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Abstract

This paper aims to answer an open problem posed by Morancey in 2015 concerning the null control-
lability of the heat equation on (—1, 1) with an internal inverse square potential located at x = 0. For the
range of singularity under study, after having introduced a suitable self-adjoint extension that enables to
transmit information from one side of the singularity to another, we prove null-controllability in arbitrary
small time, firstly with an internal control supported in an arbitrary measurable set of positive measure,
secondly with a boundary control acting on one side of the boundary. Our proof is mainly based on
a precise spectral study of the singular operator together with some recent refinements of the moment
method of Fattorini and Russell. This notably requires to use some fine (and sometimes new) properties
for Bessel functions and their zeros.
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1 Introduction

1.1 Statement of the problem and main result

This article is mainly dedicated to investigating the null-controllability properties of the following singular
parabolic equation with inverse square potential

O (t.2) = 02, (12) + 5/ (t2) = u(t,2)dufw). (L) € (0,7) x (~1.1),
f(t.~1) = f(t.1) =0, te (0,1), (L1)
f(O,x):fO(x), S (_1’1)7

where ¢ € R, T' > 0 is a horizon time, w is a measurable subset of (—1,1) assumed to have positive Lebesgue
measure, 1, denotes the characteristic function on w, f° € L?(—1,1) and u € L? ((0,T) x (—1,1)). This
kind of potentials naturally appear in the context of combustion theory ([7]), but also in quantum mechanics
(15).

It is proved in [4] that (1.1) is ill-posed in L?(0,1) (with Dirichlet boundary conditions in 0 and 1) if
¢ < —1% (see also [34]). On L%*(—1,1), we can prove that (1.1) is ill-posed, in the sense that there does not

c
exist any selfadjoint extension of 97, — —1Id, posed on C§°((—1,1) \ {0}), for which this operator generates
x
a C%-semigroup, if ¢ < ,%_ The proof of this fact is postponed to Appendix A.
c
Moreover, from [26, Chapter X], we know that for ¢ > %, the operator —92, + —1d is essentially self-
x
adjoint on C§°(R\ {0}), meaning that no information is passing through the singularity = 0 (see e.g. [10,
pp. 1744-1745] for an interesting discussion on this subject). Notably, in this context, it is not possible to
control with a measurable set w that lies only on one part of the singularity « = 0.
For all these reasons, from now on, we will restrict to coefficients ¢ that lie in (—i —l—%) (the case ¢ = i
cannot be directly treated with the techniques developed in this article, see Section 5 for more explanations).

Throughout this paper, for the sake of consistency with the existing literature, the coefficient of the singular
potential is parameterized as ¢ = ¢,,, where

1
¢, =1 — T Vv € (0,1). (1.2)

Our main result is the following null-controllability result in arbitrary small time.

THEOREM 1.1. For any f° € L?(—1,1) and T > 0, there exists a control u € L*> ((0,T) x (—1,1)) such
that the corresponding solution f to (1.1) wverifies f(T) =0 in L(€).

We also have a version of this Theorem with a boundary control on one side of the boundary, which
requires some nontrivial intermediate results and more notations. For the sake of simplicity, we chose to
postpone it at the end of the paper (see Theorem 4.13).

REMARK 1.2. In the previous Theorem, the solutions of (1.1) have to be understood in a sense explained
in Section 1.2. Notably, even in the case where ¢, = 0, we obtain a new result for a non-standard definition

of solutions of the usual heat equation (corresponding to a particular self-adjoint extension of the Laplace
operator on C3°((—1,0) x (0,1))).

REMARK 1.3. Here, w can be any measurable set of positive measure, whereas in most of the literature,
one considers w that is an open set. As we will see during the proof, passing to this more general case is not
totally obvious (see Remark 4.7).



The controllability properties of heat equations with inverse square potentials has been a wide subject
of studies during the last fifteen years. In dimension larger than three, the case of an internal inverse square
singularity with inverse square potential and internal null control was first treated in [33] in a particular
geometry and then extended in [15] (see also [36] for the study of an optimal control problem in this setting).
The case of a variable diffusion has been treated in [25]. The case of approximate boundary control has been
studied in [28], still in dimension larger than three. The case of an inverse square singularity located at the
boundary and internal control was first treated in any space dimension in [11]. A related result is also [9],
involving the distance to the boundary in dimension larger that three.

Concerning specifically the case of the one-dimensional heat equation with inverse square potential at
one point of the boundary, the question of the cost of controllability with a boundary control located at
the other point of the boundary has been studied in [21], whereas [8] proved a result where the boundary
control is located at the boundary. The case of mixed degenerate diffusion and singular potentials is treated
in [17, 32], and a model with memory is studied in [2].

Remark that in all the literature cited above, in the 1D case, the case where the singularity is located inside
the domain has not been addressed, except in [22, Theorem 1.5], where the author proved an approximate
controllability result in this context. In [22], the author raised the open question of obtaining a null-
controllability result in the context of equation (1.1). The goal of the present article is to give a positive
answer to this question.

That this question has not been investigated yet comes from the fact that this situation is much more
difficult from a theoretical point of view. Indeed, the domain (—1,1) is separated in two subintervals by the
inverse square potential, and notably, if one considers the usual domain of the Laplace operator Hg(—1,1)N
H?(—1,1), it will not be possible to control (1.1) with w located in one side of the boundary. In fact, we
need to consider another self-adjoint extension of A, on C§°((—1,1) \ {0}). Of course, what is important
is to specify what to prescribe at the boundary. As we will see in Section 1.2, we are able to introduce an
appropriate self-adjoint extension, with appropriate transmission conditions, that enables to pass information
through the singularity. The main difficulty is then to give an appropriate spectral decomposition of this
self-adjoint extension. Notably, we will give some very precise estimates on the eigenvalues of A, and also
on the eigenfunctions of A,.

The plan of the paper is as follows. In Subsection 1.2, we investigate the well-posedness of (1.1). In
Subsection 1.3, we give some already-known results on Bessel functions, together with new technical results
that are needed for our study. In Section 2, we study the spectral decomposition of the singular elliptic
operator under consideration. In Section 3, we give some precise results on the asymptotic behaviour of the
eigenvalues of our singular operator. In Section 4, we prove our main Theorem 1.1 and give an extension to
the case of a boundary control. To conclude, in Section 5, we present several open problems related to the
present study.

1.2 Well-posedness

We consider the following homogeneous problem:

Of = 0%f+ 51 =0, (L)€ (0,T)x (~1,1),
f(t,—1) = f(t,1) =0, te (0,7), (1.3)
F(0,2) = fO(x), xz € (—1,1).

We begin by addressing the well-posedness of (1.3). The elliptic differential operator under consideration is
Cy
Avf = 78595]0 + ﬁf
x

It is obvious that A, is well-defined on C§°((—1,0) U (0,1)). We now specify the self-adjoint extension to be
employed.



As in [22, Section 2.1], we introduce:
H = {f € H*(-1,1), f(0) = f'(0) = 0},

S
Fo = {f € L*(—1,1), 3¢, ¢l ,cf,¢5 €R, f(z) = {ziﬂl?yiz 1235:”1; 22 E(Lll’)(?), }
Notice that for any fs € F?, fs € C*°((—1,0) U (0,1)) and
(<02, + Z5)f(@) =0, Vo€ (=1,0)U(0,1). (1.4)
The domain of A, is defined as

D(A) = {f = fr+ [ fr € B(=1,1), f, € FY such that f(~1) = f(1) =0,

1 1 1 1
¢ +c; +cf +cf =0, and (1/—|— 2) c + (—V—l—2) Ccy = (1/+2> cf + <—1/+2) c;},
which is a linear subspace of L?(—1,1). By [22, Remark 2.3], we have A, (D(A,)) C L?*(—1,1), confirming
that (A,, D(A,)) is indeed an unbounded operator on L?(—1,1), which is moreover densely defined since

(1.5)

{6€ C((=1,0)L(0,1)), extended at 0 by 6(0) =0} € H3(~1,1) € D(A,),

To conclude, using [22, Proposition 2.2], (A4,, D(A,)) is self-adjoint on L?(—1,1), and for any f € D(A,),
the following inequality holds:

1
(ALf, f) > min{1, 4%} [1 Op fr(x)* da. (1.6)

REMARK 1.4. For v € (0,1), it is easy to verify that we have a direct sum HZ(—1,1) & FY. Since
D(A,) € HZ(-1,1) @ F¥, the unique decomposition of functions in D(A,) given by f = f, + fs, where
feD(A), fr€ ﬁg(—l, 1), fs € FY will be referred to as the decomposition into the reqular part f. and the
singular part fs. The conditions imposed on the coefficients of the singular part in (1.5) will be referred to

as transmission conditions.

REMARK 1.5. On FY, the operator A, acts independently on (0,1) and (—1,0). Thus, the symbol 52,
should not be interpreted as a derivative in the distributional sense over Q = (=1,1). Instead, it operates
separately on (—1,0) and (0,1). In other words, 2, has to be understood as a distributional derivative on
Q=(-1,0)U(0,1). Therefore, from (1.4), we have A, fs = 0.

We have already remarked that (A,, D(A,)) is a densely defined self-adjoint and monotone operator (by
(1.6)). From [12, Corollary 2.4.8], we deduce that —A, is a m-dissipative operator, so that applying the Hille-
Yosida theorem for self-adjoint monotone operators (see, for instance, [12, Theorem 3.2.1]), we obtain that
—A, generates a strongly continuous semigroup, denoted by (e’Avt)@O. In other words, the homogeneous
problem (1.3) is well-posed: for any f° € L?(—1,1), there exists a unique

f €0, +00), L*(—1,1)) N C°((0,400), D(A,)) N C*((0, +00), L*(—1,1))

such that f verifies (1.3).
Our next goal is to define the notion of a solution to the non-homogeneous problem (1.1).
Let us introduce the operator

B : L*(—1,1) = L*(=1,1), g+~ 1,9

Since B € L.(L*(—1,1)), the non-homogeneous problem (1.1) is well-posed. In other words, there exists a
unique weak solution (defined for in the sense of transpositions as in [13, Section 2.3] for instance) to (1.1)
in C°([0, 7], L?(—1,1)), that is “explicitely” given by

t
f=eAty0 +/ e~ At=91 u(s)ds, Vte|0,T].
0



1.3 Generalities on Bessel functions

Let us consider some parameter v € R. The Bessel functions of the first kind, denoted by J,, are solutions
to the differential equation given by

207Y dy 2 _ 2y, _

E"‘(E%-f—(fb —vo)y =0. (1.7)

The Bessel function of the first kind J, (x) can be defined for any = > 0 by its power series expansion

400 k
(_1) N 2k+v

AT Sl (AL L
() 1;)1&1“( Fr+1)\2 (18)
where T'(z) is the Euler Gamma function (by convention, ﬁ = 0 if z is a non-positive integer). For all

v € Rand all n € N\ {0}, we denote by j, , the n-th positive real zero of J,. We refer the reader to [35, 20]
for more details on Bessel functions.
Now, we state several results on Bessel functions that will be useful later.

The first result is the following inequality, that we did not find in the literature and might be interesting
by itself.

LEMMA 1.6. Letv € (0,1). Then,

Ju(x)J_,(x) < s1n(1/7r)7 Vo > 0.
v
Proof of Lemma 1.6. Let x > 0. We introduce
27 (07 1} — Ra Sln(yﬁ) - Ju(x)qu(x)
v
From [35, p. 150, (1)], we know that
il
J(2)J_,(z) = g/2 Jo(2z cos(0)) cos(2v0)d, Vv e€R, Vz > 0.
T Jo
Therefore, ¢, is differentiable on (0, 1] and
71'
vy = Sl sinlvm) | 2 / 2 Jo(2 cos(6))20sin(2v0)d6, Y € (0,1]
P W)=y 2 )y 7° ’ T

From the integral representation given in [35, p. 176, (4)], we have

™

Jo(z) = 1 /07T cos(z sin(6))d6.

