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)

i,j=1,...,n

·ñÃFµ�Ã�¨Z¾�®²½h¦1¹¯¦}°�¹¯¼h¾±®²Ä�¼}¦h°
°±¦h½}º�³¯¹¯¦}°£¹¯¦

v
ç7¦}¨¬Ò;º�¯¾©¹¯¦h°©Ä�¦}½}¨Z¦}¯¾�°

ξ = (ξ1, ..., ξn) ∈ IRn
ç
ζ = (ζ1, ..., ζn) ∈ IRn

ç7³¯º�¯°³bº»¨Z¦}¾�º�³¯°
D2
ξ,ζv =

∑n

i=1

∑n

j=1 ξiζj
∂2v

∂xi∂xj

Ø
Î=º�¯¾

1 ≤ p ≤ +∞ ç¯¦}¨
v
¯³b¦éí�º�³b½}¨Z®²º�³á¾±¼h¦}·¸·¸¦�¹¯¼}à¯³¯®¸¦é°�b¾F·^ÀËº»bÄ�¦h¾�¨

Ω
çV³¯º»¯°F³bº»¨Z¦}¾�º�³¯°

||v||Lp(Ω) =







(∫

Ω
|v|p
) 1

p
°±®

p < +∞

supΩ |v|
°±®

p = +∞
'



º�Æ
sup

¹¯º�®ã¨�ï}¨�¾�¦£½}º�µ�Ò¯¾�®²°�®¸½}®5½}º�µ�µ�¦¬·²¦è°±¯Ò!¦h°±°�¦h³�¨Z®²¦h·�½h·¸Ã»°�°±®¸«)¯¦èÒ;º�¯¾�¹¯¦}°�í�º»³¯½}¨�®¸º�³¯°�µ�¦h°��Ï¾�Ã»¶¯·²¦h°hØG&Fº�¯°�³¯º»¨Z¦}¾�º�³b°

||v||W 1,p(Ω) = ||v||Lp(Ω) + ||∇v||Lp(Ω),
ºfÆ ||∇v||Lp(Ω) =

n
∑

i=1

|| ∂v
∂xi
||Lp(Ω).

&�º�b°F³bº»¨Z¦}¾�º�³¯°FÃ»¯°±°�®

||v||W 2,p(Ω) = ||v||Lp(Ω)+||∇v||Lp(Ω)+||D2v||Lp(Ω),
ºfÆ ||D2v||Lp(Ω) =

n
∑

i=1

n
∑

j=1

|| ∂2v

∂xi∂xj
||Lp(Ω).

&Fº�¯°�¾ZÃ»Ò¯Ò;¦}·¸º�³b°FÃ»¯°±°�®N·²¦h°�³¯º�¨PÃ�¨Z®²º�³¯°f½}·ñÃ�°�°�®²«)¯¦h°}ç
H1(Ω) = W 1,2(Ω)

ç
H1
0 (Ω)

¦}°±¨F·ÁÀËÃ»¹¯Ó¯¼}¾�¦h³b½h¦Ò;º»¯¾z·ñÃi³¯º»¾�µ�¦�¹¯¦
H1(Ω)

¹b¦h°zí�º�³¯½ ¨Z®²º�³¯°
C∞

¿©°�bÒ¯Ò;º�¾±¨{½hº�µ�ÒVÃ»½ ¨{°�b¾
Ω
ç
H−1(Ω)

¦}°±¨�·²¦�¹bVÃ»·
¹b¦

H1
0 (Ω)

ç¯¦}¨
∆v =

n
∑

i=1

∂2v

∂x2i

Ø
º�³�³¯º»¨Z¦

C0(Ω)
·ÁÀÂ¦h°±ÒVÃ»½h¦�¹¯¦}°ií�º�³b½}¨Z®²º�³¯°é½}º�³)¨�®¸³)¯¦h°i°�b¾

Ω
ØNÎ=º�¯¾é¨�º�b¨i¦h³�¨Z®²¦h¾

k ≥ 0
ç§³¯º»¨Z¦}¾ZÃ¦}³`ÒVÃ�¾±¨Z®²½h¯·²®²¦h¾

Ck+1(Ω)
ç�·¸¦�°±º�¯°�Ï�¦h°±ÒVÃ»½}¦�¹¯¦h°1í�º»³¯½}¨�®¸º�³b°1¹b¦

Ck(Ω)
¹¯º�³�¨z·²¦h°1¹b¼h¾�®ãÄ�¼h¦}°zÒVÃ»¾±¨�®¸¦}·¸·²¦}°¹âÀËº�¾±¹¯¾�¦�¨Zº»¨ZÃ»·

k+1
JD¹¯¼ àV³¯®²¦h°N°�b¾

Ω
Lâ°±º�³)¨N¹VÃ»³¯°

C0(Ω)
Ø�º�³i½}º�³¯°±®¸¹¯Ù}¾�¦Èµ�Ã»®¸³�¨Z¦}³VÃ»³�¨§¯³i¦}³¯°�¦}µè¶¯·¸¦

A
«)¯¦h·²½hº�³¯«)¯¦i¹¯¦

IRn
ç¯¦}¨FÒ;º�b¾

α ∈ (0, 1] çVº�³Û³bº»¨Z¦

|v|α;A = ||v||L∞(A) + [v]α;A,
ºfÆ

[v]α;A = sup
x,y∈A,x6=y

|v(x)− v(y)|
|x− y|α .

º�³ ¾ZÃ»ÒbÒ4¦}·¸·²¦!Ã»·¸º»¾�°«)¯¦�·^ÀË¦}°�ÒVÃ�½h¦
C0,α(A) =

{

v ∈ C0(A), |v|α;A < +∞
} ¦h°�¨/¯³ $ Ã»³VÃ�½lÓÒ;º»¯¾f·¸Ã¬³¯º�¾�µ�¦ | · |α;A Ø¯Å¬ÀÂ¯³¯¦�íDÃ�ðhº�³Ü�¼h³b¼h¾ZÃ�·¸¦�ç¯¼ ¨PÃ�³)¨�¹bº�³¯³¯¼�¯³á¦}°�ÒVÃ»½}¦�í�º�³¯½ ¨Z®¸º»³¯³¯¦}· Y (A) ¹¯¦í�º»³¯½}¨�®¸º�³¯°�¹¯¼}à¯³¯®¸¦}°é°�¯¾

A
ç�º�³!¹¯®¸¾�Ã$«)¯¦

v ∈ Yloc(A)
°�®�Ò;º�¯¾�¨Zº»b¨éº�bÄ�¦}¾±¨

ω
¶;º�¾�³¯¼èÄ�¼h¾±®²àHÃ�³)¨

ω ⊂⊂ A
ç¯º�³/Ã

v ∈ Y (ω) Ø

Z



z { ó}|~�;þb�/ø ñ

ò ó�ô � ö§ó}�B�;þ ó ùúø ö§ó û+� ö�� þ���� � ù�� |��b� ô÷ö��dý ø
ùúø öâõ�� ô÷û�þ/óÌ��ö�ø

� ö �Ó��=�����8��� � � �ÛÏ��µ�}�
Æ�¨PÃ»³�¨{¹¯º�³¯³¯¼

Ω
¯³$º»bÄ�¦h¾�¨�¶;º�¾±³¯¼�¾±¼hÜ»¯·¸®²¦h¾ JD¹¯¦�½h·¸Ã»°�°±¦

C2
Lv¹¯¦

IRn
ç�¦}¨{·²¦h°1í�º�³b½}¨Z®²º�³¯°

f, ψ ∈
L2(Ω)

¦}¨
g ∈ H1(Ω)

çVº»³Û½lÓb¦h¾�½PÓ¯¦©¿�µ�®¸³¯®²µ�®²°±¦h¾�·ÁÀÂ¼h³¯¦}¾�Ü»®¸¦

E(v) =

∫

Ω

1

2
|∇v|2 + fv,

Ò;º»¯¾
v ∈ K =

{

v ∈ H1(Ω), v = g
°±¯¾

∂Ω, v ≥ ψ
°�b¾

Ω
}

.¥§¦�¾±¼h°�b·²¨PÃx¨Û½h·¸Ã»°±°�®¸«)¯¦�JD½ íLØ�ÆvÄxÃ»³¯°æO÷'»Ô1Q^çøafÓ¯¼hº»¾�Ùhµ�¦ # ç�ÒVÃ»Ü�¦!æf%!'fL`¹¯¦�µ�®¸³b®²µ�®²°�Ã�¨Z®ãº�³�¹¯¦í�º»³¯½}¨�®¸º�³¯³b¦h·²·¸¦}°i°�¨Z¾�®²½}¨�¦hµ�¦h³)¨©½}º�³)Ä�¦lª9¦h°hç5½hº�³�¨Z®²³�¯¦}°hç7®¸³9àV³¯®¸¦}°©¿/·^ÀË®²³bàV³¯®^ç§°±¯¾©¯³(½hº�³�Ä�¦ ª9¦`í�¦h¾±µ�¼
K
®²µ�Òb·¸®ã«)¯¦�·²¦

ù¢ú *-����>@?A3l�Gû5�±ü�ý
K 6= ∅ þÕÿ�������� ý �	��
 ý ������������������������ ý � ý � ý ��������

º�³Û³¯º»¨�¦iÃ»·¸º»¾�°
u
½h¦éµ�®²³¯®²µ�®ã°�¦}¯¾hØ

) 3U?æ/0������3A��ûà(�� � ��!�"!� ÿ��#�$�%�"��&'����(�)�*&+!����Nÿ��+,���"�-��!*�����Fÿ�� ý ��!.����-�Fÿ0/1�����'� ý32 �)�4� ý65 �)�
∂ {u = ψ} �
) 3U?æ/0������3A��ûàR87 �"�:9�;1&'���<9 2 ���=� ý � ý �Ûÿ>�?�@&'�����A� 5 ���� ý �CB��=�Fÿ(��!3�����Fÿ�� ý �D!:���� ∂ {u = ψ} �)���FE 9�;)&'���G9 2 ���HB��H�"���IB�!3��!�"!���)��,)��",)��J

f −∆ψ ≥ δ0 > 0.

Å�Ã»³¯°1·¸Ã�°±¯®²¨�¦�³¯º�¯°1Ã»·¸·²º�³b°v³¯º»¯°1¾±¦h°±¨�¾�¦}®¸³¯¹¯¾±¦�¿é·^ÀË¼ ¨Z¯¹b¦�¹¯�Ò¯¾±º�¶¯·²Ùhµ�¦f¹¯¦�·ÁÀÂº�¶¯°±¨ZÃ»½h·²¦fµ�º�¹¯Ùh·²¦¹¯Ã»³¯°�·¸¦}«�b¦h·§º�³/Ã
ψ ≡ 0, f ≡ 1, g ∈ C2(Ω).

I



Å�Ã»³¯°z¨�º�b¨Z¦�·¸Ãi°�¯®ã¨Z¦�¹b$½hº�b¾�°{º�³`°}ÀË®²³)¨�¼h¾�¦}°�°�¦�Ã»®¸³¯°±®4¿i·ñÃéí�º�³b½}¨Z®²º�³
u
°�º�·²b¨Z®²º�³�¹¯$Ò¯¾±º�¶¯·²Ùhµ�¦¹b¦iµ�®¸³b®¸µ�®²°�Ã�¨Z®ãº�³WJ^ÃpÄ�¦}½

g ∈ C2(Ω) L�°±¯®²Ä�Ã�³)¨iî






























































inf
v∈K

E(v) =

∫

Ω

1

2
|∇v|2 + v,

º�Æ

v ∈ K = {v ∈ H1(Ω), v = g
°�¯¾

∂Ω, v ≥ 0 °�b¾ Ω} ,
ÃBÄ�¦h½

g > 0
°�¯¾

∂Ω.

J�Ö�ØãÖ�L

È ��éøè � �8Ôé�=�}¢9é Ïá�Ó�8Ô ¤��¢� � ¢N�8�¬¡
»µ�M� �k�s� �¢¡�£M² ¤ª¡±´µ¦ª¡�£E´µ¦ ¡�² ©0¹�²@¦ª£XÀU�ÙÀj² °x£E�c²@²U³E´µ¦ ¡�²LKM�N
ù¢ú *-����>@?A3C(�û5�±ü�ý

v ∈ H1(Ω) þÅÿ������)� v+(x) := max(v(x), 0) ∈ H1(Ω) ��
∂v+

∂xi
=

(

∂v

∂xi

)

· 1{v>0} &'�����:&O���)�QPQ�+���D�$��� x ∈ Ω ��R&'����� i = 1, ..., n.

Î=º�¯¾f·ñÃ¬Ò¯¾�¦}bÄ�¦i¹bbafÓ¯¼}º�¾�Ù}µ�¦©Ô�Ø²Ö�ç9Ä�º�®²¾ $ ¾�¦}ßh®²°�O # ×�QÁçVÎv¾±º�Ò;º�°�®ã¨Z®²º�³Ñ�Ð¬Ø ×èÒVÃ�Ü�¦£Ö,×�×ãJD®²·4íDÃ»b¨¼ ¨Z¦}³¯¹¯¾�¦iÒ¯Ã»¾�ÒVÃ�°�°ZÃ�Ü�¦©¿£·ñÃè·¸®²µ�®ã¨�¦�·²¦�¾�¼h°±¯·²¨ZÃ�¨F¿�³¯º�¨Z¾�¦�½BÃ»°pL Ø

h¢������.t.�/G����3B(�ûà(TS1U+�1/0����3@��
N62�9�+���93C.5�5,��93B�934���<V�3@/0�XW
ü�ý
v ∈ H1(Ω) þÕÿ��������

(

∂v

∂xi

)

· 1{v=0} = 0 &'�����:&O�)�)�QPQ�'��������� x ∈ Ω ��R&'����� i = 1, ..., n.

Y ��3@�RV�34��� h¢������.t.�/G����3B(�ûà( Ø
º�³ ¼h½}¾�®ã¨

v = v+ − v−
Ø�Æv³!¾�¦}µ`Ã»¾±«)VÃ»³)¨�«�b¦

v− = (−v)+ çâ¦ ¨é¦}³�Ã»Ò¯Ò¯·²®¸«)VÃ�³)¨�·²¦nafÓ¯¼}º�¾±Ùhµ�¦Ô�Ø²Öi¿
v
¦ ¨�¿ −v çVº�³á¹¯¼h¹¯b®²¨�«�b¦

∂(v+ − v−)

∂xi
=

(

∂v

∂xi

)

· 1{v 6=0}
¹âÀËºfÆÛ·²¦�¾�¼}°�¯·ã¨PÃ�¨hØ

ÖpÕ



Z *!i=���ë
��5���k(�û RÌü � ý � Ω ���[����\���� 5 ���1�"!.B�� IRn � ü � ý � k ∈ IN\ {0} �C]:�^B ý �CPQ�'� Ω �)��CB��,�Fÿ��)��� Ck � ý ����� 5 ����B ∂Ω �)��_����, ÿ�����`��'�R������� ÿ�&'9'�aBbE ���"�R/c���",� ý ��� Ck þd,)�CPQ� ý �)��d!FPQ� ý \1ÿ�����'�e B ý �)�(PQ�'�H�FEf���-&'����a!),� ý �)� Ω �����g�H�Fÿh/c���1�`�i�� ý \1ÿ��'�D�0J
Ω = {x ∈ IRn : Φ(x) < 0} ,

��j Φ �)��k���"�l/c���",� ý ���IB��m,�Fÿ��)��� Ck ����<���(PQ�+� ∇Φ(x) 6= 0 &'�������D����� x ∈ ∂Ω �
ù¢ú *-����>@?A3C(�û �nS )+*-,���.�/0�1�ë
*b3@.5.t�ë:�
�6���93+o�
 ú *-���1�53

Lp
W

ü � ý � Ω ��������\���� 5 ����"!hB�� IRn B��i,�Fÿ��)��� C2 � ü � ý � p ∈ (1,+∞) �'p1�"��
 ý ��D� C = C(Ω, n, p) >
0 �D��bPQ�+�i� ý g ∈ W 2,p(Ω) ��X� ý v ∈ H1(Ω) \�!� ý q �

v = g ���� ∂Ω, ∆v ∈ Lp(Ω),

ÿ�������� v ∈ W 2,p(Ω) ��
||v||W 2,p(Ω) ≤ C

(

||∆v||Lp(Ω) + ||g||W 2,p(Ω)

)

.

