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Abstract

We consider general infinite nanotubes of atoms in R3 where each atom interacts
with all the others through a two-body potential. At the equilibrium, the positions of
the atoms satisfy an Euler-Lagrange equation. When there are no exterior forces and
for a suitable geometry, a particular family of nanotubes is the set of perfect nanotubes
at the equilibrium. When exterior forces are applied on the nanotube, we compare the
nanotube to nanotubes of the previous family.

In part I of the paper, this quantitative comparison is formulated in our first main
result as a discrete Saint-Venant principle. As a corollary, we also give a Liouville classi-
fication result. Our Saint-Venant principle can be derived for a large class of potentials
(including Lennard-Jones potential), when the perfect nanotubes at the equilibrium
are stable. The approach is designed to be applicable to nanotubes that can have
general shapes like for instance carbon nanotubes or DNA, under the oversimplified
assumption that all the atoms are identical.

In part II of the paper, we derive from our Saint-Venant principle, a macroscopic
mechanical model for general nanotubes. We prove that every solution is well approx-
imated by the solution of a continuum model involving stretching and twisting, but no



bending. We establish error estimates between the discrete and the continuous solu-
tion. More precisely we give two error estimates: one at the microscopic level and one
at the macroscopic level.

AMS Classification: 35J15, 40M25, 65L70, 74A60, 74G15, 82B21.

Keywords: Two-body interactions, nonlinear elasticity, discrete-continuum, micro-macro, error
estimates, nanotubes, Cauchy-Born rule, Saint-Venant’s principle, decay estimate, Liouville theo-
rem.

1 Introduction

In this paper, we study nanotubes that are collections of atoms in R3. These atoms are
submitted to two-body interactions with all the other atoms and also to exterior forces.
Our model can be seen as simplified description of macromolecules like carbon nanotubes
or DNA, where all the atoms are assumed to be identical. We distinguish a subclass of
nanotubes that are perfect and at the equilibrium with no exterior forces.

In order to give a flavour of our main results (our main results will be stated precisely
in Section 2) we first need to introduce a few concepts and notations in Subsection 1.1. We
then provide a review of the literature in Subsection 1.2. The organisation of the paper is
given in Subsection 1.3.

1.1 Setting of the problem
1.1.1 The macroscopic description

Let us consider three maps
d:R— R3
a:R—R
f:R— R3,
that satisfy (as a simplification) the following macroscopic “linear + periodic” conditions

(1.1) P(x+j)=®(x)+jL° foranyj€Z, z€R

' alr+j)=a(r)+750° foranyje€Z, reR,
(1.2) f(x+j)=f(z) foranyj€Z, 2 €R,
for some given vector L° € R*\{0} and some given scalar §° € [0,27). Here ®(x) describes
the position of an arc and «(x) is proportional to the angle of rotation of a microstructure
associated to the arc. This is illustrated on Figure 1. Moreover f is simply the force acting
on the arc.

The periodicity condition provides us some suitable compactness properties, which will sim-
plify the presentation and the proof of the results.
We consider the following macroscopic total energy of a non linear elastic “arc” as

(1.3) W, @)+ fo,
R/Z



Figure 1: Arc ®(z) with rotation of the local basis (71, 72, 73) under the action of a(z)

where W is an (isotropic) energy density that will be defined later (see (2.13)), such that
W (a/,®") only depends on o/ and |®’| (see Lemma 7.3), and the force f satisfies the following
compatibility condition

(1.4) fdr=0.
R/Z

We are interested in macroscopic solutions («, @) of the corresponding Euler-Lagrange equa-
tions:

(1 5) (Wé’(a/a (I)/))/ = f on R
) (Wl (o, @) =0 onR.
1.1.2 The microscopic description

Given K > 1 we define

X = (Xj)jGZ with Xj = (Xj,l)OSZSK—l and Xj,l < R3
f=(fi)jez with f;=(fj1)ocick—1 and f;; € R?

Here X is a nanotube, X is the jth cell (see Figure 2) containing K atoms, and f;, is the

force acting on the atom X;;. We make the following particular choice for the forces f;;

1
(L6) fir =80,

th

which means that the total force fJO acting on the 7"* cell is equidistributed on the atoms
of the cell.

Figure 2: Portion of a nanotube
We consider any integer N, large enough, set ¢ = 1/N,, and when we will compare the
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microscopic model to the macroscopic one, we will moreover require the following microscopic
“linear 4 periodic“ conditions (analogous to (1.1), (1.2))

(1.7) Xjin.g = Ng'LP+ X; for any j, j € Z,

(1.8) JQ+NEJ-, = fjo for any 7, j' € Z.

Given a function Vj : (0,00) — R, we define the two-body potential as a function of the
distance between the atoms:

(1.9) V(L) = Vo(|L]) for every L € R*\{0},
where by convention, we set formally
(1.10) V(0)=0, VV(0)=0 and D?*V(0)=0.

For a general nanotube X we consider the following formal microscopic elastic energy as

Ey(X) =5 > V(X0 — Xy
5 €L
0<LI'<K-1

and the formal microscopic total energy as

(111) E(X) :E(](X)+ E Xj,l'fj,ly
JEZ
0<I<K-1

which is analogue to (1.3). When it will be necessary, we will assume the following additional
compatibility condition analoguous to (1.4)

Ne
(1.12) d =0
j=1

Finally we assume that X solves the corresponding Euler-Lagrange equation

E'(X) =0,
ie.
(1.13) fut+ > VV(Xj—Xyp)=0 foranyje€z 0<I<K—1,
J e
0<U<K-1

where we have used convention (1.10) when (j',1") = (4,1).
Similarly £{(X) = 0 means (1.13) with f;; = 0.



1.1.3 Relationship between macroscopic and microscopic scales

We assume that we have the following relationship on the force of the j* cell and the
macroscopic force

e(i+y) _ _
(1.14) f](-):—/ 1 f(x)dx =~ ef(je).

Notice that this relation implies (1.8) and (1.12) from (1.2) and (1.4). The heuristic idea is
that for regular enough nanotubes we expect to have roughly the following relation:
= ._ Yle)

é@(;@)) with (j5) i= gt

1 .
(1.15)  Xj410— ECI)((J +1)e) ~ Ra’(js),@/’(j\s)(le —

where R, ., is a rotation of angle o/(je) and of axis <I>/’(j\€)

€),®’(je
The sequence (%(25)) jez gives a good approximation of the mean fiber of the nanotube, and
the sequence (&/(je)) ez is also a good approximation of the angle of rotation of X; into
Xj+1. Our main motivation is to obtain a quantitative justification of relation (1.15) (see
the error estimate of Theorem 2.15 for the details):

Main goal/result: under certain assumptions we can show a weak version of (1.15).

In order to obtain such a result, we will first prove a discrete Saint-Venant principle
(Theorem 2.13).

1.1.4 Perfect nanotubes

Given an angle 6 € [0,27) and a vector L € R*\{0}, we define the screw displacement 7%
by
T (z) = L+ Ryz(x) forallx €R,

where R, 7 is the rotation of angle 6 and axis L= m
We define the subclass of special perfect nanotubes

COF = {X = ((X;00; € (R)™)?, Xy =T (X0},
and the class of perfect nanotubes

CM = {Y € (R)™)?, 3a € R, X € C"" with Y, =a+ X},

which is obtained from C%* by translations. Finally we see that (1.15), can be interpreted say-
ing that X is well approximated by a perfect nanotube of parameter (6, L) = (d/(je), ®’(je)).
Examples of perfect nanotubes are represented on Figures 3 and 4.

1.1.5 Notation

We will constantly use an abuse of notation writing for any rotation R € SO(3), a € R? and
any cell X;
(R(X]) + a)l = R(XjJ) + a.

6
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Figure 3: Perfect nanotube with one atom per cell (K = 1)
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Figure 4: Perfect nanotube with 6 atoms per cell (K = 6)

Moreover for a nanotube X we set

This will also be applied with  R(:) = u x (-) for some u € R3.

1.2 Review of the literature

Mathematical approaches

Related to our problem is the question of the structure of minimizers of the microscopic
problem. In certain cases, periodic minimizers are expected (see for instance the overview
[59] and the recent works [26, 7]). Notice that in our problem, perfect nanotubes are not
periodic at all, but are only invariant by a screw displacement 7%

Recall that the Cauchy-Born rule (see [30]), means that the microscopic deformation
mimics the macroscopic one. Our Saint-Venant principle (2.15) is a kind of quantitative
version of the Cauchy-Born rule, and uses a perturbation argument that shares some simi-
larities with the work [61] on the regularity of solutions of fully non linear elliptic PDEs, or
the basic elliptic estimate in [52]. Cases where such Cauchy-Born rule fails (by fracture or
melting) have been studied in [11, 18, 68, 33, 23, 31, 17, 16] and a general representation of
the macroscopic energy has been given in [2, 19] and in [62, 42, 43] for films. General schemes
have been proposed to deduce (assuming the Cauchy-Born rule) macroscopic theories from
microscopic ones, see [32, 12, 71, 5]. See also [3, 13| for stochastic lattices. Even if it is
different, our approach shares some common points with the Quasi-Continuum Method (see
[63]) and some general aspects of multiscale modeling (see the overviews [25, 14]).

A discrete-continuum error estimate has been obtained in [27] (justifying the Cauchy-
Born rule) for three-dimensional elasticity starting from microscopic minimizers with two-
body interactions of finite range. In [27], the authors use a stability assumption on the Fourier



transform of the hessian of the energy, which shares some similarities with our microscopic
stability assumption (H2) for nanotubes. Let us mention notable differences: in the present
work we do not consider minimizers, but only critical points of the microscopic energy; we
do not assume neither a high regularity on the exterior forces. Extension of [27] to the case
of the dynamics is presented in [28].

For a general theory of rods, we refer to the book [4] and [67], and for wire ropes, we refer
to the book [24]. Let us mention a discrete mechanical approach to rod theory introduced
in [38]. For 3D-1D reduction in the framework of continuum linear and nonlinear elasticity,
see [56, 1, 53, 54, 55].

Physical applications

We have in mind that our setting can be an oversimplified framework to modelize mechanical
behaviour of macromolecules, like DNA| tropocollagen triple helix (see [20]), micotubules (see
[37]), or carbon nanotubes in the regime where bending is neglectable.

For a nice overview of mathematical aspects of DNA, see [65] (where also some references
to discrete models for DNA are also indicated). Concerning simplified mechanical models for
DNA, involving twist-stretch coupling, we refer to [39, 35, 34] and [36] with the references
therein. For a discrete-continuuous comparison of models for DNA, see also [46]. Let us
also mention the Elastic Network Model (ENM) method, used for instance to modelize
biomolecules (see [64]).

For an overview on the mechanics of carbon nanotubes (including nanoropes with smaller
bending stiffness), we refer to [58, 60]. For continuum elastic models of carbon nanotubes,
we refer to [41] and the references cited therein. For atomistic derivation of mechanical
properties (including torsion) of carbon nanotubes, we refer to [70, 45, 6, 69] mainly with
interatomic potentials modeling, and also [22] for a SCC-DFTB atomistic model, and the
references therein.

1.3 Organisation of the paper

This paper is divided into two first sections (Section 1 for the introduction and Section 2 for
the presentation of the main results), followed by two main parts (parts I and II) and ended
by an appendix (Section 13).

On the one hand, part I is devoted to the proof of the discrete Saint-Venant principle
(Theorem 2.13) and the Liouville result (Corollary 2.14). On the other hand, part II presents
the proof of error estimates: a microscopic error estimate (Theorem 2.15) and a macroscopic
error estimate (Corollary 2.16). Part I is independent on part II but uses the first two
subsections of the appendix, while part II uses some results in part I and the three first
subsections of the appendix.

We now describe the structure of part 1. This part is composed of Sections 3 to 6. Section
3 presents certain properties about the equilibrium and the construction (proof of Proposition
2.1) of perfect nanotubes and other properties of the kernel of the hessian of the energy. In
Section 4, we prove rough rigidity estimates which are various local and global comparison
estimates between nanotubes. In Section 5, we present a fine rigidity estimate (Theorem 5.1)
which plays a crucial role in our analysis. This fine estimate compares a general nanotube
to a perfect nanotube. In Section 6, we prove the main results of this part, namely Theorem
2.13 and Corollary 2.14.



We now focus on the structure of part II. This part is composed of Sections 7 to 12.
In Section 7 we define the line torsion, the line tension and prove their properties, with in
particular their relation with the derivatives of the energy for perfect nanotubes (Theorem
7.2 and Theorem 7.9). In Section 8, we define the important discrete notion of mean fiber
and prove some of its properties in Theorem 8.2. In Section 9, we mainly prove Theorem
9.1, which is an estimate for a general nanotube on the line tension and the line torsion (i.e.
a moment of the forces estimated on the mean fiber). In order to go further, we define in
Section 10, the notion of scalar line torsion that we prove to be almost constant (see Theorem
10.2). In Section 11, we mainly prove some estimates between continuum and discrete forces
acting on a general nanotube (Theorem 11.1), that is used in Section 12 to prove the main
results of part II: namely Theorem 2.15 and Corollary 2.16.

Finally Section 13 is an appendix composed of four subsections. Subsections 13.1 and 13.2
contain respectively properties of rotations and fundamental controls of rotations. Subsection
13.3 gives some technical results on convergent series. We conclude with Subsection 13.4
which is not necessary to establish our main results, but proposes an axiomatic approach to
the definition of perfect nanotubes.

2 Main results

In this section we present our main results which are based on the subclass of perfect nan-
otubes at the equilibrium with no exterior forces.

Our first main result is a quantitative estimate on the distance between a general nan-
otube and nanotubes of this subclass, namely a Saint-Venant principle (Theorem 2.13),
which implies in particular a Liouville classification result (Corollary 2.14).

Those perfect nanotubes at the equilibrium are used to build the macroscopic model for
nanotubes deriving from some macroscopic energy W. Our second main result is a set of two
error estimates between discrete nanotubes and the solution of the associated macroscopic
continuum model (see Theorem 2.15 and Corollary 2.16).

In order to present our main results we need first to present our assumptions in Subsection
2.1. Subsection 2.1 should probably be skipped by the reader in a first reading of this section.
Our main results will be given in Subsection 2.2. We finally discuss the main new difficulties
of our approach in Subsection 2.3.

2.1 Assumptions

In order to state precisely our main results in Subsection 2.2.1, we need first to introduce
several assumptions.

Assumption (HO) (Regularity and decay of the potential)

We assume that V, € C?(0, +00), and for some p > 1, we assume that

sup 1P [|VO(7’)| + 7 Vo (r)| 4+ 72 V' (r)]| < oo.

r>1



Notice that our assumption (HO) allows us to consider Lennard-Jones potential. We define
the energy per cell of a special perfect nanotube X € C% by (assuming convention (1.10))

1
W(G, L,X@) = 5 Z V(Xk,l - XO,m)
keZ
0<Im<K-1
(2.1) 1
= 3 > V(kL+ Ry 7 (Xo1) — Xom),
keZ

0<lm<K-—1

where Xy = (Xo,)o<i<x-1 is a cell for the perfect nanotube X. Notice that W, up to its
second derivatives, is well defined (when all the atoms of the nanotube are distinct) because
of assumption (HO) above.

Assumption (H1) (Stability for a particular perfect nanotube)

i) We assume that there exists 6* € (0,27), L* € R*\{0} and X§ = (X;,); € (R*)* solution
of

(2.2) Dx, (0", L*, X&) = 0.

Let the nanotube X* = (X7,) € C”* with X7, = jL* + R, 7.(Xg,) for j € Z and
0 <l < K —1, then we have

(2.3) El(X*) = 0.

We also assume that not all the atoms X7, are aligned for j € Z, [ € {0,..., K —1}.
ii) We assume that

—

L*
(2.4) Ker D% x W(0*, L*, X§) =R(L* x X§) + R

L*
where (L* x X§); = L* x Xg;.

Notice that it is possible to see (see later Proposition 3.3) that (2.2) implies (2.3) in

assumption (H1) i).
We will prove later in Proposition 3.4 that under assumption (H1) i) we always have the
inclusion .

L*

R(L*x X;)+R| C  Ker D x W(O", L*, X}),

7r
and therefore (2.4) is a natural assumption of macroscopic stability of the nanotube X*. Then
we have the following result which will be proven later in Subsection 3.2, which provides a
parametrisation by (6, L) of the unit cell X = X (6, L) of special perfect nanotubes at the
equilibrium.

10



Proposition 2.1 (Existence of a suitable map (0, L) — X; (6, L))

i) Existence

Assume (HO0) and (H1). Then W is C* (on its domain of definition) and there exists a
closed neighborhood Uy of (0%, L*) in (0,27) x (R3\{0}) and a bounded neighborhood V; of
X¢ in (R)X, and a C* map

X U — Vi
0,L) — A5(0.L)

with X5 (0, L*) = X, such that for all (0, L) € Uy, we have

K-1

DxW(0,L, X5 0,L) =0 and L- (Z(XJ),(Q,L)) =0,
=0

and every Xy € Vj solution of
DxW(0,L,Xy) =0 for (0,L) € U,
can be writen
(2.5) Xo=Rgz(X5(0,L)) + ~L  for some B,y €R.

ii) Further technical properties
Up to reduce Uy, we can always show that for any (0, L) € Uy and

26)  X'(0.L)= (X (0.0)es with X}(0,L) =Ry, (X;(6, L))+ jL.
we have

(2.7) there are at least three atoms of the nanotube X* (0, L) which are not aligned,

(28) UO = Int Z/{(],

and there exists cg > 0 such that

o E+E|>C > 0
- U (6.L), (6,L) €lhy, { =
(2.9) forall (0,L), (6,L) € U {|L|—|L—L|ZCO>Ov

and (for r > 1 given such that r0* # 0 (2m)) we have
(2.10) rf #0(2r) for all (6,L) € Up.
Definition 2.2 (The hessian of the energy)
For a nanotube X*, the hessian of the energy EJ(X*) : (R3)X)% — ((R*)X)Z is defined for
any Z € ((R*)%)” by
(BU(X*) - Z); = > DVI(XS = X5) (Zin— Zyw).

i'ez
0<I<K-1

11



Assumption (H2) (Microscopic stability by characterisation of the kernel of the
hessian)

We assume that there exists a positive constant C' such that for any Z € ((R?)%)% such that

o [0 2=

2 < O+ 1jP)
there exist two vectors uy,us € R?, (0, L) € R x R* and Y € ((R*)¥)Z such that
with

X+ = X0, L)

Y =(0,L) VX" (0", L") with X*(, L) defined in (2.6).

Notice that all Z as in (2.12) are in the kernel of E”(X*) by Proposition 3.5. Assumption
(H2) claims that the kernel defined by (2.11) does not contain other elements. Therefore
assumption (H2) appears as a kind of microscopic stability assumption.

Remark 2.3
We can write

Yi=|Ryz(Yo) +0- (JZ X R, 7(X5)) +L- (VLRje,Z) (X5) +jf)

(6,L)=(6*,L*)

Yo=(0,L) Vi, X; (0, L) :
(6*,L%)

where we recall that X§ = X5 (6%, L*).

For later use we introduce the following technical assumption:

Assumption (H3) (Minimal number of cells 2¢; + 1 to define the distance D)

We introduce conditions on some parameter
go=2r—1

involved later in Definition 2.11, where 2¢gy 4 1 is the minimal number of cells used to define
the distance D;.
If K > 3 and not all atoms of X (6, L) are aligned for each (0, L) € Uy, we set

r=1.

Otherwise if K > 2, we set
r=2 if *#n
r=3 if 6" =m.
If K =1, we set
2 4
r=3 if 0*£-" and @£ —
3 3
2m X

r=4 if 0*=— or 0* )
3 3

12



Remark 2.4
Here qo = 2r — 1 is such that the atoms of X¢(0,L),..., X,_1(0, L) are always not all aligned

when assumption (H1) i) is satisfied. Moreover r0* # 0(2m), and this condition is used in
(2.10).

Definition 2.5 (Macroscopic energy)
For any (0, L) € Uy, we define the energy W by

(2.13) W(0,L) = W(0, L, X; (0, L)).

Remark 2.6
For any B, v € R, let Xg := R,e,i(XO*(Q» L)) +~L. Then we have

W(0, L, Xo) = W(0, L, Rg 7 (X5 (0, L)) +vL) = W(0, L, X;(0, L)) = W(0, L).
We have the following regularity:

Proposition 2.7 (Regularity of W)
The energy W is C? on Uy.

