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Abstract

In this article, we study the existence and the uniqueness of traveling waves for
a discrete reaction—diffusion equation with bistable nonlinearity, namely a general-
ization of the fully overdamped Frenkel-Kontorova model. This model consists of
a system of ODEs which describes the dynamics of crystal defects in lattice solids.
Under very weak assumptions, we prove the existence of a traveling wave solution
and the uniqueness of the velocity of propagation of this traveling wave. The ques-
tion of the uniqueness of the profile is also studied by proving Strong Maximum
Principle or some weak asymptotics on the profile at infinity.

1. Introduction

In this work, we are interested in the fully overdamped Frenkel-Kontorova
(FK) model, which describes the dynamics of crystal defects in a lattice (see, for
instance, the book of BRAUN and KivsHAR [8] for an introduction to this model).
This model (and its generalization) is a discrete reaction—diffusion equation with
“bistable” nonlinearity. For this model, we show the existence and the uniqueness
of traveling waves.

1.1. Setting of the Problem

We first give an example of the simplest fully overdamped Frenkel Kontorova
model, and then we provide a general framework for which we will establish our
results.

(i) The simplest Frenkel-Kontorova model
The simplest fully overdamped FK model is a chain of atoms, where the position
X;(¢) € R at the time ¢ of the particle i € Z solves

dX;

e = Xiy1+ Xi—1 —2X; —sin(n(X; — L)) —sin(2w L), (L.1)
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where % is the velocity of the ith particle, — sin(2 L) is a constant driving force
which will cause the chain of atoms to move and sin(27w(X; — L)) denotes the
force created by a periodic potential reflecting the periodicity of the crystal, whose

period is assumed to be 1. Set, for simplicity,
fr(x) ;== —sin(2r(x — L)) —sin(2w L). (1.2)

We look for particular traveling wave solutions of (1.1), namely solutions of
the form

Xi(t) =@ +ct), (1.3)
with
>
¢=20 (1.4)
¢(400) — ¢p(—o0) = 1.

Here, c is the velocity of propagation of the traveling wave ¢, and (1.4) reflects
the existence of a defect of one lattice space, called dislocation. Expression (1.3)
means that the defect moves with velocity ¢ under the driving force —sin(2zw L).
In addition, ¢ is a phase transition between ¢ (—o0) and ¢ (400), which are two
“stable” equilibriums of the crystal.

Clearly, if we plug (1.3) into (1.1), the profile ¢ and the velocity c have to satisfy

(D) =g+ D+ -1 =20 + fL¢@), (1.5)

with z =i + ¢t and f;, defined in (1.2).
Due to the equivalence (for ¢ # 0) between the solutions of (1.1) and (1.5),
from now on, we will focus on Equation (1.5).

Theorem 1.1. (Existence and uniqueness of traveling waves for the FK model)
There exists a unique real ¢ and a function ¢ : R — R solution of

@D =9+ D+¢G@—1) =20+ fLp@) on R
¢ is non-decreasing over R (1.6)
¢(—00) =0 and ¢(+o0) =1,

in classical sense, if ¢ # 0 and almost everywhere if c = 0. Moreover, if ¢ # 0,
then the profile ¢ is unique (up to space translation) and ¢’ > 0 on R.

This theorem has been proved in several works (see for instance, the pioneering
works [25] and [19], and [23] in full generality).

(ii) A simple example not covered by the literature

Define the function G as

1 . (1 1
G(Xi-1, Xi, Xi41):=max (5, Xi—l) + min (57 Xi+l) - Xi — R fr(Xi),
1.7
where f7 is as defined in (1.2), then consider the following system

Xi =G(Xi-1, Xi, Xi41) fori € Z. (1.8)
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Theorem 1.2. (Existence and uniqueness of traveling waves for example (1.7)) For
any L € (%, }1)\{0}, the results of Theorem 1.1 hold true for system (1.6) replaced
by the following system

c¢'(2) =G(p(z—1),6(),p(z+1)) onR
¢ is non-decreasing over R (1.9)
¢(—00) =0 and ¢(+00) = 1.

To our knowledge, this result is new. Notice, for instance, that this result is not in-
cludedin MALLET-PARET’s work [23], since G does not satisfy 3 ?((il > Oand 3 ?(Cil >
0. Such a condition is important in [23] for constructing traveling waves using the

deformation (continuation) method.

(iii) General framework

We now consider a generalization of Equation (1.5). To this end, we introduce a
real function (with properties to be specified later in Section 1.2):

F:[0, 11" > R. (1.10)

We then consider the equation

cd' () = F(p(z+r0), ¢z +r1),.... 0@ +7rN), (1.11)
where N 2 0and r; € Rfori = 0,..., N. We also normalize the limits of the
profile at infinity as follows:

¢(—00) =0, ¢(+00) = 1. (1.12)

Note that, for N = 2 and F = Fy(Xo, X1, X2) = X2 + X1 — 2X0 + f1L(X0),
Equation (1.5) is a particular case of (1.11). Moreover, Fy is compatible with
(1.12).

Assume, without loss of generality, for the whole work that:

ro=0 and r; #r; ifi # j.

1.2. Main Results

In order to present our results, we have to introduce some assumptions on F'
defined in (1.10). For later use, we split these assumptions into assumptions (A)
and (B).

Assumption (A).  Regularity: F is globally Lipschitz continuous over [0, 1]V,
Monotonicity: F(Xo, ..., Xy) is non-decreasing with respect to each X; for
i #0.
Weset f(v) = F(v,...,v).
Assumption (B). Instability: f(0) = 0 = f(1) and there exists b € (0, 1)
such that f(b) =0, fi,, <0, f,, > 0and f'(b) > 0.
Smoothness: F is C! in a neighborhood of {p}V+!.
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Remark 1.3. 1. The point b is assumed to be unstable; this is the meaning of the
condition f'(b) > 0.
2. Note that the instability part of Assumption (B) means, in particular, that f is
of “Bistable” shape (see [23]).

Theorem 1.4. (Existence of a traveling wave) Under assumptions (A) and (B),
there exist a real ¢ € R and a function ¢ : R — R that solves

cd' () =F@p@z+ro),¢p(z+r1),...,¢(z+ry) onR
¢ is non-decreasing over R (1.13)

¢(—00) =0 and ¢(+00) =1,
in the classical sense, if c # 0 and almost everywhere if ¢ = 0.

Our method for constructing a solution relies on the construction of a hull
function for an associated homogenization problem (see the work of FORCADEL,
IMBERT, MONNEAU [17]). In order to prove the uniqueness of the traveling wave,
we need the following additional assumptions:

Assumption (C). Inverse monotonicity close to {0}¥*! and E = {1}V +!
There exists 8o > 0 such that for @ > 0, we have

F(X+(a,...,a) < F(X) forall X, X + (a, ...,a) € [0, Bo]" !
FX+(@,...,a) < F(X) forall X, X+ (a,...,a) €[1 — By, N+

This condition is important to get the comparison principle (see Theorem 4.1).

Assumption (D+). (i) All the r; “shifts’” have the same sign: Assume thatr; < 0
foralli € {0,..., N}.
(ii) Strict monotonicity: F is increasing in X;+ with r;+ > 0.

Assumption (D—). (i) All the r; “shifts’’ have the same sign: Assume thatr; = 0
foralli € {0,..., N}.
(ii) Strict monotonicity: F is increasing in X;- with r;- < 0.

Assumption (E+). (i) Strict monotonicity close to 0: Assume that i};’(—i ) >0

with rj+ > 0.
(i) Smoothness close to {0}V *!:

There exists VF(0), with f/(0) < 0, and there exists & € (0, 1) and Cyp > 0
such that, for all X € [0, 1]N*!,

|F(X) = F(0) = X.VF(0)| £ ColXx|"**.

Assumption (E—). (i) Strict monotonicity close to 1: Assume, for E = (1,
.. ) e RV*! that A5 (E) > 0 with ;- < 0.
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(i) Smoothness close to {1}V+1:
There exists VF(E) with f/(1) < 0 and there exists @ € (0, 1) and Cyp > 0
such that, for all X € [0, 1]V F1,

|F(X) — F(E) — (X — E).VF(E)| < Co|X — E|'**,
with E = (1,...,1) e RNF1L,

Theorem 1.5. (Uniqueness of the velocity and of the profile) Assume (A) and let
(c, ¢) be a solution of

[ c¢'(2) = F(¢p(z+70), ¢z +71), ..., p(z+7N) onR

$(—00) =0 and ¢(+o0) = 1. (1.14)

(a) Uniqueness of the velocity: Under the additional Assumption (C), the velocity
c is unique.

(b) Uniqueness of the profile ¢: If ¢ # 0, then under the additional assumptions
(C) and (D+)() or (ii) or (E+) if ¢ > 0 (resp. (D—)(i) or (ii) or (E—) if
¢ < 0), the profile ¢ is unique (up to space translation) and ¢’ > 0 on R.

Remark 1.6. (Interpreting the assumptions)

1. If ¢ > 0: Assumptions (D+)(i), (ii) and (E+), respectively, are important to
prove a Strong Maximum Principle (see Lemmas 6.2 and 6.4) and the asymptotics
of the profile near —oo (see Lemma 6.6) that we use to prove the uniqueness of
the profile of a solution.

2. If ¢ < 0: Under (D—)(i), (ii) and (E—), we get the same results, respectively, as
for ¢ > 0, however, the asymptotics are proven near +oo in this case.

We remark, also, that Theorems 1.1 and 1.2 are particular cases of Theorems 1.4
and 1.5. Indeed, existence of the solution in Theorem 1.2 follows from Theorem 1.4
and the fact that b # % in Assumption (B), when L € (—zlp }‘)\{O}. Uniqueness
of the profile in Theorem 1.2 follows from Theorem 1.5(b), and the fact that the
function G defined in (1.7) verifies assumptions (E=).

For the whole paper, we define

r* = max |, (1.15)
0,....,N

.....

and we set the a notation for a general function 4 :

F((h(y +71i))i=0,..N) := F(h(y +710), h(y +711), ..., h(y +1N)).

1.3. Brief Review of the Literature

The study of traveling waves in reaction—diffusion equations was introduced
in pioneering works of FISHER [16] and KOLMOGOROV, PETROVSKY and PISKUNOV
[21]. Existence of traveling wave solutions has been obtained, for instance, in
[2,7,15,20]. More generally, there is a huge literature about existence, uniqueness
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and stability of traveling waves with various nonlinearities with applications, in
particular, in biology and combustion; refer, for instance, to the references cited in
[6,10]. There are also several works on discrete or nonlocal versions of reaction-
diffusion equations (see for instance [5,9,11,13,14,18,24,26] and [10,23] and the
references cited therein).

As explained above, in the case of bistable nonlinearity f, the existence and
uniqueness of traveling waves are well known for the model equation

uy = yy + f(u). (1.16)

Starting from Equation (1.16), and using a continuation method, BATEsS et al.
[4] proved, in particular, the existence of traveling waves for the convolution
model

ur=Jxu—u-+ f(u), (1.17)

where J is a kernel.

In [23], MALLET-PARET (see also CARPIO et al. [9] for the semi-linear case)
used also a global continuation method (that is, a homotopy method) to get ex-
istence of traveling waves for bistable nonlinearities and to obtain information
about the uniqueness and the dependence of solutions on parameters. This con-
tinuation argument was applied to connect the discrete dynamical system that he
studied and a PDE model for which the existence and uniqueness were known.
He proved the continuation between the solutions of the two systems using a
general Fredholm alternative method [22] for the linearized traveling wave equa-
tions.

Traveling waves were also studied by CHow et al. [12] for lattice dynamical
systems (lattice ODEs) and for coupled map lattices (CMLs) that arise as time-
discretizations of lattice ODEs. Using a geometric approach, the authors studied
the stability of traveling waves for lattice ODEs and proved existence of traveling
waves of their time discretized CMLs. More precisely, they constructed a local
coordinate system in a tubular neighborhood of the traveling wave solution in the
phase space of their system. Such an approach is used to transform lattice ODEs
into a nonautonomous time-periodic ODE and traveling waves to periodic solutions
of this ODE. In addition, they gain from this transformation the possibility to use
the standard tools of dynamical systems and to see traveling waves of a CML as
certain orbits for a circle diffeomorphism whose rotational number is equal to the
wave speed.