Î=º�¯¾È·ñÃ�Òb¾�¦h9Ä�¦�¹¯NafÓ¯¼}º�¾�Ù}µ�¦�Ô9ØËæbç�Ä�º�®²¾kr�®¸·²¶VÃ�¾�ÜxÏXa=¾±¯¹¯®²³¯Ü�¦}¾øOäZ # Q^ç)¥N¦}µ�µ�¦âIbØãÖ�'9ç�ÒVÃ»Ü�¦�Ô�æ�Ô9Ø
y º�®¸¾fÃ»¯°±°�®ÚO Z # ç # Zbç�Ö�Ö�Ö»ç�Ö,×�I9ç�ÖI1QÁç¯Ò;º�¯¾�¹b¦h°F«)¯¦}°±¨Z®²º�³¯°F¹b¦i¾±¼hÜ�b·ñÃ»¾±®²¨Z¼�¦h·²·¸®²Òb¨Z®ã«)¯¦»Ø
ù¢ú *-����>@?A3C(�ûàdTS �	��s	3@��
�������6\�93 tx��<c��.�3uV	W
ü � ý � Ω ���v����\���1� 5 ���1�"!:B�� IRn B��a,�Fÿ��)��� C1 ��wh�����)�a���Nÿx���)� ý �cyc�),� ý ���z�a,)���'� ý �'�'�)�l�� ý \1ÿ��'�D�)�:Jý|{\ü�ý

p < n þÕÿ�������� W 1,p(Ω)→ Lp
∗
(Ω) ��j 1/p∗ = 1/p− 1/n �ýëý|{\ü�ý

p = n þÕÿ�������� W 1,p(Ω)→ Lq(Ω) &'������������� q ∈ [1,+∞) �ýëýëý|{\ü�ý
p > n þÕÿ�������� W 1,p(Ω)→ C0,α(Ω) ��j α = 1− n/p ∈ (0, 1) �

Î=º»¯¾�·ñÃèÒ¯¾�¦}bÄ�¦i¹¯bafÓ¯¼hº»¾�Ùhµ�¦©Ô9Ø ×�çbÄ�º�®¸¾ $ ¾�¼hß}®¸°�O # ×�QÁçHä{º�¾�º»·¸·¸Ã»®²¾±¦�Ñ�Ð¬Ø²ÖBæbçVÒVÃ�Ü�¦�Ö%�ZbØ

»µ�¼» �k¹R}c¦ £M�s©j³ ÀU¹¶¤ ¡¶£E�¯²@«Ú£E¦âÀj³E«c§ ¡xÀ ¹�´Õ¦ª�ÙÀU³M«c§¸¤n¥G~b¦ £E¡�©����n�l}s©0�c§h}Ú¡
Y ����:c��62�ë
������k(�û g}ü�ý ���"�l/c���",� ý ��� u � ý � ý � ý ���

E(v) =

∫

Ω

1

2
|∇v|2 + v

����
K =

{

v ∈ H1
g (Ω), v ≥ 0 ���� Ω} ÿ�\��), H1

g (Ω) :=
{

v ∈ H1(Ω), v = g �1��� ∂Ω}
ÿ�������� u � ý � ý � ý ���

E+(v) =

∫

Ω

1

2
|∇v|2 + v+

���� H1
g (Ω) �

Ö�Ö



Y ��3@�RV�34��34.5/ Y ����:s��62�ë
������k(�ûàg ØÚ�º�®²¨
v ∈ H1(Ω)

çHÃ�·¸º�¾±°
E+(v) = E(v+) +

1

2

∫

Ω

|∇v−|2 JÁÔ9ØÍÔfL
º�Æ

v− ≥ 0 ¦}°±¨F¹¯¼}àV³b®¸¦éÒVÃ»¾ v = v+ − v−
ØVÇ�®¸³¯°±®

E+(v) ≥ E(v+)

¦ ¨F½h¦}·ñÃ£®¸µ�Ò¯·²®²«)¯¦�«)¯¦
inf

v∈H1
g (Ω)

E+(v) ≥ inf
v∈H1

g (Ω)
E(v+) = inf

v∈K
E(v).

º�¾fÒVÃ»¾�Ã»®¸·²·²¦}¯¾�°�º�³/Ã
inf

v∈H1
g (Ω)

E+(v) ≤ inf
v∈K

E+(v) = inf
v∈K

E(v).

Å©ÀËºfÆ
inf

v∈H1
g (Ω)

E+(v) = inf
v∈K

E(v).
J^Ô9Ø # L

ä{¦}½h®vµ�º�³�¨Z¾�¦è¦}³�Ò¯Ã»¾±¨Z®²½hb·¸®²¦h¾�«)¯¦£¨Zº�9¨éµ�®¸³b®¸µ�®²°±¦h¯¾
u
¹b¦

E
°�¯¾

K
¦h°�¨©Ã»¯°±°�®�µ�®²³¯®²µ�®ã°�¦}¯¾�¹b¦

E+
°�¯¾

H1
g (Ω)

Ø
Ç ÒVÃ»¾�¨Z®²¾�¹¯¦éµ`Ã»®²³)¨�¦h³VÃ»³�¨Bçb¦ ¨FÒ;º�¯¾�¨Zº�b¨�¦é·ñÃè°�b®²¨Z¦�¹¯Û½hº»¯¾�°hçVº�³á³¯º»¨Z¦

u
·¸¦�µ�®¸³b®²µ�®ã°�¦hb¾f¹¯Òb¾�º�¶¯·²Ùhµ�¦ÛJLÖ�Ø²ÖL Ø

Y ����:c��62�ë
������k(�û q ]:�7ÿ
1{u>0} ≤ ∆u ≤ 1 B!ÿ��z� H−1(Ω).

Y ��3@�RV�34��34.5/ Y ����:s��62�ë
������k(�û q ØÚ�º�®²¨
φ ∈ H1

0 (Ω)
çV¦}¨

v = u+ εφ
ØVÇ�·²º�¾±°

E+(v) ≥ E+(u)
ç¯½»ÀÂ¦h°�¨±ÏL¿,Ït¹¯®²¾�¦

∫

Ω

∇u · ∇φ+ ζε ≥ −ε
∫

Ω

1

2
|∇φ|2

º�Æ

ζε =
(u+ εφ)+ − u+

ε
=











φ
°±®

u+ εφ ≥ 0

−u
+

ε

°±®
u+ εφ ≤ 0.

®mL�Î=º»¯¾
φ ≥ 0 çVº»³/Ã ζε = φ

¦ ¨F¹¯º�³¯½é¦}³/·¸Ã»®¸°±°ZÃ»³�¨
ε
¨Z¦}³¯¹¯¾�¦�Ä�¦h¾±°

0
çVº»³Ûº�¶b¨�®¸¦}³)¨

0 ≤
∫

Ω

∇u · ∇φ+ φ

≤ < −∆u+ 1, φ >H−1(Ω)×H1
0
(Ω) .

Ö,Ô



ä{¦é«)¯®§°�®¸Ü»³¯®²àV¦�«)¯¦
0 ≤ −∆u+ 1 ¹¯Ã»³¯°

H−1(Ω).®²®ëLzÎ=º�¯¾
φ ≤ 0 ç¯º�³/Ã

∫

Ω

∇u · ∇φ+ φ · 1{u>−εφ} ≥ −ε
∫

Ω

1

2
|∇φ|2 +

∫

Ω

u+

ε
1{u+εφ≤0}.

º�³Û¾±¦hµ�Ã»¾�«)¯¦é«)¯¦é·¸º�¾±°�«)¯¦
ε
¨�¦h³¯¹áÄ�¦h¾±°Fßh¼h¾±º¯çVº�³ÛÃ�·ñÃè½hº»³)Ä�¦h¾±Ü�¦h³b½h¦©°�b®²Ä�Ã»³�¨Z¦

φ · 1{u>−εφ} −→ φ · 1{u>0}
Ò;º�b¾�Ò¯¾�¦}°�«)¯¦i¨�º�b¨

x ∈ Ω.
Ç�®¸³¯°±®Áçb·¸¦PafÓb¼hº�¾±Ùhµ�¦i¹¯¦é½}º�³)Ä�¦}¾�Ü�¦}³¯½h¦©¹¯º»µ�®²³¯¼h¦�¹¯¦i¥N¦}¶;¦h°±Ü�¯¦©¹bº�³¯³¯¦

∫

Ω

∇u · ∇φ+ φ · 1{u>0} ≥ 0.

Å©ÀËºfÆ
< −∆u+ 1{u>0}, φ >H−1(Ω)×H1

0
(Ω)≥ 0.ä{¦}½h®N°±®¸Ü�³b®²àV¦�«�b¦

−∆u+ 1{u>0} ≤ 0
¹VÃ»³¯°

H−1(Ω).

h¢������.t.�/G����3B(�ûàY
∆u ∈ L∞(Ω) �� ||∆u||L∞(Ω) ≤ 1 �

Y ��3@�RV�34��� h¢������.t.�/G����3B(�ûàY ØÅ©ÀÍÃ»Òb¾�Ùh°F·¸Ã�Îv¾�º»Ò;º�°�®ã¨Z®¸º»³ÛÔ9Ø '�ç¯³¯º�¯°FÃpÄ�º�³b°F¦}³/ÒVÃ�¾±¨Z®²½h¯·²®²¦h¾�Ã»Û°�¦}³¯°F¹¯¦h°F¹b®¸°±¨�¾�®²¶¯b¨Z®²º�³b°f°±¯¾
Ω

0 ≤ ∆u ≤ 1.
Å�º�³¯½i·¸Ã£¹b®¸°±¨�¾�®²¶¯b¨Z®²º�³

∆u
¦h°±¨F¦h³áíDÃ»®²¨fb³¯¦éí�º»³¯½}¨�®¸º�³¦}¨F·¸¦�¾±¼h°±¯·²¨ZÃ�¨�¦h³Û¹¯¼h½}º�¯·²¦»Ø

h¢������.t.�/G����3B(�ûàHÌü�ý
Ω �)��k���^����\���1� 5 ���1�"!0B��.,�Fÿ��)��� C2 �� g ∈ C2(Ω) ÿ�������� u ∈ W 2,p(Ω)

&'�������D����� p ∈ (1,+∞) þ0��#&'�������D����� α ∈ (0, 1) þ u ∈ C0,α(Ω) þ(�� ∂u
∂xi

∈ C0,α(Ω) &'�����
i = 1, ..., n �
Y ��3@�RV�34��� h¢������.t.�/G����3B(�ûàH Ø

º�³ ¾�¦}µ`Ã�¾�«)¯¦$«�b¦
∆u ∈ L∞(Ω)

®²µ�Òb·²®²«)¯¦
∆u ∈ Lp(Ω)

Ò;º�¯¾¬¨�º�b¨
p ∈ (1,+∞) ç5½hÃ»¾ Ω¦}°±¨�¶;º»¾�³¯¼�ØÈÆv³	Ã»ÒbÒ¯·¸®²«�¯Ã»³)¨è·¸¦+afÓ¯¼}º�¾�Ù}µ�¦á¹b¦á¾�¼}Ü�¯·¸Ã»¾�®ã¨Z¼`¦}·¸·¸®²Òb¨�®²«)¯¦áÔ�ØËæ º�³ìº�¶b¨�®¸¦h³�¨£·ñÃ´¾±¼hÜ�9Ï·¸Ã»¾�®ã¨Z¼

W 2,p(Ω)
Ø5¥§¦+afÓ¯¼}º�¾±Ùhµ�¦$¹¯¦h°è®²³xÊ±¦h½ ¨Z®¸º»³¯°©¹¯¦áÚ9º»¶;º�·¸¦ Ä Ô9ØÍ×åÃ»ÒbÒ¯·¸®²«�b¼$¿

u
¦ ¨ ∇u ¹¯º�³b³¯¦

u,∇u ∈ C0,α(Ω) Ò;º�¯¾ α = 1− n/p ∈ (0, 1) Ø

Ö #



h¢������.t.�/G����3B(�û5�u��S r ���9/j
�������6\�ÚD r ��.53-�2^��Ú/j,���/G�9,�3'W� ÿ4��������� ý ��� u B��-���g�<� { \�!� ý q �






































∆u = 1 B!ÿ��z� {u > 0} ∩ Ω

u ≥ 0 ���� Ω

∇u = 0 ���� ∂ {u = 0} ⊂⊂ Ω

u = g ���� ∂Ω.

) 3U?æ/0������34(�û5��� ]:�m�)��6������\��_þ'�����g�����"�+/c���1�`�'/8ÿ ý65 ���_þ+�FÿH,)���OB ý � ý ��� ∂u
∂ν

= 0 ���� ∂ {u = 0} �
Y ��3@�RV�34��� h¢������.t.�/G����3B(�û5�u� ØÎv¯®²°�«)¯¦

u
¦h°±¨F½hº»³)¨Z®²³�¯¦�°�¯¾

Ω
çV·ÁÀÂ¦h³b°�¦hµè¶b·¸¦ {u > 0} ¦}°±¨�b³/º»bÄ�¦h¾�¨BØ®mL

∆u = 1
¹¯Ã»³¯° {u > 0} ¹�ÀËÃ»Ò¯¾±Ùh°F·¸Ã�Îv¾�º»Ò4º»°�®ã¨Z®¸º»³/Ô�Ø '9Ø®²®ëL

u ≥ 0 °±¯¾ Ω ç¯¹�ÀËº�Æ ∇u = 0 °±¯¾ ∂ {u = 0} ½BÃ»¾ u ∈ C1(Ω) Ø®²®¸®mL
∆u = 0

¹¯Ã»³¯° {u = 0}0 Ø

Ü ��éøè � �8Ôé�=�}¢9é
W 2,∞ Ïá�Ó�8Ô ¤��¢� � ¢N�	�©¡

u
Ï� � �H�	�h�

�â�M� �k�s� �¢¡�£M² ¤ª¡±´µ¦ª¡�£E´µ¦ ¡�² ©0¹�²@¦ª£XÀU�ÙÀj² °x£E�c²@²U³E´µ¦ ¡�²LKM�M�N
ù¢ú *-����>@?A3CR�û5�LS �	�9*-,�/G.t�ë
*b��3���/0�1�9/G���	W
ü � ý � v ∈ L∞(B4) ��������� ý ���IB��







∆v = f ���� B4 ⊂ IRn

v ≥ 0 ���� B4.

ÿ�\��), f ∈ Ln(B4) �RwA�?�$��� ý �	��
 ý ��������"��,)���z��¼ÿ��'��� CH = CH(n) > 0 �D��<���0PQ�'�
sup
B1

v ≤ CH

(

inf
B1

v + ||f ||Ln(B4)

)

.

º�³ ¾�¦}³)Ä�º�®²¦¿�ré®²·¸¶¯Ã»¾�ÜxÏXa=¾±¯¹¯®²³¯Ü�¦}¾ O Z # Q�Ò;º�b¾è¯³¯¦$Ò¯¾±¦hbÄ�¦½hº»µ�Ò¯·²Ù}¨�¦CJÁä{º�¾±º�·¸·¸Ã»®ã¾�¦NIbØÍÔ9Ö$¦}¨
afÓb¼hº�¾±Ùhµ�¦¢IbØÍÔ�Ô�ç¯ÒVÃ»Ü�¦iÔ�æ!%!LlØ
Y ��3@�RV�34��/G��6N.53B�f/06

f = 0
ûä{¦ ¨�¨�¦£Ò¯¾�¦}bÄ�¦£¦h°�¨�í�º»³¯¹¯¼}¦£°±¯¾�·ñÃ�í�º�¾�µèb·¸¦©¹b¦£·¸Ã�µ�º��¦h³¯³b¦£Ò;º»¯¾

v
ÓVÃ»¾�µ�º�³¯®²«)¯¦ãJ�½}íLØ�ré®²·¸¶¯Ã»¾�ÜxÏ

a7¾�b¹¯®¸³bÜ�¦h¾�O Z # Q^çGafÓ¯¼}º�¾�Ù}µ�¦©Ô9ØãÖ�ç¯ÒVÃ»Ü�¦£ÖBæ-L�î

v(x) =
1

|Br|

∫

Br(x)

v.

ÖBæ



Ç�®¸³¯°±®�°�º�®ã¨
x1, x2 ∈ B1 = B1(0)

Ø�Ç�·¸º�¾±°hç5¦h³�b¨�®¸·¸®ã°ZÃ»³�¨£·²¦h°£®¸³b½h·¸b°�®¸º»³¯°
B1(x1) ⊂ B3(x2) ⊂

B4(0)
çVº�³ÛÃ

v(x1) =
1

|B1|

∫

B1(x1)

v

≤ 1

|B1|

∫

B3(x2)

v

=
|B3|
|B1|

1

|B3|

∫

B3(x2)

v

=
|B3|
|B1|

v(x2)

= 3nv(x2).Å©ÀËºfÆ
sup
B1

v ≤ 3n inf
B1

v,

½}¦i«)¯®�¨Z¦}¾�µ�®¸³¯¦�·ñÃèÒ¯¾�¦}bÄ�¦i¹¯bafÓ¯¼hº»¾�Ùhµ�¦é¹VÃ»³¯°�·¸¦�½hÃ»°
f = 0

Ø

ù¢ú *-����>@?A3CR�ûà(TS r 68
��5?æ/j
��ë����6K3U.5.5��:�
�G����3@6\�5��
*-�1�53@�9��3U6�W� �����h�D����� α ∈ (0, 1) þ ý ����
 ý ����C���"��,1���z�1�Xÿ��'�D� CE = CE(n, α) > 0 þ	����<�?�iPQ�+�a� ý v ∈ L∞(Br)\�!� ý q �
∆v = f B!ÿ��z� Br

ÿ�\��), f ∈ C0,α(Br) þÕÿ��������

r2||D2v||L∞(Br/2) ≤ CE





||v||L∞(Br) + r2||f ||L∞(Br)

+r2+α[f ]α;Br



 .

) 3U?æ/0������34R�ûàR � ����� r = 1 þ:���7ÿ���m/8ÿ ý �
|v|2+α;B1/2

≤ CE
(

||v||L∞(B1) + |f |α;B1

)

��j |v|2+α;B1/2
= |v|α;B1/2

+
∑n

i=1 | ∂v∂xi |α;B1/2
+
∑n

i=1

∑n

j=1 | ∂2v
∂xi∂xj

|α;B1/2
�

�â�¼» �n�¯®¿¹xÀ��ª«ø¤ ¡±¤ ¡��k£ À�¡xÀ[���ª³E£E£E³E�ª²��E�_�	�
ù¢ú *-����>@?A3CR�û �nS [n���w�93

W 2,∞ W� ÿ4��������� ý ��� u B��.&O��� 5 � 2 �`�.���g�<� { \�!� ý q �
D2u ∈ L∞loc(Ω).