We deduce that |Jo(z)| < 1 for > 0. Hence, we have

™ ™ ™

2 (9 2 (9 2 (9
7/2 Jo (22 cos(6))20 sin(2v0)do| < 7/2 |Jo(2z cos(0))| 26 sin(2v6)dd < 7/2 20| sin(2v6)|d6,
T Jo T Jo ™ Jo

and since v € (0, 1), we have sin(2v6) > 0 for all 6 € (0, 5). Furthermore,

7T T
2/2 20 sin(200)d6 = 2 [_9608(21/9) n sin(2v6) ]2 _ cos(vm) n sm(mr)'
7r

™ Jo v 202 2

0 14 TV



Gathering the previous computations, we deduce that ¢,'(v) < 0 for any v € (0,1], so ¢, is decreasing on
(0,1]. Hence,

Ve (0,1), @a(v) > ¢a(l) = =Ji(x)J-1().
From [35, (2), p.15], we have J_;(z) = —J1(z). We deduce that

Vv e (07 1); 9090(1/) > 9096(1) = J1($)2 =0,
which concludes the proof. O

LEMMA 1.7. [35, Subsection 3.12]
Let v € R\ Z. The Wronskian of J, and J_,, denoted as W (J,,, J_,), satisfies

2si
W (Jsd o) (2) = — 250 g,

T
Notably, forv e R\ Z, J, and J_, form a basis of solution for (1.7)
LEMMA 1.8. Let v € (0,1). The real positive zeros of J, and J_,, are strictly interlaced, and

,j—u,l < jv,l < j—u,2 < ju,2 <..< j—u,n < ju,n <...

Proof of Lemma 1.8. Since v € (0,1), we have v > —1 and —v > —1, and we know from [24, Theorem 3

and Remarks| that the positive real zeros of J, are interlaced. Thus, it suffices to show that j_, 1 < jy 1.
JV (=)

To prove this, we will analyze the function ¢ : = ) and show that g is increasing on (0,j_, 1), and

that lim,_,q+ g(x) = 0. Consequently, we will have g( ) >0 on (0,j_,1), which implies that j_, 1 < j,1.
L (@) Iy (x) — T (x)J_) () W (Jy,J_)(x)  2sin(vn)
J_2(x) J_2(x) rx_,*(x)

g (x) = >0, Vze(0,j_p1).

We have shown that g is increasing on (0,j_,.1). Finally, since lim, ,o+ J,(z) = 0 and lim, o+ J_, () =
+00, it follows that lim,_,q+ g(z) = 0. We can conclude as stated above. O

LEMMA 1.9. /35, (2), p. 82]

1
WER, I =3 (1= Jur1)
LEMMA 1.10. /35, (1), p.199]
_ 2 . ka% ka2k+1 v) 1
Ju(x) v\ (cosw ;( 1) smwz o +0 porecl B R Vv eR, Vn €N,

(4v? —12) (4% — 32)...(42 — (2k — 1)?

where w =1 — v~ — = and agp =1, ap = LISk ))forkeN\{O}.

2 4’
COROLLARY 1.11. Letv € R.

1 1
140, 5.0 () 0, 5.0 (5

Proof of Corollary 1.11. The first asymptotic behaviour is directly obtained from Lemma 1.10. The
second asymptotic behavior follows immediately from Lemma 1.9 and the first asymptotic behavior. O




LEMMA 1.12. We have

. v 1 1 . v 1 1
]V7nn%:oo7r<n+2_4)+o(n>’ ]V’nn%:»ooﬂ—<n_2_4>+0<n)'

Ju —J_y
Proof of Lemma 1.12. Since v ¢ Z, we have J_,, = J, cos(vm) — Y, sin(vn), with Y, = cos(vm)

sin(vm)
the Bessel function of the second kind. Thus, using [35, end of p. 506], we obtain the desired asymptotic
expansions for j, , and j_, , directly. O
LEMMA 1.13. Letv € (0,1).
1 1 v?
/ rJy,(ax)?dx = 3 <<1 - 2) Ji,(a)? + Ji,,’(a)2) , Ya > 0,
0 a
(1.9.2)
! 1 v? vsin(vm)
/ xJ,(ax)J_, (ax)dz = = <<1 - 2) Ju(a)J_,(a) + Jl,'(a)J_y'(a)) +—, Va > 0,
0 2 a ma
(1.9.b)
g 2 [ v? 2 / 2
xJy,(ax) da = 56 1-— 25 Ji(aB)* 4+ Ji.'(af) Va,B >0, Ya > 0,
Loz (12 22 Jis(a0)? + ) (aa)? (1.9.¢)
— 50( - 202 +v aa) + Jiu (aa ; -9.C
B 1 1/2
/ zJ,(az)J_,(ax)dx = 552 <<1 - W) Jy(aB)J_,(aB) + Jyl(aﬂ)J,/(aﬂ)) Va, B >0, Va > 0,
(- s Jy(a)J_,(ac) + J,' (ac) J_, (acy) (1.9.d)
20[ a2 v —v v —v . -J.

Proof of Lemma 1.13. Proof of (1.9.a) [20, (4), p. 255] states that for any a > 0,

1 1 2 1 2
/0 rJi,(azx)?de = 3 ((1 - Zz) Jiu(a)® + Jiyl(a)Q) — lim 51‘2 ((1 - aZx?> Ji,(az)? + Jiy/(ax)2> .

z—0t

Moreover, by (1.8),

1 ax\*v
o) e (2)°
wlar) o T 3
S0
1 a\:v +v+1
xJy, (ax) v NEDE) (5) x v 0 because v € (0,1).

Therefore, lim,_,q+ 22J1,(ax)? = 0, and we have

2
1
lim }xz <(1 - aZmQ) Ji(ax)® + Jiu'(a:z:)2> = lim — (—v*Jy,(a2)® + (az)? Ty, (az)?) .

=0+ 202
Therefore, to conclude the proof of (1.9.a), we only need to prove that

lim xQJiyl(x)2 — sziu(z)Q =0.
z—0t



By examining the series expansion of Ji,’ issued from (1.8), we have

- +v 1
w0+ T(£v + 1) 287

Jiyl(x) x:l:ufl +O(l‘1iy).

Therefore, we have

_ v 1
e—0t | (v 4 1) 22

2
2?J,) (z)? } 2 4 O(x**2)  because v € (0,1), (1.10)

and by examining the series expansion of Ji, given in (1.8), we have

1
v 7xiu+0(x2iu)'

Ji(z) = — 2
vla®) S a1 %

SO
v 1

20t {I‘(:ﬁ:y T1)2%
Finally, from (1.10) and (1.11), we obtain

2
V2 g () } 2T 4 O(2?*2)  because v € (0,1). (1.11)

22 (2)? =20, (x)? = O@**) — 0 because v € (0,1),
z—0t z—0t

which concludes the proof of (1.9.a).
Proof of (1.9.b) Let A, B,C, D € R. We define C,, := AJ, + BY, and D, := CJ, + DY, with

Y, — Jy cos(vm) — J_

sin(vm) “ the second kind Bessel function. [20, (3), p. 254] states that for any a > 0,
v

1
/0 2C, (az) Dy (az)dz :i (2C, (@) Du(a) — Cyy1(a)Dysr(a) — Cysr(a)Dy_1(a))

1
— lim ZxQ (2C, (az)D,(ax) — Cy_1(ax)Dy11(azx) — Cpi1(ax) Dy (ax)) .
We choose A =1, B =10, C = cos(vm), and D = —sin(vw). Thus, we have C, = J, and D, = J_,. One
needs to be careful when computing D, 1 and D, _;. We have

Jyprcos((v+ D) —J_pq
sin((v + 1)m)

Doy = Cyss +D —Jyi1cos(vm) — J_p_q

=—J , 1

= cos(vm)Jy 41 —sin(vm) —sin(vm)

Following the same kind of computations on D, _; gives D,_1 = —J_, 1. Therefore, we obtain
! 1
/ xJy,(ax)J_, (ax)dz =1 2J,(a)J—p(a) + Jy—1(a)J—p_1(a) + Jyr1(a)J_,11(a))
0
1
— lim chQ (2J, (azx)J_,(ax) + J,—1(ax)J—p—1(az) + Jy41(ax)J—py1(ax)) .

First, we compute the limit term. By examining the series expansion of J,, J_,, J,_1, J_,4+1, Jo+1, and
J_,_1 given in (1.8), we find that

1 ar\Yv 1 ar\ Vv 1 1
2 2 2
v ny ~ 71_\( T ., 1) (7) - 0,
z°J (ax) (cwc) or x (1/ 1) 2 F(l/ 1) I‘( v 1)36 =0+

2
1 az\v+1 1 az\ v+l (ax/2)?
2 2 at (= - 2
x*Jyt1(ax)J_y11(ax) x j ( 3 ) ( ) T x* — 0,
v—1

a—0+t  T(v+2 v+ 2)T'(—v+2)  asot

2 9 ar\v- ar\—v-1 4 —v 4
e P(lv) () % (3) = F(v)rlw)? T —v) @’




where the argument in the Euler Gamma function is always valid because v € (0,1). We recall that the
complement formula for the Euler Gamma function, which is valid since v € (0, 1), gives

™

rpr(1-v) = ()’

Therefore, we conclude that

vsin(vm)

lim 1:32 (2Jy(ax)J_y(ax) + Jy—1(ax)J_p_1(az) + Ju1(ax)J_py1(ax)) = 5

z—0+ 4 Ta

Thus, to conclude the proof, we need to show that

1/2
i (2,(@) (@) + Ty 1(a) Ty 1(@) + Ty ()T pr1(a)) = % <<1 - a2) To(a) T (a) + JV’(a)J_y’(a)) .

To prove this, we need to use the following identities

v

Vv e (0,1),Vz >0, Joii(z)=—J,(2) =L (x), J_,ii(z)= _?J,l,(x) —J_ (v),

Jy_1(z) = gjy(x) F 0 (), Jopi(z) = %J_u(x) U (),

which are stated in [35, Section 3.2, (3) and (4), p45]. Substituting J,y1(a), J_,41(a), Jo—1(a), and J_,_1(a)
into 1 (2J,(a)J_,(a) — Jy—1(a)J_p41(a) — Jyt1(a)J_,_1(a)) directly yields (1.12) and thus concludes the
proof of (1.9.b).

Proof of (1.9.c) and (1.9.d). The result in (1.9.c) is directly obtained from [20, Section 11.2, (4)]. The
result in (1.9.d) is obtained from [20, Section 11.2, (3)], using a similar approach as in the proof of (1.9.b)
to substitute J,4+1, J_p4+1, Jo—1, and J_,_1, which gives the desired result. O

2 Diagonalization

From now on, we will always assume that v € (0,1). Remind that ¢, is defined by (1.2). We know that A4,
is self-adjoint and non-negative by (1.6). Therefore, we know that the spectrum of A, is a subset of RT,
o(A,) C [0,4+00). Our goal here is to prove that A, has a Hilbert basis of eigenfunctions, and to give a
rather precise description of the spectrum, together with some useful estimates on the eigenfunctions.

2.1 Complete inventory of eigenvalues and eigenfunctions

First of all, let us investigate the kernel of A, .

PROPOSITION 2.1.
Ker(A,) = FY N D(A,)

= Span (x — |x|”+% - |x|_”+%> .
Ao = 0 is therefore the smallest eigenvalue of A,, of multiplicity 1.

Proof of Proposition 2.1. First, thanks to (1.4), we directly obtain F¥ N D(A,) C Ker(4,).

Now, let f € D(A,) be such that A, f = 0. Using (1.6), we obtain |[0, f,||z2(~1,1) = 0.

Since 0, f € H*(—1,1) = C°(—1,1) and f/(0) = 0, we obtain f, = 0. Therefore, f = f; € F* N D(A,).
Thus, Ker(A,) = FY N D(A,).

Finally, it is easy to check that F¥ N D(A,) = Span (a: — |z tE — |x\_”+%>, using the transmission condi-
tions in the definition of A, together with the Dirichlet boundary conditions at +1. O



Let E > 0. Now, using Bessel functions, we want to find f € D(A,) such that A,f = Ef. Let us first
investigate the differential equation A, f = f, without taking into account the transmission and boundary
conditions.

PROPOSITION 2.2. Let E > 0. A,, let f € C>°((—=1,0)U(0,1)). Then, the function f satisfies

2z V-

Vz e (—-1,0)U(0,1), (d2+ = 4>f(:c)—Ef(x), (2.1)

if and only if f is of the form

f(x) = {a"ﬁj"(_@x) +aZ,/=2l_y(~VEz), Vi€ (-1,0),

o VEI (V) + it 3T (VER), vae (01) .

with a;; al,at, €R.

Therefore, a function f is in the eigenspace associated with the eigenvalue E if and only if f € D(A,) and
f is of the form (2.2).

Proof of Proposition 2.2.
On (0, 1). We consider the function w:E(x) = 2J,(V/Ez), defined on (0,1). Taking the second derivative,
we have

Se@) =1 s (\Fx)+7fJf(\Fx)+EfJ~(\ﬁx)

Next, we use the Bessel equation (1.7) satisfied by J, at VEz > 0, which gives

E2?J"(VEz) + 2VEJ,(VEz) + Ex*J,(VEz) = v*J,(VEx).

