so that s(R;) is a local martingale. Let
k be a non-negative integer. We now introduce the stopping time

1
o), = inf {t < lim 7, Ry < E} , with the convention inf{(} = +oo.
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The random process s(Riar, a0, ) i @ martingale. Thus we have for any ¢ and for any

’ E(s(Rinrury)) = E(s(Ry))

which leads (using the fact that s is increasing) to

s (b (1 - l)) P(r, <tAoy)+s (%) (1 —P(r, <tAoy)) <E(s(Ryp)).

n

Taking first the limit n — oo, we obtain P(lim, .., 7, < ¢t A o) = 0. Taking then
the limit & — oo, we obtain P(lim, ... 7, < ¢t Alimg_ 0x) = 0. We know that
P(3t € [0,lim,, .o 7,), Ry = 0) = 0, which implies P(lim,, .o 7, > limy .o o) = 0
and finally

P(lim Tn§t> §P<lim T, <t A lim ak>+IP’<lim T, > lim 0k> = 0.

n— o0 n—00 k—oo n— oo k—oo

We have shown that P(lim, ., 7, = 00) = 1, and we have therefore built a strong
solution (X,Y") to (4.9) with g = 0 on R,. If s(Ry) is not integrable, one has to use
the same arguments as before on {€ < X2 +Y?Z < b—¢} where € > 0 (by multiplying
(4.14) by 1..x24y2p—c) and conclude by letting € go to 0.

If one considers another solution (X, Y) of (4.9) with g = 0 in the sense of Defini-
tion 1, using Lemma 13, this solution is such that P <Vt >0,(X,Y;) = (Xt, ﬁ)) =1.

This shows that (4.9) admits a unique strong solution.

p
1
Let us now turn to the integrability of (W) and let us consider first
1 — 24 t

_ R
b

1 B 1 BT 9/ (4 — b)R, /b )
E<1_%>_E<1—%>+E</o (1—%)2Jr (1— &) d)'

Assuming b > 4, it is clear that M = sup,c(y) ( 2o+ (4_b)x/b2) < oo and

(-5 (-8)

the case p = 1, assuming E (1 ) < 00. Using It6’s formula, it is easy to derive :

one can then obtain

1 1
(1) <5 i) o wrers

This yields, for any ¢ > 0,

122



§ 4.4.2 : Existence of a solution to the stochastic differential equation

p
For an exponent p > 1, the same arguments show that (W) is integrable,
1 — & t

p
1
provided b > 2(p + 1) and that (W) is integrable. O
1 _ 0 0

Remark 11 (On the assumption b > 2(p + 1).) We assume that b > 2 as in
Lemma 14. Let

b 22 4y? e 2 2
H(x,y):{ 2lm(l =5 ) if x° +y* <D, (4.15)

+00 otherwise,

denote a potential of the FENE force. Setting X, = (Xy,Y;) and W, = (V,, W), we
see that the stochastic differential equation (4.9) with g = 0 has the following form :

1

Hence, one expects the probability measure with density

po(%Q) =

exp(—I(z,y)) _br2 24y
- Jeexp(—I(z,y))dady — 27b

b/2
: ) Ly (417)

to be invariant. One can indeed prove this property by comparing (4.16) with sto-
chastic differential equations where the potential 11 is carefully reqularized and for
which the symmetry properties of the transition densities given by Rogers in [135]
(see remark (ii) and line 2 p.161) hold. The choice of this invariant probability mea-
sure as the law for the initial random variable (Xo,Yy) is natural from a physical
point of view, since we consider here the start up of a shear flow : the fluid is the-
refore initially at rest (see also [15]). Notice that for this initial distribution, we

XY,
have T|;—g = E % = 0. In addition, for this initial distribution, for any
1 — 20™%
b 1 ,
t >0, (X,Y:) has the density po and therefore (—X2+Y2) 18 integrable as soon
1 — 2t t

as b > 2(p — 1) (and not only under the stronger assumption b > 2(p + 1) made in
Lemma 14). See [84] for more details.

Remark 12 (On the optimality of the assumption b > 2.) The assumption b >
2 turns out to be a necessary condition to prevent (Xy,Y:) from touching the boun-
dary of the ball B = B(0,v/b) = {(z,v), 2% + y*> < b} and therefore to have pathwise
uniqueness of the solution to the stochastic differential equation (4.9) when g = 0
in the sense of Definition 1. The function %H : R? -] — 00, +00|, where II is de-
fined by (4.15), is a continuous convex function with domain B. Its subdifferential
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0 (%H) is a mazimal monotone operator on R?. According to [26], for any b > 0,
the multivalued stochastic differential equation

1
dX,+0 (51'[) (X,)dt > dW,

where Wy = (Vi, W) and with Xy = (X, Yo) has a unique strong solution. This
solution belongs to C(Ry, B) and following the approach of [27] (see Lemmas 3.3,
3.4, 3.6 and 3.8), one can check that X; = (X;,Y:) is a solution of the stochastic
differential equation (4.9) when g = 0 in the sense of Definition 1. In case b > 2,
this solution is equal to the one given in Lemma 14 and P (3t > 0, X2 + Y2 =1) =
0. In case 0 < b < 2, applying Feller’s test for explosions (see [87] pages 3/8-
850) to the semi-martingale Ry = ||X||* which satisfies (4.13), we check that
P(3t>0,X2+Y2=0) = 1. In this case, using again results concerning multi-
valued stochastic differential equations, one can build a solution to (4.10) outside of
the ball B, with initial condition on the boundary and with g = 0 : this can be used
to show that uniqueness in law and therefore pathwise uniqueness do not hold for

(4.10). All these results are detailed in [84].

4.2.4 Existence in the general case

We now turn to the proof of Proposition 2 in the general case g # 0.

Lemma 14 provides us with a weak solution to the stochastic differential equation
(4.9) when g € L? by the Girsanov Theorem. Indeed, let us consider the solution
(X1, Y;) defined in Lemma 14 in the probability space (€2, F, F;,P). Under the pro-

bability P¢ defined by
Fi 0 t

the process (V2,W{) = (V;, — fotg(s)Ys ds, W;) is a Brownian motion and therefore
(X4, Yy, V2, WP P9) is a weak solution of the stochastic differential equation (4.9).
By construction, this weak solution has its paths in C([0,7], B), where B =

B(0,vb) = {(x,y),2*> + y> < b}. On the other hand, we know that trajectorial uni-
queness holds for such solutions in the ball (by Lemma 13). Therefore, by Yamada-
Watanabe Theorem, we have the existence of a strong solution (X/,Y,’) to (4.9)
with its paths in C([0,T], B). Yamada-Watanabe Theorem also gives us uniqueness
in law for the solution to (4.9).

Suppose we are now given another solution of (4.9) in the sense of Definition
1. By comparing this solution to the above strong solution (X7,Y}’) and applying
again Lemma 13, we obtain that this solution is equal to the one we have built. This
also shows that any solution (X9,Y7) of (4.9) in the sense of Definition 1 is such

that P (315 >0, (X9)2 + (V9)? = b) —0.

e
dP

p

1

m is integrable for some p > 1.

Let us now suppose that b > 4 and (

b
We want to show the equality (4.11). We need the following Lemma :
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Lemma 15 If g € L?, then we have, for any 1 < r < oo, if b > 2(r + 1), and
p T
X7YY

| CD07)

provided that ( is integrable for some p > r, for allt,

1— X24Y2
b

is integrable and, for any % v # <qg<oo:

rN 1/7 1 '
E ( ) < Cyrexp (q—b / |g<s>|2ds) |
2r 0

1 o
where C, . denotes a constant depending only on q, r, b and E —_—
& 1 — KXot

b

Xy
7P+ (7))
b

1—

79

Proof. Using Hélder inequality and the properties of the exponential martingale,

we have :
X7Yy! XY, y
qlr 1/ql 1/
XY, y N
< el e ) E(e(faonm))
b
. @ —q [ 1/q
< e (e (o [Toman) ew (T3 [ o o))
0 t 0
q-— 1 t . l/q
< @orew (500 [aeras)e (& (o [aowan) )
0 0 ¢

< @ren (5 [ looras)

1/(q'r)
qr
with ¢’ = -%7 and Cy, = supyep ) E (( Sl ) > < 00 by Lemma 14. O

1_X?—Z:Yt2
Using this Lemma with » = 1 (and a ¢ such that ¢ > Z:—Z V %), one can show

X7yy
L —— is integrable and therefore that the equality (4.11) holds. This

that o)

b
concludes the proof of Proposition 2.

4.3 Notion of solution and a prior: estimates on the
coupled system

We now consider the coupled system of equations (4.5)—(4.7). From now on, we
suppose that ¢ varies in a bounded interval [0,T]. The space variable y varies in
O = (0,1). The notation L7(L2) is a shortcut for L*([0, T], L*(0O)), for example.
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4.3.1 Notion of solution

The notion of solution we shall deal with in the sequel is the following.

Definition 2 Let us be given ug € HZ}, fext € Lf(Lz), together with a probabilized
space (0, F,F,P), (Xo,Y0) a Fo-measurable random variable and (Viy, W;) a (F)

two-dimensional Brownian motion. We shall say that (u(t,y), X!, Y) is a solution

on the time interval [0,0) if u € L>([0,0], Hy,) N L*([0,0], H) satisfies :

Xy
atu(tv y) - ayyu(t, y) = ayE 1 (XV)2+ (Y2 + fewt(ty y),
— s

in the sense of D'([0,0) x O) (at least), and for a.e. (y,w), Vt € (0,0),

/

ds < oo, with the convention = too if 22 +y? =0,

X¥)24(YY)2 22492
1 - (X5) b( ) 1 — =
y | XY y
X = Kot T2 0P FOuY] ) ds+ Vi,
0 _— e
b
L YV
(2 s
o=t +/0 ~o7 e 4t We
b

Remark 13 One can notice that we require the solution u to the partial differential
equation (4.5) is strong. This is due to the fact that our technique of proof requires
an estimate on Oyu in norm H; in order to control the stress T (see Section 4.3.2.2).

Remark 14 Since for a.e. y € O, dyu(.,y) is in L*([0,0]), we see that (X!, V) =

(Xtayu,Y;ayu), where (Xtayu,Y;ayu) denotes the solution to (4.10) with g = Oyu(.,y)
(see Proposition 2).

4.3.2 A priori estimates

In this section, we give some formal a priori estimates which will be used in the
sequel to prove the existence of a solution to the coupled problem.
4.3.2.1 First energy estimate

The first a priori estimate expresses the conservation of the energy stored in the
flow and in the dumbbells.

Lemma 16 (Global-in-time first energy estimate) Let (u(t,y), X7, Y}”) be a so-
lution of (4.5)=(4.7) on [0,T) in the sense of Definition 2. Assume moreover b > 6
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_ XGHYg

p
1
and (—) integrable for some p > 2. Then we have the following formal
1

b

estimate :

1d d

2, @ ¥ vy 2
35 LG OE(H(Xt,mw/O(ayu)

Y\2 Y\2
2 Jo (1 _ (XZ“‘)2+(Y5’)2) o (1 ey
b

where 11 is the potential for the FENE force defined by (4.15). Under the additio-
nal assumptions feqs € L,}(Lz) and ug € LZ, this yields the following formal estimate
on the solution :

ullzgo(z2) + 11Oyul| 2 (rzy + [THCXY, Y[ Lge (racrny) + VXY, Y [ L222 22)) < €,

(4.19)
Vot

171'2;;92
and E(I1( Xy, Y0)).
Proof. Multiplying the equation (4.5) by u and integrating over O, one obtains :

Y R ) S

Notice that this is the only formal operation that will be later on justified once the
problem discretized : the following of the proof is completely rigorous.

where Y(x,y) = and C is a constant depending on T, |[uo|[rz, |[fewtl|L(L2)

A simple calculus shows that VH:W(xgy)1x2+y2<b and
b

2
All = ——————1,21,2. Therefore, using It6’s formula, we have :
SC2+ 2
(1-=)
1 XYY 1
Y VY _ - Y VY2 t 1
d(H(Xt 7Y;5 )) - 2T(Xt 7Y;f ) dt + ayul o (Xty)z_;)_(yty)Q dt + (1 B (Xty)2+(yty)2)2 dt +
b
XV VY
1 — D202 Ve + 1 — XD207)? W
b b

This calculus is justified by the fact that the random process (X/,Y,”) does not
touch the boundary of B (see Proposition 2). Integrating both in time and space
and taking the expectation value, we therefore obtain :

/OE(H(Xf,n% _ /]E(H Xo, Vo)) —-// T(XY, YY) ds +

1
8u7+// ds(4.21
/ / _ Gy y)2>2 2
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Notice that the expectations of the local martingales are null since we have assumed

P
1

b > 6 and <W> integrable for some p > 2 so that, by Lemma 15, for a.e.

1 — 20™%

b
T 1 2

ye O E / X TT) ds | has a finite value. By summing (4.20) and

0 1] — B os /o

b

(4.21), one obtains the energy equality (4.18).

Estimate (4.19) is then obtained by using the energy equality. Indeed, the term
1

(1- (Xé’)?g(‘/ﬁ)?)““

II(X/,Y,”) is positive and one can notice that the term / E

1 XY 2 YY 2
can be bounded from above by the term — [ E (X7)” + (%) by writing :
2 Jo (1__(XEP+%Y£P>2
b
LX)+ () 1
“(1- (Xz«')zgm*f)?)Q (1- (Xf)?:(i@%?)z
_ 1 (x)r+ )2 Lix >2+(Y ) sove Laxpeaor<ate
2 (1 (X Yy)2> (1 2)2 (1 _ (Xz’>2+my>2>2
b
< € (X)) + (Y 62
~ 224 <1 (X2 ) )2 (b—(2+¢))?
b
with € such that b —2 > e. O

4.3.2.2 Second energy estimate
In order to show the second estimate, we have to use an expression of the stress 7
which will give us regularity in the space variable y. In Proposition 2, we have shown

1 — X2+Y¢Z

p
1
that the stress 7 has the following expression (assuming b > 4 and —)
b

is integrable for some p > 1, see (4.11)) :

Xy
T(ty) = E<1_(X;f>2+my>2 ’

b

_E ((%) £ ( /0 “0,u(y)Y, st>t) | (4.22)

Diffrenciating (4.22) with respect to y enables us to convert the regularity of u
to the one of d,7, which provides us with the following local-in-time estimate.
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Lemma 17 (Local-in-time second energy estimate) Under the assumptionsb >
p

6, feet € L7(L}), uo € H, and provided that is integrable for some

1— X24Y2

b

p > 2, we have the following formal estimate on [0,T"], with T" € (0,T) depending
P
1
on |[Oyuollrz, on || fewt||L2(22), on b, and on E (W) ) .
b
||U||L°°([0,T’},H;) + ||u||L2([0,T’],H5) <C.

This also yields the following formal estimate on Oy, on [0,T"] :

||0tu| |L2([0,T’],L5) S C

In both cases, C' is a constant depending on ||0yuol|r2, || feat||L2(0.17),12), on b and on

1 p
X5+Y;
1—=5"

Proof. Multiplying (4.5) by —0,,u and integrating over O, one obtains :

¢ ¢ ¢
1/(6yu(t,y))2—1/(ayu0)2+/ / (ayyu)Qz_/ /ayTayyu_/ /fe:ctayyu'
2 Jo 2 Jo 0 Jo 0 Jo 0 Jo
This yields
/8uty // Oyyt) <A+2//\8yTH8yyu|
o

with A = [|9,uo||2. + fOT Jo | feat|*. Notice that this is a formal operation that will
Y

be later on justified once the problem discretized.
Using (4.22), we can derive :

XtS/t t t )
8y7' =K w / 8yqus d‘/; - / (nyu) (3 u Y ds / 8 UY dV
— =45+ 0 0

(4. 23)
This can be shown in two steps, by first derivating with respect to y, for almost every
XY} * .
w E (/0 8yu(y)Ys d%)t and then by proving
b
uniform integrability (in w) on this derivative. To perform the first step, one can
consider the random variable (;, defined by :

w, the random variable

JE8,uly + R, dVs — [Ldu(y)Ys dV,

Cih = ¢ h
/ Oy u(y)Ys dV ifh=0
0

if h 0
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and prove that ¢ is continuous by Kolmogorov Theorem (see Theorem 2.8 p. 53
of [87]). This is also done in a formal way, since it required regularity on w : this
operation will be justified once the problem discretized. Notice that the following of
the proof is now completely rigorous.

For the first term, one can obtain, by using the fact that Y; is bounded (see
Proposition 2) and Holder inequality in w, for any ¢ such that ¢ > 20-2) \, 2

b—6 p—2 °
t [ ]
E (( Xxi};iy2> </ 3yqus dVS) E (/ aqu; dVS) )
1— 2 0 o t
t 2\ 1/2 . .
Co | E OyyuYs dVs exp q—b ou)ds) <
q 0 Yy 5 ; y
¢ 1/2 -1 [
CyV (/ |ayyu|2d5) exp (Tb/ (O,u)? ds> .
0 0

For the second term, a similar argument shows :

t [ ]
E X—;}f 72 ( / (D) (O,u) Y2 ds) £ ( / OyuYy st)
1— t;r t 0 0 .
t g—1 ‘
e ([ owtoulas) e (1500 [ @u2as).
0 0

We thus have (using, since we are in dimension one, dyu(r,y) < [[9,u(r, .)||m) :

t
| [ sl as
0 O
t _ s

< //exp <gb/ (ayu)er)

0o Jo 2 0

s 1/2 s
*<cq\/5(/ |0yyu|2d7“) +c;b(/ |8yyu||8yu|d7“))|8yyu|(s)ds
0 0
t g—1 s s 1/2
< ¢, Vi o (T30 [ oy ar) ( L ([ 1wy ar) |ayyu|<s>) ds
0 2 0 Y o \Jo
: t -1 s s
vap [ew (U500 [z ar) ([ 10,0lln) [ 0@y dr) s
0

So we obtain by the application of Cauchy Schwartz inequality (to the spatial inte-

<

<
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gral) to both terms :

t
| [l as
0 JO
t
q—1
< 0i [l (50 [y ar) ([ Tomalisorar) oguliageras
0 0

t s
! q_l
vep [e (U500 [ty ar ) ([ 10l lull ) ) 1oulus (o) ds
0
1 [t )
1 1ol as

+c<q,b>/0exp(q—1 [ ity ) ([ oo ) ds
+c'<q,b>/0texp(q—1 [y ) ([ 10l ool dr )d

We thus have shown the following inequality :

16,ul2, (1) / 16,12 (5) ds <

A+2c<q,b>/exp(q—1 [ty ) ([ oty ar) as
+2O’<q,b>/0exp<q—1 [ 1ty ) ([ 10l o owuligie)d )d

Let fi(t) = HayuHL%( ) and fo(t) fo |[Oyyul|7 ( ) ds. We have :

IN

)+ 3720 < A+ 2000 e (o [ 1dr+ £6)) ) £ioyas

0

+20’(q,b)/oexp( (/ L) dr + fals )) (/ L) dr + fals >> fols) ds

with a = (¢ — 1)b. Let R(t) be the right hand side of the former equation. We can
then write :

20 =20 (o [ fi)ar+ 10 ) (clan+ ) ([ aar+ £0))) 1o
< dexp (a < /0 "Ry dr + 2R(t)>) (C(q, b) + C'(q,b) < /0 "Ry dr + 2R(t)>) R(1).

By integrating in time, this leads to

R(t) §A+4/Otexp (a (/OSR(r)dr+2R(s))>

x (C’(q, b) + C'(q,b) ( /0 R dr + 2R(s))) R(s) ds.
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Since R is an increasing function, we have :
R(t) < A+ 4/0 exp (o (T +2) R(s)) (C(g,b) + C'(q,b) (T + 2) R(s)) R(s) ds
< A+ /0 exp (BR(s)) (¢ + ' R(s)) R(s) ds,

with 0 = a (T +2), ¢ = 4C(q,b) and ¢ = 4(T +2) C’'(¢q,b). From this one can de-

p
1
duce that there exists v > 0 and C' > 0, (both depending on ¢, b, E < (—) )

1 — X§+Ye
b
and 7T') such that :

R(t) < A+ C’/Ot exp(vR(s)) ds.

Let H(t) denote the right hand side. It is easy to derive from this inequality the
following estimate : V¢ € (O, % exp(—*yA)),

| 1
Rt < A{f) < o (exp(—%‘l) - th) ‘

If we set 7" = 7% (exp(—yA) — exp(—27A)), we have : for all t € (0,7"),
R(t) < H(t) < 2A.

This leads to the following estimate : for all ¢ € (0,7"),
2 e 2
10,ull56)+ 5 [ 110l (s) ds < 24 (4.24)

In order to obtain the estimate on d;u, we observe that O,u = 0y u + fext + 0, T.
We have already shown an estimation of dy,u in L*([0,7"], L?) norm. Moreover,
using the same argument as before, we can easily show that, for any function v €

L2([0, 1], L),
'/Ot/oaym
1

p
where C'is a constant depending on ¢, b, A, E ((T) ) and T". This yields
1 — Xat¥

b
the estimate on O,u. 0

< Cl|vl[r2o/r1,22)

4.4 Existence of a solution to the coupled system

The aim of this section is to prove the following :
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Theorem 7 (Local-in-time existence and uniqueness) We assume that b >

1

1— X2+YZ2

b
there exists T" € (0,T) (depending on the data) such that the system (4.5)-(4.7)
admits a unique solution (u(t,y), X7, YY) on [0,T"] in the sense given in Definition 2.

p
6, fext € L7(L3), uo € H, and ) is integrable for some p > 2. Then

Remark 15 If one chooses some initial random variables (Xo,Yy) distributed with
the invariant density po defined by (4.17), then Theorem 7 holds under the weaker
assumption b > 2 (see Remark 11 and Lemma 17). We recall that none of these
assumptions on b is restrictive in practice since b is physically of the order of 100.

p
1
In the following, we assume b > 6, f..; € L?(L;Zj)’ Uy € Hyl and (W)

b
is integrable for some p > 2.

In order to show the existence of a solution to the coupled system, we introduce
the following variational formulation of (4.5) :
Find v € L*(Hy,) N L7 (H7) such that for all v € Hy,,

% Ouv = —/Of)yuﬁyv—/OTayv—k/Ofmtv, (4.25)
together with
Ave’s
T = E <1 - i:y)l%my)?) ’ (4.26)
! 1 XY
X! = X0+/0 (—51 ~ (Xg)SQ;)F(Ysy)Q +8quSy> ds+V,, (4.27)
yy = Y0+/t—1 LS. (4.28)
o 21 COTOIY

The ordinary differential equation (4.25) is to be understood in D'([0,T")). The
stochastic differential equations (4.27)—(4.28) are to be understood in the sense of
Definition 1. This problem is well defined. Indeed, Proposition 2 gives a strong
solution to (4.27)—(4.28). Moreover, the term [, 70,v has a meaning since Lemma
15 shows that 7 is in Ly°(Lg°). A solution to this variational problem is a solution
to (4.5)—(4.7) in the sense of Definition 2.

4.4.1 Definition and resolution of the discretized problem

We introduce a Galerkin approximation of the variational problem (4.25) — (4.28).
Let (v;)1<icoo € C®(O)N HE(O) be such that {v;} is a basis of H}(O) and such that
Oyyvi € Vect{v;,1 < j < i} (take e.g. the eigenvectors of the Dirichlet laplacian
on O). We set V,,, = Vect{v;,1 < j < m}. The problem we consider at the discrete
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level reads :
Find U™ € L (R™) such that the function uw™(t,y) = >, U™ (t)vi(y) satisfies :

d
— [ Wy = —/ Oyu™ Oyv; — / 7" Oyv; +/ feat viy for 1 <i<m,(4.29)
dt Jo o o o
. Xy
o (1_ CFR O | (4:30)
b
y,m ' 1 X;j,m m\Y,m
XM = X+ /0 2 (Xg,m)zg(ysy,mp + ou™ YY" | ds + Vi (4.31)

y,m ! 1 S/s%m
T /0 ~31_ crrpaerry B+ W (4.32)

b
The initial condition u™ (¢ = 0) is II""(ug) where IT"™ is the H'-projection on V;,. The
ordinary differential equation (4.29) is to be understood in D’(]0,T")). The stochastic

differential equations (4.31)—(4.32) are to be understood in the sense of Definition 1.
We know from Proposition 2 that the stress can be written in the following form :

™ = E((%)g(/aumysdvs)).
X24Y, Y
1_ tbt 0 ¢

Notice first that the formal a priori estimates of Lemma 16 can now be derived
rigorously on the discretized problem (since one can take v = u™ as a test function
in (4.29)) and show that if ™ is a solution of the problem (4.29)-(4.32) on [0, 77,
then ||u™||Lo(jo.7),L2) is bounded which means that [[U™(t)||zpr < M (where M
depends on m). Notice also that if «™ is a solution of the problem (4.29)—(4.32) on
[0,0], with © < T', then we also have |[U™(t)||z=[p0,0) < M with the same upper
bound M (independant of ©).

In the following, the dimension m is fixed and we omit the superscript m.

We now want to show that the nonlinear system (4.29)—(4.32) admits a solution.
We introduce the matrices A; ; = [, v;v;, Bij = [,, 0,0;,0,v;, the field 2 = (vy, ..., vp,)

and the vector F,,; with components fextv;. We are going to construct a fixed

o
point U of the following mapping which associates to any function ® € C([0, 7], R™)
the function F'(®) € C([0,T],R™) defined by :

ro =t ([ (o0 - [ 2 (2o ) az s muco) ).

where

Z(®), = € ( / S e ()oY, dv;)

S
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§ 4.4.4 : Existence of a solution to the coupled system

The initial condition Uy is the vector with components (II"™(uy));.

First step :
First, we are going to show by the Picard fixed point theorem that the function
F has a unique fixed point when restricted on C([0, ], B(Up, 1)) endowed with the
uniform convergence topology, for some v € (0, T) well chosen and only depending on
|| Feat|| L3, maxXi<icm HviHW;,oo, m, b and T (see inequalities (4.34) and (4.35) below).

The ball B(Uy,1) is defined by B(Uy, 1) = {K € R™ ||K — Uy|| < 1}. Notice first
that we have, for any ® € C([0, a|, B(Up, 1)) and for any t € [0,a] :

et -2 ([ o))

= E|exp / t <Z @i(r)ayvm> dr | € (2 / ) > @i(r)o,uiY, d%)
< exp (Cab (||2]|7x0)) E (5 (2 /0. Z D;i(r)0yv;Y; dVr> )

< exp (Cab (|®][70.01)) »

where C' only depends on max;<;<, H'UZ'HWyl,oo. This means (since a < T and ¢ €
C([07 O‘]a B(U07 1))) :

1Z(®)e| (0,0, 250 (22)) < exp (CTb (1+ ||Uol?)) - (4.33)

Using this estimate (and Lemma 14), for any ® € C([0,a], B(Uy, 1)), we have the
following estimate on &' = F'(®) :

19(t) = Vollz=p.a < [IIA7Y]] (IHBIH a(l+ [[Uol]) + CallZ(®)|] L (0.01.L5(22))

| Fratl 17
< Ca(1+||Us]l) exp(CI|Uo| ),

where C'is a constant depending only on || Fey||zec, maxXi<i<im, ||'Ui||Wy1,oo, m, band T

(and not on ||Up||). Thus, F (C([0, «], B(Uo, 1))) C C([0, a], B(Uy, 1)) if we choose «
small enough to ensure that :

Ca(1+ [|Uol]) exp(CI U 12) < 1. (431)
We next show that the function F' restricted on C([0, ], B(Up, 1)) (with a small

enough) is contracting. Let ®' = F(®!), Z! = Z(®'), and &¥ = F(9?), 7?2 =
Z(®?); where ®' € B(Up,1) and ®*> € B(Up,1). Suppose moreover that (4.34)
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holds. We have

127 (1) = 2% (D)llz=f0.0 < H|A’1!H(HIB|H o |®(t) = D*(1)]] (0.0

+C0l|Z} = 22 1= iz

< Cla(l10!) = @Ol + 12 = ZElliomrnzizy) -

t
We now want to estimate (Z}—Z?2). We use the fact that Z}' = 1 + / Z OF(r)0,v: Y, ZF dV,
(k=1or2):

Z; — /(ZCD (r)dyv; Z) — Zqﬂ amz?)yclv
/Z ))3v1235¢d‘/r+/ (Z@ 81)@) — Z2) Y, dV,.