Ö,×



Y ��3@�RV�34��� ù¢ú *-����>@?A3CR�û � Ø¥vÀÂ®¸¹¯¼}¦¬¹¯¦¬Ç�·²¨�¦}¨�ÎvÓ¯®²·¸·²®²Òb°FÒ;º�¯¾�¦}°±¨�®¸µ�¦h¾�·²¦h°�¹¯¼h¾±®²Ä�¼}¦h°�°�¦}½hº�³b¹¯¦h°�¹¯¦
u
¦h³´¯³´Ò;º�®²³)¨

y0
Ò¯¾±º�½lÓb¦¹b¦�·ñÃí�¾�º»³)¨Z®²Ùh¾±¦�·²®¸¶¯¾±¦»ç�½hº�³¯°±®¸°�¨Z¦`¿/Ã»Ò¯Òb·¸®¸«)¯¦}¾i·²¦ÛafÓ¯¼}º�¾�Ù}µ�¦ # Ø Ôá¹VÃ�³¯°©¯³¯¦�¶;º�b·¸¦

Br(y0)
çN¯³b¦í�º»®¸°�°�¦}¯·¸¦}µ�¦}³)¨�«)�ÀËº»³ °ZÃ»¯¾�Ã$«)¯¦

u
¦h°�¨�°±¨Z¾±®¸½ ¨Z¦hµ�¦}³)¨�Ò;º�°±®²¨Z®ãÄ�¦©¹VÃ»³¯°�½}¦}¨±¨Z¦è¶;º�¯·²¦¬¦}¨�¹¯º�³b½è«)¯¦

∆u = 1
¹VÃ»³b°©½h¦ ¨�¨�¦`µ�ï}µ�¦�¶;º�¯·²¦»ØN¥vÀË®²³bí�º�¾�µ�Ã�¨�®²º»³!°�¯¾i·ñÃáÒ;º»°�®²¨�®²Ä�®²¨�¼£¹¯¦

u
¹VÃ�³¯°©½}¦}¨�¨�¦�¶;º�¯·²¦¾±¼h°±¯·²¨�¦h¾ZÃi¹¯¦�·^ÀË®²³¯¼hÜ�Ã»·²®ã¨�¼f¹¯¦A��Ã�¾�³VÃ»½)��ÃBÄ�¦h½�°�¦}½hº�³b¹$µ�¦}µè¶¯¾�¦

f
¶;º�¾�³¯¼Fµ`Ã�®¸°È¹b®¸°�½}º�³)¨�®¸³)`ÃiÒ¯¾�®²º�¾�®

J�®¸½}®
1{u>0} ≤ f ≤ 1 L�Ò;º»¯¾�¯³Û½PÓ¯º�®Sª¬Ê±b¹¯®¸½}®¸¦h�ª¹¯Û¾ZÃ2��º�³ r Ø

&Fº�¯°éÒVÃ�°�°�º»³¯°iµ`Ã�®¸³�¨Z¦h³¯Ã»³)¨é¿·ñÃ$µ�®¸°±¦£¦}³�Òb·ñÃ»½}¦£¨�¦h½PÓ¯³¯®²«)¯¦�¹¯¦�½}¦}¨�¨�¦�®²¹¯¼h¦�Ø�º�³!°ZÃ»®ã¨é¹¯¼tÊ�¿á«)¯¦
u,∇u ∈ C0,α(Ω) ¦}¨ u ≥ c > 0

°±¯¾
∂Ω

ØbÚ9º»®²¨zÃ»·¸º»¾�°1Ò;º»¯¾
δ > 0

°�Uß�°�Ã»µ�µ�¦}³)¨{Ò;¦ ¨Z®²¨z·^ÀÂº�bÄ�¦h¾�¨�î
ωδ = {x ∈ Ω, 0 <

¹b®¸°±¨
(x, {u = 0}) < δ} ⊂⊂ Ω.

r 68
��t?æ/j
��ë����62���
ωδ�FÃ»Ò¯Ò;¦}·¸º�³b°�«)¯¦i¹âÀÍÃ»Òb¾�Ùh°�·ñÃ£ÎÈ¾±º�Ò;º�°±®²¨Z®²º�³ÛÔ9Ø÷'£º»³/Ã

∆u ≤ 1 °�¯¾
Ω.

Ú�º�®²¨
y0 ∈ ωδ

ØâÅ¬ÀÍÃ�Ò¯¾�Ù}°�·ÁÀÂ®¸³¯¼}Ü�Ã»·²®S¨Z¼i¹¯¦���Ã»¾�³¯Ã»½1�/Ã»Ò¯Ò¯·²®¸«)¯¼}¦è¿`·ñÃ�í�º�³¯½ ¨Z®¸º»³
w(x) = u(y0 + rx)«)¯®�Ä�¼}¾�®²à¯¦

∆w ≤ r2
ç¯º�³Ûº�¶9¨Z®¸¦}³)¨

sup
B1(0)

w ≤ CH

(

inf
B1(0)

w + ||r2||Ln(B4)

)

¦ ¨F¹¯º�³¯½
sup
Br(y0)

u ≤ CH

(

inf
Br(y0)

u+ r2||1||Ln(B4)

)

½�ÀË¦}°±¨�ÏL¿xÏ�¹¯®¸¾±¦
sup
Br(y0)

u ≤ C ′H

(

inf
Br(y0)

u+ r2
)

º�Æ
C ′H = CH ||1||Ln(B4)

ØHÞåÃ»®²³)¨Z¦}³VÃ»³�¨F°±º�®²¨

r =

√

u(y0)

2C ′H
.

Ç�·¸º�¾±°
0 < u(y0) ≤ sup

Br(y0)

u ≤ C ′H inf
Br(y0)

u+
u(y0)

2
.

Å©ÀËºfÆ
inf

Br(y0)
u ≥ u(y0)

2C ′H
= r2 > 0.

ä{¦}½h®N®²µ�Òb·¸®ã«)¯¦�¦}³/Ò¯Ã»¾±¨�®¸½hb·¸®²¦h¾{«)¯¦

u > 0
°�b¾

Br(y0)
Ò;º»¯¾

r =

√

u(y0)

2C ′H

Ö%



¦ ¨F¹¯º�³¯½
∆u = 1

°±¯¾
Br(y0).Å©ÀÍÃ»Òb¾�Ùh°F·^ÀË¦}°±¨Z®²µ�Ã�¨Z®ãº�³¦}·¸·²®²Òb¨Z®²«)¯¦�®¸³�¨Z¼}¾�®¸¦}¯¾�¦oJ5afÓ¯¼}º�¾�Ù}µ�¦ # ØÍÔfL{º�³/Ãî

r2||D2u||L∞(B r
2
(y0)) ≤ CE

(

||u||L∞(Br(y0)) + r2
)

≤ C0r
2

½hÃ»¾
supBr(y0) u ≤ C ′H

(

infBr(y0) u+ r2
)

≤ C ′H (u(y0) + r2)

≤ C ′H (2C
′
Hr

2 + r2)

= C ′H(1 + 2C
′
H)r

2

¹âÀËºfÆ
||D2u||L∞(B r

2
(y0)) ≤ C0 := CE(1 + C ′H(1 + 2C

′
H)).

Æv³åÒVÃ�¾±¨Z®²½h¯·²®²¦h¾ |D2u(y0)| ≤ C0
¹¯Ù}°�«�b¦

B4r(y0) ⊂ Ω
çHº»¾

r =
√

u(y0)
2C′

H

Ø;Å¬ÀËº�Æå½h¦}½h®7¦h°�¨�Ä�¼h¾±®²àV¼
¹bÙh°F«)¯¦

δ ≤ δ0
Ò;º»¯¾�¯³b¦i½hº»³¯°±¨ZÃ»³)¨�¦

δ0 > 0
½PÓ¯º�®¸°±®¸¦�°±jß�°ZÃ»µ�µ�¦h³�¨FÒ;¦}¨Z®ã¨Z¦�ØHÅ©ÀËºfÆ

||D2u||L∞(ωδ) ≤ C0.

r 68
��t?æ/j
��ë����62��� {u = 0}Å�ÛíDÃ»®ã¨f«)¯¦
u ≥ 0 çV¦ ¨FÒVÃ»¾f½hº�³�¨Z®²³�¯®ã¨Z¼�¹¯ÛÜ�¾ZÃ»¹b®¸¦}³)¨Bçbº�³/Ã ∇u = 0 °�¯¾ {u = 0} ØVÎ5Ã»¾�Ã»®¸·²·²¦}¯¾�°º»³!°ZÃ»®ã¨�¹�ÀËÃ»Ò¯¾±Ùh°�·¸¦�ä{º�¾±º�·¸·¸Ã»®ã¾�¦èÔ9Ø÷I$«)¯¦ ∇u ∈ W 1,p(Ω)

ç�½}¦�«)¯®�¦h°�¨i¦}³�Ò¯Ã»¾±¨�®¸½hb·¸®²¦h¾FÄ�¾ZÃ»®5Ò;º�¯¾
p = 2

Ø�º�³åÃ»Ò¯Òb·¸®¸«)¯¦éÃ»·¸º»¾�°f·¸¦©ä{º»¾�º�·²·ñÃ»®ã¾�¦éÔ9ØÍÔ�¿
v = ∇u çV«)¯®NÒ¯¾�º»bÄ�¦©«)¯¦ D2u = ∇(∇u) = 0Òb¾�¦h°±«)¯¦©ÒVÃ»¾�¨Zº�b¨�°±¯¾ {∇u = 0} ¹¯º»³¯½é¦h³ÛÒVÃ»¾±¨�®¸½}¯·¸®²¦}¾�Ò¯¾�¦}°�«)¯¦©Ò¯Ã»¾±¨Zº»b¨�°�¯¾ {u = 0} Ør 68
��t?æ/j
��ë����.5���f/G.�3�62���

Ω\ (ωd ∩ {u = 0})Å�Ã»³¯°
Ω\ (ωd ∩ {u = 0})

¦ ¨�¦h³å¾�¦}°±¨ZÃ»³)¨�¿�¹¯®¸°�¨PÃ»³¯½}¦©¹¯å¶;º�¾±¹/àbª9¦
∂Ω

çHº�³å½}º�³¯½}·¸b¨�ÒVÃ»¾F·ÁÀÂ¦h°�¨Z®SÏµ�Ã�¨�®¸º�³$®¸³�¨Z¼h¾±®¸¦}¯¾�¦ÛJ�afÓ¯¼hº»¾�Ùhµ�¦ # ØÍÔfL Ø
h¢�����-.5��62�5���ä{¦}·ñÃ£Ò¯¾�º»bÄ�¦éàV³¯Ã»·¸·²¦hµ�¦h³�¨f«)¯¦

D2u ∈ L∞loc(Ω)
Ø�"5®²³á¹¯¦é·¸Ã£Ò¯¾±¦hbÄ�¦�Ø

Ö�'



z { ó}|~�;þb�/ø �

ødûã� �/ø ùúø ö§ó  c��� � þ������/ø ö���ô��/ø

� ¡ ��¤ � �=��Ï�Ó�	Ô �,�=�©¡£¢N�8���5� � ���á�5�
�c�M� �k�s� �¢¡�£M² ¤ª¡±´µ¦ª¡�£E´µ¦ ¡�² ©0¹�²@¦ª£XÀU�ÙÀj² °x£E�c²@²U³E´µ¦ ¡�²LKM�M�M�N
ù¢ú *-����>@?A3l�Gû5�LS Y �1�5���-�ë:s3����;?A/z¢9�5?W��?[W
ü � ý � Ω ��������\���1� 5 ���1�"!(B�� IRn �ý|{ �|/8ÿ ý65 ��� { � ü�ý

v ∈ H1(Ω) ���\�!� ý q �
∆v ≥ 0 ���� Ω

wh�������
sup
Ω
v = sup

∂Ω
v.

ýëý|{ �|/c���1� {m£ �:&O���g�x� ý v �)��a,)���'� ý �'�'�x���� Ω þ=��X� ýsý �	��
 ý ��D� x0 ∈ Ω ����_PQ�+�
v(x0) = sup

Ω
v

ÿ�������� v = constante = v(x0) B!ÿ��z���Fÿ�,)�$�A&'���	ÿ��'�D�0,)���'�"��
��HB�� Ω PQ� ý ,)���'� ý ��'�l���=&'� ý �'� x0 �ä{¦�¾±¼h°�b·²¨PÃx¨�¦}°±¨�Ò¯¾�º�9Ä�¼�¹VÃ»³b°ar�®¸·²¶VÃ�¾�ÜxÏ a7¾±¯¹¯®²³¯Ü�¦}¾ OäZ # Q^çUafÓb¼hº�¾±Ùhµ�¦PZbØãÖ�Ò¯Ã»Ü�¦¬Ö'�I©¦}¨µafÓ¯¼}º�Ï¾±Ùhµ�¦âZbØãÖI�Ò¯Ã»Ü�¦�ÖIfZ9Ø y º�®¸¾�Ã»¯°�°±®9OÍÔxæ¯ç¯ÖpÔ # ç¯Ö # Z1QVÒ;º»¯¾v¹¯¦h°vÄ�¦}¾�°�®²º�³¯°ÈÒ¯·²¯°vÜ�¼}³¯¼h¾�Ã»·¸¦}°È¹b�Ò¯¾±®¸³¯½}®¸Ò;¦¹b/µ�Ãxª9®¸µèbµÛØ
r ¢�3-�1�!�t�f3 î¯¦h°�°�Ã��¦}¾�¹¯¦éÒ¯¾�º»bÄ�¦h¾�·¸¦�®²®ëLz¿�·^ÀÍÃ»®²¹¯¦�¹¯¦é·ÁÀÂ®¸³b¼hÜ�Ã�·²®ã¨�¼�¹¯¦H��Ã»¾±³VÃ»½)�HØ

�c�¼» �n¡9®¯®¿¡ ¤ ¡¶§ «c§ ¤ ¹R}c¹�§ª¹�©j¡�²U°�¡�§ª°x¡
�c3@?l?A3A�Gûà(TSF¤����;�9*-,�*U�9*-��3U6	�!3@���f3¥W
ü � ý � v ∈ C0(Ω) ∩H1(Ω) � ü�ý

∆v ≥ 1 B!ÿ��z� {v > 0} �� x0 ∈ ∂ {v > 0} þÕÿ��������
sup
Br(x0)

v ≥ r2

2n

ÖZ



B 2 �(PQ�'� Br(x0) ⊂ Ω �
Y ��3@�RV�34���¦�c3@?l?A3A�Gûà(Ú�º�®²¨
w(x) = v(x)− 1

2n
|x− x0|2

Ø�º�³/Ã
∆w ≥ 0 °�b¾

Br(x0) ∩ {v > 0} = ω.

®mLfÚ�º�®²¨
x0 ∈ {v > 0}

ØVÇ�·¸º»¾�°
sup
ω

w ≤ sup
∂ω

w
Ø�º�¾

∂ω = Γ1 ∪ Γ2
º�Æ

Γ1 = ((∂ {v > 0}) ∩Br(x0)) , Γ2 = ((∂Br(x0)) ∩ {v > 0}) .º�¾fº�³/Ã


















°�¯¾
Γ1 : w = − 1

2n
|x− x0|2 < 0

°�¯¾
Γ2 : w = v − r2

2n
.

Å©ÀËºfÆ
0 < v(x0) = w(x0) ≤ sup

Γ2

(

v − r2

2n

)

½�ÀË¦}°±¨�ÏL¿xÏ�¹¯®¸¾±¦
sup

∂Br(x0)

v ≥ r2

2n
+ v(x0).

®²®ëL�Î5Ã»¾é½}º�³)¨�®¸³)¯®²¨�¼»ç�º�³�º�¶b¨�®¸¦}³)¨é·¸¦�µ�ïhµ�¦£¾�¼h°±¯·²¨ZÃ�¨iÒ;º»¯¾
x0 ∈ ∂ {v > 0} ç§½h¦�«)¯®v¨�¦h¾±µ�®²³¯¦£·ñÃÒb¾�¦h9Ä�¦©¹¯/¥§¦}µ�µ�¦»Ø

�c�6� �k� �·£E³E°x�ÙÀU³M«c§ Ã¯£E� ®¿¡�²U¦×©0¡±¤ ¡¶£E�¯Äp©j«Ú§ÅÀU³E�©0¡T£E³ ¬ ©0¡
ù¢ú *-����>@?A3l�GûàR ]:�Wÿ`�Fÿ`�`�)������(B�� � � 5 �)�F���'�0J

|∂ {u = 0}| = 0.
¥§¦vafÓ¯¼hº»¾�Ùhµ�¦�Ö�Ø # °�¦}¾ZÃ�Ò¯¾�º»bÄ�¼©¿£·ñÃ¬àV³Û¹¯¦i½}¦i½PÓVÃ»Òb®²¨Z¾±¦»Ø

h¢������.t.�/G����3æ�Gû � � ÿ4��������� ý ���IB��.&O��� 5 � 2 �`�HB����FEf� 5 ��Xÿ�,���x\�!� ý q �
∆u = 1{u>0} ���� Ω.