Therefore, we have, for all z € (0,1),

2 V2 1
<dd2+ > Se(®) = /2 Jy(VEz) - \}EVEJL(\/Ex)fE\/EJ[,’(\/Ex)

- VELWEs) + Y2 (Ba(VEr) + aVEI(VEr) + B J,(VEx)

Since v € R\ Z, we have that (J,,J_,) is a basis of solutions of (1.7) by Lemma 1.7. Therefore, by posing
th’E(x) = zJ_,(vVEz) on (0,1), we also have that for all z € (0, 1),

x2

d? 2 — %
On (-1, 0). We follow the same computations as on (0,1) and we observe that they are the same.

We proved that any function of the form (2.2) satisfies (2.1). We have found all the solutions to (2.1)
since the total solution space is of dimension 4, consisting of two independent solutions on (0,1) and two
independent solutions on (—1,0). This matches the expected structure, as the equation is second-order and

has a singularity at = 0, which separates the two intervals. O
Now, we want to find conditions on a”,, a;, a¥,, and a} to ensure that the function f defined in (2.2) is
in D(A ).

PROPOSITION 2.3. Let v € (0,1). Any function of the form (2.2) is in H3(—1,1) & FV.
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Proof of Proposition 2.3. By examining the power series expansion (1.8) of the Bessel functions .J,, and
isolating the term for £ = 0, we have

1 \/Eyyl - —1)* \/E2k+y2ul

1 \/E —v o 00 1 & \/E 2k—v o
W"(@)_r(_ym<2> = *Zmé_)m@) 2, Ve e (0.0).

We introduce

00 2k+v
- Z )k @ (_x)2k+u+%
kITY k: + v+ 1) 2

=1
2k—v

\/E 2k—v+1
—VZ k"F —y+1) ( 9 (—1’) %y VI'G(—].,O),
0o 2k+v
ot Z (=1)k vE L 2Rt}
”kzlklf(k+1/+1) 2

00 2k—v
+ (*1)]C VE 2k—v+1
7 @ | X= 1
a_”;klr(k—wl)( 2 zhE, Ve (00),

fr(@) =

_ § N
fu@) =" F<”1+1> (\F) =1 +2+“—vm(‘/ﬁ) lz[7v*2,  Va e (-1,0),

+ vE v+l 1 VE\ ¥ —vtl (2.3)
ay F(V+1) ( ) ||+ 2 ‘Hhum( 5 ) |z] z, vz € (0,1).

Thus, we have f = fs + f,.. Since v € (0,1), it is clear that f, € L?(—1,1). By examining (2.3), we see that
fs has the right form with

of = + 1 @V N vVE -
’”r(u+) 2 )7 2 VD (v 1)\ 2 ’

1 (vEY 1 VE\ "
le%m 5 , c2fa_”m 5 .

Therefore, f, € F¥. Finally, we need to verify that f, € H3(—1,1). We introduce

1k 2k+v vl
a;y S5, m (@) (—a)2ktvts

2k—v
qu 2 k'F(k u+1) (\/E) (_x)zk—wr%’ Vo € (—LO);

gr(JC) = k 2k+v 1
al Yl BT k«lw+1) ( ) p?htrts
(=n* AR
at, Zk 2 krr(k V+1 ( 2 ) z 2, Vx € (0,1),
2—v
:l/f‘(l v+1) ( ) 2 V+2 Vz € (_170)a
hr(2) = .
t”ﬁ ( ) x%”*?, V€ (0,1).

Thus, fr = gr + hy. Since v € (0,1), we have g, € C*([-1,1]) € H*(—1,1) and ¢,(0) = g,.(0) = 0,
therefore, g, € HZ(—1,1). We also have h, € C'([-1,1]) and h,(0) = h.(0) = 0. We only need to check
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that A € L?(—1,1). Since for v > %, Al is only differentiable on (—1,0) U (0,1) and not at 0, we need to
compute h! using the derivative in the distributional sense. Let ¢ € C°(—1,1),

1 0 1 0 1
h// — _ h/ / — _ h/ I h/ / — h// _ h/ 0 / h// _ h/ 1
< ra¢> Ll 7"¢ /;1 r¢ /(; 7"¢ [1 r¢ [ r¢]—1 + 0 r¢ [ 7"¢]O

0 1
:/ h;’¢+/ h!¢ since h.(0) = 0.
-1

0

Therefore, h! is obtained by examining the derivative of b, on (—1,0) and (0,1). We find

2—v )
a_y F(l:iJrl) (@) C-v+HA-v+3) ()2, Voe(-1,0),

h’;“/(x) = n 1 \/E 2—v 1 1 _ +l
a—VF(l—u+1) (T) (2 —v+ 5)(1 —v+ §)IC v 2, Vo € (Oa 1)7

which is in L?(—1,1) since v € (0,1). Thus, h, € H3(—1,1) and g, € HZ(—1,1). Therefore, f, = g, + h, €
HZ(—1,1). We have shown that f = fs + f, € H3(—1,1) & FV. O

PROPOSITION 2.4. Letv € (0,1), let E > 0. The value E is a positive eigenvalue of A, if and only if

J,(VE) (“f) m — I (VE), (2.5)
or oy
J,(VE) (?) FF((_";JF?) 1 ; ;Z =J_,(VE). (2.6)

Furthermore, J,(VE) # 0, and

o if (2.5) is satisfied, the eigenspace associated with the eigenvalue E is

—2v

m <‘/2E> =] (—VEx) + V=2 o(—Ex) on (—1,0)

Span | z — VB oy , (2.7)
m <2E> Vi, (VEz) + 2], (VEz) on (0,1)

o if (2.6) is satisfied, the eigenspace associated with the eigenvalue E is

- Tw+1) (VE)

. T T ) <2> v—2J,(—VEzx) —/—zJ_,(—VEz) on (-1,0)

pan | z — oy 5

1-2v T(v+1) (VE
T Ey <2> VaJ,(VEz) + aJ_,(VEx) on (0,1)
(2.8)

which are both of dimension 1.

Proof of Proposition 2.4. We want to find conditions that allow candidate eigenfunctions written as (2.2)
to be in D(A,). Referring to the definition of D(A4,) in (1.5), Proposition 2.3, and (2.4), the function f
defined in (2.2) is in D(A,) if and only if

(a)) + a;)¥ <\/E> + (at, + _ (‘/E> =0, (2.9)

Tv+1) \ 2 eyl
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(aF —a>)(w+ %)F(%—&-l) (*/2E> +(at, —a,)(—v + %)m (*/2E> _o, (2.10)
fQ1) = alTJV(\/E) + a‘tnyu(\/E) =0, (2.11)
f(=1) =a; J,(WE)+a-,J_,(VE) =0. (2.12)

We introduce the useful quantity

—2v

1 Tw+1 E

o w+1) (VE) (2.13)
I+2wD(—v+1) \ 2
L [r(wr 1) (TE)_ x (2.9) + Het (@)_ X (2.10)} gives

at = —Dy,(at, +2va",), (2.14)

and [F(u +1) (—E)ﬂ/ x (2.9) — tutD (@)ﬂ/ X (2.10)] gives

2 2 v 2

a; = —D,(a”, + 2val)). (2.15)

Reason by contradiction and assume that .J,(vE) = 0. Then, (2.11) and (2.12) become a*,J_,(VE) =0
and a~,J_,(vE) = 0. Assume one more time by contradiction that J_,(vE) # 0. Then, we must have
at, =a”, =0. Using (2.14) and (2.15), we also must have a} = a; = 0. Thus, f = 0. This is not possible
since we are looking for eigenfunctions. Therefore, we must have .J_,(v/E) = 0, which is not possible since

Lemma 1.8 shows that the positive zeros of J, and J_, are strictly interlaced.
Therefore, J,(vVE) # 0. We substitute a; in (2.12) using (2.15). This gives

v

at,J,(VE)2vD, = a_, (J_V(\/E) - JV(\/E)DV> .

Since J,,(VE) # 0, we have

(2.16)
Substituting e in (2.11) using (2.14) gives

a=,J,(VE)2uD, = a*, (J,,,(\/E) - JV(\/E)DV) .
We now substitute a™

in the previous equality, using (2.16). This gives

v

— - qu(\/E)_Jy(\/E)DV _
a=,J,(VE)2uD, = a”,, LD, (J,V(\/E) JV(\/E)DU),

which can be rewritten as
2 2
aZ, (JV(\/E)QVD,,) —a, (J_V(\/E) - JV(\/E)DV) .

We cannot have a_,, = 0 because it would lead to at, = 0 using (2.16), and then a; = a;f = 0 using (2.14)
and (2.15). Therefore, we must have

2

(J,,(\/E)ZVD,,)Q - (J_,,(\/E) - JV(\/E)DV) . (2.17)
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To summarize, we proved that if E is an eigenvalue of A, for a function f of the form (2.2), then we must have
(2.17), and we must have a', satisfying (2.16), while a;} and a; must satisfy (2.14) and (2.15) respectively,
with aZ,, chosen freely in R.

On the other hand, if (2.17) is satisfied, we can choose any function from the set

—w(VE)-J,(WE)D,
f of the form (2.2) such that: a~, €R, af, = a:l,J VE) — J,(VE) ,

J,(VE)2vD, (2.18)
af = -D,(a*, +2va",), a; =—-D,(a”, +2vat)

and we indeed have A, f = Ef and f € D(A,). Therefore, E is an eigenvalue and the eigenspace associated
with the eigenvalue F is given by (2.18).
Now, we will distinguish cases on the condition (2.17). If (2.17) is true, then we have either

J,WE)2vD, = J_,(VE) - J,(VE)D, (2.19)

or

~J,WE)2vD, = J_,(VE) - J,(WE)D,. (2.20)

We notice that condition (2.19) is equivalent to condition (2.5), and condition (2.20) is equivalent to condition
(2.6). Therefore, what remains to be proved is that the eigenspace (2.18) takes the form stated in the theorem,
whether (2.19) or (2.20) holds.

Let us suppose that (2.19) is true. It is straightforward that the eigenspace (2.18) can be rewritten as

f of the form (2.2) such that: a~, €R, af, =a_
af =—-D,(1+2v)a”,, a, =—-D,(1+2v)a_, ’
By looking at the expression of D, in (2.13) and at the functions of the form (2.2), it is clear that this space
is exactly (2.7).
Now, let us suppose that (2.20) is true. It is straightforward that the eigenspace (2.18) can be rewritten as

f of the form (2.2) such that: a”, €R, af, = —a”
af =D,(1—2v)a” a, =—D,(1—-2v)a” '

v v

By looking at the expression of D, in (2.13) and at the functions of the form (2.2), it is clear that this space
is exactly (2.8). This concludes the proof of Proposition 2.4. O

REMARK 2.5. It is crucial to emphasize that we have found all the eigenvalues and eigenfunctions of
our operator A,, for any v € (0,1). Indeed, we know that A, is self-adjoint and non-negative by (1.6).
Therefore, opoint(Ay) C Ry. Proposition 2.1 shows that 0 is an eigenvalue of multiplicity 1 and provides
the kernel. Proposition 2.4 indicates that the other eigenvalues are given by the implicit equations (2.5) and
(2.6), and provides the associated eigenspaces, that are also of dimension one.

2.2 Distribution structure of the eigenvalues

Now that we have found the conditions (2.5) and (2.6) for our eigenvalues, we would like to determine which
values of E satisfy one of this condition, and how these values are distributed along the positive real axis.
This is the subject of this subsection, which is concluded by a proposition that characterizes the structure
of the distribution of our eigenvalues.

PROPOSITION 2.6. Let v € (0,1), let n € N\ {0}. The function f : z — JJ—UV(ZZZ)QU_QV is a well-
defined, increasing, and continuous bijection from (j_y n,j—vn+1) to R. Furthermore, f is also a well-defined,

F(_V+1)272V’ —I—OO)

increasing, and continuous bijection from (0,75_,.1) to ( oS
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Proof of Proposition 2.6. Let n € N\{0}. First, thanks to Lemma 1.8, we know that J_, does not vanish
between (j_, n,j—vnt+1) Or between (0,j_, 1). Therefore, f is well-defined on (j_,. n,j—pn+1) or (0,5-p1).
The function f is also differentiable on these intervals, so to show that f is increasing, we only need to
examine its derivative. Let € (j_yn, j—vn+1) Or & € (0,j_,.1). Then,

(L (@)= = 2w, (x)a= 2 ") J_y(z) — Jy(z)z2J_, (x)

! .
f(x) = J_ 2 (x)
_—2v A — Qug— 2l v —v
_ - W (Jy,J )(;«") 2( I;ZE Ju(x)J_,(x) with W (J,,J_,) defined in Lemma 1.7,
_(x
oyp—2v—1 (% _ Jy(x)J_V(x))

= 5 >0 thanks to Lemma 1.6.
J_,%(z)

Therefore, f is increasing on (j_,.n, j—v,n+1), and on (0, j_, 1). Furthermore, J_, (j_un) = J_v(j—v,n+1) = 0,
and J,(j_v.n) # 0, Ju(j—vnt+1) # 0 because the positive real zeros of J, and J_, are strictly interlaced as
shown in Lemma 1.8. Therefore, we have

lim f(z) = —o0, lim f(z) =400, and lim f(z) = +occ.