We denote by (Ly, Lo, L3) the coordinates of L € R? and we denote 6 by Ly, and we assume
that P21
Apn = ———(
oL,, 0L,

satisfies the following non-degeneracy assumption.

6*,L*) foranym, n=0,---,3

Assumption (H4) (Invertibility assumption at the macroscopic level)

The matrix A = (A,.,) is invertible.

Remark 2.8
Intuitively, it is expected that assumption (H4) should be related to assumption (H2), but we

do not know if (H4) can be deduced from (H2). This question shares some analogies with
Lemma 3.1 in [27].

In this paper, when we use the set Uy, we implicitely assume that (HO) and (H1) hold.

2.2 Main results

In order to give our main results in Subsection 2.2.2, we first need some definitions in
Subsection 2.2.1.

13



2.2.1 Perfect nanotubes at the equilibrium, distance and semi-norm

A nanotube X € C%! is at the equilibrium if Ej(X) = 0. We introduce the following
definitions.

Definition 2.9 (Class C%1)
For any (0, L) € Uy, we define the subclass of special perfect nanotubes at the equilibrium by

ot ={y eC™, Ey(Y) =0, 3(8.7) €R?, Yo = Ry z(X5(0, L)) +7L}.
Notice that X (0, L) is a parametrisation of the unit cell given by Proposition 2.1.

Definition 2.10 (Class C?*)
For any (0, L) € Uy, we define the class of the perfect nanotubes at the equilibrium by

COl ={y eC, JaecR® X eCll Y, =a+ X},
which is obtained from C%Y by translations.

In order to give our main result we need to test the degree of perfection of a nanotube. To
this end, we will define a “three cells distance” (when g = 1) for a local control of the degree
of perfection of a nanotube, and a semi-norm making the local control a global control.

Definition 2.11 (Distance D)
For fized ¢ > qo > 1, with qo given in (H3), and for any (0, L) € Uy and a nanotube X we
define R

D;(X,0,L)= inf sup |X;i5— X;‘+ﬁ|,

X*eCP" |181<q

where | X;| = sup |Xj,]|.
0<I<K—1
Similarly we define for the force |f;| = sup |f;l.
0<I<K-—1

Definition 2.12 (Semi—norm)
We shall say that a subset J C Z of indices is a box, (i.e. a discrete interval), if and only if
it is the intersection of Z with an interval. For such a box, J, let us define the semi—norm

N;(X):=sup inf D;(X,0,L).

jeJ (0,L)elo
Moreover, for a given p > 0, we set
J, i =J+Q,,

where @, := {e € Z, such that |e| < p}. We are now ready to state our first main result in
the next paragraph, namely our discrete Saint-Venant principle for nanotubes.
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2.2.2 Statement of the main results

With the notation of Subsection 2.2.1, we have:

Theorem 2.13 (A Saint-Venant principle for nanotubes)

Assume (HO), (H1), (H2) and (HS3), where we recall that 0* € (0,27) and L* € R3\{0}.
Then there exists &g > 0, u € (0,1), Cy, Cy > 0 such that, for every nanotube X € ((R3)¥)Z
satisfying the Euler—Lagrange equation (1.13) for some f € ((R*)¥)Z satisfying (1.6) and

(2.14) sup D; (X, 0%, L*) < by,
JEL

we have for any box J C Z

(2.15) Ni(X) < uNG(X)+C su})!fj!,
JE€Jp
with
Cs
2.16 = =
(2.16) 7N

where we recall that p > 1 is the decay exponent of the two-body potential given in (HO).

Estimate (2.15) when f =0 on J, is illustrated on Figure 5.

O 0 0 0 0 00 0 0 0 0 0

P P

AN
perfect nanotube X*

Figure 5: Interpretation of our Saint-Venant principle when f =0 on J,:
X looks more perfect on J than on J,

This Saint-Venant principle (2.15) has been obtained following the general lines of the previ-
ous works [8, 15, 50, 51], but with substantial difficulties that are mentionned in Subsection
2.3. Concerning Saint-Venant’s principle and exponential decay estimates, we refer the
reader to [40, 57, 66] and to [48, 49, 47| for a center manifolds approach.

Corollary 2.14 (Liouville result for nanotubes)

Assume (H0), (H1), (H2) and (H3), where we recall that 0* € (0,27) and L* € R3\{0}. Then
there exists 8o > 0 such that for every nanotube X € ((R3)X)% satisfying the Euler—Lagrange
equation (1.13) with f =0 and

(2.17) sup D;(X, 0", L") < dy,
jez
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then there exists (6o, Lo) € Uy, such that

sup Dj(X7 00, Lo) = 07

JEL
and X 1s a perfect nanotube.

Notice that it could also be interesting to try to derive for nanotubes a boundary layer
estimate similar Corollary 2 of [8], (this would require some substantial additional work).

Theorem 2.15 (Discrete-continuum error estimate) B
Assume that (HO), (H1), (H2), (H3) and (H4) hold with p > 2. Let f : R — R3 be a function
satisfying (1.2), (1.4). There exists g > 0, such that if we have for some constant Ky > 0

(2.18) 1 lze®) < Ko, || fll=®) < 20, sup D;(X,0", L") < e,
je

then there exists a constant C' = C(Ky) > 0 such that for any discrete solution X of (1.13),
(1.14), (1.6) and (1.7) with € € (0,&), for L° defined in (1.7), there exists 8° € R satisfying

(2.19) 0° — 0*| < Cey, |L°— L*| < Ceg

and there ezists a solution (a, ®) of (1.1) and (1.5) where W is defined in (2.13), such that

1 -2
(2.20) sup D;(X,d/(je), ®'(je)) < Ce”  with ~ = min (5’ pT) )
JEL

Moreover there exists a; € R® for j € Z such that we have the following error estimate

| X; —a;| < C
(2.21) |Gj1 —a; — P'(je)| < Ce

[Xjrr = a1 — R, 50 (X5 — @) < O,

where we recall the notation z = ﬂ
z

The result of Theorem 2.15 is illustrated on Figure 6.

Corollary 2.16 (Macro-micro error estimate)
Under the assumptions and with the notations of Theorem 2.15, we have that there exists
a € R3 such that for all j € 7 we have

(2.22) eX; — ®(je) —a|l < Ce.

Result (2.22) of Corollary 2.16 is illustrated on Figure 7.
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Xj X1 micro
K o ¥ L
& ¢! -approximation
by a perfec/E
= nanotube X*
j ~
aj1
~\ _-/\ macro
P (x)

Figure 6: Discrete-continuum error estimates (2.21), (2.20)

0(e)

— / EX]'

\/\_\ [0(g)

p(x)

0(£%)

Figure 7: Macro-micro error estimate (2.22) for a =0

2.3 Main difficulties encountered

The starting point of our work was paper [8], where a Saint-Venant principle has been ob-
tained for a linear chain of atoms. This Saint-Venant principle was called a Harnack type
inequality in [8]. Our goal was to adapt the method to the case of oversimplified models
of nanotubes in R3, sketching applications for instance to carbon nanotubes and to DNA
molecules (in the regime where the bending is neglectable, which is for instance expected
when a huge traction is applied). We simplified the analysis, concentrating on the problem
with two-body interactions in the case where all the atoms are the same. Nevertheless, we
had to face some questions that are several order of magnitude more difficult than in [8].
Even if some proofs may seem elementar from line to line, we had to design from scratch
the whole strategy and structure of proof of this paper. For this reason, this paper is fully
self-contained.

We list below some of the main difficulties encountered here.
Main difficulties in part I
I.1) the definition of perfect nanotubes:

At a first glance, a perfect nanotube should be a set of atoms that is invariant by a screw
displacement T%% (composition of a rotation R, 7 and a translation in the direction of the
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axis L of the rotation). Even if it is very intuitive that we should define a cell repeated by
screw displacement, we had to realize that the barycenter of the cell is not necessarily on
the axis of the rotation, and then has in general to rotate around this axis. Moreover the
parametrisation by (6, L) € Uy of the family of perfect nanotubes at the equilibrium was
not very intuitive, even if it was realised already in [21] that the shape of the microscopic
cell of a nanotube can change under homogeneous macroscopic deformations. Moreover, we
realised that we had to exclude the case of rotation angle § = 0 (modulo 27), which is more
singular for at least two reasons: on the one hand several nanotubes families could bifurcate
from the case § = 0 because the dimension of the kernel of D%y, W is higher when 6 = 0,
and on the other hand, the axis of the identity rotation is not well defined, which makes
it impossible to control the axis of perturbed rotations close to the identity. In the same
spirit, the suitable stability condition (H2) that we assume on the kernel of the hessian of
the microscopic energy was not obvious a priori.
I.2) the notion of curvature to use:
The statement of our Saint-Venant principle (Theorem 2.13) uses a notion of measure of
the degree of imperfection of a general nanotube, which we can interprete as a generalised
curvature of the nanotube. When each cell X} reduces to a single atom and # = 0 (as in
[8]), we can simply consider D;(X) = [(Xy41 — Xi) — (X — Xj—1)| which measures the
curvature of the chain of atoms. At the beginning of our work, it was not clear what should
be the right corresponding notion D;(X, 6, L) for nanotubes and how to use it.
I.3) rigidity estimates on nanotubes:
Contrarily to the chain of atoms, we have to consider the action of rotations of the nanotube
around its axis. This creates a lot of difficulties to estimate the long range position of a
general nanotube, from its local generalised curvature in£ D;(X,0,L).

0

)

Main difficulties in part II

I1.1) the macroscopic model:

The macroscopic model is now built on the family of perfect nanotubes at the equilibrium,
parametrized by (6, L) € Uy, and creates an isotropic energy W (6, L) such that W (6, L) =
W (6,|L|). This was absolutely not clear at the beginning of our work, even if a posteriori
this is related to the energetic regime that we consider, which allows ”large” deformations
(with respect to the solution of minimum energy). We also realised that those parameters

can be interpreted as
0,L) = (a/, D)

where ®(x) is the macroscopic arc of a continuous mechanical model, and a can be interpreted
as the angle of rotation of an orthonormal basis (whose first vector is tangent to the arc,
see Figure 1) associated to each point of the arc with respect to the natural Bishop frame
corresponding to zero torsion of the macroscopic arc (see [9, 44, 10]).

I1.2) the line torsion and the mean fiber:

In comparison to [8] where line tension was introduced, we had additionnaly to introduce
the notion of line torsion at the microscopic level, which is a moment of the internal forces,
evaluated at some point. But this notion was difficult to use, and we had to define the right
point where to evaluate this moment. We discovered that this moment has to be evaluated on
the mean fiber @y, a suitable notion that we also had to introduce (and which corresponds to
the projection of the barycenter of the cell on the axis of the nanotube, when this nanotube
is perfect). We introduced this notion of mean fiber for general nanotubes.
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I1.3) microscopic scalar torsion at large scale:

For simplicity, we assumed (as in [8]) some large scale (of order 1/¢) periodicity conditions
on the microscopic nanotube. To this end, we imposed the large scale translation L°/e of
atoms, but it was impossible to prescribe the large scale torsion of the nanotube. This is of
course natural, because even if the nanotube is anisotropic at the microscopic level, it turns
out that it is isotropic at the macroscopic level (in the regime that we consider). This also
creates a lot of difficulties to evaluate the microscopic line torsion and to relate it to the
macroscopic one. In order to do that, we had to introduce the notion of scalar microscopic
line torsion m; (instead of the vectorial line torsion), that we have shown in Theorem 10.2
to be almost constant, i.e. (for p > 3)

1 1
m; —mp =0 (N +N26) = O(e®).

This has been obtained by averaging rotations of the cells of the nanotube on a window
of size N << N, = ¢! and optimizing the error with N = £73. Here the averaging was
possible because 6 # 0 (27). Notice also that this is the only part of the proof where we use
the Lipschitz regularity of the forces f.

Part I
A discrete Saint-Venant principle

3 Properties of perfect nanotubes

This section is divided into three subsections. In Subsection 3.1 we mainly prove Proposition
3.3 for the equilibrium of perfect nanotubes. In Subsection 3.2 we show Proposition 2.1 and
Proposition 3.4 for the construction of a family of perfect nanotubes at the equilibrium.
Finaly in Subsection 3.3 we get Proposition 3.5 on the properties of the kernel of the hessian
of the energy.

3.1 The equilibrium of perfect nanotubes

In this subsection, we grasp a few results that will be used later in the paper. We first notice
that using (HO) we can estimate the rest of the series defining YW, DW and D*W, and then
show that W € C?, while there are no pairs of atoms in X that touch each other.

Lemma 3.1 (Computation of Dx, W(0, L, X,) )
Let us consider a nanotube X € C%L, then for the energy per cell defined in (2.1) we have

DXO,ZW(97 LJ XO) == Z VV(XOJ —_— Xj’,l’)-

j' ez
0<U'<K—-1

Proof of Lemma 3.1 ]
Wehave  W(0,L,Xo) =5 > V(Xor—35'L— Ry z(Xor)).
i€
0<LU<K-1
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Then

1 .
D, WO,LXo) = 5 >, 8&VV(Xor =L~ Ry p(Xor))
VY
0<LI<K-1
1 .
-5 > SupR_ g 1YV (Xoy — §'L — R 7 (Xow))

J ez
0<LI!<K-1
= Z VV(X(],p - ]IL - Rj/97E(XO,l’))
J ez
0<I'<K-1
Z Rij/gjjvv(XO,l - ]/L - Rj'@,E(Xoyp))'

j ez
0<I<K-1

N | —

N | —

Using Lemma 13.4 in the appendix, we compute

1 .
9 Z R_jyzVV(Xoy = J'L— Rip7(Xop))
j €L
0<I<K-1
1 .
jEeL
0<I<K-1
1 .
= _5 Z VV(R_]'/QE(XO,I’) — j/L — XO,p)
jEL
0<lU'<K-1
1 .
= 5 D VV(Xe— (4L = R_yp(Xor)
j €L

0<I'<K-1

- _ Z VV(X()J) — ],L — Rj/Q’Z(XO,l’))7

j ez
0<U<K-1

then we have

Dx, W(0, L, X,) = > VV(Xop— 'L —Ryyz(Xow)),
J ez
0<I'<K-1
and finally
Dx, W(0, L, X,) = Y VV(Xoy— Xj).
jEL
0<I'<K-1

Lemma 3.2 (Rotation of the external forces)
If X € C%F solves (1.18), then we have

fj—i—l = Rej(fj)a
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and
K-1

fia=0 forall jecZ.
1=0

)

(3.1)

Proof of Lemma 3.2
Step 1: Proof of f;;; = Re,i(fj)
We recall (1.13) forany j€Z and 0 <I< K —1

(32) fj,l + Aj,l =0 with Aj,l = Z VV(X]‘J — Xj/J/).

Y/
0<I'<K-1

Now we compute

Aj—i—l,l = Z vV<Xj+1,l - Xj’+1,z’)

j e
0<I'<K-1

= Z VV(L+ Rai(Xj,l) —L- RQ,Z(XJ",Z’»)

VY
0<V<K-1
- Z VV<R9 £ (Xir = Xjrr))
Jj EL
0<UV<K-1
= Ry;p ( > V(X - Xj',l')>
j'ez
0<I<K-1
= Ryz(A5),

where we have used Lemma 13.4 in the fourth line. From (3.2), we deduce that

fivra = Ry z(fi0)-

Step 2: Proof of L- Y  f;; =0

Using (3.2), we get

(3.3) L- 2 Fiu Z =

=0 =0
We compute
K-1
LY Ay =L Y VV((G =)+ Ry p(Xoy) = Rypz(Xor)

= LV (R (U = 3L+ Xor = Ry 2(Xor))

= S R_yz(L) - VV((G — §)L + Xoa — Ryjr_jyg z(Xow)),

j€n
0<LI<K-1
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where we have used Lemma 13.4 in the last line. This shows that

K-1
L-Y A= > L-VV(kL+ Xoy— R_57(Xou)).
=0

kez
0< Ll <K-—1

Using similar arguments, we get

K-—1
L- Z A, = Z L-VV(=kL+ Xo; — Ry 7(Xor))
=0

kez
0<Ll <K-—1

= Z _/L\ . VV(RICG,E(_ICL + R_kgij(XO,l) - Xo,l/))

kez
0< Ll <K-—1

= Z Rwe,i@) VV(=kL+ R_; 7 (Xow) — Xo4)
kez

0< LI <K-—1

L-VV(KL + Rz (Xor) — Xou)

|
(]

This implies that L - A;; =0, which with (3.3) implies (3.1).

Finally we have

Proposition 3.3 (Euler-Lagrange equations deriving from W and E)
Given a solution X € C*L of Euler-Lagrange equation (1.13), we have

(34) _DXOYPW(Q; L7X) = fO,p>

and

Dx, W(,L,X)=0 <+ E|(X)=0.

Proof of Proposition 3.3
By Lemma 3.1, we have

DXO,ZW(97 L7 XO) = Z VV(XOJ — Xj/,l/)-

j €L
0<I'<K-1

Using (1.13), we obtain
_DXO,pW(07 L, X0> - fO,p‘
If E{(X) =0, then fo =0 and finally
Dx, W(6, L, Xo) = 0.

Reciprocically, let us assume that fy = 0. Then by Lemma 3.2 we have f;; = Re,i( f;), and
then f; = 0 for all j € Z, which implies

El(X) = 0.
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3.2 Stability of perfect nanotubes at the equilibrium

Proposition 3.4 (On assumption (H1) ii))
Under assumption (H1) i), we have
L*
R(L*x X5)+R|[ C  KerDi x ,W(0*, L*, X}).
L*
Proof of Proposition 3.4
To simplify the presentation, we set A = (6, L), X = Xy and \* = (6%, L"), X* = X{.

Step 1: Invariance by translation along L
From the explicit expression of DxW(A, X) given by Lemma 3.1, we see that

DxW(\, X +~vL) = DxW(\, X) for all vy €R.

By derivation with respect to v, we deduce in particular that

L
| Dxx WA X) =0,
L
L
which shows that R [ C  Ker DX W\ X).
L
Step 2: Invariance by rotation

We have
W R, £(X) =W, X) forall a eR.

Taking the derivative with respect to «, we obtain
(3.5) DxW(\ R, 7(X))- (L x R, (X)) =0 forall a€R.
Taking again the derivative with respect to a at a = 0, we obtain
DX WA, X) - (L x X, L x X)+ DxW(\, X) - (L x (L x X)) =0,
Using DxW(A\*, X*) = 0, we deduce that
L* x X* € Ker D% W(\*, X*),
and then

R(L* x X*) C  Ker D3y W(\*, X*).

Proof of Proposition 2.1

Step 1: Definition and properties of ¢

We keep the notations A\, X, \*; X* of the proof of Proposition 3.4.
We introduce the following map

(3.6) (A, X) == DyW(A, X).
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We know that 1 (A*, X*) = 0, and we want to find a solution X () of ¥(A, X(\)) = 0, using
an inverse function theorem. We notice that we have Dx¢(\, X) = D% W(), X), with
ker D%« W(X*, X*) # {0} by Proposition 3.4.

On the other hand we know by (3.4) and (3.1) that

L
L-p(A\X)=0 with L:=| : |,
L
le.
(3.7) v\ X) e Lt
Moreover computation (3.5) shows that
(3.8) Y\, X) € (AX): with AX =L x X,

From Lemma 3.1 and Lemma 13.4, we have for all a;,y7 € R

(3.9) VAR, (X)) +7L) = R, 7 (¥(A, X)).
Step 2: Setting for invertibility
We set
i L
Vi = (AX) NLT with 2= and A*X* = L* x A",
Z*

and notice that A*X* # 0 because not all the atoms are aligned (as a consequence of
assumption (H1) i)). We consider (with the orthogonal projection on V})

X*+V1)

We now want to apply the inverse function theorem to ). To this end, we compute

(3.10) (A, -) = Proj‘ (w(% )

%1 Vi

But D% W()\*, X*) is a symmetric matrix whose kernel is V;* by assumption (H1) ii). There-
fore D3 W(X\*, X*) is invertible from V; to V4, which shows the invertibility of Dx(\*, X*).
From the inverse function theorem, there exist a bounded neighborhood U, of \* and a
bounded neighborhood V; of X* in X* + V; and a C'-map (because the map (A, X)
W(A, X) is C? by assumption (H0))

XD* : uo
A

such that the equation . )
YA X)=0 for X eV
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has a unique solution which is A (A).
Step 3: Consequences
Notice that (A, X)) = 0 means

(A"X7) - (A, X)

(3.11) V(A X) — A" X" — L =0 with 5 (0 X)
L

where we have substracted to ¢ its orthogonal projection on V-, namely
1 * § K - Tk
Vi- =R(A*X™) @ RL".