ZINNER [25] proved the existence of traveling waves for the discrete Nagumo
equation

Xi=dxig1 —2x; +xi—1) + f(x) i €Z. (1.18)

The construction is done by first introducing a simplified problem (using a pro-
jection to 0 or 1 for |i| = N) for which the existence is attained by Brouwer’s
fixed point theorem. HANKERSON and ZINNER [19] also proved existence of trav-
eling waves [for an equation more general than (1.18)] obtained as the long time
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limit of the solution with Heaviside initial data, using an interesting lap number
argument.

In [10], CHEN, Guo and WU constructed traveling waves for lattice ODEs with
bistable nonlinearity. They rephrase the solution ¢ of (1.11) as a fixed point of an
integral formulation. First, they considered a simplified problem (using a projection
on 0 or 1 for large indices |i| = N) and they show, for any ¢ # 0, the existence
of a solution ¢ ¢ using the monotone iteration method. Finally, they recover the
existence of a solution in the limit N — +o0 for a suitable choice ¢ = ¢(N)
converging to a limit velocity.

In this paper, we introduce a method that is completely new, at least when used
to prove the existence of traveling waves. In our approach, the existence of traveling
waves relies on the construction of hull functions of slope p (like correctors) for
an associated homogenization problem. Passing to the limit p — 0, one important
difficulty is to identify a traveling wave joining two stable states. In particular, we
have prevented this traveling wave from degenerating to the intermediate unstable
state. The uniqueness of the profile is proved using either the strong maximum
principle or the weak asymptotics of the profile. Note that using weak asymptot-
ics (in comparison with those of MALLET-PARET [23]) allows us to have weaker
assumptions.

We also mention that our method is still effective in higher dimensional prob-
lems. Consider, for instance, the model

d
TR Zf(XI)+JZ::1 (X147 = X1), (1.19)

which describes the interaction of an atom / € Z" with its nearest neighbors
(X7 € R denotes the position of atom 7). We can look for traveling waves X;(¢) =
¢(ct + v - I) that propagate in a direction v € R" with |v| = 1. That is, for
z=ct+v-I, welook for a ¢ solution of

cd'(2) = f@@)+ D (plz+v-J)—¢().

[Jl=1

where f denotes a bistable nonlinearity. Setting r; := v - J, we recover an equation
of type (1.11) for N = 2n. Therefore, the results of higher dimensional problems
follow from our one dimensional results (Theorems 1.4 and 1.5) as far as they hold
for general r; shifts.

We get the existence of solutions under very weak assumptions in comparison
with similar results in previous works. Our framework is very flexible, and does
not require a setting in any particular functional space. We think that our method
opens new perspectives and could be used to study many models: for example,
fully overdamped FK models with time dependent nonlinearities, accelerated FK
models, FK with multi-particles.

1.4. Organization of the Paper

In Section 2, we introduce an extension of F onto RY*! and we recall, for the
extension function, the notion of viscosity solutions, the existence of hull functions
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for our model and we prove some results about monotone functions. We prove
Theorem 1.4 (for the extended function) in Section 3. In Section 4, we prove the
uniqueness of the velocity of a profile (Theorem 1.5 part (a) = Proposition 4.5) and a
comparison principle result on the half-line. Section 5 is devoted to the asymptotics
of a profile near 00 (Proposition 5.1). In Section 6, we prove the uniqueness of
the profile (Theorem 1.5 part (b)). Finally, we prove in Appendices A and B the
extension result, namely Lemma 2.1 and some results about monotone functions,
Lemmas 2.10 and 2.11, respectively.

2. Preliminary Results

This section is divided into four subsections. In the first subsection, we extend
the function F onto RY*!, In the second subsection, we recall the definition of a
viscosity solution. We apply a result of existence of hull functions associated to the
homogenization of our problem with the extended F in the third subsection. We
dedicate the fourth subsection to some results about monotone functions that we
have used in Section 3.

2.1. Extension of F

The proof of existence of traveling waves is based on the construction of hull
functions (like correctors) associated to a homogenization problem (see [17]). To
this end, we first need to extend the function F in F defined over RV+! and
satisfying the following assumption:

Assumption (A).  Regularity: F is globally Lipschitz continuous over RV *1.
Periodicity: F(Xo+ 1,..., Xy + 1) = F(Xo, ..., Xn) for every X = (Xp,

. Xy) € RVFL
Monotonicity: F(Xo, ..., Xn) is non-decreasing with respect to each X; for
i #0.

The extension result is the following:

Lemma 2.1. (Extension of F) Given a function F defined over Q = [9, 1N+
satisfying (A)and F(1,...,1) = F(0, ..., 0), there exists an extension F defined
over RNTL such that

I:“\Q =F and F satisfies (A).

The proof of this lemma is postponed to Appendix A.

Remark 2.2. We note that if ¢ is a traveling wave constructed for (1.13) with F
replaced by F, then ¢ is a traveling wave of (1.13). This is a direct consequence of
Lemma 2.1 and the fact that

[ ¢ is non-decreasing on R

¢(—o0) =0 and ¢(+00) = 1.



Existence and Uniqueness of Traveling Waves 53

By convention, we will say that F satisfies (B) (resp. (C), (D) or (E)) if and only
if F = F), satisfies (B) (resp. (C), (D) or (E)).

We now give a result corresponding to Theorem 1.4 for F, whose proof is given
in Section 3.

Proposition 2.3. (Result corresponding to Theorem 1.4 for F) Assume that F sat-
isfies (A), (B). Then there exist a real c and a function ¢ solution of

c¢'(z) = F(($(z+r))i=0...n) onR
¢ is non-decreasing on R 2.1

¢(—00) =0 and ¢(+o00) =1,
in the classical sense, if ¢ # 0, and almost everywhere if c = 0.
For simplicity, in the rest of this section and in Section 3, we denote FasF.

Proof of Theorem 1.4. The proof of Theorem 1.4 is a straightforward conse-
quence of Remark 2.2 and Proposition 2.3. O

2.2. Viscosity Solution

Throughout the paper, we will use the notion of viscosity solution that we
introduce in this subsection. To this end, we recall that the upper and the lower
semi-continuous envelopes, u™ and u,, of a locally bounded function u are defined
as

u*(y) = limsupu(x) and wu.(y) = liminf u(x).
x—>y X—=y

Definition 2.4. (Viscosity solution) Let u : R — R be a locally bounded function,
¢ € R and let F be as defined on RN+,

— The function u is a sub-solution (resp. a super-solution) of

cu'(x) = F((u(x +ri))i=o,..n) onR, (2.2)

.....

if u is upper semi-continuous (resp. lower semi-continuous) and if for all test
functions ¥ € C'(R) such that u — 1 attains a local maximum (resp. a local
minimum) at x*, we have

' (x*) S F((u(x* +ri))i=o,...n) (tesp. c¥'(x™) = F(u(x* 4+ ri))i=o,...N))-

— A function u is a viscosity solution of (2.2) if u* is a sub-solution and u, is a
super-solution.

We also recall the stability result for viscosity solutions (see [3, Theorem 4.1]).
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Proposition 2.5. (Stability of viscosity solutions) Consider a function F defined on
RN gnd satisfying (A). Assume that (u.)e is a sequence of sub-solutions (resp.
super-solutions) of (2.2). Suppose that the functions (u.), are uniformly locally
bounded on R and let

u(x) = limsup*ue(x) := limsup u.(y) and u(x) —hmmf*us(x)
£—0 (g,y)—(0,x)

= hmmf ug(y)
(&,y)—~>

be the relaxed upper and lower semi-limits. If u (resp. u) is finite, then u is a
sub-solution (resp. u is a super-solution) of (2.2).

2.3. On the Hull Function

In this subsection, we first adapt the result of existence of a hull function asso-
ciated with the homogenization of our problem, then we make the link between the
existence of a hull function and the existence of the traveling wave.

Lemma 2.6. (Existence of a hull function [17, Theorem 1.5]) Let F be a given
function satisfying Assumption (A) and p > 0. There exists a unique A, such that
there exists a locally bounded function h, : R — R satisfying (in the viscosity
sense):

dphly = F((hp(y + pri)i,..n) onR

hpy(y+1) =hp(y)+1

() =0

lhp(y+3) =hp(») =YI1=1 forally eR.

(2.3)

Such a function h, is called a hull function. Moreover, there exists a constant
K > 0, independent on p, such that

|Apl = K(1+ p).

Notice that Lemma 2.6 is proved in [17] only for r; € Z. However, the proof for
the generalization r; € R is still valid (it is exactly the same).
Recalling this, and using the hull function %, we define the function ¢, as:

$p() 1= (). (2.4)
Moreover we set, as a velocity, the ratio
Cpi=—. 2.5)

Remark 2.7. It is possible that ¢, = 0 for all p > 0. Our proof of existence of
traveling waves is done for the general case. However, we state throughout the proof
the different situations for the velocity.
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Notice that the above ¢, satisfies the fol lowing lemma:
Lemma 2.8. (Properties of ¢,,) Let p > 0 and assume (A). Then the Sfunction ¢
defined in (2.4) satisfies, in the viscosity sense:

Cp¢>;, = F((¢p(z+7i))i=0,..N) onR
9,20

(2.6)
1
¢p (Z + ;) == (t)p(z) + 1.
Moreover, if ¢, # O then there exists M > 0 independent on p such that
M
9] = —, 2.7)

o |Cp|

for0 < p < ri*, with r* given in (1.15).

Proof of Lemma 2.8. Let /1, be a viscosity solution given by Lemma 2.6. We then
get (2.6) by a change of variables (2.4)—(2.5). We now show (2.7). We choose p > 0
such that

r*.

S| =
v

Since ¢, is non-decreasing, then we have

1 .
lpp(x +ri) = Pp(x)| = |¢p (x + ;) —¢p(x)| =1 ifr; 20
1 .
lpp(x +ri) = Pp(X)| = |¢p (x - ;) —¢p(x)| =1 ifr; =0
Moreover, since F € Lip(RN +1), then
1
|F(($p(x + r1)i=0....n)) — F((¢p(¥)i=0,..))| S L|:| =: L,
1

where L is the Lipschitz constant of F. On the other hand, f is bounded (because
f is Lipschitz and periodic) and F((¢,(x))i=o,...n) = f(¢p(x)), thus
|F((¢p(x +ridizo.. M) = L' + | flrx =: M.
This implies that
lepdly| < M
in the viscosity sense. If in addition ¢, # 0, then we get the Lipschitz bound
M

lp,| < —.
P |Cp|
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2.4. Useful Results about Monotone Functions

In this subsection, we review miscellaneous results about monotone functions
that we will use later in Section 3 for the proof of Proposition 2.3. We state Helly’s
Lemma on the one hand, and the equivalence between viscosity and almost every-
where solutions on the other hand.

Lemma 2.9. (Helly’s Lemma, (see [1, Section 3.3, page 70])) Let (gn)neN be a

sequence of non-decreasing functions on [a, b] verifying |g,| < M uniformly in n.
Then there exists a subsequence (gn;) jeN such that

gn; — 8§ almost everywhere on [a, b],

with g non-decreasing and |g| < M.

Lemma 2.10. (Complement of Helly’s Lemma) Let (g,,), <N be a sequence of non-
decreasing functions on a bounded interval I and assume that

gn — g almost everywhere on 1.
If g is constant on I, then for every closed subset interval I’ C I,
gn — g uniformlyon I'.
The proof of Lemma 2.10 is described in Appendix B.
Now we introduce a lemma that shows the equivalence between viscosity and
almost everywhere solutions under the monotonicity of the solution.
Lemma 2.11. (Equivalence between viscosity and almost everywhere solutions)

Let F satisfy Assumption (A).Let¢ : R — Rbea non-decreasing function. Then
¢ is a viscosity solution of

0=F({(¢(x+ri)i=o,..N) onR (2.8)
if and only if ¢ is an almost everywhere solution of the same equation.

