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Abstract

In this paper, we prove the existence and uniqueness of a “steady” spiral moving
with forced mean curvature motion. This spiral has a stationary shape and rotates with
constant angular velocity. Under appropriate conditions on the initial data, we also show
the long time convergence (up to some subsequence in time) of the solution of the Cauchy
problem to the steady state. This result is based on a new Liouville result which is of
independent interest.
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1 Introduction

In this paper we are interested in curves in R? which are half-lines attached at the origin.
These lines are assumed to move with normal velocity

(1.1) Vo=1+k

where k is the curvature of the line. We assume that these curves I'; can be parametrized in
polar coordinates as follows

'y ={(rcosf,rsinf), suchthat >0, 6=-U(tr)}.
On the one hand, the Geometric Law (1.1) holds true if U satisfies

Uy = (1+ ky)|VU).
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Figure 1: Motion of the spiral. Here @ is the angle in polar coordinates.

On the other hand, it is known (see for instance [10]) that the curvature of the parametrized
curve I'y has the following form

ky(t,r) = 2+ (rU,)° rUrr
(1.2) olr) =Ur <(1+(TUT)2>3> AT

Hence, the function U has to satisfy the following quasi-linear parabolic equation in non-
divergence form for (t,7) € (0,400) x (0, +00):

2 + r2U? U,,
(1.3) rUt:,/1+r2Uz+Ur( tr 7‘)+ !

1+r202 1 +r2U2

supplemented with the following initial condition for r € (0, +00)

(1.4) U(0,r) = Up(r).

1.1 Main results

In [10], we were able to prove an existence and uniqueness result for equation (1.3)-(1.4). We
improve it by proving in particular that solutions are regular up to the boundary r = 0.

Theorem 1.1 (Existence and uniqueness for the Cauchy problem). Assume that Uy €
WQ’OO(O, +00) is globally Lipschitz continuous and satisfies

loc

(Uo)r € WH®(0, +00)  or ky, € L>¥(0, +00)
and that there exists a radius ro > 0 such that
1+ k| < Cr o for 0<r <ry.
Then there exists a globally Lipschitz continuous (in space and time) solution U such that
U € L7 3((0, 400) x [0, +00)) N C=((0, +00) x (0, +00)).
Moreover, for every 6 > 0, R > 0, there exists a constant C' = C(d, R) such that for every
T>6>0,
U = U@ iy <c

([T, T+6]) % [0,R])

t,r

Such a solution is unique in the class of continuous viscosity solutions of (1.3)-(1.4).



Remark 1.2. In view of (1.2) and (1.3), the regularity of U stated in the previous theorem
implies in particular that

(1.5) ku+1=0 at r=0
holds for ¢t > 0.

Remark 1.3. The assumption that Uy is globally Lipschitz was missing in the statement
of Theorem 1.7 in [10]. We will recall below (see Theorem 2.1) the corrected version of this
result.

Our second main result is about the existence of a spiral with stationary shape and rotating
at constant speed.

Theorem 1.4 (A steady state). There ezists a constant A € R and a globally Lipschitz
function continuous ® in [0, +00), satisfying

A>0 and ®,.<0 on [0,400)

such that U(t,r) = M + ®(r) is a solution of (1.3) in R x (0,+00). Moreover such a X is
unique and such a function ® is unique up to addition of a constant. Moreover, the following
properties hold true:

i) we have

<A<

e~ =
DN

ii) ® € C*(0,+00) N C’2+%([0, +00)) satisfies for all r € [0, +00)

1
(1.7) 0<1+4+kep <Ar.

Moreover ®, and the curvature kg are non-decreasing and
D,(0)=—=, P(4+00)=—), ke(0) = =1, Ke(+o00) =0.
ili) There exist some constants a € R and C' > 0, such that ® satisfies for all r € [0,400)

) A Aln(1 —al < .
|®(r) + Ar + An(1 +7) a’_l—i—r

Remark 1.5. Notice that the value of the angular velocity A have been estimated to be 0.315
by approximation in [5], and computed to be 0.330958961 by a shooting method in [26].

Our third main result is concerned with the large time behaviour of solutions of the Cauchy
problem for initial data that are “reasonably close” to the steady state.



Theorem 1.6 (Long time convergence). Under assumptions of Theorem 1.1, if the initial
data Uy further satisfies

(1.8) Uy —@| < C
and
(1.9) (Up)r <@, < =X <0,

where (A, ®) are given in Theorem 1.4, then for any sequence t, — —+oo, there ezists a
subsequence (still denoted by t,,) and a constant a € R such that

Ut +tn,r)— (ANt+ty) + P(r)) = a locally uniformly in R x [0, +00).

Remark 1.7. The fact that convergence only happens along a subsequence of times is ex-
pected. Indeed a similar fact happens already for the linear heat equation on the real line.
It is possible to cook up an initial data which stays between 0 and 1 such that the solution
does not converges as times goes to infinity, but such that convergence to a constant (locally
uniformly) still happens for subsequences in time.

The proof of Theorem 1.6 is based on the following Liouville result of independent interest.

Theorem 1.8 (Liouville result). Let U(t,r) be a globally Lipschitz continuous function (in
space and time) in R x [0, 400). We assume that U is a global solution of (1.3) in Rx (0, +00)
and that there exists a constant C > 0 such that the following holds:

(1.10) |U(t,7) — At —®(r)| <C on Rx[0,+00)
where (X, @) is given by Theorem 1.4. We also assume that there exists some 6 > 0 such that
(1.11) U <—-0<0 in RxI0,+00).

Then
Ut,r) =M+ P(r) +a

for some constant a € R.

1.2 Review of the literature

Spirals appear in several applications. Our main motivation comes from continuum mechanics.
In a two dimensional space, the seminal paper of Burton, Cabrera and Frank [5] studies the
growth of crystals with vapor. When a screw dislocation line reaches the boundary of the
material, atoms are adsorbed on the surface in such a way that a spiral is generated; moreover,
under appropriate physical assumptions, these authors prove that the geometric law governing
the dynamics of the growth of the spiral is precisely given by (1.1). We mention that there is an
extensive literature in physics dealing with crystal growth in spiral patterns (see for instance
[31, 30]). We also want to point out that motion of spirals appear in other applications like
in the modeling of the Belousov-Zhabotinsky reagent [23]. To model the appearence of such
shapes, the reagent is modeled in [16] by a system of semi-linear parabolic equations; so-called
spiral wave fronts satisfying the geometric law (1.1) can be formally derived. The interested
reader is also referred to e.g. [22, 21, 13].



There exist different mathematical approaches to describe the motion of spirals. As far as
we know, it appeared first in geometry in [1]. It was also used in order to study singularity
formation [2, 3]. Other approaches have been used; for instance, a phase-field approach was
proposed in [15] and the reader is also referred to [9, 25, 27]. In [11], spirals moving in
(compact) annuli with homogeneous Neumann boundary condition are constructed. From a
technical point of view, the classical parabolic theory is used to construct smooth solutions of
the associated partial differential equation; in particular, gradient estimates are derived. We
point out that in [11], the geometric law is anisotropic, and is thus more general than (1.1).
In [32, 28, 29, 12], the geometric flow is studied by using the level-set approach. As in [11],
the authors of [28, 29] consider spirals that typically move inside a (compact) annulus and
reaches the boundary perpendicularly.

Concerning the existence of “steady” spirals (in the case where the exterior stress is zero),
we refer to [14] where the construction is done by studying an ordinary differential equation
and to [6] where the authors consider a two-point free boundary problem for the curvature
flow equation. We also refer to [11] where they construct a steady state on an annulus using
classical parabolic theory. In [26], a numerical computation of the angular velocity A of the
spirals is done. The authors find that the angular velocity is approximatively 0, 330958961
(recall that we find that 3 <X < 1).

1.3 Organization of the article

In Section 2, we prove that the solution has a certain smoothness up to the boundary r = 0,
namely Theorem 1.1. In Section 3, we construct the steady state, first on an annulus and
then on the whole space. In Section 4, we prove some asymptotics of any profile, and then
deduce the uniqueness of the profile (and of its angular velocity A) as a consequence of the
asymptotics. In Section 5, we provide some additional qualitative properties of the profile
solution, including monotonicity of its gradient and of its curvature. We also give a bound
from below on A. In Section 6, we prove Liouville theorem 1.8. In Section 7, we prove
the long time convergence of the solution to the steady state (up to addition of a constant),
namely Theorem 1.6. This result follows from Liouville Theorem and a gradient bound on the
solution (Proposition 7.1) that is proven in Section 7. Finally, Section A is an appendix where
we recall standard materials, like strong maximum principle, Hopf lemma, Interior Schauder
estimates. We also prove a technical lemma (Lemma A.4) which is used in Section 2, and also
prove a result of independent interest which is not used in the rest of the paper: the equation
satisfied by the curvature of the graph of the solution of the evolution problem.

