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Structure of Riemann solvers on networks
(preliminary version 3)

R. Monneau*

March 4, 2026

Simplicity is the ultimate improvement.
Science unveils simplicity in nature.

Abstract

In this work we consider scalar Riemann solvers on networks, associated to scalar conservation laws. A junction
is a particular network which is a finite set of half lines glued together at the origin. Riemann solvers solve uniquely
the Riemann problem on the junction. We also assume that Riemann solutions are stable by passage to the limit.

In part I, we only address fundamental questions concerning Riemann problems on junctions. We show a charac-
terization of Riemann solvers either by their set of stationary solutions (the germ), or equivalently by their junction
Godunov flux. Moreover, we show that the gluing of two junctions with Riemann solvers is well defined and leads
to a new junction with a new Riemann solver. We also show that given a quasi Godunov flux (which does not
satisfies all the properties of Godunov fluxes), there exists a nonlinear projection which allows to associate a unique
Godunov flux. This projection is called relaxation. Our theory encompasses in particular Kruzkov germs, (quasi)
Hamilton-Jacobi germs, monotone germs, conservative and non-conservative germs.

In part II, we focus on the special case of importance in applications, where the fluxes of the network are bell-
shaped. In this case, we show that the junction Godunov flux has a polar decomposition into a preflux composed
with an explicit capacity. Hence all the information is encoded in the preflux. We then find explicit formulas in
order to glue prefluxes, or to relax quasi-prefluxes. We also give some explicit characterizations of some conservative
prefluxes where flux limiters appear naturally.

In part III, we give an existence and uniqueness theory for conservation laws on networks in the special case
where Riemann solvers are associated to Kruzkov germs.

MSC2020: 35R02, 35F30.
Keywords: network, junction, Riemann problem, Riemann solver, conservation laws, discontinuous flux.
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1 Introduction

In part I of this work, we consider scalar conservations laws on a junction. A junction of type n : m consists
in a set of N := n + m half lines (branches) glued together at the origin, with n ingoing branches and m
outgoing branches. We consider fluxes f = (f!,..., fV), with one flux on each branch. We assume that the
solution at the origin (the junction point) is given by a Riemann solver. Recall that the Riemann problem
consists to solve the problem with initial data which is constant on each branch. By definition, a Riemann
solver allows to solve uniquely the Riemann problem on the junction. Moreover, by definition, the germ is
the set G C RY of stationary solutions for this Riemann problem on the junction. We show that Riemann
solvers are characterized by their germ G. We assume moreover that the Riemann solver is stable, i.e. that
the set of solutions to the G-Riemann problem is closed by passage to the limit.

We show that there is a 1-1 correspondence between any germ G and its associated Godunov flux fg at

the junction, such that G = {fg = f} We also show that the Godunov flux fg enjoys a certain Riemann

monotonicity property which implies for instance that fg + ¢ - id is injective for all positive €, where id :
RN — RN is the identity. This monotonicity property allows to define the gluing G#Gs of two Riemann
germs G, for junctions of type n, : m, for v =1,2. We glue together two branches with the same flux, one
outgoing branch from germ G; with one ingoing branch of germ Go. Then the glued set G11G, is again a
Riemann germ and is of type (ny +n2 — 1) : (my +mg — 1).

This work is the result of a project that we started more than ten years ago, strongly inspired by the
work of ANDREIANOV, KARLSEN, RISEBRO in [4]. There, the convenient notion of (what we call Kruzkov)
germ was introduced in order to describe the transmission condition between two domains. We were also
motivated by problems coming from traffic on networks (see for instance the book of GARAVELLO, P1CCOLI
[24]). Notice that in the present work we do not address at all the further difficulties that arise when
drivers’ turning preferences are transported by the traffic itself (see BRESSAN, FANG YU [9]). The notion
of (Kruzkov) germs has been recently generalized by MUuscH, FJORDHOLM, RISEBRO in [40] to the case of
networks (see also the recent work CARDALIAGUET, FORCADEL, MONNEAU [11] for an application of [40]
to Kruzkov germs for traffic). Our reflection reached a certain maturity that allows us to deliver a quite
general theory of germs/Riemann solvers, that we develop in the present work.

Let us call G-entropy solution any entropy solution with traces in G at the origin. Then our work opens
the door to the following natural question.

Open question: for which Riemann germ G, is there existence and/or uniqueness of G-entropy solutions?

There are potentially as many open problems as Riemann germs. This question is largely open, and we
will try to provide partial answers in future works. For instance, a satisfactory theory can be developed for
Hamilton-Jacobi germs (see FORCADEL, MONNEAU [23] and FORCADEL, IMBERT, MONNEAU [22]).

In part IT of this work, we provide an existence and uniqueness theory for PDE solutions associated to
germs in the special class of Kruzkov germs. A subclass of Kruzkov germs is the one of monotone Kruzkov
germs. For this subclass, we show that a theory of subsolutions/supersolutions is available, with a natural
L'-comparison principle.

2 Framework and main results

2.1 Preliminaries for Part I
2.1.1 Riemann germ on a junction

Let N > 1. A branch is an oriented half line. We describe a junction of type m : n, i.e. with m ingoing
branches (—o00,0) and n outgoing branches (0,400), where N = m + n. Precisely, consider branches



JF ~ (0,4+00) or (—o0,0) for k =1,..., N, and the following junction set
J := {0} U Jk

with the topology of IV branches glued together at the junction point 0. For later use, we also define the
orientation of the branch

(2.1) i _{ —1 if JJ = (=00,0)

+1  if J7 ~(0,+00)

For a = (a',...,a™),b= (b,...,bY) € RN with R := RU {—o00, +00}, we write a < b if a¥ < b* for all
k, and a < b if a* < b* for all k. Then we consider a box [a, b] defined as follows and a vectorial flux function
f satisfying
(2.2)

[a,b]:= [ ["b"]cRY, with a<b

k=1,..,.N
f*: [a*,v*] — R is locally Lipschitz continuous

. and
the function f = (f*)s=1,...x, 5. there exists 0% € {41} s.t.
OF fE(p*) = 400 if |pF| = +oo and p* € [aF,b¥] (coercivity)

where we take the convention in the whole work that for all ¢, d € R with ¢ < d, we set
[c, d] —Rﬁ{xef&, cgmgd}

(2.3) (c.d:==Rn{ze ]1:%, c<z<d} (box convention)
[c,d):=RN{zeR, c<z<d}

We mainly have in mind this convention for ¢, d finite, but allow more generally convention ¢,d € {+oo}. In

particular, coercivity assumption in (2.2) is useful only when a* = —occ and/or b* = +oc.

Even if the local Lipschitz continuity of f seems technical in assumption (2.2), it is very useful, because
this insures that the velocity of propagation is always finite. For p = (p,...,p"), we will also denote

f*p) = * (")
by abuse of notation.

We then consider functions u* : [0, +00) x J¥ — [a¥, b¥], with u* (¢, z) solution of scalar conservation laws
on the branch J*

opuk + 0, (f*(uk)) =0 on (0, +00) x Jk, k=1,...,N
(2.4) ]
u(t,0) € g for a.e. time te€ (0,400)
and where the junction condition satisfied by the trace of u = (u!,...,uV) on {z = 0}, is encoded by a given

set G C [a,b]. We will see later why the trace is well defined in the case of a Riemann problem.

The box [a, b] where the solutions take their values presents the advantage to be preserved by the PDE,
under suitable conditions. Moreover, even if the box is equal to RY, we will see that under our assumptions,
if the initial data is bounded, then there is a general procedure that allows to replace RY by a bounded box
[a,b] (see Proposition 6.1).

We now want to recall the definition of Kruzkov entropy solutions (see Kruzkov [35]). For z € R,
we set sign(x) := 1{x>0} — 1{w< ]% We recall that the Kruzkov pairs (entropy/ flux of entropy) for u =

(ul, ... uN)v= (vt are given by

(25) 1 (u,0) == <u’2v’“> = uF —oF and pF(u,v) = R b,of) = sign(ut — oF) - {FEE) — o))
Then we recall the following standard notion.

Definition 2.1 (Kruzkov entropy solution, [35])

We say that u* € L°([0,+00) x J*;[a*,b¥]) is a Kruzkov entropy solution of the first line of (2.4), with
initial data uf € L>®(J*;[a*,b¥)), if for any constant ¢ = (c!,...,cN) € RN, and for any (test) function
0 < ¢* € CL([0, +00) x J*), we have

/ {n"(u, )} + " (u, )k } dtdx+/ " (uo, )" dx >0
(0,400)x Jk {0} xJ*k



Definition 2.2 (G-entropy solution)

Under assumption (2.2), we say that u = (uk)kzl}wN is a G-entropy solution, if each component u* is a
Kruzkov entropy solution of the first line of (2.4), and the trace u(-,0) (when it is defined) satisfies the second
line of (2.4).

We introduce the following definition.

Definition 2.3 (G-Riemann problem)

Assume (2.2). Given any p = (p',...,p") € [a,b], we say that u = (u¥)r=1,. N is a G-entropy solution to
the G-Riemann problem with initial data p, if u¥ : [0, +o00) x J* — [a* 0] is a Kruzkov entropy solution of
(2.4) such that for all k, we have

(2.6)
uF (t, x) = u” (1, %) for all (t,x) € (0,4+00) x J&¥ (0-homogeneity)
uk = pk on {0} x J*, (initial data)
uk(t,0) = p* for a.e. time te (0,+00) (trace at the origin along J*)

for some p = (p',...,pN) € G. The solution is then denoted by u = ugﬁ.

Notice that the meaning of the trace is the following

ess lim |u? (t,x) —p?| dt =0 for all index j and all T > 0
Jisx—0 (0,T)

Still, in part I of this work, we will never have to use such a delicate notion of trace; here the notion will be

much more elementar. Indeed, for classical Riemann problem (and then also for our G-Riemann problem), it

is known that each component map z — u*(t, x) is monotone (see Lemma 10.1), and then the trace u* (¢, 0)

is well-defined without requiring further assumptions on f which are usually required to get strong traces.
We have the following result.

Proposition 2.4 (L! estimate for Riemann problem)
Assume (2.2) and let p € [a,b] and some set G C [a,b] such that there exists p € G and a G-entropy solution
U= uzg),ﬁ. Then for allt >0 and j =1,..., N, we have

(2.7) / (W —p)=t{F (@)~ F )} and [ —p[ =t|F ()~ F ()]
[ty xJi [t} xJi
Definition 2.5 (Generalized Riemann germ, generalized Godunov flux, Riemann germ)
Assume (2.2).
i) (Generalized Riemann germ and the projection 7g)
A set G C [a,b] is called a generalized Riemann germ (with respect to (J, f)) if for any initial data p € [a,b],
there exists a unique G-entropy solution ug,ﬁ to G-Riemann problem (2.6) with some trace p € G at x = 0.
Then it defines a map 7 := mg
mg: [a,b] — G

p = w(p)=
which is a nonlinear projection, i.e. satisfies mo w™ = .
ii) (Generalized Godunov flux)
Given a generalized Riemann germ G, we define the generalized Godunov flux at the junction f = fg as

3>

fo: lab — RN
p = fg(p) == (f omg)(p)

iii) (Stability and Riemann germ)
Given a generalized Riemann germ G, we say that G-Riemann problem (2.6) is stable if for any sequence
(Pn)nen with [a,b] 3 pp, — Poo € [a,b], we have

— ufd in L. ([0,+00) x J) as n— +oo

g
Up e (pn) PoosT(Poo)

By abuse of terminology, we will say that G is stable. In such a case, G is called a Riemann germ (with
respect to (J, f)).



Remark 2.6 The (generalized) Riemann solver is the map p — ud By abuse of terminology (in the

p,7m(p)’
literature), the map 7 itself is sometimes also called a (generalized) Riemann solver.

The (generalized) Godunov flux at the junction fg has to be distinguished from the standard Godunov flux
GI”.

Definition 2.7 (Standard Godunov flux)
Assume (2.2). The standard Godunov fluz associated to the flux f7 is given by

S A
l¢7,p7]

with monotonicities (not in the strict sense) indicated by the arrows G7(1,]).

We introduce the following.

Definition 2.8 (Subclasses of germs)

Assume (2.2). Let G C [a,b] be a generalized Riemann germ.

i) (Kruzkov germs = D-germs)

We say that G is a Kruzkov germ (also called a D-germ), if it satisfies

D¥(p,q) >0 forall p,qeg

where the dissipation is defined by

(2.8) DY (p,q) := Z Df’ (p,q) = IN—OUT with ka(p, q) = o" - sign(p"® — ¢~) {fk fk(qk)}
k=1,...N

(which is a KruZkov entropy production at the junction point).
i’) (Monotone Kruzkov germs = D -germs)
We say that G is a Dy -germ, if it satisfies

Di(p,q) >0 forall pqeg

where the semi-dissipation is defined by

(2.9) Dfr(p,q) = Z Df(p, q) = IN-OUT with Df (p,q) := o -sign™ (p* —¢") {fk fk(qk)}
k=1,...,.N

(which is a KruZkov semi-entropy production at the junction point).

ii) (quasi HJ germs)

We say that G is a quasi Hamilton-Jacobi germ (quasi HJ germ for short) if there exists a scalar function
h:G—Randw=(w!,...,w") € (0,+00)" such that

f=(wh,...,w"h) on G

(with our convention fI(p) = f(p?)).

ii’) (HJ germs)

We say that G is a Hamilton-Jacobi germ (HJ germ for short) if its is a quasi HJ germ with w’ = 1 for all
j=1,...,N.

iii) (Monotone germs)

We say that G is a monotone germ if for all p,q € [a,b] we have

(2.10) p=q implies mg(p) = 7g(q)

iv) (Conservative germs)
We say that G is a conservative germ if IN= OUT, i.e. if

o F= Y, fp) foral peg

Jir~(—00,0) JI~(0,400)



For later use, we also define the Rankine-Hugoniot function

RH'(p):= Y  o/f/(p)=IN-OUT
j=1,...,N

which vanishes on conservative germs.

Remark 2.9 (Relation between quasi HJ gems and HJ germs)

Notice that up to a linear change of variables, quasi HJ gems and HJ gems do coincide. We still have to
distinguish them, because for N > 3, genuine HJ gems are never conservative in general, while we may still
consider conservative quasi HJ germs.

Conservative quasi HJ germs do appear naturally in examples. Moreover, after a linear change of variables,
those conservative quasi HJ germs are transformed into HJ germs which are no longer conservative. The
point is that for HJ germs, a Hamilton-Jacobi approach can be rigorously developed (see for instance [30]).
Still after the inverse linear change of variables applied to HJ germs, we get back to the original problem and
can recover the forgotten conservative property.

In what follows, most of the results are stated for HJ germs, but can also be stated for quasi HJ germs,
just using a linear change of variables.

Notice that Kruzkov, monotone Kruzkov, (quasi) HJ, monotone and conservative germs G can equiva-
lently (and conveniently) be defined by the properties of their Godunov flux fg (see Lemma 5.5). We will
see that the terminology "monotone Kruzkov” germs is justified for D -germs, because we have exactly

{Kruzkov germs} N {monotone germs} = {D,-germs}
as shows Theorem 2.28. We also have
{conservative germs} N {Kruzkov germs} = {conservative germs} N {monotone germs}

as shows Theorem 2.29.

2.1.2 Basin of Attraction

We will need the following key notion of basin of attraction of a point p € [a,b]. As we will see later, the
basin of attraction of p is the set of initial data p € [a,b] such that Riemann problem (2.6) can reach the
value p at the junction point z = 0. It turns out that this notion is independent on the germ G, and indeed
reduces to the question for each component j. Hence the basin of attraction of p, is simply given by the
product of the basins of attraction of each component p/. The basin of attraction of p’ depends on the
orientation of the branch J7. For a single branch J7 with flux f7, the "Basin of Attraction” around p’ is
called BAW’-f '7)(]3j ) and is pictured in the generic case on the associated figure.

f! f
(SN (ESPN
) —p ——p!
P’ p’ p’ p’ p' P’
(a) Basin of Attraction for an ingoing branch (b) Basin of Attraction for an outgoing branch
J? >~ (—00,0) J7 >~ (0, +00)

The limit cases correspond to p/ = p/,a? or p/ = p7,b’. For JJ ~ (—00,0), the Basin of Attraction of p
is itself given by the largest interval I7 := BA("-f")(p7) containing $7, such that for A := f7(p/), we have
rn {fj = )\j} = {ﬁj} with f7 strictly bigger than A/ on the left of 7 and f7 strictly less than A on the
right of p7. In the case where f7 is increasing, then I7 is reduced to the singleton {ﬁ}



The basin of attraction of p is simply given by the product of the basins of attraction for each component
p’. We now give the precise definition.

Definition 2.10 (Basin of attraction 1)
Assume (2.2) and let p € [a,b)].
Then the Basin of Attraction of the point p is the set

BAp) = [ BAY @)

j=1,...,.N

i) (Case A: J7 ~ (—00,0))
Then o ) .
BAY I (p7) .= BA? (p7) U {p } U BA%, (/)
with for N == fi(p7) '
{ BA! (p7) :={¢’ € [d/,p?), fI>N on [¢,p)}
BAL (7)) :={¢ e W,V], fI<N on (¢}

where the intervals BAi (p) = BAI(p7) N (p7, +00) and BA? (p7) = BAI (p7) N (—o0,p?) may be empty.
ii) (Case B: J7 ~ (0, +00))
Then o o

BA(J])f])(ﬁj) — BA(_JJ’_fJ)(ﬁj) with — JJ ~ (—00,0)

In both Cases A or B, and when there will be no ambiguity, we will denote the basin of attraction simply by

BAJ(p?), or BAI(p).

2.1.3 Riemann monotonicity and local constancy

We now introduce certain properties of functions which will be satisfied by the the projection 7g and the
Godunov flux fg, under natural conditions. To this end, we first need to recall the following definition.

Definition 2.11 (Hadamard product of two vectors)
Assume N > 1. For p,q € RY, we define poq € RN as the vector of components given by the product of
components

(poq)t =p¢"

Then we introduce the following.

Definition 2.12 (Riemann monotonicity)
Assume (2.2) and consider a function h : [a,b] = RN for N > 1. We set [h]? := h(p) — h(q).
We say that h is Riemann monotone if it satisfies for all p,q € |a, b

(2.11) (-aq)olh<0 = [E=0

Notice that condition (2.11) means I{laXN(pj —¢’) - {W(p) — K (q)} <0 implies h(p) = h(q).
j=1,...,

Notice in particular that if h is Riemann monotone, then the map p’ + h7(p) is nondecreasing. Moreover,
for every € > 0, the map h +¢cld : [a,b] — RY is injective (see Lemma 5.3).

Mn case J7 ~ (—o0,0), we have more precisely

pom { BEBAGN B0 | g par = { [0F) KPS e S50

P otherwise (p?,p7) otherwise
and
_i _ [ supBA’ (p7) if BA% () #0 PPN (N if =0 and fIH) <N
= { Pl 0therw1se and - BAL(p) = ®,77) otherwise
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Definition 2.13 (Local constancy?)

Assume (2.2) and consider a map h : [a,b] — RYN. Let (e1,...,en) be the canonical basis of RY. Then we
say that h is locally constant on {h # f}, if
(2.12)
for allp € [a,b] ande ={je{l,....N}, hi(p)# f(p}, there ezists € > 0
such that for Q-(p) :=p+ Z —¢g,€)e;, we have
JjEK,
h =const on [a,b NQ:(p) (Constant on a local box)

2.2 Main results of Part I
2.2.1 Fundamental results: properties and gluing of Riemann germs

Proposition 2.14 (Properties of generalized Riemann germs)
Assume (2.2). Let G C [a,b] be a generalized Riemann germ in the sense of Definition 2.5. Let m := mg be
the projection map and f = fg be the generalized Godunov flux at the junction, as introduced in Definition
2.5). Then the following holds true.
i) (Inverse of 7)
We have

7 (p) = BA(p) forall peG

where BA(p) is the basin of attraction of p given in Definition 2.10. In particular 7 is locally constant on
{m # Id}.
ii) (Dissipation)
We have
D'(g.p) <0 for all q € BA(p)\{p}
where the dissipation D' is defined in (2.8).
iii) (Riemann monotonicity of )
The map 7 is Riemann monotone.
iv) (Local constancy of the generalized Godunov flux f)

The function f is locally constant on {f #+ f}

v) (Germ as a level set)
The generalized Riemann germ G can be recovered as follows

(2.13) G=G; where G;:= {p € la,b], flp)= f(p)} (Germ as a level set)

vi) (Partial relaxation formula)
Moreover fix some p € [a,b] and some index j, and define the map

fi(@) = fi(d(q?) forall ¢ €[a?, V], with (') :=@"....»" L¢P, ")

Then this map satisfies the following partial relazation formula

U {fi(qj)}ﬂ{Gj(qj,pj)} if J9 =~ (0, +00)
i €fad ,bi]
{ AIZ (pj)} - " (partial relaxation formula)
U {¢w.¢ }ﬂ{}{ } if JI~ (—00,0)

q’ €[al ,b7]

where G7 is the standard Godunov fluz associated to the function f7.

vii) (Partial Lipschitz estimate and basic monotonicity)

Moreover for any p € [a,b] and any index j, the map fZJ, : [a?,b7] — R is locally Lipschitz continuous and
satisfies with o7 € {£1}

07 (8;f7) o o), =o’ f] ) € {0, max{0,07(f7)'}} ae on [a?, 0] if J)=~07(—00,0)

2When the map h is continuous, then it is easy to see that local constancy of h on {h # f} is equivalent to the fact that if
for some index j € {1,..., N}, the j-component of h satisfies h?(p) # f7(p) for some p € [a,b], then there exists some £ > 0
such that the maps (—¢,¢) > z +— hF(p + xej) are constant for all k = 1,..., N, while it is defined, i.e. while p + we; € [a, b].
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Notice that 7 is not a continuous map in general. We have the following structure result.

Theorem 2.15 (Structure of generalized Riemann germs)

Assume (2.2) and consider a set G C [a,b].

i) (First characterization)

The set G is a generalized Riemann germ if and only if (BA(D))peg is a partition of [a,b].

ii) (Second characterization)

The set G is a generalized Riemann germ if and only if G = gf with gf given in (2.18) for some function

f : [a,b] — RN which is locally constant on {f =+ f} and satisfying for all j the following additional

conditions:

(2.14) { P ol fi(p) is nondecreasing on  |a, b] (Basic monotonicities)

fo<f<fs (Monotone bounds)

where o7 is defined in (2.1) and

(2.15) _
)= int f =G ) and FL) = s F=G0) i P = (040), 0= -1
- . ajﬁpj . . . . . . [p],b]} . . . . . .
20 = [i'nlf‘] =G, V) and [fL(p)):= sup f! =G (p,a’) if J7~(—00,0), o/=+1

When it is the case, then we necessarily have f = fg where fg is the generalized Godunov flux defined in
Proposition 2.14.

Remark 2.16 Notice that the second line of (2.14) means simply

[m%wﬂswﬁ@sta%jﬁmupewm
P b7 [a9,p7]

For N =1, it is a fact that G must be a closed set and the function f must be continuous (see Theorem
2.30 for N = 1). For N > 2, this is no longer the case (see counter-examples in Lemma 9.1).
We have the following

Theorem 2.17 (Riemann germs)

Assume (2.2) and let G be a generalized Riemann germ.

i) (Characterization of Riemann germs)

Then G is a Riemann germ if and only if the generalized Godunov fluz f = fg s continuous.

ii) (Characterization of f for Riemann germs)

If G is a Riemann germ, then the generalized Godunov flux fg : [a,b] — RY s then fully characterized as a

continuous function f, locally constant on {f #* f} and satisfying G = {f = f}
Notice that the continuity of fg implies in particular the closedness of Riemann germs G in [a, b].
We now introduce the following

Definition 2.18 (Godunov flux at the junction)
Assume (2.2) with N > 1. Recall that o € {:I:I}N encodes the orientations of the junction J with fluzes f.
A function f : [a,b] — RY is said to be a Godunov flux with respect to (J, f) if it satisfies

f:[a,b] = RN is continuous,

Pl ol fi(p) is nondecreasing on  |a,b]

(2.16) R .
f s locally constant on {f #* f} in the sense of Definition 2.13,
inf o/ f7 <o fi(p) < sup ol fI for all p € [a,b]
[p7,67] [ad pi]

Then we have the following corollary of Theorems 2.15 and (2.17).
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Corollary 2.19 (Reconstruction of a Riemann germ from a Godunov flux)
Assume (2.2) with N > 1. Let f be a Godunov flux in the sense of Definition 2.18. Then the set

G={pelat. fo)=fm)}

is a Riemann germ, and its generalized Godunov flux fg is equal to the Godunov flux f, i.e. fg = f.

We have the following important result.

Theorem 2.20 (Riemann monotonicity of o ¢ f)

Assume (2.2) with N > 1 and recall that o € {:I:l}N encodes the orientations of the branches. Assume
moreover that f satisfies

(2.17)

f% 1 [a*, %] — R is not constant on any nondegenerate interval, for allk =1,...,N (Nondegeneracy)

i) (General result)

Then for any Riemann germ G, the Godunov flux fg : la,b] — RN is such that aofg is Riemann monotone
in the sense of Definition 2.12.

ii) (Case of Kruzkov germs)

If G is a Kruzkov germ, then the conclusion of point i) still holds true, without assuming nondegeneracy
condition (2.17).

Remark 2.21 Notice that Riemann monotonicity of o ¢ fg means that for two distinct points p,q of the
germ, the entropy flux can mot be negative for each components, at the junction point. In other words, at
least one branch must dissipate a positive entropy flux at the junction point.

Notice that without condition (2.17), there exist Riemann germs G such that o ¢ fg is not Riemann
monotone (see counter-example Lemma 9.3).

We now show that Riemann monotonicity is a key feature to build Riemann germs. We start with the
following definition.

Definition 2.22 (Godunov quasi-flux at the junction)

Assume (2.2) with N > 1 and compact boz [a,b] C RN . Recall that o € {£1}" encodes the orientations of
the branches for the junction J with fluzes f.

Then a function go : [a,b] — RY is said to be a Godunov quasi-fluz with respect to (J, f), if it satisfies the
following conditions

go : [a,b] = RY is continuous

(2.18) o0go: la,b] = RY is Riemann monotone in the sense of Definition 2.11

oI fI(b) < 09 gh(q)jgims  and 07 gh(q)gizai < 07 f1(a?)

Under nondegeneracy assumption (2.17), notice that any generalized Godunov flux fg associated to a
Riemann germ G C [a,b] (with [a, b] compact) is a Godunov quasi-flux in the sense of Definition 2.22.

Theorem 2.23 (Riemann relaxation of Godunov quasi-fluxes)
Assume (2.2) with N > 1 and compact boz [a,b] C RN. Let go : [a,b] — RY be a Godunov quasi-fluz in the
sense of Definition 2.22. We define for p,q € |a,b] the vectorial standard Godunov flux with orientation o

1 N : g G ¢)  if ol =1
G! = (GL (Y qY), .., GI (N, ¢V th GL (7, ¢0) = LY ,
o(pa) = (G (p',q) on (P q7))  wi i (P d?) Gy if oF =1

Then the following formula defines uniquely g1(p) € RN for all p € [a, b]

(2.19) {n}= U {Clw.a}n{gn@)})

q€la,b]

13



Then the set

(2.20) G:={p€lab], alp)=Ff(p)}

is a Riemann germ with respect to (J, f).
We set in particular the Riemann relazation operator

(2.21) Rgo == g1

Moreover g1 satisfies (2.18) and is also a Godunov flux in the sense of Definition 2.18, and RoR =R is a
nonlinear projection, that we call Riemann relazation.
Assume now that [ satisfies furthermore nondegeneracy condition (2.17). Then, conversely, all Riemann

germs G are obtained like in (2.20), and their Godunov fluz satisfy fg = %(fg).
Moreover Riemann monotonicity is also required for gluing Riemann germs, as shows Lemma 9.4.
Theorem 2.24 (Gluing of Riemann germs along Ji= and J*)
For v = «, 8, consider Riemann germs G, C [a~,by| for junctions of type n, : my with Ny := n +m., and
assume (2.2) with J, = ol - (—00,0).
For each v = o or 3, assume either 1) nondegeneracy condition (2.17) for the fluz function f. : [a,,by] —
RN~ or 2) that Gy is a Kruzkov germ. We allow mizing cases for o and .
Define [a, b)) := [al,b]]. Fiz j, € {1,...,N,} such that
flo = féﬁ =:f0 and olo = —O’éﬁ
with  f°:[a®, %] = R where [a°,0°] := [a,b)l> = [a,b]';ﬂ

Define the gluing G := Go1Gs of the germs G, and Gg along Ji* and Jgﬁ as

(T(lﬂp:x) € gOL?

G:=0a ﬁ Gp = ¢ (Ps ) € [a, by, x [a,b]y,  there exists ro, 75 € [a°, %] s.t. (rg,p5) € ggo,
e fo(ra) =G7 (Tour,ﬁ) :fo(T,B)
where GI* is the standard Godunov fluz associated to the function f°, and where we use the abuse of notation
i —1 j 1 N
(T’y,ply) = (p}y)ap.’]y‘y ’,),,’Y,pgyﬂy 7"'7p’Y’Y); and

la,b]!, := H [a, 0]
Je{l,...Ny I\ {4y}

i) (Glued Riemann germ)

Then G is a Riemann germ for a junction (no +ng — 1) : (mq +mg — 1).

ii) (Associativity of gluing)

The gluing of germs is associative.

iii) (Identity element of gluing)

For general gluing, the identity element is the standard Godunov germ for 1: 1 junction

G = {(rs) € [ 0P, 1) =G (r,8) = £(s)

i.€.

GalG'’ =Go and G''4Gs =G5

iv) (Nature of the glued germs)
Moreover if G, are Kruzkov germs (resp. HJ germs, resp. monotone germs, resp. conservative germs), then
G is a Kruzkov germ (resp. HJ germs, resp. monotone germ, resp. conservative germ).

Notice that the identity element G/ ’ is a conservative germ for 1 : 1 junctions and then by Theorem
2.35, it is also a Kruzkov, quasi HJ and monotone germ. Moreover, from i) of Definition 2.5, there exists the
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Godunov projection map 7 := mgso : [a%,0]* — G/" with 7 = (7, 78) =: (zL, 7®), such that the standard

Godunov flux satisfies
G (p" ™) = (f* o nB) (", ™) = (SO o 7B (P, p") forall  (p,pF) € [0, BT

and 7 is monotone in the sense of (2.10). Already for the standard Godunov flux G ° | this result seems new.

Remark 2.25 In Theorem 2.24, with abuse of notation, we have formally the gluing along the axis of flux
O as follows

€Ga €Gs
——

/ / / /
gaﬁgﬂ > (pavpﬁ) = (paara)ﬁ (rﬁvpﬁ)
——

eg/?