From this and (4.33), we deduce that, Vt € [0, o],

E((z-2)") < 2E (/Z 2(r)) O,v; 22Y, dv>2

9K (/ (Z‘I’ 81)1) Zf)mw>2 ,

2 /tE (Z (cb}(r)—cb?(r))ayvizfn> dr

i

/ ((Zcb )0 vz> ~ 77 1@)2 dr,

QbC’/a €xXp (CTb (1 + ||U()|| )) ||q>1 — @2“%00[0,&]
t
+2bc’yyq>1|\%m[07a]/ E ((Z,% — Zf)2> dr.
0
Using Gronwall Lemma, this yields an estimate :

HZQ—Z2

t HLoo([o,a],Lgo(La))

IN

IA

< Caexp(C']|Us| ]| @" = ©2[| (0.0,

where C” is a constant depending only on |[Fiy||rx, maxi<icm H/UiHWyl,oo, m, b and
T. We finally have an inequality of the following type :

19Y(1) — @ (t)l| =00 < C'avexp(C'|Upl )| () — @*(1)]| 0,01
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so that F'is contracting if we have :
C'aexp(C'||Uo])?) < 1. (4.35)

At this stage, we have shown that for any initial condition Uy, there exists a solution
U € C([0,ap],R™) to the discrete problem on a time interval [0, ag), with ag > 0
such that (4.34) and (4.35) hold.

Second step (continuation) :
We can now start again the construction of a solution to (4.29)—(4.32) from the final
point U(ag) and Zu, = Z(U)a, = exp ([ >, Ui(r)oyv Y, dV, — 5 [ (3, Ui(r)d,v;Y,)? dr)
using the same arguments as before. Notice that by the a priori estimate of Lemma
16, we have on the one hand U(ag) < M and on the other hand [|Z|[re(r2) <

exp(Cagb(1 + M?)) < exp(CTb(1 + M?)) = M’ (using (4.33)), with C' only depen-
ding on maxj<;<m ||vi||W;,oo. We now consider the mapping F“which associates to

any function ® € C([ag, T],R™) the function F*°(®) € C([v, T], R™) defined by :

Fo(®)(t) = Uag)— A~ (/ (B@(s) — /OIE (%Z%(@)Q 0,2 + Fm(s)) ds> :

where Z%(®), = Z,, € / Z@i(r)ayvin dV, | . The same arguments as before
ap

show that we can find a time interval [ag, g + oz]s (with a € (0,7 — p)) on which

F has a fixed point. Indeed, what is important is just that Z,, € L;°(L2). This is
for example the way one can estimate Z%(®);, for any ¢ € [ag, ap + @] :

E ((Z*°(®),)?) = E (Z(a0)5 (/.Z(I)i(r)ﬁyvi}/r dVr> )

2

= E|Z%E (5 ( / > ei(r)d,uY, dV;) ) [ Fao

ap ¢

. t 2
= E ZiOE E <2/ Z@i(r)ﬁyvin dVT) exp / (Z @Ar)@wﬁﬁ) dr | |Fa,

ap ¢ o i
S exp (C(Oé - OCO)b“(I)H%OC[ao,anga}) E (Zio E (8 (2/ Z(I)z(r)ayvlyr dV;) |Fa0>>

ao ¢

< exp (Cla = ao)bl|®l[Loefag an+a) B (Za,) -

Going through the same arguments as before, one can thus show that F'“°; when res-
tricted to C ([, ap+al, B(U(), 1)) is such that F*0 (C([ap, g + o, B(U(w),1))) C
C([ag, ap+a], B(U(y), 1)) and is contracting, provided that « satisfies an inequality
of the type :

CaM'(1+ M)exp(CM?) < 1
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where C' is a constant only depending on ||Feu|rse, maxi<i<m HUiHWyl,oo, m, b and

T'. We can choose ]

CM'(1+ M)exp(CM?)

We have thus built a solution U € C([0, ap + a1}, R™) to the discrete problem on the
interval [0, ap + a1 ]. The final points U(ag + a1) and Z(U)a,+a, are again such that
|U(eo + an)|| < M and [[Z(U)ag+aq l|gez2) < M. This means that we can, by the
same arguments, extend the solution on the time interval [ag + a1, ap + 2a4], and
by a continuation argument, we can build a solution to (4.29)—(4.32) on the time
interval [0, 7).

o= Q1 =

Remark 16 This proves that any finite element approximation of the variational
problem (4.25) — (4.28) has a solution on a time interval [0,T] for any T > 0.

Remark 17 One can easily prove the uniqueness of a solution to the problem (4.25)
— (4.28) on [0,T], for example by adapting the proof of Lemma 18 to the finite
dimensional case.

4.4.2 Convergence of the discretized problem

We now turn to the convergence of the solution of the discretized problem. The
formal a priori estimates of Lemma 17 can be derived rigorously on the discretized
system. Indeed, one can take v = —0,,u™ as a test function in (4.29) (see the
special basis (v;) we have chosen), and the expression (4.23) of the derivative of
7 with respect to y is completely rigorous since V¢ € [0,T], u™(t,.) € C*(O).
Therefore, using Lemma 17, we know that there exists 7" > 0 such that there exists
a uniform bound on w™ in norm L*([0,7"], Hy) N L*([0,7"], H}) and on du™ in
norm L*([0,7"], L7).

Up to the extraction of a subsequence, we can suppose that there exists
u e L>([0,7"], Hy) N L*([0,T"], H}) such that :

— u™ — u weakly in L*([0,7"], H}) and weakly-* in L>([0,T"], H,),

— Ju™ — Opu weakly in L*([0,T"], L),

— u™ — w strongly in L*([0,7"], H,).

For the third convergence, we use the standard fact that the injection
{vs.t.ve L*[0,T"], H:NHy,), 0w € L*([0,T'], L7)} — L*([0,T"], H;,,) is compact
(see Theorem 5.1 p. 58 in [105]). We can also suppose that u™ — u for almost every
(t,y) € (0,7") x O. We want to show the convergence of each of the terms of the
following equation (for a fixed i) :

d XYy *
— " "o, = | E —s Y, dV i extVis
pr Ou v—l—/oﬁyu v /o ((1_@>8</0 dyu V>T/> 8yv—|—/of U

(4.36)
where we have used the following standard property of the exponential martingale :
for any y fixed in O, since dyu(t,y) € L*(0,T”), we have V¢ € (0,T"),

-2 ( (g ) e ([ ooman) )
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Using the above convergences, we easily pass to the limit in all terms of (4.36)

v XYy * m /
but X2+Y2 & Oyu"YsdVy ) Oyv;w |, where w € C5°(0,77).
1— 0 T’

XY, ¢
Let us define the function f™(¢,y,w) = <#> E (/ OyuY dV;) Oyv; w
1 0 T

XZ+Y?
— Xty
Tl T/
It is easy to see that, dyu™Y, dVy converges in L7(L2) to d,uYs dVy and that
1 [ ’ 1 [T i
5/ (0,u™Y,)?* ds converges in L, (L) to 5/ (0,uY;)? ds. We can therefore (ex-
0

tracting a subsequence) suppose that f converges for almost every (¢, y,w) towards

XY, *
flt,y,w) = (%) E (/ OyuYs st) Oyv; w. Moreover, we can find a uni-
1 _ t t 0 T
b

form bound on the norm L*([0,7"], L2(L2)) of f™ (using the same techniques as in
Lemma 15). This shows that the family (f™),,>1 is uniformly integrable and there-

fore that /T/ (™) %/T'/

Finally, one can prove by standard arguments (see e.g. |[145] page 260) that
u(0) = up and this concludes the “existence part” of Theorem 7.

4.4.3 Uniqueness of the solution

Lemma 18 (Uniqueness of the solution) The system (4.5)-(4.7) admits a unique
solution on [0,T'] in the sense given in Definition 2.

Proof. Let us consider two solutions (u, X,Y) and (@, X,Y). One easily obtains
the following estimate on w = u — @, for any 0 <t < T":

t t
1/w?(t>+//|ayw|2 - —//v—%)ayw
2 Jo 0 Jo 0 Jo
o et f [
= w = T—T|%,
=~ 2 Jo! 2 )y Jo

where
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with Z(u); = & (/ Oyu(y)Ys st> . We have
0

t

-l = E((%) <Z<u>—Z<a>>)

b

< E (%) E ((Z(u) - 2(1))?).

We know that

t

Z(u)e = Z(w)e = [ (Oyu(y)Z(u)r — Oyuly)Z(a),) YrdV;

t

J
J

(Oyuly) — B,(y)) Z(u),Y,dV, + / (Z(w), — Z(@),) Oyii(y)YidVi.
This yields :

E((Z(u), — Z(@))?) < 2b / 10,w(y)PE(Z(w)?) dr
+2b /0 10,a(y)|"E ((Z(u), — Z(@),)?) dr.

Using Gronwall Lemma and the fact that E(Z(u)?) < exp <b fOT/ |8yu|2ds>, this
yields an estimate :

E ((Z(u)t — Z(&)t)Q) < Cexp (C/O 10, 0(y)|* + layu(y)F)/O |0,w(y)|?.

We have finally, using the estimates of Lemma 17 :

t t s
| [owe < [ [ [1oue
0 JO 0o Jo JO

which shows that w = 0 by Gronwall Lemma.

In order to conclude this proof of Lemma 18, and therefore of Theorem 7, it
remains to recall from Proposition 2 that the stochastic differential equation (4.7)
admits a unique strong solution. 0
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Chapitre 5

Analyse du modéle des dumbbells
FENE : 'EDS

Les résultats présentés dans ce chapitre ont fait 'objet d’un proceeding paru
dans Probabilistic Methods in Fluids Proceedings of the Swansea 2002 Workshop. Ce
chapitre compléte le précédent en donnant des résultats sur ’équation différentielle
stochastique associée au modéle des dumbbells FENE. Les résultats qui suivent ont
été écrits dans le cadre d’un écoulement cisaillé, mais sont également valables pour
un écoulement 2D quelconque, régulier et fixé (cf. notamment le cas des écoulements
homogenes et le Chapitre 7 pour des détails sur ce point).
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Mathematical analysis of a stochastic differential equation
arising in the micro-macro modelling of polymeric fluids

Benjamin Jourdain, Tony Leliévre

We analyze the properties of a stochastic differential equation (SDE) arising
in the modeling of polymeric fluids. More precisely, we focus on the so-called
FENE (Finite Extensible Nonlinear Elastic) model, for which the drift term
in the SDE is singular.

5.1 Introduction

The rheology of non-newtonian fluids is a very lively field of modern fluid me-
chanics. The challenge is to find a good relation linking within the fluid the stress
tensor to the velocity field in order to reproduce the behavior of the fluid in some
classical situations (shear flow, elongational flow) and to simulate it in some more
complex cases. This relation may be complicated since the stress generally depends
on the whole history of the velocity field. Many approaches consist in deriving this
relation from the microscopic structure of the fluid. In some cases, it is possible to
directly attack the full system coupling the evolution of these microscopic structures
to the macroscopic quantities (such as velocity or pressure) : this is the so-called
micro-macro approach.

We are here interested in the modeling of polymeric fluids. More precisely, we
consider dilute solutions of polymers, so that the chains of polymers (the “microsco-
pic structures”) do not interact with each other. In order to describe the microscopic
structure of this fluid, one can model a polymer by a chain of beads and rods (this is
the Kramers model) or more simply by some beads linked by springs (see Figure 5.1).
We consider here the simplest model consisting in two beads linked by one spring :
this is the dumbbell model. In this model, the evolution of the end-to-end vector
(which joins the two beads) is described by a SDE. We refer the interested reader
to Refs [12,13,39,120] for the general physical background of these models. This
SDE is actually coupled to the Navier-Stokes equation through the expression of the
stress tensor as an expectation value built from the end-to-end vector.

The spring force can be linear (Hookean dumbbell model) or explosive (Finite
Extensible Nonlinear Elastic dumbbell model).

In the following, we consider the start-up of a Couette flow of a polymeric fluid
(see Figure 5.2) : the fluid is initially at rest, and for ¢t > 0, the upper plate moves
with a constant velocity. For a complete analysis (existence, uniqueness, convergence
of a finite element method coupled with a Monte Carlo method) of this model in
the Hookean dumbbell case, we refer to Ref. [85]. This reference also contains a
more detailed introduction to these types of models and the way to discretize the
corresponding system of coupled PDE-SDE.

We here complement the mathematical analysis of the FENE model presented in
Ref. [86] by focusing on the SDE modeling the evolution of the conformation of the
polymers in the FENE case. It is proven in Ref. [86] that a solution to the coupled
micro-macro system uniquely exists under natural assumptions. Our concern in the
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e
@

F1G. 5.1 — A hierarchy of models : from Kramers chain (top) to dumbbell (bottom).

present paper is in particular to investigate the role played by the finite extensibility
coefficient b (see formulas (5.2) and (5.3) below) in the existence and uniqueness of
solution of the SDE itself, the fluid velocity being considered known.

y B
| w OO

g
|

u=0
F1G. 5.2 — Velocity profile in a shear flow of a dilute solution of polymers.

Let us now introduce the equations we deal with. They read, in a non-dimensional
form :

O — Oyt = OyT + fears (5.1)
Xy
r=E ( (Xg)Qi(YyP) : (5.2)
1 — t . t
dxy L X¢ duYy | dt +d
M=\ EH yudi” | di db,

(5.3)

1 Al
Ay = ( ¢ ) dt + dW,.

S 2 _ (XD
b

where the parameter b > 0 measures the finite extensibility of the polymer. The
space variable y varies in O = (0,1) and ¢ varies in the whole of R,. The random
variables are defined on a filtered probability space (2, F, F;, P). The random process
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(Vi, Wy) is a (F;)-two-dimensional Brownian motion. We take Dirichlet boundary
conditions on the velocity. The initial velocity is u(t = 0,.) = ug, and (X, Yp) is a
Fo-measurable random variable. We will suppose that (X, Yy) is either such that
P (X2 +Y? >b) = 0 (Section 5.2) or such that P (X2 + Y > b) = 0 (Sections 5.3
and 5.4).

We fix y in O, set g(t) = dyu(y,t) and suppose throughout this paper that we
have at least the following regularity on g :

g € L, (Ry) (5.4)

where R, = [0, 4+00). We are then interested in solving for ¢ > 0 the following SDE,
which is a rewriting of the SDE (5.3) of the initial coupled system :

dXj = (—%W +g(t )Ytg) dt + dv;,

b

(5.5)

—_

avy = (=1 Y\ ar+aw,
t 21_(X7?>2+(Ytg)2 ty
b

with initial condition (X, Yp).
Let us begin by recalling from Ref. [86] the precise mathematical meaning we
give to (5.5).

Definition 1 Let Xy = (Xo,Yy) and W, = (V;, W,). We shall say that a (F)-
adapted process X = (X7,Y?) is a solution to (5.5) when : for P-a.e. w, Vt >0,

( t
/0

with the convention Nz = (x,y) € R?, - ‘w‘ = +oo if |x|* =, (5.6)

ds < o0,

1 |X9|2

1t X ¢
X?:X0—§/ —Xg|2d$+/( (S)}/;g,O)dS‘{‘Wt
\ o 1

Remark 1 Because of the convention ﬁ = +oo if |x|*> = b, we deduce that a
-

solution to (5.6) is such that the subset of Ry {0 < u < oo, |X9|> = b} has P-a.s.
zero Lebesgue measure.

The paper is organized as follows : in Section 5.2, we prove the existence and
uniqueness of the solution to (5.6) with values in B, where

B = B(0,Vb) = {(z,y),2> + > < b} .

The existence of such a solution is derived from results concerning multivalued SDEs
(see Refs |25,27]). We then focus on the probability for this solution to reach the

boundary of B (see Section 5.3). When b < 2 and P(] X |? < b) = 1, this probability
is equal to one. This enables us to construct (for g = 0) a solution to (5.6) that

leaves a.s. B. Hence, if b < 2, uniqueness of solutions does not hold for solutions
to (5.6) without the additional requirement to take values in B. When b > 2 and
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again P(| X |? < b) = 1, the probability to reach the boundary is equal to zero and
trajectorial uniqueness holds. We exhibit the unique invariant probability measure
of the SDE (5.6) with g = 0 (see Section 5.4). All these results on the SDE have
an impact on the analysis and the understanding of the coupled SDE-PDE system
(for which we refer to Ref. [86]). They show that the assumption b > 2 adopted in
Ref. [86] to prove existence and uniqueness of solution to the coupled system is in
some sense “optimal”.

5.2 Existence and uniqueness

In this section, we suppose that (Xj,Yp) is such that P (X2 + YZ > b) = 0. Our
aim is to prove the following :

Proposition 1 Under assumption (5.4), for any b > 0 and for any initial condition
(Xo,Y0) such that P (X5 + Y5 > b) = 0, there exists a unique solution to (5.6) with

values in B.

We first prove the uniqueness statement (Section 5.2.1), then turn to the exis-
tence first when g € Lg® (Section 5.2.2) and finally when g € Lj . (Section 5.2.3). In
the following, the point is to notice that the singular term in the drift derives from
a convex potential IT : R? —] — oo, +-00] :

_b _ 224yt e .2 2
(e.y) = 41n(1 t ) if 22 4 y? <b, 5.7
+00 otherwise.
We have : Vz € B, VII(z) = %1 7. Moreover, the function IT is a continuous
—

convex function with domain B.

5.2.1 Trajectorial uniqueness for solutions with values in B
Let us begin with the uniqueness.

Proposition 2 Let us suppose we have two solutions X{ and Xf to (5.6) and such

that P-a.s., X = Xﬁ. Then these two solutions are indistiguishable until one of the

processes leaves B. In addition, if P(3t > 0| XY)2 = b) = 0, then X? and X are
indistiguishable.

Proof. Let us consider 7 = inf{t > 0,(| X2V |X?]?) > b} and Z, =
(th — Xf) By Ito’s formula, we have :

dZ)? = 2Z,dZ,,
= —2(VII(XY) — VII(X?)). Z¢ dt + 2g(t)(X] — X7)(Vi = Y,7)dt,

where x.y denotes the scalar product of « and y € R2.
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Using the fact that, since I1 is convex, for any  and & € B, (VII(x)—-VII(&)).(x—
&) > 0, we obtain, for any ¢t > 0 :

‘ysg _ f/sg

tAT
Zo < 2 lol]xe- X ds,

0
t
< [ loo)Zens s
0

Using Gronwall Lemma and the fact that g € L{ (R, ), we have thus shown that

~ loc
P-a.s, Vt > 0, XY, = X}, . Therefore, on {7 < oo}, | X¥|> = b. We deduce that in
case P(3t > 0, | XJ|>=10) =0, T = 0o P-a.s. . 0

5.2.2 Existence in the case g € L

In this section, we suppose :
ge L*(R,). (5.8)

In order to prove an existence result, we will use a multivalued stochastic differen-
tial equation. In this section, we use the results of E. Cépa [25] and E. Cépa and D. Lé-
pingle [27].

Since the function II is convex on the open set B, its subdifferential OII is a simple-
valued maximal monotone operator on R? with domain B :

{VIl(z)} ifx € B,
8H(w):{ 0 ifa¢B

Let us now consider the two-dimensional process X, solution of the following mul-
tivalued SDE :

{ dX{ + ON(XY])dt > (g(t)Y?,0) dt + AW, (5.9)

X3 = Xo = (Xo, Vo),
We first recall the precise meaning of a solution to (5.9).

Definition 2 We shall say that a continuous (F;)-adapted process X7 = (X], YY)
with values in B is a solution to (5.9) if and only if X§ = Xo and the process
K} = Wt+fg(g(s)Ysg, 0)ds— (X7 —X7) is a continuous process with finite variation
such that : for any continuous (F;)-adapted process o with values in R?, for P-a.e.
w, V0 <s <t < oo,

/St M(X9) du < /: M(cw,) du + /:(Xz ~ ). dK?. (5.10)

Remark 2 A condition equivalent to (5.10) is the following : for any continuous
(Fi)-adapted process oy with values in B, the measure on R, :
(X9 —ay). (dKY9 — VII(ay,) du)

1s P-a.s. nonnegative.
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Since (5.8) ensures that © = (x,y) — (g(t)y,0) is (uniformly in time) Lipschitz
and with linear growth, according to E. Cépa [25], we have :

Proposition 3 Under the assumption (5.8), for any b > 0, the multivalued SDE
(5.9) has a unique strong solution.

We are now going to recover a solution to (5.6) from the solution of (5.9). More
precisely, we follow the method of E. Cépa and D. Lépingle |27] (see Lemmas 3.3,
3.4 and 3.6) in order to identify the process K.

We can thus show that for all 0 <t < oo, we have :

t
E (/ |OTI( X 9)| du> < 00, with convention |0Tl(x)| = +o0 if @ ¢ B.
0
As a consequence, for any 0 < t < oo, P-a.s.,

t
1
/ W du < oo with convention 1_% = +o00. (5.11)
0 u b
1— 2
b

Moreover, the process K7 is P-a.s. absolutely continuous on {0 < u < oo, X9 € B},
with density VII(X?) so that dK? has the following form :

dK9 = VII(XY) du + dGY, (5.12)

where G? is a continuous boundary process with finite variation |G?| :

t t
Gf — / 1{X%€83}dKZ - / 1{Xﬁ€aB}dGZ‘ (513)
0 0

Finally, one can identify this process GY : for all ¢ > 0,

t th
Gl = /0 Lixseomn(X9)d/GY], = /0 T2,

where, for any x € 0B, n(x) = \/% is the unitary outward normal to B at the point
x.

Hence the process X7 is solution of the following SDE with normal reflexion at
the boundary of B :

dX{ = —VIX{) dt + (g(t)Y/,0) dt + AW — 1 xseopn(X7)d|G:.
It just remains to show that |GY|, = 0, for v > 0, in order to recover (5.6).

Notice in particular that by (5.11), the property of integrability of the drift term in
(5.6) holds for the solution X7 of the multivalued SDE (5.9).

Lemma 1 |G| = 0.
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Proof. We follow here again the ideas of E. Cépa and D. Lépingle [27] (see
Lemma 3.8 p. 438) to prove that |G?| = 0. Let us consider RY = b — | X{|*>. By
It6’s formula,

dRY = —2XY9.dXY—2dt,

| X7
Vb

2

b
= g dt = 20(O)X]YP dt — (2+b) dt — 2X7.AW, + 2Whd|GY),,  (5.14)
t

= QVII(XY).XYdt — 29(t)XIYY dt — 2dt — 2X9.dW, + 2 |G,

the last equality using the fact that d|GY|; = 1{xscopyd|G[;.
We know that R is a continuous semimartingale with values in [0,5]. We want to
prove that dR{ = 1gs.odR{. Using Tanaka’s formula (see Ref. [134] Theorem 1.2

p. 207),

2

where, for any a € [0,b], L denotes the local time in a of RY. Using now the
occupation times formula (see Ref. [134] Corollary 1.6 p. 209), we know (using
(5.11)) that, for any fixed t > 0 :

b1 t1 ¢ 1
iy = _— 9 < .
/0 e /0 RN >8—4/0 ] - X2 fs < o0

Since a +— L? is a.s. cadlag (see Ref. [134] Theorem 1.7 p. 209), we deduce that for
any t > 0, P-a.s., L? = 0. Using this in (5.15), we obtain

! 1
Rl = (RNT = (R)T + | 1lgosodRI+ =LY, 5.15
0 0 s

dR{ = 1po-odRY.

Using this equality in (5.14), we have : V¢ > 0,

t
/ Lpe—od|G?|s =
0

1 K b?
—— [ lpo_g| —=5ds+2g9(s)XIYIds+ (2+D ds—|—2X§.dW5).
s | e (g s 2009 2+1)
Since, according to (5.11), P-a.s., {0 <t < 0o, R} = 0} has zero Lebesgue measure,
the right hand side is nul. We conclude by using d|G?|; = 1gs_od|G"[;. O
We have thus shown the following properties on the process X7 :

t
— for any 0 <t < oo, P-a.s., / _—
0
1

b
— dX{=-VIIXY)dt+ (g(t)Y?,0) dt + dW .
We have thus built a solution X{ = (X7, YY) to our initial problem (5.6) in case
g € L>®(R,). This result is not sufficient in our context since the energy estimates
on the coupled system (5.1-5.3) yields less regularity on g (see Ref. [85]).
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5.2.3 Existence in the case g € Lj .(R,)

We now want to build a solution to (5.6) using the multivalued SDE (5.9), but
with a weaker assumption on g, namely (5.4). In this case, the general results of
existence on multivalued SDE do not apply immediatly.

Therefore, we consider the following sequence of approximations of this problem :
dX9" +91(XY")dt > (¢ ()Y, 0) dt + dW,

o (5.16)
XO = XO’

where n € N* and ¢"(t) = (—n) V (n A ¢(t)). Since ¢g" is bounded, the results of
the previous section apply and we obtain a unique solution X fn of the multivalued
SDE (5.16). Moreover, these processes X{ are such that :

t
1
— for any 0 <t < o0, P-a.s., / ﬁdu < 00,
0 1— |Xﬂ |
B b
X9 —XO—/ VII(X ds+/ (g"(s)Y9",0)ds + W,. (5.17)

We now want to let 7 go to oo in Definition 2 (notice that by (5.17), dK¢ =
VIL(X?") dt). In the following, we choose T' > 0 and we work on the time interval

W12
[0, T]. We know that for all n, sup,o | X7 | < b. For any n > m, we have, by It6’s
formula,
n m 2 n m n m
d‘Xf x| = - (VH(Xf ) — VII(X? )) . (Xf _ XY ) dt

(g oy - gy @) (x - xg") e

Using the fact that, since II is convex, for any  and y € B, (VII(x) — VII(y)).(x —
y) > 0, we obtain : Vt € [0, 7],

X0 XU < [y o) =6y (9) (X - X2 ds

so that : Vt € [0, 77,

t
X2 =XV < [ ewe - g X - X ds
0
t
< [Ny = Y|+ Y1) - o)) X2 - X ds
0
t t
< 5 [ ol xT = X2 s [ g - gm0 ds
0 0
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Using Gronwall Lemma, we then obtain :

T 1 T
< 2 [Cow (5 [ latwldn) i) - g0 s
0 s
1 T
esp (lalligom) [ 19°6) - a0 s
0

From this inequality and the fact that g € L} ([0,7T]), we deduce that there exists a
continuous adapted process X ¢ with values in B such that X? — X?in L(L°([0,T7)).
One has the following estimate on the total variation of VII(X9")du on [0, 7] :

/OT(VH(XQ < —/ ng 7 ds. (5.18)

By Ito’s formula, we know that : V¢ € [0, T7,

sup ‘Xg — X9
te[0,7]

IN

g”’2

n FIX t nm Lo
| XY |2=|X0|2—/ %dsﬁLQ/ g"(s) X2 Y? ds+2t+2/ X9 . dW g,
0 1_—|XZ| 0 0
which yields : V¢ € [0, 77,

t 1 1 n ¢ n n
/ ——ds = (—|X§ |2+|Xo|2+(2+b)t+2/ g (s) X" VI ds
0 1_ |XZ |2 b 0

t
+2/ X;Z".dWS) . (5.19)
0

It is obvious that f(f X9 .dW, — f; X,.dW, in L2(L([0,T]))-norm. Up to the
extraction of a subsequence, we can suppose that this convergence holds for almost
every w. Using this property together with (5.18) and (5.19), we deduce that for

a.e. w, the measure VII(XY")dt on [0,T] is such that fOT ’VH(thn)‘ dt < C(T,w)
where C(T,w) is a constant only depending on 7" and w. One can thus extract a

weakly converging subsequence of (VH(X;?") dt) . On the other hand, taking the

n>1
limit n — oo in (5.17), we see that fot VII(X9") du uniformly converges on [0, 7] to
K satistying : Vt € [0,T],

t
K = / (g(w)Y?,0) du+ W, — (X! — Xo).
0

By identification of the limit, we have VII(XY") dt — dK? weakly.