J�Ö�ØãÖ�L
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Y ��3@�RV�34��� h¢������.t.�/G����3æ�Gû � Ø
º�³/Ã

∆u ∈ L∞(Ω) Ø�º�¾
∆u = 1

°�¯¾ {u > 0} ,
∆u = 0

°±¯¾ {u = 0}0 .Æ�¨
Ω\
(

{u > 0} ∪ {u = 0}0
)

= ∂ {u = 0} = ∂ {u > 0}«)¯®§¦}°±¨�¹b¦iµ�¦h°±¯¾�¦é³)¯·¸·²¦»çb¹�ÀÂºfÆÛ·¸¦�¾±¼h°�b·²¨PÃx¨BØ
¥NÃ�Ò¯¾±¦hbÄ�¦i¹¯bafÓ¯¼}º�¾�Ù}µ�¦�Ö�Ø # ¦}°±¨F¶VÃ»°�¼}¦i°�¯¾�·²¦

�c3@?l?A3A�GûàdTS6§ Y 3!
��ë
23b<c����.53�:s��6	��
��<V�3�¨�W
∃δ, r0 > 0, ∀x0 ∈ ∂ {u > 0} , ∀r ∈ (0, r0),

∃Bδr(y) ⊂ Br(x0), u > 0 ���� Bδr(y).

) 3U?æ/0������3A��ûàg�� �-&jÿ��1� ý ,��� ý ��i�Fÿ-��!3� ý ��� {u > 0} �"�:&'����R&jÿ���ÿ�\�� ý ��B��:&'� ý �'�D�)�0��(/c���1�`�B��m,�g�D&"�
Y ��3@�_V�34���¦�c3U?A?A3A��ûàd
º�³åÒ;º�°�¦

x0 = 0 ∈ ∂ {u > 0} Øxº�³ Ã
u(0) = 0

¦ ¨ ∇u(0) = 0
½hÃ»¾

0
¦h°�¨�µ�®¸³¯®²µ¬¯µ�¹¯¦

u
Øxº�¾

||D2u||L∞(Br0 (0))
≤ C0

¹�ÀËÃ»Ò¯¾�Ù}°�·²¦KafÓ¯¼}º�¾�Ù}µ�¦ # ØËæ¯ç;¹�ÀËº�Æ ¦h³ ¼}½h¾�®ãÄ�Ã»³�¨�Ò;º»¯¾�¨�º�b¨
ξ ∈ S

n−1 ¦}¨¨�º�b¨
y ∈ Br(0)

ÃpÄ�¦h½
r < r0

∇ξu(y) = ∇ξu(0) + |y|
∫ 1

0

D2
ξ, y
|y|
u(ty)dt

º»³Ûº�¶b¨�®¸¦h³�¨
||∇u||L∞(Br(0)) ≤ C0r.¥§¦i¥§¦hµ�µ�¦�¹¯¦é³¯º�³Û¹b¼hÜ�¼}³¯¼h¾±¦h°�½h¦h³¯½h¦�Ö�ØÍÔèÒ¯¾�º�9Ä�¦i«)¯¦

∀r < r0, ∃y ∈ ∂B r
2
(0), u(y) ≥ 1

2n

(r

2

)2

=
r2

8n
.

Æv³ÛÒVÃ»¾±¨�®¸½}¯·¸®²¦}¾hç9°�®
x ∈ Bδr(y)

ÃBÄ�¦h½
δ ≤ 1/2 ç¯º�³/Ã

|u(x)− u(y)| ≤ |x− y|||∇u||L∞(Br0 (0))

≤ (δr) (C0r)

= (C0δ) r
2.

Ô»Õ



Å©ÀËºfÆ
u(x) ≥ u(y)− C0δr

2

≥
(

1

8n
− C0δ

)

r2 > 0
°±®

δ < min

(

1

2
,
1

8nC0

)

½�ÀË¦}°±¨�ÏL¿xÏ�¹¯®¸¾±¦
u > 0

°�¯¾
Bδr(y)."=®¸³á¹b¦i·¸Ã£Òb¾�¦h9Ä�¦»Ø

��Ã�Ò¯Ò;¦h·²º�³¯°f·¸¦�¾�¼}°�¯·ã¨PÃ�¨�°±¯®²ÄxÃ»³)¨éî
�c3@?l?A3A�Gû q ü�ý

A ⊂ IRn �)��X���©��z���� 5 ���A�`�)���� ÿ 5 ���_þsÿ��������k&'������&O�)�)�QPQ�'�i�D�$��� x ∈ A þk���
ÿ

lim sup
r→0+

|Br(x) ∩ A|
|Br|

= 1 = lim inf
r→0+

|Br(x) ∩ A|
|Br|

.

Y ��3@�_V�34���¦�c3U?A?A3A��û qÇf¹¯µ�®¸°}çb½ íLØG"V¦h¹¯¦}¾�¦}¾�Oä'�æwQ�afÓ¯¼}º�¾�Ù}µ�¦iÔ9ØäIbØãÖ�Ö�ÒVÃ»Ü»¦£Ö,×�Z�J Ä�º�®¸¾�Ã»¯°�°±®cOä' # ç�Öp×�%1Q§Ò;º�b¾f¹¯¦}°�½hº�µ�Ò¯·²¼ Ïµ�¦h³�¨Z°�¦}³Û¨�Ó¯¼hº»¾�®¸¦�¹¯¦é·¸Ã£µ�¦h°±¯¾�¦éÜ�¼}º�µ�¼ ¨Z¾±®¸«)¯¦LlØ
Y ��3@�RV�34��� ù¢ú *-����>@?A3l�GûàR ØÚ�®�·¸Ã$µ�¦h°±¯¾�¦£¹b¦�¥§¦}¶;¦h°±Ü�¯¦�¹¯¦

∂ {u = 0} ¦h°�¨é³¯º�³!³)¯·¸·²¦»çâÃ»·²º�¾�°�®²·5¦lª9®¸°±¨�¦�Ã»!µ�º�®²³¯°�¯³!Ò;º�®²³)¨
x0 ∈ ∂ {u = 0}

¨�¦h·§«)¯¦
lim sup
r→0+

θr(x0) = 1

º�Æ
θr(x0) =

|Br(x0) ∩ ∂ {u = 0} |
|Br|

.

º�¾f¹�ÀËÃ»Ò¯¾�Ù}°F·¸¦�¥N¦}µ�µ�¦£Ö»Ø '9ç¯®²·�¦lªb®²°±¨�¦i¯³b¦i¶;º�b·¸¦
Bδr(y) ⊂ Br(x0) ∩ {u > 0}

ç¯¹�ÀÂºfÆ
|Br(x0) ∩ ∂ {u = 0} | ≤ |Br| − |Bδr|

½�ÀË¦}°±¨�ÏL¿xÏ�¹¯®¸¾±¦
θr(x0) ≤ 1−

|Bδr|
|Br|

= 1− δn

ä{º»³)¨Z¾�Ã»¹¯®²½}¨Z®²º�³�Ø

Ô9Ö



z { ó}|~�;þb�/ø ª

« ö��¦¬ �� |

� í �i¢N���¬¡ Ï�Ó�b���C®�� � �

�c�M� �k�s� �¢¡�£\¤ª¦°¯��ª¹�«s©j9®¿¡±¤n¥G�;²@°x«c£E³�Kc¯�� ¹�«c©j9®¿¡±¤ª¡±°x«Ú®Ò�·�c°�³ ÀU¹@N
ù¢ú *-����>@?A3l�Gû5�LS ùKú *-����>@?A3B�cD²±ã62�f��.t�Ú:s�����+.53@6\V¼������
�������6 ú_³ .t�9*@�1��3@���93@6�W
ü � ý � Ω ⊂ IRn ��������\���� <c���1�9* þ`�� α ∈ (0, 1] � ü � ý � (un)n∈IN ���"���� ý ���©B��m/c���",� ý ���z�\�!� ý q ÿ��'�kJ

|un|α;Ω ≤ C0 ���)�� ý �Ûÿ�� ý ���Wÿ�&O� ý ��� ý|{ .
wh������� ý �@��
 ý ��D�����"�i�����u�´3�� ý ��� (unk)k �� u∞ ∈ C0,α(Ω) þ�\�!� ý q ÿ��'�

|u∞|α;Ω ≤ C0,

||unk − u∞||L∞(Ω) −→k→+∞ 0.

Y ��3@�_V�34��� ùKú *-����>@?A3A��û5� ØäzíLØ $ ¾�¦}ßh®¸°�O # ×�Q9afÓb¼hº�¾±Ùhµ�¦iÑ y Ø Ô�æ�ÒVÃ»Ü�¦�'�Ô�J�Ä�º�®²¾�Ã»¯°±°�®NÆvÄxÃ»³¯°¢Oä'�Ô�QëLlØ

�c�¼» �k�s� �¢¡�£\¤ª¦¨� ©0«s¬·£E9®¿¡±¤ª¡±£8¥�«s¬·²!ÀU�c°x£E¡¶²U¦×©
Ω























∆u = 1
°±¯¾ {u > 0}

u ≥ 0 °�¯¾
Ω

||D2u||L∞(Ω) ≤ C0.

J�Ö�ØãÖ�L
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�c�6� µ©�ª�c§h}Ú¡9®¿¡�§ÅÀ ¤n¥�¹�°¥�ª¡�£E£E¡T¡xÀ ¬·£E«b¶��1¦×�
Z *!i=���ë
��5��� �Gû ( ]:�Wÿ&g&'��<��� 5 ����·X´D��&©B�� u �� X0 �Fÿ.�� ý �D�0B��l/c���",� ý ���z� uεnX0

B�! q � ý �)�:&jÿ��HJ
uεnX0

(X) =
u(X0 + εnX)

ε2n

&'����� εn → 0 �
Æv³åÒVÃ»¾±¨�®¸½}¯·¸®²¦}¾hç¯º�³/¾�¦}µ`Ã»¾±«)¯¦©«)¯¦©Ò;º�¯¾�¨�º�b¨

X0 ∈ Ω
¦ ¨�Ò;º�b¾F¨�º�b¨�½}º�µ�ÒVÃ»½}¨

K
¹¯¦

IRn
ç·¸Ãèí�º»³¯½}¨�®¸º�³

uεnX0

¦h°±¨F¶¯®²¦h³Û¹b¼}àV³¯®²¦é°�¯¾
K
çVÒ;º»¯¾

n
Ã�°�°�¦}ß©Ü»¾ZÃ»³¯¹âØ

¥§º�¾�°±«�b¦�½h¦}·ñÃéÒ;¦h¾�µ�¦ ¨�¨Z¾�Ãi¹âÀÍÃ»·²·¸¼}Ü�¦h¾v·²¦h°È³¯º»¨ZÃ�¨Z®²º�³¯°È°�Ã»³¯°1®¸³�¨Z¾�º�¹¯b®¸¾�¦�¹�ÀÍÃ�µ£¶b®¸Ü�b®²¨�¼»ç»º�³�³¯º�¨Z¦h¾�Ã°±®¸µ�Ò¯·¸¦}µ�¦h³�¨
ε = εn, uε = uεnX0

.Æv³ÛÒVÃ»¾±¨�®¸½}¯·¸®²¦}¾�º�³/Ã
D2uε(X) =

(

D2u
)

(X0 + εX)¹âÀËºfÆ
||D2uε||L∞ = ||D2u||L∞ ≤ C0

¦ ¨
uε

Ä�¼}¾�®ãàV¦BJLÖ�ØãÖ�L�°±¯¾ Ω−X0

ε

Ø7Ú9®v¹¯¦�Ò¯·¸b°
X0 ∈ ∂ {u = 0} çNÃ�·¸º�¾±° u(X0) = ∇u(X0) = 0¹bº�³¯½

uε(0) = ∇uε(0) = 0.º�¾f°�®
Y = |Y |e çV¦ ¨ e, ξ ∈ S

n−1 çVÃ»·¸º�¾±°

ξ · ∇uε(Y ) = ξ · ∇uε(0) +
∫ |Y |

0

dt D2
ξ,eu

ε(0 + te)

¦ ¨
uε(Y ) = uε(0) +

∫ |Y |

0

ds e · ∇uε(se)

= 0 +

∫ |Y |

0

ds

∫ s

0

dt D2
e,eu

ε(0 + te).

Å©ÀËºfÆ

∀Bεr(X0) ⊂ Ω,























































||D2uεX0
||L∞(Br(0)) ≤ C0

||∇uεX0
||L∞(Br(0)) ≤ C0r

||uεX0
||L∞(Br(0)) ≤ C0

r2

2

sup
Br(0)

uεX0
≥ r2

2n
.

J�Ö�ØÍÔfL
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Y ����:c��62�ë
������ �Gû R¸Sîh¢��?æ:�/G�!�ë
*��93@6Û<�.5�@]\^_�9:XW� �¼ÿ��'�CB����'�"!(���"�(�c�$�¹��� ý ��� u B��`���g�<� { ��:��� 5 ����·X´D��& uεnX0
\�!� ý q ÿ��'�i���g��º { þC���v&'����:�»������\������"�X/c���",� ý ��� u0X0

: IRn −→ IRn \�!� ý q ÿ��'�a���g�<� { ���� IRn ��h���g��º { þd����_PQ�'� 0 ∈ ∂ {u0X0
= 0

} þ
������"�x�����u�´3�� ý �D� (uεnkX0

)k ����<���(PQ�+�=&'�������������a,)���A&jÿ�,� K B�� IRn þ=���Wÿ
|uεnkX0

− u0X0
|1;K −→k→+∞ 0.

) 3U?æ/0������3A��û � � ÿ`/c���",� ý ��� u0X0
�)��\ÿ&g&'���!)�����"�¼� ý � ý ����B�� 5 ����·X´D��& uεnX0

��½k��»�D�¾� ý � ý �D��"Ef�)���&jÿ��x�"!),)!)�)�	ÿ ý ����`��'�d��� ý PQ�'�(Jl��<���HB�!D&'��OBNÿ�&O� ý ��� ý B���,)9'� ý 
�B����Fÿ������g�´3�� ý �D�m��
>�6� ÿ ý �D�Q�
Y ��3@�_V�34�93C.�/ Y ����:s��6	��
��ë��� �GûàRÆ�¨ZÃ»³)¨v¹¯º»³¯³¯¼fb³�¾ZÃ2��º�³

R > 0
àbª9¼»ç�º»³�Ã�·ÁÀÂ¦h°�¨Z®²µ`Ã�¨�®²º»³ãJ�Ö�ØÍÔfL7°�b¾

BR(0)
Ø»Å¬ÀÍÃ�Ò¯¾�Ù}°È·²¦ÕafÓ¯¼hº�¾±Ùhµ�¦¹âÀËÇ�°�½hº»·¸®Áç§º�³�Ò;¦hb¨©¨Z¾±º�bÄ�¦}¾¬b³¯¦�í�º»³¯½}¨�®¸º�³!í�º�³¯½ ¨Z®¸º»³�·¸®²µ�®S¨Z¦

u0
¦}¨¬¯³b¦`°±º�¯°�Ï�°�¯®ã¨Z¦�½}º�³)Ä�¦}¾�Ü�¦}³)¨Ä�¦}¾�°

u0
°±¯¾

BR(0)
Ø

º�³�Ò;¦hb¨éíDÃ»®²¾�¦è·¸¦£¾ZÃ�®¸°�º»³¯³¯¦hµ�¦h³�¨iÃpÄ�¦}½�¯³¯¦�°�¯®ã¨Z¦£¹¯¦�¾�Ã��º»³¯°
R
½}¾�º�®²°�°�Ã»³)¨�Ä�¦h¾�°i·^ÀË®²³bàV³¯®^ç4¦}¨Ò¯Ã»¾vb³�Ã�¾�Ü�¯µ�¦h³�¨v¹�ÀÂ¦ ª�¨Z¾�Ã»½}¨�®¸º�³£¹¯®ñÃ»Ü»º�³VÃ»·²¦»çxº�³�Ò;¦}b¨1µ�º�³�¨Z¾�¦}¾�«)�ÀÂ®¸·b¦ ª9®¸°�¨Z¦f¯³¯¦f°�º�b°�Ït°±¯®²¨�¦�¨Z¦h·²·¸¦«)¯¦

∀R > 0, |uεnk − u0|1;BR(0) −→k→+∞ 0.Æv³åÒVÃ»¾�¨Z®¸½}¯·¸®²¦}¾
u0

°�Ã�¨Z®²°±íDÃ»®ã¨KJLÖ�Ø Ô�L çH¹�ÀÂºfÆ
0 ∈ ∂ {u0 = 0} Ø4Å�¦©Ò¯·¸b° u0 °ZÃx¨Z®¸°�íDÃ»®²¨¢J�Ö»Ø²Ö�L�½BÃ»¾

uεnk°�Ã�¨Z®²°±íDÃ»®ã¨�JLÖ�Ø²ÖL ØV¥NÃ�°±¦h¯·²¦é½lÓbº�°�¦©¿èÄ�¼h¾±®²àV¦}¾�¦h°±¨F«)¯¦
∆u0 = 1

°±¯¾ {

u0 > 0
}

.
J�Ö�Ø # L

Y ��3@�_V�34�93[S	�GûàR¿WÚ�º�®²¨
Y0 ∈ {u0 > 0}

ç)¹¯º»³¯½
u0(Y0) > 0

Ø�Ç�®¸³¯°±®Áç�ÒVÃ»¾1½}º�³)¨�®¸³�b®²¨Z¼�¹¯¦
u0
ç)®¸·V¦lªb®²°±¨�¦

δ > 0
¨�¦h·²·¸¦�«)¯¦

u0(Y ) ≥ 1

2
u0(Y0) > 0

°±¯¾
Bδ(Y0).