Figure 1: Illustration of a gluing of two particular junctions, formally as € — 0

2.2.2 Applications to Kruzkov, Hamilton-Jacobi, monotone or conservative germs
We have the following results.
Theorem 2.26 (Properties of Kruzkov germs)

Assume (2.2) with N > 1. Let G C [a,b] be a generalized Riemann germ with respect to (J, f).
i) (Characterization of Kruzkov germs)

Then G is a Kruzkov germ if and only if G = {p € [a,b], f(p) = f(p)} for some locally Lipschitz continuous

function f : [a,b] — RN whose Jacobian matriz satisfies the following column diagonally dominant inequality

oo, f > Z |8¢fj| a.e. on [a,b], forall i=1,...,N
FE{L ., NI\ {3}

When it is the case, then we have f = fg.

ii) (D-maximality)

If G is a Kruzkov germ, then it satisfies the following D-maximality property: for all p € [a,b]
(D! (p,q) >0 forall qeG) = peg

Theorem 2.27 (Characterization of monotone germs)
Assume (2.2) with N > 1. Let G C [a,b] be a generalized Riemann germ with respect to (J, f), and let
f = fg be its associated Godunov flux. Then G is monotone if and only if

(2.22) p > ol fi(p) s nonincreasing in p* for all k # j
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Theorem 2.28 (Characterization of D, -germs)
Assume (2.2) with N > 1. Let G C [a,b] be a generalized Riemann germ with respect to (J, f).
Then we have as a germ

Gisa Dy-germ < (G monotone and G Kruzkov)

Theorem 2.29 (Properties of conservative Riemann germs)
Assume (2.2) with N > 1. Let G C [a,b] be a Riemann germ with respect to (J, f).
Assume that G is conservative. Then we have

G monotone < G Kruzkov < G Dy-germ

Notice that even for N = 2, there exist monotone and nonmonotone nonconservative Kruzkov germs (see
ii) of Lemma 9.8).

Notice also that for conservative germs G, the fact that the monotonicity of G is equivalent to the fact
that G is Kruzkov (which can itself be seen as equivalent to the fact that G generates a L'-contraction
semi-group), can be interpreted as a version of Crandall-Tartar’s Lemma (see Proposition 1 in [15]).

Notice also that there exist monotone Kruzkov germs which are not necessarily conservative, as it is
already the case for all non-conservative germs for N = 1 branch.

Theorem 2.30 (Properties of quasi HJ germs)

Assume (2.2) with N > 1.

i) (Regularity of f)

Every quasi HJ germ G is a Riemann germ, i.e. f: fg is continuous. Moreover there exists a function h
and w = (w!,...,w") € (0,+0c0)" such that

h:la,b) =R is continuous
(2.23) p— o?h(p) is nondecreasing in p’ for all j =1,...,N,
f = (W'h,...,wNh) satisfies the monotone bounds given in the second line of (2.14).

ii) (HJ-relaxation formula)

Assume furthermore that G is a HJ germ (i.e. with w? =1 for all j = 1,...,N). Then for each p € [a,b],
we have

(2.24)

{;L(p)} = U {fl(q)} N m {Gj (pj,qj)} N ﬂ {Gj(qj,pj)} (HJ-relaxation formula)
q€la,b] JI~(—00,0) JI~(0,+00)
Remark 2.31 Here HJ-relazation can be seen as a special case of Riemann relazation given in Theorem

2.23, in the particular case where all the components of the junction Godunov flux are the same (equal to h
here).

Remark 2.32 Notice that HJ-relazation formula (2.24) can be used to define some HJ-relaxation operator
(see Lemma 6.7) which computes the analogue for N > 1 of the effective boundary condition that was obtained
for N =1 by ANDREIANOV, SBIHI in [5].

Definition 2.33 (Characteristic subset of a HJ germ)
Assume (2.2) with N > 1. Let G be a generalized Riemann germ which is a HJ germ. We introduce the
characteristic subset of the HJ germ G as the set xG defined by

Xg::{ﬁeg, BAY, 40 for all j:l,...,N}
XG :=xGUXG with
yg::{ﬁeg, BAY (%) #0  for all jzl,...,N}

with BAL (p7) := BAI(p7) N (7, +-00) and BA? (p7) := BAI () N (—o0, ).

Theorem 2.34 (HJ germ determined by its characteristic subset)
Assume (2.2) with N > 1. Let G, Gy be two generalized Riemann germs which are both HJ germs. Then we
have

XG C Gy implies Gy =G
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Theorem 2.34 is very important, because in many practical situations, the characteristic subset xG is
usually a finite set (see for instance example given in Lemma 9.12, where the characteristic subset is a set
of four points for a HJ germ on a 1 : 1 junction).

Notice that monotone germs have less good properties than Kruzkov or quasi HJ germs. For instance
there exist monotone generalized germs which are not Riemann germs (see Lemma 9.1 for N = 2).
Notice also that for any Kruzkov or quasi HJ germs, the Godunov flux at the junction is indeed always locally
Lipschitz (see Theorem 2.26 for Kruzkov germs, and see Proposition 6.9 for HJ germs). On the contrary,

there exists monotone germs G such that fg is continuous but not locally Lipschitz (see Lemma 9.2).
Notice also that for N = 1, all generalized Riemann germs are indeed Kruzkov germs, HJ germs and

monotone germs (but not conservative germs in general). This result extends to conservative germs for
N = 2 in the case of 1 : 1 junctions.

Theorem 2.35 (Properties of conservative germs on 1: 1 junctions)

Assume (2.2) for N = 2 and 1 : 1 junctions with J* ~ (—00,0) and J? ~ (0,+0cc). Let G C [a,b] be a
generalized Riemann germ.

i) (Nature of the germ)

Then G is conservative if and only if it is a HJ germ. Moreover in that case, G is determined by its
characteristic subset xG given in Definition 2.33, and G is a D4 -germ. Moreover we have

(2.25) G={pelatl, RH(p)=0, D(pq)>0 forall gexg}

ii) (HJ-relaxation formula)
When G is conservative, then the Godunov fluz satisfies (f*, f?) = (h,h) with h : [a,b] — R with monotonic-
ities h(1,1). And for any p € [a,b], there exists some q € [a,b] (possibly non unique) such that

(2.26) h(p) = GT" (p',q") = h(q) = G*" (¢%,p?)

Moreover we have

(2.27) max{ inf f* inf]fg} < ﬁ(p) < min{ sup f1, sup f2}

b)
[pt,b1] [a?,p? lal,p'] [p2,b2]

Notice that for 1 : 1 junctions, there are examples of Kruzkov germs which are not conservative (see
for instance ii) of Lemma 9.8 for 2 : 0 junctions). Notice also that HJ-relaxation formula (2.26) allows to
construct all conservative germs for 1 : 1 junctions (see for instance the Relaxation operator in Lemma 6.7).

As a straightforward corollary of Theorem 2.24, we get the following result.

Corollary 2.36 (Semigroup of germs for the gluing of 1: 1 junctions with the same flux)
Assume (2.2) and nondegeneracy assumption (2.17) for N =2 and 1 : 1 junctions J = {0} U U J7 with
j=1,2
Jt >~ (—00,0) and J? ~ (0,+0o0) and the same flux function
fr=r=1r 0= =1, [a,0] :=[a",0°]?

Let &1) be the set of Riemann germs G C [a,b] with respect to (J, f). Let
6" = {(rs) € [, L) =G (rs) = 1)}

where GI° is the standard Godunov flux associated to the fluz f°: [a®, b°] — R.
Then (QS(J’f), #) is a semigroup, with identity element equal to Qfo. We have

t: &UH g 5 glhh)
(G2,G1) = GaliGy

where we recall that GofiGy is the germ obtained by gluing of the outgoing branch J? ~ (0,+00) of Go with
the ingoing branch J' ~ (—00,0) of Gi.

Notice that this semigroup can be not commutative (see Lemma 9.13 for an example).
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2.3 Introduction to Part II

Almost all applications do concern only bell-shaped fluxes. Part II is devoted to this study where many
simplifications and practical computations arise.

2.3.1 Bell-shaped fluxes, prefluxes and polar decomposition
We introduce the following

Definition 2.37 (Bell-shaped fluxes)
Assume (2.2) for N > 1. We say that f = (f1,..., fN) is bell-shaped, if each scalar function f* : [a* b¥] —

[0, 4+00) is continuous, satisfies f*(a*) = 0= fF(b*), has a mazimum value f£_ = f¥(ck) at & € (a*,b¥)

and is increasing on (a¥,c*) and decreasing on (c*,b%) for k =1,...,N. We set the monotone functions

) @ ={ L0 Paginl e o= {40 el

We now define below the notion of preflux.

Definition 2.38 (Preflux)
Let N > 1. We say that 4 is a preflux if it satisfies the following set of conditions
(2.29)
4 1[0, 4+00)N — [0, +00)N s continuous (Continuity)

4 s locally constant on {*? #* id[0’+oo)zv} in the sense of Definition 2.13 (Local constancy)

0 <4 <idjg 400y~ (Bounds)

Moreover, for a function ¥4 satisfying the first and third line of (2.29), then its local constancy in the second
line of (2.29) is equivalent to

(2.30) 9;7=0 on the open set {p € 0, +00)N, A (p) < P}, forall j=1,...,N

Remark 2.39 Notice that (2.30) is a rigid condition which strongly mizes the behaviours of different com-
ponents of ¥ = (41,...,4N).

For bell-shaped fluxes, a preflux is a key notion, because of the following result for junction Godunov
fluxes.

Theorem 2.40 (Polar decomposition of Godunov fluxes for bell-shaped fluxes)

Assume (2.2) for N > 1 for a junction (J, f) with o € {il}N. Assume that f is bell-shaped in the sense of
Definition 2.37, and call 7 : [a,b] — [0,+00)™ the capacity defined by

(2.31) 3 (p) := f7% (p?), j=1,...,N.

i) (Polar decomposition)

Let G C [a,b] be a Riemann germ with respect to (J, f). Then the Godunov flux fg associated to G has the
following polar decomposition

(2.32) fo=40% (preflux o capacity)

where 4 : [0, +00)N — [0, +00)Y is a prefluz (as in Definition 2.38) and 7 is the capacity defined in (2.31).
Moreover the preflux 7 is unique on the image of the capacity

K = Im(’?) = H [07 frl‘flax}

ii) (Riemann germ construction)
Given any prefluz 4 : [0, +00)N — [0, +00)V, we define

(233) g:= gf = {p € [av b]v f(p) = f(p)} with f i=4qo7: [CL, b] - [07 +OO)N'

Then G is a Riemann germ.
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Remark 2.41 (Supply and Demand law of Lebacque)

In the Polar decomposition, the capacity 77 = f77i gives a solid and mathematically rigorous fundation to
the heuristic law of Lebacque (see [37]). Recall that the Supply and Demand law of Lebacque suggests to
look for junction Godunov fluzes which involve on Demand functions f7°i=1 for ingoing branches and only
Supply functions f3°3==1 for outgoing branches.

Hence we see that for bell-shaped fluxes, all the information about a Riemann germ is contained in its
preflux, which is a quite simple notion. It is also possible to translate all usual properties of Godunov fluxes
(like for instance o-monotonicity, conservativity, Kruzkov, HJ) as immediate properties on the prefluxes.

Even if prefluxes seem to be simple objects, it is not so easy to construct them. A nice way to do it,
consists to consider the weaker notion of quasi-preflux and then to relax it into a genuine preflux.

Definition 2.42 (Quasi-preflux)
Let N > 1. Let A = (A',...,AN) € (0,+00)N U {+00}N. A function g : [0,400)N — R is said to be a
A-quasi-preflux (or simply quasi-prefluz) if it satisfies the following conditions
(2.34) _
4o : [0, +00)N — RN is continuous, with moreover A : [0, +00)N — [0, +00)N if A = (400, ..., +00),

Yo is Riemann monotone in the sense of Definition 2.12,
(0 (@)igi=0y <0 and  (5(9)) (gisxs) 20 forall j=1,....N
Because every preflux is known to be Riemann monotone (see i) of Lemma 11.11), we see that any preflux

is in particular a quasi-preflux. As a very natural conservative case is the example (see [37]) of Lebacque
quasi-preflux 4o = (59,4¢,43) : [0, +00)® — [0, +00)? for 1:2 junctions given for ¥ = (3°,41,52) € [0, +00)?

by
39(7) := min {7",0'5°},
92 (%) := min {'72,92'70}, with 0<6Y,6* <1, 61 +6*=1
38 =48 + 43

Here 4 is a not a preflux, but only a (conservative) quasi-preflux.

Theorem 2.43 (Riemann relaxation Ry of A-quasi-prefluxes)

Let N > 1 and X € (0,4+00)N be a fluz limiter, and consider a junction whose orientations of the branches are
described by og € {:I:I}N. Let us consider a A-quasi-prefluz 4o : [0, 4+00)Y — RY in the sense of Definition
13.1.

i) (Practical relaxation calculus using the doubling set)

We define the doubling set

(2.35) Dy := {(\ A7) € [0,A]2, max (AT AT} =N forall j=1,...,N}
For any 7 € [0, )], we consider (\F, \F) € Dy solutions of
(2.36) min {77, A7} =45(\F), j=1,...,N.

Then the set
Ry = {(A\,\) e Dy solution of (15.6)}
is non-empty, and the set
Ay = {50, (AE N eRs}
is reduced to a singleton
As ={3x(M}-
This defines a map Ay, : [0, \] = [0, \], that we extend to [0, +00)N, setting
Y50 [0,400)N = [0, 400)V
gl = (JxeoTx)(9)
where T is the truncation operator

(2.37) T5(7) :

(min{ﬁl,jxl},...7min {'VN,S\N}).
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ii) (Riemann relaxation operator ;5 ”on the box [0, \]”)
Then 4y, : [0, +00)N — [0, +00) is a prefiuz. Moreover we set

(2.38) Rido = Fs-
Under certain additional conditions, it is also possible to define the operator

Roo = lim Ry

A—(00,...,00)
where the flux limiter A disappears. In that case, it is possible to show the following ” compatibility formula”
R(Y007) = ReoHo) 0

where R is defined in (2.21) and where 47 = f79 is the capacity. In other words, to relax a junction
Godunov flux, it is sufficient to relax its associated quasi-preflux. The analogue of this formula also works
with i replaced by Ry if furthermore the quasi-preflux 4 satisfies 49 = 4o o 15.

As an illustration, the relaxation of Lebacque quasi-preflux is explicitely given by the following conser-
vative preflux

() := min {¥ ,max{917 '7 — 5211
(239) 9%90’3/0 = '3/ with ’3/2(’7) = min ’y , max {9270 ,7 1
() = (3" +4%)(7) = min {3°,7 +v2}

We also have the following result about gluing of prefluxes, where a doubling set also plays a central role.

Theorem 2.44 (Gluing of prefluxes)

Let v := a, 3, and N, > 2, and some prefluzes 5\ : [0, +00)N — RN~ with notation 5\ (5\ .. )\7 1)
Let j, € {0, .. —1}. In order to simplify the presentation, let us assume that j, = 0 = jg.

i) (Practlcal calculus for gluing prefluxes)

Given some limiter \° € [0,400), let us consider the doubling set

Dyo := {(ALO, A0 € [0, 2%)%, max {AFO AEOL = X010,
A ’ )

Then for any 5 = (Ja,7) € [0, +00)Ne=1 x [0, +00)N6 =L, consider the equation
(2.40) A (AF0,70) = A5 (A0, 75)

Then the set
R = {()\L’O,)\R’O) € Dxo,  with (AL, X0) solution of (2.40)}

is non empty and let us consider the set
A= {ANEO, 00, 5) with (A0, A0) € R
with R R A N
ANEO N ) = (AL, AN 0, 30)s (A AP0, 49))
Then A is reduced to a singleton A = {\} and this defines the following map

A: [0, +00)Ne1 x [0, 400)Ne=t 5 RNatNs—2
(’%7%) = A(’?aaﬁ/ﬁ) =\
ii) (The \’-glued preflux)
Then A is a preflux. We use the following notation for the glued prefluzx

= Ao # 5\5
(Ja :.jL‘f);‘O)

o8

(2.41)

which is defined here only for jo, = 0= jz (but can easily be generalized for indices jo € {0,..., Ny — 1} and

js € {0,...,Ns —1}). We also may use notation Ao % g where we drop the index O when it is clear
(ja5j5)
from the context.
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Remark 2.45 (Independence for large enough limiter \°)
Notice that if A, o T, = Ay with 5\3,5\% < A% N\ and where the truncation operator is defined in (2.37),
then the gluing is independent on the limiter:

At A=A s
(ju:jﬂv)‘o) (ja:jﬁv)‘ol)

Remark 2.46 (Gluing quasi-prefluxes)

Notice also that the gluing extends to the the gluing of quasi-prefluzes, under a certain additional assumption

on the glued branches jo and jg, which is automatically satisfied for prefluzes. Moreover, we have commu-
tation of operations: gluing of relaxation of quasi-prefluxes is the relaxation of the gluing of quasi-prefluxes.

2.3.2 Explicit prefluxes

We start with an application of our theory.

Proposition 2.47 (A KruZzkov germ product property for several conservative lines)

Assume (2.2) for N = 2n with n : n junctions, and call fi% and f7% respectively the j-th ingoing and j-the
outgoing fluzes for j = 1,...,n. Assume that each f7® is bell-shaped in the sense of Definition 2.87 with
mazimum at 7 € (a7, b7Y) and fi%(a?*) = 0 = f1%(H'). Let G C [a,b] be a Kruzkov germ satisfying for

p=(p't,p', .. prL pn Tt

g cC ﬂ Ej, with Y7 = {p € [a’b]v ij(ij) = ij(ij)}

j=1,....n

which means that each j-th line J9¥' U {0} U JI® ~ R is conservative. Then

G=[I ¢ with G c{@"p™) el v x @™ 0", FrE") =R} R

j=ln

where each G is a Kruzkov conservative germ with respect to (f7L, fI%) for a 1 : 1 junction with JI* ~
(—00,0) and JIF ~ (0, +00).

This result has implications in the theory of traffic on networks. In particular for a Kruzkov germ, if
two conservative lines L; for i = 1,2 cross each other, then the flux limiter on line L; only depends on the
structure of the junction (between the two lines), but not on the state of the traffic on line Lo.

On the contrary if the germ is not assumed to be Kruzkov®, then the flux limiter on line L; may depend on
the density of cars on line Lo at the junction point, and there exist such germs which are no longer products
of germs as above (see for instance Lemma 12.12).

We now present the following characterizations.

Proposition 2.48 (Characterization of prefluxes for a single branch)
Let 4 = A4 : [0,400) — [0,+00) be a preflur. Then there exists a constant \° € [0, +o0] (the flux limiter)
such that

(2.42) A1(31) = min {31, X%}
and every function 4% : [0, 4+00) — [0, +00) satisfying (2.42) is a preflux for N = 1.
Proposition 2.49 (Characterization of 1:1 conservative prefluxes)

Let 4 = (3,92) : [0, +c>9)2 — [0, 4+00)2 be a 1:1 conservative preflu, i.e. a preflur satisfying 4* = 4. Then
there exists a constant \° € [0, +o0] (the flux limiter) such that

(2.43) 71(3) = 4°(3) = min {7',7%,A"}
and every function 4 satisfying (2.43) is a 1:1 conservative preflux.

We also have the following characterization of certain prefluxes with bounded images.

3And contrarily to what the author thought and stated erroneously in a preliminary version of this work.
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Theorem 2.50 (Characterization of 1:2 conservative prefluxes)
Let us consider a preflur

(2.44) 7= (3%44%) 1 [0,+00)* = K C [0, +00)?,
which is assumed to be 1:2 conservative, i.e. which satisfies
(2.45) 70 =4+47

Assume moreover that K is compact.
i) (Necessary condition)
Then we have

2>

1(5 ind sl Y152 7]
) = min {7, A" (¥°), max | 0
(2.46) Az(—) T ) ‘2(—1) Az(—o = =
¥2(3) = min (7%, A*(¥1), max ¢ 0°("),7" = 5" ¢,

for four continuous functions \*, A2, 6%, 62 : [0, +00) — [0, +00) and a constant A, = (A2, AL A?) € [0, +0)3
satisfying

Al = AL+ A2,

Al = const = A'(A2) on  [A2,400),

A2 = const = N2(Al) on [Al, +o0),

(2.47) 07 = const = 07(A]) on [A],+o0) for j=1,2
0'(7°) +6%(3°) =74°  for all 3° € [0, AY],
2o é1 > éz’

Ao éQ > él7

where the two last lines can be interpreted as a further compatibility condition between the four functions
M, 67 forj=1,2.

ii) (Sufficient condition)

Conversely, for every continuous functions 5\175\2,@7@2 and constant A, as above satisfying (2.47), the
function 4 defined by (2.46) and (2.45) is a 1:2 conservative preflux satisfying (2.44) with K compact.

Remark 2.51 (Limiters)
In expression (2.46), the functions \', A2 can be seen naturally as limiters.

Remark 2.52 (Case of unbounded prefluxes)
The condition K compact can be removed, and a characterization of 1:2 conservative prefluzes is still avail-
able, but more technical. Fssentially, limit cases have to be added.

Remark 2.53 (KruZkov 1:2 conservative prefluxes)

Notice that the functions 63 for 7 = 1,2 are not necessarily monotone here. On the contrary, there exists
a notion of Kruzkov 1:2 conservative prefluxes (see Definition 11.1) which indeed forces the function 67 to
be monotone. Among prefluzes given by Theorem 2.50, those which are Kruzkov are exactly those satisfying
moreover the following condition

63y >
(2.48) { 1< ((/_\jgl ;

Theorem 2.54 (A large family of 1:n conservative prefluxes)
i) (Assumptions)
Let N :=1+n with n > 2. We consider functions 87 for j =0, ..., n, satisfying

67 [0,400) — [0,+00) continuous increasing bijective, for j=0,1,...,n

(2.49) o N
90 — Zd[o,-‘,—oo) = Z Q7
j=1
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Let for ¥ = (3°,%') with ' :== (¥*,...,3™) and for j =1,...,n

-1
pp— : Ak _ 7}{:
BI(5) = ¢ Yr) with Y= <Zd[0’+00) - ZH ) (7° - Z’Y )+
Ic{l ”}\{J}

kel kel
(including Yy := 7° for I :=10),

,,,,,

Then B7 : [0, +00)N — [0, +00) is a continuous function, independent of the variable 7.
ii) (The result)
Then the function A, : [0, +00)N — [0, 4+00)N defined by

M) = min {3/, BI(y)}, j=1,...,n
250 ~ N 1 ’ ) s 10y
(2:50) {AQ:—_/\1+---+AQ

is a 1:m conservative preflur, which satisfies moreover
(2.51) A () = min {7°,3" +--- + 7"}

Remark 2.55 (Comments)

i) (Preflux seen as a generalization)

The preflux given by Theorem 2.54 generalizes prefluz (2.39) to the case of n > 2 branches, and with variable
coefficients 67 instead of constant coefficients 67.

ii) (No limiters)

Notice that the prefluz A given by Theorem 2.5/ does not contain any limiter. In order to introduce fixed
limiters, it is sufficient to consider the preflux Ay o0 Ty for some X € [0,+00)N where the truncation operator
Ty is defined in (2.37). It is also possible to introduce variable limiters, but the construction is much more
subtle, see Corollary 14.17.

Remark 2.56 (A large family of n:m conservative prefluxes)
Gluing two conservative prefluxes, one of type n:1 with one of type 1:m, we get easily explicit n:m conservative
prefluzes, see for instance expression (14.88).

2.4 Introduction to Part III

2.4.1 Preliminaries: G-entropy solutions, semi-solutions, strong traces

In part I of the work we were focusing on self-similar solutions of Riemann problems on a junction. On the
contrary, in Part ITI, we consider general Kruzkov entropy solutions/subsolutions/supersolutions, for which
we will need to be able to define the trace at the junction point. This will be done using the work of Panov
[43].

For functions u* : [0, +00) x J*¥ — [a*,b¥], with u¥(t,x), we consider the equation of the first line of
(2.4), namely the scalar conservation laws on the branch J*

(2.52) ot + 0, (fF(wF) =0 on (0,400) x J*¥, Ek=1,...,N.

We want to recall the definition of Kruzkov entropy solutions, subsolutions and supersolutions (see
Kruzkov [35]). For x € R, we set sign(z) = 1{w>%— 1{w<0} We recall that the Kruzkov pairs (entropy/
flux of entropy) for u = (ul,...,ulV),v = (v! N are given by (2.5), i

(253) (b, 0b) = |uF —oF) and ol Wk, 0b) = P (uF oF) = sign(uf — oF) - {FFF) - FRF))

Similarly, for = € R, we set |z|+ := max(0, +z) and sign®(z) = Li+z>01- We recall that the Kruzkov pairs
(semi-entropy/ flux of semi-entropy) given by

(2.54) 0k (uF0*) = juF —o¥L  and d)f(uk,vk) =k (uF, vF) = sign® (uF — o* ) R) = fFM)}

We will also use shorthands notations n*(u,v) := n¥(u* v*) and Pt (u,v) = YF(u,v) = ¥k v*) and
k

similarly for n% and %, wi . Then we recall the following standard notion (which recalls and contains

Definition 2.1 for Kruzkov entropy solutions).
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Definition 2.57 (KruZzkov entropy solution, subsolution and supersolution)

We say that u* is a Kruzkov entropy solution (resp. subsolution, resp. supersolution) of (2.52), with initial
data uf € L (J*; [a* b)), if u* € L>([0,+00) x J*;[ak,b*]) and for any constant ¢ = (ct,...,cN) € RV,
and for any (test) function 0 < * € CL([0,+o0) x J*), we have

/ [ (s )k + 0P, )t} deda + / 7 (0, )" da > 0
(0,400)x Jk {0} xJk

<resp. / {ni(u, c)ol + 9k (u, c)go];} dtdx +/ % (uo, )" dx > 0)
(0,400) x Jk {

with + for subsolutions and — for supersolutions.
For subsolutions u”*, we write

0}xJk

o +0,(fF@Wk) < 0 on (0,400) x J*

Kruzkov
and for supersolutions u*, we write
ok + 0, (ff*@Wk) > 0 on (0,+00) x J*
Kruzkov

Notice that the box [a, b] is where all the values of the function u stay confined.

The standard Kruzkov theory on the real line (hence without junctions) shows that BV norm of the initial
data is preserved by the evolution. As it has been shown in an important counter-example by ADIMURTHI,
GHOSHAL, DUTTA, VEERAPPA GOWDA [1], already for 1 : 1 junctions with convex fluxes on each branch,
the BV norm (in space) of the solution may blow-up in finite time. For this reason, the notion of trace of
the solution at the junction point can not be based on BV bounds which do not exist in general.

Fortunately, under suitable conditions on the fluxes, the notion of strong trace of the solution has first
been shown to exist by Vasseur [47]. Then it has been generalized by Panov [43], in a way which is convenient
for our work. We now recall this result, which plays a fundamental role in our analysis in Part II.

Theorem 2.58 (Existence of a strong trace; Theorem 1.1 in Panov [43])

Assume (2.2) for N > 1 and that f satisfies the nondegeneracy condition (2.17). Let u be a Kruzkov entropy
solution (resp. subsolution, supersolution) of (2.52) in the sense of Definition 2.57. Then for each index
j=1,...,N, there exists a function u’(-,0) € L} (0,+00) satisfying

loc

(2.55) ess lim |u? (t,0) —u? (t,2)| dt =0 for all index j and all T >0
JI132=0 J(0,T)

Such function is called the strong trace of u? on (0,+00); x {0},.

Recall that without the nondegeneracy condition (2.17), the strong trace does not exist in general, but only
a notion of quasi-trace is defined.

Definition 2.59 (Notion of GSUB and QSUP)

Assume (2.2) for N > 1. Let G C [a,b] be a generalized Riemann germ, and let f := fg be its associated
Godunov flux. Then we define

g5UF = {pelatl, oo(f-NW <0} and 57 ={pelatl, oo(f- )20}

Then we give the following definition (which recalls and contains Definition 2.2 for G-entropy solutions).

Definition 2.60 (G-entropy solution/subsolution/supersolution)

Assume (2.2) for N > 1 and that f satisfies the nondegeneracy condition (2.17). Let us consider some initial
data ug = (ug, ..., ud)) with uf € L>(J*;[a* b¥]). We say that u = (u',... uN) is a G-entropy solution
(resp. subsolution, resp. supersolution) of (2.52) with initial data ug, if each u* is a Kruzkov entropy solution
(resp. subsolution, resp. supersolution) of (2.52) with initial data uf in the sense of Definition 2.57, and if
the strong trace u(t,0) = (u'(t,0),...,u™ (t,0)) of u given by Theorem 2.58 satisfies

u(t,0) € G for a.e. time t € (0,+400)
(resp. u(t,0) € GSYB  for a.e. time te (0, +00))
(resp. u(t,0) € GS5UP  for a.e. time t€ (0,+00))
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If G is a generalized Riemann germ, then a function u is naturally a G-entropy solution if and only if it
is both a G-entropy subsolution and supersolution (see Lemma 17.1). The point with G-entropy subsolu-
tions/supersolutions is that we do not expect them to be interesting, except for certain subclasses of germs,
like the subclass of monotone Kruzkov germs, as we will see below.

2.4.2 Main results of Part IIl: existence, uniqueness, contraction, comparison

Notice that we have a natural isomorphism L'(J) := L'(J;R) ~ H LY(J*:R) with the norm
ki=1,...,N

/J|u0\dx = Z /Jk luf|dz  for wo = (up,...,ull)
k=1,..,N

that we use constantly. We recall the BV semi-norm

[ug]BV(Jk) = TV(ulg7 Jk) = sup / —ufﬁgox
[pl<1, peCL(J*F) JJ

where C1(J*) is the set of C'* functions with compact support in the branch J*, and where BV stands for
bounded variations, and T'V stands for Total Variation. Similarly, we set

[uo] BV (J+) = Z [ug] v (gr) = Z TV (ug; J*) = TV (ug; J*)
k=1,..N k=1,..N

For a measure w = (w!,...,w"), we also set

wlamoy = Y, w0

where M(J*) is the set of measures on J* := J\ {0}, and where M (J¥) is the set of (real valued) measures
on J*¥ and | - | M(J*) is the total variation of the measure. This space appears naturally when we consider
us = —f(u), as a measure.