.+ o—_ p—
T=2J_un Ty nt1 T=) 1

Finally, from the asymptotic expansion (1.8), we have

Ju(x) ~o+ 1 (f)y and J_,(x) ~g+ _ (m)_y.

L(v+1)\2 T(—v+1) \2
We deduce that lim,_,¢+ f(z) = Fé(;’jr%)r?”, which concludes the proof. O

Thanks to the above property, we are able to give a result on the distributions of the eigenvalues of A,.

PROPOSITION 2.7. .
Let v € (0,1),

o 3E € (0,5%,,), E satisfies (2.5).

o Vne N\ {0}, BE € [j2,,,,52,], E satisfies (2.5).

e Vne N\ {0}, 3E € (2,52, .11), E satisfies (2.5). We denote it by Aoy,
Let v e (0,3),

e IE€(0,52,,), E satisfies (2.6). We denote it by \;.

o Vne N\ {0}, BE € [j2,,,,52,], E satisfies (2.6).

o Vne N\ {0}, 3'E € (j2,.,7%,ns1), E satisfies (2.6). We denote it by Ao y1.
Let v e (3,1),

o 3E € (0,5%,,], E satisfies (2.6).

e Vn e N\ {0}, 3E € (j2,,.,J2,), E satisfies (2.6). We denote it by Xo_1.

o Vn e N\ {0}, BE € [j2,.5%, 1], E satisfies (2.6).
Let v = %,

e Vne N\ {0}, E=j2,, satisfies (2.6). We denote it by Ao, _1.

o BE e R\ {0}U,>1{4i%, .}, E satisfies (2.6).
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We always have, regardless of v € (0,1)

0= < AN < A<..< g < )\2n+1 < ... (221)
jzu,ljs,l jzv,z ]32 jzu,3 133 jzv,A jzv,ljs,l jzv,Z ]32 jzv,3 133 jzu,4
- j—u(\/E) - /—v(\/E)
— MWB) Ty — MBI
: . 0
/\'2 /\I4 /\Ie /\I1 /\I3 /\IS ’\I7
E E
(a) Even eigenvalues A2, for v =1/2 € (0,1) (b) Odd eigenvalues Aap41 for v =1/2
fin o Jia Jia Ba B3 333
jZ jZ i2 i2 2 2 0o 2
-v.1 Zu2 1203 jf}l.4 121 10,2 1203 JZv,4
— JVE) — JWVE)
— MBI R MENE) > i
01 i == ol : g
)Iz A4 )‘6 /\'1 AI3 Avs /\I7
E E
(c) Even eigenvalues A2, for v =0.1 € (0,1/2) (d) Odd eigenvalues A2p4+1 for v =0.1 € (0,1/2)
B N A T B
o1 Sz Jo3 Iova JZu1 Sz J=v3 I=va
— D) ' — B |
— MBEr iy o — MBS
O |
i i |
Az Aq Ag
E E
(e) Even eigenvalues A2, for v = 0.6 € (0,1/2) (f) Odd eigenvalues Aap41 for v =0.6 € (0,1/2)

Figure 1: Illustration of the evolution of eigenvalues as a function of v.
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REMARK 2.8. .

e The reader should note that the proposition is stated in such a way that for any fived v € (0,1), all
values of E that are solutions of (2.5) or (2.6) are listed. We ensure that we provide a complete

inventory. Therefore, the point spectrum of A, is Opoint = {An,n € N}.

e Lemma 1.8 is crucial here to better understand why the proposition is formulated this way. Lemma 1.8
ensures that we do not assign different names to the same E.

e Proposition 2.7 implies that lim,,_ 4 Ay, = +00, since lim,, 4 j—y.n = +00.

REMARK 2.9. Proposition 2.7 implies that
o if v e (0,3), Aan < Azngr < J%, 41, YneN\{0}.
. ifl/E(%,l), )\gn<j3,,’n+1 <>\2n+17 V’HGN\{O}

o ifv =13 Ao < Xonp1 =42, 001, YR EN\{0}.

Figure 1 illustrates the behavior of the eigenvalues A, for different values of the parameter v € (0, 1),
distinguishing even and odd eigenvalues. These plots visually reinforce Proposition 2.7, by explicitly showing
where the solutions of the conditions (2.5) and (2.6) lie relative to the squared Bessel zeros j1, ..

The graphical layout emphasizes that the eigenvalues are interlaced with the Bessel zeros. For instance,
one observes that between each pair of consecutive Bessel zeros, precisely one eigenvalue may exist, depending
on the parity and the value of v. The figures also show the transitions described in Remark 2.9: when v
increases from below 1/2 to above it, the location of the odd eigenvalues Ao, 11 shifts from being to the left
of j2, .41 to being to its right.

This transition is especially noticeable when comparing Figures 1b, 1d, and 1f. However, in the case
v = 0.6, corresponding to Figure 1f, the values of As, 11 and ﬁm 41 are extremely close, and the main plot
does not allow for a precise visual comparison.

To address this, Figure 2 provides a magnified view centered around A5 and j%l,)?). This zoomed-in inset
clearly confirms that A5 > jiwg, as given by Proposition 2.7 for v € (1/2,1).

As
E

Figure 2: Zoom on the eigenvalue A5 and the squared Bessel zero j2, 5 for v = 0.6 € (1/2,1)

Proof of Proposition 2.7. There are four clear blocks in the proposition. We will go through them one
by one in Parts 1, 2, 3, and 4 of the proof. First, we should underline that, thanks to Lemma 1.8, we know

that the family
(O’jgu,l) U {.731/,71} U {Jg,n} U (jzu,n’jz%,n) U (jz,n7j31/,n+1)

n>1 n>1 n>1 n>1
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is a partition of Ry \ {0}. Therefore, the proposition provides a complete inventory of the solutions £ > 0
of (2.5) or (2.6). We will use the function f defined in Proposition 2.6.

Part 1. Let us introduce hy, which is well-defined on Ry \ {0} U@l{jﬁm}:

1 T(r+1)
22 T(—v+1)
1 D4
2—2v I'(—v+1)
any n € N\ {0}, hy is a continuous increasing bijection from (52, ,,52, ,,1) to R, and from (0,42, ) to

1 I'(v+1) I'(—v+1) g—20 _
(52 r(£u+1) X T2 W 100) = (1,4+00).
Let E > 0 satisfying (2.5). Then E ¢ Un21{j3,,’n} because otherwise it would imply that J,(VE) =
J_,(v/E) = 0, which is not possible according to Lemma 1.8.
Therefore, E > 0 satisfies (2.5) if and only if

E¢ | J{%, .} and h(E) =1 (2.22)

n>1

hi e f(Va)

Since x — /7 is increasing on Ry \ {0}, and > 0, we have, thanks to Proposition 2.6, that for

Using the intermediate value theorem on hi, we directly prove the first three items of the proposition:

o 3E € (0,52,,), E satisfies (2.5). Indeed, we cannot have hy(E) = 1 on (0,52, ) since we have
h1(0) = 1.

e Vn € N\ {0}, 3E € [j2,,,,j2,], E satisfies (2.5). Indeed, for any n € N\ {0}, hi(jZ,) = 0, so
h1|(j2 j2isa bijection from (j2,,,,j2,] to (—00,0]. Therefore, if E satisfies (2.5), then E ¢
(ﬁm,jg,n']. Additionally, E # j2,,, according to (2.22), so E ¢ [j2,, ., 72 ,.].

e Vn e N\ {0}, 3'E € (j2,.4%,.11) such that E satisfies (2.5). Indeed, h1|(j2 o

is a bijection
v,n ’]7u,n+1)

from (jg,nmjzu,n—i—l) to (Oa +OO)
Part 2. Let v € (0, 3). We introduce ks, which is well-defined on R} \ {0} Uns1{32.0 )
1 T(w+1) 1-2
272 I(—v+1)1+2v

2}2., Flz(_'/j_:i) i;gz > 0, thanks to Proposition 2.6, we have that

for any n € N\ {0}, h is a continuous increasing bijection from (52, ,,,52, ,,1) to R and from (0,52, ) to
1 T(w+1) 1-2 L(—v+l)9—2 _(1=2

(== Mot 1120 X Tl 2 Y +00) = (15515 +00)-

Using the exact same arguments as in Part 1 of the proof, we find that E > 0 satisfies (2.6) if and only if

E¢ | J{i%,.} and hy(E)=1.

n>1

ha tx = f(Va)

Since x — 1/ is increasing on R \ {0}, and

Using the intermediate value theorem on ho, we directly prove the three needed items, as done in Part 1.
Finally, using Lemma 1.8, the only thing left to prove to have (2.21) for v € (0, 1) is that for all n € N\ {0},

A2 < Agny1. This is straightforward since A, and Ao 1 are both in (52,52, .1 1), ho = %hl 50 ha < hy

on (52,5 5%y ns1)s and hi(Aan) = ha(Agny1) = 1.

Part 3. Let v € (%, 1). We follow the exact same strategy as in Part 2, except that here, L‘_%Z < 0, so

the growth behavior of hsy is inverted. The increasing parts are now turned into decreasing ones, and vice
versa. Using the intermediate value theorem on hs, we directly prove the three needed items. Finally, using
Lemma 1.8, we have nothing left to prove in order to establish (2.21) for v € (%, 1).

Part 4. Let v = % For v = %, we directly find that the fact that E > 0 satisfies (2.6) is equivalent to
J,U(\/E) = 0. Therefore, the two items of this part are directly obtained. Finally, using Lemma 1.8, we
1

have nothing left to prove in order to establish (2.21) for v = 3. O
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2.3 Hilbert Basis of eigenfunctions

In order to prove that the spectrum of A, is restricted to the point spectrum, we prove the following result.
PROPOSITION 2.10. (A4,,D(A,)) has compact resolvent.

Proof of proposition 2.10. Since (A,, D(A,)) is self-adjoint, it is automatically closed. Hence, for any A €
R such that A, —\Id is invertible, the closed graph theorem ensures that (A, —AId)~! € £.(L?(-1,1), D(A,)),
where D(A,) is equipped with the usual graph norm. So, by composition, (A,,D(A,)) has a compact
resolvent as soon as the injection (D(A,), |- |pa,)) < (L*(—=1,1),]| - ||r2(~1,1)) is compact.