º�¾
uεnk

¨Z¦}³¯¹$Ä�¦}¾�°
u0
¯³¯®ãí�º�¾�µ�¼hµ�¦}³)¨z°�b¾�·²¦h°{½}º�µ�ÒVÃ»½}¨�°{¹¯¦

IRn
Ø9Ç�®¸³¯°±®4Ò;º�b¾z¨Zº�9¨

η > 0
ç�º�³Ã

|uεnk − u0| ≤ η
°�b¾

Bδ(Y0)

Ò;º»¯¾
k
Ã»°±°�¦}ß©Ü»¾ZÃ»³¯¹âØVÇNÄ�¦h½i·¸¦�½PÓ¯º»®ãª

η =
u0(Y0)

4

ç¯º�³Ûº�¶b¨�®¸¦}³)¨�¦}³/ÒVÃ�¾±¨Z®²½h¯·²®²¦h¾
uεnk ≥ η > 0

°±¯¾
Bδ(Y0).Å©ÀËºfÆ

∆uεnk = 1
°±¯¾

Bδ(Y0).Æ�¨FÒVÃ�¾�ÒVÃ�°�°ZÃ�Ü�¦©¿£·ñÃè·¸®²µ�®ã¨�¦�¹VÃ»³b° D′(Bδ(Y0))
ç¯º�³/Ã

∆u0 = 1
°�b¾

Bδ(Y0).

"=®¸³á¹b¦iÒb¾�¦h9Ä�¦»Ø
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z { ó}|~�;þb�/ø À

Á �Ò�/ý � ö�ø ùúø ý � � � þb� � ��ø

� Â �i�5� � � � Ï� � �¬¡ã�é¢9�¬¡� �
ù¢ú *-����>@?A3l�Gû5�LS e����1?W��.�3B�934?A�����G
������3¥W
ü � ý � u ���"�a��������� ý ���¼B���&O��� 5 � 2 �`�hB��C�FEf� 5 ��¼ÿ�,�?�H���g�<� { ���� Ω þl�� X0 ∈ Ω �D��¿PQ�'� Br0(X0) ⊂⊂
Ω � ü � ý �

Φu,X0
(r) :=

1

rn+2

∫

Br(X0)

1

2
|∇u|2 + u− 1

rn+3

∫

∂Br(X0)

u2.

wh������� Φu,X0
∈ C1((0, r0]) ��

d

dr
(Φu,X0

) (r) =
1

rn−2

∫

∂Br(X0)

∣

∣

∣

∣

er · ∇
(

u(X)

|X −X0|2
)∣

∣

∣

∣

2

≥ 0

��j er = X −X0

|X −X0|
� � �-&jÿ��� ý ,��� ý ��_þl�FE ÿ&g&O� ý , ÿ�� ý ��� r 7−→ Φu,X0

(r) �)��=,�)� ý �)�	ÿ��'�D�Q�
Y ��3@�_V�34��� ùKú *-����>@?A3A��û5� ØÎ=º»°�º�³¯°

X0 = 0
ØHÚ9º�®ã¨



















Ψu(r) =
1

rn+2

∫

Br

1

2
|∇u|2 + u

uε(X) =
u(εX)

ε2
.Ç�·¸º�¾±°fº�³/Ã£·ÁÀÂ®¸³�Ä�Ã»¾±®ñÃ�³¯½}¦�ÒVÃ�¾�°�½hÃ»·²®¸³¯Ü

Ψuε

(r

ε

)

= Ψu(r).

Å�º�³¯½
d

dε

{

Ψuε

(r

ε

)}

|ε=1
= 0

½�ÀË¦}°±¨�ÏL¿xÏ�¹¯®¸¾±¦
−r d

dr
(Ψu) +

d

dε
{Ψuε(r)}|ε=1 = 0.

Ô�×



º�¾
d

dε
{Ψuε(r)}|ε=1 =

1

rn+2

∫

Br

∇u · ∇U + U

º�Æ
U =

d

dε
(uε)|ε=1 = X · ∇u− 2u.

Å©ÀËºfÆ
d

dr
(Ψu) (r) =

1

rn+3

{∫

Br

U(−∆u+ 1) +
∫

∂Br

U∇u · ν
}

.

º�¾
U(−∆u+ 1) ≡ 0½hÃ»¾







−∆u+ 1 = 0 °�®
u > 0

U = 0
°±®

u = 0.Ñt½}®�¨Zº�b¨�¦h°�·¸¦}°�¹¯¼}¾�®ãÄ�Ã�¨�®¸º�³¯°�°�º�³�¨�Ê±¯°±¨�®²àV¼}¦h°F½hÃ»¾
D2u ∈ L∞loc(Ω)

ØVÅ¬ÀËº�Æ
d

dr
(Ψu) (r) =

1

rn+3

∫

∂Br

(

r
∂u

∂r
− 2u

)

∂u

∂r
.

Ú�º�®²¨
w =

u

r2
Ø¯Ç�·²º�¾�°

∂u

∂r
= 2rw + r2

∂w

∂r
,

r
∂u

∂r
− 2u = r3

∂w

∂r
.

Å©ÀËºfÆ
d

dr
(Ψu) (r) =

1

rn+3

∫

∂Br

r3
∂w

∂r

(

2rw + r2
∂w

∂r

)

= I +
1

rn−2

∫

∂Br

∣

∣

∣

∣

∂w

∂r

∣

∣

∣

∣

2

.

Ô�%



º�ÆÛº�³/Ã
I :=

1

rn−1

∫

∂Br

∂(w2)

∂r

=
1

rn−1

∫

θ∈∂B1

rn−1
∂(w2(r, θ))

∂r

=
d

dr

{∫

θ∈∂B1

w2(r, θ)

}

=
d

dr

{

1

rn−1

∫

∂Br

w2
}

=
d

dr

{

1

rn+3

∫

∂Br

u2
}

.

Å©ÀËºfÆ
d

dr
{Φu,0(r)} =

1

rn−2

∫

∂Br

∣

∣

∣

∣

∂w

∂r

∣

∣

∣

∣

2

.

ÃBÄ�¦h½
Φu,0(r) = Ψu(r)−

1

rn+3

∫

∂Br

u2.

"=®¸³á¹b¦iÒb¾�¦h9Ä�¦»Ø

È ê �����}�}�µÔ�¢N�	�¬¡ Ô � Ê ���8�C®�� � �
ù¢ú *-����>@?A3C(�û5�LSF����?A��,�*@��*@�ë
*��93@6N.5�5?l�m
23@6\��3B<�.5�@]o^p�9:lW
ü � ý � X0 ∈ ∂ {u > 0} �� u0X0

���"�`� ý � ý �D�vB�� 5 ����·X´D��&Ã�� X0 ��wh�����)� u0X0
�)��C9'���`�F� 2 �"�`B��B��3����! 2 þ=,'Ef�)��6´ e ´ÄB ý ���

u0X0
(λX) = λ2u0X0

(X) &'�������D����� λ > 0

��
Φu0

X0
,0(r) = constante = lim

ρ→0+
Φu,X0

(ρ).

Y ��3@�RV�34��� ù¢ú *-����>@?A3C(�û5� ØÚ�º�®²¨
uεX0

(X) =
u(X0 + εX)

ε2
.

Ç�·¸º�¾±°fÒ;º�¯¾f¯³¯¦é°�º�¯°LÏt°�b®²¨Z¦é¦lª�¨Z¾ZÃ�®²¨Z¦�º�³ÛÃ�·ñÃè½hº»³)Ä�¦}¾�Ü�¦}³¯½h¦©°�b®²Ä�Ã�³)¨Z¦é¹VÃ�³¯°
C0,1loc (IR

n)
î

u
εnk
X0
−→ u0X0

Ôf'



¦ ¨FÒVÃ»¾f½hº�³b°�¼h«)¯¦}³)¨�¿
r > 0

àbª9¼»çHº�³ÛÃ
Φ
u
εnk
X0

,0
(r) −→ Φu0

X0
,0(r).

º�¾f¹�ÀËÃ»Ò¯¾�Ù}°F·ÁÀÂ®²³)Ä�Ã»¾±®¸Ã»³¯½}¦�¹âÀË¼}½lÓ¯¦}·¸·²¦éº�³ÛÃ
Φ
u
εnk
X0

,0
(r) = Φu,X0

(εnkr)

−→ constante = Φu,X0
(0+) := limρ→0+ Φu,X0

(ρ).

Ñt½}®b·¸Ã�·¸®¸µ�®ã¨�¦
Φu,X0

(0+)
¦lª9®¸°±¨�¦�¹�ÀËÃ»Ò¯¾�Ù}°�·ñÃ�µ�º�³¯º»¨�º�³¯®¸¦1¹¯¦

ρ 7−→ Φu,X0
(ρ)

Ø»Å�¦�Ò¯·¸b°5½h¦}¨±¨Z¦�·¸®²µ�®S¨Z¦¦}°±¨�àV³¯®²¦é½hÃ»¾�º�³/Ã£·¸¦}°�¶;º�¾±³¯¦h°�°�¯®ãÄ�Ã»³�¨Z¦}°F°�¯¾
u
î























||D2u||L∞(Br(X0)) ≤ C0

||∇u||L∞(Br(X0)) ≤ C0r

||u||L∞(Br(X0)) ≤ C0
r2

2½}¦i«)¯®§Ü�Ã»¾�Ã»³�¨Z®²¨�«�b¦iÒ;º�¯¾f¨�º�b¨
ρ
º�³/Ã
Φu,X0

(ρ) ≥ −C1 > −∞.

Å©ÀËºfÆ
Φu0

X0
,0(r) = constante = Φu,X0

(0+).
º�¾

d

dr

(

Φu0
X0
,0

)

(r) =
1

rn−2

∫

∂Br(0)

∣

∣

∣

∣

∂

∂r

(

u0X0
(X)

|X|2
)∣

∣

∣

∣

2

.

Å©ÀËºfÆ u0X0
(X)

|X|2
³¯¦é¹¯¼hÒ;¦}³¯¹å«)¯¦i¹b¦

θ =
X

|X|
ç¯½»ÀÂ¦h°�¨±ÏL¿,Ït¹¯®²¾�¦

u0X0
(X) = |X|2w

(

X

|X|

)

"=®¸³á¹b¦iÒb¾�¦h9Ä�¦»Ø

h¢������.t.�/G����3B(�ûà( � Ef��z���� 5 ��� {u0X0
= 0

} �)��k����,)���"�Q�
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ù¢ú *-����>@?A3l�Gû5�LSF�Ú�5���_V��t.5.ë3¥W �ü � ý � v \�!� ý q ÿ��'�







∆v = 0 ���� IRn

||v||L∞(IRn) ≤ C.

wh������� v = constante �
Y ��3@�_V�34��� ùKú *-����>@?A3A��û5� ØÚ�º�®²¨

m = infIRn v > −∞ ¦}¨
w = v −m

ØVÇ�®¸³¯°±®






















∆w = 0
°�¯¾

IRn

w ≥ 0 °±¯¾
IRn

infIRn w = 0.

Ç�·¸º�¾±°f¹�ÀËÃ»Ò¯¾±Ùh°F·^ÀË®²³¯¼hÜ�Ã»·²®ã¨�¼�¹�ÀÉ��Ã�¾�³VÃ»½)�$º�³/Ã
0 ≤ sup

Br

w ≤ CH inf
Br

w.

º�¾
infBr w −→ 0

·¸º�¾±°�«)¯¦
r −→ +∞ ç9¹âÀËºfÆ

supBr
w −→ 0

¦}¨
supIRn w = 0

½}¦�«)¯®â®²µ�Ò¯·²®ã«)¯¦«)¯¦
w ≡ 0 çV½�ÀË¦}°±¨�ÏL¿xÏ�¹¯®¸¾±¦ v = m = constante

Ø

h¢������.t.�/G����3æ�Gûà(Ìü�ý �Fÿ-�`�)������HB��x�FEf��z���� 5 ��� {u0X0
= 0

} �)��l�'���<���_þÅÿ�������� ý �b��
 ý ����x���"���Ûÿ�´�6� ý ,)� Q þkB��H�6;1&'� n× n \�!� ý q ÿ��'�l�»� ÿ�,)� (Q) = 1 �� Q ≥ 0 þl����<���(PQ�+�
u0X0

(X) =
1

2
tX ·Q ·X.

Ô�I



Y ��3@�_V�34��� h¢���1��.5.5/0����3æ�Gû ( Ø
º�³Û³bº»¨Z¦

u0 = u0X0

ØVÎÈb®¸°�«)¯¦i·¸Ã£µ�¦h°±¯¾�¦é¹¯¦i¥§¦h¶;¦}°�Ü�b¦©¹¯¦ {
u0X0

= 0
} ¦h°±¨F³�b·¸·¸¦�çbº�³/Ã

∆u0 = 1
°�¯¾

IRn.

Ú�º�®²¨
ξ, ζ ∈ S

n−1 çV¦ ¨ v = D2
ξ,ζu

0 ØVÇ�·¸º�¾±°






∆v = 0
°�¯¾

IRn

||v||L∞(IRn) ≤ C0.Å©ÀÍÃ»Òb¾�Ùh°�·²¦�afÓ¯¼}º�¾�Ù}µ�¦Û¹¯¦/¥§®¸º�bÄ�®²·¸·ã¦»ç5º�³dÃ
v = constante

Ø1Ú9º�®ã¨�µ�Ã»®²³)¨Z¦}³VÃ»³�¨
X ∈ IRn

¦}¨
φ(t) = u0(tX)

ØVÇ�®¸³¯°±®§º»³/Ã

φ(t) = φ(0) + tφ′(0) +

∫ t

0

ds

∫ s

0

dα φ′′(α)

Å©ÀËºfÆÛ¯³¯¦é¼}ÄxÃ»·¸VÃx¨Z®¸º»³á¦}³
t = 1

¹bº�³¯³¯¦

u0 = 0 + 0 +

(∫ t

0

ds

∫ s

0

dα

)

D2
X,Xu

0

=
1

2
tX · (D2u0) ·X.

"=®¸³á¹b¦iÒb¾�¦h9Ä�¦»Ø

�c�M� µ7£E�c²U²@³DÊ·°x�ÙÀU³E«c§ ¡�§¸¤ ³ ®¿¡�§ ²U³E«c§ »
Å¬ÀËÃ»Ò¯¾�Ù}°1·²¦f¾±¼h°�b·²¨PÃx¨È¹�ÀÂÓ¯º�µ�º�Ü�¼}³¯¼h®ã¨Z¼vJ5afÓ¯¼}º�¾�Ù}µ�¦�Ô�Ø²Ö�Llç»¨�º�b¨�¦�·²®¸µ�®S¨Z¦{¹¯¦f¶¯·¸º`�Ït¯Ò£¦h³�¹¯®²µ�¦}³9Ï°±®¸º�³
n = 2

°}ÀË¼}½h¾±®²¨
u0(X) = r2g(θ),

ÃpÄ»¦h½
r = |X|, θ =

X

|X|
¦ ¨F¾ZÃ»ÒbÒ;¦h·¸º»³¯°�«)¯¦

u0
Ä»¼h¾�®ãàV¦






















∆u0 = 1{u0>0}

°±¯¾
IR2

u0 ≥ 0

u0 ∈ C1(IR2), ||D2u0||L∞(IR2) ≤ C0.

º�¾f·ÁÀÂº�Ò;¼}¾ZÃ�¨Z¦}¯¾f¹¯¦i¥NÃ»Ò¯·¸Ã»½h¦�°}ÀË¼}½h¾�®ã¨F¦h³Û½hº�º»¾�¹¯º�³b³¯¼h¦}°�Ò;º�·¸Ã»®²¾�¦}°�î

∆ =
1

r

∂

∂r

(

r
∂

∂r

)

+
1

r2
∂2

∂θ2
.

# Õ



ä{¦}·ñÃ£¹¯º�³¯³b¦©ÃBÄ�¦h½
θ ∈ S

1 = [0, 2π)periodique = IR\2π Ë






















4g(θ) + g′′(θ) = 1{g>0}
°±¯¾

S
1

g ≥ 0

g ∈ C1(S1), ||g′′||L∞(S1) ≤ C0.¥N¿£ºfÆ
g > 0

çV·²¦h°f°�º�·²b¨Z®²º�³¯°�¦ ª9Ò¯·²®¸½}®²¨Z¦}°f°�º�³�¨

g(θ) = A cos(2(θ − θ0)) +
1

4
.