Theorem 2.61 (Theory for Kruzkov germs)
Assume (2.2) for N > 1, nondegeneracy condition (2.17), and that G C [a,b] 5 O~ is a Kruzkov germ in
the sense of i) of Definition 2.8. Let ug be an initial data satisfying

(2.56) ug € (BV N LY)(J* [a",0F])  for all index k=1,...,N

where here BV denotes the space of functions with bounded variations.
i) (Existence and uniqueness)
Then there exists a unique G-entropy solution u of (2.52) with initial data uy. Moreover we have

(2.57) u € C°([0, +00); L' (J*)) N Lip([0, +00); M(J*))  with J* := J\ {0}

ii) (L'-contraction)
Moreover if ug, vy are two initial data satisfying (2.56), and if u,v are respectively their associated G-entropy
solutions, then we have the following L'-contraction property

/ |lu — vl|(t, ) dx§/|u0—vo\ dz  for all timet >0
{t}xJ J

iii) (A priori bounds) i

Either the box [a,b] is bounded and we set [a,b] := [a,b], or the box [a,b] is not bounded and there exists a
bounded bozx [a,b] C [a,b] such that

(2.58) uo(J*) C [a,b] and GnNla,b] is a Riemann germ on the bounded box [a,b]

Then we have the following bounds for all t > 0

(259) TV )T <Ko with Ko= S {TV(P@d): )+ |(F — P)wo(0)}

j=1,....N
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where f = fg is Godunov flux associated to the germ G, and
(2.60) TV (u(t,-); J\Bas)) < TV (ug; J\Bs) + 8 'tKy for all &€ (0,1)

iii’) (Additional a priori bounds for N = 1)
For N =1, we have for allt >0

(2.61) TV (f(u)(t,-); J*) + TV (f(u); (0,%) x {0}) < Ko

with Ko defined in (2.59) and where the second term of (2.61) denotes the Total Variation in time of the
trace of the function f(u) at x =0 and on the time interval (0,t).

Remark 2.62 Notice that our BV assumption (2.56) on the initial data is technical, and indeed simplifies
our proof of existence, and allows regqularity (2.57) of the solutions, and gives nice a priori bounds. Moreover
the condition Ogn € [a,b] is only here to allow the initial data to belong to L*(J). Obviously any shift from
Or~ can also be considered.

Remark 2.63 (Reduction to a bounded box)

Notice that assumption (2.58) can always be be satisfied (for some suitable bounded boz [a,b]) when ug(J*)
s compact. This non obvious result is due to key Proposition 6.1. This reduction to a bounded box here has
nothing to do with the Kruzkov property of the germ, but is a general property of germs (using our coercivity
assumption on the fluzes).

Notice that prior to Theorem 2.61, only a few existence and uniqueness results were available in several
important and pionnering works. Existence results were available for complete and conservative D-maximal
L!-dissipative sets G (see [4], [2], [40] and [20]). Nevertheless completeness was not fully understood, and
it was not understood that D-maximality is an automatic consequence of completeness and L!-dissipative
properties.

Most of the time, existence was proved only for some particular Riemann solvers. Some nice uniqueness
results were also obtained for Riemann solver RSz in [25]. We indeed show (see Corollary 15.12) that this
is due to the fact that Riemann solver R.S; is associated to a Kruzkov germ. As a consequence of Theorem
2.61, we also get existence of a solution in a systematic way. From this perspective point of view, it seems
that Theorem 2.61 provides a new progress in the understanding of scalar conservation laws on junctions.

We also have the following result.

Theorem 2.64 (Properties of semisolutions for monotone Kruzkov germs)

Assume (2.2) for N > 1, nondegeneracy condition (2.17), and that G C [a,b] 5 O~ is a monotone Krutkov
germ in the sense of i’) of Definition 2.8. We consider G-entropy subsolutions/supersolutions of (2.52).

i) (Stability of sub/supersolutions)

Let (un)nen be a sequence of G-entropy subsolutions (resp. supersolutions) such that

Up —u in Ly, ([0, 400) x J)

Then u is a G-entropy subsolution (resp. supersolution).

ii) (Max/Min for sub/supersolutions)

Let u,w be two G-entropy subsolutions (resp. supersolutions). Then max {u,w} (resp. min{u,w}) is a
G-entropy subsolution (resp. supersolution,).

iii) (L!'-comparison principle)

Let u (resp. v) be a G-entropy subsolution (resp. supersolution). Then for all 0 < s < t, we have

> /Jk Wb — ok (o) do <Y /Jk ¥ — vF |4 (s, 2) dx
J=L.N J=LN

We end this presentation with a known, but key result. This is classically the following result which
garantees the stability of G-entropy solutions for Kruzkov germs (see for instance [40]).

Proposition 2.65 (Equivalent characterization of G-entropy solutions for Kruzkov germs)
Assume (2.2) with N > 1 and let G C [a,b] > Og~n be a Kruzkov germ. Then u = (u',...,u’v) is G-entropy
solution of (2.4) with initial data ug with ug € BV (J), if and only if u? : [0, +00) x J7 — [a’,b7] is a Kruzkov
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entropy solution of the first line of (2.4), and the trace condition in the second line of (2.4) is replaced by
the following condition. For all test functions 0 < pJ € CL([0,+00) x J7) with JI = {0} U JI ~ [0, +00) or
(=00, 0] with

O (t,0) = ©"(t,0) =: ©(t,0) for allt € [0,+00) and all indices j,k

and for all elements c = (ct,...,cN) € G, we have

(2.62) Z {/ {n*(u,c)@f +* (u, c)k} dtdx —1—/ n* (ug, ¢) dm} >0
k (0,400)x Jk

{0} x J*k
for (n*, %) given in (2.5).

2.5 Organization of the work

The work is organized in three parts and several sections. The main results of Parts I, II and III presented
in Section 2 are proved as indicated in the following tables.
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Main results
of Part I

topics

proof for N =1

proof for N > 1

Proposition 2.4

L' estimate for Riemann problem

Subsection 4.2

Proposition 2.14

properties of gen. Riemann germs
i) inverse of 7
ii) dissipation
iii) Riemann monotonicity of =
iv) local constancy of f
v) germ as a level set
vi) partial relaxation formula
.. { partial Lipschitz estimate
vii) . ..
and basic monotonicity

ii) of Proposition 3.6
Lemma 3.4

vi) of Proposition 3.6
i) of Proposition 3.6
iii) of Proposition 3.6
Proposition 3.10

Proposition 3.8

ii) of Proposition 4.10
Lemma 3.4
Proposition 5.1

i) of Proposition 4.10
iii) of Proposition 4.10
Proposition 4.15

Proposition 4.13

Theorem 2.15

character. of gen. Riemann germs
i) 1rst characterization
ii) 2nd characterization

Subsection 3.4
ii) of Lemma 3.5
Proposition 3.9

Subsection 4.5
ii) of Lemma 4.9
Proposition 4.14

Theorem 2.17

Riemann germs

Subsection 4.7

Theorem 2.20

Riemann monotonicity of o ¢ f
i) general result
ii) Kruzkov case

Proposition 3.8
Proposition 3.8

Subsection 5.4
Proposition 5.8
Corollary 5.10

Theorem 2.23

Riemann relaxation

Subsection 7.1

Theorem 2.24

gluing of Riemann germs
i) gluing and iv) nature of glued germs

ii) associativity
iii) identity element

Subsection 5.6
Proposition 5.13
{ i) of Corollary 5.14
Lemma 5.15
ii) of Corollary 5.14

Theorem 2.26

properties of Kruzkov germs
i) characterization
i) D-maximality

Subsection 6.2
Proposition 4.20
Lemma 6.2

Theorem 2.27

characterization of monotone germs

iii) of Lemma 5.5

Theorem 2.28

characterization of D -germs

Proposition 6.5
") and iii) of Lemma 5.5

Theorem 2.29

conservative Riemann germs

Subsection 6.4

Theorem 2.30

properties of (quasi) HJ germs
i) regularity of f

ii) relaxation formula

Subsection 6.5
i) of Proposition 6.9
{ ii) of Theorem 2.15
ii) of Proposition 6.9

Theorem 2.34

HJ germ G determined by xG

Subsection 6.6

Theorem 2.35

properties of conservative 1: 1 germs
i) nature of the germs

ii) relaxation formula
i) relation (2.25)

Subsection 6.7
Lemma 6.11
{ Theorem 2.34
ii) of Proposition 6.9
Lemma 8.17
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Main results
of Part II

topics

position

Theorem 2.40

Polar decomposition

Theorem 11.8

Theorem 2.43

Relaxation of quasi-prefluxes

Theorem 13.4

Theorem 2.44

Gluing of prefluxes

Theorem 11.17
Lemma 13.12

Proposition 2.47

Kruzkov germ product property

Subsection 12.6

Proposition 2.48

Charact. of prefluxes for N =1

Proposition 12.1

Proposition 2.49

Charact. of 1:1 conservative prefluxes

Proposition 12.1

Theorem 2.50

Charact. of 1:2 conservative prefluxes

Theorem 12.7

Theorem 2.54

Family of 1:n conservative prefluxes

Corollary 14.14

Remark 2.56

Family of n:m conservative prefluxes

Lemma 14.18

Main results
of Part III

topics

position

Theorem 2.64

properties of semisolutions
i) Stability
ii) Max/Min
iii) L!-comparison

Subsection 17
Lemma 17.2
Lemma 17.3
Lemma 17.4

Theorem 2.61

theory for Kruzkov germs
i) existence and uniqueness
ii) L!'-contraction

Proposition 18.8
Lemma 17.4

For the precise material of the subsections, we refer the reader to the content given at the beginning of
the manuscript. We insist below on the general structure/spirit of the work.

In Section 3, we develop the theory for a single branch (N = 1) in the case of 1 : 0 junctions. The
fundamental concepts (like basins of attraction BA(p), the nonlinear projection mg, the Godunov flux fg,
generalized Riemann germs, level set formulation of the germ Gy, relaxation formula, Riemann monotonicity,
local constancy) introduced in this work can already easily be understood in this section. Only the gluing
requires the understanding of the case N > 1. For N = 1, the flux is denoted by g, while for N > 1, the flux
vector is denoted by f = (f!,..., fIV), in order to avoid any confusion between these cases.

In Section 4, we extend the theory to the case of N > 1 branches, and focus on the case of N:0 junctions.
We start the section, showing that the general case of n:m junctions can always be reduced to the case of N:0
junctions with N := n 4+ m, and furthermore with coercive fluxes satisfying f7(p’) — +o0 as [p?| — +oo.
This reduction can be done using certain commutative transforms which are very convenient.

It turns out that there are two types of transforms that are interesting: the reversions (changing a
branch (—o0,0) into (0, +00) and vice versa, and changing the sign of the flux) and the inversions (keeping
the orientation of the branches unchanged, but changing the sign of the flux and of its arguments).

In the case N > 1, the key tool appears to be the slicing Lemma 4.12, which allows to reduce a germ from
N branches to a germ with N — k branches. Obviously any germ G can not be sliced in a naive way. But
using its Godunov flux p — fg (p), we can freeze the last k components of p, and then define a frozen flux
which is associated to a new germ for N — k branches. The slicing lemma is used in many ways to analyse
generalized Riemann germs, and then to deduce their fundamental properties, similar to the case N = 1.

In Section 5, we excavate a fundamental property of germs: their Riemann monotonicity. Except for
pathological fluxes (for instance fluxes which are constant on some intervals), this property is satisfied by
any Riemann germ. Riemann monotonicity may be seen as a property coming from nowhere, but this is not
the case. This property is very natural and necessary, once we are interested in the gluing of germs. This is
the careful study of the gluing of germs that made this property to appear as a natural property. We show
that the natural projection 7g is already Riemann monotone, and in some sense, this implies that o ¢ fg is
also Riemann monotone, where ¢ encodes the orientations of the branches. With this key property in hands,
it becomes then easy to glue Riemann germs together (when their fluxes and branch orientations agree in
a suitable way). Again, we first perform the gluing on the Godunov fluxes, and then deduce from it and
justify the natural gluing of the germs.

Still in Section 5, we show that gluing preserves certain classes of germs (Kruzkov, HJ, monotone,
conservative). Again, we first show it at the level of the associated Godunov fluxes, and then deduce these
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properties at the level of germs.

In Section 6, we give some applications of the theory mainly to the cases of Kruzkov germs and of HJ
germs. For both, we show that all generalized Riemann germs have necessarily continuous Godunov fluxes,
and then are Riemann germs, just by definition. A key result for HJ germs is that they are completely
characterized by a characteristic subset yG, which is a finite set in many applications. A culminating
application is the case of 1 : 1 junctions with conservative (generalized) Riemann germs. Such germs have all
the best properties that we can expect: they are at the same time Kruzkov, HJ, monotone and conservative
germs. They are characterized by their characteristic subset xG which is finite in many applications. And
their Godunov flux fg =: (h, h) is such that the function h : [a,b] — R satisfies the best relaxation formula
that we can expect.

Section 7 deals with an important fact: the possibility of relaxing quasi Godunov fluxes to Godunov
fluxes. This provides in particular a practical way to construct Riemann germs. We also show that gluing
and relaxation do commute.

Section 8 provides complementary results. The main contribution concerns duality for monotone Kruzkov
germs.

Section 9 gives various exemples and counter-examples to illustrate the general theory.

Section 10 is an appendix. In the first subsection, we mainly recall the theory for solving the standard
scalar Riemann problem on the real line, with initial data p involving two constant values (p”, p?), one on
the left, and one on the right. The explicit expression of the solution involving concave/convex envelopes of
the flux, is here a key ingredient. This ingredient allows us, say for a solution defined on (0, +00); X (0, +00),,
to decide which trace p the solution may be reached on the axis (0,400); x {0}, given its constant initial
data p := p’ on the set {0}, x (0, +00),. This allows us to study the set 75p of such values p. Indeed we can
then see that the basin of attraction BA(p) for J = (0, +00), is nothing else than the inverse, i.e. the set
of p’s such that p € 75,,.

In Section 10, the second subsection gives some important (independent) results about reduction of test
functions for Hamilton-Jacobi equations. This is a key result which allows us to show that any HJ germ G
is determined completely by its characteristic subset xG.

Part II of the work focuses on the case of bell-shaped fluxes on the network. This case is of special impor-
tance for most of the applications. For bell-shaped fluxes, we show that the junction Godunov flux enjoys
a Polar decomposition, i.e. it can be written as a preflux composed with an explicit capacity. This polar
decomposition enlights previous results on the topic. On the one hand, the capacity contains and justifies
rigorously Demand and Supply law of Lebacque. On the other hand, all the information of the junction is en-
coded in the preflux, which is a normalized object. Prefluxes are simple to define, but conservative prefluxes
are very rigid objects. For this reason they are quite delicate to construct. And Part II gives many different
methods to build prefluxes. Two general methods are available. First we can glue together given prefluxes
to obtain a third preflux (in general associated to more branches). The second method consists to consider a
quasi-preflux (i.e. a function which does not satisfy all the properties of prefluxes) that we can (nonlinearly)
project to a single associated preflux. This method is called Riemann relaxation of quasi-prefluxes.

Independently of these general methods, we also provide an explicit characterization of general 1:2 con-
servative prefluxes. This allows us to see how all the known examples proposed in the literature for 1:2
or 2:1 junctions do fit in our classification. More generally, we discuss the construction of 1:n conservative
prefluxes with limiters, ans also construct by gluing a large class of n:m conservative prefluxes with limiters.
Moreover, on several explicit examples taken from the literature, we construct explicitly the germ associated
to a given preflux. Those examples are illustrated with pictures of the threedimensional germ set.

Part III of the work focuses on Kruzkov germs for general fluxes. In this framework, we show that the
theory of Kruzkov extends completely, with existence, uniqueness, L'-contraction estimates for solutions.
Both the vanishing method and numerical schemes (discrete and semi-discrete) are studied. In the particular
case of conservative Kruzkov germs, we show that there is a notion of subsolutions and supersolutions and
also a comparison principle.

Finally the bibliography is quite reduced for part I. This is in particular due to the novelty of the notion
of germ, and to the new point of view that we develop here. The bibliography of Part IT provides additional
materials which are mainly useful illustrations for some examples. The bibliography of Part III is quite
reduced on some works of fundamental interest, or useful results that we need for technical proofs.
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2.6 Main notations

(e1,...,en) = canonical basis of RV
J7 ~(0,400) or (—o00,0) = j-th (oriented) branch
ol =+1 = 7orientation” of j-th branch J7 ~ ¢7 - (—00,0)
fiildd, ] - R = j-th flux
[a,b] := H [a?, b7] = the box (with box convention (2.3))
“]:1 ..... N
f=0%j=1,..~:[ab = RN = the flux function
i (p) == fi(p’) = abuse of notation, for p = (p,...,p")
p=(p'....pN) <0 = means p’ <0 for all j
p=(",....pN) <0 = means p’ < 0 for all j
G C [a,b] = set or germ
T =mg:[a,b] = G = natural projection on G
f=f¢=fomg = generalized Godunov flux at the junction
g Fi= { f =f } = level set formulation of the germ
fr =L . = monotone bounds
BAI(p) = BAU ) (p7) = Basin of Attraction of the point p/ € [a?, b]
BA? (p7), BAﬂ_ (p) = lower, upper Basins of Attraction
BA(p) = H BAI(p7) = Basin of Attraction of the point p € G
j=1,..,N

GI =Gl [a?,b7]? — R = standard Godunov flux associated to f7
Di =DV =giyl’ 1 [/, V]2 5 R = j-th dissipation (see (2.8))
Df = Z DY’ = dissipation

j=1,.,N
Dl = Df = ajzjzf_j :[a?, 7] 5 R = j-th semi-dissipation (see (2.9))
Di = Z Df = semi-dissipation

j=1,..,N
RHY(p) = Z o f7(p) = Rankine-Hugoniot function

j=1,...,N

Upp = (uzlﬂ’ﬁl, e 7u;VN ) = solution with initial data p and trace p
pp = G-entropy solupion Upp, 1.6 Withp € G
P = set of {ﬁj = ﬁz\,p]} for solutions wu,; 5 (see (4.7))
75p = H 75;- = set of p for solutions u, p

j=1,..,N
poq = Hadamard product of two vectors

P . . .

/] = f0) - f@) = bracket of f
Gpy = slicing of germ G w.r.t. p{j (see (4.12))
Lg,(qj) = injection of j-th coordinate
G11G2 = gluing of germs
xX9,X9,x9 = sub/super/characteristic subset of HJ germ G
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Recall that Section 3 focuses on the case N = 1. Then the index j is dropped everywhere, and f is
replaced by ¢ in order to avoid any confusion.

Part 1
Structure of germs and of Godunov fluxes

3 Riemann problem on a single branch N =1

3.1 Characterization of trace values on a junction 1 : 0

In this section, we work with a single branch with NV = 1 which is a junction 1: 0. Then we drop the index
k = 1 everywhere and use the notation g := f!, a :=a', b := b* and J! := (—o0,0) and work on the junction
J 1= (—00,0]. We assume
(3.1)
g : R D [a,b] = R is Lipschitz continuous with —co < a < b < +00, with box convention (2.3)
and
g(p) = +oo if |p| = +oo and p € [a,b] (coercivity)

which at this stage are conditions slightly less general than in (2.2), because we impose the orientation of
the junction, and also the direction of the coercivity.

We want to understand the G-Riemann problem for G := {p} with p € [a,b] and initial data p € [a, ],
namely we look for Kruzkov entropy solutions v(¢,2) = v of the following Riemann problem

v [0,400) x(—00,0] = [a,b]
v(t,z) =w (1, %) on (0,+00) x(—00,0)
(3.2)
v + (g(v))iv =0 on (Oa +OO) X(—OO, O)
U(Oa') =D on {O} X(—O0,0)
v(-,07) =p a.e. on (0,+0) x{0}

where the last condition arises in the sense of traces. We want to determine the set of p such that such a
solution does exist.
To this end, we recall that the Godunov flux G(1,]) : [a,b]?> — R associated to g is given by

inf g if ¢g<r

lg,7]
(3.3) Glg,r) = s(:upg if g>r
[r.q]

We set the following nondecreasing functions of p

(3.4) g-(p) == [lpnzf] g=G(p,b) < gi(p):= [Su%g = G(p,a)
B a,p

and for X € [g_(p), g+ (p)], we define the following element of [a, b]

p if gp)=2A
(3.5) Pap =19 sup{g € (p,b], g>A on (pq} if g(p)>A
inf{g € [a,p), g<A on (¢,p)} if g(p) <A

which is nonincreasing in \. We then define the following set
(36) 751) = {ﬁ)\,p € [aa b]7 A€ [g*(p)qur(p)]}
Precisely we have the following result

Lemma 3.1 (Set of p’s for which {p}-Riemann solutions exist with initial data p) R
Assume (3.1). For any p,p € [a,b], there exists an entropy solution v = v, ; of (3.2) if and only if p € Pp,
with P, given in (3.6).
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Proof of Lemma 3.1

Step 1: Equivalence

: . - oot ) for <0
Let v be an entropy solution to (3.2). We set p := p and extend v as 0(t,z) := { 5 for >0 °

Notice that for J = (—00,0], J! = (—00,0) and ¢ € CL(([0, +00) x J!) with ¢ > 0, we have for all k € R

[ o Hetsim b (o) - oo+ [
(0,400)x J

00 — k[ = 0.
{0}xJ

In particular, we have for all k € R
|0 — Kl + 0x (sign(v — k) - {g(0) — g(k)}) <0 in D'((0,+00) x (R\ {0}))

Using the fact that 9(¢, z) is bounded in L and has trace p at © = 0, it is then easy to check that o is an
entropy solution to the following standard Riemann problem

O+ (9(9)), =0 on ) (O,Jfoo) x R
(3.7) (0, ) = vo(x) := { ]; g ﬁ i 8

i.e. for all ¢ € CL(]0,+00) x R) with ¢ > 0, we have for all k € [a, b]

/ 15— Klor + sign(@ — k) - {g(5) — g(k)} 0o + / %0 — klip > 0.
(0,400) xR {0} xR

Then we see that v solves (3.2), if and only if ¢ solves (3.7) and satisfies ©(¢,07) = p for a.e. ¢t > 0.

Step 2: Characterization

From Lemma 10.1, we know that the solution ¢ to Riemann problem (3.7) is unique and has to satisfy
O(t, ) = U(z/t) with U given in (10.2) and (pr,pr) := (p,p). In particular, when it makes sense, we have
p=0(t07)=((g)) " (07), where I := [min(pr, pr), max(pr,pr)| and g is the convex (resp. the concave)
envelope of g on the interval I if p, — pr < 0 (resp. pr, — pr > 0).

Case 1: p<p

This means p;, < pr. Then (£1,,¢r) = (§'(p}), 7 (pr)) with £, < &g, and we can not have {g > 0. Hence
J'(pr) = &r < 0. Either 9(¢,07) = pr if {g < 0. Or {g = 0 and (using the fact that g is the convex envelop
of g on some interval) we get

9(q) > g(pg) +&r(q —pr) = g(pr) forall ¢ € [pr,pr]

Then either there exists some ¢ > 0 such that ¢’ =g =0 on [pr — €, pr], and then pr = p is not the trace
of ¥ from the left side {x < 0}, because there is a jump just at the place x =0. Or §’ <0=E{g = §'(pg) on
[pL,pr), and the fact that g’ is nondecreasing implies that o(¢,07) = ((g;7))"*(07) = pg. In this case, we
conclude that p = 0(¢,07) if and only if ¢'(p~) <0 or ¢'(p~) =0 > § on [p,p). This means that

p=0(t,07) ifand onlyif g <0 on [p,p)

Case 2: p>p
This case is very similar to Case 1 with § concave instead of convex. Again, we conclude that

p=0(t,07) ifand onlyif g <0 on (p,p]
Case 3: p=1p
Then the unique solution is ¥ = p, and then the trace condition p = ©(¢,07) is obviously satisfied.

Conclusion

p=p
We conclude that p=9(¢,07) if ¢ p<p and § <0 on (p,p] (with g concave) | i.e.
p>p and § <0 on [p,p) (with g convex)

<

>
p=p

(3.8) p=0(t,07) iff p<p with § concave decreasing on [p, p)
p>p

with ¢ convex decreasing on [p, p)
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Let us call P, the set of p € [a, b] characterized by the right hand side of (3.8). Still because of Lemma 10.1,
we see that such a solution ¢ does exist in each case covered in (3.8).

Step 3: Equivalent characterization

For p € [a,b] and X := g(p), it is easy to see from (3.8) that p = py , and A € [g_(p), g+ (p)]. This shows that
p € P, and then P, C P,. The reverse inclusion is also straightforward to check. This shows P, = P, and
ends the proof of the lemma.

3.2 Basin of attraction: the map p+— BA(p)

The main result of this subsection is the following inverse characterization of the map p 75p.

Lemma 3.2 (Inverse characterization of the map p — 75,))
Assume (3.1) with J = (—o00,0]. Let p € [a,b] and some p € P,.
Then for all p' € [a,b], we have

pePy if and only if  p' € BA(p)
where
(39) BAG) = BA_(3) U {3} U BA. (5

BAy :={qe (p,b], g<A on

and BAy = BAL(p) are relative open sets of [a, b] given for X :== g(p) by { BA ={q€la.p), g>A\ on

Proof of Lemma 3.2

Let p € [a,b] and p € 75p. Notice that it is much more simple to make the reasoning on a picture (see Figure
just before Subsubsection 2.1.2).

Step 1: proof that p’ € BA(p) implies p € 75,,/

Consider some p’ € BA(p). Then whatever is the position of p’ with respect to p, we get

g9-(p) = inf g <g(p) =A< sup g=g.(p)
LgU [a,p']

Therefore, we can consider the quantity py ,/, and whatever is the position of g(p’) with respect to A = g(p),

we easily get from its definition (3.5) that py ,» = p. Therefore p = py p € 75p/.

Step 2: proof that p’ € BA(p) is implied by p € P,

Now consider some p’ € [a,b] such that p € 7519/. Hence p = py, for some N € [g_(p'), g+ (p")]. Now

whatever is the position of X' = g(p) with respect to g(p’), we easily get from (3.9) that p’ € BA(p).

This ends the proof of the lemma.

Then we get immediately

Corollary 3.3 (Set of p’s for which {p}-Riemann solutions exist with initial data p)

Assume (3.1). For any p,p € [a,b], there exists an entropy solution v = vy, ; of (8.2) if and only if p € BA(P),
with BA(p) given in (3.9).

3.3 Dissipation property of basins of attraction

We have the following result.

Lemma 3.4 (Dissipation property of basins of attraction, N = 1, junction 1 : 0)
Assume (3.1). Let p,§ € [a,b] be such that BA(p) N BA(§) # 0. Then we have

(3.10) D9(q,p) <0 with D9(q,p) := sign(§ —p) - {9(q) — 9(p)}
Moreover
(3.11) either  D9(¢,p) <0, or p=4gq
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Proof of Lemma 3.4
Notice that D9(p, §) = D9(G,p). Assume by symmetry that p < ¢, and set ¢ := inf BA(G), p := sup BA(p),
and let us show that

(3.12) 9(@) <g(p) or p=4q

We first notice that for all p € BA(p), we have DI(p,p) < 0, with moreover DI (p, p) = 0 if and only if p = p.
Therefore if p € BA(§) or § € BA(p), this implies (3.12).
If ¢ = g, then § € BA(p). Similarly, if p = p, then p € BA(§G).
~Assume now that p < p and ¢ < ¢. If p = b, and g(b) < g(p), then BA(p) N [p,b] = [p,b] and then

G € BA(p). Otherwise, we have BA(p) N [p,b] = [p,p) and g(p) = g(p).

Similarly, if ¢ = a and g(a) > ¢(§), then BA(4) N [a,§] = [a, ¢] and then p € BA(G). Otherwise, we have
BA(q) Nla, 4] = (g, 4] and g(q) = 9(@).

Now BA(p) N BA(G) # 0 implies ¢ < p. Now if ¢ < p, then p € BA(G). Similarly, if § < p, then
G € BA(p). Hence we can now assume that p < ¢ < p < ¢ with g(p) = g(p) and g(¢q) = g(G). Now recall
that we have B B

g<g®) =g on (p,p)D(¢,p) whichimplies g(q) < g(p)

Hence g(§) < g(p) which implies (3.12).
Finally, we conclude that in all cases, we have (3.12) which implies both (3.10) and (3.11). This ends the
proof of the lemma.

3.4 Characterizations of generalized Riemann germs
The following result follows immediately from the definitions and Lemma 3.2.

Lemma 3.5 (First characterizations of generalized Riemann germs, N = 1)

Assume (3.1) and let G C [a,b] be a set.

i) (First characterization)

The set G is a generalized Riemann germ if and only if for all p € [a,b], we have the singleton property
GNP, = {p} where P, is defined in (3.6).

ii) (Equivalent characterization)

The set G is a generalized Riemann germ if and only if (BA(D))seg is a partition of [a,b].

Proposition 3.6 (First properties of generalized Riemann germs, N = 1)

Assume (3.1) and let G C [a,b] be a generalized Riemann germ for a junction 1 : 0 with J = (—o00,0] and
f:=g. Given p € [a,b], the unique G-entropy solution of (2.6) writes ugp with w(p) :== ng(p) :=p € G and
7 : [a,b] = G which satisfies mom = 7. We set g := jg :=gom.

i) (Local constancy): The map § is locally constant on {G # g}.

ii) (Inverse of 7): For all p € G, we have 7~ 1(p) = BA(p).

iii) (Level set formulation of the germ): We have G = G; :={p € [a,]], §(p) = g(p)}.

iv) (Characterization of §): The function § : [a,b] — R is fully characterized as a continuous function
which is locally constant on {§ # g} such that G = Gj.

v) (Monotone bounds): We have g < § < g, with g1 defined in (3.4).

vi) (Monotonicity of 7): The map m is nondecreasing on [a,b].

vii) (Continuity): The map § is continuous.

Remark 3.7 Notice that the monotonicity of § is not proved in Proposition 3.6. This seems to be a delicate
property. It will be proved later, using the locally Lipschitz properties of g in order to clean the possible
accumulation of basins of attraction.

Proof of Proposition 3.6
Step 1: proof of vi)

Let p < g. Assume by contradiction that w(p) = p > ¢ = 7(q). If BA(p) N BA(§) = (), then
BA(q) < BA(p)

where for sets A,B C R, for A < B, we mean a < b for all (a,b) € A x B. This implies that ¢ < p.
Contradiction. Hence BA(p) N BA(§) # 0, and the partition property in Lemma 3.5 shows that p = 4.
Again contradiction. Therefore, we conclude that p < ¢, and the map 7 is nondecreasing.
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Step 2: proof of ii)

From i) of Lemma 3.5 and Lemma 3.2, we deduce that 7=1(p) = BA(p) for any p € G.

Step 3: proof of iii)

Recall that § = g o 7. Because 7~ 1(p) = BA(p) for any p € G, we see that § is constant on each BA(p)
with value g(p) = g(p) for every p € BA(p). This implies G C G;. Conversely, let ¢ € G;. Then g(q) =
9(q) = g(g) for the unique ¢ € G such that ¢ € BA(§). Because g # g(§) on BA(§)\ {G}, we deduce that
g€ {g=yg}NBA(G) = {¢} C G, which shows that G; C G. Therefore we have equality G; = G.

Step 4: proof of i)

Let p € [a,b]N{§ # g} and let p € G such that p € BA(p). Then p belongs to BA(p)\ {p} which is a relative
open set of [a,b]. We deduce the existence of some £ > 0 such that

wi=QpNlab] CBAP) with Qp:={p—¢e,p+e)

Because § = const = g(p) on w, this shows the local constancy of the map g.

Step 5: proof of v)

Consider p € [a,b] and let p € G such that p € BA(p). From Lemma 3.2, we deduce that p € 731,, and then
there exists A = g(p) € [9—(p), g+ (p)] such that p = p, ,. Because §(p) = g(p), this shows point v).