The proof of Lemma 2.11 is also described Appendix B.

3. Construction of a Traveling Wave: Proof of Proposition 2.3

This section is devoted to the proof of existence of a traveling wave for sys-
tem (2.1). We control both the velocity of propagation and the finite difference
of a solution in the first subsection, then we prove Proposition 2.3 in the second
subsection.
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3.1. Preliminary Results
We have

Lemma 3.1. (Velocity ¢, is bounded) Under Assumptions (A) and (B), let cp be
the velocity given by (2.5). Then there exists M| > 0 such that

lepl <M
for0 < p < rl*, with r* given in (1.15).

Proof of Lemma 3.1. Consider the function ¢, given by (2.4) which satisfies (2.6).
Let ¢, be the associated velocity given by (2.5). Assume by contradiction that when

p— po €10, ]

lim ¢, = +o0, 3.1)
pP—>Do

(the case ¢, — —oo being similar). Let Ep (x) := ¢p(cpx) solution of

$;<x)=F((5,, (x+i)) )
¢p/l/i=0,..N

Since ap is invariant with respect to space translations, we may assume that

¢,0)=b—¢

for some ¢ > 0 small enough. Moreover, by (2.7) we have

—
1B, = lepd)| < M

for some M > 0 independent on p. Thus using Ascoli’s Theorem and the diagonal
extraction argument, ¢, converges as p — po (up to a subsequence) to some ¢

locally uniformly on R, and ¢ classically satisfies

¢ (x) = F(¢(x))iz0....N)
= (@)

and ¢(0) = b — . But 5;, > 0 (because (3.1) implies trivially that ¢, = 0), thus

@ = 0.Hence f(¢(x)) = 0 forall x, in particular £($(0)) = (b — &), which is
a contradiction since f(b — ¢) < 0 (see Assumption (B)). O

Next, we introduce an important proposition on the control of the finite difference
that will be used in the proof of existence of a traveling wave.
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Proposition 3.2. (Control on the finite difference) Assume that F satisfies (A) and
leta > r* withr* given by (1.15) and My > 0. For every ¢ > 0, there exists § > 0
such that for any function ¢ which is a (viscosity) solution of

cd'(x) = F((¢(x +ri))i=o,...n) onR
¢ 20

p(x+1) = p(x)+1

] = Mo

lcg'| < Mo,

and for all xo € R satisfying
¢ (x0 +a) — ¢*(xo —a) = 6,
we have
dist(a, {0, b} + Z) < & forall a € [¢py(x0), ¢™(x0)].

Note that {0, b} + Z = Z U (b + Z). Roughly speaking, this proposition says that
if ¢ is flat enough around xg, then ¢ (xg) is close to a zero of f.

Proof of Proposition 3.2. The proof is done by contradiction.

Step 1. construction of a sequence, by contradiction

We assume by contradiction that there exists g > 0 such that for all §,, — 0, there
exists ¢” solution of

(@) (x) = F((¢" (x 4+ ri))i=0,...N)

(") 20

P"(x+1) =" (x) + 1 (3.2)
lc"| = Mo

lc" (@™)| < Mo,

such that there exists x,, € R satisfying
Py (xn +a) — (") (xn —a) = 8, — 0, (3.3)
and there exists «;, € [¢} (x,), (¢")*(x,)] such that
dist(a,, {0, b} +Z) = g9 > 0. (3.4)

Up to replacing ¢" (x) by ¢" (x + e,) + k, with e, € R, k, € Z, we can assume
that

x, =0

¢"(0) €[0,1) foralln. (3.5)

Step 2. passing to limit n — +o00
Because |¢"| £ My then, up to extracting a subsequence as n — +00, we have

" — c.
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Casel.c #0
For n large enough, we have |c"| = % # 0. Hence

2M
(™) £ |—|0 for large n,
c
thus ¢" is uniformly Lipschitz continuous, using Ascoli’s Theorem and the diag-
onal extraction argument, ¢" — ¢ (up to a subsequence) locally uniformly on R.
Moreover, ¢ satisfies (in the viscosity sense)

cd'(x) = F((¢(x +ri))i=0....N)
{ 8 >0, (3.6)
Case2.c =0
Notice that ¢" (x + 1) < ¢"(x) + 1 implies (using (3.5))
¢"(x) S [xT+1 forx 20
[qb”(x) > —[|x[] forx 0. 3.7

Therefore, using Helly’s Lemma (Lemma 2.9) and the diagonal extraction argu-
ment, ¢" converges (up to a subsequence) to ¢ locally almost everywhere. More-
over, we have (using Lemma 2.11 if ¢" = 0)

bz b2
c" A (") (z)dz = /h F((¢"(z+ ri))i=0...n) dz
1 1
for every by < by. That is,
by
wwmm—wwm=l F(@"(c + ri)imo...x) dz.
1

But
F((¢"(z +ri))i=0,...n) = F(($(z +7ri))i=0,..,n) almost everywhere
and
|F (9" (z + 1i))i=0,...n)| = mo(1 + z])

for some constant mq > 0 (because of (3.7) and the fact that F is globally Lipschitz
with f bounded). Thus, using Lebesgue’s dominated convergence theorem, we pass
to the limit n — +o00, and we get

by
O:A F($( +r)ico..n) dz.

1

which implies (since by and b; are arbitrary) that

0= F((¢(z+ri))i=0,...ny) almosteverywhere.
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Since (¢™) = 0 implies ¢’ = 0, then by Lemma 2.11, ¢ verifies

[0=n@u+mmﬂ ..... %)

520 (3.8)

in the viscosity sense.
Step 3. getting a contradiction
Passing to the limit in (3.3) with x,, = 0 implies that

Ps(a) < ¢*(—a).

But ¢ is non-decreasing, then ¢ = const =: k over (—a, a). Since a > r*, then
from (3.6) and (3.8), we get for x = 0

0=F({(¢(x+ri)i=o....nN)
= F((k)i=o,..n) = f(k),

hence k € {0, b} + Z. On the other hand, since o, € [¢7(0), (¢")*(0)], then (up
to a subsequence)

oy — a € {k} = [¢+(0), ™ (0)].
Moreover, if we pass to limit in (3.4), we get
dist(a = k, {0, b} +7Z) = g9 > 0,

which is a contradiction. 0O

3.2. Proof of Proposition 2.3

Proof of Proposition 2.3. The proof is done in several steps.
Step 0. introduction
Let p > 0 and ¢, (given by (2.4)) be a non-decreasing solution of

cp®,(x) = F((¢p(x +711))i=0....N)

with

1
op (x + —) =1+¢,x)
p
and let ¢, be as given by (2.5). Up to translating ¢, let us suppose that

<
[wm@:b 39)

(¢p)"(0) = b.

Our aim is to pass to the limit as p goes to zero.
Step 0.1. introduce z), and y,
For any ¢ > 0 small enough (¢ < %min(b, 1 — b)), letz,, yp € Rsuch that

{wwﬂq)zb+s

.1
(¢p)*(2p) § b+ e, (3.10)
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and

(Pp)*(yp) Zb—c¢
! (Pp)«(yp) = b —e. (3.11)

From Proposition 3.2, since (¢,)*(zp) > b and (¢,)«(yp) < b, we deduce that
(fora > r*)

(@p)i(zp +a) = (9p)*(zp —a) 2 8(e) > 0

(3.12)
and
(@p)«(vp +a) — ($p)*(yp —a) 2 8(e) > 0, (3.13)
with 8 (¢) independent of p. Moreover, we notice that
yp 0. (3.14)

(Otherwise, b — & = (¢,)«(yp) = (¢,)*(0) = b, a contradiction)
Step 1. viscosity super-solution
Let

1ﬂp(x) = (¢p)*(x +a) — (¢p)*(x —a).

Notice that v, is lower semi-continuous and ¥, (x) 2> 0 for all x € R (because

(¢p)+ is lower semi-continuous, (¢,)* is upper semi-continuous and ¢, is non-
decreasing). Since (in the viscosity sense)

cp((@p)) (x +a) 2 F(($p)s(x +a+ri)izo,...
cp((@p)) (x — @) = F((($p)" (x — a +1i))i=0,...N),
then we can show (using a doubling of variables) the following inequality

cp(Pp)i () 2 F((@p)«(x +a+r1i))i=o....N) = F(((¢p)* (x—a +ri))i=0...N),

(3.15)
which holds in the viscosity sense.
Step 2. passing to the limit p — 0
Since ¢, is bounded (see Lemma 3.1), then

cp —> ¢,
up to a subsequence.
Casel.c #0

For p small enough, we have |c),| = % # 0. From (2.7), we deduce that

2M
|¢}7| < ol for p small,

thus ¢, is uniformly Lipschitz continuous, using Ascoli’s Theorem and the diagonal
extraction argument, ¢, — ¢ (up to a subsequence) locally uniformly on R.
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Moreover, ¢ satisfies, at least in the viscosity sense (using the stability result,
Proposition 2.5),

{ ;d/)/g())’: F((¢(x +ri))i=0,...N) (3.16)
and
{ (@)+(0) < b
(@)*(0) = b.
Case2.c=0

Let R > 0 and choose p small enough such that R < ﬁ Since

1 -1
dp (E) =1+¢, (5) ; (3.17)

then for all x € [—R, R], we have
oo (=) -0y (=) =1
14 2p 14 2p - =

Notice that (3.9), the monotonicity of ¢, and (3.17) implies that

lop(x) — ¢p(0)] =

1 1
b—1=¢) (—5) = (9p)«(0) =D = (9p)"(0) = @) (5) <b+1,

thus
b—1Z¢,(0)=b+1.
Hence
|¢plL[—r.R] = 3.

Using Helly’s Lemma (Lemma 2.9) and the diagonal extraction argument, ¢, con-
verges locally almost everywhere (up to a subsequence) to non-decreasing function
¢. Thus, ¢ satisfies

i 0=c¢'(x) = F((¢(x +r1))i=0....N) (3.18)

¢ 20
almost everywhere. Moreover, from Lemma 2.11, we deduce that ¢ is a viscosity

solution of (3.18) with

$«(0) = b
¢*(0) 2 b.



Existence and Uniqueness of Traveling Waves 63

Step 3. first properties of the limit ¢
Step 3.1. the oscillation of ¢ is bounded
Consider any R > 0. Choose pg such that R < 21% and let p € (0, po]. Then

1 -1
$p(R) —¢p(—R) = ¢ (—) -9 (—) =1
P P ?\ 2p0 »\ 2p0
However, ¢, converges (up to a subsequence and at least almost everywhere) to ¢
(see Step 2), thus

#(R) —¢p(—=R) =1
for almost every R. Now let R goes to +o00, we conclude that
¢ (4+00) — p(—00) = 1.

Step 3.2. ¢p(Foo) € ZU ({b} + Z)
Since (3.16) is invariant by translation, then

¢"(x) = p(x —n)
is a viscosity solution of
c(¢") (x) = F((¢" (x +1i))i=0,...N)-

Moreover, ¢ is non-decreasing and bounded (see Step 3.1), thus (¢"), is a non-
increasing sequence of bounded functions. Therefore, ¢" converges pointwise as
n — +o00. Moreover, since

lim (9" () = p(—00)) = 0.

then ¢" converges to ¢ (—o0). Now, using the stability for viscosity solutions (see
Proposition 2.5), we deduce that ¢ (—o0) is a solution of

c(p(—00)) = F((¢(—00))i=0....n) = f($(—00)).
That is,

f(@(=00)) =0.

Similarly, we get f(¢(+00)) = 0. Therefore the assertion of the step follows
from (B).