Î=º»°�º�³¯°
θ0 = 0

çV·¸¦}°�Ã»9¨Z¾�¦}°F°�º�·²b¨Z®²º�³¯°f°hÀÂº�¶b¨�¦h³VÃ»³�¨�Ò¯Ã»¾f¨Z¾ZÃ�³¯°�·¸Ã»°±¨Z®²º�³á¦}³
θ
Ø���¯®ã¨�¨Z¦é¿�½PÓVÃ»³bÜ�¦h¾

θ¦}³
θ + π

2

çVº»³ÛÒ;¦hb¨F°�bÒ¯Ò;º�°�¦}¾�«)¯¦
A ≥ 0 Ø�º�³ÛÃ�Ã»·²º�¾�°{¨Z¾±º�®¸°�½BÃ»°}Ø

h¢/G6b� Ì
0 ≤ A < 1

4Ç�·¸º�¾±°
g > 0

°�¯¾
S
1 çV½}¦h·¸Ã£í�º�b¾�³¯®ã¨�b³¯¦i°±º�·¸9¨Z®¸º»³�Øh¢/G6N(ÍÌ

A > 1
4Ç�·¸º�¾±°

g > 0
°�¯¾�·^ÀË®²³)¨�¦h¾±ÄxÃ»·¸·ã¦

(−θ1, θ1)
ç�ÃBÄ�¦h½

θ1 ∈ (0, π/2)
Ø�Å¬ÀËº�Æ

g′(θ1) 6= 0
Ø§ä{º�³�¨Z¾ZÃ�¹¯®²¨�®¸º�³ÃBÄ�¦h½é·¸¦�íDÃ»®ã¨f«)¯¦

g
¦h°±¨FÒ;º�°�®ã¨Z®ãÄ�¦�¦}¨

C1
ØVÑt·§³âÀ �áÃ£¹¯º�³¯½éÒVÃ»°�¹¯¦é°±º�·¸b¨�®¸º�³b°hØ

h¢/G6NRÍÌ
A = 1

4Ç�·¸º�¾±°fº�³/Ã
g(θ) =

1

4
(cos(2θ) + 1) =

1

2
cos2(θ)

·¸¿£º�Æ
g > 0.

Ç�®¸³¯°±®§·¸Ãèí�º»³¯½}¨�®¸º�³á°±¯®²ÄxÃ»³)¨�¦é¦h°�¨�¯³¯¦é°�º»·¸b¨�®¸º�³

g0(θ) =







1
2
cos2 θ

°±®
θ ∈ (−π/2, π/2)

0
°±®¸³¯º�³

.

Å©ÀËºfÆâçHº»Û¶¯®¸¦}³
g(θ) = g0(θ)º»Û¶¯®¸¦}³

g(θ) = g0(θ + π)½}¦i«)¯®§¦h°�¨�·¸Ã£µ�ïhµ�¦�°±º�·¸b¨�®¸º�³á¿è¨Z¾�Ã»³¯°�·¸Ã�¨�®¸º�³$Ò¯¾�Ù}°F¦h³
θ
ç¯º�Û¶¯®²¦h³

g(θ) =
1

2
cos2 θ

h¢�����!.t��62�����Ç ¨Z¾�Ã»³¯°±·ñÃ�¨�®¸º�³�Ò¯¾±Ùh°`°�¯¾
θ
ç1®^ØË¦�Øz¿�¾�º»¨ZÃ�¨Z®²º�³	Òb¾�Ùh°`¹¯¦}°`í�º�³b½}¨Z®²º�³¯°}ç1º�³	¨Z¾�º»bÄ�¦å¹¯¦h�ªd¨ ��Ò;¦h°$¹¯¦°±º�·¸9¨Z®¸º»³¯°hçb¹¯¼ àV³¯®¸¦}°FÒ;º�b¾f¨Zº�9¨

X = (x1, x2) ∈ IR2
Ò¯Ã»¾

u0(X) = r2g0(θ) =











1

2
x21

°�®
x1 ≥ 0

0
°±®

x1 ≤ 0
# Ö



º�ÆÛ¶¯®¸¦}³/ÃBÄ�¦h½
0 ≤ A ≤ 1

4

î

u0(X) = r2
(

A cos(2θ) +
1

4

)

=
1

2
tX ·Q ·X

º�Æ
Q =





1
2
+ 2A 0

0 1
2
− 2A



 ≥ 0 ç
ÃBÄ�¦h½�¨Z¾ZÃ»½}¦é¼hÜ�Ã»·¸¦é¿

1
Ø

�c�¼» ¯��ª¹�«s©09®¿¡Î}c¹�§ ¹�©0�c£\¤ ¡¶°�£M�c²@²U³DÊª°x�ÙÀU³E«Ú§ ¤ª¡�² £E³ ®¿³XÀU¡�² ¤ª¡ ¬·£E«b¶���¦ �
º�³ÛÒ¯¾�º»bÄ�¦éíDÃ»½}®¸·²¦hµ�¦h³�¨f·¸¦�¾±¼h°±¯·²¨ZÃ�¨�°�¯®ãÄ�Ã»³�¨

�c3@?l?A3A�GûàRÌü � ý � α = α(n) �Fÿ�,)���z��¼ÿ>�¥���(B�! q � ý �:&jÿ��
α = Φu0

1
,0(1)

��j
u01(X) =











1

2
x21 � ý x1 ≥ 0

0 � ý x1 ≤ 0.
wh������� α > 0

º�³/Ã�ÒVÃ�¾FÃ»®²·¸·ã¦h¯¾±°f·²¦
�c3@?l?A3A�Gû �¿ü � ý � Q ���"�m�Ûÿ��6� ý ,)� n × n �;��`!�»� ý PQ�'�_þ=B��0�»� ÿ�,)�4!3�!ÿ���� e �g�bwh�������h&'�����(�������
r > 0 þ=���7ÿ

Φv,0(r) = 2α ÿ�\��), v(X) =
1

2
tX ·Q ·X.

Y ��3@�RV�34���¦�c3@?l?A3A�Gû �Î5Ã�¾�®¸³�Ä�Ã»¾±®ñÃ»³b½h¦�Ò¯Ã»¾�¹¯®²·ñÃx¨PÃ�¨�®²º»³¯°�º�³ÛÒ;¦}b¨F¾ZÃ»µ�¦h³¯¦}¾�·²¦�½BÃ�·¸½hb·NÃ�Û½BÃ»°
r = 1

Ø¯Ç�®²³¯°�®
Φv,0(1) =

∫

B1(0)

1

2
|∇v|2 + v −

∫

∂B1(0)

v2

=

∫

B1(0)

−1
2
v∆v + v −

∫

∂B1(0)

(

v2 − 1

2
v
X

|X| · ∇v
)

=

∫

B1(0)

1

2
v

=

(∫

B1(0)

1

2
x21

) ¨Z¾ZÃ�½h¦
(Q)

= 2α

# Ô
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∆v = 1

¦ ¨©·^ÀËÓbº�µ�º»Ü�¼h³b¼h®²¨�¼è¹�ÀÂº�¾�¹b¾�¦�Ô¹¯¦
v
«�b®vÄ�¼}¾�®²à¯¦�Ã�·¸º�¾±°�·ñÃ$¾�¦h·¸Ã�¨Z®²º�³¹âÀÍÆv¯·²¦h¾iî

X · ∇v = 2v çV½h¦}½h®7¼}·¸®²µ�®ã³VÃ»³�¨�·²¦�¨Z¦}¾�µ�¦i¹¯¦i¶;º�¾±¹�Ø;¥NÃ�«)VÃx¨Z¾�®²Ùhµ�¦é·¸®²Ü�³¯¦�°}ÀËº�¶9¨Z®¸¦}³)¨F¦h³¹b®ñÃ»Ü�º»³VÃ»·²®²°�Ã»³)¨z·ñÃ¬µ�Ã�¨�¾�®²½h¦
Q
¦h³¶VÃ»°±¦�º�¾�¨ZÓ¯º�³bº�¾�µ�¼h¦�Ø¯ä{¦h½h®â¨�¦h¾±µ�®²³¯¦�·¸Ã¬Ò¯¾±¦hbÄ�¦�¹¯á¥N¦}µ�µ�¦¬Ö�ØÂæ¯Ø

Îv·¸¯°�Ü�¼}³¯¼h¾�Ã»·¸¦}µ�¦}³)¨hç4b¨�®¸·²®²°ZÃ»³�¨�¹¯¦h°�Ã»¾±Ü�¯µ�¦h³�¨Z°�¹¯¦©¨E��Ò;¦èÒ¯¾�®²³¯½h®²Ò;¦¬¹b µ�Ãxª9®¸µè¯µáçHº�³´Ò;¦h9¨½}·ñÃ»°±°�®ãàV¦h¾f·¸¦}°�°±º�·¸9¨Z®¸º»³¯°fÓbº�µ�º»Ü�Ùh³¯¦}°�¹¯¦é¹¯¦}Ü�¾�¼©Ô£¹b¦






















∆u0 = 1{u0>0}

u0 ≥ 0

||D2u0||L∞(IRn) ≤ C

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

¹VÃ»³b°
IRn.

¦ ¨F¦h³Û¹¯¼h¹b¯®¸¾±¦é·¸¦�¾±¼h°�b·²¨PÃx¨F°±¯®²ÄxÃ»³)¨éî
ù¢ú *-����>@?A3l�GûàdTS ùKú *-����>@?A3¢�93¢
1Ï�:s30�Ú�5���RV9�t.5.ë3Oo@�!.�/G6262�ëi=�!/U
������b�93@6×.5�t?A�m
3@6Õ��3¢<=.��U]\^
�9:XW
ü � ý � u ���"�x��������� ý ���Wÿ��.&O��� 5 � 2 �`�HB��H�FEf� 5 ��¼ÿ�,���m�� X0 ∈ {u > 0} � ü � ý �

uεnX0
(X) =

u(X0 + εnX)

ε2n

ÿ�\��), εn −→ 0 �dwh������� ý �k��
 ý ��D�Nÿ��©�`� ý �z�m���"�m�����g�´3�� ý ��� (εnk) �D��<���-PQ�'�.�Fÿ��� ý ���-B��=/c���",´� ý ���z� (uεnkX0

) ,)���'\���3���m�*��� ý /c���1�`!�`��'�	����x�����g�����)�0,)���A&jÿ�,�<��B�� IRn { \�����x���"�x� ý � ý ��� u0X0
�Ð !), ý &O���QPQ�+��`��'�ëþ#�"���D���z� u0X0

����������� ý � ý �D�.BbE ���"�(�����g�´3�� ý �D� (uεnkX0

) ,)���'\���3����'�D�Q�bwh�������-���5	ý ��ý|{
limr→0Φu,X0

(r) = α > 0�� ý �l��
 ý ����0��� \��),�D����0��� ý �Xÿ ý ��� ν ��PQ� ý B�!D&'��OBbÿm&O� ý ��� ý B�� ,)9'� ý 
¾B��m�Fÿ������g�´3�� ý ��� (uεnkX0

) {
�D��bPQ�'�

u0X0
(X) =

1

2
(max(0, < X, ν >))2 ,

��� 5	ý ��ýëý|{
limr→0Φu,X0

(r) = 2α > 0�� ý �'��
 ý ����#���"�:�Ûÿ��»� ý ,)� Q B��:�6;)&+� n×n �;��`!�6� ý PQ�'�_þ�&+��� ý � ý \��C���m�'���<���_þ�\�!� ý q ÿ��'�"�»� ÿ�,)� (Q) =
1 ��,)��6���H�Ûÿ��6� ý ,)� Q B�!D&'��OB ÿH&O� ý ��� ý B���,)9'� ý 
vB����Fÿ4�����g�´3�� ý ��� (uεnkX0

) { ����bPQ�'�
u0(X) =

1

2
tX ·Q ·X.

Z *!i=���ë
��5��� �Gû gTS Y ���t��
�6\6	�t�9,���.5�53-�16-Ñ Y ���t��
6n�1*-,���.t��3-�w6�W� �)�:&'� ý �¥�G� X0 ∈ {u > 0} B��H�6;)&+� ý|{ �����'�Õÿ&g&'���!)�#&'� ý �¥�G����!3����� ý ����(B��H�FÿC/1�����'� ý32 ����� ý65 ���Q�� �)�:&'� ý �¥�G� X0 ∈ {u > 0} B��H�6;)&+� ýëý|{ �����'�Õÿ&g&'���!)�#&'� ý �'�G�i� ý ������� ý ����(B��H�FÿC/1�����'� ý32 ����� ý65 �)�Q�
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]:� !),� ý �
∂ {u = 0} = R∪ S

��j
R =

{

X0 ∈ ∂ {u = 0} ,Φu,X0
(0+) = α

}

,

S =
{

X0 ∈ ∂ {u = 0} ,Φu,X0
(0+) = 2α

}

.

�8��
3-��:���*-
/U
��5���cû

0

0

    1       

    1u (x  ,x  )= 1/2   (max(x  ,0))

 u (x  ,x  )= 1/2     x 

u 0 =0

u =0

     2

    2

    2

         2
    2

      2
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Y ����:c��62�ë
������ �Gû q S �)��+/c��1�`!Q�
h¢������.t.�/G����3æ�GûàY R �)�����������\���1�:B�� ∂ {u = 0} þ=�� S �)��k���m/c��1�`!(B�� ∂ {u = 0} �
Y ��3@�_V�34�93C.�/ Y ����:s��6	��
��ë��� �Gû q ØÚ�º�®²¨

Xn
0 ∈ S

¨Z¦}·â«)¯¦
Xn
0 −→ X0

Ø0º�³$Ä�¦}b¨�Ò¯¾±º�bÄ�¦}¾f«)¯¦
X0 ∈ S

Ø¯Ú9®
X0 6∈ S

çbÃ»·²º�¾�°
X0 ∈ R¦ ¨F¹¯º�³¯½

Φu,X0
(r) −→ α·²º�¾�°±«)¯¦

r
¨Z¦}³¯¹ÛÄ�¦}¾�°Fß}¼h¾�ºbØ;Ú9º�®²¨

r0 > 0
¨Z¦}·§«)¯¦

Φu,X0
(r0) ≤

3

2
α.

Î5Ã�¾FÃ»®²·¸·ã¦h¯¾±°fº�³ÛÃ
Φu,Xn

0
(r0) ≥ Φu,Xn

0
(0+) = 2α.Å©ÀËºfÆÛÒVÃ»¾fÒVÃ»°±°ZÃ»Ü»¦©¿�·¸Ã£·²®¸µ�®ã¨Z¦�º�³á¨�®¸¾�¦

Φu,X0
(r0) ≥ 2α.ä{º»³)¨Z¾�Ã»¹¯®²½}¨Z®²º�³�Ø
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z { ó}|~�;þb�/ø ×

Ø þ�� ùúø ùúødû | �¿� � þ/û ûã� � ô � ö���ø��åû

� Ù ¡�Þ�1�i�5� � �}�ÐÏ��� �©¡��é¢9�©¡á� ���W� � �}�}��¤¶�C�©�}¡£¢7¤ ¤§�h¡ãè � �}�}����¤
��Ã�Ò¯Ò;¦h·²º�³¯°f«�b¦i·ÁÀÂº�³á¼}½h¾�®ã¨

∂ {u = 0} = R∪ Sº�Æ
R =

{

X0 ∈ ∂ {u = 0} ,Φu,X0
(0+) = α

}

,

S =
{

X0 ∈ ∂ {u = 0} ,Φu,X0
(0+) = 2α

}

.

ù¢ú *-����>@?A3l�Gû5�LS e����1?W��.�3B�934?A�����G
������3b:c���9�+.53@6\:s���t��
6o62�t�9,���.5��3-�w6�W
ü � ý � v = 1

2
tX ·Q ·X ≥ 0 ��j Q �)��d���"�i�Ûÿ��»� ý ,)� n×n �;$�`!�6� ý PQ�+�A\�!� ý q ÿ��'�@�»� ÿ�,)� (Q) = 1 �ü�ý

u �)�1�k���"�x��������� ý ���IB���&¿��� 5 � 2 �`�HB����FEf� 5 ��Xÿ�,���0��l� ý X0 ∈ S ÿ����������Fÿh/c���",� ý ���
Ψv
u,X0

(r) :=
1

rn+3

∫

∂Br(0)

(u(X0 + ·)− v)2 �)��a,��� ý �)�	ÿ��'�D�m�� r.
) 3U?æ/0������3A��ûà( � �����QPQ�+�v,)��Fÿ¾�"������ ÿ.&0ÿ��.�"!),)�)�)�	ÿ ý �)�_þA���Ú�����`��6�»� ÿ v B!ÿ��z�4�FEf��
�&O���)�)� ý ���
Ψv
u,X0

(r) þ=����Fÿ`�"���¼ÿ��'�X� ý �A&O����`��'� Ψu,X0
(r) �

Y ��3@�_V�34��� ùKú *-����>@?A3A��û5� Ø
º�³Û½}º�³¯°±®¸¹¯Ù}¾�¦é¯³¯¦éí�º»³¯½}¨�®¸º�³

v
Ä�¼h¾±®²àHÃ»³�¨FÒ;º»¯¾f¨Zº»b¨

r > 0

Φv,0(r) = 2α = Φu,X0
(0+).

ä{¦}½h®N¦}°±¨F¦h³ÛÒVÃ»¾±¨�®¸½}¯·¸®²¦}¾{Ä�¼h¾±®²àV¼éÒ¯Ã»¾�·¸Ãèí�º�³b½}¨Z®²º�³
v
¹b�a�Ó¯¼hº�¾±Ùhµ�¦»ØÚ�º�®²¨�Ã»·¸º»¾�°

w = u(X0 + ·)− v.