Step 6: proof that G is closed

Consider a sequence (P )nen With p, € G such that p, — P € [a,b]. We set P := T(Poo) € G. Either
Poo = Poo and the proof is done, or

(3.13) Pos € BA(Poc)\ {Poo}

Then Step 3 shows that
(3.14) (Poo — €,P0 + ) N[a,b] C BA(Peo)

Therefore p, € BA(Poo) for n large enough, ie. p, = m(Pn) = Poo. This implies that Pos = Poo € G.
Contradiction. Hence we always have po = Poo € G, and then G is closed.

Step T: proof of vii)

The continuity of g is not straightforward because we may have accumulation of basins of attraction.
Consider a sequence (p,)nen With p, € [a,b] such that we assume by contradiction that

(3.15) Pn = Poos  §(Pn) 7 9(Po)

We set P, = m(pr) and poo = T(Poo), and then have g(pn) = §(pn) # §(Pso) = 9(Pso). Using the continuity
of g, and up to extract a subsequence, we can assume furthermore (from the closedness of G) that there
exists Poo € G such that

(316) DPn = Poos  Pn — Doo 7£ Doo

We exhaust the different possible cases.

Case A: po # Poo

Then po € BA(Poo)\ {Po }, and from the definition of the basin of attraction, we deduce that p,, € BA(pso),
and then 7(p,) = pn = Poo. Contradiction with (3.16).

Case B: pyo = Poo

From (3.16), we can assume that po, < Poo (the case Poo > Poo can be dealt in a similar way). Hence we
have P, = Poo < Poo = ngrfoopn. Therefore [pn,prn) C BA(pPn) with (Pn,Pn) = (Poo, Poo). The fact that

the family (BA(p)seg forms a partition of [a, b] implies that the sequence (p,, )y, is stationary for large n, ie.
that P, = poo. Then

(3.17) [Poc: Do) C BA(Poo) # Poc
By definition of the basin of attraction, we deduce that

9(P) = 9(Poc) OF  (Poo =b and g(peo) < g(Pexc))
Case B.1: g(pc) = 9(hc)

Then g(pn) - g(ﬁn) = g(ﬁoo) = g(ﬁoo) = g(poo) Contradiction with (315)
Case B.2: o =b and ¢(Po) < 9(Poo)
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The strict inequality and the construction of BA(p«s), imply that poo € BA(Pso), which gives a contradiction
with (3.17). We conclude that (3.15) is impossible, and then § is continuous.

Step 8: proof of iv)

Assume that § : [a,b] — R is continuous which is locally constant on {g # g} such that G = G;. Then we
have § = g = g on G, where G = G; is a closed set, because g is continuous. Moreover, we have §’ = 0 on
[a,b]\G. By continuity of g, § and the structure of each basin on attraction, we deduce that § = g(p) = §
on BA(p) for all p € G. Because the family of basins of attraction forms a partition of [a, b], we deduce that
g = g. This ends the proof of the proposition.

Proposition 3.8 (Monotonicity of g, N =1)
We work under assumptions of Proposition 3.6. Then § is nondecreasing and locally Lipschitz continuous,
satisfying

(3.18) max(0,¢') > ¢ >0 a.e on |[a,b].
and
(3.19) (9" € {0,max(0,¢")} and § =g >0 implies §=g) holds a.e. on |a,b]

Proof of Proposition 3.8

Step 1: Lipschitz continuity of g

Consider two points p, ¢ € (a,b) such that p < ¢, and set p = w(p),§ = 7(¢). From the monotonicity of ,
we deduce that p < §. Assume moreover that

P<q
With notation of Lemma 3.2, we can then write BA, (p) = (p,p), BA_(q) = (¢, ), where we recall that
._{ 5 it BAL () =0
. . . . T BA_(p if BAL(p)#D
BA(p) ={re @b, g<g) on (Brl} upBALE) i BA@)F
BA_(§) =={r€la,q), g>g(@) on [rg)} - : -
_Ja if BA_(q)=0
97\ inf BA_(§) if BA_(§)#0

Because BA(p) N BA(G) = 0, we deduce that p <P < ¢ < §. Moreover p € BA(p), ¢ € BA(q) imply that
a<p<p<g<q<b with g(p)=g9(), 9(¢) =y()

We deduce that g(p) — g(q) = 9(p) — 9(4) = 9(p) — 9(g). Hence

l9(p) —g(e)l _ 19®) —9(@| _lg(®@) 9@ _ .
p—a  p-ad - P-4 < Lin(g: )

for any compact interval K C [a,b] containing p and ¢. This implies that Lip(g; K) < Lip(g; K) and then
g is locally Lipschitz continuous on [a,b]. Moreover, consider a point pg € (a,b) where both § and ¢ have a
derivative. Then choosing p := pg < q or p < ¢ := pg, we see in the limit |p — ¢| — 0 that |§'(po)| < |¢'(po)|-
In particular, we get

(3.20) g’ <1d9'| ae. on [a,b]

Step 2: Monotonicity of g

Assume by contradiction that § is not nondecreasing on [a, b]. Then, because § and g are Lipschitz continuous,
by Rademacher’s theorem, there exists at least a point pg € (a, b) where both § and g are differentiable, such
that

(3.21) 9'(po) <0

Because ¢’ = 0 on the open set [a,b]\ {§ = g}, we deduce that g(pg) = g(po), i.-e. po € G, and then
po = Po := m(po).
Case A: pg is an accumulation point of G
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Then along the accumulation sequence, we get g = § and then ¢'(pg) =
each basin of attraction implies that pg = pg satisfies for some small £ >

(3.22) Q = (Po — €, ho + ) C BA(po)

Case B: pg is an isolated point of G

Again, the structure of each basin of attraction implies that py = po satisfies (3.22).

Conclusion in both cases

Then (3.22) implies that § = const on Q. Therefore §'(py) = §'(Po) = 0. Contradiction with (3.21). This
finally shows that § is nondecreasing on [a,b]. This implies with (3.20) that we have |¢'| > §’ > 0 a.e. on
[a,b]. Now recall that G is a closed set, and ¢’ = 0 on (a,b)\G, with § = g on G. Therefore §' = ¢’ a.e. on
G. We deduce that max(0,¢’) > ¢’ > 0 a.e. on [a,b], which shows (3.18). Moreover we also get (3.19).

This ends the proof of the proposition.

§'(po) < 0. Then the structure of
0

Proposition 3.9 (Second characterization of (generalized) Riemann germs, N = 1)
Assume (8.1). Let G C [a,b] be a set. Then G is a generalized Riemann germ with respect to (J, f) =
((—00,0],9) if and only we have

(3.23) G=0G; with Gg:={p¢elab], g(p)=9p)}

for some function § satisfying

(3.24) g :[a,b) = R nondecreasing, locally constant on {g # g}, and satisfying g— < § < g+
Moreover, when this is the case, the function g is continuous and G is a Riemann germ.

Proof of Proposition 3.9

Part I: proof that G = G; with §:=g§

Assume that G is a generalized Riemann germ. Then from iii), iv) and v) of Proposition 3.6 and from
monotonicity property of § given in Proposition 3.8, we deduce that ¢ satisfies (3.23) with (3.24). Moreover
vii) of Proposition shows that § is continuous.

Part II: proof that (3.23)-(3.24) implies that G is a generalized Riemann germ

We want to check that G := Gj; is a generalized Riemann germ, i.e. satisfies the following singleton property

GNP, ={p} forall pela,b

Step 1: nonemptyness of GN ’ﬁp
Recall that g— < g < g4. We first define p = m(p) for p € [a,b]. Setting A := g(p), we define

p if g(p)=A
pi=m(p):=4q sup{g€[p,b], g>A on (pq]} if g(p)>A
inf{q € [a,p], g<A on [g,p)} if g(p)<A

Because g is locally constant where it differs from g, we deduce the following.

If g(p) > A, then either g(p) = A = g(p) or g(p) > A = §(p) and p = a. In the second case, we conclude that
g(P) = g(a) < g+(a) = g(a) = g(p). Contradiction. Therefore only the first case arises, i.e. g(p) = A = §(p)
and p € G. Moreover with py , defined in (3.5), we have

p=prp Wwith g_(p) <g(p) <A=3(p) <3(p) < g+(p)
Similarly, if g(p) < A, then either g(p) = A = g(p) or g(p) < A and p = b, and we exclude the second case.
Hence in all cases, this defines G 3 p = py , with A € [g_(p), g+ (p)]. Hence GNP, D {p}.
Step 2: GN 75p is reduced to a singleton
Consider any p, € G N ’ﬁp for & = 1,2. Then there exists Ay € [g—(p), g+(p)] such that A\, = g(p,) and
moreover P, = Py, ,p- Hence we have §(Po) = g(Pa) = Ao. Notice that the definition of G := G5 and the fact
that g is locally constant on {g # ¢} imply that

g = const = G(Pa) = g(Pa) = Aa on  BA(pa)
Because p € BA(p1) N BA(ps), this implies that A\ = g(p) = A2 and then p; = pa, which shows that G N 75,,
is reduced to a singleton. We conclude that G; is a generalized Riemann germ.
Part III: getting a Riemann germ
Moreover, from Proposition 3.6, we have gg, = g which is continuous. Hence G is a Riemann germ.
This ends the proof of the proposition.
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3.5 Basic relaxation formula

Proposition 3.10 (Basic relaxation formula, N = 1, junction 1 : 0)
Assume (3.1). Let go be a function satisfying

go : la,b] = R is continuous nondecreasing Monotonicity
(3.25)

g— < go < gy with g1 defined in (3.4) (Bounds)

i) (Basic relaxation formula)
Then the following formula defines uniquely a map g1 : [a,b] = R

(3.26) {g1(p U {Gp, )} N{go(q)} forall p € [a,b]

g€la,b]

where G is the standard Godunov fluz associated to the function g, defined in (3.3).

ii) (Application to generalized Riemann germs)

Moreover the map g1 satisfies condition (3.25), and is such that G4, = {g1 = g} is a generalized Riemann
germ, and gy is the generalized Godunov flur associated to Gy, on a junction 1:0, i.e. g1 = gg, -
Conversely, if G is a generalized Riemann germ, then the associated function § := §g salisfies (3.25) and
(3.26) with g1 = go = g.

Proof of Proposition 3.10

Step 1: g; is well-defined, nondecreasing, continuous and satisfies (3.25)

Let go : [a,b] — R satisfying (3.25). Given p,q € [a,b], we define ®,(q) := G(p, ¢) — go(g) where we recall
the monotonicities go(1) and G(1,]). Recall that we have g_(p) = G(p,b) < go(p) < g+(p) = G(p, a).

Step 1.1: discussion for a,b finite or not

Case A: finite ¢ and b

Hence ®,(a) > 0 > ®,(b) for finite a, b.

Case B: infinite a or b

If a = —o0, then

lim ®,(q) = lim {G(p,q) — go(q)} = lim {supg —QO(Q)} = +00

q—a q—a q—a [Q7p]

where we have used the coercivity of g (as assumed in (3.1)) and the monotonicity of go.
If b = 400, then

lim @, (q) = lim {G(p,¢) — g0(q)} < lim {G(p. q) — g-(¢)} = lim {lnf 9- mfg} =—00

q—b | [p,q] [q,b]

where we have used again the coercivity of g.

Step 1.2: remaining part of the argument

Because ®,, is continuous nonincreasing, we deduce that there exists at least some ¢ € [a,b] such that
®,(c) = 0. Now even if ¢ is non unique, the common value go(c) = G(c,p) is unique, because of the
monotonicities of gg and G(p,-). This defines uniquely the value g;(p) in (3.26). Consider p’ > p. Then
there exists ¢, ¢’ € [a, b] such that

91(p) = go(c) = G(p,c) <G, ¢), g(p) = go(c) =G, )

Hence ®,/(c) > 0 = ®,(c). This shows that we can always choose ¢ > ¢, and then g1 (p’) = go(c’) > go(c) =
91(p), which shows that g; is nonincreasing, and moreover, we can always choose a map p — ¢ = ¢(p) which
is nondecreasing such that ®,(c(p)) = 0. Moreover, the continuity of g9, G and the uniqueness of the value
g1(p) imply the continuity of ¢;.

Finally, by construction, for p € [a,b] we have g;(p) = go(c) = G(p,c) € [G(p,b),G(p,a)] = [9-(p), 9+ (p)],
which shows (3.25).

Step 2: local constancy of g;

supg = supg if e<p

Assume that g1 (p) # g(p) and recall that g(p) # g1(p) = go(c) = G(p,c) = E‘;’%g _ En’%g £ oesp
p,C p,C

where we have used the fact that the inf /sup can not be reached at p, because g(p) # g1(p). Notice also
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that we can not have ¢ = p, otherwise we would get g1(p) = go(p) = G(p,p) = g(p), which is impossible by
assumption. This shows now that for p. close to p, we also have (by continuity of g, g1, go)

sup g =supg if ¢c<pe

_ _ _ ) el lew) _
9(p=) # 91(p=) = go(c) = G(pe, ) nfg—infg if c>p. 91(p)
[Pe,c] (p,c]
This justifies a posteriori that we can choose ¢. := ¢ in ¢1(p:) = go(cc) = G(pe,c.). Hence g1 is locally

constant on {g; # g}.

Step 3: conclusion for ¢;

From Proposition 3.9, we deduce that Gy, is a Riemann germ on a junction 1:0 and g1 = gg,, -

Step 4: conclusion for § '

Consider a generalized Riemann germ G C [a,b]. Let § := g be the generalized Godunov flux associated to
G on a junction 1: 0. Then we have G = G; := {§ = ¢g}. From Propositions 3.6, 3.8, the function § satisfies
(3.25). Consider g; given by formula (3.26) for go := §g. Now if p € G, then we check immediately that
91(p) = g(p) = g(p). Therefore G C G,, := {g1 = g}. Because the family (BA(p))seg is already a partition
of [a, b], where g and g¢; coincide, we deduce that g; = g, and then G5, = G; = G. Moreover, this shows that
(3.26) holds true with g; = go = ¢. This ends the proof of the lemma.

3.6 Proposition 2.14, Theorem 2.15 and their proofs on a junction 1:0

Proof of Proposition 2.14 for 1: 0 junction

For the proof we refer to the table of Subsection 2.5. Notice that for 1 : 0 junctions, Riemann monotonicities
of m and f reduces to the fact that those functions are nondecreasing. Then the result of Proposition 2.14 for
1 : 0 junction follows from Propositions 3.6, 3.8, 3.10 (respectively first properties of gen. Riemann germs,
monotonicity, relaxation formula) and Lemma 3.4 (dissipation property).

Proof of Theorem 2.15 for 1:0 junction

For the proof we refer to the table of Subsection 2.5. Point i) of Theorem 2.15 follows from ii) of Lemma 3.5
(first character. of gen. Riemann germs). Point ii) of Theorem 2.15 follows from Propositions 3.9 (second
character. of (gen.) Riemann germs).

3.7 Weak stability of the Riemann problem

Lemma 3.11 (Weak stability of Riemann problem on a single branch 1 : 0)
Assume (3.1). Let py, € [a,b] and p, € BA(pP,). We call v, = vy, 3, the unique entropy solution of (3.2)
with (p,p) := (Pn,Dn). Assume that (Dn,Pn) — (Poo, Do) € [a,b]? as n — co. Then, up to extraction of a
subsequence (still denoted by v, ), there exists poo € [a,b] such that po, € BA(Pso) and

Upp,pn = Un 7 Voo 1= Upoo ,Poo in Llloc([o’ +OO) X (_OO’ 0])
Here po is the trace of the limit, while P is the limit of the trace. Moreover, we have

(3.27) (Do) = g(Pe)  With Poo € {Poo; Do}

(even if p, may not converge towards Poy, and ps may not belong to BA(Ps) ).
In other words, for self-similar solutions on a half line, if the limit is not constant in space and time, then
the trace of the limit is equal to the limit of the trace.

Proof of Lemma 3.11

Step 1: first results

Recall that v, (t,z) = V,(x/t) with V,, monotone and bounded in L*°((—o0,0]; [a,b]). By classical Helly’s
theorem for monotone functions, we know that, up to extract a subsequence, we have V,, — V, a.e. on
(—00,0], and then v, — ve in L} ([0, +00) x (—00,0]) with v (t, ) := Vio(z/t). By stability of entropy

solutions and of their initial data, we have that v, is a solution of (3.2) with initial data p := p.,. Because
Vs is monotone, it also has a trace poo € [a,b] at z = 07. Hence voe = vy 5., With ps € BA(Poo)-

Dy, 1= D3 ith  \, := g(p d A= g(p
Moreover, we have ]3” pf‘"’p"’ W? ol g(p?) an 00 1= 9(Poc) )
Poo = D5 _ po with A := 9(Po)
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Step 2: proof that A\, = Moo
Case A: po # Do
Because BA(Poo)\ {Doo} is a relative open set of [a,b], we deduce that p, € BA(Pso)\ {Poo} for n large
enough. Hence p, = poo, and then po = poo and 5\90 = 5\00.
Case B: pyo = Poo R
If Poo = Poo, then we get immediately that Aes = Aoo. Assume therefore that Poo # poo. Precisely assume
that Poo < poo (the case Poo > Poo is similar).
Because (Pn,Pn) = (Poos Poo), this implies for n large enough that

(3.28) 9<Aa=9(bn) on (pn.pnl
Let us call the interval I, := [Py, pr]. Then from the proof of Lemma 3.1, Step 2, Case 2, we have

On 1= I wr L. ) gla) if acl,

Jn := concave envelope of g with  ¢g'"(a) := { 7 it acE\L

Hence §n(pn) = 9(pn) = An and §n(pn) < An, and from (3.28), we deduce that the concave function g,
satisfies

(3.29) Gn <An on (Pn,pnl
We deduce (see Lemma 10.1) that
(3.30) (€2,6R) = (Gn(pn), 3, (b)) satisfies &7 <&z <0
and get
Pn if €<
(3.31) Val§) =9 Pn if &p<£<0

(Gnir,))7HE) i § €67, €R]

which is well defined for almost every £ > 0. Moreover V,, is nonincreasing.
We deduce that A, > g(pn) — 9(pso) and then

(3.32) Aso = g(Poo)

Assume by contradiction that

(3.33) Aoo > 9(Poo)

Setting Ioo := [Poos Poo), We see that g, — Goo locally uniformly on [Poos Do), Where §oo is the concave envelope

of gl~. Then passing to the limit in (3.29), we get { QOO < oo = g(poc) on [ﬁ"?’pw] . Because of
Joo =9 on  9[peo; Poc]

(3.33) and the concavity of o, we deduce that §oo is above its chord on [Pec, Poo] and then

(3.34) Joo > g(Psc) On [Poc,Poc)

Then is is easy to check that V,, converges almost everywhere (by Helly’s theorem for sequences of
monotone functions) towards Vi, which is given by (3.30)-(3.31) for n = co. Moreover (3.34) insures that
Voo # const a.e. on (—o0,0). On the other hand, notice that veo = vp_ 5., = Up., p., and then this function
is uniquely given by v = poo. Therefore Vo, = po = const. Contradiction. Hence (3.33) is false, and we
conclude from (3.32) that P 9(Poo) = 9(Poo) = 5\00, where we have used our assumption po, = Poo. This
shows (3.27). This ends the proof of the lemma.

4 Riemann problem on a junction with N > 1 branches

4.1 Two families of transformations and reduction to N : 0 junctions

Given assumption (2.2), there are naturally two families of transformations with actions on (J, f,G) where
J is a junction with N > 1 branches, f7 : [a/,b'] — R are maps for j = 1,...,N and G C [a,b] is a set.
Those are I-inversions and I’-reversions where I, I’ C {1,..., N} are subsets of indices. The first family of
I-inversions does not modify the junction J, but only modify (f,G). On the contrary the second family of
I-reversions modifies (J, f) but does not modify the set G.
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4.1.1 [I-inversions
We will need the following partial inversion transform defined for a subset I of indices.

Definition 4.1 (I-inversion)
Let (J, f) satisfying (2.2) with N > 1, and let G C [a,b] be a set. Given a subset I C {1,..., N}, we define

o - . y 1 if jeI
- ) - J .
the I-inversion with respect to I as the map (-) : (J, f,G) — (J, f,G) defined for & : { 1 otherwise
as

J:=J
(4.1) Fip) =& fi(ep) for pelal,b] =& [al, ]
G:={pelatb], peG} with p:=eipl

If f : [a,b] = RN is any map, we also define the action of the I-inversion () on f as

~J

(4.2) (@) :=&fi(p) withp defined in (4.1)

Remark 4.2 Notice that the notation for a,b is not consistent with the general definition of p as a function
of p. But this inconsistency will not bring any confusion.

Then we have the following result

Lemma 4.3 (I-inversion of a germ)

Let (J, f) satisfying (2.2) with N > 1, and let G C [a,b] be a set. Given a subset I C {1,...,N}, consider
the I-inversion which maps (J, f,G) to (J, f,G) with (J, f) satisfying (2.2).

i) (Case of a generalized Riemann germ) )

Then G is a generalized Riemann germ with respect to (J, 1), if and only if G is also a generalized Riemann
germ with respect to (J, f). Moreover for p defined in (4.1), we have

(4.3) BATID () =& BAV ()
' m5(0) =& m5(p)

ii) (Case of a set with special expression)
Assume that there exists some function f : [a,b] — RY such that the set G satisfies G = {p € [a, b], f(p) = f(p)}.

Given f in (4.2), we have G = {]3 € [a,b], f(p)= f(ﬁ)}

Proof of Lemma 4.3
It is straightforward to check point ii). Let us now prove point i). Consider an entropy solution u of
w] 4+ 0x(f7(u/)) = 0 on (0,+00) x JI. We set

w (t,x) := &l (t,x)

Then @ is an entropy solution u of @ + 9, (f7(@)) = 0 on (0,+00) x J7. Moreover  is self-similar if u is,
and -
u(t,0) € G is equivalent to u(t,0) € G

This implies that G is generalized Riemann germ with respect to (J, f), if G is with respect to (J, f). It is
is indeed an equivalence. Moreover, under I-inversion, the properties (4.3) of the basins of attraction and of
the natural projection follow from the definitions. This ends the proof of the lemma.

4.1.2 I-reversions

We will need the following partial reversion transform defined for a subset I of indices.
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Definition 4.4 (/-reversion)
Let (J, f) satisfying (2.2) with N > 1, and let G C [a,b] be a set. Given a subset I C {1,...,N}, we define

. ) ~ = = 5 i -1 if jelI

- A J .
the I-reversion with respect to I as the map (+) : (J, f,G) — (J, f,G) defined for & : { 41 otherwise
as
J:={0}u U J with  J =&
J=1, N

Fi(p?) =& i (p7)
G:=¢

If f - [a,b] = RN is any map, we also define the action of the I-reversion (~) on f as

~j

(4.4) [ ()= (p)

We see that for indices in I, the I-reversion transform changes outgoing branches into ingoing branches,
and vice versa.
Then we have the straightforward result.

Lemma 4.5 (I-reversion of germ)

Let (J, f) satisfying (2.2) with N > 1, and let G C [a,b] be a set. Given a subset I C {1,...,N}, consider
the I-inversion which maps (J, f,G) to (J, f,G) with (J, f) satisfying (2.2).

i) (Case of a generalized Riemann germ)

Then G is a generalized Riemann germ with respect to (J, f), if and only if G is also a generalized Riemann
germ with respect to (J, f) Moreover, for all q € [a,b] we have

(4.5) { BAUD(g) = BA"D(q)

7I'g~ =Tg

ii) (Case of a set with special expression)
Assume that there exists some function f : [a,b] — RN such that the set G satisfies G = {p € [a,b], f(p) = f(p)}

Given f in (4.4), we have G = {p € [a,b], f(p) = f(p)}

Proof of Lemma 4.5
It is straight_forward to check point ii). Let us now prove point i). Consider an entropy solution u of
wl + 0x(f7(u?)) = 0 on (0,+00) x J7. We set

@ (t,x) == u!(t,& )

Then @ is an entropy solution u of @ + 9, (f7(@)) = 0 on (0,+00) x J7/. Moreover @ is self-similar if u is,
and ~
u(t,0) € G is equivalent to u(t,0) € G

This implies that G is generalized Riemann germ with respect to (J, f ), if G is with respect to (J, f). Moreover
it is an equivalence. Moreover, under I-reversion, the properties (4.5) of the basins of attraction and of the
natural projection follow from the definitions. This ends the proof of the lemma.

It is straightforward to check the following result.

Lemma 4.6 (Commutativity of inversions and reversions) o
Let (J, f) satisfying (2.2) with N > 1, and let G C [a,b] be a set. Given two subsets I,I C {1,...,N},
. h I d

(.

_ - - i -
consider the I-inversion ( )I and the I-reversion (-) . Then we have the commutativity ()I o(*) =() o ()I

4.1.3 Reduction to N : 0 junctions

The following result is a straightforward corollary of Lemma 4.5.
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Corollary 4.7 (Reduction to N : 0 junctions)
Let (J, f) satisfying (2.2) with N > 1, and let G C [a,b] be a generalized Riemann germ with respect to (J, f).
Set

I={je{l,....,N}, ol =-1}

The action of a I-reversion on (J, f,G) defines (J 1, g) Then G is a generalized Riemann germ with respect
to (J, f) with Ji ~ (—c0,0) = 5' (—00,0) for all j =1,...,N, i.e. with 57 =1 for all j. This means that
J is a junction of type N : 0.

This way, we see that we reduce the problem of n : m junctions with N := n 4+ m, to the case n = N
and m = 0. Such junctions are then called N : 0 junctions. In the remaining part of the section, we will
work which such junctions which have more symmetries. The result for the original problem can then be
obtained easily by the inverse of the reverse transform.

4.2 Proof of Proposition 2.4: L' estimate for Riemann problem

We can do the proof of Proposition 2.4 in two steps.

Step 1: reduction

We first notice that the problem reduces to a single branch N = 1 and using a reversion, we can assume
that we work on a 1 : 0 junction.

Step 2: the computation

We now compute formally for j = 1 with J7 = (—o0,0)

d j N j
5 mu»—w>—ng»

/8{f7u3 )} da

-y
- )

This computation can easily be justified (in the sense of distributions), and this implies the first equality of
(2.7), because u/ (0,-) = p’. The second equality of (2.7) follows from the fact that the sign of u/ — p? only
depends on j, for self-similar solutions (see Lemma 10.1). This ends the proof of the proposition.

4.3 First results on generalized Riemann germs

Assume (2.2) with N > 1 branches ~ (—o00,0). We recall briefly some definitions/notations. For j €
{1,..., N}, we recall that the standard Godunov flux G7 : [¢/,b]> — R associated to f7, is G?(q,r) :=
[mf fj if g<r
ar
sup f7 if g>r
[r,q]

(4.6) @)= inf fF=Gp¥) < fllp):= sup fI =G, d)

[p7,b7] [a7,p7]

. We also define the following nondecreasing functions of p/ € [a/, b]

and for A € [f2 (p?), f +( )], we define the following element of [a7, b7]

e P =2
(4.7) P=< sl e @b fFI>A o (g} i ) > A
if{g € [0l,p), FI<A on (@)} if fI(pI) <A

which is nonincreasing in A. For p = (p!,...,p") € [a,b], we also define the following subset of [a, b]
(4.8) = II 7, with PL={p, €/ V], Xelf () 0]}
Jj=1,...,N

We also recall the basins of attraction defined for all p € [a, b] by

(4.9) BA(p):= [] BAY(pY) with BA/(p/):=BA’ (p/)U{p’} UBA,(p)

j=1,.,N
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, o ) . o BA) = {Zde@ v, fI<N on (¢}
J J o —+ ) ) )
where BA), = BA’, (p?) are given for N := f7(p?) by { 7 [¢ clalpi), >N on [ghp)
['hen from Lemma 3.2 and the definitions, we get immediately

Lemma 4.8 (Inverse characterization of the map p — 751))
Assume (2.2) with N > 1 and a N : 0 junction. Then for two arbitrary vectors p,p € [a,b], we have

pE 751, if and only if  p € BA(p)
The following result follow immediately from the definitions and Lemma 3.1.

Lemma 4.9 (Generalized Riemann germ characterization, N > 1)

Assume (2.2) with N > 1 and let G C [a,b] be a set.

i) (First characterization)

The set G is a generalized Riemann germ if and only if for all p € [a,b], we have the singleton property
GNP, = {p}, where P, is defined in (4.8).

ii) (Equivalent characterization)

The set G is a generalized Riemann germ if and only if (BA(p))seg is a partition of [a,b].

Proposition 4.10 (First properties of generalized Riemann germs, N > 1)

Assume (2.2) with N > 1 and let G C [a,b] be a generalized Riemann germ for a junction N : 0. Given
p € [a,b], the unique G-entropy solution of (2.6) writes ugﬁ with 7(p) :=ng(p) :=p € G and 7 : [a,b] = G
which satisfies tom =m. We set f := fg:= fom.

i) (Local constancy): The map f is locally constant on {f + f}

ii) (Inverse of m): For all p € G, we have 7—1(p) = BA(D).

iii) (Level set formulation of the germ): We have G =G; := {p e lab], f(p)= f(p)}.

iv) (Characterization of f) Assume that f [a,b] — RN is continuous. Then f is fully characterized as
the continuous function which is locally constant on {f #* f} such that G = G.

v) (Monotone bounds): We have f_ < f < fy with f+ defined in (4.6).

Remark 4.11 Notice that the monotonicity properties off are not proved in Proposition 4.10. Again it
seems to be a delicate result. We will prove it later using as a key step a slicing lemma which reduces to
germs for a single branch, for which we already have proved some monotonicity.

Proof of Proposition 4.10

Step 1: proof of ii)

From i) of Lemma 4.9 and Lemma 4.8, we have 7—1(p) = BA(p) for all p € G.

Step 2: proof of iii)

From b) in hands, then Step 3 of the proof of Proposition 3.6 applies word by word.
Step 3: proof of i)

Let p € [a,0] N {f ” f} and let p = 7(p) € G such that p € BA(p). We set

(4.10) L) ={ie (.. .N P £ P

Because f = f o, we deduce that for all j € I,(f) that p/ € BA(H)\ {p’}, which is a relative open set

of [a?,b7]. We deduce the existence of some & > 0 small enough such that [a/, 7] N Q; ; C BAJ(p) with
I .= (p! —e,p! +¢). This means that

pJ

(4.11) [a.5NQL(p) C BA(D) with QI(p):=p+ D (~e,e)e

JEL(f)

with the convention that Q!(p) = {p} when Ip(f) = (. Then f = const = f(p) = f(p) on [a,b] N Q&f(p),
which means exactly that f is locally constant on { f *f }
Step 4: proof of v)
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Consider p € [a,b]. We know that p € BA(p) with p € G. Hence for each index j, we have p/ = ﬁg\j 9 with
Fi(p) = () = N € [fL(p7), fL(p")] (by assumption). This gives the monotone bounds.
Step 5: proof of iv)
Assume that f is continuous. Now consider some continuous function f : [a,b] — R which is locally constant
on {f;é f} such that G = gf. We want to show that f = f.