Taking respectively the scalar product with AX and £ in (3.11), and using respectively
(3.8) and (3.7), we get

-~

0—a(A*X* AX)— B (L AX) =0
0—a(A*X*-L)—p(L*-L)=0.

For R
A(L, X) := det (A"X éX) <€ 4X) ,
(A*X*- L) (L*- L)
we have R
AL X*) = JAXPIE £ 0,
and A(L, X) # 0 for (L, X) close enough to (L*, X*) (which is true for X = &7 (\) and
A= (0,L) € Uy, up to reduce Uy). Therefore & = = 0 which implies that

YA X)=0 forall X =A4;(\) and X elUp.

Step 4: Further properties
With notation (2.6), recall that not all the atoms in the nanotube X*(\*) are aligned.
Because A is a continuous map, we deduce that not all the atoms in X*(\) are aligned, for
A € Uy with Uy small enough, which shows (2.6). Moreover up to reduce Uy, we can assume
(2.8), (2.9) and (2.10).
Step 5: Conclusion for the existence of 1
We define

F @ (0,27m) x (RA\{0}) x (X*+V)) xRxR — (0,27) x (R3\{0}) x (R®)¥K

~

0,L, X, c,7) — (0,L, R, z(X) +~L).
We have F(0*, L*, X*,0,0) = (6%, L*, X*), and we compute
DF(6*,L*, X*,0,0)- (8, L, X,a,%) = (6, L, X + aL* x X* +5L*).

This shows that DF is invertible at this point. Because F is C*, we deduce from the inverse
function theorem that there exists a bounded neighborhood Vi of X* in (R?)® such that (up
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to reduce Uy and choose V) small enough) for all (0, L, X) € Uy x Vj, there exists a unique
(0,L, X, a,7) € Uy x Vi x B,.(0), with B,,(0) C R? for some small 75 > 0, such that

F(0,L,X,a,) = (0,LX).
As a consequence if (6, L, X) € Uy x V; and ¥(0, L, X) = 0, then
X =R, ;(X)+~7L with X € X" +V.
Therefore from (3.9), we deduce
YO, L,X)=0 with X e€X*+V.
From Step 2, we deduce that 5
X =&5(6,L),

and then ) R
X = Ry (&(0,1)) + 1,

which shows (2.5).

3.3 The kernel of the hessian

Proposition 3.5 (The kernel of the hessian)
We set
Zj = ui + up XX;—I-Y},

with uy, uy € R3, X* € CO°L | with X* = X*(6*, L*) and for (,L) € R x R3
(3.12) Y :=(0,L).V X" (0, L),

where X* is defined in Proposition 2.1. Then
i) for Z = (Z;)jez, we have Z € Ker Ej(X™),
ii) there exists a constant C' > 0 such that |Z;| < C(1+|j]).

Proof of Proposition 3.5

Proof of i)

Action of translations

For Y = X* + tuy, we have Vj; — Vyy = X5, — X3, and then Ej(X* + tu;) = Ej(X™).

Therefore
d

0= —(Bp(X*+ tur))|,_, = Eo(X*) - uy
and finally
(3.13) uy € Ker E[(X™).

Action of rotations
For a € R and Y = R, q,(X™), we have V;; — Vjyr v = Roa, (X, — X5 ), then we write

Ej (R, (X7)) = R, (Ep(X7)) = 0,
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where we have used Lemma 13.4 and the fact that E{(X*) = 0.
Therefore for oo = t|us|, we get

d * k *
0= EE{)(Rtlw\ﬁz(X ))}azo = E(/],(X ) ’ (u2 x X )a
and finally
(3.14) uy X X* € Ker Ej(X").

Perturbation of X*(0, L)
We have
E\(Xx*(6,L)) = 0.

Therefore for (0, L) = (9%, L*) + t(f, L), we have

d

0=a

EL(X* (0" +t0, L* +tL)) = E)(X*(0*,L")) - Y,

with Y = (6, L) - V(5,1)X*(6*, L*). And finally

(3.15) Y € Ker Ej(X™).
Conclusion

From (3.13), (3.14) and (3.15), we deduce that Z € Ker EJ(X™).
Proof of ii)

On the one hand, there exists a constant C'; > 0 such that
(3.16) | X5 < Cy(1+14)),

which can be deduced, for instance, from the independent Lemma 4.4.
On the other hand, we have

X0(0,1) = JL+ Ry 1 (50, 1),
This gives
Yi = (0.1)-Vend 0L
= JL+0Rg 5 1 (X507, L)) + (i . vLRﬁ*,ﬁ B (X267, 1Y)
+ Rz ((0,L)- VX5 (07, LY)) B
and then (using Lemma 13.7) there exists a constant C such that
(317) Y51 < CaL + |j).
From (3.16) and (3.17) we deduce that there exists a constant C' such that

25| < C(1+14])-
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4 Rough rigidity estimates

The goal of this section is to prove Propositions 4.5 and 4.6 about finite differences of a
single nanotube. This is done in Subsection 4.2. In Subsection 4.1, we present preliminary
results about comparaison between two nanotubes, that are used in Subsection 4.2 and also
later in Section 6.

4.1 Comparison between two nanotubes

Lemma 4.1 (Long distance error estimate for perfect nanotubes)
Let us consider two perfect nanotubes X € C* and X € C*' for (0, L), (0,L) € Uy such

that _
sup | Xo —Xo| <e
a=0,—-1
0 —0] <ey<e
|L — L| S o S E.

Assume moreover that we can write

(4.1) X=a+Y with YeC and inf sup [|Yo;—7L|<ecr.
TER o<i<K -1

Then there ezists a constant Cy = Cy(c1) > 0 such that

(4.2) | X; — X;] < Cole + eolil),

and there ezists a constant Cy = C1(j, ¢1) such that we have

(4.3) (Xy = Xj) = (Xy = Xj)| < Cileo +eli’ = gl + 2ol = 5.

Error estimate (4.2) is illustrated on Figure 8.

Figure 8: Illustration of error estimate (4.2)

Remark 4.2 o
In statement of Lemma 4.1, we assumed for simplicity that (0, L), (6, L) € Uy. Indeed the
result is still true if |Réi — I| is bounded from bellow by a positive constant.
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Proof of Lemma 4.1
Step 1: Estimate on rotations
We have |L — L| < gy, then by Lemma 13.9 there exists a constant ¢ > 0 such that

=~

IL — L| < czo.

By Lemma 13.8, we have

176 — 56| + 5|7 — L|
(7] + 5¢)eo,

|Rj0,Z - Rjgj| <
<

where we have used the fact that |6 — 0] < &.
Then there exists ¢g > 0 such that (with the difference of identity matrices for j = 0)

|R'9,Z - R

’ jg—j| < coljleo-

Step 2: First estimate on |X; — X;|
We recall that

Xj=a+R,:(Xo—a)+jL  with acR®
Xj:a+Rj§E()_(o—a)+ji with a € R3,

where up to change a in a + vL, we can assume that we can take v = 0 in (4.1). We have
|1 X; = Xjl =l(a+ Rjy7(Xo—a) +jL) — (a+ R,
and then

This implies

X=X < lo—a—Rgz(0—a)l+|Ryg — RigzllXo —al + X0 = Xol + |jlIL - L
S Aj -+ Clco‘j|€0 + e+ ’j‘z‘io,
with
Aj=la—a-— Rﬂi(a— a)|
This gives
(45) |Xj—Xj’ SAj+C4(€+€0|j|),

with ¢y = max(1, c1¢o + 1).
Step 3: Control of A;
Again from (4.4), we get (using gy < ¢)

A; <|X; = X;| + ea(1+ |j])e.

For 7 =1, this gives
Ay < e+ 2¢4e < cse,
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with c¢5 = 1 + 2¢4.
Step 4: Control of A,
We get with u=a —a

(4.6) Ay =u— Réj(u)| < cse.
Let ut = u — (u - E)E Then using (4.6) and (6, L) € Uy which implies that |R;z — 1| is
bounded from below by some positive constant, there exists c¢g > 0 such that

|uL| S CeE,

and for all j € Z

Step 5: Conclusion
Similarly we get

1X; — X < Aj 4 cale + eolj]) < 2c6e + cale + eolj]) < Cle + eoljl),

with C' = 2¢ + ¢4, which shows (4.2). )
Step 6: Bound on [(X; — X;) — (X — Xj)|
We compute (using (4.2)),

’(Xk-Jrl — XkJrl) — (Xk — Xk)’ C(E + €0|/€ -+ 1‘) + C(é + 50‘k|)

(47) Cl(€+€0|k’|).

<
<

Up to change (j, ;') in (=7, —j’) we can assume that j* > j. Then by iteration of (4.7), we
have

5'—1
(48) (X —X,) - (X - X)| <Gy <s|j' . |k|) for j' >
k=j
We distinguish the cases
(5 -1
>k it j>0
k=j
J'-1 J
Slkl=4 = >k if j/—1<0
k=j k=1—j"
0 51
> k4> k if j<0<j —1.
L k=) k=0

Joint to (4.8), we deduce that there exists a constant Cy = Cy(j) such that we have
(Xj = X;) = (X = X))| < Caleo +eli’ = jl + eols” = %)
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Lemma 4.3 (Estimate between a general and a perfect nanotube)
Let us consider a nanotube X and (6o, Lo) € Uy. Let us assume that we have

sup [ X, — Xi| <e with X*eCllo,
jal<1

Let us assume the existence of sequences (0;, L;) € Uy such that for some € > 0, we have
(4.9) D;(X,0;,L;) <e forM<j<N withM<0<N,
and for some g9 > 0

{|9j+1_9j|§80§8 for M <j <N —1.

[Lipn— Lj| e <e
Then there exists a constant ¢ > 0 such that
(4.10) 1X; — X7 < e(e(Q+|j]) +e0s?) for M <j<N.

Error estimate (4.10) is illustrated on Figure 9.

00 0 0 0 0 0 0O 0°0

perfect nanotube X*

Figure 9: Illustration of error estimate (4.10) between a general and a perfect nanotube

Proof of Lemma 4.3

Let us consider a perfect nanotube X*J € C%-Li that achieves the infimum in D;(X,6;,L;),
which satisfies in particular

sup [Xjea — X3/, <e,
laf<1

with the choice X0 .= X,

We see that (4.9) implies for M < j < N

X - X <
(4.11) Xj— Xl < e
| X1 — X;‘zjﬂ <e.
Similarly for j replaced by 7 — 1 with M < j —1 < N, we have
X5 = X <e
(4.12) X; - X7 <e

~

[Xj2 = X | < e
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Using the first line in (4.11) and the second line in (4.12) , we get
(4.13) X7 — X7 < 2

Using the last line in (4.11) and the first line in (4.12) , we get
(4.14) X3 - X < 2.

We summarize (4.13) and (4.14) as

St&pllffffa ]*ja1|<2s for M +1<j <N.

Because we have |0, —0;_1| < ¢e¢ and |L; — L,;_1| < g, using (4.2) in Lemma 4.1 then there
exists ¢y = 2Cy > 0 such that we have

(4.15) | X7 — X777 < ol + eolj — k).

Therefore, we can write for 0 < j < N

X7 =X = 157 - X+ (Af ~- X7+ +(X - X7
X7 — X X - X 4 X - X0

(4.16)

co((e+050)+( +1f-:)+ ] (8+|J—1|6o))

co(elj] + 0j?),

VAVANIVAN

where in the third line we have used (4.15). Similarly we get the same result for M < j <0
and then for M < j < N. Finally, we have for M <7 < N

X, - X5 < 1X =X+ (X - X
= |X; - X7+ X X;‘0|
< €+Co(5|]|+50])
< cle(1+1j]) + 20,

with ¢ = max{1, ¢} and where in the third line we have used (4.16) and the first line of
(4.11).

4.2 Finite differences for a single nanotube

In order to prove Propositions 4.5 and 4.6 we need first the following result:

Lemma 4.4 (Estimate on perfect nanotubes)
For (0, L) € Uy, let us consider X € C**. Then we have

(4.17) |\ Xjw — X0 — (5" — J)L| < 4Gy,

with Cy = inf  sup |Xo;, — L]
VER o<i<K -1
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Proof of Lemma 4.4
We have

Xj,l — Xj/,l/ = jL + Rj97E<Xovl) - ],L - Rj’@,E(XOvl/)
<] _ j/>L + (RJG,E — Rj’@,f)(XO»l) + Rj’Q,Z(XOJ — XU,l’)7
=3+ (R — Ry ) (Xog = V) + Ry 1 (Xoy = V) = (Xog = V),

for any vector V =« L for v € R. We deduce that (4.17) holds.

Proposition 4.5 (Estimate on a general nanotube)
There exists a constant C' such that the following holds.
For any general nanotube X, (0, L) € Uy and § € (0,1), satisfying

sup D;(X,0,L) <6,

JEL
we have
(4.18) | X = Xjo = (5" = )Ll < C(L+ 05" = j]).
Moreover there exists X*I € CPL such that
(4.19) Xy — Xju— (X3 = X3 < Co(1+ |5 — jI).

Proof of Proposition 4.5 R
We recall that there exists X*7 € C%L such that

(4.20) D;(X,0,L) = sup |X

lo|<g

j+a| < 6

Writing X = X% 4 a; with X* € C%L and a; € L*, we deduce from Lemma 4.4 that
there exists a constant C'; such that
(4.21) X5 = X5 — (G = 4Ll < Cu.

Because of (4.20), we can apply (4.10) in Lemma 4.3 with 9 = 0, and get the existence of a
constant Cy such that we have

’Xj’,l’ — /l’| < CQ (1 -+ |] - j/|) fOI' allj < 7.
In particular for (j/,1") = (4,1), we get
X0 — X/ < Cad,
Subtracting the two last lines, we get that there exists a constant C'3 such that

| /y—(Xik’j—

3= X < Csd(L+ 15— 5)),

which shows (4.19).
Using (4.21), we see that there exists a constant C such that we have

(4.22) | X0 — Xy — (= 5L < Ca(1 + 0[5 = 7))
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Proposition 4.6 (Another estimate on a general nanotube)
There exist n € (0,1) and Cy > 0 such that the following holds. Let us consider (0, L) € Uy,
5 € (0,m) and a nanotube X, satisfying
sup D;(X,0,L) <6,
jez
such that for some (°, L°) € Uy, there ezists X* € COL" satisfying
sup | X, — X*| < 6.
lo]<q
Then fort € [0,1]

Jb

we have
. L . 1
(4.23) 1 Zja(t) = Zp ()| = Cols" =31 if 15 -3'l> o
Proof of Proposition 4.6
From Lemma 4.4 and Proposition 4.5, we get respectively
(4.24) X5 = X5 — (G =)L < Oy,
and
(4.25) | X0 — Xy — (5= J)LI < Co(1+6]5 — 5]).

with Cy, Cy > 0. If we multiply (4.24) by 1 — ¢ and (4.25) by t, we can deduce that

|Z4(t) — Zjp(t) — ((L+ (1 =)L) (5 — )| < tCo(1+0]j —4')+ (1 —t)Cy
< C36l5 —j'| + Cs,

with C'5 > 0. We can write
tL+(1—t)L° =L+ (1—1#)(L° - L).

We compute

| Z0(t) = Zypw(t) = (7 — 3")L)| < Cs6]j — 7' + Cs + |5 — §'||L° = L],
This implies

Zju(t) = Zypw ()| = 15— J||ILl = Cs = |j = §'IIL° — L| — C56]5 — j'|

= 7 =L = [L° = L] = C30) — Cs.
Recall that we have from (2.9)
|L| —|L° — L] > ¢y > 0.

Therefore
Co

205
and we deduce that there exist constants Cs and Cs such that we have

|Z54(t) = Zjpw(t)] 2 Calj = §') = Cs.

|L|—|L°—L|—035262—0 for §<n:=

1
Then there exists a constant Cy > 0 such that if |j — j/| > oo we have
0

(4.26) 1Z52(8) = Zypw ()] = Colj = 7'l
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5 Fine rigidity results for nanotubes

The main result of this section is the following:

Theorem 5.1 (Main rigidity estimate)
There exists a constant C' > 0, such that for every nanotube X, and any ¢ € (0,1), if

inf D;(X,0,L)<¢ for M <j <N withM<0<N,
(6,L)elUo

then the following holds.

If for some (°, L°) € Uy, we have X* € C*"L° and iu<p X, — XI| <e.

Then X = X — X* satisfies o

(5.1) |X;| < Ce(1+[j]*)  for M <j<N,

and for all M + 1 < j < N — 1, there exists a constant C' = C'(j) such that we have
(5.2) Xy —X;| <Ce(+ |7 —4*)  forall M<j <N.

In order to prove this result, we need Lemma 5.2 and Proposition 5.4 below.

Lemma 5.2 (A quantitative estimate for perfect nanotubes)
Assume that X € C%F, X € C%F, with (0, L), (§,L) € [0,27) x (R*\{0}), with

(5.3) a=0.1

If moreover
X=a+Y with Y eC",

and

inf sup Yo, —vL| < ¢
(5.4) TER 0<i<K -1

|L| S C1,

then there exists C = C(cy) > 0, such that
(5.5) IIL| —|L]| < Ce.

Proof of Lemma 5.2
We recall that
X —a= RQ,E(XO —a)+ L,

and then
(5.6) L (X;—Xo) =L,

and similarly

D

(5.7) (X1 = Xo) = [L].
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From (5.3), we deduce ) )
|(X1 — Xo) — (Xl — X0)| < 2¢.

Taking the scalar product with E, we get
|[_/ . (Xl — Xo) L (Xl X0)| S 2¢.
i.e. (using (5.7))
||L| — (X1 Xo)| < 2e.

Using moreover (5.6), we deduce
12 = 1Ll < 22 + (X0 = Xo) - (L = D)}
We also have for any v € R
Xi = Xo =L+ (Ry; — I)(Yo — L),
and (5.4) implies )
1L~ L)) < 2 + 3ere,
which implies (5.5).

In order to prove Proposition 5.4 below, we need to introduce the following:

Definition 5.3 (Barycenter and centered cell)
We define the barycenter b; of the cell X; of a nanotube X = ((X;)o<i<i—1)jez by
K—1
1
bj — E Xj,l-
1=0

And we define the centered cell X by

X/

gl =

XjJ — bj and X], = (Xj/’7l)0§l§K—1'

Proposition 5.4 (Error estimate on the angles and the axes)
There exists a constant C' > 0 and €1 > 0 such that if a nanotube X satisfies for some
e€0,eq)

Dk<X, Qk,Lk) S 9 fO’f’ k= j, j -+ 1,

then we have

(58) { ’0j+1 - 0]‘ < Ce

|Ljyr — Lj| < Ce.

Proof of Proposition 5.4
We have
Dk(X, Ok,Lk) S e for k= j, ] + 17

which implies that there exists Xk e (/Z\f’“Lk such that

(5.9) sup [ Xjia — k+a’ <€

la|<q
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Taking the difference for £ = j and o = 0,1 (respectively k = j + 1 and o = —1,0), we get

* 1
(5.10) 58301) \Xﬁf; j+5| < 2e.

Step 1: Preliminary estimate
Writing

~ inf sup ]X*’k —yLg| < ¢
(5.11) X** =a, 4+ X** with X** e and { veRo<i<k—1
|Lk| S C1,

with ¢; > 0, we deduce (by convexity) for the centered cell (see Definition 5.3)

(5.12) sup (XI5 — (X3)| < 2e.

Applying the rotation R, 7 to (5.12) for =0, we get

R *J+1\r -
‘R9j+1,Lj+1 <Xj ) O41,Lj41

(5.13) (X2 < 2e.

Recall that
(ngk )/ _ ng Lk(X* k) .

J+l J
Then (5.12) for = 1 can be rewritten as

(5.14) |R0H1,ZH1(X"K’H1)' _ Rej,ij(X;’j)/| < 2e.