# ×



Î5Ã�¾�®¸³�¨Z¼}Ü�¾ZÃ�¨�®¸º»³ÒVÃ»¾fÒVÃ»¾�¨Z®²¦�º�³Û½hÃ»·¸½}¯·²¦
Φu,X0

(r)− Φu,X0
(0+)

= Φu,X0
(r)− Φv,0(r)

=
1

rn+2

∫

Br

1

2
|∇w|2 +∇v · ∇w + w

− 1

rn+3

∫

∂Br

w2 + 2vw

=
1

rn+2

∫

Br

1

2
|∇w|2 + w (1−∆v)

− 1

rn+3

∫

∂Br

w2 +
1

rn+3

∫

∂Br

rw n · ∇v − 2vw

=
1

rn+2

∫

Br

1

2
|∇w|2 + w (1−∆v)

− 1

rn+3

∫

∂Br

w2 +
1

rn+3

∫

∂Br

w(X · ∇v − 2v)

=
1

rn+2

∫

Br

−1
2
w∆w + w (1−∆v)

+
1

rn+3

∫

∂Br

w(X · ∇v − 2v) + I

# %



º�Æ
I :=

1

rn+3

∫

∂Br

1

2
rwn · ∇w − w2

=
1

rn+3

∫

∂Br

1

2
wr

∂w

∂r
− w2

=
1

rn+3

∫

∂Br

r
∂

∂r

(

w2

4

)

− w2

=
1

4rn−2

∫

∂Br

1

r4
∂

∂r

(

w2
)

− 4

r5
w2

=
1

4rn−2

∫

∂Br

∂

∂r

(

w2

r4

)

=
r

4

{

1

rn−1

∫

∂Br

∂

∂r

(

w2

r4

)}

=
r

4

d

dr

{

1

rn−1

∫

∂Br

w2

r4

}

=
r

4

d

dr

{

1

rn+3

∫

∂Br

w2
}

.

Å¬ÀÂºfÆ
d

dr

{

1

rn+3

∫

∂Br

w2
}

=
4

r

(

Φu,X0
(r)− Φu,X0

(0+)
)

+
2

rn+3

∫

Br

{w∆w − 2w(1−∆v)}

− 4

rn+4

∫

∂Br

w(X · ∇v − 2v).
º�¾f¹�ÀËÃ»Ò¯¾�Ù}°F·ñÃ¬í�º�¾±µ£b·¸¦�¹b¦iµ�º�³¯º�¨Zº�³¯®²¦�º�³ÛÃ

Φu,X0
(r)− Φu,X0

(0+) ≥ 0
¦ ¨FÒVÃ»¾�Ã»®¸·²·²¦}¯¾�°�·¸¦

v
½lÓ¯º»®¸°±®§¹VÃ�³¯°F·²¦PafÓ¯¼}º�¾�Ù}µ�¦é¦h°�¨�Ó¯º�µ�º�Ü»Ùh³¯¦�¹¯¦é¹¯¦}Ü�¾�¼

2
ç¯¹¯º�³¯½

X · ∇v − 2v = 0
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¦ ¨�Ä�¼h¾±®²àV¦
∆v = 1.º�³Û½hÃ»·¸½}¯·¸¦�Ã»·¸º»¾�°vJ^ÃpÄ�¦}½

u
«�b®N°±®¸Ü�³¯®ãàV¦�®²½h®

u(X0 + ·)
L

w∆w = (u− v)∆(u− v) =







0
°�®

u > 0

v
°±®

u = 0

∣

∣

∣

∣

∣

∣

≥ 0.

Å©ÀËºfÆ
d

dr

{

1

rn+3

∫

∂Br

w2
}

≥ 0.
ä{¦}½h®§¨�¦h¾�µ�®²³¯¦�·¸Ã£Ò¯¾±¦hbÄ�¦i¹¯bafÓ¯¼}º�¾�Ù}µ�¦�Ø

�c3@?l?A3A�GûàRÌü � ý � u0X0
��� 5 ����·X´D��&�� ý � ý ���HB�� u �� X0 ��,)���� ý ´F, ý &'����\1ÿ��'�Åÿx&O� ý ��� ý B�!D&'��OB��)�B����Fÿ.�����u�´3�� ý ���m��
>�»� ÿ ý ��� { ��wh�����������7ÿ
Ψv
u,X0

(0+) =
1

rn+3

∫

∂Br(0)

(

u0X0
− v

)2
.

Y ��3@�_V�34���¦�c3U?A?A3A��ûàR Ø
��¦hµ�Ã»¾±«�bº�³¯°�«)¯¦i·^ÀËº»³ÛÃ

ΨuεX0
,0(r) = Ψu,X0

(εr).
º�¾�Ò;º�b¾é¯³b¦�°±º�¯°LÏt°�b®²¨Z¦£¦ ª�¨Z¾�Ã»®²¨�¦

(ε′)
ç�º�³�Ãá·¸Ã$½hº�³�Ä�¦h¾±Ü�¦h³b½h¦�¦}³�³bº�¾�µ�¦

C0,1
¯³¯®ãí�º�¾�µ�¼hµ�¦h³�¨°±¯¾f¨Zº�b°F·²¦h°f½hº�µ�ÒVÃ»½ ¨Z°�¹b¦

uεX0

Ä�¦h¾�°
u0X0

çV¹¯º»³¯½i¿
r
àbª9¼iº»³/Ã

Ψuε
′

X0
,0(r) −→ Ψu0

X0
,0(r).

Î5Ã�¾FÃ»®²·¸·ã¦h¯¾±°fÒVÃ�¾�·¸Ã£µ�º�³¯º»¨�º�³¯®²¦�¹¯¦
Ψu,X0

ç¯º�³/Ã
Ψu,X0

(ε′r) −→ Ψu,X0
(0+).

º�³Û¦}³Û¨�®¸¾�¦�·ÁÀÂ¼hÜ�Ã�·¸®ã¨�¼
Ψu,X0

(0+) = Ψu0
X0
,0(r)Ò;º»¯¾f¨Zº»b¨

r > 0
çV½}¦i«)¯®�¨Z¦}¾�µ�®¸³¯¦�·ñÃèÒ¯¾�¦}bÄ�¦i¹¯/¥N¦}µ�µ�¦»Ø

h¢������.t.�/G����3æ�Gû �nSFÛ����t�!�ë
2*���3@6Û.t�5?A�ë
23@6\�934<�.5�@]\^_�9:;:c���9�+.53@6\:s���t��
6o62�5��,���.t��3-�16�W� �����A�D����� X0 ∈ S þ ý �R��
 ý �1���h���"�A��� ý PQ�'�A�Ûÿ��»� ý ,)� n×n �;$�`!�6� ý PQ�+� QX0
þO&'��� ý � ý \��_þ	\�!� ý q ÿ��'�

�6� ÿ�,)� (QX0
) = 1 ����<���CPQ�'�a�FÿH� ý � ý �D� u0X0

B��=�D����� 5 ����·X´D��& uεX0
(X) =

u(X0 + εX)

ε2
þ@�)��_��� ý PQ�'�

��=�)��#B����'�"!)�:&jÿ��
u0X0

=
1

2
tX ·QX0

·X.

# Z



Y ��3@�_V�34��� h¢���1��.5.5/0����3æ�GûF� ØÚ�¯Ò¯Ò;º�°±º�³¯°�«)�ÀË®²·{¦ ª9®¸°�¨Z¦¹¯¦h�ªì·¸®²µ�®S¨Z¦}°èÒ;º»°�°�®²¶¯·¸¦}°
v1, v2

º»¶b¨Z¦}³�¯¦}°�ÒVÃ»¾è¶¯·¸º`�Ït¯Òâç5½»ÀÂ¦h°�¨±ÏL¿,Ït¹¯®²¾�¦¨�¦h·²·¸¦h°�«�âÀË®²·§¦lª9®¸°±¨�¦i¹¯¦}9ªá°�º�¯°LÏt°�b®²¨Z¦}°
(ε′)

¦}¨
(ε′′)

¨�¦h·¸·²¦h°�«�b¦
uε

′

X0
−→ v1

¦ ¨
uε

′′

X0
−→ v2.º�³áÄ�º»®²¨�¹�ÀËÃ»Ò¯¾±Ùh°�·¸¦é¥§¦hµ�µ�¦èÖ�Ø # «)¯¦

1

rn+3

∫

∂Br(0)

(v1 − v)2 = Ψv
u,X0

(0+) =
1

rn+3

∫

∂Br(0)

(v2 − v)2.

Æv³áíDÃ»®¸°�Ã»³)¨f·¸¦�½PÓ¯º»®ãª
v = v1

ç¯º�³Ûº�¶9¨Z®¸¦}³)¨�·²¦�¾�¼}°�¯·ã¨PÃ�¨hØ

È Ü éø� ��¡bÏ�Ôi¡Û�z� �Õ�¬¡£¢N�}¡ � � Ï � ���8�C®�� � � �}�}� �l¢7�
��Ã�Ò¯Ò;¦h·²º�³¯°f«�b¦ S ¦}°±¨�í�¦h¾±µ�¼�Ø

Y ����:c��62�ë
������k(�ût��Sîh¢����
��t�x���ë
2*¢�93@6×.t�5?A�ë
23@6ø�93K<=.��U]\^p��:4:s�����ª.53@6ø:s���t��
�6â6	�t�9,���.5�53-�16�W� E ÿ&g&O� ý , ÿ�� ý ���
Q : S −→ Mn×n

X0 7−→ QX0

�)��=,)���'� ý �'�+�Q�
h¢������.t.�/G����3B(�ûà( p�O��
 ý ��D�a�����`�QB>�����CB��i,)���'� ý �'� ý ��! σ ��,'Ef�)��»´ e ´ÄB ý ��� σ �)��X,)���'� ý �'�-þ@,��� ý �)�	ÿ��'����\�!� ý q � σ(0) = 0 { �D��bPQ�'�

∀X0, Y0 ∈ S, |QX0
−QY0

| ≤ σ (|X0 − Y0|) .
Y ��3@�_V�34��� h¢���1��.5.5/0����3B(�û ( Øä{¦}·ñÃ£¾�¼}°�¯·ã¨Z¦é¹¯¦é·ÁÀÂ¯³¯®ãí�º�¾�µ�¦�½}º�³)¨�®¸³�b®²¨Z¼�°�b¾F·²¦h°f½hº�µ�ÒVÃ»½ ¨Z°hØ
Y ��3@�_V�34�93C.�/ Y ����:s��6	��
��ë���k(�û5� ØÚ�º�®²¨

Xn
0 −→ X0

ØVÆ�¨PÃ»³�¨F¹¯º�³b³¯¼
ε > 0

ç¯àbª9º�³b°
r > 0

¨Z¦}·§«)¯¦
Ψu,X0

(r) ≤ Ψu,X0
(0+) + ε.

��¦hµ�Ã»¾±«�bº�³¯°�«)¯¦©¿
r
àbª9¼»çVº�³/Ã

Ψu,Xn
0
(0+) ≤ Ψu,Xn

0
(r) −→ Ψu,X0

(r).

# I



Å©ÀËºfÆ
lim sup
n→+∞

Ψu,Xn
0
(0+) ≤ Ψu,X0

(0+) + ε

º�Æ
ε
¦}°±¨�Ã�¾�¶¯®ã¨Z¾ZÃ�®¸¾±¦»ç9½h¦é«)¯®N°±®¸Ü�³b®²àV¦�«�b¦

lim sup
n→+∞

Ψu,Xn
0
(0+) ≤ Ψu,X0

(0+)

½�ÀË¦}°±¨�ÏL¿xÏ�¹¯®¸¾±¦
lim sup
n→+∞

∫

∂B1(0)

(

1

2
tX ·QXn

0
·X − v

)2

≤
∫

∂B1(0)

(

1

2
tX ·QX0

·X − v

)2

.

¥§¦é½PÓ¯º�®Sª
v = 1

2
tX ·QX0

·X ®¸µ�Ò¯·²®ã«�b¦
QXn

0
−→ QX0½}¦i«)¯®�¨Z¦}¾�µ�®¸³¯¦�·ñÃèÒ¯¾�¦}bÄ�¦i¹¯¦é·ñÃ£Îv¾�º�Ò;º�°±®²¨Z®²º�³�Ø

Y ����:c��62�ë
������k(�û R p�:��
 ý ��D�-���[�`�QB������`B���,)���'� ý �'� ý ��! σ �D��#PQ�'�H&'�����-�D����� X0 ∈ S þl&'������D����� r > 0 þ=���7ÿ
0 ≤ Ψv

u,X0
(r) ≤ σ2(r) &'����������,)9'� ý 
 v = u0X0

.

Y ��3@�_V�34�93C.�/ Y ����:s��6	��
��ë���k(�ûàR ØÎ5Ã�¾�½hº»³)¨Z¾�Ã»¹¯®²½}¨Z®²º�³�Ø

Z *!i=���ë
��5���k(�ûF�¿ü � ý �R&'����� k = 0, ..., n− 1
Sk = {X0 ∈ S, B ý �ÞÝ��� QX0

= k}

��j�B ý �ÞÝ��� QX0
�)�1�k�Fÿ�B ý �`��z� ý ����B��¼�"��;fÿ���B����Fÿ`�Ûÿ��6� ý ,)� QX0

��w ý �z� ý

S =
n−1
⋃

k=0

Sk.

Y ����:c��62�ë
������k(�û d � �����m,)9jÿgPQ�+� k þl�FEf��z���� 5 ���
Fk =

n−1
⋃

j=k

Sj

�)��+/c��1�`!Q�
æ�Õ



Y ��3@�_V�34�93C.�/ Y ����:s��6	��
��ë���k(�ûàd ØÚ�º�®²¨
Xn
0 ∈ Fk

ÃpÄ�¦}½
Xn
0 −→ X0 ∈ S

Ø¯Ç�·²º�¾�°
lim

n→+∞
QXn

0
= QX0

.

Å©ÀËºfÆ
k ≤ lim sup

n→+∞

( ¹b®¸µ�á�¦}¾
QXn

0

)

≤ ¹¯®²µ�á�¦h¾
QX0

.

ä{¦}½h®NÒ¯¾±º�bÄ�¦é«�b¦
X0 ∈ Fk

Ø

Y ����:c��62�ë
������k(�û g¸SF±+:�:�����¢9�5?A/j
�����
C1

�93C.ED 3@��6	3@?C<�.53�62�5��,���.5��3@�>W
p1�	��
 ý ����������`�cB������(B��m,)���'� ý �'� ý �D! σ �D��bPQ�'�=&'�������D����� X0, Y0 ∈ Sn−1 = Fn−1 þ:���7ÿ

B ý �� (Y0, X0 + Ý��� (QX0
))

|Y0 −X0|
≤ σ (|X0 − Y0|) .

Y ��3@�_V�34�93C.�/ Y ����:s��6	��
��ë���k(�ûàg ØÚ�¯Ò¯Ò;º�°±º�³¯°F«�âÀË®²·§¦lª9®¸°±¨�¦ib³¯¦i°±¯®²¨�¦é¹¯¦éÒ;º�®²³)¨Z°
Xn
0 , Y

n
0 ∈ Sn−1

¨Z¦h·²°�«)¯¦














¹¯®¸°�¨ (
Y n
0 , X

n
0 +

á�¦h¾ (
QXn

0

))

|Y n
0 −Xn

0 |
≥ δ > 0

|Y n
0 −Xn

0 | −→ 0.
��¯®ã¨�¨�¦é¿�¦lª�¨Z¾ZÃ»®²¾�¦�¯³¯¦é°�º�b°�Ït°±¯®²¨�¦éº�³ÛÒ;¦}b¨�°±¯Ò¯Ò;º�°±¦h¾F«�b¦

Xn
0 , Y

n
0 −→ X0 ∈ Sn−1¦ ¨F«)¯¦ JDÒ;º»¯¾�¯³Û½PÓ¯º�®Sª©Ê±¯¹¯®¸½}®¸¦}9ª¹¯Û° ��°±¨�Ùhµ�¦i¹¯¦é½hº�º�¾±¹¯º�³¯³b¼h¦h°pL

1

2
tX ·QX0

·X =
1

2
x21.

Ú�º�®²¨�Ã»·¸º»¾�°
εn = |Y n

0 −Xn
0 | −→ 0¦ ¨

νn =
Y n
0 −Xn

0

|Y n
0 −Xn

0 |
−→ ν ∈ t n−1

º�Æü·ñÃ�½}º�³)Ä�¦}¾�Ü�¦}³¯½}¦!¹¯¦}°
νn

Ã(·¸®²¦hd¦}³¯½}º�¾�¦´¯³¯¦/í�º�®¸°�«�b®²¨�¨�¦´¿(¦lª9¨�¾ZÃ»®²¾�¦åb³¯¦´°�º»¯°�Ï�°�¯®ã¨Z¦»Øµº�³½}º�³¯°±®¸¹¯Ù}¾�¦iÃ»·¸º�¾±°f·²¦�¶¯·¸º`�ÏtbÒ
uεnXn

0
.¥§¦éÒ¯¾±º�¶¯·²Ùhµ�¦�°�¦é¾�¼}¼h½}¾�®²¨FÃ»®¸³b°�®�î







¹¯®¸°�¨ (
νn,

á�¦h¾ (
QXn

0

))

≥ δ > 0

uεnXn
0
(νn) = 0.