Step 4. p(£o0) ¢ {b} + Z

Since ¢ (+00) — ¢ (—00) < 1 and

$+(0) = b
¢*(0) 2 b,

we getthat ¢ (—oo) € {b—1,0, b} and ¢ (+00) € {b, 1, b+ 1}. We want to exclude
the cases ¢ (=00) = b, b £ 1. Notice that if ¢ (+00) = b + 1, then ¢ (—o0) = b.
Similarly, if ¢(—o00) = b — 1, then ¢ (+00) = b. Therefore, it is sufficient to
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exclude the cases ¢ (+00) = b. At the end, this will show that ¢p(+00) = 1 and
¢(—00) =0.
Suppose to the contrary that

$(+00) = b,

(the case ¢ (—o0) = b being similar). Let xo = 2r*, where r* = max;—o,__n |7il.
Since

b= ¢(+00) = ¢*(0) = b,
then ¢ (x) = b for all x > 0. Hence
#(x0) = ¢p(xo £a) =0,

for r* < a < 2r*. Using the uniform convergence of ¢, to ¢ (see Lemma 2.10 if
¢ = 0), we deduce that

dp(x0) = b
and
Vp(xo) = (¢p)«(x0 +a) — (¢pp)*(xo —a) - 0 as p — 0.

Step 4.1. Equation satisfied by i, at its point of minimum
Since (for z), and y, defined in (3.10) and (3.11)) we have

Zp — +ooas p — 0 (¢ is non-decreasing and ¢ (+00) = b)
yp =0 (by (3.14)),

then xo € [yp, zp] for p small enough. Next, set

mp = min lﬂp(X) = 1/fp(x;) Z 0 with )C; € [yp’ ZP]’
x€lyp.zpl
thus
mp = Yp(x}) < Yp(xo) = 0 asp — 0. (G-19)

In addition, since

1\”p(yp) 2 3() >0
Vp(zp) 2 8(e) > 0,

then

x; € (¥p, 2p)- (3.20)

Therefore from (3.15), we get

—F(((¢p)*(x, —a+ri))i=0,..,N) (3.21)

in the viscosity sense (and pointwisely).



Existence and Uniqueness of Traveling Waves 65

Step 4.2. Y (x), +11) > Yp(xy) =m, forall i
Because of (3.20), we have

b—e=(p)(yp) = (9p)"(x) = (@p)u(zp) S b +e. (3.22)
Therefore, by reasoning similar to that of Step 2, we show that
bp (x; +.) — ¢o almost everywhere on R,

and ¢ is a viscosity solution of (3.16).
Since

mp = Vp(5) = ($p)(xh +a) — (@p)*(xh —a) > 0 asp— 0, (3.23)
we deduce that
¢o = const: =k on (—a,a). (3.24)

From Lemma 2.10 and (3.22), we deduce that k € [b — ¢, b + ¢]. Moreover, we
have

0 = cp(0) = F((¢0(0 + ri))i=o,...n) = f(k),

hence k = b. Again, using Lemma 2.10
we deduce that

sup |¢pp(x) —b| — 0 foranyd§ > 0.
(x;‘,—a+8,x[’;+a—6)

Moreover, because of (3.23), we can even conclude that
(@p)s(xy +a), (Pp)*(x), —a) — b asp — 0. (3.25)
Now, since
[@p4h><b—s
(¢p)*(zp) Z b +e,

then yp, zp ¢ (x, —a +38,x); +a — §) for every fixed é. Since y, < x}; < zp,
thus choosing 0 < § < a — r* implies that

yp Sxy+ri Sz, foralli.
Therefore,
Upxy i) 2 Yp(xy) =mp. (3.26)

Step 4.3. getting a contradiction
In this step, we assume that m,, > 0 (it will be shown in Step 5) and we want to
get a contradiction. Set

| @p)ulp Fatri) ifri 0
L (d)p)*(x;—a-i-ri) ifr; > 0.
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Hence from (3.26) and using the monotonicity of F together with inequality (3.21),
we get

02 F((ai)i=o0,...N) — F((¢i)i=0,...N):
where
ki ifrl-go kl-—mp ifl’igo
aj = ) and ¢; = .
ki+mp ifr; >0 ki if r, > 0.

Notice that
€ [@p)* (x5 — a), (@) (s + a)].
Therefore from (3.25) and the fact that m, — 0, we deduce that
ai—b and ¢; > b asp — 0.
Since F is C' near (p}¥*land ¢; +1(a; — ¢i) = ¢i + tm, then

N

1 oF
02 /o dt Z ((a, ,) ((cj +1t(aj — Cj))j:O,...,N))
i=0
. aF
:A dtg(;(mpax ((cj +1tmp)j=o,.., N))

Since m ), > 0, we get

Oz/ dlz ((C/+tmp)/—0 ..... N)

N

) ! g N oF
=f(b)+/0 dt(zax ((cj +1mp)j=o,.. N)—Z(;a—xi(b,...,b)).

But F is C! near {p}V*! and ¢; + tm, — b for all i, thus
1 N N
oF oF
/0 dt(ga—xi((q +1tmy)j=o.... N)—ga—xi(b,...,b))e 0 asp — 0.
This implies that
02 f'(b) >0,

which is a contradiction because of Assumption (B).
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Step 5.mp >0

We split this step into two cases:

Case 1. F is strongly increasing in some direction
Assume that F verifies, in addition,

>8>0, (3.27)

for certain i1 with r;; > 0 (assuming r;; < 0 being similar).
Assume to the contrary that m, = 0. Thus

Up () = (@p)ulah +a) — (@p)*(xh —a) = 0.
Since ¢, is non-decreasing, then
¢p(xy) = ¢p|(x;7a,xz;+a) = k = const,
where k is a zero of f, that is,
fk)=0. (3.28)

Letd = x;; + a be the first real number such that

¢p(d+mn) >k foreveryn > 0.
Choose 0 < n < r;, and set

x1=d+n—ry.

From the definition of d, we deduce that

¢p =k on aneighborhood of x1,

hence qﬁ;, (x1) = 0. Moreover, we have

¢p(x1 +ri) 2k foralli #i
¢P('x1 +ri1) =¢p(d+ 7]) >k fori= il,

therefore

PR S
2 Fk,...,¢p(x1 +71i),.... k)
= fk) +o(@p(d +n) — k)
= d0(¢p(d +n) —k) >0,
where we have used (3.28) for the last line. This is a contradiction.

Case 2. create the monotonicity
In fact, we can always assume hypothesis (3.27) for a modification F, of F, where

Fp(Xo, X1, ..., Xn) = F(Xo, X1, ..., Xn) + p(Xi; — Xo).

Then the whole construction works for F replaced by F, with the additional
monotonicity property (3.27) with §o = p. Once we pass to the limit p — 0,
we still get the same contradiction as in Step 4.3 and we recover the construction
of traveling wave ¢ of (2.1) for the function F. O
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4. Uniqueness of the Velocity ¢

In this section, we prove the uniqueness of the velocity of a traveling wave
¢ solution of (1.14) (part (a) of Theorem 1.5). We show in the first subsection a
comparison principle on the half-line, and we prove the uniqueness of the velocity
in the second subsection.

4.1. Comparison Principle on the Half-Line

In this subsection, we prove a comparison principle on the half-line that is
essentially used to prove the uniqueness of the velocity (in the second subsection
of this section) and the uniqueness of the profile ¢ that solves (1.14)
(in Section 6).

Theorem 4.1. (Comparison principle on (—oo, r*]) Let F : [0, 11V *! — R satis-
fying (A) and assume that

there exists no > 0 such that if
Y =,....Yn), Y+ (a,...,a) € [0, n]"*! .1
then F(Y 4+ (a, ...,a)) < F(Y) ifa > 0.

Letu, v : (—oo, r*] — [0, 1] be, respectively, a sub- and a super-solution of
cu'(x) = F((u(x +1i))i=o,..,n) on (=00, 0) (4.2)

in the sense of Definition 2.4. Moreover, assume that

u< By on(—oo,r*]
and

u<v onl0,r*].

Then

u<v on(—oo,r*].

Before giving the proof of this result, we give a corollary which is a comparison
principle on [—r*, +00).

Corollary 4.2. (Comparison principle on [—r*, +00)) Let F : [0, 1Vt 5 R
satisfying (A) and assume that:

there exists no > 0 such that if
X=Xo,....Xn), X+ (@,...,a) €[l —no NV*! (4.3)
then F(X + (a,...,a)) < F(X) ifa > 0.

Let u,v : [—r*,+00) — [0, 1] be, respectively, a sub- and a super-solution of
(4.2) on (0, +00) in sense of Definition 2.4. Moreover, assume that

v=1-no on[-r +00),
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and that
u<v on[-r* 0l
Then
usv on[—r*, 4+00).

Remark 4.3. (Inverse monotonicity) Notice that assumptions (4.1) and (4.3) are
satisfied if F is C' on a neighborhood of {0}V*! and {1}¥*! in [0, 1]1V*! and
f'(0) <0, f/(1) < 0. This condition means that 0 and 1 are stable equilibria.

Lemma 4.4. (Transformation of a solution of (4.2)) Let u, v : (—o0, r*] — [0, 1]
be, respectively, a sub- and super-solution of (4.2) in the sense of Definition 2.4.
Then

u(x):=1—u(—=x) and 2(x):=1—v(—x)

are, respectively, a super- and a sub-solution of (4.2) on [—r*, 400) with F, ¢ and
ri (foralli € {0, ..., N}) replaced by F, ¢ and’r;, given by
F(Xo,...,Xy)=—F(1—Xp,...,1 = Xy)
= —c 4.4)

rj == —rj.

o)

Moreover,
Fopo " - R
satisfies (A), (B) and (C), where b and f are replaced by
b:=1-b
[ fw)=—f(-v)
in (B).

Notice that, Lemma 4.4 is still true even though u#, v : R — [0, 1] are a sub and a
super-solution of (4.2) on R.

Proof of Lemma 4.4. Let u : (—oo, r*] — [0, 1] be a sub-solution of (4.2) and
setw(x) = 1 — u(—x). It is then easy to see that, in the viscosity sense,

' (x) = cu'(=x) = F(u(=x +1i))i=0,...N)
= F((1 —=u(x = ri))i=0,...N)-
Hence u is a super-solution of (4.2) on [—r*, 400) with F, r; and ¢ replaced by

F,7r; == —rj and ¢ := —c given in (4.4). Similarly, we show that v is a sub-solution
of the same equation on [—r™*, +00). 0O
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Proof of Corollary 4.2. Let u,v : [—r*, +00) — [0, 1] be a sub and super-
solution of (4.2) on (0, +00) such that v = 1 — By on [—r*, +00). We set
u(x) =1—u(—x)and v(x) = 1 — v(—x). It is then easy to see that %, v € [0, 1],
v < Bpon (—oo, r*].

Using Lemma 4.4, we show that u and v are respectively a super and a sub-
solution of (4.2) with (F, c, r;) replaced by (I? ,C, 1) defined in (4.4). Moreover,
using the fact that F satisfies (4.3), we deduce that F satisfies “4.1).

We then deduce by Theorem 4.1 that

V<u on(—o0,r*]

that is

*

u<v on[—r* —o0).

We now turn to the proof of Theorem 4.1.

Proof of Theorem 4.1. Letu, v : (—oo, r*] — [0, 1] be respectively a sub- and a
super-solution of (4.2) such that

u< By on(—oo, r*],

and u < von [0, r*].
Step 0. Introduction
Set

v := min(v, Bp).
According to (4.1) we have

F(Bo,...,B0) < FO,...,0)= f(0) =0,

thus the constant S is a super-solution of (4.2). Hence v is a super-solution of (4.2)
on (—o0, 0) with u < v on [0, r*]. Moreover, since v < v, it is sufficient to prove
the comparison principle (Theorem 4.1) between u and v which satisfy in addition
u, v e [0, Bol.

For simplicity, we note v as v with u, v € [0, Bg] and u < v on [0, r*].