J

Substracting (5.13) and (5.14), we get

Step 2: Estimate on |( ]+1,E]+1) (65, )|
Case 1: ¢ > 1 and three atoms of X*(H L) are not aligned for each (0, L) € Uy
Because we can find at least three atoms not aligned in X *’J, this implies that there exist

two vectors v;, i = 1,2 in the centered cell (X}’ 7y such that
1

(516) |’U1|, ’U2| < — and |’U1 X ’U2| > co > 0,
Co

for some constant ¢ uniform in (0;, L;) € Up.
If 6; € [0, 7], using the fact that

(5.17) Uy C (0,2m) x R¥\{0},

then we can apply Lemma 13.10 to (5.15) and deduce that there exists a constant C; > 0
and m € Z such that

(5 18) |0j+1 9 —2m7r\ < 018
' Ljs1 — Ly| < Che.
or (using Ry Oj41,—Ljy1 R9j+1jj+1>

|27T—(9j+1 _Hj —2m7r| S 015
| = Ljp1 — L] < Cre.

(5.19) {
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The last line of (5.19) is impossible for (0, Ly) € Uy, k = j,j + 1 and e small enough,
because of (2.9). Notice that (5.17) implies m = 0 for € in (5.18) small enough. Similarly if
0; € [r,27], we set O, = 27— 0y, Ly, = —Ly for k = j, j+1 and apply the previous reasoning
to 0; € [0,7]. Then in all cases this shows

1041 — 0;1 < Ce
2 A ES
(520 { [Ljyr = Lj| < Che.

Case 2: The general case )
Let us consider the new supercell X;* (see Figure 10) for k = j,j + 1 built from the  cells

*,k *,k *,k .
X Xy, e Xy for r > 2, with

m,l

Xk = Xk for p=0,..,r—1 and [=0,...,K —1.

vk (Yvok . 2
Xt = (X" ocicko1 With K =7K,
m,pK+I j+mr+p,l

Because X*F € Co% L we get X*k € COLi with ék =70, and L), = rLyj, and X** gatisfies

ok R
Xm+1 - R@'}ﬁi}g(

XF) + Ly.
Now if all the atoms of X;** are aligned, applying T%%* to the cells X;’k, X;fl, s X;fr—h
we get that all the atoms of X;fl, X;fQ, s X;fr are also aligned.

If r > 3, whatever is the value K > 1, we conclude that all the atoms of X;’k, X;fl, s X;‘fr
are aligned.

perfect nanotube with K=1

supercell X%

. 2
Figure 10: The supercell X;j constructed using Xg,..., X | for r =4, 0 = %, and K =1

T

If K>2andr > 2, we also conclude that all the atoms of X;’k, s X;fr are aligned.

By iteration, this implies that all atoms of X** are aligned, which is excluded by assumption
(2.7). We conclude that we can find three atoms not aligned in X -

Recalling the definition of ay in (5.11), we define

~xk

X = ak+)~(;';;k.

m

Following assumption (H3), and using (2.10), we get that 70 # 0 (2x) for all (0, L) € Uy.
Recall that (5.9) implies (by difference) for k =jand k=j+landg>qg >2r—1>r>1

(X9 = X, <2 for 0<B<2r—1.
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This implies

~*j+l ok

Rty ~
(5.21) X —X5|<2 for =01,

which is exactly similar to (5.10).
This shows that we can apply Step 1 and Step 2 (case 1) using (5.21) in place of (5.10).

Because by construction there are at least three atoms not aligned in the centered cell (X;*)’
with 6, = 78, # 0(27) and L; = rL;, we conclude that

|€j+1 - 0~l| < Cie
|Lj1 — Lj| < Cie,

which implies (5.20).
Step 3: Proof of |L;; — L;| < Ce.
Because

(5.22) L1 — Lj| < Che,

we can apply Lemma 5.2, using (5.10) and (5.11) and checking that (5.4) is satisfied because
(0, L;) € Uy. We deduce that there exists a constant C such that

(5.23) L] = |Ljl| < Coe.
We can compute

Livi = Ljl = |[LjalLyjsr — |Ly|Ls] R R
= |ILjn|Ljer = |Ljsa| Ly + | Ljsa | Lj — | L] Ly
< [Ljnll Ly = Lyl + [[Ljal = 1Ly I1L1.

Using (5.23) and (5.22), we deduce that there exists a constant C5 such that
| Ljr1 — Lj| < Cse,
This last inequality and (5.20) imply (5.8).

Proof of Theorem 5.1
Step 1: Proof of (5.1)

We have
inf D;(X,0,L)<e for M <j <N
(97L)€u0 .
sup | X, — X| <e¢,
la|<q

then for M < j < N, there exists (6;, L;) € Uy such that

(5.24) { D;(X,0;,L;) < e

with 6y = 0° and Lo = L°.
Then by Proposition 5.4 we deduce that there exists a constant ¢ > 0 such that we have

10541 — 0] < ce

. <91 < — 1.
(5.25) {‘Lj+1_Lj|§C€ for M <j<N-1
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Moreover because D;(X,0;,L;) < e for M < j < N and sup | X, — )A(;| < g, we can apply
laf<q
Lemma 4.3 and we deduce that there exists a constant C' such that we have

1 X;| < Ce(1+[j*)  for M <j<N.

Step 2: Proof of (5.2)
Step 2-1: Preliminary result: proof of (5.27)
By (5.1), we have for M +1<j < N

[ Xjia — Xipal S Ce(14]j+al?) fora=-1,0.
Because of (5.24), we get
| Xt —)A(;Jfa| <eg fora=-1,0 and M <j < N.
Substracting these two lines, we get that there exists a constant C; such that

(5.26) X = X

e — X <Ce(l+]j+af’) fora=-1,0 and M+1<j<N.

On the other hand, by an iteration of (5.25) we have for M < j < N —1

0y — 05| < cely
|Lo — Lj| < celjl.

Moreover using (5.26), we can apply (4.3) in Lemma 4.1, and we deduce that there exists a
constant Cy = C5(7) such that we have for M +1 < j7 < N —1 and any j' € Z,

(5.27) (X5 — X7) — (X7 = X77)| < Coe(L+ |5 — jP).

Step 2-2: Proof of (5.29)
We have
Dj(X,@j,Lj)SEE fOI'MS]SN,

. . . S /\9~/,L -/ Sooa . .
then for M < j', 7 < N, there exist X* € C,” 77 and X*J € CY"% such that we have

‘Xj/ — X;,’j,‘ S g
1X; - X <e.

Substracting the two lines we deduce that
X — X; — (X357 — X19)| < 2.
Using ) ) R R
Xy — X=Xy — X; — (X, — X7),
we deduce

Xy = X+ (X = X)) = (X7 = X9)| < 2,

J
and then for M < j',j < N, we get

— A~ A~ A~ . A~ . -~ -7 A~

(5.28) X — X+ (X5 = X1) = (X357 = X9) — (X579 = X)) < 2.



Using moreover (5.27), we deduce that there exists a constant C5 = C3(j) such that for
M+1<j5<N—1we have

(5.29) X — X — (X377 = X37) < Cae(1+|j' — j*) forall M < j' < N.
Step 2-3: Conclusion

By a generalization of (5.1) (replace X* = X*0 by X*i for M +1 < j < N — 1) we deduce
that there exists a constant C4 such that we have for M < j' < N

X — X377 < Cus(1+ |5 — 41P).

But because D (X, 0, L)) < e for M < j' < N, we deduce |Xj/—)/(\';,’j/\ <efor M <j <N,
and then

|)/(\';,’j,—)?;,’j|§C45(1+\j’—j|2)—|—5 for M<j<N and M+1<j<N-1.
sing moreover (o0.29), we deduce tor +1<7< — 1 an <7< that
Usi 5.29 ded for M+1<j<N-—-1and M <73 <N th
Xy — Xl < Cae(L+ 15" = j*) + e+ Cae(L+ |5 — jI°),

which implies (5.2).

6 Proof of a discrete Saint-Venant principle: Theorem
2.13 and Corollary 2.14

Proof of Theorem 2.13

We do the proof by contradiction in several steps.

Step 1: Construction of sequences

Assume by contradiction that the statement of Theorem 2.13 is false. This means that for
every 9o > 0, pn € (0,1), C1,Cy > 0, there exists X satisfying (1.13) with forces (f;);ez and
(11.1), and there exists a box J such that (2.15) is false with the definition (11.2) of p. We
can choose sequences (07 )nen, (14" )nen, (C7)nen, (CF)nen, such that

oy — 0,
pto =1
Ct,CY — +o0,

and assume the existence of corresponding sequences (X")nen, (J™)nen, (0" )nen, (f™)nen
such that

(sup D;(X", 0", L") <) — 0,
jez .
n\p _— 2
(6.1) W = N
Ny (X™) > ™ Ny (X7) + CF Sup 171,
JE :}'n

—r +00,

[ X™ satisfies (1.13) with forces f™.
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Then we set

We have

(6.2) Np(X") =sup inf D;(X"0,L) <supD;(X",0%,L*) <oy — 0.
jeJn (0,L)eUo JEL

which implies

(6.3) " — 0.

When J” is bounded, we can define j* € J" and (6", L") € Uy such that

A) &= Ny (X" f Dy(X"0,L f Dju(X",0,L) = Dju(X", 0", L")
(6.4) " =Nyn(X") = sup inf Di(X".0,L) = inf Dinl ) = Djn (X", 0", L")

When J" is not bounded, we can use an approximation argument and for instance assume
that there exists 7" € J™ such that

n

e > ( inf  Djn(X",0, L)) =
n-+1 (6,L)EUo

Dan(X™, 0" L").
n+]_ .7( ) ’ )

In order to simplify the presentation, we restrict the proof to the case of J* bounded, but
the adaptation to the general case is straightforward. R R

Step 2: Proof that (67, L", X7, ) — (0%, L*, X***°) for X**> ¢ cor

Step 2-1: Proof that X]”mr, —y X for X0 S CAf*’L*

By (6.2) and by definition of D;n (X", 8%, L*), there exists X" e 7L such that

(6.5) sup [ Xjn ., — *:ja| < 4.

lo|<q

Up to substract a suitable constant, we can assume that X ;‘:’jn is bounded.
Using (6.2) and (6.5), we can apply (5.1) of Theorem 5.1 and we deduce that there exists a
constant C' such that

Xy, — K| < Cudg 1+ 1P).

Because o — 0, we deduce that

(6.6) th"nﬂ = hm X*:j] = )A(J**OO with X ¢ @L

Step 2-2: Proof of (0", L") — (6%, L*)
From (6.2), we have
D;(X", 0%, L") < ¢y forall j€Z,

and then in particular
Dy (X", 0%, L") < 6.

Recall that from (6.2) and (6.4), we also have
(6.7) D (X™, 0", L") < 67,
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We can apply Proposition 5.4, and deduce that there exists a constant C5 such that we have

167 — 0% < Coon
L™ — L*| < Cyor,

which implies in the limit 67 — 0 that
(6.8) (0", L") — (0", L").

Step 3: A priori estimates for renormalized quantities
Let us define o
_ noo_ X5
n__ T oJH" J+im

Xj = on

I

with ()?;’jn)jez — X*i" € C"L" where we recall that

Dy (X", 6", L") = sup | X0 o — X300

la|<q e

Let us define

_ 1
(6.9) D;‘(X”,Q, L) :zg—n im (X", 0, L),
we have

_ 1
6.10 inf DXNX™0, L)= inf —Da(X" 0 L)=1.
(6.10) (9,1Ll}eu0 o (X0, L) (e,lLI)leuo en (X7, 0,L)

On the other hand we have from (6.1)

e" = Npn(X") > "N, (X") +CT Sup 7]
J€ ;Ln
= PN, (X7)
= u" sup inf DY _.(X",0,L)

JHIET (0,L)ely

u"toosup inf e"D™"(X™,0,L
j+imedr, (0.L)EU i )

U o Ly DI X0 D) for all j + " € Jj.
hence we obtain
) = S 1 . . . . .
(6.11) (Q,ILI)lgL{ODj(X 707L)<E forall jeJj —j"DQum={-p",p"}

On the other hand by (6.4) we have D»(X™, 6", L") < e", then we deduce

n *,5" n
SUp | Xinyo — Xjilpol < €™

Using moreover (6.11), and taking into account the definition (6.9) of D7, we can apply

Theorem 5.1 and we deduce that there exists a constant C3 such that we have
v 03 -2 .
(6.12) X7 < E(l +7%) for j e Q.
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and a constant Cy = Cy(j) such that
v v CY4 . 712 .
(6.13) | X5 — X7 <E(1+|j_j| ) for j',j € Q1.

Step 4: Definition and equation verified by g7
Let us define .
n J+in

g] = 5—n for all ] S J;Ln _jn,
we have
S OF sup [l =<"CF sup g7,
€T~ JET ="
then g7 satisfies
1 .
(6.14) 97| < = =0 as n— +oo, foreachje€Z.

cr
From (1.13) we deduce that

Tt > VV(XP = Xpey) =0 forall j€Z, 0<I< K —1.

j EL
0<I<K-1

i.e.

gt Y. V(X=X )X X ) =0 forall jEZ, 0< 1< K1

J+imil J’
j ez
0<I<K-1

On the other hand, we have

eIt " _
> VV(X;, = X ) =0.
Vy/
0<IU<K-1

Taking the difference, we get with

() =X+ (L= )X

that
1 — —
(6.15) g}fl%—/o dt Z DV (Z3,(t) = Z5 (1) - (XJy — X0 ) =0,

j'EL
0<IU<K-1

In order to pass to the limit in (6.15), we nead some further estimates. To this end, we will
estimate for any fixed j € (), /2 separately a short distance contribution

S= Y DV(Z0 - Zhe0) - (- Kp)

3 €+ Qpny2)
0<IU'<K-1
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and for a far away contribution

Fr = > D>V (Z2(t) — Z3 (8)) - (X7 — X0 ).
J'EING + Qpr /o)
0<I/<K-1

Step 5: useful controls B B
Step 5-1: A long distance control of [ X}, — X7 |
By the definition of )_(]7-‘, we have

X5 = X7l = | jgn = Xjragn = (Xjn — X;’ﬂrj””'
By Proposition 4.5 applied both to X7, and X ), we get that there exists a constant Cy
Y n. +
such that
(6.16) {(Pis =Gyl <O 1530
|X;i]nl X] +j" l/| < 04(1+ |j _] |)

This implies
. 20y
(6.17) X5 — Xl < —(1+\J = ')

Step 5-2: Control on |Z7,(t) — Z7, ()]
Recall that ‘

‘Sup ’ ]+g"+al X;—ﬁj”—l—a,l‘ < 5(7;7
al<q

and
sup D; (X", 6%, L") < §(.

jEL
Therefore by definition of Z7,(¢) and by Proposition 4.6, there exists a constant C; such that
we have

. . N . 1
(6.18) \Z;fl(t) — Z?,z/(t)‘ > Cs|j — 4| for|j — 5| > 55 > 0.

As a consequence, by assumption (HO), there exists a constant Cg such that we have

Cs

(6.19) IDVAZt) = Z0 )| < 15—

for |7 — 4’| > —
7 — 7'l Cs
Step 6: Passing to the limit

Up to extraction of convergent subsequences, by (6.12) , (6.14), (6.8) and (6.6) we can assume
that

X;L — X;?O
g; =0
(6.20) L — L*
0" — 0*
Xl = Xmoo = Xeoo € O
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Passing to the limit in (6.12) we get
(6.21) | X501 < Cs(1+ [4]%).

We now want to pass to the limit in (6.15).
On the one hand from (6.17) and (6.19), there exist a constant C; and a constant Cy such
that we have

n CY6 2C’4 . . 2040607 Cg
|Fj|§ § j— j|P2 en (1+|]_],|)§—€n( ok :E_)Q
3 €N + Qpny2) P 2
0<U/<K-1

where we have used the definition of p" in (6.1) and the fact that C§ — +oc.
On the other hand from (6.13), (6.19) and the dominated convergence theorem, we deduce
that for p > 1 we have

S Sei= Y DV(XE - X7 (X5 - X,
i ez
0<U<K-1
Then we have (uniformly in ¢ € [0, 1])
Yo DV XXy )X - X)) (X=X = SPHE) = SR
ez
0<lU<K-1

Therefore we can pass to the limit in (6.15) and get that
1

0:0+/ dt S3° = S°,
0

and by Definition 2.2 of the hessian of the energy, we have
(EG(X™) - X=);, =0,

le.

(6.22) El(X*%®) - X>® =0.

Step 7: Getting a contradiction
Because X**° € C?"L" | there exists (a*,a*) € R x R? such that

~

(6.23) X7 —a* = (T ) (R, 7. X5 (0%, L))

j
Using Lemma 13.5 and (6.22) we get
0= EI(X"®). X® = R p{E(X*) - (R_,. ; (X))} with X*:=X*(0", L*).

Then using (6.21) and assumption (H2), we deduce that there exist two vectors uy, us € R3,
(0,L) e R x R3 and Y € ((R*)X)Z such that

(6.24) { R—m,i* (XOO) =u +uy X X*+Y

Y = (0,L) - Vg, X* (0", L*).

46



We recall (6.10), i.e
inf Dm(X",0,L) =
(0,L)EUo
Then we have

inf  sup [¢" X} + X
0, L) € Uo |5|<q
X+ et

Uk _ n
e = Xl =",

which implies

]_ Sk 4N
(6.25) sup [ Xj + —(X7/

S XKz for Xt el with (0.1) €U
181<q

Because X iy € C9 L™ there exists (a",a™) € R x R? such that

(6.26) bec

s = (T ) (R (X5 (07, L)) +a”,

n ATL
a™, L

where (6.20) and (6", L™) — (6%, L*) imply that (a",a™) — (a*,a*), where (a*,a*) € R x R?

is given in (6.23). We deduce
Ry in X505 = X507, L") + R jad”™

_O‘n,Ln Oén7Ln

From Lemma 13.6 i), recall that

Ry X, €COF with L=R_.7.(L),
and
R_,. 7. X50 € C"" with L"=R__.z.(L").
We set

X* = _R—an,fn (a”) + R_an7zn)?;n+, € é\f’i,
with (0, L) € Uy (which is true for (6, L) close to (8", L™)). We deduce from (6.25)
v 1 * (NN n vk
(6.27) 1 <sup |R_ . z.(X5) + e—n(é\?ﬁ(ﬁ L) — X35

1B81<q

Choice of X*
We choose

X; = " U1 + Renjuy|a, (A5 (6, L)) with (6,L) = (8" + "0, L" +e"L).
Passing to the limit in (6.27), we get

1< sup |R_,. 7.(X5°) — (w4 up x X5(0", L") + (0,L) -V X;(6",L*)| =0 by (6.24).

1B81<q

Contradiction. This ends the proof of Theorem 2.13.

Proof of Corollary 2.14
We can apply Theorem 2.13 for J = Z, we deduce for u € (0,1) that

Nz(X) < pNz(X),
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and then
Nz(X)=0.

Given j € Z, we consider (0;, L;) € Uy, such that

inf  D;(X,0,L) = D;(X,0;,L;),

(0,L)eUy

we deduce that
D;(X,6;,L;) = 0.

Moreover we can apply Proposition 5.4 for ¢ = 0 and deduce that

i1 =10;
Lj = Ly,

and then X is a perfect nanotube.

Part IT
Error estimates

7 Line tension and line torsion

In this section we introduce the notion of line tension (Definition 7.1) and line torsion
(Definition 7.7) for a general nanotube X. Those notions are formal but can be seen as
rigorous definitions if we assume for instance assumption (HO) and (1.7) with L° # 0 and

that

(7.1) Xjp # X i (4,1) # (k,m).

When we will apply these notions in the next sections, we will assume (H1) i) and X locally

close to an X* € C?L" which will imply (7.1).

We start to prove the regularity of W.
Proof of Proposition 2.7
With the notation A = (0, L), we write

W(A) = W, XE(N).

We compute

WIA) = WA, &5 (A) + Wy, (A, A5 (A)) - (A4 ()

By definition of &y, we have Wy, (X, A5 (X)) = 0, and then
W/(A) = Wi(A, &5 (V)

Because W is C? and X3 ()\) is C! (see Proposition 2.1) we deduce that W’ is C*, and then

W is C? on Up.
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7.1 Line tension

In this section, we define the line tension of a nanotube as follows

Definition 7.1 (Line tension)
We define the line tension T; of the nanotube X by

L= ) > VV(Xar— Xpm).

a>i+1 0<Im<K-1
B<i

The main result of this subsection is the following theorem that proves a relationship between
line tension and a partial derivative of the energy.