We already know that f =f= f on G, where G = @G i is a closed set, because f is continuous. Moreover,
we have for all p € [a,b]\G, there exists £ > 0 such that

9 o i ey NQI(p) forall jeI,(f)

op?
where Ip(f) and Q;(p) are defined respectively in (4.10) and (4.11). By continuity of f, f and the structure
of each basin on attraction, we deduce that f = f (p) = f on BA(p) for all p € G. Because the family of
basins of attraction forms a partition of [a,b], we deduce that f = f .
This ends the proof of the proposition.

4.4 Slicing lemma and basic monotonicities
The following simple lemma is a key tool.

Lemma 4.12 (Slicing lemma)
Assume (2.2) with N > 2, and let G C [a,b] be a generalized Riemann germ for a N : 0 junction. Let
1<n < N. Then forp € [a,b], we write
p=(p,p") with p' =(@',....,p") €ld, V] and p" =", ....p") € [d",b"].
Given some pj € [a”, V"], we set I1 := [/, V'] x {p{j} and define the slicing of the germ G with respect to py:
Gpy = {p € [d,V], s.t. there exists p= (',p") € G with BA(p) NI # 0}

Then ng C [a/,V'] is a generalized Riemann germ for a n : 0 junction. Moreover

(412) gp{)’ = {p,:(p17"'7pn) € [alvb/]a f](p,7pg):f](p]) fOT’ .7:177’”‘}
and the effective flur function associated to Gy is

(413) ngp(/)/ = (fj(',pg))jzl,...,n

Proof of Lemma 4.12
Recall that BA(p) is given in (4.9) and that in the present case all branches satisfy J7/ ~ (—o0, 0).
With G :={p € G, BA(P) NIL # 0}, we can write

Gpy = 1{p' € [d',], s.t. there exists p = (5',p") € Gn}

Because (BA(P))peg is a partition of [a, b], we see that II is covered exactly once by the family (BA(p))segy -
Hence (ILN BA(p))pegn is a partition of II. This implies that G, C [a, V] is a generalized Riemann germ.
Now define 3 B o

Gy = {p’ =(p',....p") eld, V], F@,p0) =) for j= ln}
For any p’ € Gy, we set p := n(p',py) € Gn, where m = ¢ : [a,b] — G is the natural projection associated
to G. Then p writes p = (p',p"”). Moreover f = const = f(p) on BA(p), and BA(P) N1I > (', py). This
shows in particular that gp/o’ C gp(/)/.

Conversely, consider p’ € Q~pg and set w(p',py) =: p = (p',p") € Gn with p’ € BA'(p") (with obvious
notation). Hence f7(p?) = fi(p/,pll) = fi(p) = fi(p’) for j = 1,...,n. Because we have BAI(p7) N
{fi=rp)} = {p} forall j =1,...,N, we deduce that p’ = p/ with (§',p”) € Gn. This implies the
reverse inclusion G, D Q})g. This shows (4.12). Moreover, we get that fgp{{ = (fj(~,pg))j:1,...,na ie. (4.13).
This ends the proof of the lemma.

We now state the following result.
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Proposition 4.13 (Basic monotonicities of f, N > 1)
We work under assumptions of Proposition 4.10. Then we have on [a,b]

p fi(p)

. are nondecreasing in p’, for all j (Basic monotonicities
prm(p) } ( )

Moreover we have

for all index j, the function fj is locally Lipschitz continuous in the variable pj,
(4.14) and for all qo € [a,b] and for all j, we have with JJ (p7) := (¢, . .. A I S \D
max(0, (f7)') > (f2) >0 a.e. on[a?,b] with f = f/ o
and for all qo € [a,b] and all index j we have

(( Ago)/ € {0, min(0, (f7)")} and (fgo)’ = (f7)" > 0 implies fgo = fj) holds a.e. on [a/,b]

Proof of Proposition 4.13
Applying the Slicing Lemma 4.12 with n = 1, we get for j = 1, that fgo is the flux function at the junction
1 : 0 associated to a generalized Riemann germ. Applying vi) of Proposition 3.6 and Proposition 3.8, we
deduce the result for j = 1. Up to relabel the indices, we get the result for all indices j = 1,..., N. This
ends the proof of the lemma.

4.5 Theorem 2.15 and its proof: characterization of generalized Riemann germs

We first start with the following result and then give the proof of Theorem 2.15.

Proposition 4.14 (Generating generalized Riemann germs, N > 1)
Assume (2.2) for a N : 0 junction with N > 1 and let G C [a,b] be a set.

Then G is a generalized Riemann germs if and only if G = gf = {f = f} for some function f 2 a, 0] — RN

which is locally constant on {f # f} and satisfying for all j
(4.15) P — fi(p) is nondecreasing on  |a, b] (Basic monotonicities)
. I-<r<f+ (Monotone bounds)

with fi defined in (4.6).

Proof of Proposition 4.14

Part I: properties of generalized Riemann germs

Notice that if G is a generalized Riemann germ, then Proposition 4.10 and Proposition 4.13 shows that
f = fg satisfies all the required conditions.

Part II: constructing a generalized Riemann germ

Conversely, assume that f : [a,b] — RY is locally constant on { f#f } and satisfies (4.15) for all index j.

Then let G := gf = {f = f} Let us check that G is a generalized Riemann germ, i.e. that G satisfies the
following singleton property G NP, = {p} for all p € [a, b)].

Step 1: nonemptyness of GNP,

Recall that f_ < f < fy. We first define 7(p) := p for p € [a,b]. For each index j, setting X := f7(p), we

define _ -
P it () = A
P o=nl(p) =9 sup{¢ € [pP,V7], fI>X on (p/,¢1} if fI(p7) > A
inf {¢/ € [a?,p7], fI<X on [¢,p))} if  fi(p?) <\
Exactly as in Step 1 of the proof of Proposition 3.9, we conclude that G N 75,, D {p}.
Step 2: GN ’ﬁp is reduced to a singleton

Exactly as in Step 2 of the proof of Proposition 3.9, we conclude that G N ﬁp = {p}. which shows that G is
a generalized Riemann germ. This ends the proof of the proposition.
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Proof of Theorem 2.15

For the proof we refer to the table of Subsection 2.5. Point i) of Theorem 2.15 follows from ii) of Lemma
4.9, while point ii) of Theorem 2.15 follows from follows from Proposition 4.14. This ends the proof of the
theorem.

4.6 Partial relaxation formula

Proposition 4.15 (Partial relaxation formula, N > 1)
Assume (2.2) for a N : 0 junction with N > 1. Let G C [a,b] be a generalized Riemann germ and f := fg.
For any p € [a,b] and index j, we define for all ¢ € [a?,b)

fg = fjo[‘z wlth L%(qj) = fj(p17"'7p]71’qj?p7+17"'7pN)

Then for all index j, the function f{] satisfies

fg s [a?, 7] — R is continuous nondecreasing (Monotonicity)
fé,_ << i N (Bounds)
gy — j
(4.16) »—(a) [qul}lfj} fis

b (@)= sup f]
[a9,q7]

and we have the following partial relaxation formula

(4.17) {fion} = U {ew . n{fi@)]

g7 €lad bi]

Proof of Proposition 4.15
The result follows from the slicing lemma 4.12, considering GJ := {qj € [a?,b7], fg (¢7) = fj(qj)}7 which is

a generalized Riemann germ in [a’,b/]. Moreover the associated effective flux function is fgg = fg Then
(4.16) and (4.17) follow from Proposition 3.10. This ends the proof of the lemma.

4.7 Theorem 2.17 and its proof: characterization of Riemann germs
Before to start the proof of Theorem 2.17, recall that we consider Kruzkov entropy solution

N
ug{,ﬁ = (ugl;l,;[;lv s 7u;])VN,ﬁN) € Llloc ([07 +OO) X (7007 0)) = Llloc ([07 +OO) X J)

to the G-Riemann problem (2.6).

Proof of Theorem 2.17

Part I: proof of i)

We only do the proof for N : 0 junctions. The general case of junctions n : m is recovered from N : 0 with
N :=n+ m, using suitable [-reversions (see Lemma 4.5).

Step 1: necessary condition

Assume that G C [a,b] is a Riemann germ. For p, — poo, We set Poo :=: T(Poo), and up to extract a
subsequence (still denoted by p,,), we have p,, := m(p,) — Poo € [a,b]. By Definition 2.5 of Riemann germs,
we have

ugmﬁn — ugwﬁw in L}, .([0,+00) x J), as n — 400
Hence for p, € BA(p,) and from the weak stability Lemma 3.11, we conclude that f(pso) = f(Poo)- By

definition, this shows that f(pn) = f(Pn) = f(Pos) = f(Fos) = f(7(pso)) = f(pos), which shows the
continuity of f .

Step 2: sufficient condition

Let G be a generalized Riemann germ and assume that f : [a,b] — RY is continuous. We want to show that

G is a Riemann germ. Because G = {f = f}, we deduce that G is a closed set. Now if p,, € [a,b] satisfies
Pn — Poo € [a,b], then, up to extract a subsequence, we have G 3 7(p,) =: Pn = Poo € G. From the weak
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stability Lemma 3.11, there exists o, € [a,b] with ps € BA(Poo) such that, up to extract a subsequence,
we have

Up = ugmﬁ" = Uso = Up_ 5. 0 L ([0,400) x J), as n— +oo

and we want to show that u,_ 5. = Uy r(po)? i.e. that poo = T(Poo). From Lemma 3.11, we also know that
(4.18) f(Poo) = f(Poo)  With  Poo € {Poc; Poo}

Up to extract a subsequence (still denoted by p,,), we can assume that there exists s = (s7);21, € {1}V
such that for all index j, we have

(4.19) s1(pl, —pl) <0 foralln

We set [ := {j e{l,....,N}, s = —1}. Then, up to use the I-inversion and (4.19), we can assume that
Pn < pn. Hence o

f=Xw=f(n) on BA(pn) D [Pn,Pn)
Passing to the limit, we get from the continuity of f that

f=Ac=Ff(P) 0N [Poo;Poc] D {Poo}

where we have used (4.18) for the last inclusion. Using again (4.18), we get f(poo) = f(Poo) = Moo = f(Pos)-
This shows that ps € G. Hence poo € BA(Poo) implies P € G N P . = {7(pso)}, and then pos = 7(Poo)
which shows e = Up p.. = Uy ¢, - This shows that the limit uo is unique, and independent of the
extracted subsequence. Therefore, the full sequence u,, converges towards u,,. This establishes that G is a
Riemann germ.

Part II: proof of ii)

The result follows from iv) of Proposition 4.10. This ends the proof of the proposition.

4.8 Dissipation properties for N : 0 junctions

Lemma 4.16 (Dissipative points are in the germ)
Assume (2.2) for N : 0 junction with N > 1. Assume that G C [a,b] is a generalized Riemann germ, and let
f be its associated effective flux function. Let p,G € G and p € BA(p), ¢ € BA(G). Recall that 07 = +1,

D" (p,q) == sign(p’ —¢7) - {f(p) = f7(¢)} and DY (p,q) := sign® )-A{F ) - ()}

i) (Dissipative points are in the germ)
We have for all index j

(4.20) DY (p,p) <0

and v
J N A A~
> DF(pp)=D/pp >0 = p=peg

ii) (Properties of D/’ and Di )
We have for all index j
(4.21) D (p,q) 2 D (5,9) and DL (p.q) = DL (5,0)

Proof of Lemma 4.16

Step 1: proof of i)

This is a corollary of Lemma 3.4.

Step 2: proof of ii)

We only do the proof for D+, because D(p, q) = D+ (p,q) + D1 (g, p) then implies the result for D.
We set Ay == f(p), Ay := = f(q), and p —p)\_;m], ¢’ =Dy 4+ Recall that (here with o7 = +1)

D} i= D (n,q) = {sign* (0’ — )} - { F 0) - F(a)}
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and let us set » ; 4 4 4 4

D} = DL (p,4) = {sign™ (¢ — &)} - {/(B) — (@)}
Because f(p) = f(ﬁ) and the same for ¢, we deduce that only the change of value of signt(p? — ¢7) #
sign® (5’ — ¢’) can affect the difference D’ — D’.. We then distinguish the only two cases where this
happens.
Case A: p/ > ¢’ and p’ < ¢’
This means that p/ = Prjpi < Prtgi = ¢’. Then either p/ < ¢’ or p/ = ¢’, and from the monotonicities of

the map (M, p?) — ﬁg\j ,s Which are (], 1), we deduce that
MN>X o oor (PP =¢ and A =\)
i.e. _ . ) .
Dl >0=D] or D), =0=D]

Case B: p? < ¢/ and p/ > §’ . '
From the monotonicities, we deduce that )\g) < )\Z. Hence D} =0 > Di
Conclusion _ _

In all cases, we deduce that D > D’ which shows (4.21).

This ends the proof of the lemma.

4.9 Characterization of Kruzkov functions and technical approximations

Notice that while Df’ is a continuous function, DY is not continuous in general. For later use, we will need
the following technical result.

Lemma 4.17 (Approximation of D and Di)
Assume (2.2) with N > 1. Consider the relative open set 2 of [a,b]? defined by

and any continuous function f : [a,b] — RN . Then for all (p,q) € [a,b]2, there exists a sequence (ps,qs) €
such that (ps,qs) — (p,q) as § — 07 and

(4.23) DY (p,q) > liminf DY (ps, g5)
6—0+

and

(4.24) DY (p.q) > lim inf DY, (ps, as)

Proof of Lemma 4.17
We only do the proof for 0 : N junctions (because the signs of the present computation are then more natural
than for N : 0 junctions). The general case can be recovered using reversion transforms. We first notice that

D is continuous on . Assume now that (p,q) € [a,b]*\Q, and define the sets

I:={je{l,....N}, £(p/—¢/)>0}, ILy:={je{l,....N}, (" —¢)=0}

and
La={jeh, +{fm)-F@}>0}, no={ich, {F®-Fa}=0}
We set -
h:=p—gq, h:= Z ej — Zej
jGIO,+UIU)o je[o,,
Notice that for 6 > 0, we have
(4.25) p—q+6h=h+0h€ Ex:=Eg, +Ex CRY with Eg, =4 Y (0,+00)e;

JEK+
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and
KiNK_=0, KiUK_={1,...,N} with Ky:=I; Ul Ul K_:=I1_Uly_

If p, ¢ belong to the interior of the box [a, b], then we can consider the couple (p + 6h,q) € Q for § > 0
small enough. In general, we may have a,b € Ola,b]. Nevertheless in all cases, we can find p,g € R such
that p — g = h, and for § > 0 small enough, we have

Ps :=p+0p, qs:=q+06q, satisfy ps,qs € [a,b]

Because ps — gs = h + 0h € Ex, we deduce that (ps,gs) € Q, and then

Jm Dls) =3 3 AP@ - Ff- 3 AP0 - )
=Dl - 3 PR+ 3P
< D/ (p,q) o |

where we have used the definition of Iy + and Iy in the last line. This shows (4.23).
Similarly, we have

T DLsa) = 3 {F0)-F)}

ieKy
=Dl - > [
N jEIO,+UIO,0
< D{(p.q)

which shows (4.24). This ends the proof of the lemma.

Lemma 4.18 (A property of Kruzkov functions for 0 : N junctions)

Assume (2.2) with N > 1 for some 0 : N junction. Consider a continuous function f : [a,b] — RN,
i) (Kruzkov functions)

Then f satisfies
(4.26) DI >0 on [a,b]?

if and only if in the sense of distributions in D'(a,b) with (a,b) := Hj:L___yN(a-j, v)
SKi:: ZjeK fj - ngK fj

(4.27) OkSk <0 forall ke K |, foral KcC{l,...,N}
OkSK >0 forall k€K

ii) (Semi Kruzkov functions)
Then f satisfies

(4.28) Dizo on [a,b]?

if and only if in D'(a,b)

Sk = e [
(4.29) oSk <0 forall ke K |, forall Kc{l,...,N}
OkSKk 20 forall k¢ K

Proof of Lemma 4.18

We first do the proof in part I, assuming more regularity on f, and then in Part II for f only continuous.
Part I: assuming f locally Lipschitz continuous

Step 1: proof of i)

Step 1.1: (4.26) implies (4.27)
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Let us consider two subsets Ky C {1,..., N} such that Ky N K_ = {), a point p € (a,b) := H (a?,b7)
j=1,.,N

and h € E:= Ex, +Ex C RN with By, ==+ (0,400)e; and € > 0 small enough such that we have

JEK L
pe :=p—+eh € (a,b). Then we have 0 < Df(ps,p) =— Z {fj(pe) - fJ(P)} - Z {fj(ps) - fj(p)}
JjEK, JEK_

Setting S, x_ = Z fj — Z fj, we get

JEK, jEK_
h-DSkg, k. <0 ae on (ab), forall hekFE

Now choosing

hi=dep+0 > ej— Y ejp if keKy

JEK 4 JEK_

then in the limit § — 0%, we get +0rSk, k. < 0 forall k € Ki. If moreover we choose Ky such that
K :=K;={1,...,N}\K_, then we get relation (4.27).

Step 1.2: (4.27) implies (4.26)

Conversely, assume that (4.27) holds true with K := K := {1,..., N}\K_. With the same notation as in
Step 1 with e:=1and q:=p. =p+h,and h € F:= Ex, + Ex_, we get

1
Df(q,p)=—{SK(q)—SK(p)}=—/O h-DSk(p+th)dt>0 with h:=q-p€FE=FEk, +FEx_

For (2 defined in (4.22), this implies Df > 0 on . From Lemma 4.17, we deduce that D > 0 on Q = [a, b]?,
which is (4.26).

Step 2: proof of ii)

The proof follows the same lines as the one of point i).

Step 2.1: (4.28) implies (4.29)

As in Step 1.1, we consider a point p € (a,b), h € E:= Ex,_ + Ex_ C RY and p. :=p +eh € (a,b). Then
we get

0<DLpep) == Y {Fw) - F0)}

. JEK
0<Dlp) = > {Fw) - Fp)}
JEK_
Hence for Sk, =) cp, f7, we get

+h-DSkg, <0 ae. on (a,b), forall hekFE

Now choosing h as in Step 1.1, in the limit § — 0T, we get (4.29) with K := K, ={1,...,N}\K_.

Step 2.2: (4.29) implies (4.28)

Conversely, assume that (4.29) holds true with K := K, = {1,..., N}\K_. With the same notation as in
Step 1.2 with € := 1 and ¢ := p. = p+ h, we get

r A A 1 A .
plan ==Y {P@-Pw}=- [ kD] 3 Plo+th) g dt=0 with himgq-peE=Ex,+Ex.
JEKy 0 J€Ky

For Q) defined in (4.22), this implies Di > 0 on Q. From Lemma 4.17, we deduce that Di > 0on Q= [a,b)?,
which is (4.28).

Part II: general continuous f

We now only assume f continuous. Let 0 < p. := e Np(e~'-) be a mollifier with supp(p) c [—1,1]V.
Extending f (for instance by zero outside the box [a,b]), and for p,¢ in the interior of the box [a,b], and
integrating Df(p+§,q+§) > 0 (resp. Df:_(p+§, q+€) > 0) over the measure p.(€)d¢ and setting f€ := f*p.,

we get DI* >0 (resp. Df >0)on [a,ble:==[a+¢e(1,...,1),b—¢e(1,...,1)].
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Defining S5, (resp. S%) as Sk (vesp. Sk) with f’f instead of f, we see that Steps 1 and 2 do apply, and in
the limit € — 0, we recover the desired result, using the continuity of f.
This ends the proof of the lemma.

As a straightforward application of a reversion transform, we get

Corollary 4.19 (A property of Kruzkov functions for N : 0 junctions)

Assume (2.2) with N > 1 for some N : 0 junction. Consider a continuous function fr [a,b] — RN,
i) (KruZkov functions)

Then f satisfies

(4.30) DI >0 on [a,b]?

if and only if in D'(a,b) with (a,b) := Hj:17___7N(aj, b7)

SK_:: ZjeK fj - Eng fj
(4.31) oSk >0 forall ke K |, forall Kc{l,...,N}
OkSk <0 forall k¢ K

ii) (Semi Kruzkov functions)
Then f satisfies

(4.32) DL >0 on [ab?

if and only if in D'(a,b)

Sk =Y I
(4.33) oSk >0 forall ke K |, foral Kc{l,...,N}
OkSk <0 forall k¢ K

4.10 First application to Kruzkov germs

Proposition 4.20 (Characterization of Kruzkov germs among generalized Riemann germs)
Assume (2.2) with N > 1.

i) (Kruzkov germs)

Let G C [a,b] be a generalized Riemann germ, and let f = fg be its associated generalized Godunov flux.
Then G is a Kruzkov germ if and only sz is locally Lipschitz continuous on [a,b] and its Jacobian matriz
is diagonally dominant, i.e. precisely

(4.34) oo ft > Z 10;f7| a.e. on [a,b], i=1,...,N
je{1,....,N}\{:}

ii) (General continuous Kruzkov functions, which are partially Lipschitz)
Assume that h : [a,b] — RY is a continuous map. Assume also that the map p — h?(p) is locally Lipschitz
continuous in p? uniformly in the other coordinates p* for k # j, and for all j =1,...,N.

Then D" >0 on [a,b)? if and only if h is locally Lipschitz continuous and satisfies

(4.35) olO;ht > Z |0;h7|  a.e. on [a,b], i=1,...,N
Jje{1,...,N}\{:}

Proof of Proposition 4.20

Part I: proof of i)

We first recall that from Lemma 5.5, the generalized Riemann germ G is a Kruzkov germ if and only if it
satisfies DY > 0 on [a,b]? for f = fg. We only do the proof for N : 0 junctions. The general case then
follows by reversion transforms.

Step 1: necessary condition

Step 1.1: interior regularization

53



Consider a Kruzkov germ G. Then recall that Df > 0 implies for all points p, ¢ in the interior of the box
[a,b] with 07 =1 for all j

(4.36) Dip+eqre) = > sin@ —a)-{Fp+& - Fla+9}=0

j=1,..,N

Let 0 < p. := e Np(e~1.) be a mollifier with supp(p) € [~1,1]". Extending f (for instance by zero outside

the box [a,b]), and integrating (4.36) over the measure p.(€)d€ and setting f= := f % p., we get DI° >0 on
[a,b]e :=[a+¢e(1,...,1),b—e(1,...,1)].

Step 1.2: application

Recall that Corollary 4.19 holds for N : 0 juntions, and (4.31) means for f¢ that a.e. on [a, D]

Sk = Z]ek<f6)j - ngK(fE)j
(4.37) oSk >0 forall ke K |, forall Kc{l,...,N}
oSk <0 forall k¢ K

Fix a point p € [a, b] where f€ has a derivative, and fix the index 1. Let K_(p) := {j €{2,....,N}, 0.(f)i(p) < O}.
Then for K := K(p) := K_(p) U{1}, we get from (4.37)

S o) () - > n(f) () >

JEK_(p) J€{2,.... NI\K_(p)

ie.

(4.38) n(f)r > Z 8:(f5)| a.e. on [a,bl.

jE{2,...,N}

The same result holds true for all other index than 1, which shows that f¢ satisfies (4.34) on [a, b]..

Step 1.3: the limit ¢ — 0

We also know that 0 < ajfi < |(f7)'| a.e. for N : 0 junctions. Joint to (4.38), this shows that f¢ is locally
Lipschitz continuous, uniformly in € in the interior of the box [a,b]. From Lemma 6.3, we know that f is
continuous on [a, b]. Hence f¢ — f locally uniformly in the interior of the box [a, b], and we conclude that f
is locally Lipschitz continuous in the interior of the box [a,b]. Then, inside the interior of the box [a, b], wi
can apply Corollary 4.19 to f as in Step 1.2. This shows (4.34) for 07 = 1 for all j. Finally, the contmulty
of f on [a,b] implies that f is locally Lipschitz continuous on the whole box [a, b].

Step 2: sufficient condition

Assume now that f is locally Lipschitz continuous on [a,b] and satisfies (4.34) for 07 = 1 for all j. Then this
implies immediately (4.37), which from Corollary 4.19 is a characterization of D¥ > 0 for a N : 0 junctions.
Finally recall that Lemma 5.5 shows that G is a Kruzkov germ.

Part II: proof of ii)

The same argument as in Part I applies and give the result. This ends the proof of the proposition.

Lemma 4.21 (A contraction property for Kruzkov functions)

Assume that h : [a,b] — RY is a continuous map. Assume also that the map p — h?(p) is locally Lipschitz
continuous in p’ uniformly in the other coordinates p* for k # j, and for all j = 1,...,N. Assume also that
h is Kruzkov, i.e. satisfies D" >0 on [a,b]?. Let ¢ > 0 and assume also that for p,p’ € |a,b] satisfy

pt+eh(p)=q and p' +ch(p')=q

Then

P —ph <ld' —qli with |zli:= Y |2
J=1.N

In particular the map (Id +ch)~! is a 1-Lipschitz map with respect to the norm | - |;.

Proof of Lemma 4.21
We have

(0" —p) +e{h@) —hp)} =4¢ —q
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We set p:= p’ —p and ¢ := ¢’ — q. Taking the scalar product with the vector 5 := (sign(p'),...,sign(p™))?,

we get

ph =5-p
<5-p+eD"(p/,p)
=5-p+es-{hp)—hip)}
=5-q
< |qh

where in the second line we have used D* > 0. This implies the result and ends the proof of the lemma.

5 Gluing and Riemann monotonicity

5.1 Riemann monotonicity

Proposition 5.1 (The map 7 is Riemann monotone on N : 0 junctions)
Assume (2.2) for a N : 0 junction with N > 1. Let G be a generalized Riemann germ, and let m := 7g ils
associated projection. Then the map 7 is Riemann monotone in the sense of Definition 2.12.

Proof of Proposition 5.1
For all p,q € [a,b], we set p := 7(p), § := 7(q) and [7]} := 7(p) — 7(q) = p — §. Assume by contradiction
that 7 is not Riemann monotone, i.e. that we have

(5.1) (p—q)o[r]y <0 and [r])#0
Recall that
BA(p)NBA(G) #0 = p=q¢ <= =0

From (5.1), we then deduce
(5.2) BA(p) N BA(G) =0
We set ~

I={ke{l,...,N, p">q"}}, I:={ke{l,....N, p"<q"}}
and then TUT = {1,...,N}. Up to apply a I-inversion (see Definition 4.1), we can assume that

(5.3) p>q, P<q, DP#q

We now do the proof by recurrence on N > 1.

Step 1: Case N =1

Then we get p > ¢, m(p) < w(q). Because 7 is nondecreasing (see vi) of Proposition 3.6), we get p = m(p) =
7m(q) = 4. Contradiction.

Step 2: Case N > 2, and Proposition 5.8 holds true for N/ := N — 1

Step 2.1: Case of the hyperplane intersection

Step 2.1.1: setting of the problem

Assume by contradiction that there exists an index ko € {1,..., N} and some pi® € [a¥0,b¥°] such that the

"hyperplane” intersection with the box [a, b] defined as I, := {7 € [a,b], 7F0 = plgo} satisfies

(5.4) { Iy, N BA(p) # 0

Iy, N BA(G) # 0

Up to relabel the indices, we can assume that kg = N, and then (5.4) means

(5.5) BA(N) N BA(GY) # 0

From the slicing Lemma 4.12, we know that the flux function fg restricted to IIy N [a,b] is associated

to a generalized Riemann germ gpév C Q = H [ak, br], and we set the associated projection map
k=1,..,N—1

Q- Gpy defined as 7 := TG,y = 7' (-, pdY) for 7 = (7', wN). Moreover, writing
p=0"), a=(.d"), p=0"p"), a=(q")
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ans using (p/,p’) € BA(p) and (¢',pl’) € BA(G), we get that p' = 7(p), ¢ = #(¢') € Gpy. Then (5.3)
implies (p’' — ¢') ¢ [ﬁ]f;: < 0. By recurrence assumption, notice that 7 is Riemann monotone, and then
77 =0, ie. 9 =4

Step 2.1.2: consequences

Hence we get BA(p) = Q' x BAN (p"), BA(§) = Q' x BAN(gV) with Q' := BA(p') = BA(§'). Hence (5.2)
means BAN (pV) N BAN (V) = 0. Contradiction with (5.5). This implies there is no index ko such that
(5.4) holds true, which is the next case.

Step 2.2: Case of no hyperplane intersection

We now assume that there is no index k¢ such that (5.4) holds true. Then this implies that BA(p) and
BA(§) are well separated in all directions, and then in particular we have p > ¢, p < ¢. Again, because
BA(p) and BA(G) are well separated in all directions, we deduce that

p* € BA(p") < BA(§") > ¢

which implies p* < ¢*. Contradiction.
Step 3: conclusion
Therefore (5.1) is false and we conclude that 7 is Riemann monotone. This ends the proof of the proposition.

Notice that if f is Riemann monotone on [a, b], then f is in particular Riemann monotone on G. Con-
versely, we also have

Lemma 5.2 (Transfer of Riemann monotonicity, N : 0 junctions)
Assume (2.2) for N > 1. Let G C [a,b] be a generalized Riemann germ.
Assume that f is Riemann monotone on G. Then f := fg is Riemann monotone on [a,b)].

Proof of Lemma 5.2
Assume that f is Riemann monotone on G. This means that for all p,§ € G, we have

(5.6) G-dolfb<o = [ff=0

Now consider any p € BA(p) and ¢ € BA(§), and assume that (p —q) o [f]} < 0. From ii) of Lemma 4.16 on

dissipation properties, we deduce that (p — §) ¢ [f]g < 0 and then (5.6) shows that 0 = [f]fla = [f]b, i.e. that

f is Riemann monotone. This ends the proof of the lemma.

We finish this subsection with the following results.

Lemma 5.3 (Injectivity of perturbed Riemann monotone functions for N : 0 junctions)
Assume (2.2) for N > 1. Assume that h : [a,b] — R is Riemann monotone.
Then for any € > 0, the function he == h+eld : [a,b] — RY is injective.

Proof of Lemma 5.3
First, up to a reversion transform (see Definition 4.4), we can assume that ¢/ = 1 for all indices j. Let € > 0
and consider p, ¢ € [a, b] such that h.(p) = h(q). Set

I={je{l,....N}, p<¢}
Then up to a I-inversion (see Definition 4.1), we can assume that p > ¢ and h.(p) = h.(q). Hence
W =) W= —¢) Mg =’ = ¢)? = —e(p’ —¢')* <0
Therefore (p — q) ¢ [h]7 < 0 and the Riemann monotonicity of h implies that [h]? = 0. Therefore
cl1dlg = )2 — (1]} = 0
i.e. p = q, which shows the injectivity of h.. This ends the proof of the lemma.

Remark 5.4 All results of Subsection 5.1 generalize to junctions of type n : m. This follows from the use
of suitable I-reversions (see Definition 4.4 and Lemma 4.5).
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5.2 Proposition 2.14 and its proof: properties of generalized Riemann germs
We are now ready to give the proof of Proposition 2.14.

Proof of Proposition 2.14
The result follows from Propositions 4.10, 4.13, 5.1, 4.10 and Lemma 3.4. This ends the proof of the
proposition.