Step 1. Doubling the variables

Suppose by contradiction that

M= sup u(x)—v(x)>0.

xe(—oo,r*]
Let e, o > 0 and define
lx — yI?
Mgy = sup (M(X) —v(y) = —— —alx|?
x, y€(—00,r*] 2e
_ e
= u(®) —v(F,) - ———— —al%|’

2¢ ’
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for certain X, y, € (—oo, —r*]. Note that the maximum is reached since the
function

lx — y|?
2¢e

is upper semi-continuous and satisfies ¥ (x, y) — —oo as |x|, |y| — +00. More-
over, for all § > 0, there exists x5 € (—oo, r*] such that

) = Y(x,y) =ulx) —v(y) — — alx|?

M 2 u(xs) —v(xs) 2 M — 8.

Hence
Meo Z u(xs) — v(x) — alxs|®
2 M- —alxs
= — >0,
2
for § = % and o chosen small enough such that ¢ < #. Moreover, since
u(xe) —v(y,) < Bo, we have
|Yé‘ - y8|2 - 2 < 4 5
T+a|xa| < Bo- 4.5)

Step 2. There exists « small enough and ¢ — O suchthatx, € [0, r*]ory, € [0, r¥]
Assume that x, € [0, r*] (the case y, € [0, r*] being similar). Using (4.5), we
deduce that y, € [—+/2B0¢, r*]. Then X, and ¥, converge (up to a subsequence)
to a certain xo € [0, r*] as ¢ — 0 (from (4.5), the two limits coincide). We then
deduce that

M . _ _
0 < > < lim sup(u(Xe) — v(¥,))

e—0

< u(xXo) — v(xo) =0,

which is a contradiction. The last inequality takes place since u < v on [0, r*].
Step 3. For all o and ¢ small enough, we have X, y, € (—o0, 0)
Step 3.1. Viscosity inequalities

‘We have
u(x) S v(F,) + Meo + % +alx” = ¢ (x),
and u(%.) = ¢ (%.). Thus
¢ (@ +2a7cg) = ¢/ () € F(W(e +ricox). (46)

Similarly, we get

c (%) > F((0(3e + 1i))izo...N). .7
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Subtracting (4.7) from (4.6) implies that
2caXxe S F((u(xe +1i))i=0

Note that from (4.5)
af%e| < V/apo.

This implies that for ¢ fixed, ax, — Oas o — 0.
Step 3.2. Passing to the limit « — 0

‘We have
lx — y|? _ _ X —v?
u(x) —v(y) — ——— —alx|* L u:) —v@,) - —————
2e 2¢e
Set
ui =uXg +r;)
v = vy, + 1),
then

u v +mg + 8 ifi #0
uy = vg +mg ifi =0,

where my = u —vg and §¥ = 2aX.r; +a|ril?

..... N) — F((v(, +7i))i=0,..N)- (4.8)

— 2
—a|xe|".

. For ¢ fixed, since u?, v € [0, fo]

and % < my £ Bo, we deduce that as o — 0 and up to a subsequence,

uf‘—)u?
vf‘—>v?
My — My

5 — 0,
with u?, v? € [0, Bo], 0 < % < mg < By and
Iu? <0 4mg ifi #0
uy =vg +mg ifi =0.
Moreover, passing to the limit in (4.8) implies that
0 < F(u)i=o....n) — F(0))izo....n)-

Step 4. Getting a contradiction
‘We claim that for all i, there exists /;, llf 2 0 such that

W +1; =0 =1 + my,
and

ﬁ?:=u?+li§ﬁo
=)~ 1 20.

1

(4.9)

(4.10)
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Recall that for all i € {0, ..., N}, we have
uf), v) € [0, Bol
u} < v +mo
ug —vg =mo < fo.

If for some i, u? = v? + my, then it suffices to take [; = llf = (. Assume then that
u? < v? + my.
Case 1. u?, v? € (v8, ug)

Setl; = u8 — u? and [/ = v? — vg. Then

—0 0 0

{ui =u,-+l,-=u0<,ﬂo
—0 0 4 0
v = —li—vo 2_0,

and #) = v9 + my.

Case 2. u? > u8 and v? > vg

0 0

Since u; — vy > my, then there exists llf <Y

D~

vg such that
ud =) — 1! 4+ my

and 29 = v? — 1/ > v} = 0. Thus, it is sufficient to take /; = 0.
Case 3. u? < u8 and v? < v8
This case can be treated as Case 2 by taking [/ = 0 and /; < u8 - u?.

Finally, going back to (4.9), since F is non-decreasing, we deduce that

< 0.
The last inequality takes place since F satisfies (4.1) for ﬂ?, ﬁ? —my € [0, Bo] and
mq > 0. Therefore, we get a contradiction. O
4.2. Uniqueness of the Velocity

This subsection is devoted to proving the uniqueness of the velocity ¢ of a
traveling wave that solves (1.14).

Proposition 4.5. (Uniqueness of ¢)
Under assumption (A), consider the function F defined on [0, 11V T, Let (¢ i P)
be a solution of (1.14) for j = 1, 2. If, in addition, F satisfies (C), then ¢1 = c».

Proof of Proposition 4.5. Suppose that for j = 1,2, (c;, ¢;) is a solution of
(1.14) and assume by contradiction that ¢; < ¢». We have,

$j(—00) =0 and ¢;j(+o0) = 1.
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We set 6 = min(fy, 41'1) where By is given in Assumption (C). Up to translation of
¢1 and ¢, we can assume that

p1(x) 2 1-8 Vx = —r*
and
$r(x) £8 Vx <%,
This implies that
¢ < @1 over [—r*, r¥].
Moreover, since ¢; < ¢z, we have
1y (x) = 2y (x) = F((¢2(x +11))i=0,...N)-
Hence (c1, ¢) is a sub-solution of (1.14). Since
¢1=1-38 on[-r", +00),
we deduce using Corollary 4.2 that
¢ < @1 over [—r*, +00).
Similarly, since
¢2 =8 on (—o0,r"],
we deduce using Theorem 4.1 that
¢ < @1 over (—oo, r*].
Therefore,
¢ < ¢ overR.
Next, set
ui(t, x) = g1(x +cit)
us(t, x) = ¢a(x + ca1),
then for j = 1, 2, we have
Ouj(t,x) = F((u;(, x +ri))i=o0
Moreover, at time ¢ = 0, we have
ur(0, x) = ¢1(x) = ¢2(x) = u2(0,x) overR,
thus applying the comparison principle for Equation (4.11) (see [17]), we get
up Zur ¥r=20 VxeR.

,,,,, N)- (4.11)

Taking x = y — c1t, we get
01(yY) 2Py + (c2—c)r), Vr20,VyeR
Using that ¢; < ¢, and passing to the limit 1 — 400, we get
H1(y) = dpp(+o0) =1, VyeR.

But ¢1 (—00) = 0, hence there is a contradiction. Therefore ¢; = ¢. Similarly, we
show that ¢ = cq, hence ci = ¢,. O
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5. Asymptotics for the Profile

In this section, our main result is the asymptotics near 0o for solutions ¢ :
R — [0, 1] of

c¢'(x) = F((¢(x +ri))i=0,...n) onR, (3.1
namely Proposition 5.1.

Proposition 5.1. (Asymptotics near *+o00) Consider a function F defined on
[0, 1]¥V+! satisfying (A) and (C), and assume that ¢ # 0. Then

(i) asymptotics near —oo
Let ¢ : R — [0, 1] be a solution of (5.1), satisfying

¢(—o0) =0 and ¢ =686 >0 on|0,r*]

for some 8 > 0 and assume (B+)(ii). If there exists a unique ™ > 0 solution

of

N

oF .
cA = Z 8_X,~(0’ o, 00 (5.2)
i=0

then for any sequence (x,),, X, — —00, there exists a subsequence (x,’),y and
A > 0 such that

¢ (x + xp)

e s AT locally uniformly on R as n’ — +oo0.
e

(ii) asymptotics near +oo
Let ¢ : R — [0, 1] be a solution of (5.1), satisfying

¢(+o0)=1 and ¢ <1—-6 <1 onl0,r*]

for some § > 0 and assume (E—)(ii). If there exists a unique A~ < 0 solution

of

N

OF .
c)\:za_&(l,...,we“t, (5.3)
i=0

then for any sequence (xp)n, X, — 400, there exists a subsequence (x,'),y and
A > 0 such that

L= g tx)

e Ae** locally uniformly on R as n' — +oo.
e n
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5.1. Uniqueness and Existence of \*

In this subsection, we address the question of the existence and uniqueness
of A%,

Lemma 5.2. (Uniqueness and existence of A™) Assume (A) and suppose that
VF(0) exists with f'(0) < 0. Then there is at most one solution \* > 0 of
(5.2). Moreover, if ¢ < 0 or, if we assume (E+)(1), then there exists a (unique)
solution \T > 0 of (5.2).

Proof of Lemma 5.2. Step I. Uniqueness
Let

N aF .
(L) :=Zﬁ(0,...,0)e i Ch. (5.4)

Because of Assumption (A), the function g is convex and
g(0) = f'(0) < 0.

Thus, there exists at most one solution AT > 0 of (5.2) and if A exists, then we
have

g<0 on(0,A") and g>0 on (A", +00). (5.5)

Step 2. Existence
Assume ¢ < 0. We have

oF
g 2 a—XO(O, o, 0) —cA,

which implies that lim_, 1~ g(X) = +o00. On the other hand, if we assume
(E+)(), then

©,...,0)e"+ —ca,

it

aF OF
A) = —(0,...,0
g()—axo( )+a

which implies that lim; _, 40 (1) = 400.
Therefore, there exists a unique AT > O such that g(AT) = 0. O

In the same way (or using Lemma 4.4), we can prove the following lemma
concerning A~

Lemma 5.3. (Uniqueness and existence of A7)

Assume (A) and suppose that VF(1, ..., 1) exists with f'(1) < 0. Then there is
at most one solution A~ < 0 of (5.3). Moreover, if ¢ > 0 or, if we assume (E—) (1),
then there exists a (unique) solution A~ < 0 of (5.3).
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5.2. Proof of Proposition 5.1

In this subsection, we prove that any solution of (5.1) is exponentially bounded
(from above and below) near —oo. Finally, we prove Proposition 5.1(i).

Lemma 5.4. (Exponential bounds for a solution of (5.1) near —o0) Assume (A), (C)
and (E+)(ii). Let ¢ : (—o0, 0] — [0, 1] be a solution of (5.1) on (—oo, —r*) sat-
isfying ¢ (—oo) = 0 and assume that there exists A+ > 0, a solution of (5.2). Then
there exists ko such that

() < kae* * forall x < 0.
Moreover, if
¢=2686>0 on [—r* 0] forsomes > 0, (5.6)
then there exists k1 > 0 such that
kie"™ < ¢(x) forallx <0.

Remark 5.5. Notice that the exponential bounds of Lemma 5.4 do not hold if

we do not assume (E+)(ii). To show this, it suffices to define f(u) = —u’ with
u(x) = —xe*. A simple computation then gives that

f(©0)=0

F1o = -1

F1@) = 1) ~uso s
and so f does not satisfy (E+)(ii) and u is not exponentially bounded.

Proof of Lemma 5.4. Theidea of the proofis to construct a sub- and super-solution
of

c¢'(x) = F((@(x +ri))i=0....n) on (—00, —r"), (5.7

then, using the comparison principle (Theorem 4.1), we deduce the existence of
ki and ky. Let AT > 0 be the solution of (5.2) and consider the perturbation
At <A < (1 4+ a)A™ with o given in Assumption (E+)(ii).