Notation. For a real number a € R, a* denotes max(a,0) and a~ denotes max(—a,0). The
ball of radius r centered at x are denoted B(z,r). If z = 0, we simply write B,.

2 Regular solutions up to the origin

This section is devoted to the proof of Theorem 1.1. This theorem improves [10, Theorem
1.7] by establishing regularity of solutions up to the origin. As we pointed out previously, the
assumption that Uy is globally Lipschitz was missing in the statement of [10, Theorem 1.7].
This is the reason why we first state a corrected version of this theorem.



Theorem 2.1 (Existence and uniqueness of smooth solutions for r > 0, [10]). Assume that
Uy € Wlif"(o, +00) is globally Lipschitz continuous and satisfies

(Uo)r € WH2(0, +00)  or ky, € L®(0, +00)
and that there exists a radius ro > 0 such that
1+ Ky, | < Cr for 0<r<ry.

Then there exists a unique viscosity solution U of (1.3),(1.4) which is globally Lipschitz in
space and time. Moreover this solution U belongs to C*°((0,+o00) x (0, 400)).

In view of this result, proving Theorem 1.1 amounts to prove the following proposition.

Proposition 2.2 (Space-time Lipschitz implies uniform regularity up to r = 0). Assume that

U is a globally Lipschitz continuous (in space and time) solution of (1.3) in (0, +00)x (0, 4+00).
1o41

Then U(t,r) belongs to Cij6’2+3((0,+oo) X [0,400)). Moreover, for every 6 > 0, R > 0,

there exists a constant C = C(6, R) such that we have the following uniform bound for every

T>6>0:

2.1 Voo
(2.1) I (T, )HC:‘j%ng%([T’T+6]X[O,R])

Before proving this proposition, we get some useful a priori estimates on the solution.

Lemma 2.3 (A priori estimates). Assume that U is a globally Lipschitz continuous (in space
and time) solution of (1.3) in (0,+00) x (0,400), with Lipschitz constant L > 0. Then
U e C*((0,+00) x (0,+00)) and there exists a constant C = C(L) > 0 such that for every
(t,r) € (0,00) x (0,00), we have

(2.2) ywmm+%hg% and  |Up(t,7)| < C(1+12).

Proof. We recall that we already proved in [10, Theorem 1.7] that U € C*°((0,4o00) X
(0, 4+00)). We also recall that U; and U, are bounded, and that U solves

rUy = (1 + ky)/ 1+ r2U2.
We deduce that
(2.3) 11+ ky| < Cr

for some constant C'. Remarking that

3
2

u4w+ﬂ%:u+@m+ﬁW)—MW—Qwa%%J»

and using the bound on U, and (2.3), we deduce that

|1+ 2U, + rU,,| C(T+T2+T3+T4)

<
< C(r+1Y).

(2.4)



For fixed t > 0, we set ¥(r) = U(t,r) + r/2 which satisfies (r2¢,.), = r(1 + 2U, + rU,), and
deduce that
‘(TQwr)r‘ < C(TZ + 745)'

This implies |r?1,| < C(r® 4+ 7%) and we finally get

(2.5) |Ur+%| = || < C(r+r").

Injecting this estimate in (2.4), we finally get for all r € (0,400), t € (0, +00)
(2.6) Upr(t,7)] < C(1+77).

Because U, and Uy are bounded, we can use (1.3) to get for large r that |U,,.| < Cr?. We can
then improve (2.5) and (2.6) to get (2.2). This ends the proof of the lemma. O

Proof of Proposition 2.2. The idea of the proof is to see U as a radial solution of a partial
differential equation in three dimensions and to use the interior regularity theory in 3D in
order to deduce the boundary regularity up to r = 0.

More precisely, we set

X
V(t,X):=Ul(t,|X]) + ’2‘ for X € R3,
where we see that V is smooth for X ## 0. Here we have to add the term % in the definition
of V, in order to cancel the term VV(-,0). Indeed, remember that U,(t,0) = —3. If we do

not add that term, this would make appear a bad term like % in the coefficient of the PDE
satisfied by V which would not allow us to control the regularity of the solution up to X = 0.

Step 1: Estimate on D?V. We make the following pointwise computation of the second
derivatives

X; 1 X;
D2V =D:(D;V) =D, | —LU, + =2
JZV J( V) J<‘X’U +2’X’)
“Urxe * (U” 2) <|X| TP ) |

For R > 0 fixed and 0 < r < R, we deduce from Lemma 2.3 that there exists a constant
Cgr > 0 such that

1
|Urr| SCR, ‘Ur+§| < rCk.

This implies that D2V € L*((0,+00) x (Bg \ {0})).
Moreover for all ¢ € C°((0,T) x Br), we have in the distribution sense

—(Dj;V, ¢) = lim (D;V)(Dig)
700, T)x (BR\B:)

= lim / —(D]2-1-V)¢+/ ¢(n'ei)DjV
e=0 | J(0,1)x(Br\B:) (0,T)xdBe



where n is the outward nomal to Br\B: on the boundary 0B, and e; is a unit vector of the
canonical basis of R3. Since VV is bounded, we recover that

XiX; 1N (65 XX
217Y . — PN L ij _ iy
DV )i = Unxp (UTJF 2) <|X! !X\3>

in the distribution sense on (0, +00) x Bg. This implies that the distribution D2V satisfies
D2V € L*((0,+00) x Bg).

Step 2: Estimate on VV. Moreover, since V,.,V; € L*=((0,+00) x Br), we get that for
every 0 > 0 and for every 1 < p < 400, there exists a constant C' = C(4, R,p) > 0 such that
for every T' > 4, we have

IV = V(T.0)lwro(r—sz45)x8m) < C-

Using parabolic Sobolev Embedding in parabolic Hélder spaces (see [18, Lemma 3.3]), we
get, for every 0 < a < 1 and a suitable constant C' = C'(d, R, «) > 0, that

2.7 V —V(T,0 o <C
27) V=V b S

which implies that

(2.8) IVV] 4 <C.
O (T—6,T+6)x BR)

Step 3: Equation satisfied by V. A computation gives that V is solution (at least in the
distributional sense) of

Vi =A(X,VV)AV + B(X,VV) for (t,z) € (0,T) x Bgr(0)

where

_ X & 'S

1 1/2+¢ 9
Go(g)= = (V1+¢@2—=|=—%) ) =1+0(3?.
o(q) q2< +q 2<1+q2)> +0(q%)
Let us set
f(—yxya£ with a=1/3
| X ‘

In particular, we can easily check that the map X — X is in C® (see Lemma A.4). Then we
can write

% |X]
v (X-p— 2

X X
BOGp) = (X0 =l =

2
2

8



Therefore on the set {|X| < R, [p| < R}, we see that the function B is Lipschitz continuous
both in p and in X, i.e. satisfies

B(X',) - B(X,p)| < Cr (1X' = X|+ o' = pl).
Using Lemma A .4, this implies (increasing C if necessary) that
|B(X',p") = B(X,p)| < Cr (|X' = X|* + o' —pl)
i.e. B is locally Lipschitz in p and C* in X. Similarly
|A(X",p') = A(X,p)| < Cr (|1X" = X[+ [p —pl)

i.e. A islocally Lipschitz in p and X.
Denoting by

A(t,X) = A(X,VV(t,X)) and B(t,X)= B(X,VV(t, X)),
and using (2.8) for the regularity of VV, we get that there exists a constant C' > 0 such that

(2.9) 14 1B]] <C.

ol

ct%,;( (T—8,T+8)xBr)’ cf;ﬁ((Tfa,Tw)xBR)
Because V (t,z) := V(t,z) — V(T,0) solves
Vi=AAV +B in (T —-6,T+46)x Bg,

we can use interior Schauder estimates (see Proposition A.3 in the appendix), and deduce
that

V —V(T,0
” ( )||CiI%’1+%§([T,T+6]><BR/2)

s¢ {‘|BHC§:§((T—5,T+6)><BR) + |V =V(T, 0)|L°°((T6,T+5)><BR)} <C

where we have used (2.9) and (2.7) for the last inequality. This implies in particular (2.1)
(changing R/2 in R), and ends the proof of the proposition. O
3 Existence of a steady state

The main result of this section is the following proposition.

Proposition 3.1 (Existence of a steady state). There exists a constant A > 0 and a function
® € C(0,+00), satisfying

(3.1) -1/2<®,. <0 on (0,+00)
such that U(t,r) = Xt + ®(r) is a solution of (1.8) on R x (0,400).

In a first subsection, we build a solution on an annulus R~! < r < R, and in a second
subsection we pass to the limit R — +4o0.



3.1 Steady state in a annulus

In the following, we will frequently work in log coordinates with the function u(t, z) = U(t, e").
The function U solves (1.3) if and only if u solves the following equation

Uz

(3.2) up = F(z,ug, tugy) = e "y/1+u2 + e P, +e T+l

See for instance [10].
For R > 1, we consider the annulus R~ < r < R, we study the following problem with
Neumann boundary condition on the boundary of the annulus:

rU; = /1 +1r2U2 + U, 24Uy 4 U on (0,+00) x (R™', R)
b " "\ 1+ r202 14 r2U? ’ Y

U-=0 on (0,+00) X {Rfl,R},

(3.3)

with initial data
(3.4) U0,7) =Uy(r) forall re[R ' R]
Then we have the following result.

