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Obstacle and optimal stopping problems for American

Asian options

Asian options in the Black&Scholes model

dSt = µStdt+ σStdWt

Payoff: ϕ = ϕ(t, St, At)

Arithmetic average: At = 1
t

∫ t

0
Ssds

Geometric average: At = exp
(

1
t

∫ t

0
logSsds

)
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• European and American style

• traded in currency and commodity markets to avoid

price manipulations

• space augmentation −→ Markovian formulation for

non-uniformly parabolic PDE:

Ku =
σ2S2

2
∂SSu+ S∂Au+ ∂tu = 0

for (t, S, A) ∈ [0, T ] × R+ × R+
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Obstacle and optimal stopping problems for American

Asian options

European Asian options in B&S:
reduction to one state variable

Only for European options in the Black & Scholes setting

and for particular homogeneous payoffs:

• Ingersoll (1987)

ϕ(t, S, A) = (S − A)+ (floating strike)

x =
A

S
=⇒

σ2x2

2
∂xx + x∂x + ∂t, x > 0
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Only for European options in the Black & Scholes setting

and for particular homogeneous payoffs:

• Ingersoll (1987)

ϕ(t, S, A) = (S − A)+ (floating strike)

x =
A

S
=⇒

σ2x2

2
∂xx + x∂x + ∂t, x > 0

• Rogers & Shi (1995)

ϕ(t, S, A) = (A−K)+ (fixed strike)

x =
A−K

S
=⇒

σ2x2

2
∂xx+x∂x+∂t, x ∈ R
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Obstacle and optimal stopping problems for American

Asian options

Obstacle problem for American options

X diffusion in R
N (state variables)

K related Kolmogorov operator

ϕ payoff function





max{Ku,ϕ− u} = 0, in ]0, T [×R
N

u(T, ·) = ϕ(T, ·), in R
N

T

X

Continuation region

Exercise region Ku=0

u=n u>n
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Obstacle and optimal stopping problems for American

Asian options

Optimal stopping and fair price of
American options

u “weak” solution to the obstacle problem for

the diffusion X

u(t, x) = sup
τ∈[t,T ]

E
[
ϕ(τ,Xt,x

τ )
]
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Optimal stopping and fair price of
American options

u “weak” solution to the obstacle problem for

the diffusion X

u(t, x) = sup
τ∈[t,T ]

E
[
ϕ(τ,Xt,x

τ )
]

u(t,Xt) fair price, i.e. value of a self-financing strategy

such that

• u(t,Xt) ≥ ϕ(t,Xt) for any t ∈ [0, T ]

• u(τ,Xτ ) = ϕ(τ,Xτ ) for some τ ∈ [0, T ]
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Obstacle and optimal stopping problems for American

Asian options

Classical results for uniformly parabolic
PDEs

• Variational solutions:

Bensoussan&Lions (1978)

Kinderlehrer&Stampacchia (1980)

• Obstacle and optimal stopping:

van Moerbeke (1975)

Bensoussan&Lions (1978)

• American options:

Bensoussan (1984)

Karatzas (1988)

Jaillet&Lamberton&Lapeyre (1990)

• Strong solutions:

Friedman (1975)

• Viscosity solutions:

Barles (1997)

Oksendal&Reikvam (1998)

Gatarec&Swiech (1999)
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American Asian options: numerical results

Barraquand and Pudet 1996

Barles 1997

Wu, You and Kwok 1999

Hansen and Jorgensen 2000

Meyer 2000

Ben-Ameur, Breton and L’Ecuyer 2002

Marcozzi 2003

Fu and Wu 2003

Jiang and Dai 2004

d’Halluin, Forsyth and Labahn 2005

Huang and Thulasiram 2005

Dai and Kwok 2006

PDE Methods in Finance 2007 6/30 Andrea Pascucci



Obstacle and optimal stopping problems for American

Asian options

Main results

1) Di Francesco, P. and Polidoro (2007)