Theorem 7.2 (Line tension as a gradient of the energy)
Let (0,L) € Uy and X € COL. Then we have the following relationship between the line
tension and the derivative of the energy

(7.2) T, = W.(0,L).

In order to prove Theorem 7.2, we will need several lemmata.

Lemma 7.3 (Invariance of the energy by rotation)
Let (0, L) € Uy and R € SO(3) such that (0, RL) € Uy. We have W (6, RL) = W (0, L).

Proof of Lemma 7.3
We first compute (using convention (1.10))

1
W(, RL, RX,) = 52 > V(kRL+ Ry, pi(R(Xo,)) — RXom)

keZ 0<I,m<K-1

_ %Z > V(R{EL+ (R™'Ryy z R)(Xo1) — Xom})

k€Z 0<Im<K—1

- W(@, L, Xo),

where in the third line we have used Lemma 13.6 ii) in the appendix and the fact that V'(p)
only depends on |p|. From (2.13), we deduce using Lemma 13.6 i) that

W (8, RL) = W(#, RL, RX,) = W(6, L, Xo) = W(6, L).

Corollary 7.4 (The direction of W/ (6, L))
Let (0,L) € Uy, if X € CPE, then W, (0, L) is parallel to L.

Proof of Corollary 7.4 R R

Let us consider a vector £ perpendicular to L with [{| = 1. We set n = L x &.
We consider the rotation R, ., € SO(3) of angle @ € R and axis n € S%.

In particular we have

(7.3) RanL = |L|((cos @)L + (sin )€).
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By Lemma 7.3, for (0, L) € IntU, , we also have W (0, R, ,L) = W (0, L) for any o € R small
enough, from which we deduce

= W6, L) - (IL[6),

d
where in the third line we have used (7.3) to compute d_(RO"nL)'
a

Because Wi (6,L) - £ = 0 for any & L E, we deduce that W7 (6, L) is parallel to L for
any (6,L) € IntUy. By continuity of W] (using Proposition 2.7), this is also true for all
(0, L) € Uy (using (2.8)).

Lemma 7.5 (The rotation of the line tension)
If X € C%L, then we have T; = RQ,Z(Ti—I)-

Proof of Lemma 7.5
We have

T,= ) Y VV(Xas— Xom).

a>i+1 0<;m<K-1
B<i

Using the fact that our nanotube is a special perfect nanotube, we compute

XQJ =l + Ra@,i(XOJ)7

then
T, = Z Z VV (e = B)L + R,y 7(Xo1) = Ray z(Xom))
a>i+1 O0<Im<K-1
p<i

= Re,i( Z Z VV((@ - B)L + R(a_1)9,Z(X0,l) - R(5_1)9,E(X0,m))>

a>i+1 0<Im<K-1
B<i

= R X X TVl DL Ry p(Xa) - Ragy (X))

a>i  0<Im<K-1
B<i—1

= RG,E(Ti—I)a

where in the second line we use Lemma 13.4 in the appendix.

Lemma 7.6 (Line tension and the external force)
If X is a solution of equation (1.13) with our definition (1.6) of f;;, then we have the
following relationship between the line tension and the external force

T =T = ff.
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This result holds true if equation (1.13) and the T; are well defined.
This is for instance the case under assumption (H0) assuming (1.7) with L° # 0 and (7.1).

Proof of Lemma 7.6
We have

o= > > VV(Xay— Xpm)

a>i+1 O0<Im<K-1

B<i
- Z Z vVv()(a,l - Xﬁ,m) - Z Z VV(Xa,l — Xﬁ,m)
a>i 0<Im<K-1 a=1i 0<Im<K-1
B<i B<i

Similarly we have

Toa= Y. > VW(Xau—Xpm)— >, > VV(Xai— Xgm).

a>i 0<Im<K-1 a>i 0<Im<K-1
B<i B=i
We deduce
T-Tn = > > VW(Xa—Xim)= Y. Y. VV(Xy—Xam)
a>i 0<l,m<K-1 a<i 0<l,m<K-1
= > Y WX =X+, > YV(Xay— Xim)
a>i 0<lm<K-1 a<i 0<l;m<K-1
= > > VV(Xa—Xim)+ A
(74) a€Z 0<Im<K-1
= Y Y VV(Xay— Xim) +0
0<m<K-1 a€Z
0<I<K-1
= Z fi,m - 1‘07
0<m<K-1

where in the second term of the first line we have changed  in «, in the second line we have
used the antisymmetry of VV and exchanged [ and m, in the third line we have set

A= > VV(Xi— Xim)-

0<lm<K—1

In the fourth line of (7.4), we have used the fact that A = 0. This follows from the anti-
symmetry of VV and from the fact that [ and m play a symmetric role. In the last line of
(7.4) we have used the equation of equilibrium (1.13), the definition of the forces (1.6) and
the antisymmetry of VV.

Proof of Theorem 7.2

From the definition of C?**, X solves (1.13) with f; = 0, and satisfies X,,; = aL+Ra97E(X0,Z).
Then from Lemma 7.6 we have T; = T;_;, and from Lemma 7.5, T; = Re,E<Ti)v and because
6 # 0 mod(27), we deduce that T; is parallel to L.

From Corollary 7.4, we see that it suffices to show that L - T} = L - Wi (6, L).
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Therefore we compute

L-T, = L- )Y, Y. VV((a=B)L+ Repp(Xog) = Ry (Xom))
a>i+1 0<Im<K-1
B<i
- Z Z L-Rgyz (VV<(04 —B)L + R(afﬁ)e,f(XO,l) — Xo,m))
a>i+1 0<Im<K-1
B<i

— Z Z L- VV((a=B)L+ R, g7 (Xo) — Xom),

a>i+1 0<Im<K-1
B<i

where in the second line we get out the rotation Ry, 7 using Lemma 13.4.
We now call ¢ = a — 8 and get

(7.5) L-T,=Y > qL-VV(eL+Ry7(Xo1) — Xom)-
¢>1 0<l,m<K—1
From this expression we deduce

LT = Y 5 ab sV~ Rpgr(Xaw) + Xo)

g>1 0<Im<K-1

= > > —qL-VV(—qL - Rz (Xom) + Xoy),

—q>1 0<Im<K-1

where in the first line we get out the rotation R, 7 using again Lemma 13.4, and in the
second line we have changed —¢q in q.
Now using the antisymmetry of VV and exchanging the position of [ and m, we get

(7.6) L-T;=>" Y qL-VV(eL+ R4z (Xo) — Xom).
g<—-1 0<Im<K-1

which is an expression similar to (7.5) but with ¢ < —1.
Summing (7.5) and (7.6) we get

~ ~ 1
L- E =L- {5 Z Z qVV(qL -+ Rq97E<XOJ) — XO,m)} s

q€Z 0<l;m<K-1

where for ¢ = 0 and [ = m we use convention (1.10), for which we have VV'(0) = 0. Then,
using Lemma 13.7 which shows that L - V(R ,7) = 0, we get

(7.7) L-T,=L-W,(0,L,X,).
On the one hand, we have W (0, L) = W(0, L, X,) with Xy = X (6, L). Then we have
(7.8) W0, L) = VL {W(0, L, X5 (0, L))} = Wi(0, L, Xo) + Wx, (0, L, Xo) - (X7).(0, L).
On the other hand by Proposition 3.3 we have

Wy, (0, L, X,) = 0.
This shows with (7.7), (7.8) that
L-T,=L -Wj(0,L),

from which we conclude that

T, = W0, L).
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7.2 Line torsion
In this section, we define the line torsion (as a moment) for a nanotube as follows

Definition 7.7 (Line torsion of a nanotube)
We define the line torsion M; of a nanotube X € ((R*)X)% at a point A € R3 by

Mi(A) = ) > (Xau— A) X VV(Xay — Xgm).
a>i+1 0<Im<K-1
B<i

In the sequel we set M; = M;(0).
Then we have the following straightforward property (whose we skip the proof):

Proposition 7.8 (Torsor)
The couple (T;, M;) defines a torsor, i.e. for any A, B € R3, we have

My(B) = My(A) + BA x T

The main result of this subsection is the following theorem that proves a relationship between
line torsion and a partial derivative of the energy.

Theorem 7.9 (Line torsion and the gradient of the energy)
Let (0,L) € Uy and X € COL. Then we have the following relationship between the line
torsion and the derivative of the enerqgy

(7.9) M; = W;(6, L)L.

In order to prove Theorem 7.9, we will need several Lemmata. We first start to prove a
subcase of Theorem 7.9, namely:

Lemma 7.10 (Projected line torsion as a gradient of the energy)
Let (0,L) € Uy and X € COL. Then we have the following relationship between the line
torsion and the derivative of the energy

(7.10) L-M;=W)0,L).

Proof of Lemma 7.10
We compute

LMy = Lo 30 > Xaax VV(Xay = Xin)
a>i+1 0<Im<K-1
B<i
=L ) Y (L4 Ry (Xon) x VV((a = B)L + Ry 7(Xos) = Ryp 1 (Xom))
a>i+1 0<Im<K-1
B<i
=L Y > (R i(Xoa) X Ry (VV (2 = B)L + Ry (Xoa) — Xom))
a>i+1 0<Im<K-1
B<i
=L > Y (Ripei(Xon) x VV((@ =)L+ R, 7(Xos) = Xom),
a>i+1 0<Im<K-1
B<i
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where in the second line we have used the fact that X is a special perfect nanotube, in the
third line we have used Lemma 13.4 to get the rotation, and in the fourth line we have used
Lemma 13.2.

Therefore we get with ¢ = a — 8

(7.11) L-M=L-Y> > qR,z(Xon) x VV(gL+ Ry 7(Xo1) — Xom)-

¢>1 0<i;m<K-1

From this expresion we get

L-M,
= L3 D —alRyp(Xon) X VV(=aL+ Xom = By (Xon)
g>1 0<I;m<K-1
= LY > —qXoyx VV(=qL+R_7(Xom) — Xoy)
¢>1 0<I;m<K-1
- 1. Z Z qXom X VV(qL + R4 £(Xo1) — Xom)

a<—1 0<lm<K-1

. Z Z q(Xom — gL — Ry 1 (Xo1) + Ryp 7(Xo1)) X VV(¢L + Ry 7(Xo01) = Xom),

g<—1 0<lm<K-1

I
)

where in the first equality we have used the antisymmetry of VV| in the second equality we
have used Lemma 13.4 and Lemma 13.2 to eliminate the rotation Rqa,D in the third equality
we have changed ¢ in —¢ and exchanged the position of m and I.

Using the fact that VV(p) is parallel to p we obtain

(7.12) L-Mi=L-> Y qR,7(Xo1) x VV(gL+ Ry 7(Xog) — Xom)-

q<—1 0<lm<K-—1

which is an expression similar to (7.11) but with ¢ < —1.
Summing (7.11) and (7.12) we obtain

. 1 .
(7.13)  L-M; = 5 > > gL (Ryz(Xoy) x VV(gL + Ry 7(Xos) = Xom))-
q€Z 0<l;m<K—1
Using Lemma 13.3 we obtain
~ 1 1.
L-M; = 2 Z Z 1 ((Rqur;,E(XOJ)) bVV(gL + Rq@,f(XO’l) B Xo,m))'
q€Z 0<lm<K-1

Notice that
d

1~
@Rqe,E(XOJ) - q(Rg+qe,E(Xo,z)) ‘.

Therefore
(7.14) L-M; =W)6,L,Xo).
On the one hand, we have W (0, L) = W(0, L, X,) with Xq = & (6, L). Then we have

(715> Wé(@, L) = VG{W(Hv L, XO*(07 L))} = Wé(& LvXO) + Wg(o(67 L7X0) ' (XJ)IG(07 L)
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On the other hand by Proposition 3.3 we have
Wy, (0, L, Xo) = 0.
This shows with (7.14) and (7.15) that

L-M;=Wj0,L).

Lemma 7.11 (M; in terms of M; ; and T;_; for a special perfect nanotube)
If X € C%L, then we have
Mi = RQ’E<Mi—1 + L x E—l)-

Proof of Lemma 7.11

We have
Mz’ == Z Z XQJ X VV(XQ’Z — Xg’m)
a>i+1 0<Im<K-1
B<i
= > D (aL+ Ryz(Xon) x VV((a = B)L+ Ry 1(Xor) = Ry p(Xoum)
a>i+1 O0<Lm<K-1
B<i
= Z Z (L + R, 7(Xog)) X Ry 2 (VV(( = B)L + R, 39 7(X04) — Xom))
a>i+1 O0<Lm<K-1
B<i
- Y. Byp{lal+ Ry 5, 7:(Xo00) x VV((@ = B)L + R, 7(Xog) = Xom) },
a>i+1 O0<Lm<K-1
B<i

where in the third line we have used Lemma 13.4 and in the fourth line we have used Lemma
13.1. Let us define

then we compute

M;
= Z Z R(BH)Q,E{(@L + R(a_B)a,Z<X0,l)) x VV((a— B)L + R(a—B)e,E(XO,l) - XO,m)}
a>i 0<I;m<K-1
B<i—1
™ Z Z R(B+1)9,Z{L x VV((a = B)L + R;_57(Xoy) — Xom) }
a>i 0<l;m<K-1
B<i—1
/ \
>, > Razl
a>i 0<I;m<K-1
B<i—1
=R,z
’ + Z RBG,E{}
a>i 0<Im<K-1
. p<i-1 J
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Then we have

M;
( (AL + Ry 1(Xog)) X Ry (VV((@ = B)L + R _py51(Xoa) — Xom))
a>1i 0<I,m<K-1
— R - B<i—1
"+ Z LxRg 7 (VV((@—B)L+ Ry p01(Xot) — Xom))
a>i 0<I;m<K-1
\ B<i-1
(> > (AL + Ry (Xo)) x VV((@ = B)L + Ry 7(Xo1) — Ry 7(Xom)) )
a > 0<l,m<K-1
_ R = B<i—1
"l AEx Y Y VV((@=PB)L+ Rypz(Xos) = Rzpp(Xom))
a>i 0<I,m<K-1
\ B<i—1 )

- R97’L\<Mi—1 + L x E—l)?

where in the first equality we have used Lemma 13.1 and in the second equality we have

used Lemma 13.4.

Lemma 7.12 (Line torsion and external force for a general nanotube)
Let X be a solution of equation (1.13) and with our definition (1.6) of f;;. Then we have the
following relationship between the line torsion, the barycenter b; of the cell X; (see Definition

5.3) and the external force

Mi — Mz'—l = bz X fZO

This result holds true if equation (1.13) and the M; are well defined.
This is for instance the case under assumption (H0) assuming (1.7) with L° # 0 and (7.1).

Proof of Lemma 7.12
Step 1 : Main computation.
We have

M= Y > Xaa X VV(Xay = Xgm).

a>i+1 0<Im<K-1
B<i

Then

M= Y Y XaxXVV(Xai—Xpm) + Y >

a>i+1 0<Im<K-1
B<i—1

Similarly we have

a>i+1
B=i

0<lm<K-1

M= Y > XaxVW(Xa—Xsm) + > >

a>i+1 0<Im<K-1
B<i—1
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a=1
B<i—1

0<lm<K-1

X%l XVV(XQJ—X@m).

XO[J XVV(XOCJ—Xﬂym).
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Then we have

M; — M;—4
= > Y Xeax VV(Xay = Xgm)— > > Xau X VV(Xay = Xgm)
a>i+1 0<Im<K-1 a=i 0<Im<K-1
B=i B<i—1
= > D> X x VWV Xay=Xim)+ Y Y Xim X VV(Xay — Xim)
a>i+10<l,m<K-1 a<i—10<l,m<K-1
= > Y (Xet = Xim+ Xi) X VW (Xay = Xi)+ > > Xy X VV(Xay = Xim)
a>i+10<Im<K-1 a<i—10<I;m<K-1
= > D Xim X W Xay = Xim)+ > D> Xim X VV(Xay = Xim)
a>i+10<l,m<K-1 a<i—10<l,m<K-1

=Y ) X x VV(Xay— Xim),
a#i 0<I;m<K-1
where in the second term of the second equality we have replaced S by «, used the anti-
symmetry of VV and exchanged [ and m. In the fourth equality we have used the fact that
V'V (p) is parallel to p.
We have the following result which will be proven later:
Claim : Y Xju x VV(Xiy — Xim) = 0.
0<l,m<K—1
Using this claim we obtain

M=M= Y ) Xiw x VV(Xoy = Xim)

a€Z 0<I,m<K—1

= ¥ (mez > VV(Xa,l—Xi,m))

0<m<K-1 a€cZ 0<I<KK-1
= E Xi,m X fi,m
0<m<K-—1
1
— § 0
— < Xz,m) X Efz
0<m<K-1
_ 0

where in the third line we have used (1.13), in the fourth line we have used (1.6), and in the
fifth line we have used the definition of the barycenter b; of the cell X;.

Step 2 : Proof of the claim

We compute

A= > X X V(X — Xim)
0<I,;m<K-1
= Y (X — Xig 4+ Xig) x VV(Xip = Xim)
0<I,;m<K-1

= Z Xi,l X VV(XLZ — Xz,m)

0<l,m<K-1
= ) Xiw X VV(Xi — X))
0<I,;m<K-1
= — Z Xi,m X VV(XM — X17m>
0<l,m<K-1
= _A7
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where in the third line we have used the fact that VV(p) is parallel to p, in the fourth line
we have exchanged [ and m, and in the fifth line we have used the antisymmetry of VV.
Therfore we get A=0.

Proof of Theorem 7.9

Step 1: Mz = R9 Z(M’L—l)

By Corollary 7.4 and by Theorem 7.2, we deduce that L x T;_y = 0.
Then by Lemma 7.11 we get

(7.16) M; = Ry 7 (Mio).

Step 2: Conclusion
By Lemma 7.12 and the fact that X € C%%, we have f? = 0 and

Mi = Mi*h
and by Step 1, we deduce that
M; = Re,i(Mi)-

Because 6 # 0 (2m) for any (6, L) € Uy, we deduce that M; is parallel to Z, and finally by
Lemma 7.10, we get R R R
M; = (L-M;)L =W,(6,L)L.

8 The mean fiber

The goal of this section is to define the mean fiber a; of a general nanotube and to prove
geometric estimates (see Theorem 8.2).

Definition 8.1 (Mean fiber a;)
Let X be a nanotube. Let (0;, L;) € Uy and X* € C%Li such that
Di(X,0;, L;) = sup | X0 — )?:J:OJ
lal<q

Then there exists a unique a; € LZ-l and X*' € Cfi’Li such that X*' = a; + X*'. We define
the mean fiber a; by
K
*,7 1 0 - *,1
where b;" = 174 IZ;XM is the barycenter of the cell X; .

For an illustration of the mean fiber, see Figure 11.

Notice that for a special perfect nanotube, the mean fiber is simply the projection of the
barycenter of the cell on the axis of the nanotube. Notice also that for a general nanotube
the mean fiber may be not unique.
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Xia Xj Xja1

A Ay
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aj_l
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Figure 11: Mean fiber a; of a nanotube

Theorem 8.2 (An estimate on a;)
There exists a constant C' > 0 such that if a nanotube X satisfies for some € € (0,1) and for
fized iy € Z

(82) DZ(X, 92', Lz) S 13 fO’I"i - {Z‘o,io —+ ]_},

then for any mean fiber a;,, a;,+1 giwen by Definition 8.1, we have

(83) |bi0 - diol < Ca
(8.4) | X | < C,
- ~ 17
(8.5) (@1 — @4) Mot < Cle,
(8.6) |Gig+1 — @iy — Liy| < Ce,
(8.7) |big+1 — ig+1 — Reio,ljio (bip — @i,)] < C'e,
(88) |X£0+1 - ReiO’ZiO (X;0)| S 067
1
with the centrered cell X! = X; — b; and the barycenter b; = N Xig.
0<I<K—1

Proof of Theorem 8.2
As a preliminary, we use the fact that U is closed (in Proposition 2.1) to recall (for later
use) that

(8.9) Uy =Uy C (0,27) x (R*\{0}).

On the other hand, because of (8.2), we can apply Proposition 5.4 and deduce that there
exists a constant Cy > 0 such that we have

(8.10) 0ig+1 — 05| < Coe,
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and
(811) |Li0+1 - Lzo| S 005.