Lemma 3.2 (The Cauchy problem in an annulus). Let R > 1 and o € (0,1) and assume
that Uy € C***([R™1, R]) and that Uy satisfies

(Uo)r(R™Y) = 0 = (Uy),(R)
(3.5) { M < (Uo).(r) <0 : forall re (R R).

Then there exists a unique solution U € C'F2:2+([0, +00) x [R™', R]) of (3.3), (3.4). More-
over U satisfies

(3.6) —max(1/2, M) < U.(t,r) <0 forall (t,r)€ (0,400) x (R™', R).

Proof of Lemma 3.2. The proof proceeds in several steps.

Step 1: Existence of a smooth solution As it is explained in [11], the classical theory
allows to construct a unique solution U € C?***1*3([0,400) x [R~!, R]) of (3.3). More-
over, from the classical parabolic regularity theory, we can bootstrap and get that U €
C>((0,+00) x [R7L, R]).

Step 2: Gradient bound from above. We first recall that u(t,z) = U(t, e”) solves (3.2).
Let
W= Uy

Then by derivation of (3.2), we easily get that w solves in (0, +00) X (—a,a) (with a = In R),

ww
wy = —e T/ 1+w?+ e_x\/% — 27w 4+ e P,
w

gt e e 2w’
1+ w? 1+w? (14w?)?)’

(3.7)

10



and
w(t,+ta) =0 forall te (0,+00)

and
(3.8) w(0,x) = €e*(Up),(e*) for all =z € [—a,al.

Notice that w = 0 is a supersolution of (3.7), (3.8), where we use (3.5) to check the initial
condition inequality. Therefore the classical comparison principle implies that

(3.9) w < 0.

Step 3: Gradient bound from below. We now define the function
z2(t,z) = e Fw(t,x) = U.(t,e").

It is easy to check that z satisfies

1 w 2uw? z
_ -2 -3 -9 T
(8:10) 2= e x< 1+w2+z>_€ x<1+w2+(1+w2)2>+e xl—i—w?—i_o(zx)‘

Because we already know that z < 0, we deduce that:

2
(3.11) ¥z > —g(z,2) + 1 —:212 + O(zz)

with
1 z

902 = g T Ty
Let us set
h(y) =7+ z + 722

Then we have

. 1
g(z,2) = h(y) with = N € (0,1].

Remark that the maximum of h(y) is reached at v = —5- if z < 0. Therefore

1 1 1
sup h(7)§h<—>—z—4§0 if zg—i.

7€(0,1] 2z z
Therefore
. 1
g(z,2) <0 if z< —5
Remark now that z = —max(1/2, M) is then a subsolution of the equation with equality in

(3.11) (with zero boundary conditions). This implies that z is a subsolution of (3.10) with
zero boundary condition. Again, the comparison principle for z implies that

(3.12) —max(1/2, M) < z.

Finally (3.12) and (3.9) implies (3.6) which ends the proof of the proposition. O

11



Lemma 3.3 (Periodic solution in an annulus). For R > 1, there exists a solution Ug of (3.3)
in (0,+00) x (R~ R) such that

(3.13) Ur(t +Tr,r) = Ug(t,r) + 27
for some Tr > 0.

Proof of Lemma 3.5. Let I denote the interval (R™!, R). In view of [11, Remark 2.1] and
the discussion preceding [11, Proposition 4.3], we know that for all Uy € C?**%(I) for some
a € (0,1) such that (Up), < 0, there exists a solution Ug of (1.3) in (0,00) x I. Moreover,
for all t > 0, we have Ug(t,-) € C°°(I). We then choose Uy € C?*T%(I) satisfying (3.5) with
M = 1/2 and we denote by Ugr the corresponding solution. Thanks to Lemma 3.2, we know
that

—1/2 < (Ug),(t,7) <0.

Moreover, by [11, Proposition 4.3], there exists a period T > 0 and Uy such that (3.13) holds
true. This achieves the proof of Lemma 3.3. O

Lemma 3.4 (Steady state in an annulus). For R > 1, there exists Ag > 0 and Pr €
C>([R™, R]) satisfying
~1/2< (®Rr), <0 in [RLR]

such that At + ®g(r) is a solution of (3.3).

Proof of Lemma 3.4. Remark first (with Ap = %—;) that v(t,r) = Ug(t,r) — ARt is Tr-periodic
with respect to the time variable. We want to prove that it is constant. To do so, we prove
that it is non-decreasing.

Consider €,6 > 0 and define
v (t, 1) = v(t + 8,7) — €.

We have v50 < v90 and since Ug is Lipschitz continuous, v*° < v%9 for § small enough. We
then define for ¢ > 0
6. =sup{d > 0: 0% < "0} > 0.

Assume that 0. < +o0o. Remark that v° and v*° are both solutions of (1.3) and the
optimality of J. implies that

max {v®% — %0} = 0.
t€[0,Tr],rel
By Lemma A.2 and the Neumann boundary condition, we deduce that the maximum is
attained for some inner point o € I. Since the function is Tr-periodic with respect to the
time variable, the strong maximum principle (Theorem A.1) written for the difference function
v — 00 implies that v=% = v%9. Then for all k € N, we have

v(t + kb, ) = v(t,r) + ke.

It is now enough to choose k € N such that ke > oscv to get the desired contradiction.
Hence v(t + d,7) < v(t,r) + ¢ for all § > 0. This implies that for any s > r, v(s,r) <
v(t,r) + €. Since ¢ is arbitrary, we conclude that v(s,r) < v(t,r). Hence v is periodic
and non-decreasing with respect to ¢t. It is thus constant. The proof of Lemma 3.4 is now
complete. ]

12



3.2 Steady state in the plane

In this subsection, we want to take the limit R — 0 to recover a steady state in the plane.
To this end, we first need the following estimate.

Lemma 3.5 (Bound on A\g). There exists \ > 0 such that for all R > 2, we have 0 < Ag < .

Proof of Lemma 3.5. We already know that Ag > 0. In order to exhibit A > 0 with the desired
property, we are going to construct a super-solution of (1.3) of the type d(t,r) = At + ¥(r).

Let 8 = —v(r) describe the circle (in polar coordinates) of equation 1 + x = 0 which is
tangent from above to the horizontal axis. From an analytical point of view, the reader can
check that the right half circle (i.e. for 6 € [0,7/2] and 0 < r < 2) corresponds to

v(r) = — arcsin (g)

which satisfies F(r, 7y, v) = 0 for 0 < r < 2, where

= 1 2 + r2y? r
F(n’)/raf)/rr) ::T{\/m—i_'%“( 7T>+ Yrr }

1+ 17242 1+ 1242

We choose ¥ as follows

1
where ¢ is a smooth cut-off function which is equal to 1 in [0, 5] and equal to zero for r > 1.

Now we choose \ such that

A > sup F(r, v, ¥,.)= sup F(r,¥,, ¥,..)
r>0 rell/2,1]

We also have for R > 2:
U, (R)=0, and ¥, (R7')=~.(R™1) <0.

This implies that A\t + U(r) is a supersolution of (3.3), and the comparison principle with
Art + ®R(r) implies (for large times) that Ar < A which ends the proof of the lemma. O

We now want to pass to the limit as R — 400 and prove Proposition 3.1.

Proof of Proposition 3.1. Because the functions Agt + ®g(r) are uniformly Lipschitz contin-
uous in space and time independently on R > 2, we can pass to the limit R — co. We call
the limit At + ®(r), which is then a viscosity solution of (1.3) and satisfies:

~1/2<®, <0 and A>X>0.

Because At+ ®(r) is globally Lipschitz continuous in space and time, we can apply Lemma 2.3
and deduce that ® € C°°(0, +00). This ends the proof of the proposition. O
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4 Asymptotics of the steady state and uniqueness

The main result of this section is the following proposition.

Proposition 4.1 (Asymptotics of the steady state and uniqueness). Assume that A\t + ®(r)
is a globally Lipschitz continuous solution of (1.3) in R x (0,400) with ® € C*(0,+00)
satisfying

(4.1) A>0 and @, <0.

Then such a A is unique and such a ® is unique up to an additive constant. Moreover we
have XA > 0 and there exist constants a € R and C' > 0 such that

4.2 ) A Aln(1 —al < .
(4.2) |®(r) + Ar + Aln(1 +7) a|_1+T

We will do the proof of Proposition 4.1 using several lemmas and propositions.

4.1 Positivity of the angular velocity

We first prove that A is positive.
Lemma 4.2 (Positivity of ). Under the assumptions of Proposition 4.1, we have X > 0.