By Definition 2, the processes X ¢ are such that for any continuous (Fr)-adapted
process oy with values in R?, for P-a.e. w, V0 < s <t < 00,

/:H(Xﬁn)du < / M(en) du+ [<Xz" — ). VII(XY) du. (5.20)
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Omne can pass to the limit n — oo in (5.20), using the fact that TI(X?") — I1(X?Y)
pointwise in u and that II(X?") is uniformly integrable. Indeed, for any A > &, if

T

n|2 -1
X, n(e) .
we set M, = (1 - J—6L> , we have (since z +— ) is decreasing on e, +00)) :

T T
n b In (M,)
/01|H(Xz")|>AH(Xﬁ)dU = 1/0 Lz, >exp(a4/b) M, M, du
A

oxp(aan) O )

T
so that /0 1‘H(in)|ZAH(Xgn) du — 0 uniformly in n when A — co. We have thus

obtained a continuous process X{ on [0,7] and a continuous process with finite
variation K{ = fg(g(u)Yug,O) du + W, — (X{ — Xo) on [0,7] such that for any
continuous (F;)-adapted process a; with values in R?, for P-a.e. w, VO < s <t < T,

t t t
/H(Xg)dug/ H(au)du—l—/(Xﬂ—au).ng.

This shows that we have built a solution to the multivalued SDE (5.9) on the time
interval [0, T]. Since T is arbitrary, using Proposition 2, we have built a solution on
R, . Following again the arguments of the last section it is easy to show that :

t

1
— for any 0 < t < o0, P—a.s.,/ _
0
1_

i’ du < o0,

b
— dX{=-VIIX])dt+ (¢g()Y?,0)dt + dW .
This shows that X7 is a solution to (5.6) and completes the proof of Proposition 1.

5.3 Does the solution reach the boundary ?

In this section, we want to determine whether or not the process X7 we have
built in the previous section reaches the boundary of B. Should the occasion arise, we
deduce that uniqueness does not hold for (5.6), at least in the case g = 0. Throughout
this section, we suppose that the initial condition is such that P(|Xo|> < b) = 1.

5.3.1 Necessary and sufficient conditions

In this section, we want to analyze the event {3t > 0,]|XY|?
to prove :

= b}. We are going

Proposition 4 Assume
g € L*(Ry), (5.21)

and that P(|Xo|*> < b) = 1. Let us consider the process X solution to (5.6) built
above. We have :
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—ifb>2, then P (3t > 0,|X?|> =b) =0,
—ifb <2, then P (3t > 0,|X{|* =0) = 1.

In view of Proposition 2, we deduce immediatly :

Corollary 1 If b > 2 and P(|X,|*> < b) = 1, then trajectorial uniqueness holds
for (5.6).

Proof. First, by Girsanov Lemma, one can suppose g = 0. Indeed, let us consider
the process X{ we have built in last section. Under the probability P9 defined by

dP9 0 1 [
P e (— / o(s)Y V.~ / (9(s)Y2)? ds),

the process (V7 W/) = (V, + fo s)Y9ds,W;) is a Brownian motion and therefore
(X7, Y2, VI WY P9)er, is a weak solut1on of the SDE (5.5) with ¢ = 0. Since this

solution is with values in B, it is also a weak solution of the multivalued SDE (5.9),
with g = 0, for which uniqueness in law holds. Since P9 and P are equivalent on F,
we can then deduce the properties of Proposition 4 in case g € L?*(R,) from the
properties of Proposition 4 in case g = 0.

In the following, we focus on the solution to (5.9) with ¢ = 0, which we denote
by X = (X, Y:). We fix € B and the superscript @ means that we consider the
solution to (5.9) with g = 0 such that X, = «.

Let us first suppose that |z| > 0. Let us consider the process R® = b — | X 7|2

We know that : )

dR® = % dt — (2+b) dt — 2XT.dW,. (5.22)
t

Let us introduce the stopping time

1
:inf{tzo,\Xﬂzzb(l——)}.
n

Let fix ¢ > 0. By Girsanov Lemma, one shows that P-a.s., ‘XMT.-,,‘ # 0. Indeed, by
definition of 7.¥

P(IXZ, o] = 0) = P(XZ| = 0 and t < 72).
Let P¥ be defined by :

@ 1
dP = exp (/ VI(XZ, .).dW, ——/ |VTI( Ww)ﬁds)

and [E? denote the corresponding expectation. By Girsanov Theorem,
(B =xz+W,— [] VII(XGre) du) _ is a P®-Brownian motion starting from .
Since on t < 7¥ X? = BY,

P(|X%| =0and t <7®) < P(B% =0)

dP
= E*|(1g=_
" ( o Oszs)

= 0. (5.23)

s<t
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One can therefore show that | X¥| > 0 on [0,77%), where

T® = lim 7% =inf {t > 0,|X7]> = b} = inf {t > 0, R¥ = 0}.

n—oo

Thus, one can write, for t € [0,T%) :

b2
t

where (; is a F;-adapted 1-dimensional Brownian motion.
Let us now introduce the stopping time

ST = inf {t > 0, R® ¢ (0,b)} .

We have, P-a.s., ST < T®. We refer here to I. Karatzas and S.E. Shreve [87] (see
Section 5.5 p. 342-351).
We introduce a scale function p such that :

r

(ﬁ -2+ b)> p(r) + 200 —r)p"(r) =0,

which leads to :
pr)=Clb—r)"r 2

where C' > 0. We have therefore p(b—) = +oo and (b < 2 <= p(0+) > —o0). Using
this property of the scale function and the results of I. Karatzas and S.E. Shreve,
one can conclude that :

if b> 2, then P (5% = +00) = P (T? = 400) = 1, (5.25)

it b < 2, then P (tnrél 1 X2[? = b) — 1.

In case b < 2, we can deduce from the second item that S* = T®. We now want to
know whether S* = 400 or not in this case. Let us introduce the speed measure m
on (0,b) defined by

2dr B rb/2dr
4b—r)p/(r)  2C

and the function v such that, for any r € (0,b),

m(dr) =

/2

o) = [ 00r) = plsmds) = [ () = i) 55 .

We have p(b—) = +o0o and therefore v(b—) = +o00. In case b < 2, it is easy to check
that v(04) < oco. Using again the results of I. Karatzas and S.E. Shreve, we can
deduce from this that in case b < 2, we have

P(S* < 00) =P(T* < o0) = 1. (5.26)
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In case |z| = 0, the former results (5.25) and (5.26) still hold. Indeed, let us sup-
pose that & = 0 and let us introduce the stopping time 7 = inf {t >0,| X9 > g}
Obvisouly, one has :

P(3t>0,|XP?=0)=P(3t>0,|XP*=band 7 < c0).

In case b > 2, using the strong Markov property of X? (see E. Cépa [25] p. 86),
one has :

P(3t>0,|X7?=0) = P(3t>0,|X}>=band 1< 00),
= E(L,cocP (3t > 0,|X7]> =) |a=x, ),
= 0.

In case b < 2, we use the fact that, due to the proof of (5.23), P(|X?,. | = 0) = 0.
By the strong Markov property and since P-a.s., Sup,cp s | X?12 < b, we have
In case of a non-deterministic initial condition X with law ug, we can deduce
the properties of Proposition 4 from the fact that (by uniqueness of the solution) :

P(3t>0,|X,>=0b) = /IP’ (3t > 0,|X7]> =b) duo(x).

Remark 3 In case g € L%OC(RJF), what we can conclude is the following :
—ifb>2, then P (3t > 0,|X{|> =b) =0,
—ifb <2, then P (3t > 0,|X7|?> =b) > 0.

5.3.2 Non-uniqueness in case b < 2

In this section, we suppose b < 2 and P(| X o|*> < b) = 1. We restrict our attention
to the case g = 0. We are going to construct another process X, weak solution to
(5.6) and such that P(3¢t > 0, X; ¢ B) = 1. In other words, we will build a solution
to (5.6) which, unlike X, goes out of the ball B. This will show that (5.6) admits
at least two different solutions.

Let us consider the solution X to (5.6) we have built in Section 5.2. We know
that P-a.s., the process X, reaches the boundary of B in finite time (see Propo-
sition 4). Let us introduce the stopping time 7 = inf{t > 0,|X|? > b}. In polar
coordinate, we write X¢ = (vVb,600) : (X7, Yr) = (Vbcos(6y), Vbsin(by)), where
0y € [0,27) denotes the polar angle. We now want to construct a solution to (5.6),
which takes (X7, Yr) as initial value, and lives outside of the ball B. Let us intro-
duce a two-dimensional standard Brownian motion (/;,~;) independent of W,. We
use a polar representation (/7¢, 0;) of the process we want to build. We consider the
solution r; to the following multivalued SDE :

To = b, .
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where f: R —] — 0o, +00] is the convex function defined by :

—b*In(r —b) if r > b,

1) = { 400 otherwise. (5.28)

so that Jf is a simple-valued maximal monotone operator with domain I = (b, 00)
(for all r > b, Of(r) = {Vf(r)} = {%}) By E. Cépa |25], there exists a unique
process 1 solution to (5.27). Following exactly the arguments of Lemma 1, one can
show that this process r; is such that :

t
— for any 0 < t < o0, P-a.s., / 1
0

‘ du < 0o, with convention ;= = +o0,

ry — b

—dry = = dt 4 (2 + ) dt + 2\/7dp,.

b—ry
Let us now consider the process 6, defined by :

t

1
6, =0 +/—d75, 5.29
= | (529)

and the random process X, in R? defined by :

X, = (y/1; cos(0y), /¢ sin(6y)) .

By Ito’s formula, we have :

- 1 X
dX, = __—;_(t|2 dt + (—sin(6;), cos(6;))dy: + (cos(6;), sin(6;))d ;.

|
21— )

Using Paul Lévy characterisation, one can show that (—sin(6;),cos(6;))dy: +
(cos(0),sin(6;))dp; = dB; where By is a two-dimensional Brownian motion, inde-
pendent of W,.

) Let us now ansider Xt defined by Xt = lo<i<r Xt + lis7X_r and the process
W, defined by W, = VY}AT + Li=7By_7. It is obvious (for example by Pau~l Lévy
characterisation) that W, is a Brownian motion. In addition, the process X, is a

solution to (5.6) with g = 0, such that P(3t > 0, X, ¢ B) = 1. This shows that the
problem (5.6) with g = 0 does not admit a unique solution.

Remark 4 In case g € L35 (Ry), using the solution (4, 0;) of the multivalued SDE :
(TQ,Q()) = (b, 60) G/I?,d

d(re, 0;) + Oh(ry, 0y) dt >
((2 +b) + rysin(0,)g(t), — sin2(9t)g(t)) dt + (2y/14, \/Lﬁ)d(ﬁh V),

where h : R? —] — 0o, +00] is the convex function defined by h(r,0) = f(r) (see
formula (5.28)), one can by the same arguments prove that there is non-uniqueness
in law for the solutions to (5.6).

We have summarized in Table 5.1 some of the results we have obtained in the
last two sections.
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b<2. b> 2.
Existence. Existence.
P(|Xo>=0)=0.| P(3t>0,|X:*=0)=1. P(3t>0,|X{*>=0)=0.
Non-uniqueness. Uniqueness.
P(|X,[2 = b) > 0. EXiSFence. Exist‘ence.
Non-uniqueness. Non-uniqueness

TAB. 5.1 — Properties of solutions to (5.6) when g = 0. We suppose P(|X|? <
b) = 1. In any case, uniqueness holds for solutions with values in B according to
Proposition 2. The terminology uniqueness and non uniqueness relates to a solution
that is not enforced to take values in B.

5.4 Invariant probability measure in case ¢ = 0 and
b>2

In this section we are interested in invariant probability measures for the SDE
(5.6) with g = 0 in case b > 2.

The motivation for this study is twofold. First, since we consider a fluid which
is initially at rest, it is natural from a physical point of view to choose an invariant
probability for the SDE (5.6) with g = 0 as law for X,. Second, in the analysis
of the coupled system (5.1-5.3), we are interested in the regularity of the stress

T(t,y) =E % which, by Girsanov, can also be written in the following
e I

form :

t t
() oo ([ ot [ntmrar) )
_ t 5 t 0 0

where X, = (X;,Y;) denotes (as in last section) the solution with values in B to
(5.6) with g = 0 (see Ref. [86]). This expression of the stress yields the following
estimate (using Holder inequality) : for almost all y and t,

p\ 1/p
XYy -1 [
[T(y, 1) < E <<—1 )tfferf> ) exp (_q 5 b/o (9,u(s,y))? ds),
b

where p = q%l.

p
It is thus important to estimate the quantities [E (( XYy ) ) , which is simple

X24v2
1— t t
if we identify and start under an invariant probability measure (see formula (5.31)).

The density py defined by :

exp(—2Ml(z)  b42 [ |\
N [ exp(—2I1(x)) dz ~ b (1_7) Liz2<p (5.30)

po(x)

156



§ 5.5.4 : Invariant probability measure in case g =0 and b > 2

obviously solves div ; (—(VzII)po + 2(Vzpo)) = 0 and is therefore a natural candi-
date to be invariant. This is indeed the case as shown by :

Proposition 5 For b > 2, po(x) dx is the unique invariant probability measure on
B for the SDE (5.6) with g = 0.

This proposition is a consequence of the following lemma :

Lemma 2 Let b > 2. For any x € B, t > 0, the solution X? of the SDE (5.6) with
g =0 and X, = x has a density p(t,x,y) with respect to the Lebesgue measure on
B. In addition, Vt > 0,

(4) dzdy-a.e., exp(—2Il(z))p(t, z,y) = exp(—21L(y))p(t, y, z),
(71) Vx € B, dy-a.e., p(t,x,y) > 0.

Indeed, by (i), one easily checks that po(x)de is invariant. By (ii), any invariant
probability measure is equivalent to the Lebesgue measure on B which implies uni-
queness (see Proposition 6.1.9 p. 188 of M. Duflo [40]).

With Proposition 5, it is then straightforward to prove that, if X has the density
po(x), then we have :

p
XY,
E((%) > <00 < b>2(p—1). (5.31)
1_ t t
b

Let us now prove Lemma 2. Proof. In order to prove (i), we regularize the potential
IT so that the results of L.C.G. Rogers [135] (see p. 161) apply. Let II,, be defined
by :

(@) = (| ]?). (5.32)

b r
() = { i (1 - 5) ifr<b(1-7), (5.33)
VT4 21n(n) ifr>b,

and 7, is increasing and C*(R,,R,), so that VII, is bounded with continuous de-
rivatives of first order. Let ¢ > 0 and & € R?. According to L.C.G. Rogers, the
solution X™® of the SDE :

t
X' =z / VIL(X™®) ds + W, (5.34)
0

has a density p,(t,x,y) with respect to the Lebesgue measure on R? which satis-
fies dx dy-a.e., exp(—2IL,(x))p,(t, x, y) = exp(—2I1,(y))p.(t,y, x). For x € B, let
7@ =inf {t > 0,|X7[*>b(1— 1)} Since P (X} # XT) < P(7% < t), according
to Proposition 4,

lim P (X7 £ X*) = 0. (5.35)

We deduce that for a fixed € B, pu(t, z,y) converges in L, (R?) to p(t, x, y), which
is the density of X¥.

As the non-negative potential I1I,, converges pointwise to Il in B, we deduce that
exp(—2I1,(x))pn(t, @, y) converges to exp(—2II(x))p(t, z,y) in L, (B x B) and
conclude that (i) holds.
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We are now going to check (ii) for a fixed £ € B and t > 0. Let A be a Borel
subset of B such that [14dx > 0. We choose n € N* such that |z|* < b(1— 1)

and [ 14, dx > 0 where 4, = ANB (O, b(1- %)) By Girsanov Theorem, under
P2 defined by :

dP* t N 1 [ s 2
— — exp VII(X?, o). dW,— = [ |VI(XZ )| ds ),
dP 0 : 2 /o .

where 7.7 is as above, (X7§,,=)s< is a Brownian motion starting from @ and stopped

at the boundary of B (O, b(1— %)) so that P2 (X7, . € A,) > 0. Therefore,

n

P(X?ecA) >P (Xfmg €A, =E® <1An (Xtm,wnz) %) > 0, which concludes the

proof. 0
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Chapitre 6

Analyse d’une méthode de réduction
de variance

Les résultats présentés dans ce chapitre ont fait I’objet d’un article paru dans
Journal of Non-Newtonian Fluid Mechanics. Nous analysons comment la variance
des résultats obtenus par la méthode CONNFFESSIT dépend des paramétres nu-
mériques, et notamment de la maniére dont le mouvement Brownien dépend de

I’espace.
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On a variance reduction technique
for micro-macro simulations of polymeric fluids

Benjamin Jourdain, Claude Le Bris, Tony Leliévre

The micro-macro simulations of polymeric fluids couple the mass and mo-
mentum conservation equations at the macroscopic level, with a stochastic
differential equation which models the evolution of the polymer configura-
tions at the microscopic level (Brownian dynamics simulation). Accordingly,
the system is discretized by a finite element method coupled with a Monte
Carlo method. All the discrete variables are random, and the accuracy of
the result highly depends on the variance of these random variables. We give
here some elements of numerical analysis on the crucial issue of variance
reduction in order to get results of a better quality for a given computa-
tional cost. The present analytical study only deals with a one dimensional
case, but nevertheless gives a track for computational strategies that may
apply to the more physically relevant two and three dimensional cases.

Keywords : CONNFFESSIT, Dumbbells, FENE, Variance reduction

6.1 Introduction and motivation

6.1.1 Micro-macro models of dilute solutions

In this paper, we focus on some micro-macro models of dilute solutions of po-
lymers. Let us introduce briefly these models which now give rise to a lively and
expanding field of computational simulation for non-Newtonian fluid dynamics (we
refer the reader to [12,13,39,46,120| for some comprehensive surveys of the physical
background). For the “macroscopic” part, the evolution of the velocity u and the
pressure p is described by the momentum and mass conservation equations :

p (%—ltl +u- Vu) = n,Au— Vp+div (1,) , (6.1)
div(u) = 0, (6.2)

where T, is an extra-stress tensor, due to the contribution of polymers. In order
to derive the expression of this extra-stress tensor, one can use kinetic models of
polymers. We deal here with the “dumbbell” model (a particular case of the Rouse
model) in which a polymer is described by two beads linked by a spring (see Figure
6.1). The expression of the entropic force F in the spring, in term of the so-called
end-to-end vector X, can have more or less complicated expression, depending on
the effects taken into account (excluded volume effects, finite extensibility of the
polymer,...). We deal here with two types of forces (but our method is likely to
apply to other cases of forces) : a linear force : F(X) = Fpoox(X) = HX (mo-
del of “Hookean dumbbells”) or a non-linear force which takes into account the
finite extensibility of the polymer (described by the non-dimensional parameter b) :
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F(X) = Frpye(X) = H1 (model of “FENE dumbbells”). The “microsco-

X
X112

) ) bhpT/H )
pic” part of the model is the description of the evolution of the end-to-end vector X

through a stochastic partial differential equation (Brownian dynamics simulation) :

dX +u-VXdt = (vuX - %F(X)) dt + gdwt, (6.3)

where ( is a friction coefficient, 0* = 2kgT¢ (T is the temperature) and W, is a
standard (multi-dimensional) Brownian motion. The expression of this extra-stress

F1G. 6.1 — The polymer (in dashed line) is modeled by a “dumbbell” : two beads
linked by a spring. The vector X which goes from one bead to the other is called
the end-to-end vector.

tensor 7, is then given by an expectation of a function of the configurations of the
polymers (this is the Kramers expression) :

7, = nE(X®F(X))—nkgTld, (6.4)

where n denotes the concentration of polymers.

It is to be noted that the “Hookean dumbbell” model described by equations
(6.1), (6.2), (6.3) and (6.4), with F' = F yook is equivalent to the famous Oldroyd-
B model, which is usually written in a purely macroscopic differential or integral form
(see |13] page 72). On the other hand, no closed differential or integral equations on
T, have been found to be equivalent to the more realistic FENE model. Being more
general than the purely macroscopic approach, the micro-macro approach seems all
the more promising.

Once the system (6.1)-(6.4) is non-dimensionalised, it has the following form :

Re <— +u- Vu> = (1—€)Au—Vp+div (1,), (6.5)
div (u) = 0, (6.6)
T, = %(ME(X ® F(X))—1d) (6.7)
1 1
AX +u-VXd = (VuX - 5o F(X)) U+ e dWe (69
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with the following non-dimensional numbers :

pUL AU Mp L?’H
€ 77 Y € L Y € 77 Y ILL ka Y (6 9)
and the following non-dimensional forces :
X
Fuoox(X)=X , Fppnp(X) = T AXE (6.10)

b

The numbers U and L denote the characteristic velocity and length, while A (a
relaxation time of the polymers) and 7, (the viscosity associated to the polymers)

are defined by A = & and 1, = nkgT \. The total viscosity 7 is defined by 1 = n,+n,.

This problem can be discretized by the so-called CONNFFESSIT method (see |97]),
coupling a finite element method to discretize equations (6.5)-(6.6), standard Euler
schemes in time for (6.5) and (6.8), and a Monte Carlo method to approximate the
stress T, in (6.7). Compared with a deterministic approach which solves directly
the Fokker-Planck equation associated to (6.8), the convergence of this stochastic
approach scales efficiently with respect to the number of springs in the Rouse chain.
However, the leading error in this kind of discretization is a statistical error due to
the Monte Carlo method, and depends on the variance of the variables. Our aim here
is to study the dependency of these variances in terms of the numerical parameters
of the discretization.

More precisely, many authors (see Halin, Lielens, Keunings and Legat in [74] or
Bonvin and Picasso in [15]) have observed that using a Brownian motion in (6.8)
which does not depend on space, rather than a collection of Brownian motions
uncorrelated from one Lagrangian trajectory to another, leads on the discretized
problem to a reduction of the variance of the velocity u but also to an increase
of the variance of the stress 7,. After a discussion about the space-dependency
of the Brownian motion in Section 6.2, we analyze in Section 6.3 this problem in
the case of a pure shear flow. The momentum and mass conservation equations
then reduce to a scalar heat equation (see Eq. (6.14) below). We then completely
analyze the case of the long time behavior of the variances for Hookean dumbbells
and recover by our analysis the observations mentioned above. We are also able
to propose a strategy to reduce the variance on the stress in the shear flow case,
at a given computational cost, by choosing an ad hoc correlation in space for the
Brownian motion. In Section 6.4, we numerically test our strategy for Hookean and
FENE springs in the one-dimensional case, leaving for the future numerical tests in
dimensions 2 and 3. Other related issues are also addressed in this paper, such as the
dependency of the variances in terms of the boundary conditions (see Remark 11)
and the space step (see Section 6.5), or the dependency of the bias upon the number
of realizations (see Section 6.5).

Remark 5 Let us note that we do not consider in this paper other variance reduc-
tion methods like control variates or importance sampling, see [15, 113, 120] about
these subjects. Our aim is not to compare the variance reduction obtained by using
appropriate dependency on space of the Brownian motions with other variance re-
duction techniques, but rather to rigorously analyse in a simple case the influence
of the dependency on space of the Brownian motions on the numerical results and
particularly on their variances.
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6.2 The dependency of the Brownian motion in space

As mentioned above, the main subject of the present work is the dependency
upon the space variable of the Brownian motion W,. Let us look at this question
from different viewpoints : the modeling viewpoint, that of the numerical simula-
tions, and the mathematical viewpoint.

6.2.1 The modeling viewpoint

We recall that the derivation of (6.8) from kinetic theory requires that the Brow-
nian motion on one bead of the dumbbell is independent of the Brownian motion
which acts on the other bead (completely uncorrelated Brownian motion in space,
see e.g. [120]). The modeling step therefore pushes forward the uncorrelated frame-
work. Note however that this simple presentation is a little bit controversial in itself,
as it may also seem quite natural that some kind of correlation in space between the
Brownian motions appears (see [74] page 394). Indeed, the Brownian motion seen
by a particle convected on one trajectory of the flow is somewhat correlated, at least
at a sufficiently small scale, to another Brownian motion seen by a particle which
follows a trajectory “close to the first one” (see Figure 6.2). The notion of “trajec-
tory dependent” Brownian motion, that we will introduce and develop later in this
section, is thus likely to be relevant. In the following, we will not discuss further the
modeling and physical aspects of the correlation in space of the Brownian motions
used. We rather focus on the numerical counterparts of these correlations.

6.2.2 The numerical viewpoint

Historically, the first of the two currently adopted approaches for the nume-
rical simulation of (6.5)-(6.8) namely the CONNFFESSIT method, mimicked the
modeling viewpoint. This method couples the macro-scale simulation with the La-
grangian approach for the micro-scale. The first simulations (performed first on the
start-up of a shear flow problem) accordingly made use of completely uncorrelated
in space Brownian motions (see [97]). When the state of the art went to 2D si-
mulations (see [98]), a Lagrangian computation of (6.8) was naturally adopted. In
this framework, the authors used one Brownian motion per trajectory, all of them
being independent from one another. Therefore, we may think of a collection of
uncorrelated Brownian motions labelled by Lagrangian trajectories.

The second approach is the Eulerian one. It consisted in introducing the notion
of configuration fields (see [82]) : the end-to-end vector X, is seen as an Eulerian
variable that explicitly depends on the space variable . Equation (6.8) may then be
solved in an Eulerian setting, which greatly simplifies the numerical implementation
of the CONNFFESSIT method (no dumbbell tracking, no problem of dumbbell
deletion or dumbbell relocation). In this approach, it is of course easier to take
Brownian motions not depending on space. Nevertheless, one can imagine to keep
the Brownian motions of the Lagrangian approach (a collection of uncorrelated
Brownian motions labelled by the trajectories), for example by using a characteristic
method to solve (6.8) (see |74]). In fact, the use of configuration fields together with
Brownian motions not depending on space has revealed to be a very efficient method
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to reduce variance of the velocity w. In spite of the fact that the modeling issue is
not settled, the use of a Brownian motion not depending on space on the discretized
system can be seen as a pure numerical trick, that leads to a reduction of the
variance of the velocity w. Intuitively, this fact may be understood, since in (6.5),
a derivative with respect to x of the stress is involved. But the situation is not so
clear either. What is indeed counterintuitive (see Halin, Lielens, Keunings and Legat
in |74] page 397 or Bonvin and Picasso in [15] page 197) is the fact that, contrary
to what happens for the velocity field, the variance on the stress T, increases when
one goes from uncorrelated Brownian motions to a Brownian not depending on x.
Despite the lack of a theoretical understanding of this phenomenon, experts of the
field seem to agree in the numerical simulations on the use of Brownian motions
not depending on space, mainly because it leads to less noisy results in space, and
because it greatly reduces the variance on the velocity. The state of the art of the
numerical simulations seems to stay today on this point : use a Brownian motion
not depending on space (see [82,121]).

F1G. 6.2 — Trajectories of two dumbbells, ending in two different cells : does each
dumbbell “sees” the same noise, as is represented on this figure 7

6.2.3 The mathematical viewpoint

Let us now turn to mathematics. It is to be made precise at once that it is not
straightforward to give a sense to the Eulerian system (6.5)-(6.8) at the continuous
level with a Brownian motion depending on space. There are three ways to avoid
the treatment of this delicate question. The first is to stay at the continuous level
and turn to the Lagrangian form of (6.8) with Brownian motions depending on the
trajectory. The second is to go at the discrete level : once being discretized in space,
it is easy to give a proper meaning to (6.5)-(6.8), and to play with the dependence
in space of the Brownian motion. A third way is to treat the shear flow case. Let us
details these three approaches.

The continuous level

Let us introduce the Lagrangian form of (6.8), namely

iX,(z) — (vu(c(o,w,t))xt(a;) !

~ 1
- 5 F(Xt(a:))> &+ e

dW?=,  (6.11)
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where X,(z) = X,(c(0,,t)) and

%c(s, x,t) = u(t, c(s, x,t)), (6.12)

c(s,x,s) =wx. '
We suppose here that the velocity field w(t,x) is smooth enough to define the
characteristics. The stress 7, defined by (6.7), is then obtained by the following
formula :

7t ) = %(ME(&@@, z,0)) @ F(X,(c(t,x,0)))) - Id). (6.13)

Notice that the stochastic differential equations (6.11) indexed by @ are rigorously
defined and are not coupled in space by (6.13).