æ¯Ö



Ç�®¸³¯°±®
(

Ψ
u0
X0

u
εn
Xn

0

,0
(r)

) 1

2

=

(

Ψ
u0
X0

u,Xn
0
(εnr)

) 1

2

≤
(

Ψ
u0
Xn

0

u,Xn
0
(εnr)

) 1

2

+

(

Ψ
u0
X0

u0
Xn

0

,0
(εnr)

) 1

2

≤ σ(εnr) + Cσ(εn).ä{¦}½h®NÒ¯¾±º�bÄ�¦é«�b¦
uεnXn

0
−→ u0X0

.Æv³Ûb¨Z®²·¸®²°�Ã»³)¨�·¸¦é¥§¦hµ�µ�¦ÛJD¹¯º»³)¨�·ñÃèÒ¯¾�¦}bÄ�¦©¦ ¨F·¸¦�°±¦h³¯°F¼}Ä�®²¹¯¦h³�¨�¦}°±¨F·ñÃ»®²°�°±¼h¦éÃ»Û·²¦h½ ¨Z¦hb¾_L
�c3@?l?A34(�û q Ý��� QXn

0
−→ Ý��� QX0

�
º�³Ûº»¶b¨Z®²¦h³)¨







¹¯®²°±¨
(ν,

á�¦h¾
(QX0

)) ≥ δ > 0

u0X0
(ν) = 0.¥§¦é¹¯¦}9ª9®¸Ù}µ�¦é·²®¸Ü�³b¦�®¸µ�Ò¯·²®²«)¯¦�«)¯¦

1

2
(ν1)

2 = 0
Ã�·¸º�¾±°f«)¯¦i·¸Ã£Ò¯¾±¦hµ�®¸Ù}¾�¦�·²®¸Ü�³b¦�®¸µ�Ò¯·²®²«)¯¦�«�b¦

ν1 6= 0
Ø;ä{º»³)¨Z¾�Ã»¹¯®²½}¨Z®²º�³�Ø

Ü Ü ��¤N�z�=�8�¢N�8�¬¡ Ï�Ó� � ��¡Û¤§��� ��� � ¤§�h¡ãè � �}�h���
�â�M� �k�s� �¢¡�£\¤ª¦°¯��ª¹�«s©j9®¿¡±¤n¥�¡"ßµÀU¡�§ª²@³E«Ú§¸¤ ¡áà �ª³XÀU§ª¡�Â
ù¢ú *-����>@?A3CR�û5�LS ùKú *-����>@?A3B�cD 3u¢x
3@��62�����Ë�93�â ú ��
��3gÏ@W
ü � ý � A ����,1���A&jÿ�,�kB�� IRm ��:B���$
ãÿ�&g&O� ý , ÿ�� ý ���z�

f : A −→ IRp,

T f : A −→ IRm×p,

�D��<���)�(PQ�+�
lim sup

a,b∈A,|a−b|→0

|Tf(b)− Tf(a)| = 0

��
lim sup

a,b∈A,|a−b|→0

f(b)− f(a)− Tf(a) · (b− a)

|b− a| = 0.

wh������� ý �@��
 ý ��D�����"�¢ÿ&u&O� ý , ÿ�� ý ��� C1 J
g : IRm −→ IRp

æ)Ô



�D��<���0PQ�'�
g|A = f, (∇g)|A = Tf.

ä{¦�afÓb¼hº�¾±Ùhµ�¦i¦}°±¨�Òb¾�º�bÄ�¼é¹VÃ»³¯°×"V¦h¹b¦h¾�¦}¾¢Oä'�æwQ9afÓb¼hº�¾±Ùhµ�¦ # ØãÖ�ØãÖBæ�ÒVÃ»Ü»¦©Ô�Ô�×�Ø
�â�¼» �k� �·£E³E°x�ÙÀU³M«c§ Ã¯£�¥�¹xÀj¦ ¤ª¡±¤ª¡±£�¥5¡�§ ²U¡9®¶¬·£E¡±²@³M§h}c¦ª£E³E¡�©
Y ����:c��62�ë
������kR�û (}ü � ý � X0 ∈ Sn−1 ��wh�����)� ý �b��
 ý ����x����� ÿ�;u��� rX0

> 0 ������ ,)���A&jÿ�,� A B���Fÿ (n− 1) ´ÄB ý �`��z� ý ���'�"��ã��� 5 ������� Bn−1
rX0

(0) ⊂ Ý��� QX0
' IRn−1 þk�� ý �R��
 ý ��D�A���"�Pÿ&g&O� ý , ÿ�� ý ���

f : A −→ ( Ý��� QX0
)⊥ ' IR

����j ( Ý��� QX0
)⊥ �)��d�Fÿ4B��)� ý �D�H���1�G9'�F������ÿ���� e �FE 9�;)&'��D&O�Fÿ��i/c�$�1�`!l&jÿ��A���A�"��;�ÿ���B��A�Fÿ��Ûÿ��6� ý ,)�

QX0

{ ����_PQ�+����IB�! q � ý �)�	ÿ��'�
ψ : A −→ BrX0

(X0) ⊂ IRn

x′ 7−→ ψ(x′) = X0 + (x
′, f(x′))

���Wÿ
Sn−1 ∩BrX0

(X0) = ψ(A).

Y ��3@�_V�34�93C.�/ Y ����:s��6	��
��ë���kR�ûà( Øä{¦ ¨�¨�¦�Îv¾�º�Ò;º»°�®²¨�®¸º�³´¦h°±¨i¯³(ä{º�¾±º�·¸·¸Ã»®ã¾�¦¬¹¯¦�·ñÃÎv¾�º�Ò;º»°�®²¨�®¸º�³!Ô9Ø÷%9ç�¦h³�¹¯¼ àV³¯®¸°±°ZÃ»³�¨
A
ÒVÃ»¾�·¸ÃÒb¾�º�ÏÊ±¦}½}¨�®¸º�³áº�¾�¨ZÓ¯º�Ü»º�³VÃ»·²¦�°�¯¾�·²¦�³¯º���Ã�Bá�¦h¾

QX0

çV¹b¦i·¸ÃèíDÃ»ð}º�³Û°±¯®²ÄxÃ»³)¨�¦�î
A =

Îv¾�ºxÊ
|
á�¦h¾

QX0

(

Sn−1 ∩BrX0
(X0)

)

.

Y ����:c��62�ë
������kR�û R ]:�©B�! q � ý � Tf ���� A &jÿ��
Tf(x′) =

nx′

ny

��j






















n = (nx′ , ny) ∈ Ý��� QX0
× ( Ý��� QX0

)⊥

|n| = 1

IR · n =
( Ý��� Qψ(x′)

)⊥
.

wh������� (f, Tf) �	ÿ�� ý �G/8ÿ ý �Åÿ���
-9�;)&'���G9 2 ���)�HB��Íä�9'!)��� 2 �`��åu�<��BbEf��
>����z� ý ����B��¾æ`9 ý �»�"�;����� A �
Y ��3@�_V�34�93C.�/ Y ����:s��6	��
��ë���kR�ûàR Øä{¦ ¨�¨�¦ Îv¾�º�Ò;º�°±®²¨�®¸º�³"¦}°±¨ b³�ä{º»¾�º�·²·ñÃ»®ã¾�¦!¹¯¦(·ñÃdÎv¾±º�Ò;º�°�®ã¨Z®²º�³ Ô9Øä%bçF¦h³ ¾�¦hµ�Ã»¾±«�¯Ã»³)¨å«)¯¦

n =
1√

1+|∇f |2
(∇f, 1) ·¸º»¾�°�«)¯¦ f ¦h°�¨�¾±¼hÜ�¯·²®¸¦}¾hØ

æ #
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) 3U?æ/0������34R�ûàd87 �"�Bÿ���ÿ���;������ ý � ý �Fÿ ý �)�0&'��1�`��0B����`���'�»����¼PQ�+�����)� Sk �����'�H����, ÿ�����`��'�,)���'�D��'�g�0B!ÿ��z�(B��)��\1ÿ�� ý !��!)� C1 B��(B ý �`��z� ý ��� k �
h¢�����-.5��62�5���¥NÃ�¾±¦h½PÓ¯¦h¾±½lÓb¦¬¹¯¦éÒ¯¾�º�Òb¾�®¸¼ ¨Z¦}°F«)VÃ�·¸®²¨ZÃ�¨Z®SÄ�¦h°f°�¯¾�·ÁÀÂ¦h³¯°±¦hµè¶¯·²¦é¹¯¦}°�Ò;º�®²³)¨�°�°�®²³¯Ü�b·¸®²¦h¾�°�°�¦i¾�¦}³¯½hº»³)¨Z¾±¦¹¯Ã»³¯°Û¶;¦BÃ»b½hº�¯ÒÉ¹âÀÍÃ»9¨Z¾�¦}°/¹bº�µ`Ã�®¸³¯¦}°hØ�Ú9¯®²ÄxÃ»³)¨Û·¸¦}°Û½hÃ»°Û¹¯¦}°Û¨Z¦}½lÓ¯³b®¸«)¯¦h°/°�®²µ�®¸·²Ã»®²¾±¦h°Ò;¦}bÄ�¦h³�¨°}ÀÍÃ�Ò¯Ò¯·¸®²«)¯¦h¾fº�ÛÒ¯Ã»°hØ;ä{®²¨�º�³¯°f¦h³áÄ�¾ZÃ»½�îÖ�¥§¦h°�°±¯¾±íDÃ»½}¦h°�µ�®²³¯®²µ�Ã�·²¦}°£¦ ¨�µ�º�9Ä�¦hµ�¦h³)¨�ÒVÃ»¾£½hº�¯¾±¶¯¯¾±¦Ûµ�º��¦h³¯³b¦AJ�Ä»º�®¸¾£ÒVÃ�¾�¦ ª9¦}µ�Òb·¸¦

OäZ�æ¯çGI�Õ9ç§ÖBæbÖ»ç§ÖBæ�Ô�ç;Ô9Ö»ç;ÔwZwQmLÖ�¥§¦©Òb¾�º�¶¯·²Ùhµ�¦é¹¯¦¬Þ/¯µ�í�º�¾�¹9ÏLÚ9ÓVÃ»ÓÛ¦}³/¨Z¾�Ã»®²¨�¦hµ�¦h³�¨F¹�ÀÂ®²µ`Ã»Ü»¦h°¢J Ä�º�®¸¾�Ò¯Ã»¾F¦lªb¦}µ�Òb·¸¦NOËÔ�Ibç�%bÖ»ç
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z { ó}|~�;þb�/ø ç

Ø þ�� ùúø ùúødû | �¿� � þ/û � ókô � ö���ø��åû

� ÉËÊ ��� ���}�ÓÏ� ¡ã�¬¡ � ¡�}�{�l¢9é Ï��¤��}�}� � ¢N��¤ÐÏ�Ó�����h® � � �
º�³(¾±¦hÜ�Ã�¾�¹¯¦�·¸¦�Ò¯¾�º»¶¯·¸Ù}µ�¦�¹b¦�·ÁÀÂº�¶¯°�¨PÃ»½}·¸¦�J�¯³(Ò;¦} Òb·¸¯°iÜ»¼h³¯¼}¾ZÃ»·È«)¯¦�Ò¯¾�¼}½h¼}¹¯¦hµ�µ�¦}³)¨_Lé°�¯¾b³/º»bÄ�¦h¾�¨

Ω
çVÒ;º�b¾�¯³¯¦�í�º�³¯½ ¨Z®¸º»³

f
½}º�³�¨Z®¸³)¯¦é°±¯¾

Ω
î























∆u = f · 1{u>0}

u ≥ 0

u ∈ C1, ||D2u||L∞(Ω) ≤ C0.

J�Ö�ØãÖ�L

h¢����
��3f^ 3g¢�3U?æ:=.�3^S �fVpûÙ[\.�/G�_�éèà(�d�os(�gzêDWÑt·�¦ ª9®²°±¨Z¦�¯³b¦�í�º»³¯½}¨�®¸º�³
f
½hº�³�¨Z®²³�¯¦�ç�¦ ¨/¯³b¦�°±º�·¸9¨Z®¸º»³

u
¹b¦kJ�Ö�ØãÖ�L ç�¦}¨Û¯³"Ò;º�®¸³�¨

X0 ∈ Ω
ç¾±¼hÜ�b·¸®¸¦}¾FÃ»å°±¦h³¯°�¹¯¦©³¯º�¨Z¾�¦i¹¯¼}à¯³¯®²¨�®¸º�³/ÃpÄ�¦}½

f(X0) = 1
çH¨�¦h·7«)¯¦©·¸¦}°�·²®¸µ�®S¨Z¦}°

u0X0

¹¯¦h°�¶b·¸º`�Ït¯Ò
uεX0

(X) = u(X0+εX)
ε2

³¯¦é°�º�³�¨FÒVÃ»°�¯³¯®²«)¯¦h°¢JD½BÃ�°F¹�ÀÂ¯³¯¦é°�Ò¯®²¾ZÃ»·²¦�®²³bàV³b®¸¦LlØä{¦h·¸Ã¬µ�º�³)¨�¾�¦�«)¯¦�·^ÀËb³¯®¸½}®²¨Z¼�¹¯¦h°�·²®¸µ�®ã¨�¦h°1¹¯¦�¶¯·¸º`�Ït¯Ò`¦}°±¨f¹b¼h·¸®²½BÃ�¨�¦nJ�¦}¨�Ò;¦h9¨f¹¯¼}Ò;¦h³¯¹b¾�¦�¹¯¦�·¸Ã¾±¼hÜ�b·ñÃ»¾±®²¨Z¼�¹¯¦
f
LlØ

È Ù ¡�h�{�l¢9é Ï��¤ � �h� �l¢N��¤ÐÏ�Ó���8�C®�� � � ��¢ �Õ�¬¡á¤�éâ� � ��¡á�{��¤
Ç�³¯º»¨�¾�¦È½hº�³¯³¯Ã»®¸°±°ZÃ»³¯½}¦»ç,®¸·�³�À �iÃ�ÒVÃ»°7¹¯¦1µ�¼}¨ZÓbº�¹¯¦1Ü�¼}³¯¼h¾�Ã»·²¦1¦ ¨=°�®¸µ�Ò¯·²¦v¹¯¦1Ò¯¾�¦}bÄ�¦z¹¯¦1·ÁÀÂ¯³¯®²½h®²¨�¼¹b¦h°F·²®¸µ�®S¨Z¦}°f¹b¦i¶b·¸º�`�Ï�¯ÒáÒ;º�¯¾f·¸¦}°�Ò;º�®²³)¨Z°f¾±¼hÜ�b·¸®¸¦}¾�°}Ø

&F¼BÃ»³bµ�º»®¸³¯°1®²·H¦h°�¨�Ò;º�°±°�®²¶¯·¸¦F¹¯¦�Ò¯¾�º»bÄ�¦h¾{·²¦F¾�¼}°�¯·ã¨PÃ�¨z°�¯®ãÄ�Ã»³�¨PJD½ íLØbä�ÃwåâÃ»¾±¦h·¸·²®9O æ)Ô�QÁç-u�¦}®¸°�°ªOãÖ2%�Ô�QëLfî
ù¢ú *-����>@?A3C(�û5�LSFÛ����5�!�ë
*��93@6Û.t�5?l�m
23@6\�934<�.5�@]\^_�9:Ë:s���9�ã.�3@6\:c���5��
�6n�1*-,���.t��3-�w6�W
ü�ý
f ∈ C0,α(Ω) &'�����`��� α ∈ (0, 1] þH��C� ý X0 �)��A����&'� ý �'�A�)!3����� ý ���BbE ���"�4��������� ý ��� u B�����g�<� { þÚÿ������)���Fÿ-� ý � ý ��� u0X0

B��)� 5 ����·X´D��& uεX0
(X) = u(X0+εX)

ε2
�)��k��� ý PQ�'�Q�Y /'ëf����6�^p�9����6N��/0��6N.�3B�f/G6o�¿ì

f ≡ 1Ç�®¸³¯°±®§º»³/Ã
u0X0

=
1

2
(max(0, < X, νX0

>)2

æ)×



º�Æ ·²¦´Ä�¦}½}¨�¦h¯¾Û¯³b®²¨PÃ�®¸¾�¦
νX0

³¯¦!¹¯¼}Ò;¦h³¯¹"«)¯¦!¹¯ Ò;º�®²³)¨
X0

J�¦}¨á³¯º�³�ÒVÃ»°á¹¯¦ ·ñÃ °±º�¯°�Ï�°�¯®ã¨Z¦¦lª�¨Z¾ZÃ�®²¨Z¦2L ØÑt·�¦h°±¨$Ã»·²º�¾�°�Ò;º»°�°�®²¶¯·¸¦á¹�ÀÂ¦h³d¹¯¼h¹¯b®¸¾�¦AJD½}º�µ�µ�¦á½}¦h·¸Ã�Ã�¼}¨Z¼ÛíDÃ�®²¨�¹VÃ»³¯°�·²¦Û½hÃ»¹¯¾±¦/¹¯¦h°�Ò;º�®¸³�¨Z°°±®¸³¯Ü»¯·¸®²¦h¾±°_L�î
h¢������.t.�/G����3B(�ûà(TSîh¢����
��5������
2*��93@6N.5�5?l�m
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u00(x) =
1

2
(max(0, x1))
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ÃBÄ�¦h½
x = (x1, ..., xn)
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v(y) = u(x)− x1y1

y = (y1, ..., yn)
ÃpÄ�¦}½

y1 =
∂u
∂x1
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x1 = −

∂v

∂y1
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x1 = −
∂v

∂y1
(y1 = 0, x2, ..., xn)
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