Proof of Lemma 4.2. Assume by contradiction that A = 0. We look for a barrier solution
that we will compare to ®. To this end, let us consider the circle in R? of radius 1 (given
by the equation 1+ x = 0) and of center (0, R) for some R > 1 in the Cartesian coordinates
X = (z1,x2). We can parametrize in polar coordinates, the right half circle as follows,

0 = —yg(r) :=arcsin (f(r)) for R—1<r<R+1

with ) )
r“+ R -1
) =5k

which satisfies f(R—1)=1= f(R+1), and f'(r) = % with f/(R+1) #0.

This implies in particular that the graph of yr has vertical tangents at r = R+ 1. Because
R is a stationary solution of (1.3) on (R —1, R+ 1), we can compare it on (R —1, R+ 1) to
the stationary solution ® when A = 0. We consider

®(r) — .
re[RIE?fEH]( (r) = yr(r))

The maximum can not be achieved at r = R £ 1, because ® is Lipschitz continuous and vg
is not at those points. Therefore the maximum is reached at some interior point, and the
strong maximum principle implies that

®(r) —ygr(r) is constant in (R—1, R+ 1).

By continuity, this is still true at » = R 1 which is again impossible. Finally, we conclude
that A # 0 and then A > 0. This ends the proof of the lemma. O
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4.2 Asymptotics

In the following proposition, the asymptotics of the profile is stated in Log coordinates. It
also contains the asymptotics of the derivative of the profile which will be used later.

Proposition 4.3 (Asymptotics near r = +00). Under the assumptions of Proposition 4.1,
the function p(z) = ®(e”) satisfies

(4.3) lo(x) +Xe¥ + Ax —al < Ce ™™  for = >z
and
(4.4) or(x) ==X = A+ 0(e™ ™) for x>um

for some constants a,x; € R and C > 0.

Recalling (3.2), we see that ¢ is a solution of the following second order ODE

(4.5) A=e"1+ 2 +e *p, + 67236% for xeR.

x

As we shall see it, Proposition 4.3 is a consequence of the study of the ODE satisfied by
v := @, < 0, which is the following

(4.6) vy = f(v,x) for z€R
where

flw,z) = (1 4+ w?)((w,z) with ((w,z) =X—e "V1+w?2—e Zuw.
We first need the following result.

Lemma 4.4 (Elementary estimates). Let A > 0. Then there exists a real number xo > 0 such
that for x > xg, the equation f(w,z) = 0 has a single root w = vo(x) which is non-positive.
This function satisfies for r > xg

1
(4.7) vo(x) = =X —A+e’ " <2)\ - A) +0(e™%),
(4.8) (vo)z(x) = =X+ 0(1) <0.
Moreover we have
2
(4.9) %(w,x) > %e% for w<wvo(z) and x> xg

and for all wy,y« € R, we have

T 2 Y = X0

(4.10) vo(Ys) <wy <w <0

} = f(w,z) > e min((ws, ys), \/2) > 0.

Proof of Lemma 4.4. The proof proceeds in several steps.
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Step 1: Definition of vg. Remark that if f(w,z) = 0, then w solves the following second
order polynomial equation

(4.11) (1—e ) w? + 2w+ 1 - 2e** =0.

For some x large enough, there is only one non-positive solution which is given by the following
formula

= \//\2 + (1 —e~22)(e2)\2 — 1)
- 1—e 2 ’
It is now easy to derive the expansion (4.7), and we skip the details.
In order to recover (4.8), we take the z-derivative of equation (4.11) satisfied by wvg, and we
get

vo()

(v0)2 (vo(1 = €72%) 4+ A) + (v)2e 2% — A2e?® = 0.

This implies
(v ) (x) _ _(00)26—2x 4 )\2€2m
o) vo(l—e 22) + X~

Using (4.7), a Taylor expansion permits to get (4.8).

Step 2: Estimate on 3—1{). Let us now compute

O (w,2) = 206 (w,2) + (1 +0?) £ (w,0)
and
o¢ we™ " 0w

Remark also that, increasing xq if necessary, we have for > zg both
vo(z) < —1

—_ 1 > —€ (0) ] 1 < 1 < —I,

But {(vg(x),z) =0, and then the sign of g—i implies
C(w(z),z) <0 for w(z) < wv(z)

and

gi(w,x) > 621(1 + wQ)Si(w, x).

Again, increasing xg if necessary, we can assume that vy(x) < —Ae” for z > zp and then

2
;{)(w,l‘) > %e?’x for w(x) <wvo(x).
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Step 3: Estimate on f. Recall that the function g appears in (4.12). Remark that for
x > 0 we have g(w,z) = 0 with w < 0 if and only if

Moreover we can then deduce that

0 if w<wy(z),
0 if wo(z) <w<O0.

g(w,z) =
g(w,z) <
Because of (4.12), we deduce that, increasing xg if necessary,
wo(z) <w < 0= ((w,z) >(0,z) =A—e*>X\/2 if x>
and then using the definition of f and a bound from below of ((w,x) for w € [wy, 0], we get
vo(z) < wy <w <0 = f(w,x) > e min(C(wy,x),\/2) >0 if z >z
Let us notice that for w < 0, we have up to increase xg if necessary,

0
8—C(w,x):e_$\/1+w2—|—2e_2xw20 if x>0
z

and then this implies (4.10). This ends the proof of the lemma. O

We next prove the following estimate.

Lemma 4.5 (Asymptotics for v = ¢,). For any p > 0, there exists a real number x1 > xo
such that v = @, satisfies

vo(z) > v(z) > vo(x) — ue_%a: for x>um
where vy and xqg are given by Lemma 4.4.

Proof of Lemma 4.5. Recall that A > 0 and define

3
5

v(z) == vo(x) — pe

The proof proceeds in several steps.

Step 1: Vv is a super-solution. Remark that, thanks to (4.8),
3
To(z) = (v0)a(2) + 5#6*31 =X +0(1).

We also remark that there exists w(z) € [v(z),vo(x)] such that

Fo@).2) = Fuo@).2) + 2L () 2)(0() - (@)
(113) < 2 (5(a) - w(a)
P
< —M?W

where we used (4.9) in the second line. Therefore there exists 1 > xg such that

Up(x) > f(v(x),z) for x> x.
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Step 2: Comparison with V. Assume by contradiction that v(z.) < v(x,) for some
T4« > x1. Then, from the comparison principle, we deduce that

v(z) <ov(z) forall x> x,.

Then we have
2 3
(4.14) va(a) = f(0(x),2) < F(0(a), ) <~y 5"

where we have used the fact that v < v, the monotonicity of f(w,z) in w (see (4.9)) and
estimate (4.13). Estimate (4.14) now gives a contradiction with the fact that ®,(e”) = e "v(z)
is bounded.

Step 3: vy is a sub-solution. The inequality (vg)z(x) <0 = f(vo(z),x) for x > x follows
from (4.8).

Step 4: Comparison with vg. We argue by contradiction. Let us assume that there
exists a point y,. > xo such that v(y.) > vo(ys«). Then from (4.10), we deduce that there
exists a constant o > 0 such that

flw,z) >a>0 for wev(y.),0] and =z > y..

But recall that

This implies that
vg(z) > a for x>y, whie ov(z)<0.

Therefore we conclude (using the continuity of f) that there exists a point xy such that
v(x2) > 0, which is impossible because v = ¢, < 0. We thus get the desired contradiction.
This ends the proof of the lemma. O

Proof of Proposition 4.3. It follows from Lemma 4.5 and (4.7). O

4.3 Uniqueness

Proposition 4.6 (Uniqueness). Under the assumptions of Proposition 4.1, \ is unique and
D is unique up to addition of constants.

In order to prove Proposition 4.6, we will need the following space Liouville result which
will be proven later in Section 6 as an independent result.

Theorem 4.7 (Space Liouville theorem). Let ® for i = 1,2 be two C?([0,+00)) functions
such that for some A > 0, the functions A\t + ®(r) are solutions of (1.3) in R x (0, +oc0) for
1=1,2. Assume also that we have fori=1,2 and r > 0:

. C
4.15 P’ Ar + \n(1 <
(4.15) [ @) + Ar + An(147)| < 3=
and

P’ 2\ < )

| H(r)+ ‘_ 147
Then ®! = &2,

Proof of Proposition 4.6. We already know that & satisfies (4.2). From Proposition 2.2, we
deduce that ® € C?([0, +0)).
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Uniqueness of \. We argue by contradiction by assuming that there exist (®!,A\!) and
(®2, \?) two solutions such that
AL <A

Because of (4.2), we deduce that there exists a constant K such that
d(r) > ®%(r) - K for r>0.

From the comparison principle for (1.3) (see Theorem 1.3 in [10], with Lipschitz continuous
initial data Uy = ®'), we deduce

Mt +@Hr) > N2t + 0%(r) — K forall (t,7) € (0,+00) x (0, +00)

which implies (for large times) that A! > A2, This is the desired contradiction.