Step 1: Proof that b;, — a;, and X are bounded

Let X*i0 € 70" and a;, € L;; such that X*i0 = q;, + X*" minimizes the infimum defining
the distance D;, (X, 6;,, L;,) as in Definition 8.1. We know that there exists a constant C; > 0
such that

(X0) Fo| < ¢y,

and by (8.2), we have
(8.12) | Xiy — @iy — X7 <.

Then L
‘(Xio - aio) Fio

SCl—Fé.

In particular we deduce that
1
|(big — ai,) o] < C1+e,
ie.
(813) ’bm — (bm . Eio)zio — Cli()’ S Ol + €.

We deduce from (8.12) that

o~

(8'14> |(bi0 ’ Eio)Lio - (b&io ’ Zio>z\i0‘ <e.

20

Using moreover (8.13), we get
|bi0 - a”Lo| S C(1 + 25 S 027
which proves (8.3). On the other hand, (8.12) implies for the centered cells

|G, — (XY < e,

20 —

and we deduce (8.4) from the fact that (Xi*o’io)’ is bounded.
Step 2: Proof of |a; 11 — @i, — Li,| < Cre
Step 2-1: Proof of |(@;,+1 — dio)“ioﬂ\ < Cye

We compute

[big+1 = aip = By, 7. (big = aig) — Ly
|big+1 — @i — (b - Liy) Liy — Reio,zio(bio —az, — (03" - Liy) Liy) — Li,|
= |bigr1 — @iy — Ry, 7, (big — @ig) — Lig|

Using (8.2) in case i = iy, we get

{ | Xig1 — @i — X;;:?l| <e€
|Xi0 — CI,Z'O — X,Z:ZO‘ S £,
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i.e.

0 0

[ Xigt1 — @iy — Ry 7 (X0) = Lig| < ¢
Ry, 1., (Xig — aig) = Ry, 7, (X3)")| <

Substracting the two last lines, we get

(8.15) | Xig41 — @iy — R, 7 (Xip — aiy) — Liy| < 2,

1010

which implies
(816) |bio+1 — &io - Reioiio (bio - dio) - Lz‘0’ < 2e.
Similarly using (8.2) in case i = ig + 1, we get

| Xig+1 — Gig+1 — R io — @ig4+1) — Lig11] < 2¢,

ig+1 7Zi0+1 (
which implies

(8.17) |big+1 — Gig+1 — Iy biy = ig+1) — Lig+1| < 2¢.

io+1:Lig+1 (

Substracting (8.16) and (8.17), we get (using (8.11))

‘&ZO"F]- - &iO + <R9i0+1,fi0+1 - RG Z )(blo - le) - R9i0+17zi0+1 (&10+1 - &7/0>’ S (4 + CO)E:

10110

Using (8.3) to bound b;, — a;, and Lemma 13.8 to bound Ry B — Poy (with (8.10)

and (8.11)), we deduce that there exists a constant Cj such that we have
|(I - R9i0+1,ii0+1)(&i0+1 - &7/0)‘ S ng
Using (8.9), we get that there exists a constant Cy > 0 such that
- ~ Ll
’(aio-i-l - aio) lO-H‘ < Cye

Step 2-2: |((dig1 — di) - Lig 1) Ligs1 — Lig| < Coe
We compute

(bi0+1 — Qig+1 — R910+1 f10+1 (bio - aioJrl) LZ0+1> ’ LioJrl

(big41 — @igy1) - L Mg+l T (biy — C~Lv:o+1)A io+1 — | Lig+1] N

(big+1 = Gigt1) - Lig4r — (big = Gig) - Lig1 + (@ig1 — @ig) - Lig1 — [Lig41]
- (b10+1 a20+1) Hio+l T ( &10) ) Lio - (bio - dio) : (Lio—l-l ng)

H(@igr1 — i) + Ligr1 — |Llo+1’

Using (8.14), notice that (b, — ) - Li, = O(¢) and similarly (biy41 — Gigs1) - Ligs1 = O().
Using moreover the fact that b;, — a;, is bounded (see (8.3)) joint to Lemma 13.9 ii), and
(8.17), we deduce that there exists a constant C5 such that

(@i 41 — i) - Ligs1 — | Ligta]] < Cse,

and then R R
|((@ig+1 — @ip)  Ligt1)Lig+1 — Ligt1| < Cse.
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Because |L;,+1 — Li,| < Cye, we deduce that there exists a constant Cg such that
(8.18) (@41 = @iy) - Lig1) Ligtr — Lig| < Cle.

Step 2-3: Conclusion
By (8.5) and (8.18), we see that we control both parallel and orthogonal parts of a;,+1 — @;,
and then there exists a constant C'; > 0 such that we have

|@iy41 — @iy — Liy| < Cre.

Step 3: Proof of (8.7) and (8.8)
Inequality (8.7) is a consequence of (8.16) and (8.6). Moreover (8.8) is implied by (8.15).

9 An estimate about the line tension, the line torsion
and the partial derivatives of the energy

The goal of this section is to prove the following theorem which indicates an accurate estimate
for the difference between line tension and a partial derivative of the energy and the difference
between line torsion and a another partial derivative of the energy.

Theorem 9.1 (An estimate about the line tension and the line torsion)

Let us consider a nanotube X under the assumptions of Theorem 2.15. Then there exists a
constant C > 0 (independent on X ) such that for all i € Z there exist (6;, L;) € Uy, and a
mean fiber a; € R? given by Definition 8.1 such that we have with the notation of Definitions
7.1 and 7.7, for alli € Z

(9.1) Di(X,0;, L;) < Ce.

and

(9.2) T, — W(0;, L;)| < Cever,
and

(9.3) M (@) — Wy(6s, L)L < "7,

where p > 2 appears in assumption (HO).

Remark 9.2 )
Notice that e 7 = a1 with ¢ = p— 1. This difference between the error estimate (9.2) and
(9.3) comes from the fact the line torsion M; has the following homogeneity

M; ~ length x T;.

This explains the difference of exponent g = p—1 (in order to estimate the rest of the series
defining M; and T;).

In a first subsection, we state and prove two results on two-body interactions, that are used
in a second subsection to prove Theorem 9.1.
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9.1 Preliminary estimates on two-body interactions

In this subsection we present two estimates on two-body interactions: Proposition 9.3 and
Proposition 9.5.

Proposition 9.3 (A uniform estimate on two-body interactions )
Assume (H0). Then there exists £g > 0 small enough and a constant C' > 0, such that for
every nanotube X and (6%, L*) € Uy, such that

sup D; (X, 0%, L") < ¢y,

JEL
we have
(9.4) IVV (X — Xj)] < TR EE forlj—3'l > 1,
and
(9.5) X, =Xy <CA+j—=J) foral j,j €.
Remark 9.4

Notice that under assumption (H1), we automatically have (6%, L*) € Uy by Proposition 2.1.

Proof of Proposition 9.3

Step 1: Preliminary

From Proposition 4.5, we deduce estimate (9.5) and that there exists a constant C; > 0 such
that

(9.6) [ Xjr = Xjul =2 (IL] = Creo)li” = jl = Ch,
and moreover that there exists X*7 € é:‘f “L" such that
(9.7) X = Xja = (X = XG7)| < Creo(L 417" = g))-
Step 2: Proof of (9.4)
Case 1: |j — j'| > C}
Using (9.6) there exists a constant Cy > 0 and a constant C3 (large enough) such that we
have
(X0 — Xyw| = Colj = 5’| for |7 — 5[ > Cs.
Case 2: 1< |j—j|<C;
Notice that there exists a constant J such that
X =X =6>0 ifj#j
From (9.7), we get
| X1 — Xjrw| >0 — Creo(1 + |5 — J'])-

For ¢y < we get

J
4C,C5’
J o
| XG0 — Xy > 5 for 1 <[j—j'| < Cs.

Using the conclusions of case 1 and case 2 and assumption (H0), we see that there exists a
constant C' > 0 such that (9.4) holds.
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Proposition 9.5 (A short distance estimate on the two-body interactions)
Assume (HO). Then there exist constants C' > 0 and 1 > 0 such that for every nanotube X
and any ¢ € (0,1), if
inf D;(X,0,L) < | € Z,
oinf Dil )<e  forg
then the following holds.

If for some (0y, Loy) € Uy, we have X* € Chlo gnd sup | X — )A(;| <e,
laf<q

then for j, j' € Q, where p > 1 is such that ep* < €1, we have

O % O C€p2
(98) ’VV(X]J - Xj/,l/) - VV<X]J - Xj/,l/)‘ S W
Proof of Proposition 9.5

Step 1: Definition of X and Taylor expansion

We define R
. X -—-X
X

€
Then we can apply Theorem 5.1 and deduce that there exists a constant C such that we

have B
| X;| < Ci(1+|j)?) for j € Z.

Therefore for j € ), with p > 1, there exists a constant C; > 0 such that we have
(9.9 X1 < Cap?.

By the definition of X, we have

Xjo— Xjp = X5 — X5 +e(Xju — X)),

Using the Taylor expansion with integral rest, we get
1
(0.00)  VV(X,— Xp0) = VV(RE, - K5,) +e(X50 — Xp0) / D2V(A(t)) dt,
0

with R B
A(t) = ZjJ (t) — Zj/JI (t) and Zj’l(t) = X;l + t&XjJ.

Step 2: Conclusion
From Proposition 4.6, we deduce that there exist constants C3, Cy such that

(9.11) ()] > Culj — 7 it 1j— 4> Cs.

Case 1: [j — j'| > C;
Then by assumption (HO), there exists a constant C5 > 0 such that

Cs
|D*V(A(t)] < TR

Case 2: 1< |j—7|<C;
Assume that 1 < |j — 5| < C5. Because of (9.9), we deduce

|Xj’l - Xj’,l’l S 202p2.
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Then we compute

[A() = (X = X501 = [te(Xj0 — Xj)]

< 2025027

and because |5\(;l - )A(;,’l,] > 6> 0if (5,1) # (5/,1'), we deduce for the choice ep? < g1 (for &
small enough) that there exists a constant Cg such that

|A(t)| = Cs.
Using moreover assumption (HO), there exists a constant C7 > 0 such that

Cr

‘p+2'

DV (A ())!<O7_|j

Using the conclusions of case 1 and case 2, we deduce that there exists a constant Cg > 0

such that
Cy
D? V(A
/ ‘ 15 = J'P+e

Moreover because of (9.9) and (9.10), we deduce that there exists a constant C' > 0 such
that we have (9.8).

9.2 Proof of Theorem 9.1

Proof of Theorem 9.1
Step 1: Control of NVz(X) and D;(X,6;, L;)
We apply our Saint-Venant principle (2.15) of Theorem 2.13 with J = Z and we get

Ch
N2(X) < 1= suplfjl.

— M jez

We compute

sup |f;| = sup sup |fjl
jEZ JEZ 0<I<K—1

1
= SUP|—f°|
JEZL
Lol [ Fyaal
= —Su X )ax
K]EE 1

e(i—3)

%Sgp\f(x)l,

IN

where in the second line we have used (1.6) and in the third line we have used (1.14). Using
(2.18) to bound f, we deduce that for some constant Cy > 0, we have

(9.12) Nz(X) <& with &:= Cpe.
Given i € Z, we consider (6;, L;) € Uy, such that

inf D;(X,0,L)=DyX,0;, L),
(6,L)eUo
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and X* € CAfi’Li such that

DZ(Xu ‘gia Lz) = sup |Xi+a - )?:_;_ia

lal<q

Using (9.12), we have
(9.13) Di(X,6;,L;) <&

For later use, we write (uniquely) X** = a; + X** with a; € L and X*' € C%-Li,
Step 2: Error estimate on the line tension
We recall the definition of the line tension

LX) =Ti= Y > VV(XG - Xj),

j>i+1 0<LI/<K-1
J' <

where we show the dependence of T; on X. We write
TX] = Si(X) + F(X),
with the short distance contribution for p > 1:

Si(X)= > > V(X = X,

i+1<j<i+p O<LU<K-1
i—p<j <i

and the far away contribution

F(X)= Y > UV — Xjr) + > > VV(X = Xp)
j>i+p OSLU<K-1 i+1<j<i+p OSLU<K-1
J < J<i-p
Step 2-1: Error estimate on 5;(X)
Assuming that £p? < 1 (see later on our choice (9.18)), we can apply (9.8) in Proposition
9.5 and deduce that there exists a constant Cy such that for |7 —il, [j —i| < p:

Txi o Cyep?
(914> |VV(Xj,l - Xj/J/) — VV(X]-J - Xj’,l’)| S W
Then we compute
[Si(X) = Si(X*)| < >, Y IVVXG = X)) = VV(XGT = XG0
i+1<j<i+p OSLIU<K-1
ifpéjj’ Sip
ngpQ
< > Y. s
- i il|pt2
i+1<j<i+p OZLI<K-1 |j J |p
i—p<j <i
< Z K2028_,02
- g —J'P+2
i+1<j<i+p
i—p<j <i
1
2 = 2
< K°Gaep Z TESIGE
1<j<p
0<j <p
1
2 = 2
< K Chep Z |§ +]T/|p+2’
j>1
i'>0
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where j :=j —i and j/ :=i — j'.
By Lemma 13.12 (with p = 1) with p > 0, there exists a constant C3 such that we have

(9.15) 19;(X) — Sy(X*)| < Cyep.

Step 2-2: Error estimate on F;(X)

By (2.18) we have
sup D;(X, 0", L") < eo.

JEL
Using (9.4) in Proposition 9.3, we deduce that there exists a constant Cy > 0 such that
Cy L
(9.16) IVV(Xj0 = Xjw)| < TG for [j —j'| > p>1.
Then
(9.17)
1 1
LN YD D= =D DEND D=y
j>itp OSLUSK—1 i+1<j<i+p OKLUSK-1
J < J<i-p
1 1
< we( X gt X g
i>p I<j<p
i"=0 | i'>p
- 2 G
J>p
7 >0

where j := j —i and j' := i — j'. By Lemma 13.12 with p > 1, there exists a constant Cj
such that

C
[F(X)] < =25
pr-
Similarly we have
. C
[F(X)] < =2
prt

Step 2-3: Conclusion
We compute

ITIX) = TUR| <1800 = SR+ R+ [F(R)

< Cagp® + C‘;LO >
< Cs(ep” + ppll),
with Cs = max(Cjs,2C5). With the choice
(9.18) =1,

—1
which is optimal up to a numerical constant, the right hand side becomes 2065’% and we

get

1

| Ti[X] — TIX"| < Crever,
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with C;7 = 2Cs. Finally by Theorem 7.2 we have T;[X*i] = T;[X*] = W} (6;, L;). Therefore
T, — Wi (6, L)| < C=F7,

p—1
with C Z C7C(§7+1 .
Step 3: Error estimate on the line torsion
We recall the definition of the line torsion

Mi[X]:=M;= Y > X x VV(X = Xpw).
j>i+1 0<SLI<K-1
' <i

where we show the dependence of M; on X. The goal of this step is to prove (9.3) with the
mean fiber (see Definition 8.1)

We write (from Definition 7.7 and Proposition 7.8)

with the short distance contribution for p > 1

Si(X — ;) = > Y (XK= a) x VV(X = Xjp),
i+1<j<i+p OZLU<K-1
i—p<j<i

and the far away contribution

FZ(X — (le) = Z Z (XjJ — CNLz) X VV(X]',Z — Xj/J/)
j>i+p OSLU<K-1
Jj <
+ Z Z (Xj,l — ELZ) X VV(X]"[ — Xj/J/).
i+1<j<i+p OSLU<K-1
J<i-p

Step 3-0: Definition and properties of X*!
We define for j € Z o . R
Xik’z = Xf’l — (b:’z . Ll)Ll

J J
Then we have

(9.20) Xt e clnli,
We compute

Xi— X=X, —a;— X=X, — (a;+ (b L)L) — (X7 = (b7 L)L) = X; — ag — X
By (9.13) we deduce

(9.21) X —a; — X' <&,

and then (with 5;” the barycenter of X: ")

(9.22) b; —a; — b'| < &
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Using (8.3) we deduce that b is bounded. Moreover because the centered cell (X Z:f)l =
(X'Z*; — b, is bounded, we deduce that there exists a constant Cs > 0 such that

(9.23) X < Cs.

Step 3-1: Error estimate on S;(X — a;)
We compute (using the fact that X7 — X7/ = X7 — X))

Si(X — a;) — Si(X*)

= Z Z ((X]J — &Z) X VV(X]‘J — Xj’,l’) — X;j X VV(X;’; — X;f}))
i+1<j<i4p OSLU<K-1
i—p<j <i
= > S (XK= a) x V(X — Xyw) = Xji x VV(X) = X35))
i+1<j<i4p O0<LIU<SK-1
i—p<j <i

= Si+S?+S3,

with
[ s = > > (Xu—a— X)) x VV(Xj — Xj)
it1<j<itp OSLU<K-1
i—-p<j <i
S = > Yo (Ryie (X)) x (VX0 = X)) = YV = X570))
9 i+1<j<i+p OSLIU<K-1
i—p<y<i
st= > S Gk x (VX — Xpp) = VV(X = X373),
i+1<j<i+p OSLIU<K-1
\ i—p<j <i

where we have used (9.20).
Using (9.16) and (9.21), we deduce that there exists a constant Cy such that we have

Cie
1 2= = 2
si< X 2. s 2. GEesGe

i+1<j<i+p OSLUV<K-1 i+1<j<i+p
i—p<j <i i—p<j <

Using (9.14) and (9.23), we deduce that

0802§p2 2_ 9 1
it1<j<itp O<SLU<K—1 g ="l 1<i<p |7+ g
i—p<j<i 0<j5' <p
1
< CsCyK?%ep? _—
= 8L9 P Z T
j=1
7'>0

where j = j —i and j' = i — j'. By Lemma 13.12 (with p = 1) with p > 1, we deduce that
there exists a constant C}y such that

IS?| < Chozp®.
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Using (9.14), we deduce that there exists a constant C1; such that we have

= |~] _Z| — 2 5 _ 92 3
|S?‘ < CﬂgpQ 5 = Cuép ——— < Cnép —— o
i+1§'<i+p ’j—j/|p+2 1<Z< (] +]/)P+2 Z (] +j/)p+2
i—p<y <i 0<j' <
where j := j —i and j' == i — j'.
By Lemma 13.12 (with p = 1) with p > 1, then there exists a constant Co such that we
have

IS3] < Cha8p”.

Finally we get
(924) |SZ(X — CNLZ) — SZ(X*JN < 013§p2,

Wlth 013 == Cg + ClO + 012.

Step 3-2: Error estimate on F;(X — a;)

Using (9.5), (9.21) and (9.23), we deduce that
X — X — Xl + X — @ — X7+ X

<
< Cu(l+17—1]),

with C14 > 0. Using moreover (9.16), we get

Z Z (Xj,l - dz) X VV(XJ,Z — Xj/,l/)
j>i+p OZLU<K-1
J' <

T Z § : (Xju — @) x VV(Xj0 — Xjor)
it1<j<itp OSLU<K-—1
J<i-p

Fi(X —a;)| =

Z Cu(L+ 1[5 —1) n Z Cra(1+ 1[5 — i)

< 2 i ql|p+1 T ptt
< K| A i s,
< j<i—p
14+ 145
2 - J
S K 04014( Z (j+jl)p+1 + Z (j+j/)p+1)7
j>p 1<5<p
J'=>0 i>p

with j = j —i and j' = i — j'. Using Lemmata 13.11 and 13.12 with p > 2, we deduce that
there exists a constant C'i5 such that we have

Fi(X =) < <8
pr?
Similarly, we have
i Cis
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Step 3-3: Conclusion
We compute

M;[X] — a; x Ti[X] = Mi[X*)| < [S(X — @) — S(X*5)| + |[Fo( X — a)| + [ (X9

_ 1
S C(16 (5P2 + pp_2)7
with C1g = max{Cis,2C5}. With the choice of p such that
eph =1,

which is optimal up to numerical constant, we have £p? < ¢, (using p > 2) and the right

. _p=2 . .
hand side becomes C17& » , which gives

p—2

‘MZ[X} —a; X T;[X] — MZ[X*’Z] < 017§T.

Finally using Lemma 7.9, we get M; [X*Z] = Wy(6;, LZ)ZZ and then

—2

‘MZ[X] — gLZ X E[X] — Wé(ﬁl,Ll)Ez < 0175177,

that we can write (using (9.19))

‘MZ[X](ELZ) - Wé(QZ,LZ)Ezl < 05%,

p—2

with C > C17C,” , which means exactly (9.3).