Existence of a strong solution to the obstacle problem for

non-uniformly parabolic pricing PDEs for Asian options

Ingredients:

• a priori estimates (Sobolev and Schauder type)

• penalization technique

• existence results for quasi-linear Cauchy-Dirichlet

problem
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Main results

1) Di Francesco, P. and Polidoro (2007)

Existence of a strong solution to the obstacle problem for

non-uniformly parabolic pricing PDEs for Asian options

Ingredients:

• a priori estimates (Sobolev and Schauder type)

• penalization technique

• existence results for quasi-linear Cauchy-Dirichlet

problem

2) P. (2007)

Solution to the optimal stopping and pricing problems for

Asian options

Ingredients:

• upper Gaussian estimates for the transition density of

the state process

• generalized Itô formula
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Obstacle and optimal stopping problems for American

Asian options

Linear SDEs and Kolmogorov PDEs with
constant coefficients

dXt = BXtdt+ σdWt

W d-dimensional Brownian motion

B constant N ×N matrix

σ constant N × d matrix
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Linear SDEs and Kolmogorov PDEs with
constant coefficients

dXt = BXtdt+ σdWt

W d-dimensional Brownian motion

B constant N ×N matrix

σ constant N × d matrix

Solution:

Xt = etB

(
x+

∫ t

0

e−sBσdWs

)
, x ∈ R

N

Xt is a Gaussian process:

• Mean

E(Xt) = etBx

• Covariance matrix

C(t) =

∫ t

0

esBσ
(
esBσ

)T
σds
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Linear SDEs and Kolmogorov PDEs with
constant coefficients

dXt = BXtdt+ σdWt

C(t) is positive definite [Hörmander condition]
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Linear SDEs and Kolmogorov PDEs with
constant coefficients

dXt = BXtdt+ σdWt

C(t) is positive definite [Hörmander condition]

→ X has a transition density/fundamental solution of the

Kolmogorov op.

K = div(A∇) + 〈Bx,∇〉 + ∂t︸ ︷︷ ︸
Y

where (x, t) ∈ R
N+1 and

A =
1

2
σσ∗ =


Id 0

0 0
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Kolmogorov op.
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N+1 and

A =
1

2
σσ∗ =
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Example: N = 2, d = 1



dX1

t = dWt

dX2
t = X1

t dt

that is,

X2
t =

∫ t

0

X1
sds (average for Asian option)
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Obstacle and optimal stopping problems for American

Asian options

Non Euclidean structure

K = div(A∇) + 〈Bx,∇〉 + ∂t︸ ︷︷ ︸
Y

, (t, x) ∈ R
N+1

B-Translations: z = (t, x), ζ = (τ, ξ)

`ζ(z) = ζ ◦ z := (t+ τ, x+ etBξ)

B-Dilations:

L = ∂xx + x∂y + ∂t

is homogeneous w.r.t.

(t, x, y)
δλ−−−−→ (λ2t, λx, λ3y)
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K = div(A∇) + 〈Bx,∇〉 + ∂t︸ ︷︷ ︸
Y

, (t, x) ∈ R
N+1

B-Translations: z = (t, x), ζ = (τ, ξ)

`ζ(z) = ζ ◦ z := (t+ τ, x+ etBξ)

B-Dilations:

L = ∂xx + x∂y + ∂t

is homogeneous w.r.t.

(t, x, y)
δλ−−−−→ (λ2t, λx, λ3y)

B-Homogeneous norm:

‖(t, x, y)‖B = |t|
1
2 + |x| + |y|

1
3

B-Hölder continuity:

|u(z) − u(ζ)| ≤ c‖ζ−1 ◦ z‖α
B

All depends only on the matrix B!
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Obstacle and optimal stopping problems for American

Asian options

Kolmogorov equations with Hölder coeff.