Uniqueness of ® (up to an additive constant). We now consider two profiles ®!, ®2
with the same A = A = \2. Recall that for i = 1,2, each function ®° satisfies (4.2) for some
constant a’. Adding different constants to those two functions if necessary, we can asssume
that a' = a2 =a =0, i.e.

, C
|D*(r) + Ar + Aln(l +7)| < T for i=1,2.
We then apply Theorem 4.7 to conclude that ®' = ®2. The proof is now complete. O
Proof of Proposition 4.1. It follows from Lemma 4.2 and Propositions 4.3 and 4.6. O

5 Further properties of the steady state

5.1 Monotonicity properties

Proposition 5.1 (Monotonicity of the gradient of the profile). Let ® be the profile given in
Proposition 4.1. Then we have

(5.1) ¢, >0 in [0,+00)

(5.2) 5 <P <A

and

(5.3) B, (0) = —% and @, (400) = —A < 0.

Proof of Proposition 5.1. For p(z) = ®(e”), we recall from (3.10) that
z2(z) == e Tpu(x) = D (e¥)

satisfies with w = @,

1 w 2w z
_ _ -2 -3 —92 TT
Vs x(x/1+w2+z>_e x(1+w2+(1+w2)2>+6 T O
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Step 1: case of a local minimum of z. Assume that z has a local minimum at xy with
value zg = z(xg). Then 2z, (x9) > 0 and z;(zp) = 0 which implies,

2r0 3
1 20 2e“%02;

——— 20+
1+ €202 O T ez " (1+ eX02d)2

> 0.

Setting
1

V= —F——= €
1+ e2rozd

v+ 20 —i—'y2zo + 27420(1/72 -1)>0

(0,1],

we see that this means

(5.4) v+ 20(1+ 392 —29%) > 0.

g(y) == 143y —2y°

Remark that g is maximum at y = 3/4 and then

yei?ofl}g(y) > min (g(0),g(1)) = 1.

Therefore (5.4) means

Step 2: Monotonicity of K. Let us compute with y = 2:

K'(y) = 20) (9(y) — 2yg'(v))

with
9(y) = 2yg'(y) = 1+ 3y — 2y° — 2y(3 —4y) = 1 — 3y + 6y° =: h(y)
which is minimal at y* = 1/4 with value h(y*) > 0. Therefore K is increasing.
Step 3: Monotonicity of z. Assume now that z has a local maximum at T with value

Z = z(Z). Then we have

1
z< —-K(7) with 7¥=——.
= K0 T e
We already know (see (4.4)) that
2(z) = =X = Xe™® +o(e™ )

which shows that z cannot be non-increasing in (7, +00) (and satisfies z(+00) = ®,(+00) =
—A). Therefore there exists > T such that z has a local minimum at z with value z = z(z
that we can choose such that

(5.5)

[

(VAN
|
(VAN
o



Moreover we have
z > _K(l) with 7= ——— <7.

The strict monotonicity of K implies
zZ<-K(7) <-K(y) <z

which is in contradiction with (5.5). Therefore, we conclude that z has no local maximum.

Step 4: Behaviour at r = 0. We recall that ® € C?([0, +00)). From the fact that A\t+®(r)
is a solution of (1.3), we deduce that

24 r2®2 P
A= VIR e, (50 ) 4 0

1+ r2d?2 14 r2@2°

At r =0, we deduce that
(5.6) 1+29,(0) =0.

Close to = 0, we deduce (by Tayor expansion) that
1
D, (r)=0(r)+ X — - (1 +2®,.(r) + 0(7“2)) .

Using (5.6), we deduce that

,,.(0) =

A
= >0.
3>

Step 5: Conclusion. Using the fact that ®,,.(0) > 0 and the fact that &, has no local
maximum (by Step 3), we deduce that @, is increasing, which in particular implies (5.1) and
(5.2). This ends the proof of the proposition. O

Proposition 5.2 (Sign and monotonicity of the curvature). Let ® be the profile given in
Proposition 4.1. Then the curvature kg defined in (1.2) satisfies,

—1§H¢§0

and
ke(0) = =1, Ke(4o00) =0.

Moreover we have
(ka)r > 0.

Proof of Proposition 5.2. We set k(x) := ke (e”). Notice that we deduce from (1.2) and (5.3)
that
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Step 1: k € [-1,0]. Recall that for the profile, we have,

(5.7) A=e" "1 +u2+ e Fu, + e_zmllj_iuQ =e “(1+r)V1+u2
T

where the curvature x can be written as

(5.8) Ki=e * Uz + e ® Yz

V142 (1+u2)z

Equation (5.7) shows that we can find the following other expression for the curvature,

M\w

(5.9) = \/% _
Using (4.4), we then deduce that
(5.10) k(x = 400) = 0.
Moreover, using again (5.9), we have

Ae” e

— U,U
VItuZ  (14u2): o

Ry =

Ae” )\ 2x —x Ug
= ——— XUy [k — T ——
\/1 +u2 ; 1+ u2
"1+ u2 — Ne*uyk.
Using the fact that u, < 0, we conclude that
k(zo) >0 = k(x)>k(zg) for x>z

which is in contradiction with (5.10). Therefore x < 0. The fact that 1+~ > 0 comes directly
from (5.9).

Step 2: k is non-decreasing. Let us start again from

(5.11) e® /1 + u2 — Xe*uyk.

Then

U
Koz = AeTy/1 +u2 — 2Xe®uyk + Ae® Yallee NP ugppk — NP ugkiy

i+
= 2%y — AeT/1 +u2 — AePTuzh, + oz (nx — Ae:p)
Uy

C’:—i_lJru?E

= Ky <2 — \e*Pu, + Yoz

Uy

et /1 2
= Ky <2 — ¥y, + T) — euiwem\/l + u2k.
xr

T
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Recall that u, < 0, K < 0 and x, = 0 implies in (5.11) that u,x = e /1 + u2 > 0, which
shows that « < 0. Therefore we conclude from the above computation that

Kzz < 0 at any point where k, = 0.

This implies that x can not have local minima. Because —1 < k(z) < 0 and k(—o0) = —1,
k(+00) = 0, we deduce that x does not have local maxima neither (which would imply the
existence of a local minimum). Therefore

Ky > 0.

This ends the proof of the proposition. O

5.2 Bound from below for the angular velocity

We next prove the following lemma.
Lemma 5.3 (Bound from below on ). We have A > 1/4.

Proof of Lemma 5.3. The proof proceeds in several steps.

Step 1: comparison. The idea is to revisit the proof of the uniqueness of A\. For some
w >0, we set

p1:=¢ and @2 := —pe”.

If
B> A,
then a comparison of the behaviour at x = 400 implies that
p2<p1+K on R
for some suitable constant K. We recall that
A= F(z, ¢z, Paz),

with F' defined in (3.2). We then define

hu(x) = F(2, (P2)2: (#2)2z)

/_—ox —x 1
= e 2 + Mz — ue (1 + w) .
If
(5.12) a < inf hy(x),

z€R

then we can take Ao = o and we see with A\ := A that
Aot 4+ po(x) < Mt + () + K

is true at t = 0 and then is true for every time ¢ > 0, because the left hand side is a subsolution
and the right hand side is a solution. Then we conclude that

a=X\<A\=)
1.e.

(5.13) u>A = A>a if « satisfies (5.12).
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Step 2: estimate on « and conclusion. Remark that (5.12) is satisfied for o > 0 if and
only if

- 1 g
(514) <oz+,ue I(l—f‘w%%)) <e 2x+,U2

Because we have

1 2
(Oé =+ [Le_m (1 + 1—|—22$>> S 20{2 —+ 26_2$M222
uee

we see that inequality (5.14) is satisfied in particular if
202 < p? and 8u? < 1.

For instance for
p=1/(2v2) and o=1/4,

we conclude from (5.13) that A > 1/4. This ends the proof of the lemma. O

Proof of Theorem 1.4. Apart from (1.7), Theorem 1.4 is then a consequence of Proposi-

tions 3.1, 4.1, 5.1, 5.2 and Lemma 5.3. As far as (1.7) is concerned, it is a simple consequence
of

A
0<1+ ke = S L —
V14 r2d2
The proof of Theorem 1.4 is now complete. O

6 A Liouville result

This section is devoted to the proof of a Liouville result (Theorem 1.8) for global solutions
of (1.3). This Liouville result will be used in the next section. The Liouville Theorem 1.8
classifies global space-time solutions. Such kind of results have been for instance obtained for
certain nonlinear heat equations in [20], where the nonlinearity comes from the source term.
On the contrary, the nonlinearity in our problem comes from the geometry itself.

In order to prove Theorem 1.8, we first prove two comparison principles: one for small r’s
(ie. in R x [0,75)), and one for large 7’s (i.e. in R x [rg, +00)).

Proposition 6.1 (Comparison principle for small r’s). Given some constant C > 0, there
exists some 1, = 14 (C) > 0 such that the following holds for every ro € (0,ry]. Let U €
C?HR x [0,70]) be a subsolution and V € C*Y(R x [0,70]) be a supersolution of (1.3) in
R x (0,70) satisfying

(6.1) 14 2V,(£,0) <0 <14 2U,(t,0) for all teR.