10 An estimate about the scalar line torsion

In order to use later (in Section 11) the estimates of Theorem 9.1 about 7; and M;(a;), we
need first to compute these quantities. Recall that we have T; — T;_; = [, and a simple

7
iteration is sufficient to get T; = Ty + Z f?. But a simple similar raisoning for the line
j=1
torsion M;(a;) is not possible. The goal of this section is to solve this problem and to this
end we introduce the following scalar line torsion.

Definition 10.1 (Scalar line torsion)
Given a nanotube X € ((R*X)Z, we define a scalar line torsion as

where L; and a; are introduced in Definition 8.1.

The main result of this section is the following estimate about the scalar line torsion
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Theorem 10.2 (Almost constant scalar line torsion)
Let us consider a nanotube X wunder the assumptions of Theorem 2.15. Then there exist
constants mg € R and C' > 0 such that we have for all i € Z

1 p—-2
(10.1) |m; —mp| < Ce”  with ~y = min (g, p_) .

p

Notice that (10.1) means that the scalar line torsion m,; is almost constant which is the
discrete analogue of the second equation of (1.5).
In order to prove Theorem 10.2 we first need the following lemma:

Lemma 10.3 (Estimate on m; — m;_)

Let us consider a nanotube X under the assumptions of Theorem 2.15. Then we have for all
1€ Z

(10.2) mi —mi_y = —(bi — @) - (L x ) + O(e"),

_ -2
wz’thﬁ_y:p—.
p

Proof of Lemma 10.3
By Theorem 9.1, we have (9.1), i.e.

We also have the general relations

Then we compute
M;(a;) — M;—1(@;—1) = b; x flo —a; X Ty +a;—1 X Tiy

by x (T; —Timq) —a; x Ty + a1 X T4
(by —a;) x Ty — (bi — G—1) x Ti_1,

which implies
Ez’ - Mi(a;) — Ez - Mi_1(ai—1) = Ez : ((bz — a;) X Ti) - Zz : ((bz —@i-1) X Tz‘—l)a
and then

(104) L My(a) —

S )

i Mi_i(@i—1) = —(b; — @) - (Ez x T;) + (bi — @;—1) - (Zz x T;_q).
—1

We compute with ¥ = 1

—_

p
(b —a;—1) - (Zz xTiy) =

(b= 75 - (L x T)
= (bi—d, " +0() - (Li x ;)
= (b — ) (Li x Tiey) + O(e) - (Licy + O(e)) x Tiy)
= (bi— @) (Li x Tisa) + O(2) + O(e) - (Liy x Ty1)
= (b — @) - (Li x ;1) + O(¢?) + O(e) - O(e")

(bi — @) - (L; x Ti_y) + O(7),



where in the second line we have used (8.5), in the third line we have used (10.3), Lemma 5.4
and Lemma 13.9 ii), and in the fifth line we have used (9.2) and the fact that W7 (6;-1, L;—1)
is parallel to L;_; (see Corollary 7.4). Therefore from (10.4), we get

Li- My(@;) = Li - Mia(@1) = —(b — @) - (L x To) + (b — @) - (Li x Tiy) + O('7)
—(bi =) - (L  (T; = Ti-1)) + O()
= (b —a) - (L x ) + O(").

On the other hand we compute

-~

(Li = Li) - Mia(aia) = (Li— Lioa) - (Wy(6i1, Lia) L 1+0@)
o

I
=
=
=
™
=

|
\’:
+
,Q

+

= 0(?) + 0(e') = O(e'1),

where in the first line we have used (9.3) and in the last line we have used the square of the
relation L; — L;_1 = O(g). We compute

m; —m;—1 = Zz : Mz‘(di) -
—(bi — a;) - (L

and finally, because ¥ < 7, we deduce (10.2).

1—1 - Mz l(di—l) - -
M 1(@i1) + (Li = Licy) - Mi—1(a@i—1)
X )+ 0(e7) + O(e'7),

o

Proof of Theorem 10.2
We recall that by Lemma 5.4, there exists a constant C'; > 0 such that we have

{ 041 — 6;] < Che

(105) |Li+1 — Lz| S 015.

Step 1: Proof of m; —m;_1 = —(b; — @) - (Lo x f2) + O(ie? + &)
We recall (10.2) in Lemma 10.3, i.e.

mi —mi_y = —(b; — &) - (L x f0) + O('*7).
By (1.14) and the fact that f is Lipschitz, we have
i = fy + Oie),
and because f is bounded in L™, we get
fo =0(e).
From (10.5) and Lemma 13.9 ii) we have L; = L;_; + O(¢), and we get by iteration L; =

~ 1
Ly + O(ie). We compute for 0 <1i < —
€

mi—miy = =(bi = ;) - (Lo + Olic)) x (f§ + O(ie?))) + O(e+7)
= —(b; — @) (Lo x f) + O(ic? + '1).
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Step 2: A refined estimate on b, — a;
We already know from (8.3) that b; — a; is bounded, but for later use it is crucial to get a
refined algebraic expression for b; — a;. From (8.7), we have

bi — glz' = Rgi—hzi—l(bi_l - (~I7;_1) + O(E)
= Ry z,(bic1 —ai1) + (Ry,_ 7. — Ry 7. )(bic1 — Gi—1) + O(e).

Because b;_1 — a;_1 is bounded (see (8.3)) , 0;_1 = 0o+ O((i — 1)e), Li_1 = Lo+ O((i — 1)e),
using Lemma 13.8 and Lemma 13.9 ii), we deduce for ¢ > 1

bi - ELl = RGO,ZO(bi_l - (~li_1> + O(lé)
We compute for ¢ > 1

(b 1 — G 1)+O(

Ry, 2, €)

= RZO,ZO (RGO,LO(bZ 5 — Gi—2) + O((i — 1)g)) + Olie)
R 003 ) 4 Ol — 1)) + 02

= Ri@o,z()(b() — EL[)) + O (Z(Z _2|— 1)5)

and then we have for i > 0
(106) bz — dl = Rieo,io (bo - glo) + O<22€)

Step 3: An estimate on m; — m,;_;
By Step 1 and (10.6), using fJ = O(g), by — a9 = O(1) and 7 < 1, for i > 0 we compute

oy = —(Ryy gy (o — ) + O(%) - (Ea x f§) +0(ie? + )
- Z:{190 Lo (bo ) (LO X fo) + O(ié‘ + §2¢2 _|i51+’27)
—(bo — ap) - R,Zgo LO(LO X fO) + O(i%% + £'17)
_(b() - aO) (L() X R*Z@Q To (fo)) (Z 5 + €1+’Y)

then we have for ¢ > 0

m; —mi_1 = —((by — do) ¥ Zo) : (waoyio(fé)))%o + 0(i%e? + £117),
More generally, we have for ¢ > 0 and j € Z
(10.7) Mjvi — mjvicg = —((bj — a;) x Zj) : (R7i9j7zj(ff))lfj + O(i% 4 £'17).

Step 4: An estimate on m;
We define for some N to choose later

| XN
mj = N kz Mtk
which is an average of the scalar line torsion on a window of length N. We rewrite (10.7) as
- -~ 1; 5
My — M1 = —((0; = a5) x Ly) - (R_yy 7 ()" + O(k*e* +£77),
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and we compute

ms; —mj;—1
1 N
- N Z (my+k - ma+k—1)
k=1
-~ 1 & g, 1 & _
= (b —a) x Ly) - (N POL AV f>) + 3 2 Ok + &)
— A+ B = =
with
N
A=—((by—a;) x L;) Q)™ with Q= %ZR—ij,fy
k=1

N
1 _
B ==Y 0+,
Nk10< et 4+e )

Step 4-1: An estimate on the matrix @) R
We consider a direct orthonormal basis (g1, g2, g3) with g3 = L;, and we write

3 3
T = Zxk g and Qx= Zyk gi. Then we get with ¢ € C such that i = —1:
k=1

k=1
Ys = T3
1L
1 + in =q ([El + ZZL’Q) with q= N ; e—zkﬁj‘

We compute
N — .
N N\ 1—¢e

Because Uy = Uy C (0,27) x (R*\{0}), we have Iicng |6, — 2km| > 6 > 0 and there exists a
S

constant C > 0 such that

C
<
|q|—N7

and then o
(@) 5] < Flal.

Step 4-2: An estimate on B
We compute

N
1 -
B = ]{32 2 1+
N ,}_1 O(k*e* +e™7)

_ iO‘MN+D@N+D¥+M#ﬁ
N 6
_ OCN+DgN+D§+éH)

= O(N%? +&!M).

)



Step 4-3: An estimate on m;
From Step 4-1 and 4-2, we deduce

mj — mj_l =0 (% -+ N252 + €1+§{> .
With the choice
we get
This implies

with

.
1 3 if p>3
(1) -

if pe(2,3).

2l

1
By iteration, we get for 0 < 7 < —
£

(10.8) m; =mp+ O(e7).

Step 5: An estimate on m;
Using (9.3) in Theorem 9.1, we get that

We compute

NE

|m; —my| = (Mg, — M)

1

2= ==
i

WE

(W (Ossns Lisk) — W50, L) + O(e7))

e
Il

1

N
- 1
0(67) + N E |W0/(91+k7 Lz—i—k) — Wé(@,, Lz)|
k=1

IN

o

o1 — . — 14
Ole )+N;O(k€> with C = |[W"|
< 0(&)+0N2+1
= 0(£7) + 0(e9),

IN

3

where in the second line we have used (10.9) and in the fourth line we have used Proposition
2.1 which implies that W is C? using its definition (2.13) (i.e. W” is C) in the closed set

Uy, i.e. W is bounded. Using (10.8) and the —-periodicity, we get
€

m; = mo + O(e7) for all i € Z.
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11 Estimate between discrete and continuous forces

The goal of this section is to prove the following Theorem 11.1, giving an error estimate
between the discrete and the continuous forces.

Theorem 11.1 (Error estimate between discrete and continuous forces)

There exists a constant C' > 0 such that the following holds. Let us consider a nanotube X
under the assumptions of Theorem 2.15 with p > 2 and (0;, L;) € Uy as in Theorem 9.1.
There exists €1 > 0, such that if

|60—0*| Sﬁl and |L0—L*| §517

then there exists (a, @) solution of (1.1) and (1.5) and constants ¥y € R?, 0g € R such that
we have for any x € [(i — 3)e, (i + 3)e]

(11.1) X0 + W, (d/(z),® (z)) — Wi(6;, L;)| < Ce?
and
(11.2) log + Wy(d/(z), ®'(x)) — W(b;, L;)| < Ce7.

_ p—1 ) 1 p—2
where 7 = and y =min | =, —— |].
p+1 3 p
In order to prove Theorem 11.1 we need the following Proposition 11.2 giving the existence
of a solution of the Euler-Lagrange system (1.5).

Proposition 11.2 (Existence of a solution of the Euler-Lagrange system)
Assume (HY) and let f : R — R? satisfying (1.2) and (1.4). Then there exists €, > 0 such
that if |(6°, L°) — (0%, L*)| < &1 and |f|r~m®) < €1 then there exists (o, ®) : R — R x R?
with (o, ) € W2*(R, R x R?), such that (o/,®') : R — Uy, solution of the FEuler-Lagrange
system (1.5), namely
(Wi (o, @)y = F onR
{ (Wl (a/,®")) =0 onR,

satisfying the periodic conditions (1.1).
Moreover there exists a constant C > 0 such that

(11.3) (o, @) — (6°, L°)| 1oy < C|f |12 (m)-

Proof of Proposition 11.2

We look for A = (v, ¢) € WH*°(R, R?) solution of (1.1) and (1.5) and we will show later that
A = (a,9) € W (R,R?).

Step 1: Preliminaries

Without loss of generality, we can assume that

(11.4) A(0) = 0.

Then let us define



and
Vi ={A¢€ Wl’OO(R,R4); Az +1)=Az)+ A with (11.4) }
Vo ={g=h with h € L*(R, R4); h(x+1) = h(z)}.

We embed the space V5 with the norm

lgly, = (13161]12 |h —c|po@y with g=h" and h(z+1) = h(z),

and notice that (Va, |- |y,) is a Banach space. Let us define
U ={A eVy; 3§ >0, Bs(0) + AN (z) C Uy, for almost every = € R},

where we easily check that U is an open set in V;. We call A = (0,L) € Uy and let us
consider the map
v o U — Vs
A= (WR(A))

Step 2: ¥ is C!
We compute
[W(A2) = W (A1), (WA (AS) = WAL )
| D*W | 100 (1) | A — Af[ Lo ()
| D2W |00 @) [ A2 — Aafwrrce ).

VARVANIVAN

We compute
DAU(A) - A = (D*W(N)-NY.

Therefore

|DAW(Ag) - Ay — DAW(Aq) - Asly,

< |D*W(AY) - Ay — D*W(AY) - N[ oo i)

< |D*W(Ay) — D*W (A)) | oo o) [N | oo () + DWW poo 1) [AG — A | oo m)
— 0 as |(Ag, Ay) — (A, Ay)|yyxy, — O,

where we have used the fact that W is C? by Proposition 2.7. This shows the continuity of
DW. Therefore ¥ is C*.

Step 3: Inverse function theorem

Let Ag(z) = z\° for z € R. We have

DaAY(Ag) - A = (D*W(\°) - A').

Let g € V,, then there exists h € L*(R,R*) with h(z + 1) = h(x) such that g = I/ and
|9lv, = inf [h = [z = [h] .
This shows that

(11.5) Da¥(Ao) - A =g,

means

D*W(X°)- A =h+k for some constant k € R,
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1
Integrating on (0, 1), this implies k = —/ h(z) dz.
0
Recall that by assumption (H4)

A= D?*W(X*) is invertible with \* = (6*, L*).

Therefore there exists g9 > 0, such that for [\ — X\*| < g9, A = D?*W()\?) is still invertible
and

A = (AO)_l(h + k).
This shows that

Ax) = / "4 (h(y) + k) dy

satisfies A € V; and is the unique solution of (11.5) satisfying (11.4). Moreover there exists
a constant C' > 0 such that

|/_\‘W1,00(R) O‘(AO)_lyLoo|h+kj|Loo(R)

<
< 201(A%) Lo h] Lo
< 2C|(A°) 7 Lo glv,-

This shows that (DyW(Ag))™! exists and is continous from V, to W1°°(R). We have
(11.6) W(Ay) = 0.

Therefore we can apply the inverse function theorem in Banach spaces. This shows that (up

to reduce e; > 0) for every f such that |f|~ < g with f(z + 1) = f(z) and / f=0,
R/Z

there exists A € U, such that

(11.7) (M) = (0, ).

Step 4: Conclusion
Therefore

(Wi(A) = (0, /),

and then for some constant k € R4
W,\ () = / f ) dy) +

Again D*W () is inversible and the inverse function theorem applies to WY and gives (again

up to reduce g, > 0)
AN = < / fy)dy) + k:)

which shows that A” € L>°(R) and A € W2>(
Step 5: Proof of (11.3)
Because of (11.6) and (11.7) and the fact that U is invertible, we deduce

A=T7(0,f)) and Ag=T"'((0,0)).
Using moreover the fact that =1 is O, we deduce that there exists a constant C' such that

|A - A0|W1>°°(R) < C|(07f) - (070)|V2 < O|f|L°°(R)7
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which implies (11.3).
U
Proof of Theorem 11.1
By Proposition 11.2, given f satisfying (1.2) and (1.4), and given any (#°, L°) satisfying
|(0°, L°) — (6%, L*)| < &1, there exists a solution («, ®) of the Euler-Lagrange system (1.5)
namely
(Wgi(a/, @) = f onR
{ (Wl (a/,®")) =0 onR,

satisfying the periodic conditions (1.1).
Step 1: Proof of (11.1) .
We have (W4, (o/, @) = f, then there exists a constant ¥y € R? such that

(118) I%«ﬂm@@»=&+lﬁwMy

On the other hand, we have T; = T + Z f](-) which shows using (1.14)

7j=1
Poopelity) e(i+3)
T,=To+ ) fly) dy =Ty + fy)dy.
= JeG-D) 5
J:

From (9.2), we get
s(i+%) 3 ) o1
T+ [ Flo)dy - Wi6. L)) < Cref

N|m

Using (11.8), we get for = € [(i — 3)e, (i + 3)e] (using the fact that f is bounded in L*)

(11.9) Ty — S0+ Wi (o (x), ' (2)) — WE(6;, Li)| < Cochr.

This implies (11.1) with X = Ty — 3.
Step 2: Proof of (11.2)
We have (W/,(o/,®"))" = 0, then there exists a constant &y € R such that

(11.10) W (, @) = &,.
From (9.3), there exists a constant C3 > 0 such that we have for m; = M;(a;) - L

Using (10.1), we get
‘mo — Wé(ﬁl, Lz>| < 0457.

Using (11.10), we get for = € [(i — )&, (i + 3)e]
(11.11) (o — o + W, (a/(x), @ (x)) — Wa(0;, L;)| < Cye”.

which implies (11.2) with og = my — &o.

80



12 Proof of error estimates: Theorem 2.15 and Corol-
lary 2.16

The goal of this section is to prove Theorem 2.15 and Corollary 2.16.

Proof of Theorem 2.15

Step 1: Definition of (&, ®) and («, ®)

Step 1-1: Definition of (&, ®)

Let us define an approximation (&, ®) (that we think to be close to (o, ®) to define later)
by setting

T — 1€
with ¢t =

(12.1) { &' (z) = (1 —t)0; + 0,1

for ie <z <(i+ 1.
£

where (0;, L;) are given in Theorem 11.1. Notice that because of (1.7), we can choose (6;, L;)
and a; given in Theorem 8.2 such that we have

(Oisn.. Lizn.) = (0i, L)
EL,H_NE — ELZ "‘ N&*LO.

From (8.6) we have a;,1 — a; — L; = O(g). With L° defined in (1.7), we get

N.—1 N.—1
NELO = Z di+1 — C~LZ = O(NE?E) + Z Li,
i=0 i=0
which implies
N.—1
L’ =0(e) +¢ Z L;
=0
We compute
1 Ne—1 ie—i—a 5 Ne—1
/ Q' (z)de = Z/ dx—Z/ l—t —{—tLZH)sdt
0 = i€
N(:—l Ne-1y

= =Y (- 2)L+ LH1 —sz Li+ Lit1).
0

1
Using the N -periodicity of L; and the fact that N, = —, we get
€

1 N.—1
(12.2) / ' (z)dr = O(e) + ¢ Z Li=L"+ O(e).
0 i=0
Similarly we have
1 N.—1
(12.3) / &'(x)de =0(e) + ¢ Z 0; = 6.
0 i=0
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Step 1-2: Properties of (6°, L°)
By (9.1) and (2.18) we deduce that there exists a constant C' > 0 such that we have respec-
tively

D;(X,6;, L;) < Ceq,

and
Di+1(X, 0*, L*) < 050.
Therefore we can apply Proposition 5.4 and deduce for € < ¢y with g9 small enough that

(12.4) Li — L*| < Cey.

Using (12.2) and (12.3), this implies (2.19), i.e

0 _ px*
(12.5) { 0" = 0| < Ceo

’LO — L*‘ < 080.

Step 1-3: Definition of («, ®)

For &y small enough, we deduce from (12.5) that |§° — 6*| < e; and |L° — L*| < ¢; and then
we can apply Theorem 11.1 which shows the existence of a solution (a, ®) of (1.1), (1.5).
We get in particular

/01 &' (2) dx = /01 () dz + O(e)

/01 & () d = /01 o (z) da.

Step 2: Estimate on the differences of W’
By (12.1) we have

(12.6)

a'=0; + t(0i51 — 6;)
@l = LZ + t(LH_l - LZ)

By (9.1) and (5.8), we have 0,11 — 0; = O(¢) and L;; — L; = O(¢), and then

@' — 6] = O(e)

|®" — L;| = O(e).
Using the regularity of W, we deduce from (11.1) and (11.2) that there exists a constant C
such that we have

N < Ci&

S + W0/ (1), /) = WH(e/(2) (o
(12.7) { )| < Che.

T (&' (x), ¢
oo + Wy(d/(z), @' (z)) — Wi(&/ (x), D' (

For simplicity, we denote

= (6", L7)
=( o)
()=( (), '(x))
u(z) = (/' (z), ¥'(x)).