Let us now consider a smooth solution (u,7,) of (6.5)-(6.8) obtained with a
Brownian motion which does not depend on the space variable, and asigns to each
trajectory obtained by solving (6.12) a Brownian motion. Since the law of X (so-
lution of (6.11)) is not influenced by the way the Brownian motions depend on the
trajectory, we have 7, = 7,. Therefore, (u, 7,) will remain a solution to (6.5)-(6.8),
whatever the dependency of the Brownian motions on the trajectory is. In other
words, we have proved that the continuous solution (u,7,) does not depend on the
the way the Brownian motions depend on the trajectory, provided that the solution
of the problem is unique and smooth enough.

The discrete level

Once the system (6.5)-(6.8) is discretized in space (say, by a finite element me-
thod, to fix the ideas), it is easy to give a proper meaning to (6.8) with a Brownian
motion depending on space being understood that we in fact deal with a Brownian
motion which depends polynomialy on the space variable (i.e. a discrete-in-space
Brownian motion). Then, once one approaches the expectation (6.7) by an empiri-
cal mean, the results (and in particular their variances) may depend on the way the
Brownian motion depends on trajectories.

If one considers that the scheme converges in the limit of the space step h and
the time step 0t go to zero, and the number of realizations goes to infinity, two
questions then arise : May the limit depend on the dependency in space of the
Brownian motions used 7 What is the “best dependency” as far as the variance of
the results is concerned ?

To the best of our knowledge, the first question is open : note for instance that
contrary to the shear flow case, in a general geometry, the “discrete” streamlines
themselves may be influenced by the dependency in space of the Brownian motion.
As was pointed out in [121] (page 259), by using Brownian motions not depending on
space, “completely unphysical correlations in the random forces at different positions
are introduced”. This crucial point would need further investigations.

Concerning the second question about the variance of the results, we have al-
ready pointed out that using a Brownian motion not depending on space leads to a
reduction of the variance of the velocity u, but an increasing of that on 7,. Thus the
natural question arises to find the best correlation in space, for the discrete-in-space
Brownian, that will lead in fine to the least variance in the result for both w and 7.

The case of the shear flow
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Let us now concentrate on the shear flow case, which will be the framework of
the rest of this article. In this special geometry (see Figure 6.3 below), the transport
term w - VX vanishes on the left hand side of (6.8). Therefore, the streamlines are
fixed, and one can then rigorously define, at the continuous level, the stochastic
differential equation (6.8) for Brownian motions indexed by the space variable y.
A given stochastic differential equation at macro point y does not interact with
another one, at point y' # y, since (6.7) is a point-wise expectation. Therefore,
the continuous solution (u, T,) does not depend on the way the Brownian motions
depend on the space variable y (see Remark 8 in [85]).

Once the system is discretized, in the case of a shear flow and for Hookean dumb-
bells, we have shown in [85] that the convergence of the CONNFFESSIT scheme
towards the unique continuous solution (u,7p) holds, whatever the correlation in
space of the discrete-in-space Brownian motions is.

One aim in Section 6.3 is to contribute to the understanding of all the above
observations and remarks. For this purpose, we consider a simple case, namely the
start-up of shear flow problem which has been considered as a test case in many
papers (see [15,97,121]). In this simple geometry, the Lagrangian and the Eulerian
formulations are the same. The classical approaches adopted in the literature there-
fore amount in this case to the following alternative : the Brownian motions in each
cells of the space discretization are either the same or completely uncorrelated. One
could imagine to use other correlations in space of the Brownian motions, and this
will be investigated in Section 6.3. It would even be possible to introduce correla-
tions in space different from one time-step to another, but we have not considered
this possibility in the following.

6.3 Explicit computations of variances in a simple
case

6.3.1 A simple model : the pure shear flow

In order to simplify the problem and enable explicit computations, we consider in
the following a simple geometry of the flow namely a pure shear flow (see Figure 6.3).
Due to this special geometry, the velocity becomes a one-dimensional variable :

y P
1| u=0 OO

S

inflow
outflow

i,
ol

u=1

FiG. 6.3 — Velocity profile in a shear flow of a dilute solution of polymers.
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§ 6.6.3 : Explicit computations of variances in a simple case

u(t,x) = (u(t,y),0), with the notation & = (z,y), and therefore the convective
derivative w.V is zero. One can thus show that the mass and momentum conservation
equations reduce to a scalar heat equation. In addition to the above simplification of
the geometry, we consider Hookean dumbbells. In the following, in order to simplify
the notation, we choose the following values for the non-dimensional numbers :
Re =1/2, We =1, ¢ =1/2, p = 1. Thus, the system (6.5)-(6.8) can be written in
the following form :

Ou _ P OE(Y:X,(y))
Sy = a—yg(t,y)+a—y, (6.14)
o - (20 Xy, e
dy 2
dy, = —%dterV;, (6.16)

where we have adopted the following notation for the components of X and W, :
X = (X,Y) and W, = (W;,V;). The system of equations is supplied with the
following boundary and initial conditions :

u(0,y) =0, Xo ~ N(0,1), Yo ~N(0,1), (Xo and Y} independent),
u(t,0) = v(t) = vmin(1,10¢/T) , u(t,1) =0,

where 7" denotes the final time of the simulation and v is a constant denoting the
velocity on the boundary, after a transition period in time of length 7'/10.

Note that, as explained in Section 6.2, we may let the Brownian motion W,
depend on space, and more precisely (see discussion above in Section 6.2) on tra-
jectory. In the case that we consider, namely a shear flow, one can simply label the
Brownian motions by the space variable y. The question is therefore how to de-
fine a process (Wi(y))i>0.e(0,1)- We impose the following constraints on the process
(Wt(y))tzo,ye(o,l) :

a) The process (t,y) — Wi(y) is a Gaussian process,

b) For a fixed y € (0,1), t — Wi(y) is a Brownian motion,

¢) The covariance in space E(W;(z)W;(y)) does not depend on the time va-

riable ¢.
Constraint b) is natural. We impose a) and c¢) in order to simplify and enable explicit
computations. These assumptions clearly restrict the field of all possible W;(y) but
we nevertheless believe they are general enough. Note that because of assumption a),
the process W;(y) is completely determined by its covariance function.

We have chosen not to let the Brownian motion V; depend on space since the
process Y; defined by (6.16) can be computed independently of the other unknowns
u and X (see formula (6.24)). This point is of course specific to the Hookean case
and will be modified in the FENE case (see Eq. (6.40) below).

6.3.2 The discretized problem

The CONNFFESSIT method applied to discretize system (6.14)-(6.16) can be

written in the following way : assuming uj, X,Jm and Y are known, find uZH eV,
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such that, for all v € V},,

1 bl _ oy, / Oupy ™ v / v
6t (uh uh)/U - y ay ay ) Th,n 8y ’ (617)

Thyn = Zth no (618)

) aun-‘rl 1 . )
lez n+1 lez,n = ( aI; YJ - QXI]z,n) ot + (Wht +1 Wijz,tn> ) (619)

) 1 .

Vi, -V = —5 Yot + Vi,
The indices n and j respectively denote the time index and the realization index :
we indeed consider R trajectories of the random variables Xh nand Y, (1< j < R).
The time interval (0,7") is divided into N intervals, 6t = T/N and t, = ndt.
The subscript h indicates that we are considering space dlscretlzed variables. The
random variables 7, ,, (or more precisely %Th,n) are approximations of the off-diagonal
component of the stress 7,. The space of discretization V}, is a finite element space.
In the following, we consider V;, = P1, the space of continuous piecewise affine
functions on a mesh of I cells of the interval (0,1) : (yo = 0,y1,...,yr = 1). The

-V). (6.20)

; J J
random variables Xj . 7, and <I/Vh’tn+1

- W,ﬁtn> ~ belong therefore naturally to
Jn
the space 9,V (in our case, 0,[P1 = PO, see Figure 6.4). We can therefore associate to

the piecewise constant in space functions Xj 7 and (W" ijm ) two vectors

htn+1
whose components are the values of these random variables on each cell (Yiz1,Yi)

of the mesh : (XJ )1< 1 and (W] — W ) . Let us make precise that for
1<i<I

Gytn41 i,tn

1 < j < R, the processes (W7, ... ijt’vj)0<t<T
distributed Gaussian processes whose components are standard Brownian motions,
the last one being independent from the first I ones. For a mathematical analysis
of the system (6.14)-(6.16), and the convergence of the CONNFFESSIT method in
this case, we refer to [41,85,102].

We now want to introduce some notation to make precise the dependency on
space of the space-discretized Brownian motion W,z’t. Throughout this section, we

are independent and identically

will omit the superscript 7 which denotes the realization index, since the law of W,it
does not depend on j.

Since we choose a correlation in space which does not depend on time, the para-
meter we will consider in the following is the correlation matrix in space K defined
by

1
Kim = ;E(Wfl,th,t), (6.21)

where 1 <[ < [ and 1 < m < [ denote two cell indices. With a slight abuse of
notation, we denote by W; the I-dimensional process whose components are W;; :
Wy = Wig, ..., Wr4), and thus, K = %Cov(Wt) = %E(Wt ® W;), where ® denotes
the tensorial product (for two vectors a and b in R?, a ®b is the d x d matrix whose
COHIpOIlGIltS are (CLZ‘ bj)lgigd,lgjgd)-
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R iy
7 Zj:l(X;lnYJ’n)

Up=wv

F1Ga. 6.4 — Discretization of v and 7.

If the components of W; are independent, then K = Id and if the components of
W, are the same (W; is not depending on space), then K = J, where J henceforth
denotes the matrix with all components equal to 1.

In practice, in order to build the Brownian motion W, = (Wi, ..., W;,), we
consider a [-dimensional Brownian motion W; (whose components are independent
1-dimensional Brownian motions) and compute W as an image by a linear applica-
tion of W : W, = NW, (N is a I x I matrix such that each line has an Euclidean
norm equal to one). Therefore, K = N(*N). To construct a Brownian motion not
depending on space, one can take N such that N; ; = §; ; and thus K = J (§ denotes
the Kronecker function). To build uncorrelated Brownian motions in space, one can
consider N = Id and thus K = Id.

In our simple case, one can consider that the correlation in space matrix K
is just a numerical parameter. Indeed, we have shown (see Remark 8 in [85]) that
whatever the correlation in space is, the scheme converges towards a unique solution
(u(t,y), E(Y;X:(y)). Therefore, the matrix K (or N) can be seen as another nume-

rical parameter, that can be used to reduce the prefactor in the error O(1/v/R) due
to the Monte Carlo discretization (R denotes the number of realizations).

Note that in our numerical simulations (see Section 6.4), the spatial correlation
of the initial variables is the same as the spatial correlation of the Brownian motions.

This simple problem presents the behavior already noticed in more complicated
geometry : when one goes from K = Id (uncorrelated Brownian motions in space)
to K = J (a Brownian motion not depending on space), the variance on the velocity
uj decreases but the variance on the stress 7, increases (see Section 6.4 and the
curves labelled "Wt(y)’ and "Wt’ on Figure 6.6).

Remark 6 One important remark is that the counterintuitive reduction of variance
on the stress when one takes Brownian motions completely uncorrelated in space
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is intimately due to the coupling (in a probabilistic sense) between the variables u
and X, or in other terms to the nonlinearity of the problem. If one performs the
same simulation, but uses a pre-computed deterministic velocity u in (6.15), then
the variance on 7 is not reduced, which was indeed knwon (see [92]). Let us make
precise this point. First observe that one can compute explicitly the expectations
E(X},Y,) in the simple case of a shear flow, and use this deterministic computations
to obtain a deterministic velocity uy. One can then use this deterministic velocity in
the computation of the stress with a Monte Carlo method in (6.18)-(6.20) and check
that, whatever the correlation in space is, the variance obtained on T for long time
1s about 0.058, which is what we obtained in the worst case for the coupled system
(see the curve labelled "Wt’ on Figure 6.6).

Remark 7 In [7}], the authors have proposed the following explanation for the
unexpected behavior of the variance on the stress : with Brownian motions not de-
pending on space (and accordingly initial random variables not depending on space),
the initial equilibrium distribution may not be correctly sampled. We have performed
the computation with initial random variables uncorrelated in space and Brownian
motions not depending on space and observed the same large variance on the stress,
which seems to indicate, at least in the simple case considered here, that the major
role is played by the space correlation of the Brownian motions and not by the initial
value of the random variables.

6.3.3 Dependency of the variance in term of the correlation
in space

6.3.3.1 Computation of the variances

In the following, we want to explicitly compute the variances of the velocity and
the stress solutions of the system (6.14)-(6.16). In order to enable explicit computa-
tions, we make the following simplifications :

— we focus on the long-time behavior of the system (6.14)-(6.16),

U
— accordingly to the previous assumption, we take Fri 0 in (6.14),

— we consider only the space and Monte Carlo discretized system (no discretiza-
tion in time),

— we consider only one dumbbell (i.e. one realization : R = 1).
We have checked all the conclusions we draw on this simplified case by numerical
experiments on the long-time behavior of the time-dependent problem, for both
Hookean and FENE dumbbells (see Section 6.4 below).

Taking into account these simplifications, we consider, instead of (6.14)-(6.16),
the following system of equations :

Pulty) _ IE(VX.()

ou(t X
dXi(y) = (ué’y)Y;— t(y)>dt+th(y), (6.23)
Y 2
t
Y, = e—3Y0+/ 7 dv, (6.24)
0
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§ 6.6.3 : Explicit computations of variances in a simple case

Accordingly to Section 6.3.2, we consider a P1 discretization in space on a uniform
grid with [ intervals (the space step is 0y = 1/I). Since we consider only one dumb-
bell, we obtain the following discretization of (6.22)-(6.24), written in an algebraic
form :

—MU(t) = Y,BX,+Db, (6.25)
X,
dX, = (YtCU(t) +Y, b, — Tt) dt + dW, (6.26)

where Y is a process with value in R defined by (6.24), U is a vector of size (I — 1)
(because u(y = 0) and u(y = 1) are known) and X; is now a R/-valued process
(the @ — th components is the value of the discretization of X; in cell (y;—1,¥;)).
Accordingly, W, is now a process with value in R/. The matrices M, B and C are
respectively of size (I — 1) x (I — 1), (I —1) x I and I x (I — 1). One can easily
check that, should the grid be uniform or not :

BC =M. (6.27)
Here, we use a uniform grid in space and we obtain the finite differences matrices :
_12 _12 (1) 8 -1 1 0 0
1 1 0 -1 1 0
M = — c. . s B = — ,
oy? 0y :
0 1 -2 1 0 0 -1 1
0 0o 1 =2
10 0 |
-1 1 0
. 1
C = — B = 5— : .. ., :
1o ... -1 1
| 0 ... 0 -1

The vectors b} and b, of respective size (I — 1) and I, depend on the boundary
conditions on w : b} = (v/dy?,0,...,0), by = (—v/dy,0,...,0).
We therefore have :

Ut) = —Y,M 'BX,;+b, (6.28)
X

where by = —M~'b} and by = —CM b} + b, are two vectors depending on the
boundary conditions on u. What can be easily checked is that Bby = 0.

The aim of the remaining of this section is to analyze the covariance of the
random variables U (the velocity) and Y; X; (the stress) in function of the covariance
K in space of W; (see Eq. 6.21). We first remark that the covariance of U can be
expressed in function of the covariance of Y, X, :

Cov(U(t)) = EU®) @U®)—-EU®) QEU(®)),
(M~'B) Cov(Y;X;) {(M~'B). (6.30)
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Let us explain how we can compute Cov(Y;X;) = E(V;X; ® YV, X;) — E(Y; X;) ®
E(Y;X}). First, from (6.29), one can compute the following expression of X :

X, = exp (/OtA(s) ds) Xo + /Ot exp (/:A(u) du) byY, ds
4 /0 exp ( / ) du) aw,. (6.31)

A(s) = —CM'B(Y,)? - %Id.

where

Note that A(t) is a random matrix, which is (Yp, (Vs)s<t)-measurable. The last term

in equation (6.31) makes sense since (Yp, V') (and therefore ') is independent from
Ww.

The main Lemma that will be used in the sequel to compute the variances is the
following :

Lemma 1 The matriz CM 1B can be decomposed as follows :
CM™'B=1d- P,

where Id is the identity matrixz of size I X I and P is the matriz of a projection on

Ker(B).

Proof. The proof uses the fact that BC' = M (see (6.27)). A simple computation
shows that :

(Id—CM'B)(Id-CM™'B)=(1d - CM'B),

and thus P = Id — CM~'B is a projector. Besides, it is clear that Ker(B) C
{z, P(x) = x}. The converse inclusion is also easy to prove : if x is such that
P(x) = x, then CM~'Bx = 0 and therefore, by multiplying on the left by B, one
obtains Bx = 0. In a uniform in space mesh setting, one obtains P = dyJ where J
is the I x I matrix with all components equal to 1. 0

Using A(s) = (Y;)?P — (2 + (Y,)?) Id and the fact that, by Lemma 1, P" = P,
one obtains the following expression of exp ( f: A(u) du) :

exp < / " A(u) du> — (s, )Td + b(s, )P, (6.32)

a(s,1) = exp (-t . 3) exp (— /St(Yu)Qdu) |
b(s,t) = exp (—t 5 S) <1 — exp (- /:(Yu)2 du)) .

where

and
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This leads to the following expression of Y;X; (using the fact that Pby = by) :

t
v, X, = Yt(a(O,t)Ider(O,t)P)XoJrYt/ (a(s,t) + b(s, 1)) Y, ds by
0

+Y; /t (a(s,t)Id + b(s, t)P) dW,. (6.33)

Remark 8 These first computations allow us to explain the dependency of the va-
riances upon the correlation in space of the Brownian motion as follows, at least in
the particular case K = Id or K = J. When the Brownian motions are completely
uncorrelated in space (K = Id), one computes in the velocity equation (6.25) the
difference between two independent random variables divided by the space step. It
1s therefore natural that this induces a variance much more important than in the
case of a uniform in space Brownian motion (K = J). On the contrary, when we

consider the equation (6.33) verified by X, we observe that the term fot b(s,t)P dW;

(we recall that P = éy.J) induces more variance in the case of a Brownian motion
not depending on space for the same reason that, if G* are i independent Gaussian

random variables, Var (Zle Gi> < Var <Zf:1 Gl). Indeed, in the case of comple-

tely uncorrelated Brownian motions in space, the term PdWy = dyJdW, leads to
a sum of independent random variables, whose variance is less than a sum of one
single random variable.

We now turn to the computation of Cov(Y;X;). Using the independence of X,
(Ys)s<t, and (W)s<s, we check that the covariance between any two different terms
of the right-hand-side of (6.33) is null. Therefore, we obtain the following expression
of Cov(Y; X) :

Cov(Y;X;) = E(a(0,t)*Y?)E(X,® Xo) + E(b(0,1)?Y?)PE(Xo ® Xo)'P
+E(a(0,1)b(0,1)Y?) (PE(Xo ® Xo) + E(Xo ® Xo)'P)

t N 2
R (/ exp (—t . ) (VY — E (V) ds) by © by
0

¢ ¢
+/ ]E(a(s,t)2Yt2)dsK+/ E(b(s,t)*Y;?)ds PK'P
0 0

+ /tE(a(s,t)b(s,t)YtQ) ds (PK + K'P). (6.34)

We now want to take the limit ¢ — oo in each of the terms of (6.34).

Using the fact that a(0,¢) < exp (—%) and b(0,¢) < exp (—%), one can see that
the part of the covariance of Y; X; which depends on the initial condition X goes to
zero in the limit t — oo.

One can exactly compute (using the fact that E(Y;?) = 1 and E(Y,Y;) = e~
the part of the covariance of Y; X; which depends on by,. We obtain :

E (/Otexp (—t;‘s) (Y.Y; — E(Y.Y))) ds)2

= 4exp(—2t) (—exp(t)(1 +t) +4exp(2t) — dexp(—3t/2) +1) (6.35)

[s—t|

)
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which tends to 16 when ¢ goes to oo.

One can also show that the other terms in the expression (6.34) of the covariance
of Y;X; have a limit when ¢ — oco. Indeed, the sum of the three last terms of (6.34)
writes :

I(K + PK'P — PK — K'P) + J,(PK + K'P — 2PK'P) + (1 — exp(—t))PK'P

I, = /O exp(—t + $)E (eXp (—2 / t(Yu)Qdu> Y;) ds
Ji = /0 exp(—t + 5)E <eXp (— / t(Yu)2du) Yf) ds.

Clearly, I; and J; are smaller than 1—exp(—t). Hence, it is enough to check that these
terms are increasing to conclude that they have finite limits as t — oo, respectively
denoted by « and /.

To prove that [; is increasing, one can compute the following expression of I; (by
using the change of variable r =t — s and the fact that, by stationarity, (Y, )¢—r<u<t
and (Yy)o<u<, have the same law) :

t t
I, = / exp(—t + s)E (exp (—2/ Yu2 du) Ytz) ds
Ot . s
= / exp(—r)E (exp (—2/ Y2 du) Ytz) dr
0 t—r

= /Ot exp(—r)y(r)dr

where

and

where ¢(r) = E (exp (-2 [, (Y.)?du) Y}?) is a positive function. Using the same
arguments, we obtain for J; :

J; = /Ot exp(—7r)E (exp <— /OT(YU)Qdu) Yf) :

These expressions clearly demonstrate that I and J are increasing.
This shows that, in the limit ¢ — oo, Cov(Y;X;) = 16 by @ by + a1 K + ap( K'P +
PK)+ a3PK'P, and thus (since P =' P),

tlim Cov(V; X;) =16ba @ be + an K + as(KP + PK) 4+ a3 PK P, (6.36)

where o = a, ap = — a and ag = 1 — 23 + « are three positive constants.
Using (6.30) and the fact that BP = 0 et Bby = 0, we obtain :

lim Cov(U(t)) = a1 M 'BK'(M™'B). (6.37)

t—o00

Remark 9 One can compute numerically the values of «;, 1 = 1,2,3. We have
found o ~ 0.26 and 8 ~ 0.39. Therefore a; =~ 0.26, as =~ 0.13 and ag ~ 0.48. Notice
also that oy + 2a + a3 = 1, which will be used later on.
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[t — o0 | Cov(Y; X;) (stress) | Cov(U(t)) (velocity) |
W, 16bs ® by + J 0
Wi(y) | 16by ® by + aqId + (1 — ay)dyJ —ay M1

F1G. 6.5 — Variances of u and 7 (for long time) for a Brownian motion not depending
on space (W;) and for Brownian motions uncorrelated in space (W;(y)). Notice
that the covariance matrices of the stress (resp. of the velocity) are of size [ x [
(resp. (I —1) x (I — 1)) where I = 1/dy.

Remark 10 All the computations we have made in this section can also be done
with a mesh with non-constant space-steps. In particular, Lemma 1 holds with any
mesh in space.

Remark 11 One can notice that the variance on the velocity is not influenced by
the value of the boundary condition v on the wvelocity. This is not the case for the
stress. In our simple case, since by is a constant vector in space which is proportional
to v, we observe that the variance on Y;X; is uniformly in space influenced by v,
and behaves like v? when v — oo. The boundary condition on the velocity therefore
influences in the same manner the variance on the stress, at all points of the domain.

6.3.3.2 Analysis of the cases K =1d and K = J

On the basis of the main two results of the previous section (namely (6.36)
and (6.37)), we can explain the way the variances on U and Y X vary when ones
goes from completely uncorrelated Brownian motions in space (K = Id) to a Brow-
nian motion not depending on space (K = J).

In the case of a completely uncorrelated Brownian motion, we have K = Id and
we obtain Cov(Y;X;) = 16bs ® by + a1Id + (2a3 + a3)0yJ = 16by ® by + ayId + (1 —
ay)oyJ and Cov(U(t)) = —ay M1,

In the case of a Brownian motion not depending on space, we have K = J and we
obtain COV(Y}/X,&) = 16b2 ®b2 + (Oél +20&2 +043)J = 16b2 ®b2 +J and COV(U(t)) =0
(since BJ = 0).

Table 6.5 summarizes the results we have obtained. These results corroborate the
behavior of the numerical experiments and the observations of the authors in [15,74].
In particular, if one considers the variance of Y X at a point in the middle of the flow,
one obtains C'(by) + 1 with Wt and C'(b2) + aq + (1 — aq)dy ~ C(by) 4+ 0.26 4 0.740y
with Wt(y) (where C(by) denotes a constant which depends on by) : the variance
reduces with a Brownian which depends on space (since dy < 1). Note also (see off-
diagonal terms) the strong correlation which is introduced between the variables, at
different point in space, when one uses a Brownian motion not depending on space.

6.3.3.3 Analysis of other correlation matrices A

We now want to further investigate the dependency of the variances in terms
of K. What is of interest is the traces of these covariance matrices (renormalized by
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the number of cells), which measures the variance of the whole variable in space :

Sytr(Cov(ViXy)) = oy + 166y ||ba|* + (200 + a3)dy || PN| %,
= oy + 166y ||ba||* + (1 — 1)y ||PN|)?,

Sytr(Cov(U(t))) = audy ||M*BN]||?,

where ||.|| denotes the Frobenius or Euclidean norm and N is the matrix such that
K = N(*N) (see Section 6.3.2 : N is a I x I matrix such that each line has a norm
equal to one). We have obtained these expressions using some simple properties like
tr(EF) = tr(FE) for any matrices E and F, or P? = P. From these expressions of
the variances, we can deduce the following :

— The minimum of the variance on U is zero and is obtained if and only if the
Brownian motion does not depend on space. Indeed, ||[M~'BN|| = 0 implies
BN = 0, which implies that each line of N is the same.

— The minimum of the variance on Y; X is a; + 16y ||bs||?. It is attained if and
only if PN = 0 (and this is not the case with a Brownian motion not depending
on space). This is equivalent to the fact that the sum of the components within
each column of the matrix N is zero.

Let us now try to determine among all covariances matrices K such that the
variance on Y;X; is minimum, the one that leads to a variance on U(t) that is
minimum.

Variance reduction using only one Brownian motion in space.

In a first step, we solve this question in the case when we use only one Brownian
motion in space to construct K, in order to keep the same computational cost as in
the case of a Brownian motion not depending on space. In other words, we can only
choose +W; or —W; in each cell of the mesh. We can then state the following result :
in case [ is even, using only one Brownian in space, the covariance matrix K defined
by K;; = (—=1)"* is such that, among all K possible such that the variance on X; is
minimum, the variance on U(t) is minimum. To prove this result, one has to notice
that we obtain all the admissible covariance matrices K = N(*N) with the matrices
N of the following form : the first column equal to € = (€, ..., €7) and zero elsewhere,

with ¢; = £1, and Zi[:l €; = 0. The variance on U is then minimal if and only of
the norm of M ~!Be is minimal. But this vector v = M ~!Be can also be interpreted
as the solution in P1 of the finite element discretization of the following problem :

g—;g = g—;, where y € (0,1), with zero Dirichlet boundary conditions r(0) = r(1) = 0.
Since the finite element solution is equal to the non-discretized solution, it is then
obvious that the minimum of the norm of v = M ~!Be is obtained, for example, with
an oscillatory € (e = (1,—1,1,—1,...)). We have plotted on Figure 6.6 the results
obtained on the initial problem (6.14-6.16) in this case of an oscillatory-in-space
Brownian motion (see the curves labelled '+ /- Wt’).

This result is interesting since it shows that, if the aim is to reduce the variance
on Y; X;, one can further reduce the variances on both U(t) and Y; X;, compared with
the case of an uncorrelated Brownian motion (compare the curves labelled '+ /- Wt’
and "Wt(y)’ on Figure 6.6), and this using only one Brownian motion in space.

Remark 12 One could arque that the reduction of variance on the stress obtained
by using Brownian motions uncorrelated in space is due to a kind of law of large
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numbers : we introduce more random numbers and therefore we reduce the variance,
with of course more costly simulations. We have shown in this section that this
arqgument does not hold, since the variance on Y X can even be more reduced, using
only one Brownian motion in space.

Remark 13 This reduction of variance using an oscillatory Brownian motion in
space reminds us of the antithetic variables method, classically used in Monte Carlo
simulations to reduce the variance.