Assume moreover that we have

|Ur|, V| £ C,
(62) |7"U7“r| < C)
U -V <C.

IfU <V inR x{ro}, then U <V in R x [0, rg].
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Remark 6.2 (The Neumann boundary condition). Notice that condition (6.1) can be seen
as the evaluation on the boundary r = 0 of the inequalities in equation (1.3) associated to
subsolutions U and supersolutions V.

Proof of Proposition 6.1. The proof proceeds in several steps.

Step 1: subsolution W =U —-V. Weset W =U — V. We write the difference of the two
inequalities satisfied by U and V', which gives

Wy < G(rU,) — G(rV,) + Up (K (rUy) — K(rV}))
+ (U, = V) K(rV,) + rUp(H(rU,) — H(rV;)) + rH(rVy )Wy,

with

(6.3) G(p) = V1+72, K(p)zﬁz; H(p) = 1+1p2
This leads to

(6.4) Wy < AW, + H(rV;)W,, on R x (0,70)
with

(6.5) A:a—kK(:‘m—Fb—Fc

where

a=[}ds G'(r(U, —sW,)),
(6.6) b="U, [y ds K'(r(U, — sW,)),
c=rU, f()l ds H/(T(UT - SWT))'

Using (6.2) and the fact that |G’ (p)| < |p| and |K’(p)| = |H'(p)| < 2|p|, this implies that

2
A > —rgC+ = = 2rgC?% — 2ryC?.
To

Choosing then ry = 79(C) > 0 small enough, we deduce that

1
(6.7) A>0 and H(rV,) > 3
Step 2: supersolution ¥. The goal is now to construct a non-negative supersolution (i.e.
satisfying the reverse inequality in (6.4)) which explodes as [t| — 4+00. We define for some
w>0

U(r,t) = e M¢(r) + f(1)

with
(t)=0 ift<0
/ Z 0

f
0< feC®R) sit. f
f(t) = +o0 ast— 400
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such that we have

<

2
We can simply choose ((r) := cos (%%) with 2u := (4“70) . Because ¢, < 0, < 0 on
(0,70), we get, using (6.7), that

1
U, > 5‘1’7«7« > AV, + H(ru,)¥,, on R x (0,79).

Step 3: contact point. Notice that ¥ > § > 0 on R x [0,79]. Then for € > 0 large enough,
we have:
el >W on R x|[0,7.

We can then decrease € untill we get a contact point,
e*=inf{e >0, e >W on R x][0,rp}.
We now want to show that €* = 0. By contradiction, assume that €* > 0. We have

6.8 inf eV —-W} =0.
( ) (t,T)EIHI%}X [O,TO]{ }
Because W is bounded and
liminf inf (¢, 7) =400
[t| =400 7€[0,r0]
we deduce that the infimum in (6.8) is reached at some point (t*,r*) € R x [0,rp]. Because
e*W >¢*§ >0 and W <0 for r = rg we deduce that r* € [0,79). Recall that

W= —-W
solves B ATH V) B
Wy > AW, + H(rVe) W,
W >0 on R x (0,79),
W(t*,r*) =0,

W,.(t,0) <0 for all teR,

and as a consequence of our assumptions, the functions A and H(rV,) are continuous on
R x (O, To].

Case 1: r* > 0. Then we can apply the strong maximum principle (see Theorem A.1) and
deduce that

(6.9) W =W on (—oo,t*]x 0,70,

which is absurd for r = rg.
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Case 2: r* = 0. If the coefficient A would have been continuous up to r = 0, then we would
have applied Hopf lemma (see Lemma A.2) to deduce again (6.9), in order to get the same
contradiction.

The difficulty here is that the coefficient A blows-up as r goes to zero. We can easily
circumvent this difficulty, if we replace ¥ with

U=V —nr

for some 7 > 0 small enough. Now at the point (#*,0) of minimum of W = ¢*¥ — W, we get
in particular that B
0 < W, (t*,0) = —*n — W,.(t*,0).

On the other hand, we have by assumption
W (t*,0) = (Up — V;)(t%,0) > 0

which gives a contradiction. Therefore, in all cases, we conclude that €* = 0, which means
that W < 0. This ends the proof of the proposition. O

Proposition 6.3 (Comparison principle for large ’s). Given some constants X > 0, 6 > 0 and
Lo > 1, there exists r§ = 14 (6, Lo, A) > 0 such that the following holds for all o € [rg ,+00).
Let U € C*Y(R x [rg, +00)) be a subsolution and V € C*1(R x [rg, +00)) be a supersolution
of (1.3) on R x (rg,4+00), satisfying in R X [rg, +00),

~Lo < UV, < =6,
U(t,r) — M — ®(r)] < C,
IV (t,r) — Mt — Bo(r)] < C,
|(®0)r(r)| < Lo

(6.10)

for some function ®g and some constant C' > 0.
IfU <V onR x{rg}, then U <V in R x [rg,+00).

Proof of Proposition 6.3. We have:
1 U, 9
Ut S ;G('I"Ur) + TK(TUT) + UTTO- (TUT)
and ) v
wz;mwn+mem+wN%%)
with

_ 24d? 1

G(a) = V1+a? K(a)—m,

By contradiction, assume that

M = sup {U(t,r)=V(t,r)} > 0.
(t,r)ERX[rg,+00)

For a,n > 0, we set

L
My, = sup {Ut,r -Vit,p) - —————-—a— —n—
wn =, S QU V() — T ol
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which satisfies

M
(611) Ma,n Z 7

> (0 for a,n small enough.

Since U(t,r) =V (t,p) < 2C+Po(r) — Po(p) < 2C+ Lo|r — p| (using the Lo-Lipschitz property
of the profile (), we deduce that this supremum is reached at a point that we denote by
(t,r,p). It satisfies

12 r? M Ir — p|? M al?
—+a— <20 - —+ Lo|r—p| - — <20 - — + =2
Ty Tag s 5 T Lolr = pl 20 5 T3

which in turn implies (for fixed « > 0)

(6.12) lim nt = 0.
n—0

We next distinguish two cases.

~ 2 ~
Case 1: r,p > rg. In that case, setting U(t,r) = U(t,7) — a%, we get with a = Uy(t,r),b =

Vilt,p), A = Upp(t,7), B = Vo (t, p) that

1
(6.13) a< ;G(rp + ar?) + Pt O”K(rp +ar?) + (A + a)a®(rp + ar?)
1 p
(6.14) b> ~Glpp) + K (pp) + Bo*(pp)
a—b=mnt

(6.15) <61 _OB>§;(_11 _11>

where p := r—e satisfies (using equation (6.10) with p = V,.(t, p) = U,(t,r
P g eq p P
—Lo <p,p+ar< -0

Subtracting (6.14) to (6.13), we get that

(6.16) nt < I+ I+ I3
where 1 1 X
or
L= —G(rp+ ar?) — ;G(pp), L=" —K(rp+ ar?) %K(pp)
and

I3 := (A+ a)o®(rp + ar?) — Bo®(pp).
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Estimate on I;. We have

1 1
I :;G(err ar?) — fG(pp ;G (pp) — *G(pp)

<G'(=r06) < Py ar) < > G(pp)
<G'(—rof) ( + ar) ( ) (1+ plpl)

2 2

<G (—100) <O‘f +a ) + T“; +2-

where, for the second line, we have used that rp + ar?, pp < —rod and G’ is non-decreasing
on (—oo, —drg) and for the third line, we have used that G(a) < 1+ |a|. Choosing ro such
that G'(—rgd) < —%, and such that rg > % > 1 we get that

1
(6.17) L<—gar+ 2aL2.
where we have used that |[p| < Lo and Lo > 1.

Estimate on /5. Using that K is bounded by 2, we have

I, < ];K(rp—l—ozr)——K( D) + 2
< g(K(rp—i—ow“) K(pp)) + 2c

where we have used the fact that p < 0, p > r. Using now the fact that K is non-decreasing
on (—00,0) and that 0 > rp + ar? > pp, we get that

(6.18) I < 2a.
Estimate on [3. Using the matrix inequality (6.15), we have that for all {,{ € R
2
g<p@+tth
Using also that ¢ is bounded by 1, we get

1 2 1 2
I3 <o+ a (U(T‘p + Oé’l°2) - O'(pp)) Sa+ a (||U,||L°°(pp,rp+ar2)((r - p)p + C)ﬂ‘2)) :

Since |0’ (a)| < =5, we have [|0”[| oo (pprptar?) < (T(pjar))g < (r};)Q. Hence we get
1 ((r—pp+ar?)’ 1 ap 2 4oL}

6.19 I3 < —— ] = —_ <

(6.19) 3_a+a< (o2 a+64a .2 +a] <a+ 5

where for the last inequality, we have used that r > ro > 1 and |p| < Lo with Ly > 1.
Combining (6.16), (6.17), (6.18) and (6.19), we finally get

4ol
5T

1
nt < —50r +5ald +
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Taking the limit 7 — 0 and using (6.12), we get (using Ly > 1)

1 4oL

0< —§ar+50zL(2) + 540
. 2 8L
which is absurd for r > rg > 10Lg + 51

Case 2: r =19 or p =rg. Assume for instance that r = ry (the case p = ry being similar).
Using that M, , > 0 for o and 7 small enough, we get that

\TO—P\Q

(6
5o 570 < Utmo) = V(t,p) < V(t.ro) = V(E p) < Lolro — pl.