Because 7 > v, we see that there exists a constant Cy such that for A = (6, L)

(12.8) lco + Wi (u(z)) — W (a(x))| < Cae”.
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Step 3: Estimate on u — u
We consider the Taylor expansion

Wi(a(x)) = Wi(u()) + D*W (u(x)) - (i(z) — u(@)) + O(li(z) — u(@)w (| — ulr~)),

where w is the modulus of continuity of D?*W on Uj.
Taking into account the invertibility of D*W (u(z)), which follows from assumption (H4) (for
u close to u® and u° close to (6*, L*)), we deduce

(12.9) [i() = u(w) = (D*W (u(@))) " (co)| < O(7 + |alw) = ulw)|w(|it — ul =),

and then we deduce that there exists a constant Cs such that we have
(12.10)

(o) — ) = (DW () (@) < Co(2+ i ulgmslfa = ulgm) + ] o = ]2 ).

Using (12.6), we deduce

éM@M=A@WMWWM=AMWMWWM+md=AM@m+ﬂd
Then integrating (12.10) on the interval (0, 1), we get
|(D2W(u0))_1(co)] < C3(e7 + | — u|poow(|@ — ul o) + |co| w(|u — u®]| 1) + O(e).

Up to reduce gy, we can choose |u — u°| ~ small enough using (11.3), and then there exists
a constant C4 such that

|CO| S 04(5"/ + |'&/ — U|LOOW(|'ZL - U,|Loo))
Hence (12.9) implies that there exists a constant C5 such that we have
‘?1 — U‘Loo S 0587,

where we have used the fact that | — u|p~ is small because u(x) and @(zx) are both close to
u®, respectively by (11.3) and (12.4), for gy small enough.
Step 4: Conclusion

Then we have
{ |6{/ - O[/|Loo S C’{—’)g’y

|Ci), - (I)/|Loo < 0587.

For the choice x = je, we get that there exists a constant Cs such that

|0; — o/ (je)| < Coe”
IL; — &'(je)| < Coe.

(12.11)
Using (8.3) and (8.4), we deduce that there exists a constant C7 such that we have
(12.12) |X; —a,| < Cr.
Using (8.7) and (8.8), we deduce that there exists a constant Cg such that

[ X1 — @501 — Ry 7 (Xj —ay)] < Cse.
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Using (12.11), (12.12), Lemma 13.8 and Lemma 13.9 ii), we deduce that there exists a

constant Cg such that we have

(1213) |Xj+1 — (~lj+1 — Xj — &])| < Cgé"y.

Besijey o752
Using (8.6) and (12.11), we deduce that there exists a constant Ciy such that we have
(1214) |EL]'+1 — &j — (I),(jéf)| < 01057.

Finally (12.13), (12.14),(12.12) and the choice C' = max(Cy, Cy, Cyg) prove (2.21).
Step 5: Proof of (2.20)
By Theorem 9.1 we have (9.1), i.e. there exists a constant C; such that

Dj(X, Qj, LJ) S 0115.
Therefore there exists X € é\ej’Lﬂ' such that

(12.15) sup [ X8 — X5l < Cuie.

We can write X = a; + X*I with a; € le and X*7 € C%Li, Moreover there exists

(0,m) € R x R such that X*j = R; 7 (X5(05, Ly)) + an. Then we can write

)?Aﬁj = Y}*J + ¢ with Y;-*’j = 57ij(.)(6k (Qj, LJ)) and cj = T]EJ + a;.

J

We define

L j = ¥ (je),
with
(12.16) X7 edils,

For || < ¢, we compute

= *,]

O o
= Y+B ijrﬁ o
= Ry (Ryz (X500, L)) + 8L, — Ry 1, (R, (%5 (05, 17))) + BLs
= Ry oz, (0005, L5) = X505, L)) + (Rog 57, = Raoy o1, ) (X505, L)) + B(L;
We deduce
A * T * * T
X5 — J+/3| < | X (6;, L) — X5 (65, L;)| + [Rag, 57, — oo, 401, 1% (05 L) 1B Lj = L.

Using the Lipschitz regularity of the map X}, Lemma 13.8 and (12.11), we deduce that there

exists a constant Ci9 > 0 such that
|Xj7 X775 < Cia(18; — 0] + |L; — Ly|) < Cuoe”.
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From (12.15), we deduce that there exists a constant C' > 0 such that

=]
sup | X5 — X, 5] < C€7,
1B1<q

which proves (2.20). This ends the proof of Theorem 2.15.

Proof of Corollary 2.16
Step 1: Proof of (12.17)
We recall the second line in (2.21)

a4 — a; — ¥'(je)| < Ce.

Then we get
1+7.

ledji1 —ea; — eP'(je)| < Ce
On the other hand we deduce by Proposition 11.2 that ® € W?2° and then
D((j + 1)) — @(je) — eP'(je)| < Ce”.

Using the two last inequalities, we get
|€j+1 — 6j| S C’EH_7 with €j = {:‘EL]‘ — (I)(]&‘),

: . 1

and then by iteration for 0 < j < — — 1, we get
€
lej — eo| < Ce7,

ie.
(12.17) lea; — ®(je) —al < Ce7,
with a = eq.

Step 2: Conclusion
Using the first line of (2.21) and (12.17), we obtain (2.22).

13 Appendix

This appendix is composed of four independent subsections. In Subsection 13.1, we present
miscellaneous results about the action of rotations. In Subsection 13.2, we give some esti-
mates on rotations. In the Subsection 13.3, we give a few estimates on some series. Finally in
Subsection 13.4, we propose an axiomatic approach to the introduction of perfect nanotubes,
which is not necessary for the proof of the results in this paper, but which should shed some

light on the notion of perfect nanotubes.
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13.1 Action of rotations

Lemma 13.1 (Rotation and cross product)
Let us consider a rotation R € SO(3). Then for every x,y € R®, we have

R(z) x R(y) = R(z x y).

Proof of Lemma 13.1
Let z € R3, then we have

Rz - (Rx x Ry) = det(Rz, Rz, Ry) = det(R)det(z,z,y) = z- (x X y) = Rz - R(z X y).

This is true for all Rz € R?, and then R(x) x R(y) = R(x X y).

Lemma 13.2 (Elimination of the rotation)
Let us set R = R, 7. Then for every x,y € R® we have

L-(R(x) x R(y)) = L - (z xy).

Proof of Lemma 13.2
This is a straightforward consequence of Lemma 13.1.

Lemma 13.3 (Rewriting the mixed product)
Let L # 0 and z,y € R3. Then we have

L-(xxy)=(Ry ;@) -y,

uy
2

where (Rx z(x))"L is the component of (R ;(x)) orthogonal to L.

™
2

WP

Proof of Lemma 13.3
We compute

Lemma 13.4 (Composition of a rotation with the gradient of the potential)
For every x € R3 and any rotation R, and with our definition (1.9) of 'V we have

VV(R(x)) = R(VV (z)).

Proof of Lemma 13.4 .
We have V(z) = Vy(|z]), then VV (z) = V(|z|).—, and we have:

]

R(z) .z

V() = Vi R@D. 3 = 7 (Villa) - ) = RTV (o)
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Lemma 13.5 (Composition of a rotation with the hessian of the potential)
For every x € R and any rotation R, and with our definition (1.9) of V we have

RD*V (R 'z) = D*V(z)R.

Proof of Lemma 13.5
By Lemma 13.4 and for every y € R we have VV(Ry) = R(VV(y)), which can be

written in coordinates (with the Einstein convention of summation on repeated indices)
Ri;(V;V(y)) = ViV(Ry)),
and by derivation we have
Rii D3V (y) = D3V (Ry) Ry,

i.e.

RD?*V (y) = D*V(Ry)R.
Finally setting z = Ry, we deduce

RD*V(R™'z) = D*V(2)R.

Lemma 13.6 (Rotation of a special perfect nanotube)

Let € R, L € R®\{0}. Then for any rotation R € SO(3) we have
i) X € COBL if and only if X = RY with Y € C%L.

i1) we have

(13.1) R'R, iR = Ry;.

Proof of Lemma 13.6
Proof of ii)
Let us consider a direct orthonormal basis (e, ez, e3) of R? with ez = L.

Then we know that (Re;, Req, Reg = Rz) is also a direct orthonormal basis.
To show (13.1), it suffices to show that

(13.2) (R Ry gz R)(e:) = Ryzples) for ie{1,2,3}.
For e3 = L we have

(R_IRG,RER)<Z) - R_I(RG,RE(RL)) =R (RL) = L= Re,z@)-

We do the computation for e;

(R_lRG,RER)(el) = (

((co 0) R61+ sm@)ReQ)

cos )R~ (Rey) + (sin ) R~ (Rey)
(cosf)e; + (sinf)eq

|
’\:U?U



where in the second line we have used the fact that (Re;, Res, Res = RE) is a direct or-
thonormal basis, joint to the definition of Ry gi-

For ey, a similar computation shows (13.2) for i = 2.
Proof of i)
Let us consider X = RY.

X eChRt iff  Xju =RL+ R, 5(X))
iff  RYjy = RL+ R, 5 (RY)
iff Yy =L+R'R,5RY
it Vi = L+ Ry (V)
iff Y ech,

where we have used (13.1) in the fourth line.
We have the following result whose proof is straightforward.

Lemma 13.7 (Derivative of rotations)
For u € R3, we have

(13.3) Ry7(u) = (w.L)L + (cos0)(u — (w.L)L) + (sin0)(L x u).

We also have

(13.4) LV (Ry7(u)) = ((w.L)L + (u.L)L) (1 — cos®) + (sin0)(L x u),
with

- _ ~ L L _
(13.5) L:=LV(L)= i W(L.L).

13.2 Estimates on rotations

Lemma 13.8 (Control of rotations by angles and axes)
Let us consider two angles 03,0, € R and two axes Lg, L1 € R3, then we have

Ry, 7, — Ro, 7,1 <5Lo— Li| + 162 — 64].

Proof of Lemma 13.8
Step 1: Control by axes
For x € R?, we recall that

Ry, z.(x) = (z- L)L; + (z — (z - L;)L;) cos by + (L; X x)sinfy for i=1,2.
Then we have for x € R3
(13.6) (Ry, 7, — Ry, 7,)(@) = (v - L)Ly — (- L1)L1)(1 — cos o) + ((Lz — L1) x @) sin 6.
But we have

(I‘ . (L2 — Ll))LQ + (l’ . Ll)(L2 — Ll),
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and then R R R R

Using (13.6), we deduce
(Ry, 7, = Rop )@ < 20||Lo — Lu||1 = cos ba] + ||| L, — Lu|| sin by
< 5|‘T||L2 - L1|a
and finally we deduce L
|R92,E2 - R@Q,Ell S 5|L2 - L1|

Step 2: Control by angles
We have

( 02,00 91 LQ)(x)

= (cosfs ( cos 91 ()x
= —2sin
(%55 (o

But we have

:U L2 LQ) + (sin Oy — sin (91)(E2 X )
~ - Oy + 0 Oy — 01\ ~
(:c—(a:~L2)L2)+2cos< 2t 1)sin< 2 ) 1) (Ly X x)

(92 il 91) (¢ — (2 o)D) + cos (921 91) (Fa x x)) .

2

{ jz — (2 L) Lo| < o]

|Ly x x| < |z|.

Using the fact that x — (z - ZQ)EQ and Ly x x are orthogonal with the same length, we get

. Oy —0
|(R'92,E2 B Réﬁ,fg)(x” < 2|Sln( 2 1)||I|
< |02 — O4]|x].
And finally we have
‘Reziz o RQLZQ‘ < ‘92 — 91’

Step 3: General control

We deduce
|R92,Z2 - R91,21| < |R92 L, — 91 L2| + |R91 Lo R91,E1|

< 16y — 91|+5]L2 L],
where in the last line we have used Step 1 and Step 2.

Lemma 13.9 (A control of the axes)
Let us consider two azxes L and L' such that

(13.7) |L|>d>0  for some 0> 0.

If

|IL—L'| <e,
then there exists a constant C' = C(0) such that we have
i) [1LI— ]| <.
ii) |[L — L'| < Ce.
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Proof of Lemma 13.9
Proof of i)
We notice that the map L +— |L| is 1—Lipschitz.
Proof of ii)
L] = ||ILL—|EE
HL\L \L\L’+]L|L’ IL'|L|
= |ILIE - ) + (2] = |1 L]
> |LIL - D)= |IL] = L.
Then we deduce L
IL||IL—L'| <||L| = |L|| + |L - L] < 2e.
Using (13.7), we deduce
~ 2
|L—L'|<Ce with C = —

5
Lemma 13.10 (Error estimate on rotations)
Let v; € R3, i = 1, 2 two vectors satisfying:
1
(138) |?}1|, |U2| < —, |U1 X U2| > co > 07
Co

for some constant co > 0. Then there exists ¢ = c¢(cy) > 0, such that the following holds.
Let R, R* € SO(3), then

(R—R")(v)| <e for i=1,2 implies |R— R*|<ce.
If R* = Re*,i* with T > 0* > § > 0, then there exists cs = cs(co) such that we can write
R= Ré,i with (0, L) € R x (R3\{0}), and

(13.9) { I

Proof of Lemma 13.10

Step 1: Proof of |[R — R*| < ¢ ¢

If R = R*, we have nothing to prove. So we assume now that R # R*.
Then (up to change [ in —I) there exists an angle « € (0, 7] such that

R,;=R 'R

—Z*] < ¢se
—(9*’ S CsE.

D )

(R —R)(z)] = [ ()]

«,

Let us consider an orthonormal basis (e, e, e3) of R® with e3 = [ , and a vector x =
0 cosae —sina 0 Ty
0| — sinae cosa O To
1

T1€1 + To€o + T3€3 € R3.
( 0 0 1 T3

We have
(13.10) ( (1 — cosa)ry + (sina)zy

OO»—t’;@
o»—lod/

—sina)r; + (1 — COS () T2

= 2(sin :L‘l—l—:c2



Then we have
(13.11) (R — R*)(z)| < Q(Sin%> 1].

Because of (13.8), we know that v; and vy generate a plane which contains at least a vector

perpendicular tolA7 that we can call es without loss of generality.
Therefore, we can write
€y = @1V + AgVs.

We have for ¢ = 1,2, ey X v; = a;v; x v; for j € {1,2}\{i}.

Therefore
|vi] 1
<

|1)1 X ’U2| - (00)2'

|a;] <

From (13.10), we deduce

2
26in'5 = (R = R")(e2)] < (sl + foal)e < (52,
ie.
(13.12) 2$n%j§cla
2
with cCl =

(co)?
Then by (13.11), we deduce

(B = R")(2)] < erefz],

and finally we have
(13.13) IR — R*| < ¢c.

Step 2: Control of the axis of rotation
Let 5 € [0, 7] be the angle between L and L*. From (13.13), we have

(Roz = Bye 2 )(L)] < cag| L,

1.e.
L Ry z.(D)] < cic.

We define u as the orthogonal projection of L on RL* by u = (Z . Z*)E* and set v’ = L — u.
Then we have
lu'| =sin g < 1.

Case 1: g € [O, g}

We compute

A
sin —
2

¢12 > |L = Ry. . (L) = |0/ = Ry. 7. ()| = 2 o]

Using the fact that 6* € [0, 7] and |0*] > § > 0, we get
0*

sin —
2




We deduce that

’ &\
= < —
sin § = |u'| < 55 ¢
T
Because 5 € [O, 5}, we have
|Z—Z*|=2Sln§Sﬁggsinﬁ<035,

2
with c3 = (g) %1

Case 2: € [g,ﬂ'}

Let 0 =2n—0¢cn2n],B=m—3¢ [O,g] and L = —L.
Notice that /3 is the angle between L* and E and Ry; = R
Applying case 1, we get

JQD‘
(D)

Finally we set
0.L) if B¢ [og]
@,1) if Be (gw}

and we have proved that there exists a constant c3 > 0 such that

(57 I:) =

(13.14) 1L — L*| < cse.

Step 3: Control on the angle of rotation
Then we can compute

281n<9_9 )‘
9

[R5 7. — Ryo 7.

’Ré’Z* - R9~7z| + |Ré7i - RG*,Z*

S 5035 + c€
S C4E,

where in the third line we have used Lemma 13.8 , in the fourth line we have used (13.13)
and (13.14) and in the last line we set ¢4, = bez + ¢;.

sin b0
5 .
1

0<~y< gsin”y < 5055,

Let v € [0, g] such that siny =

We have

s
with ¢5 = §c4. Then we have




This implies that there exists k € Z such that
0 — 0" — 2kn| < cse.

Up to change 6 in § — 2kn we deduce (13.9).

13.3 Convergent series

Lemma 13.11 (Convergent series)

Letn € {0,1,2}, g > 1 and p > 1. Then there exists a constant C = C(q

; iNg+n — Hq—2°
S (J+3 p
>0

The proof of Lemma 13.11 is easy and is left to the reader.

Lemma 13.12 (Convergent series)

Letn € {0,1,2}, g > 2 and p > 1. Then there exists a constant C = C(q

; (J + gt = pr2

v IV

izp
j'=0

Proof of Lemma 13.12

,n) such that

,n) such that

Case p > 3:
For j>pand j > 0,forx € [j,j+1]andy € [j/,j/+ 1] wehave 3<p<ax+y<j+j +2
and ,
1+ < 1+ 2"
(+g)er = (w+y—2)rt
Therefore

145" / 1+ a"
—— < dz
Z (j+ gt Z G +oa (T +y —2)atn

v v

izp
j'=0

J
J’
1 n
= / e m dxdy
>p,y>0 1"*‘3/ 2)q "

/ 1+ 2" J
— T
zp (g = 1)z~ 2y

< / dz
T>p—2 Q+n_1)$ql
< sy
= (p—2)2
C’
<

dy

where in the fourth line we have set x — 2 = 7 and expanded the polynomial 2" = (z + 2)",
and where (' is a constant which depends on n and C5 is a constant which depends on n

and q.
Case p > 1:
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We split the series as Z = Z + Z , where we bounded the last series directly.
Jjz
A

P J
Jj'=0 ]

13.4 Axiomatic approach to perfect nanotubes

Definition 13.13 (Axioms for a perfect nanotube)
A perfect nanotube Y of axis Ly € R*\{0} is a collection of atoms i.e. Y = {y; € R?, j € Z}
satisfying the following axioms
i)  (Tube shape)
there ezists a constant C' such that d(y;,RLy) < C for all j € Z
1)  (Maximum density)
there exists a constant ¢ > 0 such that ]1% ly; —yk| > ¢>0

i1) (Minimum density)
there exists p > 0, such that for all b € RLg, we have B(b,p) Y #
where B(b, p) is the closed ball of center b and radius p,
and such that there exists an even isometry T : R® — R? which leaves Y invariant, i.e.

(13.15) TY)=Y,
and which has no fized point, i.e.
(13.16) T(z) #x forallz € R3.

We recall that an even isometry 7" is a map such that |T'(z) — T'(0)| = |z — 0|, and which
transforms a direct orthonormal basis (e;)1<i<3 into a direct orthonormal basis (7'(e;) —
T(0))1<i<3- Then it is possible to show the following result (whose proof is left to the reader,
see [29] for a proof).

Proposition 13.14 (Perfect nanotubes)
Given a perfect nanotube Y of axzis Ly € R3\{0} (in the sense of Definition 15.13), there
exists an angle 0 € [0,27), a vector L € RLy\{0} and a vector a € R® such that we have

T(Y)=a+T" (Y —a),

where T(Y) ={T(y;), j € Z} and Y —a={y; —a, j € Z}.
Then X :=Y — a s perfect nanotube of axis Ly that satisfies

T (X) = X.

Moreover, there exists K € N\{0} and a set of K distinct atoms {Xop, -+, Xox-1} C X
such that

Xog # (TH’L)j(XQm) forall jeZ\{0} and me{0,--- K —1},

and
X = (TG,L)J'(XOJ) forall j€Z and 1€{0,--- K —1},
such that
X = U {Xju}-
JEZ
0<I<K-—1



Notice that we can replace the set X by our standard notation for a nanotube (as it is given
in the introduction of this paper)

X = (Xj)jez = (Xj)o<i<r-1)jez,

where each X; = (X;;)o<i<rr—1 in (R?)X is a cell of K atoms X;,; in R3.
Notice also that the choice of the cell X is not unique.
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