5.3 Subclasses of germs and effect of slicing

Lemma 5.5 (Flux properties of subclasses of germs)

Assume (2.2) for N > 1. Let G C [a,b] be a generalized germ. Let f = fg. Then the following holds.
i) (KruZkov germs)
Then G is a Kruzkov germ if and only if

(5.7) DI >0 on [a, b]?

with R N ) ) ) .. ..
Di(p,g)= > DI (p,q) with D' (p,q) =0 sign(v’ —¢’)- {fﬁ (p) — f? (Q)}
j=1,..,N
i’) (D4-germs)
Then G is a Dy-germ if and only if

(5.8) DL >0 on [ab?

with A . .
Dl = Y DLwa) with DL (p.q) =0 sig* ¥ =) {F ) - F (@)}
j=1,..,N
ii) (HJ germs)
Then G is a HJ germ if and only if there exists some function h : [a,b] — R such that

(5.9) fi=h foral j=1,...,N

iii) (Monotone germs)
Then G is a monotone germ if and only if

(5.10) p o fi(p) is nonincreasing in p* for all k # j

iv) (Conservative germs)
Then G is a conservative germ if and only if

(5.11) Z = Z 7 on [abl.

Jir~(—00,0) Ji~(0,+00)

This means . . o
RH' =0 on [a,b], with RH'(p):= > o/f/(p)=IN— OUT.
j=1,....N

v) (Effect of reversion tranform)

Moreover Kruzkov germs, monotone germs and conservative germs are preserved by reversion transform of
Definition 4.4, while HJ germs are not preserved in general by reversion transforms.

vi) (Effect of inversion transforms)

Moreover Kruzkov germs are preserved by any inversion of Definition 4.1, while HJ germs, monotone germs
and conservative are not preserved in general by inversion transforms.

Proof of Lemma 5.5
We mainly to the proof in the case of N : 0 junctions, the general case following by reversion transforms.
Step 1: proof of i)
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Recall that G is a Kruzkov germ, i.e.
(5.12) Df>0 on G2

and f = fom. Hence for all p,q € [a,b], and p := 7(p) and § := 7(q), and f7(p) = f7(p’), we have from
(4.21) that D (p,q) > D' (p,§) > 0, which shows (5.7). Conversely it is straightforward that (5.7) implies
(5.12). This shows point i).

Step 1’: proof of i’)

Recall that G is a D,-germ, i.e.

(5.13) DL >0 on @2

and f = fo 7. Hence for all p,q € [a,b], and p := 7(p) and ¢ := 7(q), and f1(p) = f7(p’), we have from
(4.21) that Df;(p7 q) > Di(ﬁ, 4) > 0, which shows (5.8). Conversely it is straightforward that (5.8) implies
(5.13). This shows point 1’).

Step 2: proof of ii)

Recall that G is a HJ germ, i.e. there exists some function i : G — R such that

(5.14) ff=h on G, forall j=1,...,N

Setting h := h o, we see that (5.14) is equivalent to (5.9) which shows point ii).
Step 3: proof of iii)
Recall that a generalized Riemann germ G is monotone if and only if

(5.15) for all p,q € [a,b], (p>gq implies 7(p) > 7(q))

and we want to show that it is equivalent to (5.10). Fix some k € {1,..., N}, consider p, ¢ € [a, b] such that
p — q = €ey, for some € > 0, and call p := 7 (p), ¢ := 7(q).

On the one hand, recall from Proposition 5.1 that 7 is Riemann monotone, and then that 7% (p) > 7*(q),
i.e. that p* > ¢* is always satisfied. On the other hand, (even if it is not used in this proof), notice that the
monotonicity in (2.14) shows that o f¥(p) > o* f¥(q) is also always satisfied.

Now in order to show equivalence between (5.15) and (5.10), we see that it is sufficient to show that for
all j € {1,...,N}\ {k}, inequality p/ > ¢’ is equivalent to ol fi (p) < Ujfj(q). We now focus on the case
o9 =1 (the reasoning is similar for 07 = —1). Because f7(p) = f7 o n(p) = fI(p7), it remains to show that

(5.16) ¥ > ¢ is equivalent to £ (p7) < fI(¢7), for J' =~ (—o0,0)

3

Recall that BA7 = BAY:/"). Because p’ = ¢/, we deduce that BA7(p7) N BA7(§7) # §. Then Definition

2.10 of BAJ for J7 ~ (—00,0) (see also the associated figure) implies (5.16). This ends the proof of the

equivalence of (5.15) with (5.10).

Step 4: proof of iv)

Recall that G is a conservative germ, i.e. Z fi= Z f? on G. For fj = f7 o, this shows that
Jir(—00,0) J3 (0, 400)

this is equivalent to (5.11), and this proves iv).

Step 5: proof of v) and vi)

The result is straightforward. This ends the proof of the lemma.

Lemma 5.6 (Nature of germs after slicing)
Assume (2.2) for N > 2. Let G C [a,b] be a generalized germ. Let 1 <n < N. Then for p € [a,b], we write

p=,p") with p' =@, ....p") €[d, V] and p" =", ... p") e a"b"].

Given some py € [a”,b"], let Gy be the sliced germ defined in Lemma 4.12.
If G is a Kruzkov (resp. HJ, resp. monotone) germ, then the sliced germ Gpy 15 also a Kruzkov (resp.
HJ, resp. monotone) germ.
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Proof of Lemma 5.6
From the definitions and Lemma 5.5, the result follows from the following property

gpg:{p/:(pla"'vpn)e[alvb/]a fj(p/apg):fj(p]) for j:17an}

which is provided by the slicing Lemma 4.12. This ends the proof of the lemma.

Remark 5.7 In Lemma 5.6, if G is a conservative germ, then G,y satisfies the following relation

o Py= Y. P foral p=,p5) € Gy x v}

Ji s (—00,0) Ji2(0,400)

which is the memory at the level of the sliced germ Gy of the Rankine-Hugoniot relation satisfied by G.

5.4 Theorem 2.20 and its proof: Riemann monotonicity of ¢ o f

The proof of Theorem 2.20 is done at the end of the subsection as a corollary of the following more general
proposition.

Proposition 5.8 (The map h o7 is Riemann monotone on N : 0 junctions)
Assume (2.2) for a N : 0 junction with N > 1. Let G be a generalized Riemann germ, and let m := 7g ils
associated projection. Let h = (h',... hV) :[a,b] — RN be a continuous map with fork=1,... N

(5.17) each component h* : [a*,b*] — R is non constant on any nondegenerate interval

Assume that the map h := hor : [a,b] — R is continuous and satisfies

(5.18) { p— ilk(p) is nondecreasing in p*, for each k =1,..., N

h is locally constant on {il #+ h}

Then h satisfies

(5.19) (p—q)o[h]f <0 == h=const on co(BA(p)UBA(Q))
where co(A) is the convex hull of a set A C RN. In particular h is Riemann monotone.

Proof of Proposition 5.8

The proof follows the one of Proposition 5.1 with & instead of 7, and with some adaptations.

For all p, q € [a,b], we set p := 7(p), ¢ := 7(q) and [fz]g = ﬁ(p) — ﬁ(q) Assume by contradiction that & does
not satisfy (5.19), i.e. that we have

(5.20) p—q)o [iz]f]’ <0 and h+#const on co(BA(p)UBA(G))

Recall that

BA(p)NBA(G) #0 = p=G == h=const on co(BA(p)UBA(G))= BA(p) = BA(J)

From (5.20), we then deduce BA(p) N BA(G) = 0 and up to apply an inversion, we can assume that p > g,
p < ¢, p# ¢. We now do the proof by recurrence on N > 1.
Step 1: Case N =1
Then (5.20) means
h(p) < h(q) and h+#const on co(BA(p)UBA(G))

Because h is nondecreasing, we get h(p) = h(g), and then h = const on co (BA(p) U BA(G)). Contradiction.
Step 2: Case N > 2, and Proposition 5.8 holds true for N/ := N — 1

Step 2.1: Case of the hyperplane intersection

Step 2.1.1: setting of the problem

99



Assume by contradiction that there exists an index ko € {1,..., N} and some pt® € [a*0,b¥°] such that the

"hyperplane” intersection with the box [a, b], defined as I, := {r € [a,b], ko= plgo}, satisfies

Iy, N BA(p) # 0
(5.21) { HZO N BA(G) # 0

Up to relabel the indices, we can assume that kg = N, and then (5.21) means

(5.22) BAGN)NBA(GN) # 0
From the slicing Lemma 4.12, we know that the flux function fg restricted to Iy N [a, ] is associated
to a generalized Riemann germ Qpév cQ:= H [ak, b], and we set the associated projection map
k=1,..,N—1

=~ . ) ~ . - N — (- N :
T:Q — Gy defined as 7 := TGN =T (,py ) for m = (7', 7). Moreover, we write

b=, a=@.d%), p=0.p"), a=(d"), h=0hY), b= W)
and (on the model of fg = fg(-,pd)) we set hi= W(,pd)=no@p))=(h¥or*) 1 n_1 =N of,
Po
where we use our usual abuse of notation for the argument of h or b/, and where 7’ +— (h' o 7)*(+') is
nondecreasing in r'* for every k=1,...,N — 1.
Using (p/,p)’) € BA(p) and (¢, pl’) € BA(G), we get that p' = 7(p'), ¢ =7'(¢') €G v and

W(p) = (oY) = W o m (@, p™) = W o m(p',p) = h(p') and I (q) = h(d)
Hence (5.20) implies (p' — ¢') ¢ [;L]Zq): < 0. Notice that by construction, his locally constant on {]:7, # h’} and

such that ' — h*(r') is nondecreasing in 7'* for k = 1,..., N — 1. This shows that & satisfies (5.18) for

N’ := N — 1. Then by recurrence assumption, we know that h = h’ o 7 satisfies (5.19) for N := N — 1. We
deduce that

W o =h=const=\:=h'(p)=h(G) on Q := H Q" with Q" :=co (BA(p*) U BA(G"))

where we recall that co(A) is the convex hull of A.

Step 2.1.2: consequences

Let Q' := H QF with QF .= {r* € [a*,bF], B*(r*) # X'k}, From (5.17), h* is non constant on any
k=1,..,N—1

nondegenerate interval. Hence QF is a relative open set of [a*, b*], which is also dense in Q*. By assumption

h is locally constant on {fz £ h}. This implies that AN (-, pd) is locally constant on Q' C {)\’ =N+ h’}.

Notice that Q' N Q" is a relative open set of Q". Now Q' N Q' is dense in @', and kY is continuous and locally
constant on 2’ N Q’. Therefore we deduce that h™¥ (-, pl\') = const on Q'. Therefore

WY (N) = WY (2N (', p)) = WY 0. pY)) = const = N (¢, p}) = KN (V)

From (5.22), we deduce that BA(p™) N BA(gN) # 0 with h¥(p™) = RN (¢V), which from the structure of
the Basins of Attraction, implies that p» = ¢~, and then we can choose any p’ € BA(pY) = BA(GN),
which shows that

h = const = h(p) = h(¢) on co(BA(p)U BA(G)) = Q' x BAGN)

Contradiction with (5.20). This implies there is no index ko such that (5.21) holds true, which is the next
case.

Step 2.2: Case of no hyperplane intersection

We now assume that there is no index kg such that (5.21) holds true. Then this implies that BA(p) and
BA(q) are well separated in all directions, and we get p < ¢ and then p > ¢, and also p € BA(p) < BA(§) 2 ¢,
which implies p < ¢. Contradiction.

Step 3: conclusion

Therefore (5.20) is false and this implies (5.19). This ends the proof of the proposition.

We will need the following proposition
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Proposition 5.9 (Riemann monotonicity of Lipschitz Kruzkov functions)
Assume (2.2) with N > 1, and recall that o € {£1}" encodes the orientations of the branches. Assume that
h:[a,b] = RY is a continuous map. Assume also that the map p — h(p) is locally Lipschitz continuous in
P’ uniformly in the other coordinates p* for k # j, and for all j=1,...,N.

If h satisfies

(5.23) D"p,q)= Y ol sign(t) —¢’)- {W(p) =1 (q)} >0 forall p,q€la,l]
j=1,...,N

then o o h is Riemann monotone on [a,b].
and its straightforward corollary.

Corollary 5.10 (Riemann monotonicity for Kruzkov germs)

Assume (2.2) with N > 1, and recall that o € {£1}" encodes the orientations of the branches. Let G C |a, b]
be a Kruzkov germ, and fg be its associated (generalized) Godunov flux. Then the map o o fg is Riemann
monotone.

Proof of Proposition 5.9
Up to apply some suitable reversions, we can assume that we work with ¢/ = 1 for all indices j, i.e. for
N : 0 junctions. By assumption, we consider a continuous Kruzkov function h : [a,b] — R¥ i.e. satisfying

(5.24) D"(p,q) = Z sign(p? — ¢7) - [hj]s >0 forall p,q€a,b].
j=1,,N

and such that the map p +— h’(p) is locally Lipschitz continuous in p/ uniformly in the other coordinates p*
for k # j, and for all j =1,..., N.

Now assume that p,q € [a,b] satisfy (p —¢) o [h]; < 0. Then (5.24) implies (p — ¢) o [h]; = 0. Up to
apply suitable inversions, we can assume that (p —¢q) > 0. We then set I := {i € {1,...,N}, (p—q)" > 0},
I:={1,...,N}\I. In particular, we get

1P _ .
(5.25) { (W], =0 forall i€l

(p—q)i=0 forall i€l

Moreover, consider the set () := {§ ERYN, p+&qgréc]a, b]} and consider the quantity

TI( 1) =0k (q+E+tp—q) — Y, [9h(g+E+tp—q) >0
e{1,....N}I\{j}
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which is defined for a.e. £ and is nonnegative from ii) of Proposition 4.20. Then we get for a.e. £ € Q

PRI

el

— Z/ dt 0;h (g +€&+tlp—q) (p—q)

i,j€1

= }:@qylécﬁ{ij%mw+£+tWQD}

> Z(p—q)j-/ dt Ojh' (g+&+tp—q)) — Z |0;h* (g + €+ t(p — q))]
jel 0 i€I\{5}

= Yo [ @ {760+ o+ e+ o —a)

jerl iel
1
> S-ap [ ar Y oha+ et )
JeI 0 icl
1
= 3 [t -0 it €+ o - a)
ier 70 jel
1 . .
> Z/dt S (p—ay - kg + €+ tp— )
iel [0 jeI
1 . .
- Z/dt S (p—q) Ok (g +E+Hp—q)
ief |0 . jefl,..,N}
1P+
= ‘ [h]q+£
el

i.e.

Z [h’]zig > Z‘ hl p+£ forae. £€Q

i€l

By continuity of both sides, we deduce for £ = 0 that Z [hi]z > Z ’ [hqg‘. From (5.25), we deduce
iel iel

= 0. Hence we have shown that (p — ¢) o [h]} < 0 implies [h]} = 0, i.e. that h is Riemann monotone.

[l

Th%s ends the proof of the proposition.

Proof of Theorem 2.20

We want to show that o ¢ fg is Riemann monotone. We only do it for NV : 0 junctions, and then show that
f = fg is Riemann monotone. For the general case of junctions n : m with N := n + m, we use suitable
I-reversions (see Lemma 4.5).

Step 1: proof of i)

For junctions N : 0 and under nondegeneracy assumption (2.17), it follows from Proposition 5.8 with h := f
and h := f which is continuous.

Step 2: proof of ii)

For Kruzkov germs G, we know from Lemma 5.5 that h = fg satisfies (5.23). We know moreover that
|0;h7 (p)] < |(f7) (p?)] for all j, as do all generalized Godunov fluxes. Then the result follows from Corollary
5.10. This ends the proof of the theorem.

5.5 Local quasi-constancy criterion

We start with the following useful notion which will be useful in the next subsection.

Definition 5.11 (j-local quasi-constancy)
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Given a boz [a,b] C RN, let us consider a map f = (f1,..., fN):[a,b] = RN. Let j € {1,...,N}. Then we
say that [ is. j-locally quasi-constant if the following holds true. For any p € [a,b], let

O(z) = f(p+a-e;) defined for p;+x € [a’,V].

Then _ .
® = const = ®(0) on {®/ =d7(0)}

Then we have the following result.

Lemma 5.12 (Criterion for j-local quasi-constancy)

Assume (2.2) for N > 1 and orientations o € {+1}" . Fiz j € {1,...,N}.

1) (Godunov flux, with nondegeneracy condition)

Assume that f : [a,b] — RN is a Godunov flur in the sense of Definition 2.18. If the component f7 is
nondegenerate in the sense of (2.17), then f is j-locally quasi-constant.

2) (Godunov quasi-flux, which is Kruzkov)

Assume that the boz [a,b] is compact (inside RN ) and that f : [a,b] — RN is a Godunov quasi-fluz in the
sense of Definition 2.22. Assume that the quasz'—ﬂu:cf 1s Kruzkov, i.e. satisfies the following property

0<DI(pg)= > o sign(pt —¢~)- {fk(p) — fk(q)} for all p,q € [a,b]
k=1 N

Then f is j-locally quasi-constant.

Proof of Lemma 5.12
First, up to a permutation on the indices, we can assume that j = 1. Fix some p € [a,b] and denote

p = (p?...,p"). Let A
O(x) := f(p+ xey)

and consider the set
R:={r=p'+2ea"d"], @'(z)=20)}

From the monotonicity of the map z + o'®!(x), we deduce that R is an interval.
Step 1: proof of i)

From nondegeneracy condition (2.17) for k = j = 1, we deduce that Q! := {f1(~,p’) #* fl} is (relatively)

open and dense in the interval R. Because f is locally constant on { f *f } and is continuous on [a, b], we

deduce that not only the 0-component of f (,p') is constant, but the full function satisfies f (,p) = const
on R. This shows that f is j-locally quasi-constant for j = 1.

Step 2: proof of ii)

If interval R is a singleton, there is nothing to prove. Assume now that R is not reduced to a singleton.
Then there exists ¢' in the interior of R.

Step 2.1: case with p in the interior of [a, b]

Then for any &' = (52,...,6Y) € {1} ', and ¢ > 0, we have

0< Df(q,p) with ¢ :=(¢",p/ +¢5")

In the limit ¢ — 0, this gives for qo := (¢!, p’)

Because the choice of ¢’ is arbitrary, we get

(5.26) | >N < (11|

But the fact that p',q' € R implies [fl]g(’ = 0. Therefore f is constant on R, and then f is j-locally
quasi-constant on the interior of [a,b], for j = 1.
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Step 2.2: case p € 9[a, ]
We first approximate p by some interior point ps of [a,b]. Then (5.26) implies

S FEI< I

j=2,...,.N

Finally in the limit p; — p, we recover (5.26), and we conclude again as in Step 2.1 that f is j-locally
quasi-constant on the interior of [a, b], for j = 1.
This ends the proof of the lemma.

5.6 Theorem 2.24 and its proof: gluing Riemann germs

The proof of Theorem 2.24 is mainly based on Proposition 5.13, where we first glue the fluxes. Then in
Corollary 5.14, we show that this is equivalent to glue the germs. Finally in Lemma 5.15, we check the
associativity of the gluing. The proof of Theorem 2.24 is done at the end of this subsection, as a consequence
of those three results.

Proposition 5.13 (Gluing of flux functions fy for n, : m, junctions)

For~ = a, 8, assume that f., satisfies (2.2) for Ny = n,+m, and n., : m., junctions J., with JJ ~ 0%~(—m,0)
and 0 € {:I:I}N”, and consider Riemann germs G- with respect to (J, f).

\ We set [a, b]jV = [aZ/, ij] We assume that for each v = «, 3, there exists one index j, € {1,..., Ny} such
that

(5.27)  flo = fg‘* = f% on [a,bJ" =a, b]if =:[a",0"] with JI ~ (0,400) and Jgﬂ ~ (—00,0)

and we glue those two branches. Assume that both f,y are j,-locally quasi-constant, and o, ¢ fv are
Riemann monotone.

To simplify the notation, up to relabel the indices, we now assume that j, =0 = jg, and the indices now
go through the values {0, ..., N, —1}. Hence we now have

Fr= (0

GyClabl, = [ la0b]
i=0,...,N,—1
@b, = I [
i=1,...,Ny—1

J9 = (0,+00) and J§ =~ (-00,0)

and consider fAV =( 0 .,ﬁj,v”_l) the associated flux. Let the new junction after gluing be defined by

0
J:={0}uU U 72)u U 7
j=1,0e;Na—1 k=1,..,Ng—1

and

O'I { 0-11; Zf I= (k7a)

T o if I=(kD)
Forp, = (p},... ,piv”_l) € [a,b]’, (avoiding notation p’, to keep light notations), let us consider the set
(5.28) Ri={rea® W), f2rpa) = f3(np)}  with f2lpa), f3(pp)

Then R is non empty, and define the set

A= {)\ = f(r,pa,pﬂ) e RNatNs—=2 4 ¢ R}
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with
Fr,pasps) = (FE(r,pa)s o FNo N pa); f5(rpg), -, f5 7 (1, pg)) € RN+ N2

Then A is reduced to a singleton A = {\}, and this defines the following map

I la,b], x @, — RNatNo-2
(paap,@) — i(pa7pﬂ) =\

and we set the map

(o)

_ Ng— _
o= e AN e 18T bl x [, By - RNV

0) (Gluing Riemann germs)
Then [ is continuous, the map o ¢ f is Riemann monotone, and the set

G:={Pelatlxatl, f(P)=fP)

is a Riemann germ with respect to (J, f) and f is the associated Godonuv fluz at the junction (na+ng—1):
(ma +mg —1), i.e. B B
I=1
i) (Gluing Kruzkov germs)
Assume that G, are Kruzkov germs for v = a, 8. Then G is also a Kruzkov germ.
ii) (Gluing HJ germs)
Assume that G, are HJ germs for v = o, 8. Then G is also a HJ germ.
iii) (Gluing monotone germs)
Assume that G, are monotone germs for v = a, 8. Then G is also a monotone germ.
iv) (Gluing conservative germs)
Assume that G, are conservative germs for v = o, 8. Then G is also a conservative germ.

Proof of Proposition 5.13
Step 1: non emptyness of R
We set p := pa, ¢ := pg and for P := (p,q), and r € [a®, b°], we set

(5.29) g:[a® 0] =R with g(r) = g(r,p,q) = folr,p) — f3(r,a) with f2(L,p), f3(1,q)

Recall that using (5.27) and (2.15), we get
9(a®) = f2(a,p) — f3(a% q) > (f)-(a®) — (fD+(a®) = G'*(a%,a®) — G*"(a®, %) = 0

g(b°) = Fo0°,p) = FHO°.0) < ()4 () = (F9)-(6°) = G (1%, 1) = G (1", 6°) = 0
Therefore g(a®) > 0 > g(b"), and by continuity of g, we get R # ().
Step 2: A is a singleton
From the monotonicities of fg (-, py) given in (5.29), we deduce that g is nonincreasing. Assume that there
exists r,7" € R with r < /. Then this implies that ¢ is constant (and vanishes) on [r,7’], and we deduce
that R is a closed interval. Moreover, from the monotonicities of fg in the 0-component, we deduce that
both maps fg(-,pv) for v = «, B are also constant on [r,7'] C R, and then on the whole R.
We then use the fact that both ]ES are O-locally quasi-constant, to deduce that f7(~, p~) are both constant
on R. Therefore A is reduced to a singleton.
Step 3: Continuity off
Consider a sequence (Tn,ﬁa)n,pg)n) — (7, pa,pg) as n — +o0, such that

)\n = i(paﬂuAp,B,n) = f(TTMIza,napﬁ,n) — f(rapocapﬂ) A:: >\07 .
0= g(rn) = fg(rnapoz,n) - fg(r7p6,n) —0= g(r) - fg(ﬁpa) - fg(rvpﬂ)

The second line shows that r € R, and then Ay = f(r, Da,PB) = j(pa,pﬁ). This shows the continuity of f
Step 4: bounds onf
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For I eZ:={(1,a),...,(na — L, @);(1,0),...,(ng —1,8)}, we set

kit 1= (k,
P=ya 1=k

By definition of f, we still get that f' < f' < fiforall €T ie f <f<f..

Step 5: local constancy off
Consider ]I3 = (Paspp) € la,bl;, % [a,b]l; be such that f(P) # f( ) = f(r,P), and let us set Kp :=
{I €T, f (P) ;éil(P)} Recall that f(-,P) = i( ) on R. In particular, for Q. := P + Z —g,e)ey,
IeKp

f = const = f(P) on
R x (([a, bl x [a,b}%) N QE). Therefore f = const = f(P) on ([a,b]’a X [a,b]g,) N Qc, which shows the

local constancy of f.

we get from the continuity of f that for ¢ > 0 small enough, we have

Step 6: Riemann monotonicity of ¢ ¢ f

Step 6.1: preliminary N

By assumption, we know that both o, ¢ f7 are Riemann monotone. Precisely, we know that for P = (pa, ps)
and p := pq, q := pg, we have

Fp) — (r A 7,p) (np)_
530 {«r P =(p)oseelfulin <0 = (L) =0
((r.@) — (n) oopo[fall) <0 = [fsl09 =0

(p, q) such that ((p,q) — (p, q))<>o<>[f](p 2 < 0, and we want to show that [f](ﬁ’q) =0.

and consider (p, ) and ) < (oa) =
Here we set f(5,q) = (7. 5.2), f(pq) = J(r,p.q). Hence

ko kY. k. fk(= =\ _ fk <
ke{l’lll?,x 1 (p P ) On {fa(r7p) fa(r7p)} = 0

max (¢" — ") o {fir0) - o)} <0

ke{l,...,Ng—1}

Step 6.2: core of the argument
Recall that g(7,p,q) = 0 = g(r,p, q), and then

(5.31) {£2w.p) - 3} = {7200 - f5na)} =0

which implies (multiplying by —(7 — 7))

(5.32) ~ =) {f2p) - 2 }+ =) {800 - F3n )} =0
Hence

(5.33) ~r =) {f2p) - f2rp)} <0 with of=-1
(5.34) = -{fr0-fra} <o with of=+1

If (5.33) holds true, then (5.30) implies [f] ::p; = 0. Therefore equation (5.32) implies that inequality (5.34)

also hods true, and then [fg]gig)) = 0. This implies [f] Ez gi = 0 This shows that goi is Riemann monotone.
Step 7: conclusion . A
In particular, the Riemann monotonicity of g ¢ f implies the directional monotonicity o ¢ f, i.e. for P :=

(Pa,pp), we deduce that P! ngI(P) is nondecreasing on [a,b]! := [al,b!]. We conclude that G :=
{P € [a, b];, x [a, 0]}, f(P) = i(P)} is a Riemann germ (because f is continuous), and f = fg.
Step 8: additional argument for Kruzkov germs
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Recall from Lemma 5.5 that for Kruzkov germs G, we have

IN-OUT= ) oﬁﬁgmﬁ—ﬁ»{ﬁ@w—fﬂ%ﬁzo for all  py,qy € [a,b],
k=0,...,N,—1

which means in particular that

—sign(r —1) - {f20r.p) ~ f2rp) } + 5,20 with Shi= >0 oh-sien(t ") {fh0p) - fi(np)}
k=1,...,No—1

sign(r =) - {39 — )} +85>0  with Sp= 3 ofsien(@* —¢") - {50 - fi(na)
k=1,..,Ng—1

Because we have (7, p,q) = 0 = g(r, p, ¢) which implies (5.31), we can now take the sum of both inequalities
and get that S;, + 55 > 0, i.e. for P := (p,q) and P = (p, q), that
N N,
Y o' -sign(P! — P')- {i (P)—f (P)} >0

which shows exactly that G is a Kruzkov germ.
Step 9: additional argument for HJ germs R A .
Recall from Lemma 5.5 that for HJ germs G, there exists hy : [a,b], — R such that f,’f = h, for all

k=0,...,N,—1. Recall that 0 = g(r) = g(r,p,q) = fg(np) — fg(r, q) with

{ﬂmmz

£3(r,q) =

o(rp) = fi(r,p)  forall je{l,...,N,}
s(r,q) = f5(r,q)  forall ke{l,...,Ng}

Hence defining h(p,q) := fO(r,p) = fg(r, q), we see from Step 2 that this quantity is the same for r' such

that g(r’) = 0, and then is well defined. Moreover, we also have fI = h for all I € Z. This shows that G is
a HJ germ. B

Step 10: additional argument for monotone germs

Recall that G, are monotone germs, i.e. that

(5.35) D U%fi (p) is nonincreasing in p* for all k # j
Assume by contradiction that G is not a monotone germ, i.e. that

(5.36) P glfl(P) is NOT nonincreasing in p¥ for all K # I
i.e. that there exists P, P such that P — P € (0,400) - ex and glf(P) >colf (P
Case A: [ :=(«,j) and K := (o, k) with k # j

Then we can write

).

(5.37) P=(pq), P=(pq), p—pec0,+00) ek, obfi(r,p)>alfi(Fp)

with

{Ogh)hﬁm)ﬁﬁﬂ) o {ﬁﬂym, R

a T
0=g(F) = fo(7,p) — f3(7.q) 2+ 00 fO(7,p+ ze,) nonincreasing with 09 = —1

We deduce that r > 7, p > p with p/ = §’, and then monotonicity (5.35) implies o—g;fg;(n p) < o, Ag;(f,ﬁ),
which is in contradiction with (5.37).

Case A”: [ :=(4,j) and K := (8,k) with k # j

This case is symmetric to case A (up to a reversion transform (see Definition (4.4)) on component fg).
Case B: I := (a,j) and K := (8, k)

Then we can write

(5.38) P=(p,q), P=®3q, q¢—qd€(0,+00) ex, olfi(r,p)>alfi(F,p)
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with

{o:g<r>:f3(np>—f,8<r,q> o {fgu,p), JEIGR)
7.d)

Z Ug)fg(ﬂ G+ zex) nonincreasing with O'g =+1

we get that r > 7, ¢ > ¢, and then monotonicity (5.35) implies o fi(r,p) < od fi(F,p), which is in
contradiction with (5.38).

Conclusion

Therefore (5.36) is false and this shows that G is a monotone germ.

Step 11: additional argument for conservative germs

Recall from Lemma 5.5 that G, are conservative germs, i.e.

Yo fep)=frp)+ D>, filrp) forall (r,p)€[a® %) x [a,b]],

JL~(—00,0) §7#0, J&~(0,400)
and R B B
Beog+ Y =) firq forall (rq)e a1’ x [a,b]]
3#0, J}~(—00,0) J~(0,+00)
For r such that fg (r,p) = fg (r,q), we deduce that Z fl (p,q) = Z fl (p, q), which shows that
JI~(—00,0) JI~(0,400)

G is conservative. This ends the proof of the lemma.

Then we have the following corollary of Proposition 5.13.

Corollary 5.14 (Gluing of Riemann germs G, for n, : m, junctions)
For~ = a, 3, assume that f, satisfies (2.2) for Ny = ny+m., and n., : m~ junctions J., with J% ~ g7 -(—00,0)
and o, € {1}, and consider Riemann germs G with respect to (Jy, f).