Step 1. existence of ky

Step 1.1. construction of a sub-solution of (5.7)

Set

() = A (7 + )
defined on (—o00, 0], where A > 0 will be chosen such that ¢ is a sub-solution of
(5.7). Since AT is a solution of (5.2), then for x € (—oo, —r*) we have
cd'(x) = AT AT £ cAN M
= VFQ,...,0).((Ae" CFDy_o  \) + cAN ™
x((¢")iz0,...n) — )

< F((@(x +r1))izo,...n) + Col @)+ — A* g (1),



78 M. AL HaJ, N. FORCADEL & R. MONNEAU

where for the last line we have used (E+)(ii), ®(x) = ((¢(x +7i))i=0,...n) and g
as defined in (5.4). Using the fact that for x € (—oo, —r*), we have Q(x +r) <

246" 4™ Therefore, we get
cd'(x) = F((¢(x 4 ri))i=0....N)
<A (21+aC0Aae(l+a))\+(x+r*)|E|l+a _ e)\’xg()\/))
S A (21+QC0A0{6(1+Q)A+}’*|E|1+0l _ g()\'/)) e)ulx’

with E = (1,...,1) € R¥*! Since g(1') > 0 (see (5.5)),
cd'(x) — F((¢(x +ri))i=o....n) =0 for A small enough.

This shows that ¢ is a sub-solution of (5.7) on (—o0, —r™*).

Step 1.2. applying the comparison principle

Up to adecreasing A > 0, let us assume that 2A < min(8, By) with § given in (5.6)
and B given in Assumption (C) (this is possible since A can be chosen as small as
we want). Thus

P29

1\

2A 2 ¢ on[-r*, 0]
and
¢ <24 < By on(—o0,0].

Hence using the comparison principle (Theorem 4.1 and a shift of the functions),
we deduce that

$(x) = ¢(x) forallx < 0.
This implies that ¢ satisfies
¢(x)

Atx

ki =A< forall x < 0.

e

Step 2. existence of kj
Step 2.1. construction of a super-solution of (5.7)
Define for x € (—o0, 0] the function

Px)=A (Zeﬂx — e)‘,x) )
Repeating the same proof as in Step 1, we get

@ (x) — F(@(x +7ri))iz0,..N)
> A (_21+aCOAae(1+a)x+(x+r*)|E|1+a + e“g()\/))

2 A (_21+aC0Aae(1+a)A+r*|E|l+a + g()»’)) ek’x’

with E = (1, ..., 1) € R¥N*1. Again, since g(1') > 0, then ¢ is a super-solution
of (5.7) for A > 0 small enough.
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Step 2.2. applying the comparison principle
Define, for a > 0 large enough, the function ¢(x) = ¢ (x — a) such that

é < min (ﬂo, Ae*ﬂr*) on (—o0, 0],

with Bg given in Assumption (C). This is possible because we assume that ¢ (—o0) =
0. Thus

$ <A <P on[—r*, 0]

Hence, applying the comparison principle result (Theorem 4.1, up to a shift of the
functions), we deduce that

[IA

q’; q_ﬁ on (—o0, 0].

This implies that

¢ )

ertx

<246 forallx < —a.

Using the fact that ¢ < 1, we get

¢ (x

T <ky forallx £0,

e

where kp := max (2Aek+“, maXye[—a,0] Z(fi ) O
We only prove Proposition 5.1(i) (the proof of Proposition 5.1(ii) being similar).
Proof of Proposition 5.1(i). Let ¢ : [0, 1] — R be a solution of (5.1) such that
¢(—00) =0 and ¢ =68 forsomed > 0.

We recall, from Lemma 5.4, that

0<k <®0 <

= e)‘+x =

kr < +oo forallx £0, (5.8)

where A7 is the solution of (5.2).
Step 1. Shifting and rescaling ¢
For a sequence x,, — —oo and for all x < 0, define the function v, as

Fori =0,..., N, we have

¢ (x) = ce* T () (x — x) + A v (x — x,))

= F((0n(x + ri — xp)e" OCH0),) (5.9)
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That is, for y = x — x,,

cW () + ATva(p) = e OFW E((u, (y 4 ry)et OF0t)
= ¢ M OTRE ((un(y + r)et T E )
— VF(0).((vn(y + r)e* 0Tty
N
! go a?_;i(o)vn (v +ri)e .
From Assumption (E+)(ii), we then have

/ + J oF Atr
c(p () + 3T () = 3 o= Oy +ri)et "

+0 (70T (v, (3 e O 1)

that is,

/ N S 9F .
W)+ 3G =2 Oy +ri)et "

+0 (X0, (v + e ) L (5.10)

Step 2. Passing to the limit n — 400
Because of (5.8), we have

0<ki Sv(y) ko <+oo fory < —xp, (5.11)
and for any compact set K C R
0Ty, (v + 1) )Y > 0 asn — oo (because x, — —00)

uniformly in y € K. As ¢ # 0, we get from (5.10) that there exists some Cx > 0
(independent of n) such that

lv| < Cx onK.
Applying Ascoli’s theorem, there exists a subsequence v, such that
Uy —> Vs locally uniformly on R.

Moreover, v satisfies

N
oF +,.
s () + 41 0oe (1)) = 3 2= Qoo (y + ridel ™, (5.12)

and (using (5.11))

ki Sveo Sk onR. (5.13)
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Step 3. Applying Fourier transform
Applying a Fourier transform to (5.12) implies that

U0 (§)G(§) =0,

where G(§) = c(i§ +1%) = 310 750, ..., 0)e* i eisri,
Step3.1.G(§) =0 < £ =0

Clearly, if £ = 0 then G(£) = 0 (because AT solves (5.2)).
Assume that G(§) = 0 with £ € R. Hence

N

oF
et = Z W(O’ 0T cos(£r;) (5.14)
j=0""J
and
N
oF
cE = Z W(O, ... ,O)e)‘+rf sin(&r;). (5.15)
j=0 "7

Using the fact that ;—Q(O) 2> 0for j # 0, we deduce from (5.2) and (5.14) that for
all j € {1,..., N}, we have

oF © 0)=0

9X; ,...,0) =

or (5.16)
oF

érj =0 mod(2mr) and —(0) > 0.
0X;

Substituting (5.16) in (5.15), taking into consideration that rp = 0, implies that
c& = 0 and thus & = 0, because ¢ # 0.

Step 3.2. v = const

From step 3.1, we deduce that supp{t} C {0}. Therefore,

50) = > ady .
finite

The inverse Fourier transform implies that v is a polynomial. But v, is bounded
(see (5.13)), hence

Voo = cCOnst := A.
Consequently,

¢ (x + xp)

JRETraE =vy(x) > A.
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6. Uniqueness of the Profile and Proof of Theorem 1.5

In this section, we prove the uniqueness of the profile (under Assumption (D) or
(E)). Under Assumption (D) we will use a Strong Maximum Principle, while under
Assumption (E) we will need the asymptotics joined with a Half Strong Maximum
Principle (just on the half-line, see Lemma 6.1). We show, in the first subsection,
three different kinds of Strong Maximum Principle satisfied by (1.14) when ¢ # 0.
In the second subsection, we prove the uniqueness of the profile and Theorem 1.5.

6.1. Different Kinds of Strong Maximum Principle

Here, we prove three different kinds of Strong Maximum Principle for (1.14)
when ¢ # 0. We also add a technical lemma (Lemma 6.5) that allows us to compare
two different solutions on R with at least one contact point.

We prove the Strong Maximum Principle (Lemmas 6.1, 6.3 and 6.4) for ¢ > 0.
However, when ¢ < 0, the corresponding results can be deduced from the case
¢ > 0 using the transformation of Lemma 4.4.

Lemma 6.1. (Half Strong Maximum Principle) Let F : [0, 11Vt — R satisfying
Assumption (A) and let g1, ¢ : R — [0, 1] be aviscosity sub- and a super-solution
of (2.2), respectively. Assume that

[ $2=¢1 onR
$2(0) = ¢1(0).
Ife > 0(resp. ¢ < 0), then
b1 = forallx <0 (resp. x = 0).

Proof of Lemma 6.1. Assume that ¢ > 0 and let w(x) := ¢(x) — ¢1(x). Since
¢ is a super-solution and ¢ is a sub-solution of (2.2), then using the doubling of
variable method we show that w is a viscosity super-solution of

cw'(x) 2 F((¢2(x +ri))i=0,...n) — F((¢1(x +71))i=0,..,n) onR.

,,,,,

But F is non-decreasing with respect to X; for all i # 0, thus we get
cw'(x) 2 F(¢1(x) +wx), (p1(x +ri))i=1....n) — F((p1(x +71))i=0,...N)-
Now, since F' is globally Lipschitz, then
—L
w'(x) 2 —w(x), (6.1)
¢

where L is the Lipschitz constant of F.

Notice that y(x) = w(xo)e_TL("_xO) satisfies the equality in inequality (6.1) for
any xo € R. As y(x9) = w(xp), then using the comparison principle for the ODE
(6.1), we deduce that

w(x) = w(xple e ) forall x > xo. (6.2)
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If w(xp) > 0, then w(x) > 0 for all x = x¢. This implies that
¢2 > ¢ forall x = xo.

Finally, since ¢»(0) = ¢1(0), then we deduce that
¢ = ¢ forallx <0,

(otherwise, if there is x; < 0 such that ¢2(x1) > ¢1(x1), then from the above
argument, we deduce that ¢, (0) > ¢1(0), a contradiction). O

Lemma 6.2. (Strong Maximum Principle under (D) (ii)) Let F : [0, 11V ! - R
satisfying (A). Let ¢1, ¢2 : R — [0, 1], respectively, be a viscosity sub- and super-
solution of (2.2) such that

$2=¢1 onR and ¢2(0) = ¢1(0).
(a) If F is increasing with respect to X;, for certain ig # 0 then
@a(kriy) = ¢1(kriy) forallk e N.

(b) If we assume, moreover, that F satisfies (D+)(ii) if ¢ > 0, or (D—)(i1) ifc < 0,
then

P1(x) = ¢pa(x) forallx € R.

Proof of Lemma 6.2. (a¢) Assume for simplicity that ip = 1. Let ¢y, ¢, respec-
tively, be a viscosity sub-solution and a viscosity super-solution of (2.2). Then
using the doubling of variable method, we can show that the function w =
¢ — ¢ satisfies

cw'(x) 2 F((¢2(x +ri))i=o,..n) — F((¢1(x +ri))i=o,..n) onRR
(6.3)

in the viscosity sense. As w is a viscosity super-solution of (6.3), w(0) = 0 and
w = 0 on R, we deduce that

02 F((¢2(ri))i=o,...N) — F((¢1(ri))i=0,..n) atx =0.

Thus, using the fact that ¢ (0) = ¢1(0) and that F is monotone with respect to
X; foralli # 0, we get

F((¢2(ri))i=0,...N) = F((¢1(ri))i=0,...N)-
Next, since F is increasing with respect to X1, we deduce that
$r=¢1 atx =ry,

(otherwise, F((¢2(ri))i=0,..N) > F((#1(ri))i=0,..,n), because F is
non-decreasing with respect to X; for i # 0, 1 and increasing with respect
to X1). Therefore, upon repeating the above argument for x = ry, we show that

¢r(kr1) = ¢1(kry) forall k € N.



84 M. AL HaJ, N. FORCADEL & R. MONNEAU

(b) Assume that ¢ > 0 and that F satisfies (D+)(ii) (the other case being similar).
By contradiction, suppose that there exists x € R such that ¢(x) < ¢2(x). Let
k € Nbigenough such thatkr;, > x.Then, using Lemma 6.1 (up to shifting the
functions), and the fact that ¢y (kr;, ) = ¢a(kr;, ), we get that ¢1(x) = ¢a(x),
which is a contradiction. 0O

Lemma 6.3. (Comparison principle, under (D£)(i)) Assume that ¢ > 0 (resp.
¢ < 0)andlet F satisfy (A) and (D+)(i) (resp. (D—)(1)). Let ¢1, ¢2 be, respectively,
a viscosity sub- and a viscosity super-solution of (2.2). Assume that ¢1(0) = ¢2(0)
and

¢1 g ¢2 on [_r*v O] (resp' on [Ov r*])»
then
o1 (x) S ¢o(x) forallx 2 —r* (resp. x < r¥).