Variance reduction using arbitrarily many Brownian motions.

In a second step, we allow for the use of an arbitrary number of Brownian mo-
tions. We can reformulate the minimization problem we consider in the following :
Minimize tr(M'BK(*B)(*M~')) among the matrices K such that :

— K is a symmetric matrix of size I x I,

— K is positive,

o VZ7 Ki,i = 17
— tr(KP) = 0 (we recall that P is the orthogonal projector on the vector of size
I:(1,..,1)).

This problem has a solution, since we minimize a linear function on a bounded
convex closed set. We have solved this problem with the function ’lmisolver’ of Sci-
lab (also available in the LMITOOL library for Matlab). This function makes use of
interior point methods and has polynomial complexity (see [149]). The time required
to compute the matrix K is less than one second for I = 10, which is negligeable
compared with the resolution of the physical problem (6.17)-(6.20). We have used
the covariance matrix obtained to construct a Brownian motion and perform a si-
mulation on the initial time-dependent problem (6.14)-(6.16). The results plotted
on Figure 6.6 show that we have indeed further reduced the variance on U(t), with
an optimal variance on Y;.Xj;.

6.4 Numerical simulations

6.4.1 Hookean dumbbells

We here present some simple numerical experiments performed in the case of a
pure shear flow with Hookean dumbbells on a uniform mesh (see Eq. (6.17)-(6.20)).
The numerical parameters are : the number of cells I, the number of time step
N, the number of realizations R, and the number of independent tests NbTest we
have performed in order to estimate the variances. The physical parameters in all
the simulations are : v = 1 (velocity on the boundary), 7" = 5 (final time of the
simulation), € = 0.9, Re = 0.1, We = 0.5.

We can observe that, replacing a Brownian motion not depending on y (see the
curves labelled "Wt’ on Figure 6.6) by Brownian motions completely uncorrelated
in space (see the curves labelled "Wt(y)’ on Figure 6.6) results into :

— an increase of the variance of u (velocity) (the variance is multiplied by a factor
of 250 for short times and 10° for long times : in fact, in case of a Brownian
motion not depending on space, we have observed on our simple case that the
variance on u seems to tend to zero as t goes to infinity),

177



Chapitre 6 : Analyse d’une méthode de réduction de variance

— a decrease of the variance of 7 (stress) (the variance is divided by about 5 for
short times and 2 for long times).
We here observe, in our simple geometry, the same behaviour as other authors
already noticed in more complex flows (see [15,74]) which legitimates a throughfull
study of the 1D case.
We have also plotted on Figure 6.6 the results obtained with an oscillatory-in-
space Brownian motion, and with the optimized covariance matrix.

6.4.2 FENE dumbbells
In the FENE case, the equations (6.14)-(6.16) become :

du u d Xi(y)Yi(y)

G = Gt GE (v (6:38)
iX(y) — (6ué2 y)Yt(y) B %1 _ (Xt(gj)(é(i)n(y)Q)/b> dt + dW,(y) ,(6.39)
Wiy) = — 46) dt + dVi(y) (6.40)

21— (X,(y)2 + Yi(y)2)/b

One can notice that we may now let the Brownian motion V; which acts on Y;
depends on space, since Y; naturally depends on space.

Because of the nonlinear drift in the stochastic differential equations (6.39)-
(6.40), we are not able to conduct the arguments of Section 6.3, even for this simple
geometry. However, we have tested our three main correlations in space investigated
in the Hookean dumbbell case, in the FENE framework (see Figure 6.7) : Brownian
motion not depending on space, uncorrelated Brownian motions in space, and oscil-
latory Brownian motion in space. In our simulations, the parameter b is equal to 20.
Let us make precise the oscillatory Brownian motion we consider : to be consistent
with the Hookean dumbbell case, we have taken alternatively (W;, V;) and (=W, V;)
from one cell to another. Note that according to numerical experiments, taking alter-
natively (W;, V;) and (—W;, —V;) does not reduce the variance of the stress compared
with the case of Brownian motions not depending on space. It seems that the product
of the Brownian motions driving X; and Y; has to be alternating in space to reduce
the variance of the stress.

For example (see Figure 6.7), if one uses an oscillatory Brownian motion in space
instead of a Brownian motion not depending on space, for short time (¢ = 0.12),
the variance on the velocity is only multiplied by 3 but the variance on the stress is
divided by 6, and is even better than for uncorrelated Brownian motions in space,
which yet corresponds to a more costly simulation. To enable comparisons between
the FENE case and the Hookean dumbbell case, notice that for FENE dumbbells,
the value of the stress at ¢ = 5 is about —0.73, compared to —0.9 for Hookean
dumbbells.

We can then draw the following conclusion : using only one Brownian motion in
space (and therefore at a fixed computational cost), one can reduce the variance on
7 compared to the case of a Brownian motion not depending on space, by using an
oscillatory Brownian motion in space.
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F1G. 6.6 — Variances of u and 7 (versus time) for different correlations in space : solid-
line=Wt : a Brownian motion not depending on space; long-dashed-line=Wt(y) :
completely uncorrelated Brownian motions in space ; short-dashed-line=+/-Wt : an

oscillatory Brownian motion in space ; dotted-line=Wt optim : results obtained with
an optimized correlation matrix.
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Fi1G. 6.7 — In the case of FENE dumbbells : variances of v and 7 versus time for
different correlations in space : solid-line=Wt : a Brownian motion not depending
on space ; long-dashed-line=Wt(y) : completely uncorrelated Brownian motions in
space ; short-dashed-line=+/-Wt : an oscillatory Brownian motion in space.
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| t — o0 || oy tr(Cov(Y;X,)) (stress) | oy tr(Cov(U(t))) (velocity) |
W, O(1) 0
Wi (y) o(1) O(6y)

F1G. 6.8 — Dependency of the variances of u and 7 (for long time) with respect to
0y.

6.5 Related issues

6.5.1 Dependency of the variances with respect to the space
step dy

In Table 6.8, we give the dependency of the variances of Y; X; and U(¢) for long
time in our simple case. To derive this results, we have used the fact that by = O(1)

and M~! = O(dy). These last results can be numerically checked by observing that
by = (—1,~1,..,—1) and (M), = -4,

I3

Remark 14 In case of uncorrelated Brownian motions in space, we observe that the
velocity becomes deterministic in the limit 6y — 0. This can be formally explained
i our simple case by the fact that the velocity is an integral over the space of Y; Xy :
therefore, a kind of law of large numbers occurs when dy — 0.

6.5.2 Some remarks concerning the bias

The problem we consider is non-linear in the Mc Kean sense, since all the dumb-
bells are coupled through the velocity. Therefore, the law of each dumbbell de-
pends on the total number of dumbbells R : to stress this dependency, we denote

(X7 Y™ the end-to-end vector of the j-th dumbbell and XY, = L DDA, i i
the estimated stress. In general, this estimated stress is biased i.e. E(Wf) =

E(X7RY7R) £ E(X,Y;), where (X,,Y;) is solution of (6.14)-(6.16). From a numeri-
cal point of view, one may compute the empirical mean of the estimated stress over

NbTest independent experiments grr— St X Yf ’k, with the same number R of
dumbbells.

The error induced on the stress can be decomposed as follows :

NbTest

1 —— Rk ——R
Xyt = (EXY —IE(XY ))
NbTest ; ¢ (Xi¥7) t

R 1 NbTest RE
E (XY ) _ XYy oR
+< ¢ NbTest Z t >

E(X:Y:) —

The second term is the statistical error induced by the Monte Carlo method. The
first term is a deterministic error, called the bias, which comes from the fact that
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Fi1G. 6.9 — Error between the estimator of 7 and its exact value, at y = 0.5, in the
Hookean dumbbell case.

the random variables X7 et Y7 are coupled (through the velocity). We have
numerically observed a bias which is O (%) (see the values obtained for ¢t = 0.1
on Figure 6.9), which seems to be usual for this kind of coupling. In order to un-

derline this dependency, we have performed a huge number of independent tests
(NbTest = 10000000) to distinguish between the bias (which is typically O (}%))

and the statistical error (which is typically O <\/LR> for one single test). We also
observe that for long time, the bias vanishes.

From this numerical observation, one can give an answer to the following classical
question : in order to reduce the variance on the result, is it preferable to increase the
number of dumbbells (R) or the number of tests (NbTest) ? Since the bias is O ()

. . . 1 .
and the statistical error is O (W)’ it does not make sense to choose NbTest

such that NbTest >> R. Note that this conclusion also holds when one takes into
account the computational cost for it is linear in both R and NbTest, since there
are no complex interactions between the dumbbells.
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The fact that the statistical error dominates the bias also shows the importance
of understanding the variance of the results.

6.6 Conclusions

In this paper, we have explained what kind of dependency in space of the Brow-
nian motion is natural to adopt in the micro-macro modeling of polymeric fluids,
namely some Brownian motions dependent in space through the Lagrangian trajec-
tories of the flow.

We have then considered the pure shear flow for one single Hookean dumbbell
in the long time limit and we have been able to prove on this simple case that :

a The variance on the velocity « is minimum when one considers a Brownian

motion which is constant in space,

b The use of uncorrelated Brownian motions in space is not the best correlation
in space to consider, if one wants to reduce the variance on the stress 7; the
use of an oscillatory-in-space Brownian motion is optimal as far as the variance
on the stress is concerned,

¢ It is possible to reduce the variance on 7, compared to a Brownian motion
which is constant in space, and this with the same computational cost.

On the simple case of a shear flow with Hookean dumbbells, we have checked by
numerical experiments that point (c¢) above holds on the time-dependent problem,
which validates our approach. We have also verified point (c¢) in the FENE case.

This analysis has shown the importance, for the variance of the results, of the
interplay between the correlation matrix in space of the Brownian motions at the
microscopic level and the matrices of the discretization of the differential operators
at the macroscopic level.

As byproducts of our analysis, we have shown that :

— on our simple case and in the long time limit, the boundary condition does
not influence the variance on the velocity but influences the variance on the
stress, in the same manner at all points of the domain,

— on our simple case and in the long time limit, when one uses uncorrelated
Brownian motions in space, the variance on the velocity goes to zero when the
space-step 0y goes to zero, )

— since we have numerically observed that the bias is O (E) and the statistical

error is O (ﬁ), where R denotes the number of dumbbells in each cell
and NbTest the number of independent tests performed with R dumbbells, it

does not make sense to choose NbTest such that NbTest >> R.
We have summarized these conclusions in Tables 6.10 and 6.11.

Acknowledgments

This work has been inspired by a question asked by Roland Keunings, and initiated
during the CEMRACS 2001 summer school with the contribution of Adrien Leygue.
It is a pleasure to warmly thank these colleagues for their help as well as for their
critical reading of a preliminary version of the manuscript.

183



Chapitre 6 : Analyse d’une méthode de réduction de variance

Rigorously proved

Numerically
checked

Admitted in the
literature

The dependency in
space of the Brownian
motion does not
influence the
continuous solution.

Shear flow with
Hookean dumbbells
or any flow with
regular solutions and
trajectorial
dependency.

Any geometry,
any spring, [82].

The CONNFFESSIT
method converges to
a unique continuous
solution whatever the
dependency in space.

Shear flow with
Hookean dumbbells.

Shear flow or 4
to 1 contraction
or journal
bearing,
[74,82,98].

Any flow, any
spring, but a
question
in [121].

A Brownian motion
not depending on
space reduces the
variance on u, but

increases the variance
on T.

Shear flow for long

time and Hookean
dumbbell, R = 1.

Shear flow or 4
to 1 contraction
with Hookean
and FENE
dumbbells,
[15,74].

One can reduce the

variance on 7 with

one single Brownian
motion.

Shear flow for long
time and Hookean
dumbbell, R = 1.

Shear flow with
Hookean and
FENE
dumbbells.

F1G. 6.10 — Summary of the principle results : part 1.
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Rigorously proved

Numerically
checked

Admitted in the
literature

The boundary

conditions influence
the variance on 7 but

not on u.

Shear flow for long
time and Hookean
dumbbell, R = 1.

Shear flow with
Hookean and
FENE
dumbbells.

The variance on w is

O(dy) with
uncorrelated

Brownian motions.

Shear flow for long
time and Hookean
dumbbell, R = 1.

Shear flow with
Hookean and
FENE
dumbbells.

The bias is O(1/R).

Shear flow with
Hookean
dumbbells.

F1G. 6.11 — Summary of the principle results : part 2.
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Chapitre 7

Convergence d’une approximation
particulaire pour FENE-P

Ce chapitre est une version étendue d’un article soumis a Stochastic Processes and
their Application. 11 s’agit de prouver la convergence de I'approximation particulaire
du modéle FENE-P. On s’intéresse ici a I’équation différentielle stochastique dans
un écoulement homogene.
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Convergence of a stochastic particle approximation
of the stress tensor for the FENE-P model

Benjamin Jourdain, Tony Leliévre

We are interested in the FENE-P micro-macro model of polymeric fluid.
This model couples a nonlinear stochastic differential equation ruling the
evolution of the polymers at the microscopic level and a partial differential
equation prescribing the evolution of the velocity and pressure at the ma-
croscopic level. In this paper, we suppose that the velocity field is known
and we analyse the nonlinear stochastic differential equation. We prove exis-
tence and convergence of a stochastic particle approximation and deduce
the convergence of the approximate macroscopic stress tensor.

Keywords : FENE-P model, particle approximations, nonlinear stochastic diffe-
rential equation, propagation of chaos.

7.1 Introduction

Some models of polymeric fluids are based on the coupling of a stochastic diffe-
rential equation (SDE) which rules the evolution of a vector representing the polymer
in the flow (a microscopic parameter), and a partial differential equation (typically
Navier-Stokes equation with an additional term depending on the microscopic pa-
rameter) modelling the evolution of macroscopic quantities in the fluid (velocity,
pressure) (see [13,120]). In these so-called micro-macro models, the microscopic
quantities influence the macroscopic ones through the stress tensor, and the macro-
scopic quantities intervene in the evolution of the microscopic unknowns through
transport and friction.

The vector X representing the polymer in the flow at the microscopic level gives
the orientation and the length of the polymer (see Figure 7.1) which is modelled
by two beads linked by a spring. Three forces act on each bead : a drag force, an
entropic force modelled by the spring, and a Brownian force due to the thermal
agitation of the molecules of the solvent.

Writing down the Langevin equation on each bead in a given velocity field u(t, ),
one obtains by difference the following stochastic partial differential equation on the
vector X () (see [13,120]) :

1
2We

1
Twe W
(7.1)

where x denotes the space variable, We the Weissenberg number, W a Brownian
motion not depending on @& and F' the entropic force between the two beads. Here
and in the following, we write all the equations in a non-dimensional form and we
suppose that X € RY with N =2 or N = 3. The contribution 7, of the polymers
to the stress tensor is then :

dX(z)+u(t,z).VX(x)dt = (Vu(t,az)Xt(a:) — F(Xt(w))> dt+

(1, ) = % (E (X i(z) © F(X(x))) - 1d) (7.2)
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F1G. 7.1 — The polymer (in dashed line) is modelled by two beads linked by a spring,
and the length and orientation of the polymer is given by the so-called end-to-end
vector X.

where € denotes the ratio of the viscosity due to the polymer over the total viscosity
of the liquid.

In the following, we consider that the velocity field w is regular enough (say C')
so that one can use the characteristic method (by integrating the vector field u) to
rewrite equation (7.1) in the following form, for each characteristic :

iX, — (G(t)Xt - LF(Xt)) dt +

T AW, (7.3)

1
v We
where G : R, — RY*¥ In the following, we suppose that

G is a locally bounded fonction of time on R, . (7.4)

Notice that the process X in (7.3) is labelled by the characteristic (see [83]). In the
following, we therefore consider one process X, on a fixed characteristic, for a fixed
velocity field (see also Remark 21).

A typical example for the entropic force is a linear force, F/(X) = X : this leads
to the the so-called Hookean dumbbell model. For an analysis of the coupling of
the SDE in this case with a PDE on the velocity of the fluid w, we refer to [85]. In
order to take into account the finite extensibility of the polymer, Warner (see [151])
introduced the Finite Extensible Nonlinear Elastic (FENE) model which consists in
choosing the following force law in the dumbbell :

X

T T

(7.5)

This model gives better results than the Hookean model compared to experimental
results. In the case of the FENE model, the SDE for the end-to-end vector X, of a
dumbbell is then :

1 X, 1
dX,=(GH)X, - dt + ——dW .
t ( (1) X, 2We1—|\Xt||2/b> +\/vW t (7.6)
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where v/b denotes the maximal extensibility of the polymer. For an analysis of this
SDE, we refer to [84].
The contribution 7, of the polymers to the stress tensor is then :

€ X:® X,

= (B (Zirs) 1) 0
To date, it is believed (see [13] p. 89) that it is not possible to obtain a closed
consitutive equation for the FENE model. In other words, one cannot find a partial
differential equation (PDE) on 7,. This is a problem when one wants to compare
these micro-macro models with classical macroscopic models (for example Oldroyd
B, PTT or Giesekus models, see [12]) which are usually based on a PDE written on
the stress tensor. From a numerical point of view, these macroscopic models are also
interesting since the computational cost to simulate them is less than for models
based on microscopic equations. Following the ideas of Peterlin (see [123]), Bird et
al. (see [14]) then suggested to consider a force law with the square of the length of

the polymer in the denominator of (7.5) replaced by its expectation :

Xy
F(X,) = , 7.8
A (AR )
where X, is therefore solution of the following SDE :
1 X, 1
dX, = Gt) X, — dt + —dW,. 7.9
= (0%~ s ) A 09

This is the so-called FENE-P model (see [14,43,89]). Notice that this SDE is nonli-
near in the sense of Mc Kean because of the presence of the expectation of the square
of the solution norm in the denominator of the drift coefficient. In Section 7.2, we
prove existence of solution to (7.9).

With this closure approximation, one can thus show that the stress tensor 7,
obtained by the following formula :

¢ ([ EXi9X)
™= We (1—E<r|xt\|2>/b Id) (7.10)

can be obtained equivalently by solving a nonlinear PDE. Indeed, one can easily
show (at least formally) that A(t) = E(X,; ® X;) is solution of :

dA(t) 1 A(t) 1

g = GOAN+AOGO - g a7 T We

Id (7.11)

A
and then recover T, = V\ie (1 (A Id).

Remark 18 This closure approximation does not yield valid results compared to the
FENE model at zero shear rate. Bird (see [13] page 89) suggested to modify (7.10)
by adding an isotropic constant tensor to preserve the right values at equilibrium.
We will not go here into the details of the improvements of the FENE model (see
also [29] and the FENE-CR model, or [104] and the FENE-L(S) model).
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For the computation of the FENE-P model, some authors (see for example [89])
have compared the PDE approach and the Monte-Carlo approach based on the
following system of SDEs (see details about the CONNFFESSIT method in [97,98,
121] for example) : V1 < i < M,

, A 1 XM 1 .
dXM = [ G XM — C— dt + ——dW'?  (7.12
! ( DX e 1—%25&\|X?M|\2/b> A

where (W") <i<ar denotes a collection of M independent Brownian motions. The
stress tensor is then approximated by the empirical mean :

c ﬁ sz\il (X;M ® X;M)
oo We | 1= LM IXPM12/b

(7.13)

After studying (7.12) in Section 7.3, we prove our main result in Section 7.4 :

Theorem 8 Assuming (7.4) and under suitable hypothesis on b and the initial
conditions Xy and X (see (7.35) and (7.38)), we have, ¥t > 0,

lim E |7 (t) — 7,(t)| =0, (7.14)

M—o0

where T is defined by (7.13) and T, is defined by (7.10).

p

Remark 19 These kinds of mean-field interactions in the framework of fluid me-
chanics occur not only in the case of closure approrimations, but can also be relevant
from the physical point of view, for example in the case of liquid crystal polymers
(cf. [120] p. 114 and 252-255, or chapter 10 of [39]). We intend to generalize the
results obtained here for the FENE-P model also for these models.

Remark 20 Since for the FENE-P model, the stress tensor can be computed from
the PDE it solves, the FENE-P particle approzimation of the stress tensor can be
used as a control variate for the computation of the stress tensor in the FENE
model. Of course, one then takes the same driving Brownian motions for the FENE
and the FENE-P SDEs (see [15] for the use of control variates in CONNFFESSIT
simulations).

Remark 21 (Homogeneous flows) If u(t,z) = k(t)x, together with a pressure
p(t, ), solve the original Navier-Stokes equations (without the term div (7)), then
Vu(t,x) = k(t) does not depend on space. Therefore, (7.1) reduces to (7.3) with
G(t) = k(t) and the tensor T, does not depend on space. As div (1,) = 0, the
momentum equation on u reduces to the original Navier-Stokes equations. Therefore,
(u, p, Xy) solves the micro-macro system (see formula (1.8) in [85]). In other words,
in the homogeneous flow case, there is only a one-way coupling : the velocity field is
not influenced by the microscopic variables.
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7.2 Continuous level : the nonlinear SDE

Definition 3 A (F;)-adapted process (X¢)i>o is a global solution to (7.9) if, ¥t > 0,

( sup E(HXSH2) < b, and, P-a.s.,
0<s<t
/t ||Xs|| ds < oo
o 1—E(||X[?) /b ’ (7.15)
X X+/t<G()X 1 X )d+ L w
= S s — s o ‘
S 2We 1—E (|| X.]?) /b e

We shall prove the following result :

Proposition 3 Assume (7.4) and E(||X[|*) < b then (7.9) admits a unique solu-
tion in the sense of Definition 3.

Remark 22 Going through the proof of this Proposition, one can notice that uni-
queness for solutions such that E(||X||?) < b also holds when replacing the first
requirement on (X) in (7.15) by the weaker requirement :

sup E (|| X,|]?) < oc.
0<s<t

To prove Proposition 3, we proceed in two steps. First we prove an existence result
on the equation verified by E(X; ® X;). Then we prove existence and uniqueness
of solutions to (7.9).

Let us introduce the following ordinary differential equation, defined for a time-
dependent N x N matrix A(t) :

dA(t
# = G(t)A(t) + At)G(t)"
A(0) =E(X(® Xo).

AR 1
T We 1= w(AD) /b We

(71

Definition 4 Let X be such that E(||X|[?) < b. A continuous (RY*N)-valued
function (A(t)) is a solution to (7.16) on [0,T) if, VO <t < T,

sup tr(A(s)) <b,

0<s<t

A(t) = E(Xo ® Xo) + /O G(s)A(s) + A(5)G(s)T — V\lfe — tijég))/b ds + V\tfe
(7.17)

Proposition 4 Assume (7.4) and E(||Xo||?) < b. There exists a global-in-time
solution (A(t))i>o to (7.16) such that, Vt > 0, A(t) is a symmetric non-negative
matriz. Moreover, any other solution on a time interval [0,T') coincides with A(t) on
[0,T). In addition, A(t) is the unique solution of the following ordinary differential
equation :

dA(t) _ 1 (t) 1

A0) = A(0); ——= =G)A(t) + A(t)G(t>T T We l_— tr(A(t))/b * We

Id.
dt d

(7.18)
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Proof. Let us consider the ordinary differential equation (7.16). Using hypo-
thesis (7.4), it is clear that the application

1 A . 1

We 1 —tr(A)/b We

is locally Lipschitz w.r.t. A on Ry x (RVN\ {M € RV*N | tr(M) = b}). Therefore,

by the Cauchy theorem, there exists a unique solution to (7.16) in the sense of
Definition 4 on a maximum time interval [0,7*) such that :

(t,A) — G(1)A + AG(t)" Id

if T* < oo, then lim;_p- tr(A(t)) = b. (7.19)

By the uniqueness result of the Cauchy theorem, it is clear that this solution
is symmetric (A = A”) since if A(t) is solution of (7.16), A(t)T is solution of the
same equation, with the same initial condition.

We shall now prove that the solution A(t) to (7.16) is necessarily non negative.

Let us introduce the process Y such that Yy = X, and Y is solution to the
following SDE :

1 Y, 1
dY, = (G(t)Yt - ST tr(A(t))/b) dt + W (7.20)

It is clear that there exists a solution to (7.20) on the time interval [0,7*) and that
t — E(]|Y¢]?) is locally bounded on [0, T*) since the application

1 Y
©2We 1 — tr(A(t))/b

(1Y) — G()Y

is Lipschitz and with linear growth w.r.t. Y locally in time on [0,7%). Let us now
consider A(t) = E(Y, ® Y},). One can easily check by Itd’s calculus that A(t) is
solution of (7.18) on [0, T*). As the right-hand side of (7.18) is affine w.r.t. A, with
coefficients bounded locally in time on [0,7™), uniqueness of solution to (7.18) on
[0,7*) holds and thus

Alt)=E(Y,®Y,)
and therefore A(t) is a symmetric and non negative matrix on [0, 7).

We shall now prove that T™ = +oc0. Let us suppose that 7™ < co and obtain a
contradiction. We notice that Tr(t) = tr(A(¢)) is solution of the following ODE :

dTr(t) 1 Tr(t) N N
dt We 1 —Tr(t)/b We'

= tr (G(t) + G()T)A(t)) (7.21)

One can check that there exists C' > 0 such that, for any symmetric non negative
matrix A,

tr ((G(t) + G(t)T)A) < ClIG(t)||tr(A).
This can be proved using the fact that, for a symmetric non negative matrix A,
Vtr(A?) < tr(A). Therefore,we have :

dTr(t) 1 Tr(t) N
i = CIGOITW ~ o= amn t we

(7.22)
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By (7.19), we have Vt € [0,7*), Tr(t) € [0,b) and lim; 7~ Tr(¢t) = b so that,

1 Tr(t) N N
We 1 —Tr(t)/b We

Jim CllG@)[[Te()

—0Q,

and therefore there exists € > 0 such that Vt € (T* — ¢, T%), @ < 0. This is the
desired contradiction and shows that 7™ = oo.
One can finally easily show uniqueness of solution to (7.16) on any interval [0,T)
by the uniqueness result of the Cauchy theorem.
O

The proof of Proposition 3 is now straightforward. One considers the solution
A(t) to (7.16) we have built in Proposition 4. It is then easy to find a solu-
tion Y, to (7.20) defined on R;. By uniqueness of solutions to (7.18), we obtain
A(t) = E(Y; ® Y,). This shows that Y is solution of (7.9) in the sense of Defi-
nition 3. Uniqueness can then be deduced from the fact that if X, is solution to
(7.9) in the sense of Definition 3, then, by Ito’s calculus, E(X; ® X;) is solution
to (7.16). Therefore, E(X;® X ;) = A(t) where A(t) is the unique solution to (7.16).
Uniqueness of the solution X, to (7.9) therefore follows from uniqueness of solutions
to (7.20).

7.3 Discrete level : the particle system

We prove existence of solutions to (7.12) and study some properties of these
solutions, which will be useful for the proof of Theorem 8 in Section 7.4. Hence-
forth, (W73);>1 denote a collection of independent Brownian motions, and (X7);>1
an independent collection of initial random variables. Notice that the case M =1

coincides with the FENE model, studied in [84, 86].

7.3.1 Existence of solutions to (7.12)

We consider the system of SDEs (7.12) and prove existence and uniqueness of
solution.

Definition 5 We shall say that the (F;)-adapted process (X" )1<i<pr (with value
in RY*M ) s solution to (7.12) if, P — a.s., Yt > 0,

—
/t > I XM
0

1= LS X1/
t
XM= X4+ / (G(S)XQM —
0

ds < oo and, V1 <1 < M,

1 XM

1 .
: ds + ——=W,.
We 1= L3 ||X3M||2/b> AT

Proposition 5 Assume (7.4), Mb > 2 and that, a.s., %Zf\il || X5]> < b. There
exists a unique solution (X™)icicyr to (7.12) in the sense of Definition 5. In
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addition, this solution is such that

M
1 SOp X

Moreover, for any r > 1, if

p
b>2(r+1) and supys E ( T 11 e /b) < oo, for some p >r, (7.23)

then

1 "
t = supys, B (Pﬁ s HXZ"MIIQ/b) is locally bounded. (7.24)

Remark 23 If moreover the initial conditions (Xf))izl are i.1.d., then the particles
(X;’M)lgiSM are exchangeable and, ¥t > 0,

E(| X M%) ( ZHXlM > (7.25)

Proof. Let us introduce the process (X "™}, <<y solution of

=Xy s)AsT T , s t
: W max (1 - & LM X/ L) ) Ve

and the stopping time 7, = inf {t, -+ MOXEM2 > b(1 - 1/n)} By continua-
tion of the solutions (X ""™), <<y considered on [0, 7,), one easily obtains a solution

(X7 1<icur to (7.12) on [0, 1imy oo 7).