K =
d∑

i,j=1

aij(t, x)∂xixj
+

d∑

i=1

ai(t, x)∂xi
+a(t, x)+〈Bx,∇〉 + ∂t︸ ︷︷ ︸

Y

• (t, x) ∈ R × R
N but d ≤ N

• (aij) ∼ IRd
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Kolmogorov equations with Hölder coeff.

K =
d∑

i,j=1

aij(t, x)∂xixj
+

d∑

i=1

ai(t, x)∂xi
+a(t, x)+〈Bx,∇〉 + ∂t︸ ︷︷ ︸

Y

• (t, x) ∈ R × R
N but d ≤ N

• (aij) ∼ IRd

• aij , ai, a are B-Hölder continuous

• B is constant and

K0 = 4Rd + Y

verifies the Hörmander condition
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Obstacle and optimal stopping problems for American

Asian options

Example 1: geometric Asian options

Log-price:

dXt = µ(t,Xt)dt+ σ(t,Xt)dWt

Geometric average

dAt = Xtdt

Pricing PDE

σ2(t, x)

2
∂xxu+ x∂yu+ ∂tu = 0 (t, x, y) ∈ R

3

Arithmetic Asian options can be studied as well

Pricing PDE

σ2(t, x)

2
∂xxu+ ex∂yu+ ∂tu = 0 (t, x, y) ∈ R

3

PDE Methods in Finance 2007 12/30 Andrea Pascucci



Obstacle and optimal stopping problems for American
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Example 2: path dependent volatility

Weight: ψ ∈ L1(] −∞, T ]), ψ > 0 on [0, T ]

Ψ(t) =

∫ t

−∞

ψ(s)ds

Average: At =
1

Ψ(t)

∫ t

−∞

ψ(s)Zsds

Log-price: dZt = µ(Zt −At)dt+ σ(Zt −At)dWt

−4 −3 −2 −1 0 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

t

φ(
t)

• Hobson&Rogers model: ψ(t) = e−λt
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Obstacle and optimal stopping problems for American

Asian options

PROs

• realistic asset/volatility dynamics

0 50 100 150 200 250 300 350 400 450 500
9

9.5

10

10.5
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11.5
PREZZO e MEDIA
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0.2

0.22

0.24

0.26

0.28

0.3
VOLATILITA’

• market completeness

• with the simple specification of the volatility function

σ2(x) = a1 + a2(x− a3)
2,

it reproduces observed volatility surfaces

• information on the past: better out of sample and P&L

performance

• not more difficult than local volatility
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Obstacle and optimal stopping problems for American

Asian options

CONs

• completeness is unrealistic: hedging volatility risk

• evidences of volatility driven by autonomous process

• the average

At = λ

∫ t

−∞

e−λ(t−s)Zsds

involves prices from −∞ in time: mathematical and

economical problems (cf. Hallulli-Vargiolu)
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Obstacle and optimal stopping problems for American

Asian options

Preliminary results: fundamental solution

Polidoro (1994-95)

Di Francesco - P. (2006)

(using the parametrix method)

K =
d∑

i,j=1

aij(t, x)∂xixj
+ 〈Bx,∇〉 + ∂t︸ ︷︷ ︸

Y

on R × R
N

• K has a fundamental solution/transition density

u(t, x) =

∫

RN

Γ(t, x;T, y)ϕ(y)dy

is solution to the Cauchy problem



Ku = 0, in ]t, T ] × R

N ,

u(T, ·) = ϕ.
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Preliminary results: fundamental solution

Polidoro (1994-95)

Di Francesco - P. (2006)

(using the parametrix method)

K =
d∑

i,j=1

aij(t, x)∂xixj
+ 〈Bx,∇〉 + ∂t︸ ︷︷ ︸

Y

on R × R
N

• K has a fundamental solution/transition density

u(t, x) =

∫

RN

Γ(t, x;T, y)ϕ(y)dy

is solution to the Cauchy problem



Ku = 0, in ]t, T ] × R

N ,

u(T, ·) = ϕ.