Proof of Lemma 6.3. Assume thatc > 0 (the case ¢ < 0being similar). If r* = 0,
then the result follows from the comparison principle for ODEs.
Let us assume that r* > 0. Since ¢ < ¢, on [—r*,0] and r; < O for all
i # 0 (see Assumption (D+)(i)), then for all x € [0, min;o(—r;)], the function
w(x) := ¢1(x) — ¢a(x) satisfies (in the viscosity sense)
cw'(x) £ F((p1(x +ri))i=o0,...n) — F((¢2(x +ri))i=0....N)
S F(w(x) + ¢2(x), (d2(x +ri))iz0) — F((92(x + ri))i=0....N)
< Llw(x)| (because F is L — Lipschitz),
where we have used in the second line the fact that ¢1(x + r;) < ¢o(x + r;) for
i # 0, because —r* < x +r; < O0foralli # 0. But w(0) =0and y = 0 is
a solution of cw’ = L|w|, then using the comparison principle of the ODE, we
deduce that

w <0 forall x € [0, min(—r;)].
i 0

This implies that
@1 < ¢ forall x € [0, min(—r;)].
i#0
Finally, the result of this lemma (¢; < ¢, forall x = —r*) follows by repeating
the above argument several times, each on the new extended interval. O

Lemma 6.4. (Strong Maximum principle under (D%)(i)) Assume ¢ > 0 (resp.
¢ < 0) and let F satisfy (A) and (D+)(@) (resp. (D—)(1)). Let ¢1, ¢p2 be two
solutions of (2.2) such that

$1(0) = ¢2(0) and ¢1 < ¢ onR.
Then

d1(x) = ¢pa(x) forallx € R.
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Proof of Lemma 6.4. Let ¢ > 0 (the case ¢ < 0 is deduced from the case ¢ > 0
using Lemma 4.4). Using Lemma 6.1, we deduce that

¢ = ¢y forall x < 0.

Thus, it is sufficient to prove that ¢; = ¢, for all x = 0 (because ¢; < ¢, for
x 2 0). We have,

¢1(0) = ¢ (0) and ¢ = ¢ on[—r*, 0] (since ¢p; = ¢ Vx < 0),

and ¢, ¢1, respectively, are a viscosity sub- and super-solution of (2.2). Using the
comparison principle (Lemma 6.3), we deduce that

¢1 = ¢p forallx = —r*.
Therefore, ¢1(x) = ¢o(x) forallx e R. 0O

Lemma 6.5. (Ordering two solutions of (1.14) up to translation) Assume that ¢ # 0
andlet F : [0, 11V - R satisfying (A) and (C). Let ¢1 and ¢, be two solutions
of (1.14). There exists a shift a* € R and some xo € [—r*, r*] such that ¢g* (x) :=
¢2(x + a*) and ¢, satisfy

[ ¢ = ¢ onR
¢ (x0) = ¢1(x0).

Proof of Lemma 6.5. The idea of the proof is to translate ¢, and then to compare
the translation with ¢ .

Step 1. Family of solutions above ¢

For a € R, let us define

$5(x) == ¢a(x +a).

For some a > 0 large enough, (because of the conditions at +o0 in (1.14)), we
have

¢5 = ¢1 on[—r* r*] foralla = a,

and then using the comparison principle (Theorem 4.1 and Corollary 4.2), we
deduce that for all @ = a, we have

¢35 = ¢1 onR.

Step 2. There exists a* such that qbg* and ¢, touch at xg € [—r™*, r*]
Let

a* =inflaeR, ¢5=>¢; onR foralla = a}.

Recall that ¢ # 0 and then ¢; € C'(R) fori = 1, 2.
Assume by contradiction that

iﬂ]@f—¢0§8>0

[—r*,r*
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Then for all 0 < & < gy with gy small enough, we have
¢S " — ¢ =0 on[—r*,r*].
Applying the comparison principle (Theorem 4.1 and Corollary 4.2), we get
¢ —¢120 onR,
which is a contradiction with the definition of a*. Thus

inf ¢3¢ — ¢ =0.

[—r*,r¥]
Hence, there exists xo € [—r™*, r*] such that
#5 =¢1 atxo,

knowing that ¢§* (x) 2 ¢1(x) forallx e R. O

6.2. Proof of Theorem 1.5(b)

We devote this subsection to the proof of the uniqueness of the profile by means
of several lemmas. The proof of Theorem 1.5 is given at the end of this subsection.
All the proofs are made in the case ¢ > 0, since the case ¢ < 0 is similar (or is
deduced using Lemma 4.4).

Lemma 6.6. (Uniqueness of the profile, under (E+)) Assume that ¢ > 0 and let
F satisfy (A), (C) and (E+4). Let ¢ : R — [0, 1] be a solution of (1.14), then ¢ is
unique up to a space translation. Moreover, ¢ is non-decreasing.

Proof of Lemma 6.6. Assume that ¢ > 0 and let ¢1,¢> : R — [0, 1] be two
solutions of (1.14). The goal of the proof is to show that there exists a translation
¢§’* of ¢ such that ¢§’* = ¢1. To simplify the notation, we denote 7;, (introduced
in (E+)) by ry.

Step 1. Constructing a translation and applying Lemma 6.1

Using Lemma 6.5, there exists a* € R such that the translation ¢§‘* of ¢, satisfies:

at > R
{% =1 on 6.4)

¢5" (x0) = ¢1(x0)-
Since ¢ > 0, then applying Lemma 6.1, we deduce that

¢3 = ¢ forall x < xo. (6.5)
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Step 2. Asymptotics of ¢ and ¢>§*

Using Lemma 5.2 and Proposition 5.1, we get that there exists a subsequence (n')
of (n),ecn (because xg — nr; — —oo0 as n — +00) and two constants Ay, A> > 0
such that

.
¢S (xo —n'ri +x)
AT Go—n'ri+3)
¢1(xo —n'ri +x)
Mt (xo—n'r1+x)

— A1 locally uniformly on R. (6.6)

— A, locally uniformly on R.

Using Equation (6.5), we deduce that A; = Ay := A.

Step 3. Exchange ¢ and ¢»

Applying Lemma 6.5, upon exchanging ¢ and ¢», we deduce that there exists
b* = 0 and yg such that

[ ¢V (x) == dp1(x +b*) = ¢ onR
o7 (y0) = $2(30).
Moreover, from Lemma 6.1, we get

¢ (x) = ¢a(x) forallx <y (since ¢ > 0).

Now, using and Lemma 5.2 and Proposition 5.1 and since yg — n'r; — —o0
asn’ — +00, we get the existence of a subsequence of () (still denoted by (n’))
such that

¢y (o —n'ri+x) oo —n'ri +x)
et o—n'ri+x) et (vo—n'ri+x)

— B locally uniformly on R. (6.7)

Step 4. Conclusion, ¢ = qbg*
For any fixed x € R, we have

¢ (xo +a* —n'ri +x)

M (xo—n'r1+x) =4 ©®
_ U
¢1e())\cf(xo—nn’:i:;)X) - A, 6.9)
* )
il e
and
$00 —n'n+x) o (6.11)

er T o—n'ri+x)

For x = yg + b*, Equation (6.9) implies that

¢1(xo —n'ri 4+ yo +b%) L AT
er T (xo—n'ri+y0) ’
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Also, Equation (6.10) with x = xo implies that

$1(xo —n'ri + yo + b*)
et (xo—=n'r1+y0)

— B,
thus
Ae)‘+b* = B.

Similarly, if we substitute x = yg in (6.8) and x = xo + a* in (6.11), we show that

A= Berd"
Therefore,
a* = —b*.
But
¢35 (x) = do(x +a*) Z ¢1(x)
and

¢ () = ¢1(x +b") = d1(x —a*) Z $a(x),
hence we get

Pr(x +a*) = 1 (x).

Moreover, ¢p(x + a) = ¢1(x) for all a = a*, which shows that the profile is
nondecreasing. O

Lemma 6.7. (Uniqueness of the profile, under (D+)(i) or (ii)) Assume that ¢ > 0
and let F satisfy (A) and (C). Let ¢ : R — [0, 1] be a solution of (1.14). If, in
addition, F satisfies (D+)(i) or (ii), then ¢ is unique up to a space translation.

Proof of Lemma 6.7. The proof follows from Lemma 6.5 and the Strong Maxi-
mum Principle (Lemma 6.4 or Lemma 6.2). O

Lemma 6.8. (Monotonicity of the profile) Assume that ¢ > 0 (resp. ¢ < 0) and let
F : [0, 1INt — R satisfying (A) and (C). Let ¢ : R — [0, 1] be a solution of
(1.14). If F satisfies (D+)(1) or (ii) or (E+) (resp. (D—)(i) or (ii) or (E—)), then
¢’ >0o0nR.

Proof of Lemma 6.8. Assume that ¢ > 0 (the proof when ¢ < 0 being similar)
and let ¢ be a solution of (1.14).

Step 1. ¢ is non-decreasing

The goal is to show that ¢ (x + a) = ¢(x) for all @ = 0. As in the proof of

Lemma 6.5, we deduce that for a = 0 large enough and for all @ = a, we have

7 (x) == p(x +a@) = p(x) on[—r* r*].
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Thus, using the comparison principle (Theorem 4.1 and Corollary 4.2), we deduce
that for all @ = a, we have

¢7(x) = ¢(x) onR.
Set
a* =inf{a 20, ¢“(x) = ¢(x) onR foralla = a}.
We want to prove that a* = 0. By definition of a™*, there exists some x( such that

H¢“*>¢ on R

) (6.12)
¢* (x0) = ¢ (x0).

Case 1. F satisfies (E+)

From Lemma 6.6, ¢ is nondecreasing and then a* = 0.

Case 2. F satisfies (D+)(i) or (ii)

Using (6.12) and the Strong Maximum Principle (Lemma 6.2 or Lemma 6.4), we get
that 9" = ¢, that is, ¢ is periodic of period a*. But ¢ (—00) = 0 and ¢ (+00) = 1,
thus a* = 0.

Step 2. ¢ is increasing

Let a > 0, we want to show that ¢ (x 4+ a) > ¢(x). From Step 1, we have
¢(x +a) = ¢(x). Assume that there exists x( such that

@ (x0 +a) = ¢(xp).

Repeating the same argument, as in Step 1, under (D+)(i) or (ii) or (E+), we
prove that a = 0, which is a contradiction. Thus

¢(x +a)>¢(x) onR foranya > 0.

Step 3.¢' > 0
For a > 0, we define

px+a)—px)

a

we(x) =

Using the same arguments as in the proof of Lemma 6.1 (see (6.2)), we get that for
all xg € R

we(x) 2 wa(xo)e%(x*x") for all x 2 x.
Passing to the limit a — 0, we get that
¢ (X) = &' (xp)e =50 >0 forall x > xo. (6.13)

By contradiction, assume that there exists x; such that ¢’(x;) = 0. This implies
that

¢'(x) =0 forall x < xj. (6.14)
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Indeed, if there exists xo < x; such that ¢’(xo) > 0, then (6.13) implies that
¢/ (x1) 2 ¢/ (o) T 4170 > 0,

which is a contradiction.
But ¢ is increasing so (6.14) is a contradiction and so ¢’ > 0. O

Proof of Theorem 1.5. (a) Uniqueness of the velocity
The proof of the uniqueness of the velocity follows from Proposition 4.5 in
Section 4.

(b) Uniqueness of the profile and strict monotonicity

The uniqueness and the strict monotonicity of the solution when ¢ > 0 is shown
in Lemmas 6.6, 6.7 and 6.8. However the case ¢ < 0is a consequence of Lemma 4.4
and the previous results. O
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Appendix A: Construction of a Monotone Lipschitz Continuous Periodic
Extension of F

We devote this Appendix to the proof of Lemma 2.1. To this end, we need to start
with two useful results about the orthogonal projection. For any convex set K in
R4 and for any y € RY, we call

Projig (y)
the orthogonal projection of y on K.

Lemma A.1. (Characterization of the orthogonal projection) Ler N = 1 and y =
31y, yn) € RN, Then

Proj v ) = ((Projj, , G))i=1,...¥)-

Proof of Lemma A.1. Lety = (y1, ..., yn) € RV and set y) = Proj, | (vi). By
definition of the orthogonal projection, we have

i =), 5 —y) 20 ¥y, €0, 1].