Let (fn = fI"+ [M)nen € D(A,)N be a bounded sequence for the graph norm ||-||p(4, ), where for all n € N,
fre H3(—1,1) and f7 € F¥. We have that

ac; > 0, Vn € N, ||fn||L2(—1,1) < Cl, and JC5 > 07 Vn € N7 ||Afn”L2(—1,1) < (.
Therefore, we obtain

VneN, (Afn, fa)rz—1,0) < | fallez il Afall2 =11y < CiCo.
Using (1.6), we have
1
Vn € N, min{1,4u2}/ (V)2 < 01Cs.
—1

Thus, we conclude that (Vf7),en is a bounded sequence in L?(—1,1). Combining this with Poincaré’s
inequality on (-1,1) (which valid since f» € flg(—l, 1) for any n € N), we deduce that (f)nen is also a
bounded sequence in L?(—1,1). This implies that (f?),en is a bounded sequence in H!(—1,1), so that
Rellich’s theorem states that the injection H'(—1,1) < L?(—1,1) is compact. Therefore, there exists a

subsequence ( fl(n))neN that converges strongly in L?(—1,1) to some f,. € L?(—1,1). Furthermore,

VneN, |[fillee—ny = Ifs + 7 = ey < ey + 1 2=

Since (f™)nen is bounded in L?(—1, 1), and we have shown that (f?),en is bounded in L?(—1, 1), we conclude

that (f™)nen is also bounded in L?(—1,1), so ( fl(n))ne,\, is also bounded. Moreover, ( fl(n))neN e (FU)N,
and since FV is a finite-dimensional vector subspace of L?(—1,1), there exists a subsequence (fs 20“01("))

that converges strongly in L?(—1,1) to some fs € F¥ C L?(—1,1). Thus, we have proven that

neN

Vn € N, f<,020<,01(n) = f;pzowl(n) + f;,0204,01(n) — frt+fs€ L2(_171>'

n—-+o0o

Therefore, (D(Ay), || - [|p(a,)) < (L*(—=1,1),]| - |[2(=1,1)) is compact, and we can conclude as explained at
the beginning of the proof. O

We are now ready to give a complete description of the spectral theory of A, .
THEOREM 2.11. We introduce
1 _oal
Yo = |x["T2 —|2|7V"2 on (—1,1), and ag:= |ollL2(—1,1)-

Let n € N\ {0}, we introduce

(v +1) (VE)_V\/—?JV (=VA2n2) + V=] (=VAanz) ,  on (=1,0),

Yop 1= I'(—v+1) 2
. Tw+1) (Vi) "
_r(u+1)< > ) Vad, (Vienz) + Ve (Vienz) on (0,1),
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2

= Wl = (1= ) oo (Vi) ' (Vi)

v Ve 2
2 () () e (Vi) e (VA
+J,) (x/E) J_ (\/E) + L;T;:W)

(RO Y 682 o]

] (2.23)

F(—V—i— 1 Aon

Let n € N, we introduce

v

1/2
12 F(v+1)) (vA;nH) V=2J, (—v/ Pent1z) = V=2 (—Aansiz) . on(-1,0),

1+2v(—v+1

- r(u+1)) (@) Vady (Vemrie) + Vi (\Varmia) on(0, 1),

1/12n+1 =

1+2v(—v+1

2 2 2
o = [[Y2nallie11) = (1 - > Iy (\/ >\2n+1) +J- (\/ >\2n+1)

A2n+1

—2v
el () (-5 2 () e (Vi)
0, (Vi) Jo! (V) + 2520

TA2n+1

2

1-2v D(v+1) <M>_2U Kl_ V2 )Jy (M)ZJFJV/(M)Q} > 0.

14+2vT(—v+1) 2 Aon+1
(2.24)
Let n € N, we define
b= 22

Then, (én)nen is a Hilbert basis of L*(—1,1) consisting of eigenfunctions of A, .

Proof of Theorem 2.11. Thanks to Proposition 2.1 and Corollary 2.4, we know that opoint(4,) =
{An, m € N}, and that all these eigenvalues are distinct and have multiplicity 1. Moreover, for any n € N,
Ker(A, — A, Id) = Span(¢,,) = Span(¢,,). Furthermore, using (1.9.a) and (1.9.b), we directly obtain (2.23)
and (2.24). Since A, is self-adjoint with compact resolvent, we deduce that o(4,) = {A\,, n € N} and that
the sequence (¢, )nen forms a Hilbert basis of L2(—1,1). O

3 Asymptotic behaviour of the eigenvalues

3.1 Casevrve (0, %)

During this whole subsection, we focus on the case v € (0, %)
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LEMMA 3.1. Letv e (0,1),

%m <Ju(x) <g>—2u m _ J_u($)> oo T CO8 (x+ l/g - %)

e (Jy(x) (g)—f 1 _T_ ;Z FIE(_VVi_li) _ J_l,(:z:)> e T COs (x + yg _ g)

1-2v T(v+1) (
cos
1+2v(—v+1)

1
e () .
x
Proof of Lemma 3.1. Let v € (O7 %) , using Lemma 1.10, we have

chfV(m) = cos (:c vl - I) +0 (1) ;

9 z—+00 2 4 x

Fan() " a5 -3 (2) o ()

I'(v+1)
I'(—v+1)

PROPOSITION 3.2. Letv € (0,3),

B v o1 T(v+1) . 2 \* 1
Vo, . (05 1) - riren ()0 ()

1—-2v T(v+1)

x(3.4)—(3.3)=(3.1), and 120 T (=0 + 1)

% (3.4)—(3.3)=(3.2).

v 1\ 1-2v T'(v+1) . 2\ 1
\/mnaj»ooﬂ- <n - 5 - 4> - 1420 F(—l/ + 1) Sln(Vﬂ') (m) +0 <nmin(174l/)

Proof of Proposition 3.2. Let v € (0, 3).
Proof of (3.5).
Step 1. Thanks to (3.1), we know that

% <Ju(50) <g>_2y m - J—u(ﬂﬁ)) oo, T CO8 (x + ug - %) +0

We also know that we need to have for n > 1
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Ty/A2(n—1 VA2(n-1 o v
T (Jy (o) ( . )> FF((_VTi) —J, (./AQ(M))) —0.

4
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Therefore, we must have

T 1
On—):Jrooicos (m+y24)+0<\/)\2(n—1)> ’ 39

because \/Az(n—1) —+> 400 as explained in Remark 2.8. Thus, we have
n—-+0oo

cos (M)\Q(n_l) + llg — %) n%:Jroo 0(1).

That implies that there must exist a sequence of integers (k,,)nenyfo} € ZN\OY such that

v 1
\/A2(n-1) ngoe T <kn 3 4> +o(1),

and thanks to Proposition 2.7 we know that for n > 1, \/Ay(n—1) € (Jun—1,J-vn). Using Lemma 1.12, we
obtain, as n — +o0,

(oo D) 0(2). o(o-5- D0 (2)

Therefore, since v € (0,1), for n large enough, we must have k,, = n. This proves that

v 1 .
\/ A2(n—1) e (n 5 4) +e9,(n)  with eg,(n) = o(1). (3.9)

1
Step 2. Now, we want to prove that e, (n) = o <V> We will repeat the same process. Using (3.8)
n—-+0oo n

and (3.9), we obtain

s 1
cos (ﬂ'n—l— gan(n) — 5) e @) <n2”> .

Therefore,

sin (eay(n)) = 0(,;) which gives  eay(n) + O (enu(n)?) = 0(7;)

n——+o0 n——+oo
Thus,
ea,(n) (140 (0 n)?)) = O (;) 7
which implies that Thus,

ean(n) (1 +0(1)) = 0(7;)

n—+oo

e O\ 2w
Step 3. Now, we want to obtain an even more precise expression of €5,. We will use the same strategy.
Using (3.1), we know that

%x (Jy(x) (g)_QV m - Jl,(a:)) o, T 08 (m + ug - %)

1
This implies that e5,(n) = O )
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(3.7) is still true. Therefore, we must have

2v

n—+oo /)‘Z(n—l) ’

Using (3.9), we obtain

(—1)™* sin (e00 (n)) + F(”+1))(—1)nsm(_m+52y(n>) (;)2 <1+o(i>)_2y _ o(1>.

P(—v+1 n—+00 n

Now, we use the asymptotic expansions of sin(z), (1 + 2)2", and sin(—v7 + z) around 0. We need to
1 1
remember that we already know that eo,(n) = O (2) by the previous step, and that since v € (O, ) ,
n—-+oo n<v 2
2v € (0,1). We obtain

I'(v+1)

R (e o () (7)o ()
e (am 0 (1)) 500(5)

v+1) | 2\ 1
5211(”) x—>_+oo _F(—V ¥ 1) Sll’l(l/ﬂ') (m) + o (nmin(1,4u)) ’

and concludes the proof of (3.5).

which gives

Proof of (3.6). It is crucial to note that the asymptotic expansion (3.2) is simply the asymptotic expansion

. Twv+1) 1-2vT(v+1)
f (3.1 h ——= 1 —_—
of (3.1) but wit T =1 replaced by T2 T =)

N v 1
>‘2(n—1)+1 nﬁioo s (n — 5 — 4) + 0(1), (310)

. Therefore, if we could prove that

1
then we would follow the exact same proof as for (3.5) except that I‘EZJ—rl; would always be replaced by
1—-2vT 1
T 21; I‘Eztli . Therefore, we would have proven (3.6).

Using (3.2) instead of (3.1) and for n € N\ {0}, the condition that \/Aa(,—1)41 satisfies is now (2.6) instead

of (2.5), we can follow the same computations as in Step 1 to obtain that there must exist a sequence of
integers (ky,)nenyfo} € ZN\O} such that

v 1
\/ A2(n-1)+1 oo <kn 5 4> +o(1).

Since v € (07 %)7 Proposition 2.7 gives that for n > 1, \/Aa(m—1)+1 € (Jun—1,7-v,n). Thus, by following the
same computations as in Step 1, we obtain (3.10). As explained before, this is enough to conclude the proof
of (3.6). O

Taking the square of (3.5) and (3.6) and keeping only the terms of the right order of precision leads to the
following result.
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COROLLARY 3.3. Letv € (0,1),

2 2v—1
_ oo, v _ 1\ _, T+l . 2 I
M), ST (” 2 4) Ty ) PO e ) (8.11)
2 2v—1
o 7571 B 1-2v T(w+1) . l 1
Mm-S T (” 2 4> STy Er e Ol O\ o ) G12)
\ \ . 16v T(w+1) | 2\ ! o 1 513
=T pr, vy vy R Gl e B W e R (3:.13)

3.2 Casevce [%, 1)
During this whole subsection, we will focus only on the case v € [%7 1).

LEMMA 3.4. Letv € [£,1),

% <Ju($) (g)ib lm - J—V($)> oo CO8 (x + yg — %)
(

+ si + E—I)4V27l><l
in(z+vy =7 5 - -~
MRAGER) os(x—yf—f) 2\* '
T(—v+1) 2 1) \=
1
+0(%).
Proof of Lemma 3.4. Let v € [%, 1) , using Lemma 1.10, we have
T T , T om\4?-1 1 1
7J,l,(x) oo COS (Jc + vy = Z) — sin (m + vy = Z) 5 %3 +0 (13) (3.15)
and )
T AN T om 2\ 1
T (3) S (e-rvg-7) <m> +0 (x+> : (3.16)
r 1 1
I‘((_I/VJ;i)(S.lﬁ)(&lS)(?).lél), and we keep O (1:2) instead of O (sr:l+2”> because v € [1,1). O

As soon as we have proved this asymptotic expansion, it is not difficult to figure out that one can follow
exactly the proof of Proposition 3.2 and obtain the following result.

PROPOSITION 3.5. Letv € [4,1),
v 1\ 42-1 Tw+1) 2\* 1
Aoy = —— ) - - i = — 1
20-1) , S T (n 2 4) 8mn I(—v+1) sin(vm) 7m) +0 n?)’ (3.17)

v 1 42 -1 1-2v T(v+1) 2 \* 1
_ A _ i il — . 1
Moty 1 g (n 4) o T o T 1 1) sin(vm) ( > +0 ( ) (3.18)
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Taking the square of (3.17) and (3.18) leads to the following result.
COROLLARY 3.6. Letv € [3,1),

2 2v—1
v 1 40?2 —1 F(V + 1) 2 1
N R & _4 : “ b 1
sut) | =T (n . 4) < ey sin(vm) p—- + 0 o) (3.19)
9 2v—1
1 21 1-2 T(w+1) 2 1
Moo - 2 (n_Y_Z) _9 4 i = o= 3.20
A=D1 T (n 2 4) 8 1+20D(-v+1) sn(vm) (m) ! <”> 20
. . _ M Tl (2N 00 (3.21)
2(n—1)+1 2(n—1) oo 1 T 2w F(—V—f— 1) 1 ™ ™ n/’ .

We can also deduce the following less precise result, true for any v € (0, 1).

COROLLARY 3.7.
v 1 1
V )\Q(nfl) n—>:+oo m\n- 5 - Z +0 nmin(1,2v)
~ v 1 1
)\2(”‘*1)4’1 n—>:+oo Q <n - 5 o 4) +0 (nmin(1,2u)> :

Proof of Corollary 3.7. This is directly obtained from (3.5), (3.6), (3.17) and (3.18), with a case distinction
on v. O

and

4 Null Controllability

4.1 Internal Control

To prove the null controllability property stated in Theorem 1.1, we will follow the moment method, that was
introduced in [16] for the study of the boundary null controllability of the 1D heat equation, in the spirit of
the work [18], which explains how to treat the case of an internal control. The moment method is presented
in [30, Section 5.3.3] for instance. To be able to find a control u € L? ((0,T) x w) that is well-defined and
that brings the final state to 0, we will have to

e find a biorthogonal family (g,)nen to the family of exponentials (t + e~*#t), oy in L2(0,T), i.e.
verifying

/T ar(t)e M'dt = 0p 5, Vk,j €N,
with d,; the Kronecker symbol; i
e obtain an estimate on the L2-norm of the (¢, )nen;
e prove that inf,en [ @2 > 0, with (¢ )nen the Hilbert basis of eigenfunctions defined in Theorem 2.11.