• Gaussian upper bounds

Γ(z, ζ) ≤ C Γ0(z, ζ)

Γ0 fundamental solution of K0 = 4Rd + Y
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Obstacle and optimal stopping problems for American

Asian options

Sobolev and Hölder spaces

K =
d∑

i,j=1

aij(t, x)∂xixj
+ 〈Bx,∇〉 + ∂t︸ ︷︷ ︸

Y

on R × R
N

Sobolev spaces

‖u‖Sp(Ω) = ‖u‖Lp(Ω) +
d∑

i=1

‖∂xi
u‖Lp(Ω)

+

d∑

i,j=1

‖∂xixj
u‖Lp(Ω) + ‖Y u‖Lp(Ω)
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Sobolev and Hölder spaces

K =
d∑

i,j=1

aij(t, x)∂xixj
+ 〈Bx,∇〉 + ∂t︸ ︷︷ ︸

Y

on R × R
N

Sobolev spaces

‖u‖Sp(Ω) = ‖u‖Lp(Ω) +
d∑

i=1

‖∂xi
u‖Lp(Ω)

+

d∑

i,j=1

‖∂xixj
u‖Lp(Ω) + ‖Y u‖Lp(Ω)

Hölder spaces

‖u‖Cα
B

(Ω) = sup
Ω

|u| + sup
z,ζ,∈Ω

z 6=ζ

|u(z) − u(ζ)|

‖z−1 ◦ z‖α
B

‖u‖C
2,α

B
(Ω) = ‖u‖Cα

B
(Ω) +

d∑

i=1

‖∂xi
u‖Cα

B
(Ω)

+
d∑

i,j=1

‖∂xixj
u‖Cα

B
(Ω) + ‖Y u‖Cα

B
(Ω)

PDE Methods in Finance 2007 17/30 Andrea Pascucci



Obstacle and optimal stopping problems for American

Asian options

Strong solution

max{Ku,ϕ− u} = 0

where

K =
d∑

i,j=1

aij(t, x)∂xixj
+ 〈Bx,∇〉 + ∂t︸ ︷︷ ︸

Y

on R × R
N

u ∈ S1
loc that is

u, ∂xi
u, ∂xixj

u, Y u ∈ L1
loc

for i, j = 1, . . . , d
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Obstacle and optimal stopping problems for American

Asian options

A priori estimates

• Embedding theorem

‖u‖C
1,α

B
(O) ≤ c‖u‖Sp(Ω)

for

p ≥ Q+ 2, α = 1 −
Q+ 2

p

where O ⊂⊂ Ω and c = c(K,O,Ω, p, α)
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A priori estimates

• Embedding theorem

‖u‖C
1,α

B
(O) ≤ c‖u‖Sp(Ω)

for

p ≥ Q+ 2, α = 1 −
Q+ 2

p

where O ⊂⊂ Ω and c = c(K,O,Ω, p, α)

• Schauder and Sobolev type a-priori estimates

Bramanti, Cerutti e Manfredini 1996

Di Francesco e Polidoro 2006

Di Francesco, P. e Polidoro 2007
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Asian options

Obstacle problem on a bounded cylinder

max{Ku,ϕ− u} = 0

- on a bounded cylindrical domain H(T ) := ]0, T [×H

- Cauchy-Dirichlet boundary conditions
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Obstacle problem on a bounded cylinder

max{Ku,ϕ− u} = 0

- on a bounded cylindrical domain H(T ) := ]0, T [×H

- Cauchy-Dirichlet boundary conditions

The cylinder ]0, T [×H is regular

any point ζ of the parabolic boundary admits a barrier

w : V ∩H(T ) → R,

such that

i) Kw ≤ −1 in V ∩H(T );

ii) w(z) > 0 in V ∩H(T ) \ {ζ} and w(ζ) = 0.