Let us now introduce .
1 ,
M _ 6, M2
= M;HXt 1% (7.26)
By It6’s calculus, one obtains that RM is solution of the following SDE on [0, lim,, .o, 7,,) :
1 RM N
M %, M 1, M
= XY s) XY d

Rt / ( Z ) We 1 — RM/b ) o
+— v RM dBq, 7.27
vWe M /0 (7.27)

with (B;) a Brownian motion defined by

M i, M2 t
B, — / (=M1 x 01250 ZXZ MW 4 /
VI X

1
=M, xi p=ey dWs.
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We will use the fact that VX, |X.(G(1)X)| < £||G)]]||X]|]* with C > 0 a
constant, and we denote in the following g(t) = C||G(t)]|.
Let us now introduce pM a stochastic process solution of the following SDE :

t 1 pM N ) t
M M M s
=R —i—/( s)py ds — + )ds—l——/ v pM dB;.
pt 0 0 g( )p We 1— péw/b We /—We M 0 1Y
(7.28)
Notice that one can build a process pM weak solution to (7.28) by considering the
solution (Y?M)lgl‘SM of the following system of SDEs :

Y= X{+ / t O - vo ds + ——W!
e L\ TaWe i e ) T Ve
(7.29)

and then considering pM = L S ||V }M]|2. By using the fact that Mb > 2 and
that ¢ is locally square integrable and by following exactly the lines of the proof of
the existence of a solution for the FENE model (see Section 2 in [86]), it is easy to

show that (7.29) admits a solution (Y?");<;<ys defined on R, and such that

P(3t > 0,p) =b) =P(3t > 0,pM =0) = 0.

Moreover, using (7.23) and following the proof in Section 2 of [86], we have

t— E (#ﬁ”/b) is locally bounded, uniformly in M.

Existence of a strong solution to (7.28) follows then from Yamada-Watanabe theorem
since pathwise uniqueness holds for solutions with paths in C(R*, (0,b)).

Let us prove this last point. Let us consider two solutions (p;) and (p;) to (7.28)
with same initial condition and same Brownian motion, and with paths in C(R™, (0, b)).
By Corollary 3.4 page 360 in [134], we know that L°(p — p) = 0. Therefore, by Ta-
naka’s formula (see Theorem 1.2 p. 207 in [134]) :

t
(pe — ,5t>+ = / 1p52ﬁsd(P —D)s
0

< [ o=t ds+ <= [ (Vi - V) B,

where we have used the fact that r — is increasing on (0,b). We know that

r
1—7r/b
p and p are bounded so that :

Ep — )" < / 9(5)E(p, — )" ds.

Using Gronwall Lemma and the fact that g is locally integrable, we therefore obtain
that p < p. It is clear then that we also have p < p and therefore pathwise uniqueness
holds for (7.29).
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Using exactly the same proof as above on [0, lim,, .., 7,,) with R™ and p* repla-
cing p and p, it is easy to show that V¢ € [0, lim, o 7,),

RM < pM. (7.30)
Since a.s. p™ € C(R,, (0,b)), we deduce from (7.30) that a.s. :

lim 7, = occ.

n—oo

This also shows (7.24).
To conclude the proof, one needs to show pathwise uniqueness of solutions
o (7.12), but this can be easily done using the same proof as in Lemma 1 of [86]. O

7.3.2 Properties of solutions to (7.12)

Let us now introduce p° solution of the following ODE :

t 1 P N
© = (|| X2 / < ds — - ds. 31
= s+ [ (somas - o ) d (@)

We suppose that E(||X||?) < b. Using the fact that ¢ — g(t) is locally bounded

p N
P Wel— p/b * We
goes to —oo when p tends to b~, and to % > 0 when p tends to 07, it is easy to
show that (7.31) admits a unique solution defined on R, and with values in (0, ).
We will use the following lemma :

Lemma 19 Let us suppose (7.4), b > 2, E(||X311?) < b, E(||X3l|*) < oo and that
the initial conditions X are i.i.d.. We have, ¥t > 0,

and the fact that, V¢ > 0, uniformly in s € [0,t], p+— g(s)

B (sup((t - 7)) < 7 (732

s<t

where C(t) depends on b, Var(|| X j||?) and ||G]].

Proof. By Ito’s calculus, one obtains :
2
¢
M 00\ 2 2 M 00 M 00
(i =) = ( ZIIX 1* = E(]| X )) +2/(ps —p)d(p™ = p>)s
0
M
d
WeM/p s
2
1 . ! o
< (MZHXOHZ E(|| X || )) +2/ 9(s)(ps" = p3°)? ds
0
M ds + / s — PN/ pM dB;.
WM/ WeMo(p PN P

+
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So that :
Var(]| X | %) ! 4b
E M_px)2) < 22007249 / E - ds + t
(021;(& ps) ) < 7 i 9(s) Oiggs(p P ) ds+ g
4 S
+———=E|( su / M _ )/ i‘”dBr).
We M <0§32t 0 (v PrIV P
Using Burkholder-Davis-Gundy inequality, we have :
E(sup/ — PN p dBr < CE \// (pM — pee)2pM dr
0<s<t
< C’\/_\// sup ( —p;?o)Q) ds
0<r<5
< C\/_<—+—/ (sup —pr))ds>
0<r<s
so that,
(o )= )
E{ su — ps < / 29(s) + E{ su - py ds
(0<sgt<p p) ) 0 ( 9(s) We 0<rI<)s(p o)
1 (4 4CVb
— | =t + — + Var(||X}]]P) | .
— <We + e Va( || >>
Using the fact that g is locally integrable, we then obtain, by Gronwall Lemma,
C(t)
K (su < —. 7.33
<S<1§(p ps))_ i (7.33)
It is then easy to prove (7.32) using (7.30) :
(R = p2)T < (RS = pd) T+ (o = o) < (" = p20)™
U

Let us now generalize (7.25) and control the moments of X} :

Lemma 20 Let us assume (7.4). Let p > 1 and suppose that E(|| X ||*") < b. Then
Vi >0,
sup sup E (|| X LM|[|*) < Cy(t). (7.34)

M>1 s<t

where Cy(t) depends on ||G|| and b.

198



§ 7.7.4 : Convergence of Ti,” towards T,

Proof. By Itd’s calculus, we have :

t
XM = IIXé’M||2p+/ | XX MG (s) XM ds
0

1 t
— 2p+ N = 2)[| X M2 d
e | P N = 2lXE P s

po [P ]
We 0 1-— Ré\l/b V We
We then obtain formally (using the fact that E(|| X "[|*~2) < C (1 + E(]| X Y|*7))) :

t
[ X xiaw,
0

t
E(| X, M17) < IE(IIX(I)’MIIQ”)Jr/ 2p|G()|[E(|| X M) ds

0

1 t
— 2p+ N = 2)E(|[ X M|]*~?)d
g | P N = 2B P s

t
< E(HX#MIIQ”H/O C(s)E(||X M) ds + Ct

where the constants depend on ||G||, p but not on M. One can then conclude by
Gronwall Lemma. One uses a localization argument to complete the proof rigorously.
0

7.4 Convergence of T]]?V[ towards T,

This section is devoted to the proof of Theorem 8. From now on, we suppose
that (7.4) holds and that :

The initial variable X is such that
P
P-a.s. || Xo||* < band E (W) < oo for some p > 2.

Moreover, initial conditions X 6 are independent with the same distribution as X.
A (7.35)
We consider the solutions X" to (7.12), RM defined by (7.26) for M > 1. We
will also use pp° defined by (7.31). Notice that under these assumptions, the results
stated in Lemma 19 and in Lemma 20 (for any p) hold. In particular, we have Vp > 1,
vt > 0,
sup sup E (|| X LM[|?) < Cy(t). (7.36)
M>1 s<t
Notice that for the exponent p defined in (7.35), by convexity of x € (0,b) —

p
< L ) and Jensen inequality, we also have :

1—x/b
P M
1 1 1 P
sup E - < supE | — (—Z )
M>1 (1—%2?11”X0||2/b> M>1 (MZZI 1— | X5][2/b
1 p
< E|l———— ) < . 7.37
< () 30
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Moreover, we suppose in the following that :
b > 6. (7.38)
Therefore, by (7.37) and (7.38), using (7.24) in Proposition 5, we know that 3r > 2,

1 "
t— supyoy E (1—&25& e /b) is locally bounded. (7.39)

Remark 24 The parameter b is in practice of the order of 100 (see [120] page 217).
The hypothesis (7.38) is therefore not a constraint from the physical point of view.

Let us consider the solution (X ™)<,y to (7.12) and 7" defined by (7.13). We
want to show that, in the limit M — oo, 72 converges towards 7, defined by (7.10)

p
with X solution to (7.9).
We introduce the random variable py; with values in P(C(R,, RY)) defined by :

1 M
Uy = M izl(in,M. (740)

We denote I, € P (P(C(R;,RY))) the law of zips.

We will prove the convergence of 7}/ towards 7, (Section 7.4.3) by proving first
the convergence (in probability) of pys towards the law of X, solution to (7.9) in the
sense of Definition 3 (Section 7.4.2). To perform the proof, we need to characterize
the law of X, as the solution of a martingale problem (Section 7.4.1).

In the following, we denote (Y;);>o the canonical process on C(R,,R"Y) and Q
the canonical variable on P(C(R,, RY)).

7.4.1 A nonlinear martingale problem

In order to prove the convergence of II,;, we introduce the following martingale
problem.

Definition 6 We say that Q € P(C(R.,RY)), with marginals (Q;)i>o defined in
P(RY), is solution of the martingale problem (MP) if :

Qo is the law of Xo, (7.41)
Vt > 0, sup (/ HYSHQQ(dY)> < b, (7.42)
0<s<t

1 Y.
2We 1— [[YL[PQ(dY) /b

) VoY)

L is a Q-martingale,

(7.43)
where C2(RYN) denotes the set of twice continuously differentiable functions having
compact support.
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Remark 25 Writing the constancy of the expectation of the martingale be, one
obtains that if Q verifies (7.43), thent — Qy is a weak solution of the Fokker-Planck
equation associated to (7.9) :

o 1 ¢ 1

We have the following proposition :

Proposition 6 The martingale problem (MP) admits a unique solution, which is
the law of the process X, solution to (7.9) in the sense of Definition 3.

Proof. The fact that the law of the solution X; to (7.9) solves the martingale
problem (MP) is an easy consequence of 1t6’s formula. We refer to Proposition 3 for
existence of the process X;.

Let us now consider uniqueness of solutions to (MP). We first notice that if @ is
solution to (MP), then, according to Paul Lévy’s characterization, the process (By)
defined by :

B =W (Y- ¥, - [ (607~ st pgamyn) )

is a Brownian motion under ). This can be proved by choosing ¢(Y) = Y, and
#(Y)=Y,Y;in (7.43) and a localization argument (see for example Proposition 4.6
p. 315 in [87]). Therefore, ((Y)i>0, (Bt)i>0, @) is a weak solution to (7.9).

Let us now consider two solutions @' and Q* to (MP) and set A'(t) = [V, ®
Y, QYdY) and A*(t) = [Y,; ® Y, Q*(dY). We know from (7.42) that these two
quantities are well defined. Moreover, it is easy to check that A' and A? are solution
to the ODE (7.16). By Proposition 4, we therefore obtain, V¢ > 0,

Al(t) = A%(t).

From this we deduce that
/ 1Y 12Q' (dY) = / 1YPQ2 (Y ),

so that, by (7.41-7.42), Q' and Q? are solutions of a martingale problem with (locally
in time) Lipschitz coefficients and therefore are weak solutions of a SDE with (locally

in time) Lipschitz coefficients. By Yamada-Watanabe theorem, uniqueness in law
holds for such SDEs and thus we have :

Ql — QZ'
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7.4.2 Weak convergence of the empirical distribution

Theorem 9 The sequence (tr) =1 converges in the probability sense on P (P(C(Ry, RY)))

towards the constant P € P(C(R,,RY)) where P is the unique solution of the mar-
tingale problem (MP).

We prove this theorem in three steps :

Step 1 : First we prove the tightness of the sequence (IIj) a1 on P (P(C(R4, RY)))
so that (up to the extraction of a subsequence) limy; . 1)y = I (in the weak
sense) (see Section 7.4.2.1 and Lemma 21),

Step 2 : Then we prove that 11, (dQ)-a.s., @ verifies the properties (7.41) and
(7.42) of the martingale problem (MP) (see Section 7.4.2.2 and Lemma 22).

Step 3 : Finally, we show that I1..(dQ)-a.s., @ is solution of the martingale pro-
blem (MP) by showing that I, (dQ)-a.s., Q verifies (7.43) (see Section 7.4.2.3
and Lemma 23).

After these three steps, we have that I1(d@)-a.s., @ is solution of the martingale
problem (MP). From this and the fact that the martingale problem (MP) admits a
unique solution P (see Proposition 6), we deduce that II,, = dp and therefore that
the convergence limy; ., ppr = P holds in probability. This concludes the proof of
Theorem 9.

The next three sections give the proof of each steps.

7.4.2.1 Step 1

Lemma 21 The sequence (ILy)ar=1 on P (P(C(Ry,RY))) is tight. Therefore, there
erists a subsequence of (Ilpr)p>1, that we still denote (Ilpr)p>1 for the sake of
clarity, which converges in the weak sense towards Il € P (P(C(Ry,RY))).

Proof.

Let us first notice that, since the initial conditions Xé are i.i.d., the random
variables (X™)1<i<nr on C(R4, RY) are exchangeable so that to prove the tightness
of the sequence (IIy;) =1 on P (P(C(Ry,RY))), it suffices to prove the tightness of

the sequence of laws of (X;™)y=1 in P(C(Ry,RY)). This can be proved using
Kolmogorov criterion (see Problem 4.11 p. 64 in [87]). Let us set 0 < § < r/2 — 1,
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where 7 is defined in (7.39), and 0 < u < v < t. We have :

R (|| — XL 20)

v 2(1+8)
< 30 ([ Gl Ixt ) as)

3(1+2ﬁ) v ||X1’M‘ | 2(1+0) 3(1_,_25) ,
WA \2(148) — R — (1+8)
awem </ - RY /b ds) * Womem tlWe = W[,

o ([ IGO0 dso - 0

v (X 5 (1+8)
s _ )\ 1+2 _ 1+
—l—/u E(l—Ré”/b) ds (v —u) + (v —u) :

IN

IN

2(1
€ (IIGIE) Casa ()0 — w2+

1 r\ 1/p
‘I—Slilt) (]E (Tw/b) ) Sli]? (EHX;,MH?q(l—i—ﬁ))l/q (v — u)2(1+ﬂ) +(v— u)(1+/d’)) ’

< C(t)(v—u)H,

where p = m, q= ﬁ, C'(t) is a constant depending on b, r, G but not on M,
and where we have used (7.36) and (7.39). O

We now want to identify Il as dp, where P is the unique solution of the mar-
tingale problem (MP).

7.4.2.2 Step 2

As the initial variables are i.i.d. according to Py, one easily obtains (7.41).
Let us now consider the second point (7.42) of (MP), namely the estimation of
J Y |?Q(dY") under II,. We prove the following lemma, which implies (7.42) :

Lemma 22 II(dQ)-a.s., Vt >0, [||Y|]?Q(dY) < pi.

B~ (( / 1Y PQY) — p;”)+>
= Jim BT ((/(HYMQ An)Q(dY) —p§°>+> (7.44)

= lim lim E"™ ((/(HYt]F An)Q(dY) —pf°)+) (7.45)

Proof.

n—o00 M—o00

< lim E ((Ri” —p§°)+) < lim % ~0. (7.46)

M—o0 M—oco
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We have used the monotone convergence theorem for (7.44), the fact that

Qr— ([(IY PP An)QUY) — pfo)+ is continuous and bounded for (7.45), and esti-
mation (7.32) for (7.46). This shows that V¢ > 0, II.(dQ)-a.s.,

[Ivireay) <

The lower semi-continuity of ¢ — [ ||Y]|?Q(dY") (which follows from Fatou Lemma)
and the continuity of p> enable to conclude the proof. 0

7.4.2.3 Step 3
We now want to show the last point (7.43) of (MP), namely that :

Lemma 23 I1.(Q)-a.s., Yo € C2(RN), M} is a Q-martingale.

Proof. Let p € N,p > 1 and 0 < 51 < ... < 5, < s < t. Let us introduce

g € G(RPN R) and F, : P(C(R,,RY)) — R defined by :

t 1 Y,
@ = | <¢<Yt)‘¢<YS>‘/S (G“)Y’"_?We max(l—f(HYTHzAn)@(dY)/b,%))
VoY) + 2v1ve AG(Y) dr) oY, Y, )Q(AY). (7.47)

Notice that F,, : P(C(R.,R")) — R is continuous and bounded. We also define
Fye:P(C(R,,RY)) — R by :

¢ 1 Y.
@ = [(ovo-ow- [ (60, - gr—rrprtaays) YO
+2VlVe AP(Y ) dr) 9(Ys,...Y,,)QY). (7.48)

We want to show that :
E™ | Fuo(Q)] = 0. (7.49)

Notice that when (7.49) will be proved, the proof of Lemma 23 will be complete,
since we can intervert “Vo € C2(RY)” and “Il,(dQ) — a.s.” using a countable dense
subset of C2(R™). We can also intervert “Vp € N;p > 1, V0 < 53 < ... <5, < s <"
and “II,.(dQ) — a.s.” by using a countable dense subset of R,.

Let us now consider (7.49). We have :

E'[Fa(@)] < E'™[Fu(Q) - Ful@)] +E™|F(Q),
< EM|Fo(Q) ~ F(Q) + lim EM™|F,(Q),
< EM|F(Q) — F(Q)] + limsup EM|F,(Q) — Fo(Q)] + limsup E™ | (Q)].

M—o0 M—oo
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The last term is null. Indeed,

LIS : : ! : 1 XM
1153 _ oMy oMY WM r
MA@ = 7B E (o0 oxi) - [ (@)X - e 2 )

2We s

2

=1

VH(XM) + —LAg(xiM) dr) (XM Xi;M)' |

1
= E
We M

t
[ TR AW ) (X X

s

We have therefore :

E'|Foo (Q)| < Tim sup E'=| Fo(Q) — Fo(Q) |+ lim sup lim sup ™ |, (Q) — Fio (Q).
n—00 n— 00 M—o0
(7.50)

We first analyse the term |Fi (Q)—F,(Q)]. Since g is bounded and V¢ is bounded
with compact support, we obtain :

1 t
<
_QWe//S

X, Vo(X,)dr

t
SC/

where C' is a constant depending on the datas but not on (). Notice that the term
between the absolute value signs in (7.51) is (a.s.) non negative under Il (d@) or
IT1(dQ), since in this case, [ [|Y,[[?Q(dY") < b.

Let us now consider the first term in the r.h.s. of (7.50). Using Lemma 22, we
know that Je > 0,Vs < r <t [I(dQ)-a.s.,

1 1
(max (L= (Y P An)Q@Y)/0. L) 1-] ||YT||2Q<dY>/b>

191(Xsys 0 X, )Q(dX)

1 1
L= [IIY.[PQUY)/b  max (1— [(IY.|’ An)QdY)/b, 1)

dr, (7.51)

[ paay) <0 -
From this, one can deduce that 3ng, Yn > ng, Vs < r < t, I (dQ)-a.s.,
[I1¥.Pay) < b - 1/m).

Therefore, we have : Vn > ng, Il (dQ)-a.s.,

t 1 1
[Fo(Q) — F(Q)] < C/S (1 — 1Y PQdY) /b 1 - LAY )2 A n)Q(dY)/b> dr.
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Moreover, by the monotone convergence theorem, Il (dQ@)-a.s., Vr,
tiw (Y IP AmQ(ay) = [ 1Y, IPQuy).

Since we also have by Lemma 22, T1,.(dQ)-a.s

1 1 1
(1 — JIIY,[PQ@Y)/b 1 f(||Yr||2An)Q(dY)/b) =T

by the Lebesgue’s theorem, we obtain :

¢ 1 1
lim su EH‘X’/ dr =0
e B (1 ~JTY, QWY )b max (1= [(IY/IP An)Q@Y) /b, %))
(7.52)
Equation (7.52) shows that the first term in the r.h.s. of (7.50) is zero.
Let us now consider the second term in the r.h.s. of (7.50). Using the bound (7.51)

on |F,(Q) — Fs(Q)| and exchangeability of the random variables (X™)1<;<p, we
have :

E™|Fy(Q) — Fue(Q)]

< C/ E ! i ! dr
— 7 e |1XM12 /0 max(l LM (IXEM[2 A ) /b, )
1
< C|[| E d 7.53
- / (1—RM/b max(l—Ry/b,%)> ' (7.53)
+0/ 1 L dr(7.54)
_ RM 1y i ’
s \max(1—RM/b, ;) max(l—ﬁzi]\il(||X;M||2/\n)/b,%>
For the first term (7.53), we have, using (7.39) :
B 1 _ 1
1—RM/b  max(1—RM/b,+)
1 2 1
< o _pMy YY) i pM
< E <(1 —anw/b) (max <1 R /b, n) (1- R} /b)))
1 1 o)
< SE(—— ) <2Y
~n (1 - R,M/b) ~n
where C(t) does not depend on M and r. Therefore, we obtain :
lim sup lim su /t]E ! — 1 =0 (7.55)
P P L PN TSR T max (- R/ L) ) T '
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For the second term (7.54), we have :
1 1

max (1 & 2 IXEY12/6,2)  max (1 & SE (X2 An) /b, 1)

< (v=m)

| M 1 | M 1
4 i,M /|2 o 4 oM2 L
* (max <1 i E (11X /\n)/b,n> max (1 i E 1 X /b,n>>

=1 =1

1 2 X .
= (1——RM/b) 17 2 (XM = (XY P A m)).
T i=1

We have therefore :

1 1

E _
max (1= M XM 2/0, L) max (1= M (IXEY12 An) /0, )

< E((l_RM/b) 3 o (s - <||X@M||2An>)>

< };E((l ) HX%’MIF—(I\Xi’MIIQAnD)

< (i) ) EORE R )
= %(E<1 ;% /b) )w (B (1P )
) )

rN\ 1/p
1/
< G (E< RM/b)) (E ([l M|P0))

where p = r/2 and ¢ = 5. Using (7.39) and (7.36), we therefore obtain :
lim sup lim sup / lt]E ! L 0
_ M 1y i -
n—oo  M—oo Js max (1 R /b,n) max <1_ %Zfil(l\X;MHzA”)/b’%)

(7.56)
By (7.55) and (7.56), we have :

lim sup lim sup E™"™ | F,(Q) — F.o(Q)| = 0. (7.57)

n— o0 M—oo

Using (7.52,7.57), we obtain (7.49) and this ends the proof of Lemma 23.
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7.4.3 Convergence of the stress tensor

We can now prove Theorem 8. For ¢ > 0, we consider
M
E |7, () — ()| = E" [T (Q)],

where T, : P(C(RT,RY)) — R¥*¥ is defined by :

TOO(Q) =

e ( J¥.@Y)QUY) [(Y,®Y,)P(dY) ) L (T

L= [IYA[PQWY) /b 1 [|[Y.JPPdY)/b

Let us also introduce, for n € N, n > 1, T, : P(C(RT,RY)) — R¥*¥ defined by :

T,(Q) = = J (Ve v« flprauy) _ Jey) Pay)
We | max(1— [([[Y[[?An)Q(dY)/b, ) 1= [[[Y|[PP(dY)/b

(7.59)
Notice that T, is a bounded and continuous function. We want to show that

lim E™ T (Q)| = 0. (7.60)

M—oc0

Using that EY™ [T (Q)| = 0, we have :

limsup E™ [Too(@Q)] < limsupE™ [T (Q) — To(Q)] + limsup E™ [T, (Q)]

M—o0 M—o0 M—oo
< limsup E™” T (Q) — Th(Q)| +E™ |T,(Q)],
M—oco
< limsup B [Too(Q) = T (@) + B IT0(Q) — Toe(@)].

Therefore, we obtain :

limsup E™ [T (Q)]

M—o0

< limsuplimsup B™ |Too(Q) — T (Q)] + lim sup E"™ |T,(Q) — Too(Q)(7.61)

n— o0 M—o0 n— o0
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Let us analyse the term |T,(Q) — T'»(Q)] :

Y 4|2 An

e | [(riey)Quy)  J(Yi@Y)x Ty pre(dY)
- We [1- [[IY[PQY) /b max(1— [ (/[Y,|? An) QY )/b, 1)

- S ooy (1- ) gy

Too(Q) — Tn(Q)]

= We = [V IEQM@Y)/b
€ Y42 An
—i-% /(Yt RY,)* WQ(dY}

1 1
" (1 — JIYA[PQUY)/b max(1— [([Y|? An)Q(dY)/b, %))'

JUIY PP = (IY ] An) QAY)
<o eran ) (7.62)
<o [IviFQuy)
1 1
* ‘ 1— [|Y.]]2Q(dY)/b B max(1 — [ (||Y4]|2 /\n)Q(dY)/b,%) . (7.63)

Notice that the term between the absolute value signs in (7.63) is (a.s.) non
negative under I, (dQ) or II};(dQ), since in this case, [ ||Y,|]*Q(dY) < b.

We now divide the rest of the proof in two steps : we start by proving that the
second term in (7.61) is zero, and then prove that the first term in (7.61) is zero.