The first point is easily obtained. Moreover, in order to find the estimate on the L2-norm, we will need to
introduce the notion of condensation index, following the work of [3, Section 3]. Then, using results from
[3, Section 4], we will be able to obtain our second point. These two steps are stated in Proposition 4.5.
Finally, to obtain the third point, we will need several asymptotic behaviours that are stated in Lemma 4.8.
Then, we prove it on a control domain of the form w = («, 8) C (—1,1) in Proposition 4.10. Afterwards,
we generalize the result to the measurable case in Corollary 4.6. With all those intermediate results, we will
finally prove Theorem 1.1.
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DEFINITION 4.1. /3, Definition 3.1 and Remark 3.10]

1
Let A = (pn)nen € RN be a positive and increasing sequence such that — < 400. The condensation
n

neN L
index of the sequence A is defined by

¢(A) := limsup — S In|C'(pn)| € [0, +00], (4.1)

n—-+o0o n
with

+00 2
Cp) = H (1 - ;) , Yu>0. (4.2)

n=0 n

REMARK 4.2. In fact, to define the condensation index, we only need to assume that (An)neN is positive
for large enough n. Indeed, one easily proves that removing a finite number of terms in the sequence A does
not change the value of c(A), in the sense that for any N € N, we have

¢(A) = limsup — u—ln|CN(,un)| € [0, +o0],

n——+4oo
with
+oo ,ug
N MER]| (1—2>7 Vi > 0.
NN Hn

REMARK 4.3. We study the condensation index since it provides a measure of the separation of the ele-
ments \, of the sequence A. It will be useful to obtain an essential estimate on the L?-norm of a biorthogonal
family in Proposition 4.5.

PROPOSITION 4.4. We introduce A = (Ap)nen, with {A,,n € N} the eigenvalues of A, defined in
Propositions 2.1 and 2.7. Then, the condensation index c(A) is 0.

Proof of Proposition 4.4. This proof takes some inspiration from the proof of [23, Lemma 4.1]. First,
from (2.21), Corollary 3.3, and Corollary 3.6, we obtain that (\,),en\{o} is a positive increasing sequence
and >, o\ joy i < +00. Therefore, the notion of condensation index is well-defined. By examining (4.2)
(where we start the summation at n = 1, see Remark 4.2), we notice that

2 15|, A2
1C"(An) =% —g, ¥n € N\ {0}.
Jj=1
J#n
Therefore, we get, for any n € N\ {0},

1 1 2 \2 =2 X2
—In|C'\))=—[In ——i— In 1———|—1 ‘ +In|l— + In|l- -2
A’n A’n Z A?L 1 )\%-‘rl j:;LQ /\?

12 1 A2 1 A2
N 1)+ 1 F, 4G
/\,Ln/\n+Ann<>\i1 )+>\nn( N2 >+ +G

n+1
n—2 2 +oo 2
Wltth—)\l Zl <)\ — ) and Gn:i Z In (1—1\2>

j =n+2
Moreover, thankb to Corollary 3.3 and Corollary 3.6, we know that the asymptotic growth speed of (A, )nen
is of order n?, so it is also the asymptotic growth speed of (A,11 + An)nen, and that the asymptotic growth
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speed of (A2n12 — A2nt1)nen is of order n. Moreover, (3.13) and (3.21) give that the asymptotic decay speed

of (A2n+1 — A2n)nen is of order . Therefore, we have

n21/—1

A2 1 1 1
In <)\%”1 — 1) = —A—Zln()\n,l) + o In(A\, + A\p—1) + o In(\, — A1) — 0,

n n n n—+oo

1 A2 1 1 1

)\7 In <1 — )\QTL ) = —EZIH(AH_A'_l) + E ln()\n_H + An) + E ID(A”J’_I - )\n) njoo 0.

Thus, if we prove that F,, — 0 and G,, — 0, then, according to Definition 4.1, we will have proved
n——+o0o n—-+oo

that ¢(A) = 0.

Proof of F,, — 0.

n——+4oo
First, we notice that

22
ln<>\2_3)\2>, Vn e N\ {0}.

N

n——+4oo

—2 n—2
1 A2 1 A2 n—2 A2
0< In| 45— < — In{—% — In{—%5-1)] — 0,
P “(AQ ) DS “(A% ) Mo “(A% )
since the asymptotic growth speed of (A, )nen is of order n?. Moreover, for n > 2,

1 = A2 1 = A2 n—2 A2
< — _J < — n < n
'S An Z " </\2 AZ) Y ; " <)‘721 - A%z) T " <>\¢21 - Aiz) norteo o
V2X;>An V2A;> A

thanks to the already mentioned information about the asymptotic expansion of the eigenvalues and their
differences.

Therefore, we proved that F,, — 0.

n—-+oo

Proof of G, — 0. First, we notice that
n—+o0o

‘Gn| Z In ()\2 )\2> )\ Z In (1 + )\ )\2> Vn € N\{O}

" j=n+2 j=n+2
Moreover, we recall that for any « > 0, we have In(1 + z) < z. Therefore,

—+o0 )\2 —+o0 )\ +o0

1
< — n__ — n <
COES WD e VD Dl W w v wis

" j=nt2 7 no j=nt2

j=n+2 Aj = An

We notice that the series on the right-hand side of this inequality can be written as

+o00o 1 +oo 1 +o00o

1
Z N Z — + Z —Q, Vn>0.

Ao(k—1) — A Ao(k— - A
J=nt2 k such that 2(k—1)=n42 ~2F=1 7 A ek that 2(k—1)41znt2 * 2R—DFL T A0
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First, we want to prove that Ga(,_1) —+> 0. We have
n—-+0oo

G < + , Vn>1. 4.3
[Gatnn] < Z L A2(k-1) —/\2n 1) kz A2(k—1)+1 _)‘Zn 1) (4.3)
Ifv € (0, %), Corollary 3.3 gives that
v 1\? v 1\?
ey = 7 (n= 5= 1) @), dawer 5 7 (nm 1) et o)

1
with £59°" (n), €99 | (n) = O (7121/1) From there, it is not difficult to infer that

2 2

1 1
IN €N,Vn > N,Vk > n, Agrot) — Aan1) = (72— 1) (k— v_ ) (7?2 -1) (n— v_ ) ,
(4.4)

1 2 v 1 2
_ > (-1 A R 1 _Z_Z) .
and )\2(k71)+1 /\2(n71) (71' ) (k B) 4) (71' ) (n B) 4)

If v € [§,1), Corollary 3.6 gives that
2 2
2 - K - 1 o v -1 even

)\2(n 1) n~>+oo 7'(' (n 2 4) 2 ] + €2u—1(n)7

2 2
v 1 4v= -1 o
)‘Q(n—1)+1 n%:Jroc 7T2 (TL — 5 — 4) -2 8 + Edi 1(71)
1
with £5u°" (n), 99 | (n) = O —— |- Therefore, it is very easy to obtain the same statement (4.4).
nv—-

Let v € (0,1). From (4.3) and (4.4), we obtain that for any n > N,

2 I 1 2
|Gatn—n)| € 5 D =572

k:n+1(k*%*%)2*(”*%*%)2 k:l(k*%*i)QJrQ"(k*%*%

2 1 +oo/k 1
< + dz
ﬂ2—1<<1—;—i>2+2n<1—;—i> P R ETIP )

2 1 1 —r_1 N\
S ()] ) e
ToINOA-g -9 (-5 ) 20 Nemg oA/l J e

We can reiterate the proof by following the same steps to obtain that we have as well Gy, —1)41 —+> 0.
n—-+0oo

As a consequence, we have that the condensation index ¢(A) is 0, which concludes the proof. O
From the previous Proposition, we easily deduce the existence of biorthogonal families at any time T > 0.

PROPOSITION 4.5. Let T > 0. We consider (t — e *!),en € L2(0,T)N, with {\,,n € N} the
eigenvalues of A, defined in Proposition 2.7 and 2.1. Then, there exists a biorthogonal family (¢n)nen €
L2(0,T)N to (t — e ), en such that

Ve >0, 3C(T) > 0, Vn €N, laallz2(0,r) < C(T)e. (4.5)
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Proof of Proposition 4.5. Let T > 0. From (2.21), Corollary 3.3, and Corollary 3.6, we obtain that
(An)nen is a non-negative increasing sequence and -, o\ (03 )% < +00. Therefore, we can use [3, Theorem
4.1] (which can be easily adapted to include the case where 0 is a simple eigenvalue by an appropriate
translation argument in time), which gives the existence of the biorthogonal family (¢, )nen. Proposition 4.4
gives that the condensation index is equal to 0. Therefore, [3, Remark 4.3] gives (4.5), which concludes the
proof. O

Now, we want to prove the following Proposition.
PROPOSITION 4.6. Let w be a measurable set of (—1,1) of positive Lebesgue measure. Then,
inf (b > 0,

neN
with (¢n)nen the Hilbert basis of eigenfunctions deﬁned in Theorem 2.11.

REMARK 4.7. Let us emphasize here that obtaining this proposition is not straightforward, and relies
on the explicit form of our eigenfunctions. This comes from the fact that we are working here with sin-
gular potentials and non-conventional self-adjoint extensions, so that many tools from perturbation theory
are not available. Indeed, for the usual eigenfunctions of the Dirichlet-Laplace operator on (0,1) given by
\/isin(mm:), we have, for any measurable set w C (0,1) of positive measure, by the Riemann-Lebesgue
Lemma,

lim 2sin(nmz)?dr = lim /(1 — cos(2nmz)dr) = |wl,

n—-+4oo w n—-+oo w
where | - | denotes the Lebesgue measure. So, we easily infer that
inf 2sin(nmz)?dr > 0.
neN\{0} J,

For the Dirichlet-Laplace operator with bounded potential, it is easy to prove by a perturbation argument
that the same property holds (see e.g. [19, Appendiz A]). However, this reasoning is ineffective in our case,
because our eigenfunctions cannot be written as adequate perturbations of sin or cos functions.

In order to prove Proposition 4.6, we need several intermediate steps. First, we state several asymptotic
results that will be useful later on.

LEMMA 4.8. Let §, € (0,1).

1 1/2 T 7 1
J_, ( )\Q(n,l)ﬂ) n—>:+oo — (ﬂ'ﬂn) (sm )\Q(n,l)ﬂ + 1/5 + Z) + Og, (n)) V1> B2 Bo, (4.6.a)
v (\/ >\2(" 1)) n—>+oo o ( 1/2+m1n(1 2v ) (46b)
J ’( \ 5) - 1 2 cos A ﬁ+u + )+O V) visssa
—v 2(n—1) n—>+oo Wﬂn 2(n—1) 4 Bo n ) = 0
(4.6.c)
7 (o) = (=D < ) (1 + (9( e 4u))> (4.6.d)
) 12
a2(n71) n—)—i,-oo pr—— 1 + O 7,,11’1’1111(1,21/) (466)

where ay(n—1y s defined in (2.23), and Og, ( - ) means: there exists C(Bo) > 0 and ng € N\ {0}, that might
depend on Py, such that for any n = ng and any B = Bo,

[Op0 () <CBo)| - |-
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Proof of Lemma 4.8. Let 5y € (0,1).
Proof of (4.6.a) and (4.6.b). From Lemma 1.10, we obtain

2 T w 1
T@) SV ( (z+r5-7)+0 (J) '
Let 8 = Bo. We know that \/Aa(n—_1) —+> ~4o00. Therefore,
n—-+oo

2

T s 1
I (e s (o (P 5 - D) von (7))
1 9 1/2 1 —1/2 . 1
v <ﬂ) (”0@’ <)> (< Yo+ 05+ ) + O ())

where we used Corollary 3.7 for the asymptotic expansion of y/Aa(,—1). This concludes the proof of (4.6.a).
Now, let us take 8 = 1. Using the previous computations, we obtain

1 . v 1 1 T T 1
o ()€ () [ (= (25 - ) #0 (st ) 43 +3) + 0 (3)
1 . 1 1\ 1
T o (n1/2> ((—1) 0 (nmin(l,Qu)> +0 (n)) frt00 o <n1/2+min(1,2u)> )

which concludes the proof of (4.6.b).