This implies in particular that |ro — p| < 2aLg. Injecting this in the previous inequality, we
obtain that o
57’8 <2al?

which is absurd for rqg > 2Lg. This ends the proof of the proposition. O

Before proving Liouville Theorem 1.8, we first prove Theorem 4.7 that has been used in
Subsection 4.3.

Proof of Theorem 4.7. For all v € R, we define
w’ =o' — &% 4.
In view of (4.15), we can choose v > 0 big enough so that w” > 0. We then define
v =inf{r >0: w” >0in [0,+00), forall v>rv}.

We want to show that v* = 0. By contradiction, let us assume that v* > 0. Using (4.15), we
then have .
w’ >0
w” (r) >0 for r large enough
inf  w” (r) =0.
r€[0,400)
From Propositions 6.1 and 6.3, we deduce that we have

inf _w”(r)= inf w’(r)=0
epieg) 7 Tt

with 0 < ry < rd. Using again the Strong Maximum Principle (Theorem A.1), we deduce
that w”" = 0. For r = 400, this implies that v* = 0. Contradition. Therefore v* = 0 and
®! > ®2. Exchanging ®' and ®2, we get the reverse inequality. This shows that ®' = ®2
and ends the proof. ]

We now prove Theorem 1.8.

Proof of Theorem 1.8. The proof proceeds in several steps.
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Step 0: regularity and condition at » = 0. Because U is globally Lipschitz continuous
(in space and time), we can apply Proposition 2.2 to conclude that U € C12(R x [0, +00)).
By continuity in equation (1.3) up to r = 0, we deduce that U satisfies

1
Ur(t,0) = —3 for all teR.

Finally, from Lemma 2.3, we have

U, (t,7)] < C(147%) forall (t,r) € R x [0,+00).

Step 1: preliminaries for the sliding method. We apply the sliding method (see [4]).

For any h € R, we set
UMt,r) =U(t + h,7).
Since U satisfies (1.10), one can choose b > 0 large enough so that U +b > U on R x [0, +00).

‘We now consider

b =inf{beR:U"+b>U}

and we set
Vi=U"+b">U.

Notice that, using in particular Step 0, we can check that the assumptions of Propositions 6.1
and 6.3 are fulfilled with 0 < ry; < rj < +oo (decreasing r, and increasing rg if necessary).
We claim that this implies

(6.20) m = inf (V-U)=0.

(t,r)ERX[ry ]
Indeed, if m > 0, applying Propositions 6.1 and 6.3, we deduce that
V-U>m>0 on RxJ[0,+00)
which contradicts the definition of b*. Therefore (6.20) holds true.

Step 2: consequence. We distinguish two cases.

Case 1: the infimum in (6.20) is reached at (¢9,r9). We have

V>U on Rx][0,+00),
V=U at  (to,r0) € R x [rg,rg].

Notice that W =V — U satisfies
Wy =AW, + H(rV, )Wy,

with A and H defined in (6.5) and (6.3). Moreover A and H(rV,) are continuous functions
because U,V € C1(R x [0, +00)).
From the strong maximum principle (Theorem A.1) applied to W, we deduce that

V=U
which gives for all kK € Z
U(t,r)=U(t+ h,r)+b*" =U(t + kh,x) + kb*.
In view of (1.10), this implies that b* = —Ah, i.e.
U+ h,r)=U(t,r) + Ah.
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Case 2: the infimum in (6.20) is reached at infinity. We now assume that there
exists sequences (t,), and r, € [ry,7q] such that |t,| — 400, 1, = Too € [ry,7¢] and
(V —=U)(tn,rn) — m. We define the functions

Un(t,r) ==U({t + tn,r) — Apy,  Vip(t,r) =V(t+ Ly, 1) — Ay

which have the same Lipschitz constant (in space and time) as the one of U. We can then
apply Ascoli-Arzeld Theorem, to deduce that, up to a subsequence, we have

Up = Uso, Vi — Voo, and Voo(t,r) = Uso(t + h,r) + b
where Uy, Vo are two globally Lipschitz solutions of (1.3) on R x (0, +00) satisfying again

Voo > Uso on R x [0,+00),
Voo =Usx  at (0,700) ER X [rg, 77 ]

We can then repeat Step 0 and then case 1 for (U, V) replaced by (Us, Vo) and get that
b* = —Ah, and then V' > U means

(6.21) U(t+h,r) > U(t,r) + Ah.

Step 3: conclusion. Notice that (6.21) means that ¢t — U(t,7) — At is both nondecreasing
(using h > 0) and nonincreasing (using ~ < 0). This implies that

U(t,r) =Xt =U(0,r).

From (1.11), we have in particular
Ur(0,7) <0

and by our assumptions U(0, ) is globally Lipschitz in the variable . Then Theorem 1.4 i)
implies that there exists a constant a € R such that

U,r) =®(r) +a.

This ends the proof of the theorem. O

7 Long time convergence

In order to prove Theorem 1.6 we need the following proposition, whose proof is postponed.

Proposition 7.1 (Gradient estimate from above). Let T" > 0 and let U be a solution of
(1.3)-(1.4) in (0,T) x (0,400), such that U is globally Lipschitz continuous with respect to
time. Assume that there exists a constant C' such that for all (t,r) € (0,T) x (0, +00),

(7.1) |U(t, 1) — At — ®(r)] < C.
If the initial datum Uy satisfies

(7.2) (Uo)y <@, in (0, 4+00)
then we have

U-<®. in (0,T) x (0,+00).
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Proof of Theorem 1.6. By Theorem 2.1, there exists a unique solution U to (1.3), (1.4) which
is globally Lipschitz continuous (in space and time). Notice that At+ ®(r) is a global solution.
Therefore, using (1.8) and applying the comparison principe (see [10, Theorem 1.3]), we
deduce the following estimate for all times,

(7.3) |U(t, 1) — Mt —®(r)| < C
Finally using (1.9) and applying Proposition 7.1, we deduce that
(7.4) U, <&, <5<0.

Then for any sequence t,, — +oo, by Ascoli-Arzela theorem, we get the convergence (for
a subsequence still denoted by (t,)r),

U(t+tn,r) — U(tn,0) = Us(t,r) locally uniformly on compact sets

where Uy is still globally Lipschitz continuous and still satisfies (7.3) and (7.4). Therefore
the Liouville result (Theorem 1.8) implies that there exists a number a € R such that

Uso(t,r) = M + @(1) + a.
This ends the proof of the theorem. O
Proof of Proposition 7.1. We have to prove that for r > p > 0
Using log coordinates and setting u(t,z) = U(t,e”) and ¢(z) = ®(e”), this is equivalent to
prove that for x >y > —o0
Recall that u and At + ¢(x) are both solutions of the following equation

Ugy

1+u

ur = F(z,up, uzy) = /1 +u2 + e 2y, + e

By contradiction, assume that

M= s {ult,2) - u(t,y) — o(z) + 6(y)} > 0.
x>y, t€[0,T)

For ,a,n > 0, we consider the following approximate supremum,
|t — s

o n
75) Moy = sup {ut,x —u(s,y) — o(x) + oy —a:Z—}.
(7.5)  Meay JR (t ) —uls,y) — o) + oY) — — 5 -

Remark that when the penalization parameters o and n are small enough, we have
Moy > M/2 > 0.
From (7.1), we deduce that u(t,z) — u(s,y) — ¢(x) + ¢(y) is bounded by 2C + AT, and then
the supremum in (7.5) is reached at a point that we denote by (¢, x, s,y) which satisfies
|t —s|? @ 9 n

1 <9204 T.
9e TV T =0T

We deduce in particular that
(7.6) lim ax = 0.

a—0

The proof is divided into two cases.
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Case 1: there exists ¢, — 0 such that ¢t =0 or s = 0. Assume for example that ¢t = 0
(if s = 0, a similar reasoning provides the same contradiction). Then we have

2

Ui s
TS0 (o) 0 4 00) - 5
0,y) —u(s,y) — 5 < Ls —S—<£

w0,y 9= 2% = 2

where in the second line we have used (7.2) and then used L, which denotes the Lipschitz
constant in time of U. This is absurd for € small enough.

Case 2: for all £ small enough we have ¢,s > 0. In that case, using that the function

/_82 a
(/) o ult ') — (s, ) — 6(a') + o) — T L -

reaches a maximum at (¢,x), we deduce that

t—s+ n <
5 (T —1t)2 —

F(x, ¢z () + az, ppe () + ).