7.4.3.1 Step 1

Let us consider the second term in (7.61).
We first consider the term (7.62). Using Lemma 22, we have, I1,(dQ)-a.s. :

JAYP = (1Y An) QUY) 1
L= [IIY4PQ(dY)/b — L=pp/b

Moreover, by the monotone convergence theorem, 11, (d@)-a.s.,

/ (IYIP = (1YIP A ) QUY)

tiw (Y AnQ@Y) = [ 1YlFQaY),
We therefore obtain :

J UYL = (IY][* An)) Q(dY)
L= [IY[[PQ(dY)/b

Let us now consider the second term (7.63). Using Lemma 22, we know that 3ny,
Vn > ng, [y (dQ)-a.s.,

lim sup E™™ '

n—oo

‘ = 0. (7.64)

/ 1YIPQUY) < b(1 — 1/n),
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and therefore
i (1 - [avdr nmeay ), %) = 1= [P AmQuy )/

Using again the monotone convergence theorem, we have :

N 1
im e f "Yt“@(dy)(l ~ IV PQaY)/b
- ! =0 (7.65)
max(1 — [ (|[Y¢][> An)Q(dY)/b, 5)
From (7.64) and (7.65), we deduce :
limsup B |T,(Q) — T+ (Q)| = 0. (7.66)

7.4.3.2 Step 2

Let us now consider the first term in (7.61). Using the bound (7.62,7.63) and
exchangeability of the random variables (X i’M)lg;S M, we have :

T(@) - T.(Q)
< cB ((IXHP - Q1 An)

M

E

1
1— R /b
1 1

+OE |‘X;7MH2 M - )
P B e (11— 3 (1M 2 An) /0, 2

IN

1

+C (HXtLMHQ (1 — ;{”/b  max (1 _13;\4/5, %)>) (7.68)

1 1
_ : (1.99)
max (1 —RM/b, L) ax <1 - %Zf\il (HX;M”z /\n) /b,%)\

cx ( (1 - (11 Am)
E

We first consider the term (7.67). Using (7.39) and (7.36), we have :

1
B (I = A1 A ) T
t

2 1 2
< 17M 2_ lvM 2
= \/E(HXt | (X /\n)) E(l—Ri\/‘[/b)

¢ C
C\/E (111 o) < Vo (11x]1°) < 7

IN
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where C' does not depend on M. Therefore, we obtain :

1
lim sup lim sup E ((||X%’M||2 —(1XEM2 A n)) 1_—RM/b) —0.  (7.70)
t

n—oo M—o0

Let us now consider the term (7.68). We have, using (7.36) :

1 1
B[ 11x1M)2 —
(H t || (1_Ri\/1/b max(l—Rz{w/@%)))

r/2
1/p 1 1
< (B[ XM 2P> E -
_< 12Xl 1-RY/b  max(1—RM/b 1)

1/q

1/q

1 . r/2
< Gy(t) (1_]{%’\4/89 max(l—Ri‘/I/b>%)>

with ¢ = /2 and p = q_il, where 7 is defined in (7.39). Arguing like in the proof

of (7.55), we easily obtain :

r/2
o 1 _ 1 / < C
1—-RM/b  max(1—RM/b, L) — nr/?’

where C' does not depend on M. Therefore, we obtain :

1 1
1i Ii E | || X1M)32 — =0. 71
P v (” ol <1 “RY/b max (1 - R{‘Hb,%))) 0. (v11)

Let us now consider the term (7.69). We have, using (7.36) :

1 1
max (1= RM/b, 1) max (1—%2121 (||X§ ||2/\n) /0, %)
a\ /4
1 1
< G, |E — '
’ masc (L= RY/0.5) max (1- & 520, (11X An) /0, 1)
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with 1 < ¢ <r/2 and p = %5, where r is defined in (7.39). Using (7.39), we have :

q
1 1

max (1 — wa/b,%) N max <1 — ﬁzlj\il <||X;L;M||2 A”) /b, %)

1 2q (1 M q
< E - - Xi,M 2_ Xi’MQ
- ((1—1%54/19) (Mb;<|| =X An)))

E

1 r\ 1/9 1 M aq’ Ve
< (& ( XzM XM A )
< ((r=fw5) ) ( > (1 X A
LM af\ V4
i,M |2 i, M |2
e E(m;(nxt 2 = 113 An))
with p/ = %},q’ = we observe

p -1
that, using (7.36) and arguing as in the proof of (7.70) :

] M qq
1,M |12 i,M |2

E(m;(uxt 2 = 113 An)>
< (L) SR (I - e an)" et
= \My) & ‘ t "
1 qq
() B (X = 1 A m)”
1\ % aq’
() E (X 1P s,

1\ ey < (L)
< ’ 9 ) < (t).
= (bn> E(HXt || > = (bn) C2qq (t)

Therefore we obtain :

IN

IN

1 1

E([1X:Y)7 - :
max (1= R0 ) ma (1- 4 208, (11X An) /6, 1)

where C' does not depend on M. And thus,

lim sup lim sup E <HX§M||2

n—oo M—oco

1 1
max (1= BE/63)  max (1- 3 T, (1K1 An) /o.3)

) — o)
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By (7.70), (7.71) and (7.72), we have :

limsup limsup BT [T (Q) — T (Q)| = 0. (7.73)

n—oo M—oo

7.4.3.3 End of the proof of Theorem 8

By (7.66) and (7.73), we have (7.60) which is equivalent to (7.14). Notice that
the convergence in Theorem 8 is uniform in ¢ € [0, 7.

7.5 Conclusion

We have analyzed the SDE arising in the FENE-P model of polymeric fluids. We
have shown that both the nonlinear SDE at the continuous level and the particle
system at the discrete level admit a solution, and that the stress tensor obtained with
the particle system converges towards the stress tensor obtained with the nonlinear
SDE, in the limit of an infinite number of particles. This theoretical result confirms
numerical experiments performed in [89].

From a mathematical point of view, we can summarize the results obtained by
the following : the solutions to the FENE-P model behave like Hookean dumbbells
(see [85]) with a time-variable spring constant at the continuous level (they can reach
infinite extensibility), and rather like FENE dumbbells (see [84,86]) at the discrete
level, once the problem is discretized in a particle system (since they cannot reach
infinite extensibility).
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Chapitre 8

Comportement en temps long

On présente ici des résultats préliminaires sur le comportement en temps long du
systéme micro-macro. Dans ce chapitre, on ne se restreint pas au cas d’un écoulement
cisaillé. Nous montrons en particulier que I’énergie libre est une quantité bien adaptée
a I’étude du systéme couplé.
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Entropy estimates and longtime behaviour
for some micro-macro models of polymeric fluids

Benjamin Jourdain, Claude Le Bris, Tony Leliévre

8.1 Introduction

We are interested in the longtime behavior of a micro-macro model for dilute
solutions of polymers. We present some formal computations : we suppose that
there exists global-in-time solutions to the problems we consider, and that these
solutions are regular enough so that the formal computations are justified. With
this limitation in mind, our aim is to prove the convergence to a stationary state
under adequate assumptions.

We consider the following system of (non-dimensional) PDEs :

Re (%—?(t, x) + u(t,x).Vu(t, a:)) = (1—¢)Au(t,z) — Vp(t,x) + div 7(¢, z),

div (u(t,x)) =0,
Tt x) = WL (/Rd(X ® VIIX))(t, z, X)dX — Id) ,

(S
(@ X) + u(t, @) Vot X)
1 1
= —div x ((V$u(t,m)X ~ SWe VH(X))@ZJ(t,w,X)) + ZWGMAXw(t,w,X),

where the Reynolds number Re > 0, the Weissenberg number We > 0, € € (0, 1)
and M > 0 are the non-dimensional numbers in the system. We suppose that the
space variable @ lies in a bounded domain D of RY. On the other hand, the Fokker-
Planck equation is set on the whole space R?. This system is complemented with
initial conditions on the velocity w and on the distribution 1), and also with boundary
conditions on the velocity u.

The potential II of the entropic force within the dumbbells can be :

— Hookean dumbbell :

X 2
nex) = X1 (8.1)
— FENE dumbbell : ! H2
bM X

— more generally, any potential which is a a-convex function and which can be
expressed as a function of the norm of X :

(X)) = = ([ X1]). (8.3)
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Remark 26 One can show that the a-convexity of 11 is equivalent to the a-convezity
of ™ together with ©'(0) > 0. These properties on 7 can be easily checked for the case
of Hookean and FENE dumbbell.

Henceforth, in order to simplify notations, we take the following values for the
non-dimensional parameters : Re = %, We =1, € = % and M = 1. We are thus
interested in the following system :

( %—?(t, x) +u(t,z).Vu(t,z) = Au(t,z) — Vp(t,z) + div 7(t, ), (8.4)
div (u(t,x)) =0, (8.5)
T(t,x) = /d(X ®@ VII(X))y(t,z, X)dX, (8.6)
aa—qf(t, x, X)+u(t,x)Va(t,z, X)

\ = —div x ((Vmu(t,a:)X - %VH(X))¢(t,a:,X)> + %Axw(t,m,X).(Sﬁ)

We recall that we can alternatively consider a coupled PDE-SDE system by
replacing (8.6)—(8.7) by :

T(t,z) = E(Xi(x) ® VII(X(x))), (8.8)
dX () +u(t,x). VX (x)dt

= <V$u(t, x)X(x) — %VH(Xt(CC))> dt + dWy, (8.9)

where W, denotes a d-dimensional standard Brownian motion. When the limit
exists, we denote u., the limit of the velocity field © when t — oo.

In the following, we refer to the special stationary state corresponding to ., = 0
as the equilibrium state. Such a state can of course only be reached in the case of
homogeneous (or vanishing) boundary conditions on the velocity. In case of equili-
brium, the stationary solution of the Fokker-Planck equation is ¥, defined by :

exp(—II(X))

Vool X) = (X))

(8.10)

Notice that (ue, ) is then a stationary solution to the system (8.4)—(8.5)—(8.6)—
(8.7)

As a simpler problem, we will also consider the coupled system in the special
geometry of a plane shear flow in dimension d = 2. In this case, u(t, ) = (u(t,y),0),
where « = (0,y) and all the variables only depend on y. We suppose that y € D =
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(0,1). In this case, the system (8.4)—(8.5)—(8.6)—(8.7) becomes :
( ou

a(tay) = 8y7yu<t7y) + ayT(t>y)’ (811)
T(t,y) = /RQ(XayH(X))@/J(t,y,X) dX, (8.12)

aa_qf(taya X) = _aX ((ayu(tay>y - %aXl—KX))w(taya X)>
0y (50U X) ) + 5Ax0(0,X), (5.13)

\

where X = (X,Y) and 7 denotes the (X,Y’) component of the stress tensor 7. The
SDE version of (8.12)—(8.13) is :

T(ty) = E(Xu(y)ovI(Xi(y), Yi(y))), (8.14)
AXily) = (Oyulty)¥ily) — SOxTIX (). Vi) de+ Vi, (815
Aily) = 3 TI(Xily), Yily)) dt +aW, (3.16)

where X¢(x) = (Xi(y),Yi(y)) and W, = (V,, W}).

Remark 27 In the following, t, * and w denote respectively the variable in time,
space and probability. For ezample, X () € L?(L%(L2)) means that fR+fD E(|| X ¢(x)|]?) dx dt <
00.

8.2 Analysis of the Hookean dumbbell model in a
shear flow

In this section, we consider the coupled system (8.11)—(8.14)—(8.15)—(8.16) for
Hookean dumbbells (8.1). In this case, the process Y;(y) is defined independently
from (u(t,y)), Xi(y)), and there is only a coupling between u(t,y) and X;(y). We
consider any initial conditions : u(0,y) = uo(y) and (Xo(y), Yo(y)), where Xo(y) and
Yo(y) lie in L7(L2) and are independent and independent of the Brownian motion

(Vi, Wy). We also complement this system with Dirichlet boundary conditions on w :
u(t,0) = fo(t) and u(t, 1) = f1(t). We suppose that

thm fo(t) = Qo tllHl fl(t) = daq, (817)
so that the expected asymptotic state for the velocity is

Uso(y) = ap + y(ar — agp)-

Accordingly, we introduce the expected “limit processes” (X;°,Y,>) as solution of
the following SDE :

1

1
AYy* = =Y dt 4 dW,
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with initial condition such that (X7°,Y,>°) is a stationary Gaussian process not
depending on y :

(XSO%OO)NN« 8)7[14—2(@1—@0)2 (GII%) D

(a1 — ao)
Moreover, we suppose that (Yy(y), Y5°) are such that,
either Vy, Yy(y) is independent from Y;® or Yy(y) does not depend on y. (8.18)
The triple (uq, X, Y ) is solution of the following system :

( 0 = ayyyuw(y)"‘@y%ov
Too = E(XEOY;OO)?

1
| AXE = (Ouey)V — S X dt + v,

1

\
where 7., does not depend on time and space, since (X, Y ) is a stationary process
not depending on space. In this special case, we are able to prove convergence to
the stationary state (o, X, Y ) :

Lemma 24 We assume (8.17)-(8.18), that fy, fi € W' (R,) and

Jim folt) = lim fi(t) =0, (8.19)

where f denotes the derivative of f with respect to time. Then, the triple (u, X,Y)
converges towards (s, X°,Y°) as t — oo in the following sense :

lim [Ju(t,y) = uao(®)ll23 = 0,
lim [1X(y) = X7l ls0) = O,
Tim [[¥2(y) — ¥/l (z2) = 0.

In particular, the stress E(X(y)Yi(y)) converges towards E(X Y, ) = a; — ag in
L.
y

Proof. In this proof, C' denotes a universal positive constant, which may change
from one occurence to another. We introduce

u(t,y) = fo(t) +y(f1(t) — fo(t))
and X, defined by :

DO | —

fo= i [ (106 - v - 1) ds v
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By using the analytical expressions of Y;(y) and Y,*°, one can first check that

1Y2(y) = YV iz ) = [Yo(y) = Y5®llmazye™*. (8.20)
Moreover, we also have :
& — tos|[r2 < C(1fo(t) — aol + | f1(t) —ar]) . (8.21)

Moreover, it is easy to show that :
d ~ 00 Y o) " 00
S = X[, < € ((ot) = aol + /1(0) = aIIX = X¥[|gz — [|X = X<3,).
so that,
d - .
ZIX = X<z < (o) = aol +1(8) = aul) = 1K = X]]12)
and
t
[1X = Xz < C/ (1fo(s) = aol + [f1(s) — ar|) exp(=C(t — s)) ds. ~ (8.22)
0
By Lemma 25-(ii), we therefore obtain :
lim |X — X*||z2 = 0. (8.23)

It remains now to compare X with X and u with u. Notice that, since X and Y
do not depend on space, (u — @) and (X — X) are solution of :

(M) = D))+ By~ Aew) — (o(t) +u(h0) — folt)),
m(t,y) = E(Xi(y)Yi(y)),
#1) = E(X),

\ 8(Xt(?é)t— t) _ (8yu(t,y)§/t(y)—8yﬂ(t)y}°°)—%(Xt(y)_j(t)'

By multiplying the equation on (u — ) by (u— @) and the equation on (X — X)
by (X — X), using the fact that (u — @) is zero for y = 0 and y = 1 and the fact
that fy and f; are bounded functions, one can check that :

d 5
52 (Il = a3 + 1% — Kl
= —lloytu = D - HIX ~ Killz — [ GO +u(i0) - HO)a- 1)

- [E(Xw¥itn) - 2) dyu - 1)+ [ B (@it n)Vily) - 3,a(0V) (X) - K0)

< O (=M=l — X = KillZgz) + (ol + LD — llz)
+ [B (0w - Xt - ) i) + [ B (Ri) - ¥7)) 9y - w)(t.y
< O (=l =l — 16 = Kl Byezz) + (ol + 1AD N = allzz + 21X, — Kllrgaz) )
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where we have used the fact that, by (8.18) and using the analytical expressions of
Y;, Y, and X, E (Xt(Y}(y) — Y;°°)> does not depend on y and therefore,

JE(Rutvity) - ) oyt - w)t.o) =0,
Therefore,
% (Il = g + 11X - Kllg))
t Y Y\ Hw
< O~ -l — 1% — Kl Bz,
F(fol 1A+ e )l = il + 11X — Killzzcrz))

(=l =@l — 11X = ZllZ3 0z

VAN

VI fol + 1+ el =l + 11X = Kl 1) )

We then obtain that :

Y=l + 11X = Ry < © U1+ exp(~Cli-s)) ds. (8.20
By Lemma 25, we therefore obtain :

Jim [Ju — allz + 1 X = Xel|za(z2) = 0. (8.25)

]

Lemma 25 Letk € L _(R,) be a positive function, a > 0, and h a function defined
by :

h(t) = /0 exp(—a(t — s))k(s) ds.

(i) If we assume that k € LP(R,), with 1 < p < oo, then h € WYP(R,) and
therefore lim;_,, h(t) = 0.

(i) If we assume that limy_, k(¢

(11i) If we suppose that 0 < k(

h(t) < e Nt

) =0, then limy_ h(t) = 0.
t) < Ce P, with 3 > 0 and o # 3, then

oo = |

Proof. To prove the first assertion, one can check (by using Holder inequality and
Fubini theorem) that if £ € LP(R,), then h € LP(R.). Therefore, h(t) = —ah(t) +
k(t) isin LP(R,). The fact that h € W1P(R, ) then implies that lim; ., h(t) = 0. For
the second assertion, let us introduce a € > 0. There exists 7" > 0 such that V¢ > T,
0 < k(t) < e. One can then conclude by considering the integral on (0,7") and (7, 1)
and by letting t — oco. The last assertion is obtained by a simple computation. O

By using Lemma 25 and the estimates (8.20)—(8.21)—(8.22)—(8.24), one can also
consider the following hypothesis in Lemma 24 alternatively to (8.17)(8.19) :
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—if (fo(t) —ag) € W'P(R,) and (fi(t) —a1) € W'P(R,), for a 1 < p < oo, then
the results of Lemma 24 still hold,

—if, that fo, fi € WL (Ry) and (fo(t) —ao), (fi(t)—ay), fo(t) and fi(t) converge
exponentially fast to 0, then the convergences stated in Lemma 24 are also
exponentional.

We are not able to extend the above arguments as such in order to settle the
case when the force is not linear (for FENE dumbbell for example) or the geometry
is not a shear flow. In the next section, we present a more general approach, which
requires to introduce the probability density function ¢ of the process (X,Y).

8.3 Convergence to equilibrium by the entropy me-
thod

In this section, we are interested in convergence to equilibrium (U, = 0, 1o (X)) o
exp(—II(X))) in a more general setting than in Section 8.2. More precisely, we
consider the problem (8.4)—(8.5)—(8.6)—(8.7) on a general geometry D, for any ra-
dial a-convex potential II (8.3), but we restric ourselves to homogeneous boundary
conditions on the velocity : w =0 on 0D.

8.3.1 A first energy estimate

The energy estimate we have used to study the coupled PDE-SDE system in the
case of one-dimensional shear flow (see [85,86]) can be established formally for any
flows in any geometry. Multiplying (8.4) by w,

2dt/ ul” = /DW“‘Z—/DE(X@VH(XO) :Vu, (8.26)

while, by Itd’s calculus,

d

CE(I(X,) = B(VIX,) VuX,) ~ E(IVIX,)|P) + S EAT(X),  (8.27)

we obtain the following energy estimate for the system :

2dt/l [+ dt/ (Xt))+/D|Vu|2+%/DE(||vn(Xt)||2):%/D]E(An(xt)),

(8.28)

Notice that we have supposed that V¢ > 0, [o E(|[VII(X,)|?)ds < co and that we
have used the following equality :

E(X,® VII(X,)): Vu = E (VII(X).VuX) (8.29)

which holds since X ® VII(X) = VII(X) ® X. The latter relation is related to
the fact that the stress tensor must be symmetric (which is a physical requirement),

which holds for a radial potential II, since in this case, VII(X) = 7'(|| X||) == x|
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§ 8.8.3 : Convergence to equilibrium by the entropy method

We have checked that these formal computations can be rigorously justified in
the case of shear flow for Hookean dumbbells (see Section 3.2 in [85]) and for FENE
dumbbells (see Lemma 4 in [86]).

The main difficulty in the a priori estimate (8.28) is due to the presence of the

1
non negative term 5/ E(AII(X)) on the right hand side : this term, stemming
D
from Ito’s calculus and non negative by the convexity of II, “brings energy” into

the system, so that it is not clear how to use this estimate to study the longtime
behaviour. The aim of this note is to show that the use of an entropy equality
(see (8.34) below) in lieu of (8.27) allows to study the convergence of the system to
equilibrium. However, contrary to the energy inequality that can be stated either
in the stochastic form (see (8.27)), or using the probability density function v, the
entropy inequality seems to be restricted to the analysis of the system in the Fokker-
Planck form (8.4)-(8.5)—(8.6)—(8.7) since we introduce an entropy of the probability
density function v, which cannot be simply expressed in term of the stochastic
process X;.

8.3.2 Entropy and convergence to equilibrium

Let us first introduce the kinetic energy F :

1 2
_ §/D|u| | (8.30)

As we have already mentioned, we have (see (8.26)) :

_ /|vu|2 /Rd_X@VH X)) : Vau(t, e X).  (831)

We now introduce the entropy of the system (in fact the entropy relative to 1),
namely :

0+ [ fnamin(S52)

= /D/Rdn(x)w(t,m,X)Jr/D Rdw(t,w,X)ln(w(t,:c,X))—i-C

exp(—11(X))
Jra exp(~11(X))’
and C' = In( [, exp(—II(X)))|D|. Note that 1 is the stationary solution to the
Fokker-Planck equation (8.7) for u = u., = 0. Function H is the relative entropy of
¥ with respect to 1. It is non negative since xIn(z) —x 4+ 1 > 0 for all x > 0.

After some computations (which will be done with more details below in a more
general case, see Section 8.4.1), we obtain :

W= Ll (woo)

(8.32)

with
Yoo (X) =

(8.33)

/ (X @ VII(X)) : Vu(t,z, X). (8.34)
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Chapitre 8 : Comportement en temps long

Therefore, if we consider the free energy of the system F(t) = E(t) + H(t), we

have :
e s [ Lot ()]

The comparison of (8.35) with (8.28) reflects the physical fact that the model is
intrisically of entropic nature and therefore that the energy is not the thermodyna-
mic quantity to consider.

On the basis of the free energy estimate (8.34), we can proceed further. First,
we are able to identify the stationary state :

= 0. (8.35)

Proposition 7 The unique stationary solution of the coupled problem for homoge-
neous Dirichlet boundary conditions on the velocity is :

exp(—I1(X))
Ja exp(—II(X))
Proof. It is easy to check that (u.., ¥ ) is a stationary solution to the coupled pro-

blem for homogeneous Dirichlet boundary conditions. The proof is then a straight-
forward application of (8.35) to time-independent fields. O

U= Uy =0 and ) =1, =

In addition, we may prove the convergence to equilibrium :

Proposition 8 If one considers a regular global solution of the coupled system in
the case of homogeneous Dirichlet boundary conditions on the velocity, then we have
the following convergences : u converges exponentially fast towards us, = 0 in L2

exp(—T1(X)) in L2 (L§(>

norm and v converges exponentially fast towards 1, =
Jra exp(—11(X))

norm.

Proof. Let us simply give an outline of the proof. Using the following inequalities

n (8.34) :
[upzc [ vup,
D D

— Poincaré inequality :
— Sobolev logarithmic inequality for ¥, which holds for example if the potential
IT is a-convex (see [1,2]) :

foom(o)=e Lol GOI

dF
we obtain an inequality of the type g < —C'F and therefore exponential conver-

2

gence of F' to 0. This implies the exponential convergence of u to 0.
One finally uses the Csiszar-Kullback inequality :

(Lo sifon(e)  om

to obtain exponential convergence of ¢ towards ¢, in L2 (L% )-norm. D
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§ 8.8.4 : The case of non homogeneous boundary conditions

8.4 The case of non homogeneous boundary condi-
tions

The entropy method we have used in Section 8.3 is well suited for the convergence
to equilibrium (u. = 0), i.e. when we consider homogeneous boundary conditions on
the velocity w. On the other hand, the generalization to non homogeneous boundary
conditions, and therefore to non zero stationary state, is unclear to date. In the
following, we suppose that u # 0 on 0D. More precisely, we assume that uw = g on
0D, where ¢ is a function defined on 9D and not depending on time t.

8.4.1 Calculus in a general geometry

Stationary solutions are defined in this case as some solutions of the following
equations :

( U (). Vu(x) = Aus(x) — Vpso(x) + div T (),
div (us) = 0,

ro(z) = /Rd(x @ VII(X))thoo (0, X) d X,

oo (@) Vatho (. X) = —div x ((kum(@.x - %VH(X))woo(w,X))

1
+§AXwoo(w>X)>

\
with u,, = g on 0D. One can rewrite the equation on 1, in the following manner :
2Us (). Ve (In oo (x, X)) + 2Vt () X . Vx In(1e (2, X))
= AxI(X)+ VxII(X).Vx(Int¢o(x, X)) + Ax(In s (x, X))
+|Vx (In e (z, X)) . (8.37)

In the following, we set w(t, ) = u(t, ) — us(x) and (¢, x, X) = (t, x, X) —
Yoo, X).

We also introduce the following quantities :
— 1
B) = 5 | (5.39)

B e »(t,x, X)
H) = / Rdw X)1 (1/100(33 X>> (8.39)
Ht) (8.40)

b
—~

~
N—

I

For the velocity, we easily obtain :
—/ |V —/ (X ® VII(X)) : Va(x, t))(t, z, X)
D D JRE

- [@ve.a (8.41)
D
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Compared to the case of homogeneous boundary condition, the supplementary
term comes from the nonlinearity of the advection term in the Navier-Stokes equa-
tions. Using again the equality (8.29), we have :

L) S L [ frmenen

+/D/]R % (ATI + V(In b ). VTT — A(In b)) 10 — /D/R w.V (Ino0) ¥,

= —%/D/RdyV1n¢|2w—/D/RdV(1n¢oo)anw
+//R (—1|V(lnwoo)|2—A(ln1/Joo)>?ﬁ—/p/ﬂ_\gdﬂ-vw(ln?ﬁm)w’
— __//qup‘vm(woo) / Rdvmww)VuXw //Rduv (In e )1

Therefore, we obtain the following equality on the free energy F :

—/|Vﬂ\2—1//Rd¢‘vxln(¢%> 2—/]1{ uVuoou—//RduV (In Yoo )
//Rdvx In o). VaX1) — //Rdvu )X .VII(X
—/D\VE\Q—§/D/W1/;‘VX1n (¢:> —/Dﬂ.Vuwﬂ—/l)/Rdﬁ.Vw(lnwoo)w

_/D/Rd <Vx(1n¢oo)+VH(X))-VﬂXw+/D/Rd VII(X).Va(z, t) X e

We thus obtain four supplementary terms compared to the case u,, = 0 contai-
ned in (8.35) :

— two terms coming from the advection :

_ / WV U T — / / TV (In 10 )1, (8.42)

— one term involving In(¢,) and II :

—//(Vx(lnwoo)—l—VH(X)).VﬂXw: —//VX (1n (exp H))> VuXy,

(8.43)

— and one term involving 7, :

/ / VI X).V(@, ) X o — / eV (8.44)
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§ 8.8.4 : The case of non homogeneous boundary conditions

Remark 28 If one considers the following free energy : F(t) = E(t)+\H (t), where
A >0, the term (8.43) becomes :

//VX (m (Cejf;z) H))> VuX,

where X\ and C' are two constants which can be arbitrarily chosen.

Notice that if u, is a homogeneous flow (u(x) = Kx), then 1) does not
depend on space, so that the second term in (8.42) and the term (8.44) vanish.

We have not been able to use these estimates to derive the convergence of the
solution to the stationary state. Moreover, the fact that there exists a Sobolev loga-
rithmic inequality for ¢, in this case does not seem straightforward.

8.4.2 The case of a shear flow

We would like to perform the same computation in the special case of the shear
flow, and for the special boundary conditions : w(t,0) = 0, u(t,1) = V (which
corresponds to ag(t) = 0 and a;(t) = V in section 8.2). The “natural” stationary
state is then

Uso(y) = Vy

and therefore, we expect 1o, not to depend on y. The function ¥ is defined as the
solution of :

—0x (VYIboo) — div XY (—%qﬁwVH) + %Ax,yl/}w =0 (845)

Notice that the couple (s, 1) is then a solution of the coupled problem, since the
stress 7., does not depend on space.
Following the computations of the last paragraph, we obtain :

ot f Lofeen ()]

- [ [ @xtinwn) + o510, Y) 0 Ve

Due to the particular geometry, both terms in (8.42) vanish and so does the
term (8.44) since 7T, does not depend on y. Therefore, only the term (8.43) remains,

which can be (by changing the free energy to E(t)+\H (t)) rewritten in the following
form (see Remark 28)

//Rz ( (C’e:f;z) H))>8ymf¢,

where X and C are two arbitrarily constants.
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Remark 29 In the case of Hookean dumbbells (see Section 8.2), the explicit expres-
ston of Yoo -

Voo (X,Y) o exp (— (1+2V*)Y? —2VXY + XQ))

1
2(14+V?)

can be used, which provides an alternative proof of convergence to that of Section 8.2.
Notice that, contrary to the case of homogeneous boundary conditions, Vs does not
satisfy the detailed balance in the sense that Vs s solution of :

div ((V$uoo(w).X _ %vn(xn%o(w, X) - %waoo@, X)) —0
but not of :

(Vauo(x). X — %VH(X))woo(m,X) — %VX@ZJOO(:I:,X) = 0.

8.4.3 Other entropy functions

One can also generalize these computations with other entropy functions than
xIn(z). More precisely, let & : R — R* be a C? function, such that h(1) = 0 (see |2]).
These are typical examples of entropy functions :

— h(z) =zxzIn(z) — (z — 1)

—h(z)=2P—-1—plzx—1)with 1l <p <2

We here consider the same situation as in the previous paragraph (a shear flow
with us # 0), but the following computations can be generalize to any geometry.