Proof of (4.6.c) and (4.6.d). Lemma 1.9 states that J_,” = 3 (J_,_1 — J_,41). Therefore, by using
Lemma 1.10 on J_,_; and J_, 41, we obtain that

1 /2 1
J_ () eV <cos (;1: —(—v— l)g - %) — cos (x —(—v+ l)g - g) +0 (:v))
= 1“i cos(x—i—yﬁ—i-z)—cos(x—i—uz—?)ﬁ)—l—(’) =
s—rto0 2\ mx 2 4 2 4 x
2 1
= — cos(x—f—yz—i—E)—i-O — .
T——+00 ™ 2 4 x
Let 8 = Bo. Since \/Ag(n—1) —+> 400, we have
n—-+0o0o

2

: _ T v
I (\PAatn) ntoo \[ T Patmon) B <C°S( Aot g+ 4) O (m&))

1 9 \1/2 1\ /2 1
e () (0 (G)) (P von (3))

which concludes the proof of (4.6.c). Now, we fix 3 = 1. Substituting \/Ag(,—1) in (4.6.c) with Corollary 3.7
easily gives (4.6.d).

Proof of (4.6.e). Let n > 1. We recall that the expression of ay(,—1) is given in (2.23).
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Since y/Aa(n—1y = O(n), we obtain from Corollary 1.11 that

ntoo
A3(n1) = < O(;)) A2(n— 1)) +J—v'<\//\2<n—1))2

<0 (5) [(HO( )0 () 0 () w0 () o () 0 ()]

wo(w) [(+0(z)) 2 (i) o (3]

(0 (L)) o () () 0 ()
Using (4.6.b) and (4.6.d), we obtain

s, 7. (140 (57) ) © () + 7 (140 (e ) ) +© ()
1

2 1 1 . .
n—>+oo 7T2TL <1 + O (Tlrnm(l,éll/)> + O (nmIH(M) + O <n2”>> 5 Wthh glves (466)

[\~]

[ \

O

REMARK 4.9. The reader can convince themselves that all the asymptotic behaviours that we obtained so
r 1
far in this section are still valid when the index 2(n—1) is replaced by 2(n—1)+1 and F((_Vl/t‘i)
1—2v T(v+1)

Y 1+2vT(—v+1)°

is replaced

Notably, Lemma 4.8 also holds for even indexes 2(n — 1) + 1.

The previous asymptotic result is useful to prove the following non-concentration property of our eigenfunc-
tions on any non-trivial interval that is far from 0.

PROPOSITION 4.10. Let g € (0,1). There exists C > 0 and ng € N\ {0} (that might depend on oy
and v) such that

B
/qbi}C(,@—a), ap<a<f<l, VYn=ng.

Let By € (0,1). There exists C > 0 and ng € N\ {0} (that might depend on By and v) such that

B
/ 2 >C(B—a), —-1<a<B<—Po, Yn>=ng,
with (¢n)nen the Hilbert basis of L?(—1,1) of eigenfunctions defined in Theorem 2.11.

Proof of Proposition 4.10. Since d)g(nq) and ¢§(n71) 41 are even, there is no loss of generality by assuming
that we are in the case ap < a < 8 < 1. First, let us start with the even indexes 2(n — 1). We have, for all
n>1,

[ o= [ 2 () @
—2v
_ QFIE(_VUJrJrli) <@> /j zJ, (Mx) J_, (Mx) dz )

2

—2v
Pv+1) [V em-y g A
F(—V—|— 1) ( 9 /a le/( A2(n—1)x) da.
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From the mean value Theorem for integrals, there exists r,, € («, 8) such that

/j zJ, (, /)\g(n_l)x> J_y (, /)\Q(n_l)x) dz = (8 — a)ral, (, /)\Q(n_l)rn) J_ (1 //\Q(n_l)rn) .

From Corollary 1.11, we deduce that there exists C' > 0 such that for any n large enough,

oy (1 /)\Q(n_l)rn) Iy (1 /AQ(n_l)rn) dx‘ < Azs—n'

Using Corollary 3.7, we deduce that for some new C' > 0,

—2v
I'v+1 /A (n— B —a)C
o L +1) ( 2 ”) / wJ,,( AQ(n,l)m) J,,,( AQ(n,l)x) dz| < (ﬁnl% (4.8)

I(—v+1) 2

A similar reasoning also ensures that for n large enough,

—2v 2
B —
T(v+1) <m> / . (mx)gdx g%, (4.9)

I'(-v+1) 2

Now, let us go back to the first term of (4.7). Using (1.9.c), with (4.6.a) and (4.6.c), we obtain that

B
L xJ_y ( >\2(n 1)"1j 2 752 ((1 \/7 ﬁ2> ( )‘Q(n—l)B)Q + J*VI( AQ(n—l)ﬂ)2>
; 2 <<1 ) J ([ Aem-1y0)* + J—u’(\//\2(n1)04)2>

)‘Q(n 1) a2

[(1+ a( )) o (Sinz(ﬁ /\2(n,1)+ug+£)+oa0 (i))

s 1
o ( Nau) + 05 + 1) + Oa <n>)]
1 2 . 9 T 7 1
T ¢ Kl * Oe ( >) m2an <Sm <a\/ Aa(n-1) + vyt Z> + Oa (n>)
2 T w 1
7r2an (c% « )\2 (n—1) + vy + Z) + Oq, (n))} )

Since cos? +sin® = 1, we have

/jf&]—” (\/mx)de = #(ﬂ - a) (1 + Oa, (;)) .

Hence, we deduce that there exists C' > 0, that might depend on v and «g, and that might from now on
change from line to line, there exists g € N\ {0} (depending also on v and «g) such that for any n > ng,

/aﬁ xJ_, (1 /)\Q(n,l)x)zdx > %(6 —a).

Coming back to (4.7) and using (4.8) and (4.9), we deduce that there exists some ng > fig such that for

n = ng, we have

/%n 1y 2 %(3 @).
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Therefore, using (4.6.e), we obtain that for some (possibly larger) ng, we have

B
/ gzl)g(n—l) 2 C(B - Oé), vn P no.

This concludes the proof for even indexes of eigenfunctions and for ag < o, 8 < 1.

Then, we observe that for n > 0, the expression of gzbg(n_l)ﬂ is very similar to the one of ¢§(n—1) on (0,1),
Fv+1) . 1—-2v T(v+1)
_— laced b .
D(—v+ 1) PRy T o T v+ 1)

Therefore, using Remark 4.9, we also have (for some possibly larger ng)

except that the index 2(n—1) is replaced by 2(n—1)+1 and that

B
/ ¢§(n71)+1 = C(B - Oé), vn = nyg.

By using the structure of the open sets of R, we can deduce the following result.

COROLLARY 4.11. Let ag € (0,1). There exists C > 0 and ng € N\ {0} (that might depend on oy and
v) such that for any open subset O that is included in (ag, 1) or (=1, —ayp), we have

/ #2 > C|O|, ,¥n =mnoe.
o

Proof of Corollary 4.11. As already explained, it is enough to treat the case where O C (ap,1). Then,
O is a disjoint union of a countable collection of open intervals {(ax,bx)},c7 With Z at most countable, and
for any k € I, ag < ag < by < 1. With these notations, we have

La=% " g2,

keZ v %k

Using Lemma 4.10, this gives, for some C' > 0 and ng € N\ {0} depending on aq and v,

[ @z m-ay=ciol, wmzm,
(@)

kel

whence the result.

The last step is to pass from an open set to a measurable set of positive measure.

Proof of Proposition 4.6 Now, we consider w a measurable set of (—1,1) assumed to have positive
Lebesgue measure. Let & be another measurable set of (—1,1). We will use repeatedly the following

property:
OCw= inf/¢§> mf/qs,%.
w @

neN neN

Hence, to prove the desired result, is is enough to prove it for a measurable subset of w.

Assume without loss of generality that |w N [0,1)] > 0 (otherwise, we use a symmetry argument as before).
Therefore, we can change w into w N [0, 1), according to the discussion above, and we still call it w. By the
Lebesgue density Theorem, for almost every x € w and for r, > 0 small enough, we have |w N B(r,)| > 0.
Since {0} is of null measure, and w C [0,1), there exists some xy € w with g > 0 and some r > 0 such
that |w N By, (r)| > 0. Reducing r if necessary, we can assume that r < z/2. We call 2ap = x¢/2. Then
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wN By, (1) C (2a0,1). Hence, we can change w into w N By, (), so we reduce to the case where w C (2ay, 1)
with ag > 0.

By exterior regularity of the Lebesgue measure [27, Theorem 2.20], for all £ € N\ {0}, there exists an open
set Oy, of (—1,1) with w C Oy, such that |0y \ w| < 1/k. Moreover, reducing Oy, if necessary, we can assume
that O C (ag,1) for any k € N\ {0}. By the “reverse” of the dominated convergence Theorem, we know
that for some extraction ¢,

1o, \w kjoo 0, ae. on(—1,1).

Since ¢2 € L'(—1,1) for any n € N\ {0}, and

|10¢(k)¢121| < |¢3L|a

the dominated convergence Theorem ensures that

1
2 2
[1 10<p(k)¢n k_H_OO/qun'

P / 0. (4.10)
/(9¢(k) k—+oo J,,

Moreover, since Oy C (ao,1) for any & € N\ {0}, thanks to Proposition 4.11, there exists C' > 0 and
ng € N\ {0}, that might depend on ag and v, such that for any k € N\ {0}, we have

In other words,

/ (;531 = C|O¢(k)|, Vn = ng.
Op i)
One can make k — 400 in this inequality, and deduce by (4.10) that

/¢i>0|w|, Vn = ng.
w

For n < ng, as a consequence of the analyticity of the Bessel functions on C\ {0} together with the fact that
every normalized eigenfunction ¢, for n € N\ {0} is under the form

On(7) = anv/2 ], (62) + o2 Iy (02), > 0,

for some o, B, € R\ {0}, for some § # 0, and for some v € (0, 1), we clearly have

/¢i>0, Vn < ng,n >0,

and from Proposition 2.1, for any normalized eigenfunction ¢g associated to the eigenvalue 0, we also have

/wgb3>0.

Hence, we have proved our desired result. O
We are now ready for the proof of our main Theorem.

Proof of Theorem 1.1. Let T > 0, let w be a measurable set of (—1,1) assumed to have positive Lebesgue
measure. Let f0 € L?(—1,1). We know that (¢, )nen is a Hilbert basis of L?(—1,1), with (¢, )nen defined
in Theorem 2.11. Therefore,

FO= (%650 a1y b

JEN
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We denote the unique solution of (1.1) in C° ([0, 7], L?(—1,1)) by f. We recall that by the Duhamel formula,
we have

f@):e_A”f°+:/t€”%“_”1wu@yb, Vvt € [0,T]. (4.11)
0

Choosing t = T in (4.11), and taking the scalar product with ¢,, gives that

T
vneN, (F(T), én)= (e "f° n)pa_yq)+ < /0 e T u(s)ds, ¢n>
L2(-1,1) (4.12)

T
= e_AnT <f0a ¢”>L2(71,1) +/O e_An(T_S) <u(8)’ 1W¢”>L2(71,1) ds.

According to [30, Section 5.3.3] (for instance), we choose the following control
_ 1oon(x
u@,x)::-j£:<fﬂ, ¢n>L%411)e A"an(TV—t)AAAJiA%£4l443 (4.13)
neN ’ leqanLZ(,l,l)

after having checked that it makes sense.

Proposition 4.6 allows to be sure that for any n € N, |[1,¢n||r2(—1,1) > 0. Now, we need to check that
u € L?((0,T) x (—=1,1)). First, we have for all ¢ € [0, 7]

lu@)[72—1,1 ZZ (£, 0n) (f°, by e T —AkTq"(T_t) Qk(T_t)< 1,¢n 1,9 >

ety 11w@nll NLlodrll \|[1wnll” 1okl
Moreover,
— — dn (T B t) qk (T B t) 1w¢n 1w¢)k
v,k €N, / 10, Gu) (0, k) e M TeMT , at
SEARONAROL Tatall Totel]l \Totall” Thaowl
’<f0 ¢n> <f ¢k>’ e~ AT o=\ T
< k 2 2
< 1nf||1w¢g||2 ||Qn||L (0,T)||Qk||L 0,T)
< ’<f én) (£°, ¢k>’ e~ AnT 7,\,¢T02 AnE M E
mflllwqbgll

where we used Proposition 4.5 for ¢ = % to obtain an upper bound to ||qn\|2L2(O’T)7 and Proposition 4.6,
which gives inf,\l||1w<;5n||%2(_1 1) > 0. Therefore, we can use Fubini’s theorem to get
ne ’

dt = 0 b (4O “AnT —)\kTQn(T_t) Qk(T—t)< 1,0n 7 loon >dt
/”” IF ZZ/ (7% @) (f7 de)e ool 1Lotel] \TLuoall’ Touon]

T

2
T/2 0 T 0 2
< ) n 3 L2(~1,1).
1nf||1 PWIE < ‘ 12 én) ) < 400 because [ € L( )

This proves that u € L2 ((0,T) x (—1,1)). Now, we examine what (4.12) gives when we choose this control.
Using the biorthogonal property of (g, )nen, we have

T
1
n € N, / ei)\n(Tis) <u(5)7 1w¢n>L2(,1 1) ds = — <f07 ¢n> eiAnT %7 1w¢n
0 ’ ||1w¢n||L2(71,1) L2(—11)

—(f° gn)ye T
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Therefore, from (4.12), we have
<f(T)a ¢”>L2(—1,1) =0, VneN,

which means that f(7') = 0. This concludes the proof of Theorem 1.1.