For v = « or 3, assume either that 1) f. satisfies nondegeneracy condition (2.17), or that 2) G, is a
Kruzkov germ. We allow mizing cases for a and 5.
, We set [a, b]ZY = [a%, ij] We assume that for each v = a, 3, there exists one index j, € {1,..., Ny} such
that

fle = fgf‘ = f% on [a,bJ* =a, b]]; =:[a",0"] with JI ~ (0,400) and Jgﬂ ~ (—00,0)

and we glue those two branches. We call fny : [a,b]ly = R™ the associated flures. We set

j~—1 ~+1 N.
f'/y::(%a"'a -W]”Y a’jYw 7"',f’Y’Y)
£ro._ (f1 piy—1 fiy+1 PN
A A N

- o+
(Tap’y) = (p’lw7pgy"’ ,r,pfy“f 7"'7p’Y’Y)

with an abuse of notation for the last line. Then we define

(5.39) f= fa' i fo+la, bl x [a,b) — RNTNo=2  with  [a,b]! = H [a, 0]
Jatlp je{lw-vN'v}\{j'y}

where for any pa € [a,bl;, and pg € [a,b]j; (avoiding notation p,, pj; to keep light notations) and

FPaspp) = (fa; f3) (Pas ) R N
f(Paspp) = (fo; £5)(r,paspp)  for some v € [a%,0°] such that fle(r,pa) = féﬁ (r,pg)

Here such r does exist, and when it is not unique, it does not change the value of_f(pmpg).
We define G := GotiGs, the gluing of germs G, with Gs along branches Ji= and Jg’*, as
(540) G := ga_ ﬁ g[} = {P € [a’b]; X [aab]/ﬁa f(P) = f(P)}

JaidpB

Moreover the following holds.
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i) (Gluing germs)
Let us define

Go := 4 (Pa,Pp) € [a, 0], x [a,b]5, there exists 7q,7p € [a”,0°] s.t.

where we recall that the standard Godunov flux is given by

min f° if 7o <7Tg

Pra Ay [FaPs]
G (Tourﬁ) - max fO Zf Py > fﬁ
[7257';‘04]
Then we have
(5.41) g =G

ii) (identity element: gluing with standard Godunov flux)

a) Assume that Ng = 2 with 1 : 1 junction Jg with fé(r, s) = Gfo(r, s) for j = 0,1. Then f = fo and
g = ga-

b) Assume that N, = 2 with 1 : 1 junction J, with fi(r,s) = Gfo(r,s) for 5 =0,1. Then f = fz and
G =Gg.

Proof of Corollary 5.14

Step 0: preliminary remarks

We first notice that from Lemma 5.12 both fv are jy-locally quasi-constant. Moreover from Proposition
5.8 and Corollary 5.10, we deduce that o ¢ f is Riemann monotone. Those are two key assumptions in
Proposition 5.13, that we use below.

Step 1: proof of i)

From definition given in (5.40), we see that

(Pa,pp) €G < 3Ireabie = [a,b]]; s.t.

foo,oxf;"*)(A )

Notice that p, € BA(pa), pg € BA(Pg), r € BASO’+OO)’fiQ)(fa) N BA(ﬂ( 7g). From the basins of

attraction, we then deduce that
A A A -0 A A A A A
Pa=DPas P =D0p [O(Fa) =Gl (fa,ig) = f'(Fs), Pa,ip € [a’ b

which shows that (pa,Pg) € Go. It is straighforward to check conversely that (pa,ps) € Go implies (pa, pg) €
G. Therefore this shows characterization (5.41) of G.

Step 2: proof of ii)

We only prove a) (the proof of b) is similar). Assume that fé = G". Then

F(parps) = F(r,paspg)  for any r € [a%,0%) st f2(pa,7) = G (r, pp)

In particular, if P = (pa,ps) € Ga, then we can choose r = pg, and we see that f(P) = f(P),ie. Peg.
This shows that G, C G. Because both are generalized Riemann germs, we deduce that we have equality,
i.e. Go = G, and then moreover f = fg = fg, = fo. This ends the proof.

Lemma 5.15 (Associativity of the gluing) ‘
For § = «, 8,7, assume that fs satisfies (2.2) for N5 = ns + ms and ns : mg junctions Js with Jg ~
O'g - (=00,0) and o5 € {+1}7, and consider Riemann germs G5 with respect to (Js, fs).

For § = «, B or vy, assume either 1) that fs satisfies nondegeneracy condition (2.17), or 2) that Gs is a
Kruzkov germ. We allow mizing cases for a, 5 and .
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We set [a,b}g = [aé,bj] We also assume that there exists ju,jg, k~, kg, with js,ks € {1,..., N5} such
that

flo = féﬂ =: fA, [a, bl = [a,b]J; =: [a, b4 —glo =1= O‘éﬂ7 JIe ~ (0, +00), Jé’* ~ (—00,0),
5= =8 [0y = [a,b)y = [a,b]? _Ugﬁ =1=0y, Jy~(0,4+00), JV ~(-00,0), ks#js

With notation of Corollary 5.14, we glue
(GalG8)8Gy == (Ga & Gs) £ Gy gluing first Ji= with J/Jf, and then Jgﬁ with JA’fV
kg:k

Jot ]13

and also glue

Gal(Gs1G,) :=Ga £ (G £ Gy) gluing first J;;B with Jiw, and then Ji= with Jif

Jaiip kpik~

Then we have

(5.42) (GaG5)1Gy = Gal(Gs1Gy)
Proof of Lemma 5.15
We set ]
[a,b]s = H [a, b} for d=a,p
JE{L,....Ns\{js}
[a,b]; := H [a,b]]; for §=0,v
ke{l,...,Ns}\{ks}
[a,b]; := 11 [a,b]

Je{1,....Ng}\{jg,kp}
Step 1: first computation
We simply compute

(Pas Pp) € a, by, X [a, b},
(p\a?f‘a) E ga
there exists 74,75 € [a,b]*  s.t. (Ps,78) € Ga
. AL .
fAFa) = G (Pa,75) = fA(75)

gaﬁ = gaﬂgﬁ =

with abuse of notation for (pa, ) and (pg,75), and similarly

(o) € (la,blo x [a,]5) x [a,8]3,
GastGs 1= (ot 75) < ot

there exists 7,7, € [a,b]B  s.t. (Dy, ) € Gy
fB( ) f (fZi’fW):fB(f"Y)
Hence for pag = (Pa, D) We get

(Pas Pg» Dy) € [a, by x [a, bl x [a, b]3,
( ouTAa) € ga
Vs, T3 78) €G
GapllGy == { there exists 7,75 € [a,b] ot Eﬁﬁ f,ﬂ)rg)g ?
there exists 74,7, € [a,b]? o DT YA, .
pir € ol FA(Fa) = G (o, 75) = JA(35)
FB(Fy) = GI (7, 7y) = fB (7,

Step 2: second computation
We simply compute

(Pg: Dy) € la, bl x [a, b]3,
(P, 75) € Gp
there exists rﬂ’ﬁ,m € [a,b]P  s.t. (Dy,7y) € Gy
fB(f,) GI” (7’577"7) fB(f'y)

Gpy = GplGy =
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and then for pg, = (P, by)

(ﬁmﬁ,@v) € [a, b];, x [%b]g X [a>b]:>

g ﬁg — (Aaﬂza)ega
ardpy - there exists 7q,75 € [a,b]?  s.t. (D376, Dry) EAgﬁv
fA(Fa) = G (Fay75) = fA(75)
i.e.
(Pas D, Py) € [a, b5, x [a, ] x [a, b]},
(Pa:7a) € Ga
3, 7 75) €
GallGsy == { there exists 7,78 € [a, b]A at Egﬁ 726) £>g Gs
there exists 74,7~ € [a,b]B o DT Ta, R
wta €l FA(Fa) = G (s 3) = F4(75)
fP () = G (7, 7,) = fP(7y)

Step 3: conclusion
Hence Got8Gsy = GapllG,, which shows (5.42). This ends the proof of the lemma.

Proof of Theorem 2.24
For the proof, we refer to the table of Subsection 2.5. The result follows from Proposition 5.13, Corollary
5.14 and Lemma 5.15. This ends the proof.

5.7 Absence of self-gluing of germs in general

It is natural to ask if the self-gluing of a germ is possible in general.

Let G be a germ associated to a junction (J, f) with N branches for j = 0,..., N — 1. Assume that
JN=t ~ (—00,0) and JO ~ (0, +00) with fO = f¥N=1 and [a°, b°] = [a™V 1, bV ~1]. If we glue together branch
JO with branch JY~! we create a loop in the network. The loop starts from the node 0 goes to J° and then
to JV=1 (because of the gluing) and finally goes back to the node 0.

Assume for instance that we have a nice existence and uniqueness theory for a network with loops of
finite length € > 0. The difficulty is that in general, we can not simply identify the limit behaviour as ¢ goes
to zero, by an effective network with effective germs.

This is already the case for a network composed of a single germ G, with a self-gluing of a single loop
of length ¢ > 0. Contrarily to what could be expected, the limit behaviour may not be described by a
self-gluing of the germ for € = 0. This is already due to the fact that the self-gluing of a germ G itself is not
well-defined in general.

We will give counter-examples in Section 9.5. We show in particular that the the self-gluing of some HJ
germs is not well-defined.

5.8 Self-gluing of Kruzkov germs and more

In Subsection 5.7, we have seen that the self-gluing of a germ G itself is not well-defined in general. On the
contrary, it is well defined when G is a Kruzkov germ, and this is a non-trivial fact. This obviously extends
to networks with loops.

Proposition 5.16 (Self-gluing of a flux function fv for n., : m, junction, for a Kruzkov germ)
Let v be a fized index. Assume that the function f., satisfies (2.2) with N, = ny + m. with ny,my > 1 and
N, > 3. We consider some n., : m junction J, with JJ ~ o - (=00,0) and o, € {+£1}"", and o Kruzkov

. . . ’Y
germ G, with respect to (Jy, f). We set [a,b] := [al,bl]. Up to relabel the indices, we assume that the
indices go through the values {0, ..., N, —1}.
We now assume that there exists two indices ji,j2 € {0,..., N, — 1} such that

(5.43) fﬁ;l = fgé = [ on [a,b))} =[a,b]> =:[a%,b°] with Jél ~ (0,+c0) and JZY'Q ~ (—00,0)
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and we glue those two branches. To simplify the notation, we also assume that j1 = 0 and jo» = N, — 1.
Hence we now have

=0 A

G, Clatl, = [ la0b]
i=0,...,Ny—1
(5.44) @b = [ la.bl}
i=1,...,Ny—2

N, -1
JY ~(0,+00) and J, ~ (—00,0)

P= 0T =0 o (@b = fa, by = (e, )

Let the new junction after gluing be defined by

J:={0}U U Jgé and g’“:za’vC for k=1,...,Ny—2

We consider f, : [a,b], — RN the Godunov flux associated to the germ Gy, and with notation py =
(P, ... ,pjvv”_Q) € [a,b]) (avoiding notation p’ to keep light notations), we consider the set

(5.45)  Ri={rela® 0 frpyr) = )} with fpr), 1)
Then R is non empty, and define the set

A= {/\ = f(r,py) €eRM72, r e R} with  f(r,py) = (£3(r,pys7), -, F 72 (r, 0y, 7))
Then A is reduced to a singleton A = {\}, and this defines the following map

[+ lab)y — RN
D~y = i(pw> = A

and we set the map

(5.46) L= %) e, b)) — RM 2

2
i) (Kruzkov germ)
Moreover, the map f is continuous and the set

G:={Pelatl], fP)=f(P)}

is a Kruzkov germ with respect to (J, f) and f is the associated Godunov flux at the junction (n, —1) :
(my —1), i.e.

/= ig'
We introduce the notation

Ny R
(5.47) frz=f

defined in the special case j1 := 0 and jp := Ny — 1.
ii) (KruZkov conservative germ)
Assume furthermore that G., is a conservative Kruzkov germ. Then G is also a conservative Kruzkov germ.
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Proof of Proposition 5.16
Step 1: non emptyness of R
We set p := p,, and for 7 € [a",b°], we set (with some abuse of notation)

g:[a® ] > R with  g(r) = §(r,p) := f(r,p,r) = [} (r,p,m)
Using the last line of (5.44) and (2.15), we get

9(a®) = f2(a® p,a®) — 100, p,a®) > [0 (%) — £ (a®) = fO>a®) — N a%) =0

7 AN — Ny— _
g(0°) = (07, p,0) = F0 10, p 80) < f9 L (00) = £ (0°) = F5(0°) = £ () = 0

Therefore g(a®) > 0 > g(b°) and by continuity of g, we get R # (.

Step 2: A is a singleton

Step 2.1: getting ¢ vanishing on R D [r, 7]

Because G, is a Kruzkov germ, recall that the map

(5.48) [a® 01 5 (r, ") = ([ pr”), [0 7 (1)
satisfies for all (7,7), (r,7’) € [a,b°]* and all frozen p € [a,b]” (with 69 = —1 and ot =1)

(5.49)  —sign(r = 1) - { £ p,7") = 2. p,r") } +sign(@ =) - { £ Ep ) = P pr) 2 0

For 7 =7 > r =1/, we get g(F) — g(r) < 0, which shows that g is nonincreasing. Hence g is constant (and
vanishes) on [r, 7], if r,7 € R. We deduce that R is closed interval where g vanishes.

Step 2.2: coincidence of fg and f !

For frozen p, inequality (5.49) shows that the map defined in (5.48) is itself associated to a Kruzkov germ
1:1, and then its flux is such that the matrix

of9 af9
o o

(r,p,7")
aﬁivv—l afA’JYVw—l
or or’

has nonnegative diagonal and is diagonal column-dominant, i.e.

(_6f3 ) ‘af%l

or or
g(r,r') = f(r,p,r') = f3 N, por')
we deduce that the map r — g(r, ') is nonincreasing for a.e. r’ and the map r’ — g(r,r’) is nonincreasing
for a.e. r. By continuity of g, we deduce that g is nonincreasing everywhere in both variables r,7’. Now

it r < 7 with r,7 € R, we deduce that g(r,r) = §(7,7) = 0. From the monotonicities of g, we deduce that
g =0 on [r,7]2. This implies more generally that

(5.50) £Cp)=F£""(p,) on R

Step 2.3: concluding that A is reduced to a singleton
Step 2.3.1: first unsuccessful try

) (Tvpa T/) Z 0

for a.e. (r,7') € [a®,b°]?
of9
or'

af ! ,
>
577 (r,p,7") >0

Setting

Because G, is a Kruzkov germ, we know that f7 satisfies D/ >0 on [a,b]%. We deduce from Proposition

5.9, that oo f7 is Riemann monotone. If R is reduced to a singleton, then A is also a singleton. Then assume
that 7,7 € R with 7 > r. Then (5.50) is not enough to deduce that

{(r,p,7) = (r,p,7)} 000 |:f'y:| (F.p.7)

(r.p,r)
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R 7 (F.p.7)
and then can not conclude from the Riemann monotonicity of o ¢ f, that [ f“/} )

;T
Step 2.3.2: a slightly subtle argument

The way to conclude that A is a singleton, is to use the fact that the flux fv is associated to a Kruzkov germ,
and then it is Lipschitz continuous and satisfies from Proposition 4.20

aiaifgz Z |81f%| a.e. on [a,b, i=0,...,N,—1
7€40,...,Ny—1}\ {3}

which occurs not only for the indices 4, j € {0, Ny — 1}. In particular this implies
(5.51) .

S Jaifil 10 fil-10:f1| for ae. (s,p,t) € Rx {p} x R for i€ {0,N,—1} and i€ {0,N,—1}\{i}
je{l,...N,—2}

This is right here that the argument is slightly subtle. Now let us assume that R has non-empty interior
(otherwise the result is trivial). Even if ( ff}, fév r1) is not necessarily constant on R x {p} x R, then (5.50)
implies

Bif,?(-,p,') = ('“)ify”_l(-,pg) for i=0,N,—1 ae on R?

and then (5.51) implies
80f2 =0= 8NW_1ff/' for a.e. (s,p,t) € Rx{p}xRandforal j=1,...,N, —2

We conclude that N
fi=const on Rx{p} x Rforall j=1,...,N, -2

which shows that A is reduced to a singleton.

Step 3: Continuity off
Consider a sequence (ry, pn) — (r,p) such that

An 1= f(pn) :A f(rnapn) - f(f‘,p) =: Ao, . .
0=g(rn) = O, pnsn) = F3 7 (s P 7n) = 0= g(r) = fOr,p,r) — 37 (r,p,7)

The second line shows that r» € R, and then Ay = f(?", p) = f(p) =: \. This shows the continuity of f
Step 4: bounds oni

We consider f as defined in (5.46). By definition of f, we still get that il_ < fl < iﬁ_ forall [ € 7 :=
{1,..,Ny =2} de. f <f<f,.

Step 5: local constancy of f

Let P :=p € [a,b]] be such that f(P) # f(P) = f(r,P), and let us set Kp := {I e, fI(P) #iI(P)}

Recall that f(-,P) = f(P) on R. In particular, for Q. := P + Z (—¢,e)er, we get from the continuity
IeKp

and the local constancy of f, that for e > 0 small enough, we have f = const on R x ([a,b]/ N Q.). Hence

f = const on [a, b]" N Qc, which shows the local constancy of f

Step 6: directional monotonicity of f

For P := p, we want to show that

(5.52) Pl UIfI(P) is nondecreasing on [a,b]! := [af,b!]

To this end, we have to take into account the fact that f(P) = f(r, P) with the dependence r = 7(P). To
reach our goal, it is more convenient to use directly that G, is a Kruzkov germ. This means that

0<  —sign(F—r)- {fg(m, ) — f2(r,p, 7‘)} +sign(F —7) - {f;vw*l(f,f)’ ) — N, p, r)}
(5.53) T S SO () T
+ Z oy - sign(p” — p") - {fy (7,p,7) — f'y (r,p, 7‘)}

k=1,...,N,—2
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Using §(7,p) = 0 = g(r,p), we see that (5.53) implies

S o -0 {0 -0} >0

k=1,...,N,—2

which means that f is associated to a Kruzkov germ. In particular, this implies the directional monotonicity
(5.52) of f.

Step 7: conclusion

We conclude that G := {P € [a,b]7, f (P)=f (P)} is a Riemann germ (because f is continuous), and
i = i g Moreover G is a Kruzkov germ.

Step 8: proof of ii)
Recall that G, is conservative if and only if its Godunov flux satisfies

> af=o

§=0,...,N,—1

The fact that by construction, we have fg(r, Py 1) = fnjyv”_l(r, D~,7) implies that

> aif =0

§=1,...,N;—2

which shows that G is conservative.
This ends the proof of the Proposition.

Corollary 5.17 (Self-gluing of a Kruzkov germ for a n, : m, junction)

Let v be a fized index. Assume that the function f, satisfies (2.2) with Ny, = n, + m, with ny,m, > 1

and Ny > 3. We consider some n, : m, junction J, with J, ~ ol - (—00,0) and o, € (13", and a

Kruzkov germ G, with respect to (J, ). To simplify the presentation, assume that the indices go through

i=0,...,Ny—1,de f,=(fI,.. .7fév”71) and [a, b, = H [a,b]z with [a, ]}, := [a’,bL]. We call
i=0,...,Ny—1

fw : [a, 0], — RN~ the Godunov fluz associated to G.,. Assume also that

fiv=f2 = f° defined on [a,b]zy1 = [a,b]jv2 = [a% 0]

Jit = (0,+00), JI* = (—00,0)

in order to glue branch J,{l with branch J?f, Then we define for ji :=0 and jo := N, — 1

. L f )
f=f)2 (a0 5 RY72 with (a0 = ] [a.0]}
i=1,...,N,—2

"

5, we have

where for any p € [a,b]
fp) == ( :1/7 .. .,févw_z)(r,p, r) for some r € [a, b]g = [a,b]f,v”_1 =: [a%,b°] such that fg(r,p, r)= fﬂj,vw_l(r,p, T)

where such r does exist, and when it is not unique, it does not change the value of f(p)

We also define
fp) =( w"‘aijvw_Q)(p)
We define

f .
(5.54) G = (G, i={Pelabl), f(P)=1(P)}

Then G is a Kruzkov germ and satisfies

(5.55) G:= {]3 € [a,b]], there exists 7,7 € [a®, 0] s.t. {

(0]



where we recall that the standard Godunov fluzx is given by

P %nlp] I if P<P
AN T,
GH (7,7 = max f° if F>7

[#,7]
Moreover, if G is conservative Kruzkov, then G is also conservative Kruzkov.

Proof of Corollary 5.17 X X
Notice that by definition, the function f is equal to f given by Proposition 5.16.
From definition (5.54), we have

there exists 7 € [a,b] = [a,b]i\/”_1 s.t.

Pev = fi(np,r)zﬁv(px i=1,...,N, -2
f.(Y)(T,P,T) = fﬁﬂ_l(r,p,r)

and then (using the fact that f (7, p, ) = f,y(f,ﬁ, ) = f.y(r,p, r) for (7,p,7') = mg, (r,p,7))

there exists 7 € [a,b]9 = [a, b]fy\/”_1 s.t.

pelg — (*,p,7') = mg, (1, p,7)
f®) = f(p) B
FO7) = f9(7) = 2771 (@) = fO(7)

Notice that

—1

p€ BA®p), re BAOFT®)L) () A BA(=20.17 ) (5

From the basins of attraction with f,(y) = f7 o f9, we then deduce that

(5.56) p=p. o) =Gl @) = ), B €] with (5,7) €0,

and it is straighforward to check that conversely (5.56) implies that p € G in the sense of definition (5.54).
Therefore this shows characterization (5.55) of G. This ends the proof.

Similarly to Lemma 5.15, we show the following results

Lemma 5.18 (Associativity of self-gluing for Kruzkov germs)

Let v be a fized index. Assume that f., satisfies (2.2) for Ny = ny +my > 5 with ny,my > 2 and some
Ny : My junction J.. Assume that G, is a Kruzkov germ with respect to (Jy, fy). We also assume that there
exists four distinct indices ji, jo, k1,ko € {1,..., Ny} such that

joo f = A D > (0,400),  JP = (—00,0)
f32 fk2 =: fB, J5+ > (0, +00), Ji? = (—00,0)

Then with notation of Corollary 5.17, we have the germ equality

] uv k nk i J ﬁJ
(005 = (16,0 )

which is associated to a (ny —2) : (my — 2) junction.
and

Lemma 5.19 (Associativity of the gluing and the self-gluing for Kruzkov germs)
For vy = «, 8, assume that f., satisfies (2.2) for Ny = n,, +m, for junctions J., of type n, : m. We consider
Kruzkov germs G-, with respect to (J., f+).
We also assume that there exists j1 € {1,...,No} and three distinct indices jo,k1,k2 € {1,...,Ng} such
that

fél = fé2 = fA’ Jg;l = (O’ +OO)7 Jéz = (—O0,0)

fEr=fhr =8, U5~ (0,400),  J5 ~(—00,0)
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Then with notation of Corollaries 5.14 and 5.17, we have the germ equality

: b
Go 1 ((%)kvkz) _ (ga,ﬁ} g@)
Ji:J2 J1:J2

which is associated to a (ng +ng — 2) : (Mg +mg — 2) junction.

5.9 Gluing of Godunov quasi-fluxes

Recall that Godunov quasi-fluxes are introduced in Definition 2.22. Here we recall this definition and
distinguish some further classes of Godunov quasi-fluxes.

Definition 5.20 (Godunov quasi-flux)

Assume (2.2) with N > 1 and compact boz [a,b] C RY. Recall that o € {£1}" encodes the orientations of
the branches for the junction J with fluzes f.

Then a function fq : [a,b] — RY is said to be a Godunov quasi-flur with respect to (J, f), if it satisfies the
following conditions

fo : [a,b] = RN is continuous
(5.57) oo fo : [a,b] — RY is Riemann monotone in the sense of Definition 2.11

I fI) <0 f3(q)gimrs and 07 f3(q)|gimas < 07 f7(a?)

i) (HJ quasi-flux)
We say that the quasi-flux fy is HJ if

fg:g forall j=1,...,N, for some function g : [a,b] - R

ii) (KruZkov quasi-flux)
We say that the quasi-flux fy is Kruzkov if

(5.58) 0< Df0 (p,q) Z o’ - sign(p? — ¢7) - { 1 (p) — Ag(q)} for all p,q € [a,b]
j=1,...,.N

ii’) (Lipschitz KruZkov quasi-flux)

We say that the quasi-fluz fo is Lipschitz Kruzkov if it is Kruzkov and if fo : la,b] — RN is Lipschitz
continuous.

iii) (monotone quasi-flux)

We say that the quasi-flux fo is monotone if

the maps p — O’jfg (p) are nonincreasing in the variable p* for all k # j.

iv) (conservative quasi-flux)
We say that the quasi-flux fy is conservative if

>, o fi=0
j=1,..,N
v) (j-local quasi-constancy)
Let j € {1,...,N}. We say that the quasi-flux fo is j-locally quasi-constant if it satisfies the following.
For any p € [a,b], let

®(z) = folp+x-€j) defined for p +z € [a?, b].

Then _ .
® = const =®(0) on {®/ =d7(0)}
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Remark 5.21 (Reformulation of the bounds)
Notice that the last line of (5.57) is equivalent to condition

(5.59) (co(f—f) n>0 on da,b with outward unit normal n

When a point of the boundary O[a,b] has several outward normals, then we can take any outward unit normal
n.

Remark 5.22 (A technical remark on Lipschitz Kruzkov quasi-fluxes)

From Proposition 4.20, we know that a Godunov quasi-flux fo which is Kruzkov and satisfies moreover the
following partial Lipschitz condition
(5.60)

the map p — fé (p) is locally Lipschitz continuous in p? uniformly in p* for k # 7, , and for all j=1,...,N.

is (locally) Lipschitz continuous on the conpact boz [a,b], and then (globally) Lipschitz continuous on [a, b].
Therefore for Godunov quasi-flux which is Kruzkov, it is equivalent to satisfy (5.60) and to be Lispchitz.

Then we have the following result.

Proposition 5.23 (Gluing of Godunov quasi-fluxes)

For~v = «, 8, assume that f., satisfies (2.2) with compact box [a, bl for Ny = ny+my and ny : my junctions
Jy with JJ ~ ol - (=00,0) and o, € {1}, We set [a, b)) := [a],b]]. We assume that for each v = o, 3,
there exists one index j, € {1,...,N,} such that

(5.61)  flo = féﬂ =f% on [a,bJ =]a, b]]f =:[a", "] with JI* ~ (0,400) and Jéf’ ~ (—00,0)

and we glue those two branches. To simplify the notation, up to relabel the indices, we now assume that
Ja =0 =jg, and the indices now go through the values {0,..., N, — 1}. Hence we now have

f"/:(f'(yja"'v ’fvafl)
[a,b];::. I e

Jy =~ (0,400) and Jj~(-00,0)

and consider Godunov quasi-fluzes fv = ( A,(Y), cee fWNW_l) with respect to (J, f). Fory =« or 8, assume

either that f,y is 0-locally quasi-constant (on [a°,b°]) in the sense of v) if Definition 5.20.
Let the new junction of type (nq +ng — 1) : (mq +mpg — 1) after gluing, be defined by

J:={0}u U 7)o U

§=1,...Na—1 k=1,..,Ng—1
and
O'I { 0-11; Zf I= (k7a)
= ag if I=(k,p)
For py = (p},... ,pfvafl) € [a, 0], (avoiding notation p., to keep light notations), let us consider the set
(5.62) Ri={re@ ], frpa) = f0pe)} with f2Lpa), f3(1pe)

Then R is non empty, and define the set
A= {X= fr,pa,pp) € RN=F072, re R}

with
f(rapaapﬁ) = (folz(rvpa)a ey féva_l(rvpa); fé(rvpﬂ)v ey fé\[ﬁil(rvpﬂ)) S RNQ+NI§_2
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Then A is reduced to a singleton A = {\}, and this defines the following map

Foolmbll <l dly - RNrNo2

(Pas P3) = f(Paspp) = A
and we set the map
o= Y F T < [a, b x [0, b — RNa+ N2
More generally, we also denote by . R
fozl ﬁ fﬁ
JadpB

the quasi-flux obtained by gluing of quasi-fluzes along indices j, and jg, with in particular
fa b fo:=[
0:0

0) (Gluing Godunov quasi-fluxes)

Then f is continuous, the map g © f is Riemann monotone, and f is a Godunov quasi-flux with respect to
(L, )

i) (Gluing Kruzkov quasi-fluxes)

Assume that f,y are Kruzkov quasi-fluzes for v = a, 3. Thenf s also a Kruzkov quasi-fluz.

i’) (Gluing Lipschitz Kruzkov quasi-fluxes)

Assume that f,Y are Lipschitz Kruzkov quasi-fluxes for v = «, 3. Then f is also a Lipschitz Kruzkov quasi-
fluz.

ii) (Gluing HJ quasi-fluxes)

Assume that f,y are HJ quasi-fluxes for v = a, 5. Then f is also a HJ quasi-fluz.

iii) (Gluing monotone quasi-fluxes)

Assume that f,y are monotone quasi-fluxes for v = «, 8. Then f is also a monotone quasi-fluz.

iv) (Gluing conservative quasi-fluxes)

Assume that f,y are conservative quasi-fluzes for v = «, 8. Then f is also a conservative quasi-fluz.

Proof of Proposition 5.23

We follow the lines of the proof of Proposition 5.13, and adapt it step by steps.
Step 1: non emptyness of R

We replace the a priori bounds, by (5.57) which means

a9 f(1°) <oY(fpo and  oS(f)ja0 < 09 %(a”)

i.e. with O’g =1= —ag
PO {ﬁw%z@@w
(£)ja0 < fO(a®) (f)a0 > f°(a”)
Hence . .
g(r) = §(r,p,q) == fa(r,p) — f3(r,q)
satisfies

9(a®,p) — f3(a°, q) > fO(a®) — f°(a®) = 0
0%, p) — fI(°,q) < fO(b°) — fO(b°) =0

, which shows the non emptyness of R.

—
o «
—~
RS
~— ~—
|

~— .
o~

which implies again g(a®) > 0 > g(#°
Step 2: A is a singleton
Unchanged.

Step 3: continuity off
Unchanged. B

Step 4: Bounds on f

The bounds correspond here to the last line of (5.57) satisfied by f7 and f,. By construction, these inequal-
ities are unchanged for f and f. Step 5 must be skipped.
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Step 6: Riemann monotonicity of ¢ ¢ f

The proof is unchanged. B

Step 7: conclusion

We conclude here that f is a Godunov quasi-flux.

Step 8: additional argument for Kruzkov quasi-fluxes

Unchanged.

Step 8’: additional argument for Lipschitz Kruzkov quasi-fluxes

The proof is the same, except that we have furthermore to check that f is Lipschitz continuous, or which
is equivalent satisfies (5.60) (see Remark 5.22). This does not follow immediately from the fact that each
quasi-flux ﬁ, is itself Lipschitz Kruzkov in the sense of Definition 5.20. It requires a proof.

In order to show that j satisfies (5.60), it is sufficient to estimate 8p2£(%ﬁ, say for v = « (the case vy = (3 is
similar).