We set :

Bt) = 1 / a2 (y. 1) dy (3.46)

H(t) = //R ( ’;y’ ))zpoo( )dy dX (8.47)
F(t) = H(t) (8.48)

where 1, is independant of y and is defined as a solution of (8.45). As above, we

have : .
dE ) _
%:_/Dyayuﬁ—/D/WY(aXH)w(ayu) (8.49)

Using integrations by part, the equation (8.37) and the fact that Oxv¢ = 10x (%) +

1»0x(In1,), we obtain after some tedious computations :

L L ()
[ [ vatmeena (i (£) -0 (£) ). @
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Therefore, we have :

et [
/ /RQ Y40, u (E)XHJFaX(mqpoo) (h/ (1;1) L (2;/:0) %)}8_51)

Remark 30 In the special case of homogeneous boundary conditions (us = 0 and
Ox(In1) = —0xI1), we see that a sufficient condition to obtain the energy equality
is that : W(x) — h(z)/x = 1, which yields h(z) = xn(x). Therefore, it seems that
the “adapted” entropy function for the coupled system is indeed x1n(x). Notice that
one can on the contrary use many others entropy functions to study the convergence
to equilibrium of the Fokker-Planck equation alone (see [2]).

The last term in (8.51) can also be rewritten in the following form :

- [ L veos (st ot (v () -1 () )
[fn(anen ()

8.5 Conclusion and perspectives

In this short paper, we have derived some a priori entropy and energy estimates
to study the longtime behaviour of a coupled system arising in the micro-macro
modelling of polymeric fluids. We have shown that unless in the special case of
Hookean dumbbells in a shear flow, the quantity to be considered need to account for
an entropy term. Moreover, we have checked that the “adapted entropy function” to
study the coupled system is the “physical entropy” h(z) = x In(z). With this entropy
function, we have been able to prove formally exponential convergence to equilibrium
in the case of homogeneous Dirichlet boundary conditions on the velocity u.

But the computations made in this paper leave a lot of questions unsolved :

— In the case of homogeneous Dirichlet boundary conditions on the velocity u,
how to perform these computations using the stochastic process X; (and not
the density function ) ? Is it possible to perform these computations on the
discretized system ?

— In the case of homogeneous Dirichlet boundary conditions on u, are these new
energy estimates useful to obtain global-in-time existence results? How to
show the convergence of the stress tensor, from the convergence of the density
P ?

— How to generalize the computations made with homogeneous Dirichlet boun-
dary conditions on the velocity to non homogeneous boundary conditions ?
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Deuxiéme partie

Magnétohydrodynamique et
modélisation des cuves d’électrolyse
d’aluminium
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Chapitre 9

Présentation générale du procédé et
des méthodes numériques

Ce chapitre reproduit un article paru dans Computers and Fluids. 11 permet
notamment de présenter le contexte industriel des problématiques traitées dans cette
partie ainsi que les méthodes numériques utilisées.
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Chapitre 9 : Présentation générale du procédé et des méthodes numériques

Modeling and simulation of the industrial production
of aluminium : the nonlinear approach®

J.-F. Gerbeau, T. Leliévre, and C. Le Bris

We report on the numerical simulation of the industrial production of alu-
minium. The motion of the two non miscible conducting fluids is modeled
through the incompressible Navier-Stokes equations coupled with the (pa-
rabolic) Maxwell equations. Stabilized finite elements techniques and an
Arbitrary Lagrangian Eulerian formulation (for the motion of the inter-
face separating the two fuids) are used in the numerical simulation. The
industrial problem and the modeling strategy are presented in details. An
outline of the numerical analysis of the problem, with a special emphasis
on conservation and stability properties is provided. Examples of numerical
simulations of the industrial case are eventually presented.

Keywords : industrial problem; aluminium production; magnetohydrodynamic;
free interface; two-fluids flow; surface tension; geometric conservation law; ALE
formulation.

aThis article has been presented by the third author (CLB) as a plenary lecture at the AMIF
conference, April 2002, Lisbon.

234
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9.1 Introduction

We report here on a long-term work on the modeling and the numerical simu-
lation of an electrolysis cell used for the industrial production of aluminium. We
shall first present the challenging issues raised by this problem. Next, we isolate
some modelling difficulties, which are of general interest. We show how we solved
or circumvented them. In one sentence, our approach can be summarized as fol-
lows : we conduct a deep mathematical analysis of the models, then we focus on
the nonlinearities on the problem, and simulate their consequences on the behaviour
of the system, thereby complementing linear approaches that are more commonly
developed in the literature.

For the sake of brevity, we shall not go here into the details neither on the
mathematical analysis of the models, nor on the numerical analysis of the methods.
We shall only give an outline of the techniques we have adopted or developed,
and present significant simulations we have performed. For more details, we refer
the interested reader to other publications of us : [37,51,53-63]. In particular, a
companion article [61] presents a thorough account of the numerical analysis.

9.1.1 The industrial problem

The industrial production of aluminium is a problem of outstanding difficulty.
The aluminium is produced from an aluminium oxyde Al;Og, itself coming from a
native form, bauxite. In presence of Carbon, the aluminium oxyde Al;O3 is reduced
into pure aluminium. Thermodynamically, the reduction can only occur around 1000
degrees Celsius, a temperature at which Aluminium is a liquid. Let us briefly indicate
that a schematic picture of the functioning of the electrolysis cell is as follows (see
[95]) : an electric current of the order of 10° A runs through two horizontal layers of
conducting incompressible fluids, namely a bath of the aluminium oxyde above, and
a layer of liquid aluminium below, which is the aluminium produced “so far” (see
Figure 9.1). The oxydoreduction reaction takes place both at the interface between
the two fluids

AlyOs + 6e~ — 2APT + 30° + 6e” — 2Al + 30* (9.1)

and at the surface of anods, which provide the bath with the Carbon needed for the
reaction :
30% 4 3/2C — 3/2C04(gas) + 6e . (9.2)

The global balance reads
2Al1,b03 + 3C — 4 Al + 3C0O, (9.3)

The difference of electric potential needed for the oxydoreduction is small (around a
few Volts) but the intensity of the current is so large that the electric power spent in
the cell is huge. The reason why the intensity of the electric current is taken so large
is of course that the quantity of aluminium produced in the cell is proportional to
the intensity (accordingly to (9.1)). For an intensity such as 10° A, the production
is typically of a few tons of aluminium per cell and per day. A plant of production
of aluminium consists in one (or many) line(s) of, say, 250 cells connected in series.
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The electric power needed for the whole plant is typically of the order of magnitude
of that produced by one unit of a contemporary nuclear plant.

With a view to reducing the power waste, the distance between the carbon anods
covering the top of the cell and the surface of the aluminium layer (a perfectly
conducting fluid directly connected to the cathode at the bottom of the cell) is to be
kept as small as possible. Indeed, as the intensity needs to be kept as large as possible,
diminishing the power amounts to diminishing the difference of potential. The latter,
which is bounded from below by the potential needed for the oxydoreduction to
occur, is also due to the potential drop in the (badly conducting) upper fluid of
the cell. The goal is therefore to keep the thickness of the upper fluid layer as
small as possible. This thickness is called the anod-metal distance which is a self
explanatory term. Typically, the order of magnitude of the anod-metal distance is
of a few centimeters vertically, which is a very tiny distance with respect to the
horizontal sizes of the cell which are of the order of many meters, say 4 by 10 to fix
the ideas. In addition to this penalizing aspect ratio, the main difficulty in trying
to diminish the anod-metal distance lies in the fact that, due to the presence of the
electric current, the conducting fluids experience strong Lorentz forces (the induced
magnetic field is of the order of 0.01 T) and therefore move (the typical flow velocity
in the cell is 0.2 m/s). This causes movement of the interface, which separates the
two fluids. This movement may lead to instabilities. The anod-metal ditance should
be small to reduce the cost; however, this distance should be sufficiently large to
avoid short-circuits : this optimization is an experimental challenge. Let us indeed
emphasize that if the interface between the two fluids ever touches the anod, the
consequences may be dramatic, as is easily understandable when a short-circuit
occurs at such huge powers. There is even the possibility of destroying the series of
cells. The challenge is all the more difficult as the intensity used in the cell becomes
larger and larger, which is indeed the case with the endless seek for financial profit.
As is often the case for industrial processes, the maximum pay-off that is dreamed
of will be obtained by adopting risky strategies, on the borderline of instabilities.

freeinterface

aluminium

Fi1G. 9.1 — An aluminium cell : vertical cut.

9.1.2 A need for numerical simulations

The stage is now set. It is understandable that controlling and optimizing such
an industrial process is not an easy task. An electrolysis cell is kind of a wicked
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environment, where precise experimental observations are difficult to make. Even
monitoring the phenomena at play inside the cell is a challenge : high temperature,
corrosive medium,.... Controlling and optimizing is one step further. In such a fra-
mework, numerical simulation can efficiently complement the experimental strategy,
and advantageously compensate for its weaknesses.

We intend to address in further research the optimal control problem, say :
how to stabilize the position of the interface? Which parameter should be used ?
is it possible in practice 7 In such industrial problems, it should indeed be born in
mind that the practical constraints are of enormous impact : some actual control
parameters are the height of anods, the intensity, the shape of the conducting wires
bringing the current to and from the cell. These parameters cannot be tuned in real
time. This is a feature that must be accounted for, one way or another, when posing
the optimization problem.

But for the time being, as a preliminary and necessary step before attacking
the optimization problem, and also as a step which has its own interest, we have
concentrated our efforts on the direct simulation problem. It was expected that
the results of careful numerical simulations could give a valuable insight into the
understanding of the phenomena inside the cell, and therefore implicitly help to
optimize it. It is indeed the case. But before we describe the modeling strategy we
have employed, two comments are in order.

First, the fact that experimental observations are difficult, and therefore rather
incomplete, to the least, has another consequence than that of giving full value to
the strategy of numerical simulation. It also precisely renders this strategy difficult,
because of the lack of complete reliable measurements. As only a few measures are
available, the question is indeed how to obtain definite conclusions about the validity
of the numerical simulations. In order to overcome, as far as possible, this difficulty,
we have chosen both (a) to validate our algorithms on academic test problems, and
(b) to try and recover in “real” simulations phenomena well known in the engineering
world, or recipes well known by engineers of the field. This has proven to be a
reasonable strategy in such a context, so far.

Second, it is useful to mention at this point the possible numerical approaches
for this problem. Simplifying assumptions have to be done, due to the overwhel-
ming number of physical phenomena involved in the functioning of the cell, na-
mely (i) magnetohydrodynamics (MHD), (ii) moving interface, (iii) ferromagnetism
(the material the boundaries are made of is ferromagnetic), (iv) electrochemistry
(the concentration of the chemical species is not homogeneous throughout the bath,
which has some impact on the global behaviour of the cell), (v) three-phase flows
(bubbles of carbon oxydes at the surface of anods (see (9.2)), solidification process
at the boundaries), (vi) temperature effects (which influences the value of the phy-
sical parameters, in particular). Usually, a continuum, purely fluid, description is
chosen. Items (iv), (v) and (vi) are neglected, or postponed to specifically dedicated
studies, item (iii) is accounted for in establishing the boundary condition for the
magnetic field. Apart from the present work, the existing approaches are essentially
based upon the use of mechanical /physical arguments to guess recipes for stability,
possibly together with a strategy of numerical simulation based upon a linearization
procedure applied to the equations at the vicinity of the equilibrium state, followed
by a linear stability analysis. Instances of such works are [31,35,36,117,118,138,140].
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9.2 The modeling strategy

Our strategy has been to adopt a genuine nonlinear approach, where no linea-
rization at all is made (at the continuous level). As taught to us by analysis on
test situations (even in radically different contexts), a nonlinear stability analysis,
as the one needed here to study the stability of the interface between the two fluids,
can only come out from direct numerical simulations. This has been our bottom
line. Of course, we only have succeeded in our program at the price of doing other
simplifying assumptions, none of them related to nonlinearity issues.

Therefore, we start with the very complete system consisting of the Maxwell
equations coupled to the multifluid Navier-Stokes equations, and then try to reduce
the complexity by carefully imposing simplifying assumptions we have total control
upon. The system we start from therefore reads

Op + div (pu) =0, (9.4)
1
Oi(pu) + div (pu @ u) — div (2ne(uw)) + Vp = pf + m curl B x B (9.5)
divu =0
OB +curlE = 0
—0i(¢E) + curl T j
j=0(E+ux B), (9.7)

where one recognizes (from (9.4) to (9.7)) the mass conservation equation, the incom-
pressible two-fluids Navier-Stokes equations, the Maxwell equations and Ohm’s law.
We introduce p to denote the density of the fluids (it is a piecewise constant func-
tion), u the velocity field, B the magnetic field, E the electric field, j the current,
f the body force (gravity), p the pressure field, and €(u) the deformation gradient
(Vu + VuT)/2. The electrical conductivity o and the viscosity n are assumed to
be known functions of p.

It turns out that, as such, system (9.4)-(9.5)-(9.6)-(9.7) cannot be studied ma-
thematically, due to the hyperbolic nature of the Maxwell equations, and is not
tractable numerically either. As a matter of fact, this system is likely to be not
necessary for the situation at hand. We indeed believe, that a simpler system, both
well-posed mathematically and tractable numerically, suffices to correctly reproduce
the behaviour of the cell. It is obtained from the full system (9.4)-(9.5)-(9.6)-(9.7)
by neglecting the 0;(cF) term (low frequency hypothesis), and, less important, by
setting p = po. This allows one to eliminate the unknown E, and to obtain a system
with the only unknowns w, p, p, B.

The governing equations we shall use are thus the time-dependent incompressible
Navier-Stokes equations for two viscous immiscible fluids (9.4)-(9.5) coupled with
the Maxwell equations in their parabolic form (see [81] for example) :

1
0;B + curl(—-curl B) = curl(u x B), (9.8)
Moo

divB = 0. (9.9)
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These equations are set on a fixed bounded domain 2 of R? (with d = 2 or 3), and
complemented with the magnetic boundary conditions

(B -n)|sn = given, (curl B x n)|sn = given, (9.10)

and for the hydrodynamic boundary conditions, pure slip on the side walls and no-
slip elsewhere. The initial conditions read : p|;—o = p°, ulimo =u° and Bl =
B, where u’ and B° are divergence free vector fields. The density of each fluid is
assumed to be constant at ¢ = 0, a property which is propagated in time by (9.4),
the volume of each fluid being then preserved.

Let us emphasize again that no additional simplification will be made on these
equations and that we shall therefore deal with all the nonlinearities of this strongly
coupled system of PDEs. The mathematical analysis of this system, as well as the
foundation of it on the basis of a whole hierarchy of possible models, is an issue
that has already been dealt with in a series of previous works : existence of solution
to (9.4)-(9.5)-(9.8)-(9.9) in [54], regularity of the flow and of the interface in [37],
long-time behaviour of the hydrodynamics two fluid system in [56|, regularity of the
Navier-Stokes equation in [57].

In particular, it is to be emphasized that the system we shall employ cannot
be simplified further naively, for instance by considering that the electromagnetic
phenomena are so more rapid than the hydrodynamic ones that they can be consi-
dered as stationary (which is indeed a tempting assumption). It would lead (even
in the one-fluid case, see the details in [55,59]) to an ill-posed mathematical system
consisting of a coupling between the time dependent Navier Stokes equations and
the stationary Maxwell equations, i.e. the static form of (9.8). Consequently, if one
wants to use the stationary Maxwell equation, then one needs also to consider the
stationary Navier-Stokes equations, i.e. the static version of (9.4)-(9.5). From the
theoretical viewpoint, studying mathematically this purely static system requires to
answer the open mathematical question : can one prove existence of a solution to the
steady-state two-fluids Navier-Stokes equations ? In spite of the fact that the exis-
tence of solution is an open question, we shall nevertheless try in our computations
to reach the infinite time limit of (9.4)-(9.5)-(9.6)-(9.7) and thus the steady state
version of our time dependent equations. It indeed is of primary interest to deter-
mine the steady state in practice. Let us emphasize the crucial message : the choice
of system (9.4)-(9.5)-(9.8)-(9.9) is supported by a rigorous mathematical analysis
(in the limit of course of the capabilities of the current mathematical techniques,
see [54]).

From the numerical viewpoint, the simulation of system (9.4)-(9.5)-(9.8)-(9.9)
requires to understand the following issues

— how to conveniently discretize the MHD coupling,

— what type of finite elements should be used,

— how to deal with the motion of the interface, and to ensure, when necessary,

the motion of the mesh,

— how to ensure the conservation of the mass of each fluid and the energy stability

in the time dependent simulation.
Let us briefly say here that we use an Arbitray Lagrangian Eulerian formulation
to move the interface and the mesh, that we take care of having a discrete energy
inequality and a conservation of mass using a discretization scheme that ensures a
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geometric conservation law. Apart from the above issues, we have also examined
(in [61]) the numerical strategy to properly account for the surface tension term
when such a term is added to the right-hand side of (9.4), either for physical reasons
or as a numerical artefact. For the sake of brevity, we however leave this question
aside here.

We concentrate in the remainder of this article on the numerical strategies we
used to answer to the above questions, together with a rapid exposition of the results
we obtained.

For computational purposes, it proves convenient after a rewriting of the pre-
ceeding equations in non-dimensional form (for which we refer to [61]), to eliminate
the body force in one fluid, in the spirit of the method described in [60]|. This trick
greatly improves the robustness of the numerical computations. As far as the non-
dimensional numbers are concerned, let us only mention that they are seven of them :

Pi

the Reynolds numbers Re; = (of the order of 10° in our application), the ma-

gnetic Reynolds numbers Rm; = pgo; LU (107! in one fluid, 107° in the other one),
2 3

B
the coupling parameter S = ——— (of the order of 1), the Froude number F' = —,
poprU gL

the density ratio M = P2 The simulations we shall present in Section 9.4 make use

1
of non-dimensional nurrplbers that are one or two orders of magnitude smaller than
in reality. In particular, the Reynolds number will be taken 100 times as small as
the real one, which can be interpreted as a somewhat vague way to account for
turbulence effects. It is a concern of us to perform computations with the physically
relevant non-dimensional numbers within a near future.

To begin with, we concentrate, in Subsection 9.3.1, on the difficulties in the nu-
merical simulation of the coupled MHD problem in the case of one single fluid, post-
poning the specific difficulties due to the presence of two fluids to Subsection 9.3.2.
The numerical computations of (9.4)-(9.5)-(9.8)-(9.9) we show in Section 9.4 are
obtained by a combination of all the techniques of Section 9.3.

9.3 Numerical strategies

9.3.1 The one-fluid MHD equations

With a view to focusing on the MHD coupling, we come back as announced to
the one-fluid case, and therefore consider the system

(

1
pOu+pu - Vu —div (2ne(u))+Vp =pf+—curl B x B
Ho

divu =0

1
0;B + curl (——curl B) = curl (u x B)
o0

divB =0
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where p is a constant throughout the domain. The system is supplied with ad hoc
boundary and initial conditions. It is straightforward to show that, due to a cancel-
lation of terms in the right-hand side, the solution satisfies the energy equality

1d 5 |B|2> / (1 |curl B|? 2) /
S+ 2R ) + (22 g V) = [ pfu (911
2dt Q( [ Ho a\o 1 IV Q (61

The fact that this estimate of energy is to be reproduced at the discrete level will
be a guide for our discretization strategy. For the sake of simplicity, let us detail
how we iterate inside the coupling terms in the case of the stationary version of the
above equations, written in non-dimensional form :

1
—EAujLu-Vu—ier = ScurleB—F%f

1
R—mcurl (curlB) = curl(u x B)
Basically, one can at first think of a segregated algorithm of the following type

1
—— AU 4w Vu + VT = Scurl B" x B" + + f
Re (9.12)

1
R—mcurl (curl B"™') = curl (u"! x B")

It may be proven that the above algorithm needs a good amount of damping, and is
only conditionally stable. On the other hand, a more efficient strategy is to design
a fully coupled algorithm in the following way

1
u” - V,un—i-l _ —Au”“ + Vpn+1 4+ S B" x curl Bn+1 — %f
€ (9.13)
0,

R—mcurl (curl B"™') — curl (u"*! x B") =

(Both systems (9.12) and (9.13) are complemented by the divergence free constraints
divu™ = 0, div B"™ = 0), where it should be noted that the special discretization
of the coupling terms allows one to recover an energy estimate of the form (9.11) at
the discrete level. In addition, the above algorithm is unconditionally stable (provi-
ded that the continuous solution is unique).

When implementing algorithm (9.13) in a finite element type method, a speci-
fic feature appears, that we now wish to underline. Even if the magnetic equation
(second line of (9.13)) is diffusion dominated, it is actually necessary to use a stabi-
lization technique for it. A stabilization method for the fully coupled MHD equation
has thus been developed (see [53]).

Let us also briefly mention that various methods for solving the magnetic equa-
tion (second line of (9.13)) have been tested in |51, 58|. We also refer to the latter
work for the description of some numerical methods to impose the boundary condi-
tions (9.10).

The consideration of classical benchmarks of the MHD literature such as the
Hartmann flow (“magnetic version” of the hydrodynamic Poiseuille flow) has allowed
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us to validate the above numerical strategy, see [61]. Incidentally, let us mention that
such numerical experiments also indicate that turbulence effects are very specific in
a MHD framework which convinced us to deliberately forget them, in the absence
of any deep understanding of turbulence for such MHD flows.

In addition, a simple one-fluid model for the real electrolysis cell has been desi-
gned and the influence of the shape of the wires and the distribution of the external
current upon the behaviour of the hydrodynamic flow inside the cell has been inves-
tigated. Again, this has been found to be in good qualitative agreement with well
known behaviours.

9.3.2 The two-fluids MHD equations

We now come back to the two-fluid MHD problem. With respect to the previous
section, the extension is now to simulate the motion of the free interface between
the two fluids. As no topological change of the interface is expected (it is reasonable
to assume that it remains the graph of a function), and as a great accuracy is
needed in the determination of its position (as the anod-metal distance is the central
issue that heavily influences the behaviour of the cell, as explained above), we have
chosen to explicitly track the interface and therefore have adapted an Arbitrary
Lagrangian Eulerian formulation to the present context of a MHD flow. The ALE
formulation for one fluid with a free surface has been used by several authors, for
example [5,24,77,79,112,141,142]. In the case of two fluids, see for example [128],
and in the framework of MHD, see [20].

As for the computation of the domain velocity field w, we have chosen a special

form for it, namely w™ = (0,0, w), at each time step t,, and define it as the solution
of

—Aw = 0 on Q' i=1,2,
— un.n E’n
T T on = (9.14)
0
% =0 on 0f).

This special determination allows us to ensure the following Geometric Conservation
Law (in the spirit of [70,103,119] in the framework of the finite volume method, [48]
in the framework of finite element methods, and [101] for fluid structure interaction
problems) :

(:E) dx — w © An,nJrl (y) dy = ot w © An,nJrl(y)divywn dy
oy

n+1
& o

= 0t | Y(x)divyw” o AL () dx
Qrtt '

(9.15)

for any ¢ defined on Qf‘“, where A, 41 is the discretization in time of the function
that maps the reference domain onto the current one.
Relation (9.15) is the discrete analogue of the continuous formula

d / o
— xr,t)dr = —

dx + Y(z,t) divw dz.
’ )
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This being done, we are in position to ensure two key properties for our global
algorithm : first, the conservation of the mass of each fluid, and second, the stability
in the energy norm. Both of these properties are easy to fulfill on a fixed mesh, but
have seemed to us not so trivial to ensure in the ALE setting. The above GCL is one
ingredient to ensure both these properties. More explicitely, when (i) the normal
vectors at the nodes of the free interface X(¢) are computed so as to have (see

also [42]) /uh -npdo = /div uy, dz, (ii) the condition / div uy, dx = 0 holds, and
2 Q Q
(iii) GCL is satisfied, then vtze can first prove that the mass1 of each fluid is conserved

n|2 n|2

u B

at the discrete level. Second, denoting by E" :/ i 5 | dy +/ |2—|dy the
n n 2o

total energy of the system, we may show, again because of the above three properties

(i)-(ii)-(iii), that the discrete analogue of (9.11) holds (for convenient simple data),
namely (see |61])

En+1 S

1
—|—/ 2n|e(u" ™) * dx —|—/ ——|curl B""|?dz < 0.
5t Qn+1 (9

nt+1 UoO

As was the case for the issues examined in the previous subsection, we also have
tested the above numerical methodology on classical benchmarks. In addition, we
have checked that the properties (i)-(ii)-(iii) are in some sense optimal in order to
obtain the conservation of the mass of each fluid. For instance, test cases have shown
that when the displacement field for the mesh w is assumed to be the solution of

—-Aw = 0 onQi=1,2,

S on X7, (9.16)
— =0 on 0,
on

instead of (9.14), so that the GCL property does not hold anymore, then the mesh
is distorsed as time evolves, and a modification of the mass is indeed observed, thus
condition (iii) is “necessary”. Likewise, we have shown through test cases, that condi-
tion (ii) is also instrumental : it can be ensured using discontinuous finite elements
for the discretization of the pressure (for example with the mixed elements Q2/P1),
or using continuous finite elements while imposing with a Lagrange multiplier that

the numerical flux / uy, - ny do through the interface vanishes (see [47]). Then,

n

the conservation of mass holds. It has been experimentally checked that it does not
hold otherwise in the context of continuous finite elements for the pressure.

9.4 Numerical simulations

9.4.1 The steady state of the cell

We have performed computations on realistic cells, however on a simplified geo-
metry (but a real aspect ratio), with a viscosity two orders of magnitude as large
as the real one (for both transient and steady-state calculations) and boundary

243



Chapitre 9 : Présentation générale du procédé et des méthodes numériques

conditions on the magnetic field divided by 10 (for transient calculations). The
boundary conditions on the magnetic fields are taken either from experimental mea-
sures or from independent numerical simulations of the magnetic field created by
the conductors around the cell. The aim of our simulations is to recover some well
known phenomenological parameters (e.g. the number of vortices : see [53|) and to
have an insight into some parameters that are difficult to measure (e.g. the shape of
the interface between the bath and the metal).

In this article, we present in Figure 9.2 the result of a computation on a cell
with a simplified (nevertheless relevant) circuit of conductors. The electric current
in the cell is 90 kA and the dimensions of the cell are about 3 x 9 x 1.5 m. For Biot
and Savart computations (giving the boundary conditions on the magnetic field), we
use either linear or parallelepipedic conductors. This interface has been obtained by
computing the solution of the time-dependent system after a long time. On Figure
9.3, we show the result of a steady state calculation for a typical cell (the position
of the interface is assumed to be known from a previous computation). The four
swirls shown are effectively observed in reality and the magnitude of the velocities
is rather close to the experimentally measured one.

Despite the fact we have artificially decreased the Reynolds number (for transient
and steady-state calculations) and the magnetic field on the boundary (transient
calculations), our results turn out to be in good qualitative agreement (shape of the
interface, number of swirls) and even quantitative agreement (magnitudes of velocity
in the steady-state calculation) with the experimental observations.

Fi1G. 9.2 — On the right, the shape of the interface at large time. The circuit of
conductors is represented on the left.

9.4.2 The rolling phenomenon

One of the phenomena which is observed in industrial cells and which has been
thoroughly investigated with a view to understanding it, forecasting it and avoiding
it, is metal pad rolling. It is an oscillation of the cryolite / aluminium interface
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Fi1G. 9.3 — Left : velocity profile in the cell in a plane situated 5 cm under the

1

interface. Velocity is between 1 cm.s™! and 9 cm.s™!. Right : magnetic field on the

boundary of the cell.

with a period ranging from five seconds up to more than one minute (see [95]).
The physical origin of the phenomenon is a “constructive” interaction between the
vertical component B, of the magnetic field and a possible horizontal perturbed
electric current, which results in a possibly instable rotating motion of the interface.
It has been reported on that the metal can even get out of the cell in some cases!
Most studies, in the vein of [31,139], are based upon a linearization procedure that
leads to a definite criterion on the stability or unstability of a given cell, depending
on its geometry, parameters,... In |31, the authors assert that a cylindrical cell
becomes instable whatever the vertical field B,. With a view to test this strong
result of instability, we have developped a numerical simulation (see [61,63]) that has
shown that actually the situation is not truly described by the linearized system. For
large B, our time dependent simulations show an interface that is indeed unstable,
in accordance to the conclusions of the linearized study. But, there exists some
B, small enough and not ridiculously small, for which the same time dependent
simulation shows a stable motion of the interface. Of course, one could argue that,
for times larger than those reached in our numerical simulations, the motion of the
interface indeed becomes unstable, as predicted by the linearization study. But we
wish then t