4.2 Boundary Control

Let us now explain briefly how one can deduce an appropriate boundary control result for the system

c
2

Of(t,x) =02, f(t,x)+ —f(t,x) = (t,z) € (0,T) x (-1,1),
flt,=1) =0, f(t,1) = (t>, te(0,7), (4.14)
f(07x) fo(‘r) T e (_1v1)7

where u € L?(0,T) (the case where the control acts at z = —1 can be treated similarly). The first important
point is to understand the well-posedness of (4.14), which is less obvious as for (4.14), since the control
operator is now unbounded. The procedure is classical and we only give the main ingredients. Without loss
of generality, we study instead

f(taw) = 0% f(t2) + S f(ta) + f(ta) =0, (ta) € (0.T) x (~L,1),
F(t,=1) =0, f(t,1) = u(t), te(0,7), (4.15)
£(0,2) = f(x), z e (=1,1).
Indeed, one can pass from one equation to another by multiplying the solutions by e~ (or e'), without

changing the well-posedness or controllability results. The main interest of system (4.15) is that the under-
lying elliptic operator A, + Id is now (self-adjoint and) positive. The eigenvectors are unchanged and the
eigenvalues are shifted by 1.

PROPOSITION 4.12. For any n € N\ {0}, we have ¢,,(1) # 0. Moreover,
n 1
¢2(n 1)( ) 7L—>+oo (_1) ™ (1 + o (nmm(l,%))) 5 (416)

n 1
with (¢n)nen the Hilbert basis of eigenfunctions defined in Theorem 2.11.

Proof of Proposition 4.12. The first assertion comes from the fact that ¢,(1) = 0. Since ¢, is an
eigenfunction of A,, it verifies a second-order ODE that is not singular in a neighborhood of z = 1, so we
cannot have simultaneously ¢, (1) = 0 and ¢/,(1) = 0.

Let n € N\ {0}, let z € (0, 1], by looking at the form of v5(,_1) given in Theorem 2.11, we get

1%(“71)(95) = %J—u(\/ Ao(n—1)) + VT [ Aom-1)J., ({/ A2(n-1))
I'v+1 v/ A2(n—1 — 1 ,
_ F((_y‘:_ i) ( 2( )> (2\/5(]1)(1 /)\Q(H_l)x) + \/E\/)\2(n—1)<]y(\/)\2(n—1)1')> .
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Therefore,

1
%(n_l)(l) = §¢2(n71)(1)
—2v
r 1 VA2 (n— P —
+\/ )\2(n71) JLV(\/ )‘Z(nfl)) - F((Z/V++ ])_) ( 22( U) Ju( )‘2(774*1))
1 B 1 1

where we used Corollary 3.7 and Lemma 1.9. Now, from Lemma 1.9 and Lemma 1.10, we get

T @) = (e (@) — Ty ()

Tr—r+00 2

1/2
_ iz cos(—l—z—l-ﬁ f) co(+ﬁ z E)—F(’) 1
srtoo 2 \ 7z TPy T TR T T z
2\ /2 T T 1
= — cos<x+uf+f)+0 -]
z—4oo \ TX 2 4 x
We then replace x by {/Ag(,—1) in the expression above. Thanks to Corollary 3.7, we get
1 /2\'? 1 1 1
! n
) 5z (G) oG] [0 (0 () <o ()
(= 2\ 1
n—r+00 T E 1+0 pmin(1,4v) :

1\ (=)™ /2\"? 1

Using the asymptotic expression of a(,—1) at (4.6.e), we directly obtain (4.16). We can follow the same
computations to prove (4.17). O

Thus,

From Proposition 4.12 and Corollary 3.3, we see that there exists some constant ¢, co > 0 such that for

any n € N\ {0}, we have
C1V/ )\n+1 < |¢ln(1)| g Co/ >\n+17 Vne N. (418)

From this estimate, one can obtain the following well-posedness result. Since A, + Id is positive, one can
define (A, +1d)'/2. Moreover, A, + Id extends as an unbounded operator with domain D((A, + Id)'/?)
and state space D((A, + Id)~'/2) = D((A, + Id)"/?)’ (see [31, Corollary 3.4.6]), where for any s € R,
D((A, +1d)*) is equipped with the Hilbertian norm

400

£112 = Z(/\k + 1> f, o) rz (-1,

k=1

which makes it a Hilbert space. Notably, we obtain a Hilbert basis (¢n)nen of eigenfunctions in D(A, 1 2)

as
Qz)n =V /\n + 1¢n7

and estimate (4.18) becomes

(A +Der < |04, ()] < ca(An +1), VneN. (4.19)
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For the sake of simplicity, from now on, we introduce
Hyy = D((A, +1d)/2).

Standard computations (see for instance [31, Section 10.7], where the usual Laplacian operator is replaced
by A,) show that in the state space Hy /s, the first line of (4.15) can be written in an abstract way as

y' = (A +1d)y + bu,

where b € H_; /5 is a scalar control operator that can be written as b = (A, +1d)D, where D : R — L*(—1,1)
is the Dirichlet map that is given by duality by (see [31, Proposition 10.6.1])

D*g=—((A, +1d)"'g)'(1), Vg € L' (-1,1).

Notably, for any k € N, 5
bk = <b7 ¢k>H_1/2

1 _
= (b, k) r2(—1,1)

T M1 ((A, +1d)D, ¢~>k>L2(—1,1)

= <1’D*(AV +Id)¢§k>R

1

Hence, (4.19) becomes

c1 < |bk| < co, k € N. (420)

The upper bound in (4.20) together with the fact that there exists some constant C' > 0 such that for
any k € N\ {0}, we have 1 < 1+ \x < Ck? (by Corollary 3.3) easily imply that the sequence (by)ren verifies
the Carleson measure criterion for admissibility given in [31, Definition 5.3.1].

From [31, Theorem 5.3.2], we deduce that b is an admissible control operator, and we have the following
well-posedness result: for any f° € D((A, 4+1d)'/2)’, there exists a unique weak solution f to (4.15) verifying
f € CO0.T), D((A, +1d)1/2)).

We are now ready to give or null boundary controllability result in arbitrary small time.

THEOREM 4.13. For any f° € D((A, +1d)'/2)" and any T > 0, there exists a control u € L*(0,T) such
that the corresponding solution f to (4.15) werifies f(T) = 0 in D((A, + Id)'/?)".

Proof of Theorem 4.13. Since b is an admissible control operator, since the eigenvalues A + 1 are positive
for k € N, and ZZ:(; ﬁ < +00 by Corollary 3.3, one can apply directly [3, Theorem 2.5] and obtain that
(4.15) is null controllable for any T' > Ty, where

Ty —timsup [ 5P 4 o(a 4 )
=limsup | —= +¢ .
0 k—>+o<1>) A+ 1

Here, c(A 4 1) is the condensation index of the sequence {A,11 + 1},enyfo}, as defined in Definition 4.1.
From the lower bound given in (4.20), we have that

1
log Tor]
A +1 k—+oo
Moreover, it is easy to infer that ¢(A 4+ 1) = ¢(A), where ¢(A) is defined in Proposition 4.4 and verifies
¢(A) = 0. Hence, Ty = 0, and our result follows. O
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5 Further comments and open problems

The case ¢, = —%. We have cautiously excluded this case in our study (as in [22]), whereas this critical
case does not lead necessarily to ill-posedness (the other critical case ¢ = % is impossible, on the contrary).
However, the functional setting is not clear. Indeed, this is equivalent to impose v = 0, and we lose the
coercivity estimate (1.6), which is notably crucial for the definition of the domain of A,. In the case v = 0, we
need to change the definition of D(A4,) according to [1, Proposition 3.1], and to find a suitable replacement

for (1.6). In fact, (1.6) is proved by using the following Hardy inequality:

boz(x)? !
/ < 4/ 2y (x)?, V2 € H *(—1,1) such that z(0) = 0,

2
-1 Z -1

that might be replaced in the case v = 0 by an improved Hardy-Poincaré type inequalities like in [34,
Theorem 2.2]. This case would require an appropriate and extensive treatment that is likely to be different
from the situation we presently studied, and is outside the scope of this article.

Backstepping. Since we proved null-controllability in any time 7" > 0, we know that rapid stabilization
(i.e. exponential stabilization at any arbitrarily large rate) holds (see [29, Proposition 21 and Theorem 25]).
However, it would be interesting to construct an explicit feedback thanks to the backstepping method. This
would require to solve a second order PDE of wave type, with two singular potentials, one depending on
space and one on time. We were not able to understand in which functional setting such an equation could
be well-posed.

Other self-adjoint extensions. As highlighted before, our result highly depends on the self-adjoint
extension that we use for the Laplace operator with core C§°((—1,0) U (0,1)). The natural (and “minimal”)
one leads to a lack of null-controllability from one side, whereas choosing whats seems to be the “best”
extension (in terms of transmission conditions) leads to a positive null-controllability result. However, there
are a lot of intermediate self-adjoint extensions. It would be interesting from a conceptual point of view to
perform an exhaustive study in the particular case of our heat equation with inverse square potential.

Mixed singular/degenerate equations. In [32], the author proved some controllability results for
parabolic equations posed on (0, 1), with degenerate diffusion and singular potential at the boundary z = 0.
It would be interesting to understand if these results can be extended in our case of an interior degener-
acy /singularity and a control region that is only located in one side of the boundary. It would require to
develop a similar functional setting, with adequate transmission conditions, but we expect to the computa-
tions to be much heavier.

Grushin equation with a singularity. The original motivation of [22] was to study the controllability
properties of the Grushin equation with inverse square potential

atf(taz7y) - azxf(taz7y) + éf(tvxay) = U(t,l‘,y)lw(iﬂ,y), (t,l’,y) S (07T) X (71, 1) X (Oa 1)7

with Dirichlet boundary condition on the boundary of (—1,1) x (0,1), and w is an open subset on (—1,1) x
(0,1). This kind of model naturally arises when looking at the Laplace operator on almost-riemannian
manifolds. In [22], approximate controllability is proved. It would be interesting to understand if null-
controllability can hold at least in some particular geometrical settings and in large enough time, when
controlling for instance in vertical strip that is located at one side of the singularity = 0, as in [6] (where
there is no singular potential), by using a Fourier decomposition in the y variable and reducing the problem
to a uniform observability problem, as in [6]. In view of the present study, we expect that this question may
be rather difficult.
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A TIll-posedness of (1.1) for ¢ < —%

The goal of this appendix is to prove the following Proposition.

PROPOSITION A.1. Assume we work in the state space L?>(—1,1). Assume that ¢ < —%. Then, there
does not exist any selfadjoint extension of 92, — x—CQId, posed on C§°((—1,1) \ {0}), for which this operator

generates a C°-semigroup.

Proof of Proposition A.1. We reason by contradiction. Consider (A, D(A)) any selfadjoint extension of
(02, — w—CQId,Cgo((—l, 1)\ {0})), such that A generates a C°-semigroup. Then, it is well-known (see [14,

Proposition, p. 91]) that A is semibounded in the following sense: there exists C' > 0 such that for any
f € D(A), we have

(f; Af)r2(=11) < ClFIZ2 1) (A1)
Notably, for f € C5°((0,1)) extended by 0 on (—1,0), (A.1) becomes (after one integration by parts)
1 1 2 1
_/ I (x)2dx — c/ f(w%)dx < C/ f(z)%dz. (A.2)
0 0 0

By an easy density argument, (A.2) also holds for any f € H}((0,1)). Lete € (0,1). Let f(x) = z'/?*(1—x).
We have f € H}(0,1). Explicit computations give

1
2
d =
/Of(x) U7 4 11822 1 262 + 12

1 2
[ —
2 2e 4 62 + 4¢3

/ f 2¢e +1
862+86

Hence, as € — 0, the right-hand side of (A.2) tends to C/12, whereas the left-hand side is equivalent to

Since ¢ < —1/4, this quantity goes to +o0o as e — 0. This is in contradiction with (A.2), which concludes
the proof. O
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