This implies that

[IA

=05y Z0 Vy=G, ..., 30 €0, 11V, (A.1)
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with y0 = (y?, ceey yj(i,). But (A.1)is acharacterization of the orthogonal projection
of y on [0, 11V, thus

0 __ .
y' =Proj ().

Using the above lemma, one can easily check the following consequences:

Corollary A.2. (Ordering and a kind of linearity) Let y = (y{,...,VN),Z =
(z1,....,zn) € RN and sete = (1,...,1) € RN. Assume that
y2z

in the sense that y; = z; foralli € {1,..., N}. Let Qo9 = [0, 11V, then
(i) Order preservation

We have
Projy, (v) Z Projy, ().
(ii) “Linearity”
We have
Proj‘Q0 (y+e) = Proj|Qoie (y) +e,
where Qg — e = [—1, 0]V.
After these preliminary results, we now go back to the proof of Lemma 2.1.

Proof of Lemma 2.1. The proof is split into two main steps. In the first step (the
main part of the proof), we construct the extension F of F on [O 1] x RV In the
second step, we extend F on the whole R x RY . The function F that we want to
construct must satisfy
F,=F for Q := [0, ]V !
F(X+E)=F(X) withE =(1,...,1) e RNFL,
This implies that for any y € Q¢ = [0, 11V and e = (1,...,1) e RY, we have
(see Fig. 1)
F(l,y+e) = F(0,y) = F(0,y)
FO,y—e)=F(,y)=F(,y).

Step 1. extension on [0, 1] x RV
Recall that Q9 = [0, 11V, e = (1,...,1) € RV, then set

Q- 1:=Qp—e¢ and Q;:= Qo +e.
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(0,9)

T
xog =0
~
Q-1
Fig. 1. A cut of {xg = 0} x RV
We first define the auxiliary functions G, on [0, 1] x Q4 fora = —1,0, 1. For
y=01,....yn) € RV, we set
Go(x,y) = F(x,y) forall (x,y) €[0,1] x Qo

G_1(x,y)=F({,y+e)—F(l,e) forall (x,y)e[0,1]x Q_
Gi(x,y)=F(0,y —e)— F(0,0) forall (x,y) €[0,1] x Q1.

(A.2)
By construction and by using (Assumption (A)), we note that G, is Lipschitz
continuous and non-decreasing with respect to y; foralli € {1,..., N}on[0, 1] x
Qg, fora = —1, 0, 1. Moreover, we have

G_1(x,00=0 forall x € [0, 1]

(A3)
Gilx,e)=0 for all x € [0, 1].

Now, for every y € RY, we set foreacha = —1,0, 1,
Yo (y) = Projj, (v).
Then we define the extension G of F on [0, 1] x RV by:
G(x,y) = Golx, Yo(y) + (1 =x)G_1(x, Y_1(y)) + xG1(x, Yi(¥)).
Clearly, because of (A.3), we have
G(x,y) = F(x,y) forany (x,y) € [0, 1] x Qo.
Step 1.1. G(0,z) = G(1,z + e) forany z € RV,

From the definition of G, we have for any z € RN
G(1,z2) = Go(l, Yo(2)) + G1(1, Y1(2))
G(0,2) = Go(0, Yo(2)) + G-1(0, Y_1(2)).
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Therefore,

G(,z4+e)=Go(1,Yp(z+e) +Gi(1,Y1(z +e))
=Go(l,Y_1(2)+e)+G1(1,Yy(z) +e)
=F(1,Y_1(z) +e)+ F(0, Yo(z)) — F(0,0)
=F(1,Y_1(z) +e) 4+ Go(0, Yo(2)) — F(1, e)
= Go(0, Yo(2)) + G_1(0, Y_1(2))
=G(0,2),

where the second equality follows from Corollary A.2(ii), while the third follows
from (A.2) and the fourth follows from the fact that F'(1, ¢) = F (0, 0).

Step 1.2. G(x, y) is monotone in y;

The result of this step follows from the fact that the orthogonal projection preserves
the order (Corollary A.2(i)) and that for any « = —1, 0, 1, G is non-decreasing
on [0, 1] x Q. with respect to y; foralli € {1,..., N}.

Step 1.3. G is globally Lipschitz

Let (x,y), (x,7) € [0, 1] x RV then

|G(x, y) = GE, M = [Golx, Yo(y) — Go(x, Yo(3))
Hx = x[ |G 1 (x, Y_1(»))]
HI=XLGa(x, Y1 (y) =G X, Y1 ()] + |x
—x[.1G1(x, Y1(y))|
Hx[IG1(x, Y1(y) — Gi1(x, Yi(D))I.

Since for ¢ = —1, 0, 1, the functions G, are Lipschitz continuous and bounded
on [0, 1] x Q4 and using the fact that the orthogonal projection is 1-Lipschitz, we
conclude that

IG(x,y) —GE M| = M|(x—X,y =),
where M = Lo+ L_1 + L1 + M_{ + M, with L, is the Lipschitz constant of
Gy, M, the L° norm of G, fora = —1,0, 1.
Step 2. extension on R x RY
Let k € Z and set
F(x +k,y+ke)=G(x,y) forall (x,y)e[0,1] xRV,

First of all, F is well defined because of Step 1.1. Moreover by construction, we
have the periodicity property

F(x+1,y+e):1:"(x,y) for any (x, y) eR x RV,

In addition, F is Lipschitz continuous, non-decreasing in each y; for i €
{1,...,N}. O
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Appendix B: Proof of Miscellaneous Properties of Monotone Functions

Appendix B is dedicated to the proof of some results about monotone functions,
namely Lemmas 2.10 and 2.11
We first prove Lemma 2.10.

Proof of Lemma 2.10. Assume for simplicity that g = 0 on I. Suppose to the
contrary that there exists a closed interval Iy C I,§ > 0 and a subsequence
Xn; € Iy with Xn; = X0 € Iy such that

|gnj(xnj)| Z 8.

Assume that g, (x,;) = & (the case g,;(x,;) = —6 being similar). Set ¢ > 0
and consider a closed interval I, such that Iy CC I, C I. Since 8n; (x) is non-
decreasing in x, then

gn(0) 28 forall x € (\Io) N ({x 2 x,,)) o= 1.

Choose x| € I such that 8n; (x1) — g(x1) (gn converges almost everywhere on
1+). Thus

0=g(x1) =48>0,
a contradiction. 0O

Now, we give the proof of Lemma 2.11. To this end, we recall and prove the
following result:

Lemma B.1. (Properties of monotone functions) Let ¢ : R — R be a non-
decreasing function.

(i) Countable set of jumps:

The set
S = {x such that ¢ is discontinuous at x} (B.1)

is at most countable.
(ii) Density of test points:

Let xo € R, there exists a sequence of functions y,; € C*(R) (resp. ¢, € C*®(R))
and a real sequence (x,:r )n (resp. (x, )n) such that

+ —
x, —> xo (resp.x, — xop)

and ¢* — ;b (resp. ¢ — ¥,;) attains a local maximum (resp. a local minimum)
at x;" (resp. at x;;) for all n.

The meaning of point (ii) is that the set of points where ¢* is tested (in the sense
of Definition 2.4) from above (resp. ¢, is tested from below) is dense in R.
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Proof of Lemma B.1. (a) Proof of (i):
This is classical.

(b) Proof of (ii) for ¢*:

Let xo € R. We want to prove that there exists ¥, € C*°(R) and x, — xo such
that ¢* — 1, reaches a local maximum at x,,. For every ¢ > 0 and for any b € R,
we define the test function

y 1 1\)?
llfn=g(x—(XO+;)) +b,

p=inf& forS:IbeR, wh(x) = ¢*(x) Vxe[xo,x0+%:|].

then we set

Indeed, since ¢* is locally bounded (because ¢ is a real non-decreasing function)
and & is bounded from below (by definition of &), then £ # #J. From the definition
of B, there always exists x, € [xg, xo + %] such that

YP () = ¢*(x) and Y (x) Z ¢*(x) onl = I:XvaO + %] (B.2)

We want to show that x,, belongs to the interior of / (at least for ¢ large enough).
We have

1 2 2
Wf(x0)=8_+,3>ﬂ=¢,f(x0+;) §¢*(x0+;)§¢*(x0)» (B.3)

n2

the last two inequalities are true because of (B.2) and the fact that ¢* is non-
decreasing respectively. Assuming

1 2 * 2 *
L (o (10 2) o).
& n

B 2 * 2 *
Y xo+; > ¢ xo+; — ¢ (x0) + B

2¢*(Xo+%),

where the last inequality follows from (B.3). This implies that ¢* — 1//,’13 reaches a
local maximum at x,, € (xg, xo + %) and x, — xg asn — +00.

we get

(¢) Proof of (ii) for ¢.:

Applying argument (b) for ¢ (x) replaced by —¢(—x), we get the result. O
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Proof of Lemma 2.11. We set

N
T=JS—1{rh

i=0

with S defined in (B.1). Using Lemma B.1(i), we get that 7 is countable.
Step 1. viscosity sense implies almost everywhere sense
Assume that ¢ is a viscosity solution of (2.8) (see Definition 2.4) and let xo € R\ 7.

By definition, ¢ is continuous at xo + r; for all i = 0, ..., N. There exist two
sequences of real numbers (x,‘l“ ) and (x,, ), such that ¢* is tested from above at
x;7 and ¢, is tested from below at x,, by smooth functions (the sets of such points
is dense in R (by Lemma B.1(ii)), and such that

+

lim x,

n——+00

= Xp.

Moreover, from Definition 2.4, we have

0= F((¢*(x;f +7i))iz0...N) (B.4)
and

0= F((¢«(x, +7i))i=0...N)- (B.5)
Now, using the fact that

lim ¢*(xf +r)=¢(xo+r) fori=0,...,N,
n——+oo

and that F is Lipschitz continuous (see (A)), we pass to the limit n — +o00 in
(B.4), and we get

0 < limsup F((¢*(x;} 4+ ri))i=0...N)
n—+00

< F((¢(xo +1i))i=0,..N)-

Similarly, we show that

Thus

0= F{(¢(xo+ri))i=0,...N):

hence ¢ solves Equation (2.8) at xg. But xo € R\7 is arbitrary, thus ¢ solves (2.8)
pointwisely on R\7. Since 7 is countable, we get that ¢ satisfies (2.8) almost
everywhere.
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Step 2. almost everywhere sense implies viscosity sense
Let xo € R. We want to show that ¢ is a viscosity sub-solution at xo. Let ¥ € C!
such that ¢ < ¢ with equality at xo, and we want to prove that

0 < F((¢"(xo +ri))i=0,..N)-

Casel.xo ¢ 7

If xg ¢ 7, then ¢ is continuous at xo + r; for all i. Because ¢ solves (2.8) almost
everywhere on R, then there exists a sequence x;,, — x¢ such that ¢ solves (2.8) at
x,,. Hence we have

0= F({(¢(xp+ri))i=o...N)-

Passing to the limit n — +o00, we get

0 S F((¢"(xo +ri))i=0,..n) = F((¢(x0 + ri))i=0,...N)-

Case2.xg €T

Now, assume that xo € 7. Since 7 is countable, then choose a; > a1 > 0 such
that ar — 0 and xo + a; ¢ 7 for all k. Since xo + ax ¢ 7, then we deduce from
Case 1 that

0= F((¢(xo+ ak +ri))i=0,...N)-
Now letting ay — 0, we get

0 < limsup F((¢(xo + ak + 7i))i=0....N)

ay—0

< F((¢*(xo + 1i))i=0,...N)-

Here, we use the fact that ¢*(x) = limg_, 400 ¢ (x + ai) for any x € R (because ¢
is non-decreasing and a; > 0 with a; — 0). Hence ¢ is a viscosity sub-solution
of (2.8) at xg.

Similarly, we show that ¢ is a viscosity super-solution at any point, and then ¢ is
a viscosity solution. 0O
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