Maximum principle =⇒

uniform bounds at the boundary
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Obstacle and optimal stopping problems for American

Asian options

Regular cylinder ]0, T [×H: an example

K = ∂xx + x∂y + ∂t

X

Y

H

X

Y

H
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Obstacle and optimal stopping problems for American

Asian options

Obstacle / Payoff function

ϕ ∈ Lip(H(T )) and

d∑

i,j=1

ξiξj∂xixj
ϕ ≥ C̃|ξ|2 in H(T ), ξ ∈ R

d

in the distributional sense, C̃ ∈ R (possibly C̃ < 0)
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ϕ ∈ Lip(H(T )) and

d∑

i,j=1

ξiξj∂xixj
ϕ ≥ C̃|ξ|2 in H(T ), ξ ∈ R

d

in the distributional sense, C̃ ∈ R (possibly C̃ < 0)

Examples:

• C2 functions

• Lipschitz continuous functions,

convex w.r.t. x1, . . . , xd
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Obstacle / Payoff function

ϕ ∈ Lip(H(T )) and

d∑

i,j=1

ξiξj∂xixj
ϕ ≥ C̃|ξ|2 in H(T ), ξ ∈ R

d

in the distributional sense, C̃ ∈ R (possibly C̃ < 0)

Examples:

• C2 functions

• Lipschitz continuous functions,

convex w.r.t. x1, . . . , xd

• call and put options

ϕ(x) = (E − x)+ =⇒ ϕ′′ = δE ≥ 0
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Obstacle and optimal stopping problems for American

Asian options

Obstacle problem

Theorem [Di Francesco, P., Polidoro]

Problem




max{Ku,ϕ− u} = 0, in H(T )

u|∂P H(T ) = g

admits a strong solution u such that

‖u‖Sp(O) ≤ C,

for any p ≥ 1 and O ⊂⊂ H(T ), with

C = C(K,O,H(T ), p, ϕ, ‖g‖∞)

In particular u ∈ C
1,α
B .

Moreover u is a viscosity solution.
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Obstacle and optimal stopping problems for American

Asian options

Penalization technique




Ku = βε(u− ϕ), in H(T )

u|∂P H(T ) = g
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Penalization technique




Ku = βε(u− ϕ), in H(T )

u|∂P H(T ) = g

where (βε)ε>0 are in L∞ ∩ C∞(R) increasing and

• βε(0) = 0

• if u > ϕ then βε(u− ϕ) ≤ ε

• if u < ϕ then βε(u− ϕ) −→ −∞ as ε→ 0
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Obstacle and optimal stopping problems for American

Asian options

Quasi-linear problem

If h = h(z, u) ∈ Lip(H(T ) × R) then



Ku = h(·, u), in H(T ),

u|∂P H(T ) = g

has a classical solution u ∈ C
2,α
B (H(T )) ∩ C(H(T )) s.t.

sup
H(T )

|u| ≤ ecT (1 + ‖g‖L∞)
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Quasi-linear problem

If h = h(z, u) ∈ Lip(H(T ) × R) then



Ku = h(·, u), in H(T ),

u|∂P H(T ) = g

has a classical solution u ∈ C
2,α
B (H(T )) ∩ C(H(T )) s.t.

sup
H(T )

|u| ≤ ecT (1 + ‖g‖L∞)

Proof

• solution as limit of (uj):



Kuj = h(·, uj−1) in H(T ),

uj |∂P H(T ) = g,

• interior Schauder estimates

‖u‖C
2,a

B
(O) ≤ c

(
‖u‖L∞(Ω) + ‖Ku‖Cα

B
(Ω)

)

• barrier functions
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Asian options

Penalized problem as ε → 0+




Kuε = βε(u

ε − ϕ), in H(T )

uε|∂P H(T ) = g
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Penalized problem as ε → 0+




Kuε = βε(u

ε − ϕ), in H(T )

uε|∂P H(T ) = g

Key estimate:

|βε(u
ε − ϕ)| ≤ C
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Asian options