Similarly, we have that

Subtracting these two inequalities, we get

b <F(2, 60 () + 0, $ra() + @) —

F(
F(x,¢z(z) + oz, ppe(z) + @) — F(x, g (x
F(z,¢g(2), bz () — F(Y: 02(Y), G2z (y))
<F(z,¢(x) + az, ppz(x) + @) — F(2, 00 (), Prz()) + X — A

which gives
(7.7) T < e alr| + e Faxr + e Fa+ T

with

We write

I:=e %¢p(x) J, J:=H(¢s(x)+ ax) — H(¢e(x)), H(p):=

Estimate on J. We observe that the function H is concave in [—%, —3} and convex

outside. Recalling (1.6), we also see that

(7.8) e Top(z) = Pp(e) € [-1, =]
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We now define some b > 0 such that

bu(r) < —-2 forall = >0b>0,

{ \1[ ¢(x) <0 forall < -b<0,
V3

We call L; the Lipschitz constant of H. Using (7.6), we can assume ax small enough. For
instance, for |azx| < #, we deduce from the convexity /concavity property of H that

(7.9)

|¢ (C)|3 > axH' (¢pg(z) + az) > J > azH'(¢2(z)) > 0 forall z>b>0,

azxly < J < axH'(¢pz(x)) <0 forall =< —-b<0,

where now C > 0 is generic constant that can change from line to line.

Estimate on I. Notice that At + ®(r) is a globally Lipschitz continuous solution of (1.3),
and then Lemma 2.3 implies the bound (2.2), namely

B, (r)| < C(1412).
Because ®,,.(e%) = e 2 ¢, — e 2 ¢,, we deduce that
I<e ¢, 0+ C(1+e*)|J].
We deduce, using (7.8) and (7.9), that

7 < Ce % ax forall =z>b>0,
Ce "alz| + Calz| forall = <-b<0,

which can be rewritten as
I <Ce *alz| forall |z|>b>0.
Using (7.7), this leads to

Ui

(7.10) 3

< Ce ™ alz|+ e *azx forall |z|>b>0
We now distinguish several cases.
Assume first that there exists & — 0 such that x < —b. Increasing b > 0 if necessary, we
can assume that Ce %a|z| + e 2*az < 0 for all z < —b, which gives a contradiction.
Second, assume that there exists a« — 0 such that x > b. For x > b > 0, sending o — 0
n (7.10), we get a contradiction.
Finally, assume that for all & small enough, we have —b < x < b. In that case, we have
from (7.7)

;72 < e alr| + e Fax + e Fa + e 2|y (z)| L1a)z].
Again, sending o@ — 0, we get a contradiction. This ends the proof of the proposition. O
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A Appendix

1.1 Strong maximum principle and Hopf lemma

In this subsection, we recall the classical strong maximum principle and Hopf lemma.
For —oco < t; <ty < +00 and 0 < R < 400, let us consider the following general linear parabolic
equation

(A1) wy = a(t, T)wpr + b(t, r)w, + c(t,r)w on  Q := (t1,t2) x (0, R)
with the following assumptions on the coefficients

(A.2) { a’ b’ c € C(@)’ .

a>d>0 on @

For A = Q or Q, we recall that we say that a function w € C?!(A) if and only if w, w,, wy.., w; € C(A).
Then we have the following classical result.

Theorem A.1 (Strong maximum principle [24]). Consider a function w € C*1(Q) which is a super-
solution of (A.1). If

w >0 on @,
w=0 at  (tg,m0) € Q

then w =0 on QN {t <tp}.
We also have (see [19, Lemma 2.8]).

Lemma A.2 (Hopf lemma). Consider a function w € C?1(Q) which is a supersolution of (A.1). If

w >0 on Q,
w=20 at (tQ,O) S 8@ with tg € (tl,tg)

then either w =0 on QN {t <t} or w,(ty,0) > 0.

1.2 Interior Schauder estimate

The following result can be found in Krylov [17] (see also [18, 19]).

Proposition A.3 (Interior Schauder estimates). Let T >0, 6 >0, R >0 and o € (0,1) and N > 1.
Assume that w solves (in the sense of distributions)

we=aAw+b on (T —96,T+J)x Bg

with Bg the ball of radius R in RN. Assume that a,b € Ci’a((T —6,T + 0) x Br) with for some
n>0:
0<n<a<l/n on (T—-6T+6) xBg
and
Ha||0%’a((T—6 T+8)x Br) < Co.
t,x ) R

Then there exists a constant C' = (0, R, o, N, 1, Cp) > 0 such that

Hw”ci’a([T,TJré)xBR/z) = C{Hb”Cf,%a((T&T+5)><BR) * |w|Lw((T6’T+5)XBR)} '
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1.3 A technical lemma

Lemma A.4 (A Hoélder estimate). Let o € (0,1) and N > 1. For X € R let us define the function

X
X

0 if X=0

((X) =

Then there exists a constant C = C(a) > 0 such that for all X', X € RN, we have
IC(X") = ¢(X)| < C|X" = X[
Proof of Lemma A.4. Let us assume that | X'| > | X| > 0. We write

((X') (X)) =T + T

with » . .
= (X" = |1 X]%) 5 and T, = |X| (|X/| _ |X|> .

Step 1: estimate on T;. We have

(A.3) X% = | X[ = [X[|* r* = 1] with 7= XS

ST

Case A: 1 <r<2. Wewriter =1+ ¢ with 0 < 4§ < 1. Then we have

[r® —1] = ad+ 0(5?)
< C§* =Clr — 1]~

Case B: r > 2. Then we have
(A.4) [r® — 1] < Cr — 1|*.

Putting together cases A and B, we see that (A.4) holds true for any » > 1. Using (A.3), we get for
some C > 1:

(A.5) T = [|X']* = [X]*] < CJIX'] - |X]|* < ClX" = X
X /
Step 2: estimate on 75. Writing e = x| Y = x| with |[Y| > 1, and using the fact that the
VA

map Z — 7 is 1-Lipschitz (for the euclidean norm) on R\ B(0, 1), we get that

X X Y e X'~ X|
(A.6) ' —‘—‘— S —el=—5—-

X7 IXT Y el RY

Case A: |X| < |X'| <2|X|. Using (A.6), we deduce that

WX =X X X[ o orea (X =X\'T0 o
|T2|§|X| |X| = |X|1_O‘ |X/7X| §21 W |X/7X‘

which implies

(A7) |Tp| < 472X — X|*.
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Case B: |X'| > 2|X|. We have
|Tof < [X]* < [IX] = X" < [ X7 = X[*

Putting together cases A and B, we see that (A.7) holds true for any |X'| > |X]| > 0.

Step 3: conclusion. From Steps 1 and 2, we deduce that there exists a constant C' > 0 such that
C(X") = C(X)| < CIX" — X|*

This last estimate is also true if X = 0. By symmetry between X’ and X, we see that it is finally true

for any X, X’ € RY. This ends the proof of the lemma. O

1.4 Equation satisfied by the curvature

The following result is not used in the rest of the paper. We give it as an interesting result of
independent interest.

Lemma A.5 (Equation satisfied by the curvature). Let ® be the profile given by Theorem 1.4. The
curvature k() = ke (e®) solves the following equation

e~ 2u? etu
A.8 k= —— 2 4 K214+ K)+e PRy < -1+ Z_+ d .
(A-8) t 1+u2 ( ) T+uZ /14 u2

Proof of Lemma A.5. We start from

with

k=¢e % Yo 4 HUee )
VituZ  (14u2):

a 1
=—— with M'(a)= —.
M(a) ] 5 1t (a) a 2)%

Let us define

Then we can write
K= e_Qw(eIM(ux))m

and
Ky = e 2 (e M (g ) Ut ) -

We now compute

Uyt 1+ K)ugtpy

e*flj
et T (e — (14 1)) + —
V31t u2
e$\/1+u§(/<x(1+n))+ezx/1+u§(1+/€)uz< Yoz +uzuz)

1+u2

e T/ 1+ ulk, —e "1+ u2(1+ k) (1 +u2) + (1 +u2)(1 + K)kuy
= (1+ k) {(1 +u?)ku, — e (1 4 ui)%} + e V1 + uk,.
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This gives

o _5 1 euy 1 Kg
e“TKy z(( +l<&){/€ﬁ+u% +71+u§

— 0, ((1 + k) {ke*M(uy) — 1} + 11%2)

2 xrYrx T
_ {H&M(ux) 1+ (14 R)e" M (uy) — o2t } n

T+ (14 K)ke* k.

G+w)?f T+u2
Therefore )
e “TKaq 9
Ry = W + (1 + Ii)li
+e 2k, {—1 4 (1 +2K)e* M (uy) — 2" M (ug)(k — e T M (uz))}
e_zwfizz 2 —2x T 2
=—— +(1+K)K +e Ko {—1+ " M(uy) + 2(M (uz))*}
1+uz
which shows the result. This ends the proof of the lemma. O
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