Penalized problem as ε → 0+




Kuε = βε(u

ε − ϕ), in H(T )

uε|∂P H(T ) = g

Key estimate:

|βε(u
ε − ϕ)| ≤ C

Existence of a strong solution to the obstacle problem:

Estimate (1) + barriers + interior estimates in Sp

‖u‖Sp(O) ≤ c
(
‖u‖Lp(Ω) + ‖Ku‖Lp(Ω)

)
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Asian options

Penalized problem as ε → 0+

|βε(u
ε − ϕ)| ≤ C (1)

Proof of (1):

ζ interior minimum =⇒ K(uε − ϕ)(ζ) ≥ 0

βε(u
ε − ϕ)(ζ) = Kuε(ζ) ≥ Kϕ(ζ) ≥ C̃
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Obstacle and optimal stopping problems for American

Asian options

Obstacle problem on the strip





max{Ku,ϕ− u} = 0, in ]0, T [×R
N

u(T, ·) = ϕ(T, ·), in R
N

Theorem [Di Francesco, P., Polidoro]

If a strong super-solution ū exists

then there exists a strong solution u ≤ ū

and u ∈ Sp
loc for any p ≥ 1
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Obstacle problem on the strip





max{Ku,ϕ− u} = 0, in ]0, T [×R
N

u(T, ·) = ϕ(T, ·), in R
N

Theorem [Di Francesco, P., Polidoro]

If a strong super-solution ū exists

then there exists a strong solution u ≤ ū

and u ∈ Sp
loc for any p ≥ 1

Example: call option, ϕ(x) = (ex −K)+

ū(x) = ex+Ct is a super-solution i.e.

max{Kū, ϕ− ū} ≤ 0

PDE Methods in Finance 2007 28/30 Andrea Pascucci



Obstacle and optimal stopping problems for American
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Optimal stopping

dXt = (BXt + b(t,Xt)) dt+ σ(t,Xt)dWt

Xt,x diffusion associated to a Kolmogorov PDE
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Optimal stopping

dXt = (BXt + b(t,Xt)) dt+ σ(t,Xt)dWt

Xt,x diffusion associated to a Kolmogorov PDE

Theorem [P.]

u strong solution to the obstacle problem s.t.

|u(t, x)| ≤ cec|x|2

Then

u(t, x) = sup
τ∈[t,T ]

E
[
ϕ(τ,Xt,x

τ )
]
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Optimal stopping

dXt = (BXt + b(t,Xt)) dt+ σ(t,Xt)dWt

Xt,x diffusion associated to a Kolmogorov PDE

Theorem [P.]

u strong solution to the obstacle problem s.t.

|u(t, x)| ≤ cec|x|2

Then

u(t, x) = sup
τ∈[t,T ]

E
[
ϕ(τ,Xt,x

τ )
]

Proof: Γ(t, x; ·, ·) transition density of Xt,x

upper Gaussian estimate =⇒

Γ(t, x; ·, ·) ∈ Lq(]t, T [×R
N )

for some q > 1
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Itô formula for strong solutions

un regularization of u

Itô formula

un(τ,Xt,x
τ ) = u(t, x) +

∫ τ

t

Kunds+

∫ τ

t

∇unσdWs
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Itô formula for strong solutions

un regularization of u

Itô formula

un(τ,Xt,x
τ ) = u(t, x) +

∫ τ

t

Kunds+

∫ τ

t

∇unσdWs

Estimate of the deterministic integral

E

[∣∣∣∣
∫ τ

t

(
Ku(s,Xt,x

s ) −Kun(s,Xt,x
s )

)
ds

∣∣∣∣
]
≤

≤

∫

RN

∫ T

t

|Ku(s, y) −Kun(s, y)|Γ(t, x; s, y)dsdy ≤

≤ ‖Ku−Kun‖Lp‖Γ(t, x; ·, ·)‖Lq −−−−→
n→∞

0

since u ∈ Sp and Γ(t, x; ·, ·) ∈ Lq
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