Step 8’.1: formal proof

We want to estimate Bpéf(a’j). Starting from

fg(rapa) = f[g(rv qﬁ)

we get formally by derivation

0 f

Pa

We recall that 00 = —1 and 02 = +1. When 5‘0f2 < 0, we get

Ao f

) —9 _ _
90 f2 — 9o f§

apixi p{;fg[ y apzlfao with W=

where u € [—1, 1], because

80f2 <0
dofg >0
oadofa > Z |00 f3)]
7#0
and then
2la,g) Py .
(5.63) 10, 1o (aabal) < 18 AL (0 ba)) 1001 FAl L (0 ba])

which provides the desired bound.
Step 8°.2: sketch of the rigorous proof
The difficulty comes from the fact that r is not unique in general, and has no derivatives. One way to make
a rigorous proof consists to proceed by approximation.
First, because o © f,y is Lipschitz and Riemann monotone, we can consider the function for € > 0

f%l(P) = f'y(p) +teoy o {p - a72—|—b7}

which satisfies
(5.64) (00 {frn=f})-n=C>0 on 9fay]
for some constant C' depending on b — a only. Moreover it has positive derivatives

(5.65) 0?; . 8%]%’1 >e>0 on [ay,b,
Now because fy is Kruzkov and Lipschitz, we know from Proposition 4.20 that it satisfies

(5.66) afjakfj > Z |(“)ku/| for all &
7€{0,...,Ny—1}\{k}
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and then also f7,1~ Then for any § > 0 and non-negative mollifyer ps = 6=~ p(6~1-) with supp(p) C By, we
deduce that

k £k
f’y,Q =ps *f’y,l

still satisfies (5.66), but on the reduced box

[ay,b5)5 =[] lad +6,6] — 4]
§=0,...,Ny—1

It also satisfies the following variants of (5.65) and (5.64), i.e.

{(avo{fmz—f,y})~n206/2>0 on d([a,b]_s)

UZ; . 3p%f§’2 >¢e/2>0 on [ay,by]-s

for § > 0 small enough.
Hence the solution r to

fg,z(rapa) = fg,Q(Tv qs)
does exists, is unique and smooth for all p, € [@a,ba]—s and gs € [ag, bg]—5. Then the formal proof becomes
rigorous and gives (with obvious notation)

ACH)) 2 P

10,5 Fy " 1L (fanbal—5) <1001 F2 2l Lo (lamsba]—s) T 18,3 £ 2] L% ((an bal—s)

In the limit § — 0 and then € — 0, we recover (5.63). Therefore we conclude that i is Lipschitz and then a
Lipschitz Kruzkov quasi-flux.

Steps 9, 10 and 11: additional arguments for HJ, monotone, and conservative quasi-fluxes
The proof is unchanged. This ends the proof of the proposition.

Lemma 5.24 (Associativity of the gluing of Godunov quasi-fluxes)

For§ = «, 8,7, assume that fs satisfies (2.2) with compact box [a, b]s for Ns = ns+ms and ns : mg junctions
Js with Ji ~ o) - (—00,0) and o5 € {1}V, We set [a, 0} = [a},b)]. We also assume that there exists
Jas s kv, kg, with js, ks € {1,..., N5} such that

flo = fé’j = fA  [a, bl = [a,b]zf =: [a, b4 —ole =1= O’éﬁ, Jio >~ (0, +00), Jgf ~ (—00,0),
fg’j = ff;” = fB Ja, b]gﬁ = [a,b]lfﬂ =:[a,b]P —O’Zﬁ =1= 057, JSB ~ (0, +00), Jf” ~ (—00,0),

We consider Godunov quasi-fluzes ﬁ; with respect to (Js, fs). For § = a, B or v, assume either 1) that
fo 8 Ja-locally quasi-constant, that f., is ky-locally quasi-constant, and that fg is both jz and kg-locally
quasi-constant. With notation of Proposition 5.23, we glue

(faﬁfﬁ)ﬁﬁ, = (fa i fg)k ﬁk f7 gluing first Ji= with Jéﬁ, and then Jgﬁ with Jlf”
By

Jatip

and also glue

fat(fotfy) = fa‘ g (fﬁlC ﬁk fy)  gluing first JSB with J»lf”, and then Jie with Jgﬁ
BiRy

Jailp

Then we have

(5.67) (fallfa)tfy = fat(fotfs)

Proof of Lemma 5.24
Here we can not use directly proof of Lemma 5.15, because we do not manipulate germs. Still, we can adapt
the proof.
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Again, we set

[a,b]s == H [a, b]g for §=0q,f
jE{L---,NE}\{j,S}

la,bs := H [a,b]]; for 6=0,v
ke{l,....,Ns}\{ks}

la, b = I1 [a, b

je{l’“'aNﬁ}\{j51k5}

Step 1: first computation
We simply compute for (pa,ps) € [a, by, x [a,b]}5
g fopasr?®) i I=(ayj) fir (Bas ) = £ (B3, 1)
=3 h th a” P T X
fap (B 25) { fape, ) if I=(8,5) s for some 74 € [a b4

with abuse of notation for (po,r4) € [a,b]o and (pg,7?) € [a,blg, and similarly for (pas,p,) €

([a,b]; % [a, b]g) x [a, b

e P NKs s\ faﬁ(pm B if K=(aj) or K=(8j) . f(ﬂk")(pa, By = £ (py. 1)
(fastfs)" (Pap: Dy) { f](p’vv B) if K=(v,7) with {for some 1P [a,bi/B !

Hence for pos = (Pa, D) (and with pg = (ﬁ,'@,rB)), we get (Do, P, Dy) € [a,b]y, % [a,b]i5 x [a,b] and

o i (Basr™) if K (,]) Fi(Bor ) = I (93, r B, 1)
(fast ) (Par Do y) = 3 [P0 i K =(8,5)  with  { R pB ey = (5 0B)
fj(p'y, B) if K* (7, 4) for some 14 € [a,b]4, 1B € [a,b)?

Step 2: second computation
We simply compute for (pg, p) € [a,b] % [a, ]}

N ~ ~ Aj D 7FB if I == ) j . Akﬂ D _B = Ak’y 2 _B

fﬁlv(pﬂvp'y) = ”[;(;?ﬁ 713) : _ 7 j) with s gp,g,?" )—B S (p»%r )
2Dy, T7) it I=(v,7) for some 77 € [a,b]

and then for pg, = (pjs, ) (and with ps = (ﬁ’ﬁ,fB)) and (Pa,Ppy) € [a,bly, x [a,b]5 x [a, ]

i (fanT H o K= () Fi oy 7) = f‘ﬂ““(pﬁw )

Faf \K(s 5\ _ i
(fatfsy) (pa7p5"/)_{ fﬂ’y(pﬂ77 4) it K=(8,7) or K=(v,7) with {forsome r [a b4

Hence for (pa, P, py) € [a, by X [a,b]5 x [a,b]}, we get

o 4 (Pan T) it K= (aj) 5 (0l 78, 74) = £ (91, 7F)
(faﬁfﬁ’y)K(f)Oé?f)/ﬁap’Y) = fg’( B _A) lf K = (/8’]) Wlth féa (ﬁav ) f (pﬁ7 r aFA)
f'Jy( 7B) it K=(v,7) for some 74 € [a b4 B ¢ a,b]P

Step 3: conclusion

From the uniqueness of the values obtained through our construction (whatever are the choices of r
[a,b]¢ for C = A, B), we deduce that fajjfﬁw = fagjjf,y, which shows (5.67). This ends the proof of the
lemma.

CCE

Proposition 5.25 (Self-gluing of KruZzkov quasi-flux f7 for n., : m, junction)

Let «y be a fized index. Assume that the function f, satisfies (2.2) with bounded boz [a, bl with Ny = n +m,
with ny,my > 1 and N, > 3. We consider some n, : m, junction J, with JJ ~ o - (-00,0) and
oy € {£1}Y7. We set [a, bl := [al,b]]. Up to relabel the indices, we assume that the indices go through the

values {0,..., N, —1}.
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We now assume that there exists two indices ji,j2 € {0,..., N, — 1} such that
i1 fi2 —. 0 i1 jo . [,0 70 . i~ o
(5.68)  fir=f12=f" on [a,b)) =[a, b =:[a",0"] with JJ'~(0,+00) and JJ* =~ (-0c0,0)

and we glue those two branches. To simplify the notation, we also assume that j; = 0 and j» = N, — 1.
Hence we now have

Fr=00 . 7

[a,b]” = | I [

(5.69) i=1,..,Ny—2
JY ~(0,+00) and I~ (—00,0)
fg = f.év"ffl = fO on [a7b]g = [a,b]fyv”*l —. [a()’bo}

We assume that fAV : [a, ], = RN~ is a Godunov quasi-fluz with respect to (J., f,), which is assumed to be
KruZkov (resp. Lipschitz Kruzkov) in the sense of Definition 5.20.
Let us constder the new junction of type (ny — 1) : (m., — 1) obtained after gluing, and defined by

J:={0}U U Jé and gk::orl; for k=1,...,N,—2
J=1,0r, Ny =2
We introduce p, = (pl, ... ,pf,v”fz) € [a,b]’) (avoiding notation p) to keep light notations), and we consider
the set
(570) R:= {Te [a07b0]7 fS(Tapmr) :fj,vw_l(npm"')} with ff?(\lﬁp’yv’r)7 fré\[’y_l(rap’WT)

Then R is non empty, and the set
A= {)\ = f(r,pw) eRM2 re R} with f(r,pw) = (f}/(r,pv,r),...,févwﬁ(r,pv,r))
is reduced to a singleton A = {\}, and this defines the following map

fiolab)? - RNV_Q
Dy = f(py) = A

and we set the map

(5.71) L= %) [a, b)) - RN 2

i) (Kruzkov quasi-flux)
Moreover, the map f is a Godunov quasi-flux with respect to (J, f), which is moreover Kruzkov (resp.
Lipschitz Kruzkov). We introduce the notation

o A
(5.72) froe=f

defined in the special case j1 := 0 and jo := Ny — 1.

ii) (KruZkov conservative quasi-flux)

Assume furthermore that f,y 18 a Lipschitz Kruzkov conservative quasi-flux. Then f is also a Kruzkov
conservative quasi-fluz (resp. Lipschitz KruZkov conservative quasi-fluz).

Proof of Proposition 5.25
The proof is a direct adaptation of the proof of Proposition 5.16. We skip the details.

Similarly to Lemmata 5.18 and 5.19, and because the proofs are similar, we state (without proofs) the
following results:
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Lemma 5.26 (Associativity of self-gluing for Kruzkov quasi-fluxes)
Let v be a fized index. Assume that f., satisfies (2.2) on the bounded boz [a,bl, for Ny = n, +m, > 5 with

Ny, mey > 2 and some n., : m~, junction J,. Assume that f, is a Kruzkov quasi-fluz (resp. Lipschitz Krugkov
quasi-fluz) with respect to (Jy, fy) in the sense of Definition 5.20. We also assume that there exists four
distinct indices ji, jo, k1, k2 € {1,..., Ny} such that

J1— sz =: f4, J ~
A R e S S

Then with notation of Proposition 5.25, we have the equality

(e Yol = (17

which is a Kruzkov quasi-flux (resp. Lipschitz Kruzkov quasi-fluz) associated to a (ny,—2) : (my—2) junction.
and

Lemma 5.27 (Associativity of the gluing and the self-gluing for Kruzkov quasi-fluxes)
For v = «, B, assume that f, satisfies (2.2) on the bounded boxes |a,bl, for N, = n, +m, for junctions J,
of type ny : m,. We consider Kruzkov (resp. Lipschitz Kruzkov) quasi-fluzes f., with respect to (J., f-) in
the sense of Definition 5.20.
We also assume that there exists j1 € {1,...,No} and three distinct indices ja, k1,k2 € {1,...,Ng} such
that

Jp= = ph T = (0400), 2 (—00,0)

fir=fE =8, I = (0,400),  J§ ~ (—00,0).

Then with notation of Propositions 5.23 and 5.25, we have the equality

R Lot N\ A
fozv ﬁ ((fﬁ)klsz) (fo/ ﬁ f > 1:k2
J1:J2 Jiijz

which is a Kruzkov (resp. Lipschitz KruZkov) quasi-fluz associated to a (ne + ng — 2) : (mq + mg — 2)
Junction.

6 Applications

6.1 Restriction of Riemann germs to bounded boxes - a priori L* bounds

We also have the following result (which can also be used to derive a priori L* bounds on solutions with
initial values in a bounded set K).

Proposition 6.1 (Restriction of Riemann germs to bounded boxes)

For N > 1, assume (2.2) and nondegeneracy condition (2.17), and let G C [a,b] be a Riemann germ with
respect to (J, f). Let K C [a,b] NRY be a compact set.

i) (Bounded box)

Then there exists a boz [a,b] such that

(6.1) K Clab]C a,b] with [a,b] bounded and mg([a,b]) C [a,b].

Moreover, for the inclusion there exists a minimal box [a.,b.] satisfying (6.1).
ii) (Restricted Riemann germ) B
For any box [a,b] satisfying (6.1), then the set G' := G N [a,b] is a Riemann germ with respect to (J, fijz.5))-

Proof of Lemma 6.1

Up to use reversion transforms, we can assume that the junction is of type 0 : N. Up to use inversion
transforms, we can also assume that ¥ = +1 in (2.2) for each index k. Moreover, up to increase the
compact set K, we can assume that K = [a,b] C [a,b] "RY with a,b € RY with a < b.

Part 1: case b = (+o0,...,+00)
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Step 1: construction of a

For each index j, we have the following dichotomy. Either a’ > —oc0, and then we set @’ := a’. Or we have

a? = —oo, and using the coercivity of f7 at —oo, we choose a’ € (—o0,a’] such that f/(a’) = ( inf _]fj.
—00,ad

Then (2.14) implies for all index j that

Fp)>fp)= inf fI= inf f/ forall pela,b
(—00,pd] [a’,p7]

Hence, up to replace G by G N [a,b] which is again a Riemann germ (from ii) of Theorem 2.15 and the

continuity of f ), we can assume that a = a € RV.

Step 2: bound on G towards +oo

We claim that there exists some

(6.2) there exists some b, € [b,b] "R such that G N (bs + [0, +00)") =0
Assume by contradiction that (6.2) is false. Then we deduce that we can construct a sequence (py)nen with
(6.3) Pn€G, Dp<Dpi1, P, — +oo as n— +oo for all index j

Setting p,, := 7(p,) = pn, and using the fact that each f7 is coercive, we see that up to extract a subsequence
(still denoted by n), we can assume that p,, < 41 and f(pn) < f(Pnt1) (using also that f = f on G). This
means that

(6.4) (Bt = Bn) - [Flor >0 with [fI7" = F(Puy1) = F/(9n) > 0
From Theorem 2.20, we know that o ¢ f =— f is Riemann monotone with 07 = —1 for all j. Therefore
(D1 — Do) - 12 <0 dmplies [f]2 =0

Contradiction with (6.4). Therefore (6.3) is false, and this implies (6.2).
Step 3: bound from above on f on [a,b]
We claim that

(6.5) sup  sup fI < +oo
j=1,..,N [a,b]

We do the proof by recurrence on the number N > 1 of branches, using (6.2).

Step 3.1: case N =1

For b, given in (6.2) for N = 1, recall that b, € [b, +00) , and consider b, := ng(b.) € G C [a,b]. Then (6.2)

implies that b, < b, and BA(l;*) S b, + [0,+00) 3 b.. Hence f = const on [by,+00). By assumption, G is

a Riemann germ, and then f is continuous, and then bounded on [@, bs]. This implies that sup f < +oo,
[a,0]

which shows (6.5) for N = 1.

Step 3.2: case N=n+1forn>1

Given n > 1, assume that (6.5) is true for N —1 = n, and let us show it for N := n+ 1. To this end, we use

the slicing lemma 4.12.

We first freeze the last coordinate a’¥ of a = (a’,a’). We consider the germ

ro_ o - /ot R N ety . I ::(flv“wail)
N = {p .—(p17...,pN 1)€[avb]7 faN(p)—f(p)} with { A,;N(p/) :Z(fl,...7fN_1)(p/7(iN)7

Then from assumption (6.5) at the level N — 1, we deduce that

(6.6) sup  sup f;N < 400
j=1,...,N—1[a’ ']

Because G/ = {p/ € [a,v], A(ilN ®) = f’(p’)} and f’ is coercive, we deduce from (6.6) that there exists
some R > 0 such that G/ C @ + [0, R]"~!. Now for any p € [@/,b] x {a"} and p := mg(p), using the
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fact that the function fN is nonincreasing in p¥ for 0 : N junctions, we deduce that fN(p) = fN(ﬁ) <
fN@,aN) = f (') with p' € G! n. Therefore

(6.7) Np)y<  sup fN <Cg
la’,a’+(R,...,R)]

Hence, using again the monotonicity of fN , we get sup fN < sup fN < Cg. Similarly, up to increase
[a@,b] [a’,b']x{aN}
the constant Cr, we deduce B
sup sup f? < Cg.
j=1,...,N [a,b]
Step 4: construction of b - ‘ N o ,
Using the coercivity of f7 at +oo, we choose b/ € [V, +00) such that sup f7 < f7(b’) = sup f’. Then we
[a@,b] [@d,bd]
have A . o ‘ B
fP(p) <supf? <supf? < f/(¥’) < sup f? forall pe€]la,l]
[a,b] (@] [p7,5]
We conclude that S _ B
inf f7 < f/(p) < sup f7 forall pela,b
@ 5]

and from ii) of Theorem 2.15, we conclude that G’ := GN[a, b] is a generalized germ with respect to (J, fian)
with fgr = ( fg)‘[mg]. Because f = fg is continuous, we also deduce that G’ is a Riemann germ.

Step 5: a further property of [a, b]

Consider any p € [a,b], and define § := 7g/(p) € G’ C G. Then we have (from the definition of the basins of
attraction) p € BA™1w81(p) = BA”/ (p) N [a,b], and then p € BA”/ () with € G. Hence p = p := mg(p).
In other words, this shows that (mg) ;5 = Tgr With G’ = G N [a, b]. In particular, we see that if G N [a, b] is
a Riemann germ, then the box [a, b] satisfies 7g([a, b]) C [a, b].

Step 6: converse property

We now want to show that, under our assumption (2.2), for any bounded box [a,b] C [a,b] such that
ng([a,b]) C [a,b], then G N [a,b] is a Riemann germ. From ii) of Theorem 2.15, we only have to show that
for all 5

(6.8) inf f/ < fi(p)< sup f/ forall pe[a,b]
(a7 ,p7] [p7,b7]
Indeed, let p € [@,b]. By assumption, we have p := 7g(p) € [a,b]. From the definition of the basin of
, A _ 7 S P@)zpe) i p =y
attraction BA(p) 3 p € [a, b], and for a junction of type 0 : IV, we have T s . SR
P)>pe bl J speo: Noweave { 002 E00 R 20

Because p! € BA(p?) N [a?,b] 3 p’, we deduce that

: Py zp@) i p>p : j F(p7) if p’
o f = {fj(f’j) it p<p 0 s {fj(Pj)Sfj(ﬁj) it p/

IN IV

P
P

which implies that : inf_} A< fiph) = fi () = fj(p) < sup f7, which is exactly (6.8).
a’.p? [ijEj]

Step 7: minimal box - - - -

Given the compact set K, consider the set S := {[a,b] CRY, K C[a,b] and wg([a,b]) C [@,b]}. Then

define the set K9 := ﬂ [@,b]. By construction, this set is closed and is a box which contains K, i.e. we

la,bleS

have K9 = [a.,b,] D K. Moreover, we have 7¢g(K9) C K9, and then K9 € S which shows that K9 is the

minimal element of .S for the inclusion.

Part 2: case b # (+00,...,+00) B

This part is an easy adaptation of Part 1. Step 1 is unchanged. If b € R, then we can choose b := b.

Assume now that b ¢ RY. Then, in Step 2, relation (6.2) has to be replaced by

6.9 there exists some b, € [b, D] \RY such that G N | b, + 0,+c0)e; | =0
J
bi =400
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where (e1,...,ey) is the canonical basis of RY. Step 3.1 is unchanged. In Step 3.2, relation (6.7) has to be
modified in

(6.10) ) < sup N <cg
[a’,a'+(R,...,R)|N[a’,b']

Finally in Step 4, we have to redefine &’ := b’ only when » € R. The remaining part of the proof is
unchanged. This ends the proof of the proposition.

6.2 Theorem 2.26 and its proof: Kruzkov germs

Theorem 2.26 will be a corollary of the following two lemmata.

Lemma 6.2 (D-maximality of Kruzkov germs)
Assume (2.2) with N > 1 with G C [a,b] a generalized Riemann germ. Consider the set

G :={pelab], D/(p,g)>0 forall GeG} for D! defined in (2.8)
If G is a Kruzkov germ, then it satisfies the following D-mazimality property: G' = G.

Proof of Lemma 6.2

Recall that by definition of the Kruzkov germ G, it satisfies Df > 00on G xG. Hence G C G'. Assume
that there exists p € G’\G. From Lemma 3.4, we deduce that Df(p,p) < 0 for p := 7(p). Contradiction.
Therefore G’ = G, and this ends the proof.

Lemma 6.3 (Stability of KruZkov germs)
Assume (2.2). Let G C [a,b] be a generalized Riemann germ.
If G is a Kruzkov germ, then fg is continuous.

Proof of Lemma 6.3
We will show the result using Theorem 2.17. We will indeed show that the G-Riemann problem is stable.
Let [a,b] 2 pn — Poo as n — +00. From Lemma 3.11, we have for p,, = 7(p,), that there exists P such
that pe € BA(Poo) and

Up = ud

T pnsbn = Uoo 1= Up oo ,Poo in Llloc([07 +OO) X J)

where we do not know yet that po, belongs to G. This is what we want to prove. For any 0 < ok €
CL([0,4+00) x J*) with J* := {0} U J¥ ~ [0, +c), we define

(0t ¢) = / [, Yol + (MY deda + / 7 (o, ) do
(0,--00) x J* {0} x J*

From Definition 2.57 of Kruzkov entropy solutions, we have for any ¢ € G (which can be seen as a constant
G-entropy solution), we have

I*(p,tup,c) >0 forany 0< ¢* € CL([0,4+00) x J¥)

Now for 0 < ¢F € C1([0,+00) x J*), and using the continuity of ¥*(-, c¥), and the notion of trace at x =0
(which is automatically well-defined for Riemann problem, because of the monotonicity of u¥ in ), we get
(which can be justified, by approximation from C?! to Lipschitz continuous, with ¢* := ¥ — ©*(¢,0)0.(z)
with 6 (z) := max {0,1 — e~ 'z} in the limit ¢ — 0), that

Ik((pvumc) Z/ _wk(ﬁmck)@k
(0,400)x {0}
Choosing " = ¢7 =: ¢" on (0, +00) x {0}, we get
Ipune)= 3 ooz [ D! (pn, )" = 0
k=1,...,.N (0,400)x{0}
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where the last inequality follows from D7 (p,,c) > 0 because p,,c € G and G is a Kruzkov germ. Passing
to the limit, we get I((p, uoo,c) > 0. Now choosing @I (t,x) = ¢%(t,0)0.(z) for all index j (up to use again
approximations from C* to Lipschitz continuous), we get in the limit e — 0 that

OSI(@&7U&,C)*> D(f)omc)‘POD(ﬁoovc){/ 900}
(0,400)x {0} (0,400)x {0}

Because this is true for all 0 < ¢ € C}([0,+00)), we get D(foo,¢) > 0 for all ¢ € G. From Lemma 6.2,
we deduce that poo € G with us = up_ 5. Hence ps € GN 73 = {m(pso)}, 1.6 Poo = T(Poo) and

Uso = ugw (pos)” This shows the stability of G-Riemann problem. Hence from Theorem 2.17, we deduce

that f is continuous. This ends the proof of the lemma.

Proof of Theorem 2.26:
For the proof, we refer to the table of Subsection 2.5. This follows from Lemmata 6.2 and Proposition 4.20.
This ends the proof of the theorem.

We end this subsection with the following result.

Lemma 6.4 (Convergence of Godunov flux for Kruzkov germs)

Assume (2.2) with N > 1. Let G,, C [a,b] for n € N be a sequence of Kruzkov germs with respect to (J, f),
with associated Godunov flux fn = fgn. Then, up to extract a subsequence (still denoted by n), there exists
a Kruzkov germ Goo C [a,b] with respect to (J, f) and foo := fg.. such that

fgn%fgw as n — +oo

Proof of Lemma 6.4 .
We know from i) of Proposition 4.20 and vii) of Proposition 2.14 that the sequence f,, is locally uniformly
Lispchitz. Hence from Ascoli-Arzela theorem, we can extract a convergent subsequence and call f., the

limit. We define the set G, = {foo = f}, which is a closed subset of [a,b]. Notice that we have D >0

on [a,b]?. Passing to the limit, we recover Df= >0 on [a,b]%. Hence Df > 0 on G, x G, which shows that
Joo is a Kruzkov germ, once we know that G is a generalized Riemann germ.
Now recall that f, satisfy (2.14), and also (2.12) which is

For all p € [a,b] and Knp': {je{l NY, fip );éfj(p)}, there exists £, > 0

(6.11) such that for Qn , =p+ Z —En,En)ej, we have
. ]EKn,p
fo=const on [a,b]NQye, (p)

Then it is easy to see that condition (6.11) is closed. This follows from the Lipschitz continuity of f which
allows to bound from below ¢,, for n large enough as fn — foo, starting from K , defined similarly for fOo
We conclude that f., satisfies (2.12) and (2.14). Then Theorem 2.15 ii) implies that G., is a generalized
Riemann germ and that foo is the Godunov flux associated to Go,. We conclude that G, is a Kruzkov germ
with fgoc = foo. This ends the proof of the lemma.

6.3 Theorem 2.28 and its proof: D, -germs

Proposition 6.5 (Characterization of D -germs among generalized Riemann germs)
Assume (2.2) with N > 1. Let G C [a,b] be a generalized Riemann germ, and let f := fg be ils associated

Godunov germ. Then G is a Di-germ if and only sz is locally Lipschitz continuous on [a,b] and satisfies
a.e. on [a,b]

(6.12) a'fy= > |ofl, forall i=1,....N
je{1,...,N}\{i}

and

(6.13) 9;(07f1) <0, foral i#j
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Proof of Proposition 6.5
The proof follows part of the lines of the proof of Proposition 4.20.
We first recall that from Lemma 5.5, the generalized Riemann germ G is a D -germ if and only if it satisfies

D_{_ > 0 on [a,b])? for f = fg. We only do the proof for N : 0 junctions. The general case then follows by
reversion transforms.

Step 1: necessary condition

Step 1.1: preliminary

We first notice that a Di-germ is in particular a Kruzkov germ (i.e. a D-germ) because D(p, q) = D+ (p,q) +
D, (q,p). Then Proposition 4.20 implies that f is locally Lipschitz continuous on [a, b] and satisfies (6.12).
Step 1.2: application

Recall that Corollary 4.19 holds for N : 0 juntions, and (4.33) means for f that a.e. on [a,b] we have

Sk ::Zjerj
(6.14) oSk >0 forall ke K |, forall K c{l,...,N}
OkSk <0 forall k¢ K

Hence for K := {j}, this gives (6.13) with ¢* =1 forall £=1,...,N.

Step 2: sufficient condition

Assume now that f is locally Lipschitz continuous on [a,b] and satisfies (6.12) and (6.13) for 07 = 1 for all
j. Then (6.12) implies immediately the second line of (6.14), while (6.13) implies the third line of (6.14).

Therefore (6.14) holds true, and then Corollary 4.19 implies that D_J:_ > 0 for a N : 0 junctions. Finally
recall that Lemma 5.5 shows that G is a Dy-germ. This ends the proof of the proposition.

Proof of Theorem 2.28
For the proof, we refer to the table of Subsection 2.5. The result follows from Proposition 6.5 and i’) and
iii) of Lemma 5.5. This ends the proof of the theorem.

6.4 Theorem 2.29 and its proof: conservative Riemann germs

Proof of Theorem 2.29
Recall that we assume that G is a Riemann germ which is conservative. From Lemma 5.5, this means f = fg
is continuous and satisfies . .
RHY =0 with RH'/(p):= Y o’ f/(p)
j=1,..0,N

Still from Lemma 5.5, recall that G is monotone if and only if
(6.15) D — ajfj (p) is nonincreasing in p* for all k # j, and nondecreasing in p

and G is Kruzkov if and only if D/ > 0. We first notice that up to apply a suitable reversion transform, we
can assume that the junction is of type N : 0, i.e. that J/ ~ (—o0,0) with ¢/ =1 for all j.

Step 1: monotone implies Kruzkov

Assume that f satisfies (6.15) and let us show that it satisfies (4.33). To this end, consider a set K C

{1,..., N}, and call Sk := Z f7. Then (6.15) implies
JEK

(6.16) Sk <0 forall (¢K

We also have Sk = RrRHS Z fj =— Z fj. Hence for all £ € K and j ¢ K, we have d¢f7 <0, and then
JE€K JEK

(6.17) 0iSk >0 forall (e K

Therefore (6.16)-(6.17) show (4.33). From ii) of Lemma 4.18, this implies Dﬂi > 0, and then Df >0and G

is a Kruzkov germ.
Step 2: Kruzkov implies monotone
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Assume that G is Kruzkov. Then Df > 0, and from i) of Lemma 4.18, this implies that Sk satisfies
(6.16)-(6.17), with

(6.18) Sk=Y -3 F=-RH 123 =23 =25
JEK J¢K JEK JEK

Therefore Sk also satisfies (6.16)-(6.17). Given an index k and K := {k} and £ € K or { € K, we deduce
from (6.16)-(6.17) applied to Sk that doff < 0 for all £ # k and 9y f¥ > 0, which is nothing else than
condition (6.15). Therefore G is monotone.

Step 3: equivalence with D, -germs

Using Theorem 2.28, we deduce that monotone is equivalent to Kruzkov which is also equivalent to D -germ.
This ends the proof of the lemma.

We also have the following result.

Lemma 6.6 (Conservative functions: equivalence of monotonicity and Kruzkov property)

Assume (2.2) with N > 1 and let the associated o € {+1}" and [a,b] C RN. Let f : [a,b] — RY be a
continuous function which is conservative in the following sense

Z ol fl=0 on [ab

j=1,,N
Then f is monotone in the sense of (6.15) if and only sz is Kruzkov in the following sense
DI >0 on [a, b]?
which is also equivalent for f to be semi Kruzkov in the following sense
Dfi >0 on la,b]?

Proof of Lemma 6.6
The proof follows the lines of the proof of Theorem 2.29, but using only Lemma 4.18 and (6.18). This ends
the proof of the lemma.

6.5 Theorem 2.30 and its proof: Hamilton-Jacobi germs and HJ-relaxation
operator

The proof of Theorem 2.30 requires two intermediate results: first Lemma 6.7 shows the existence of some
HJ-relaxation operator, which in particular has an action on locally constant functions. Then Proposition
6.9 presents important properties of HJ germs. Finally, we conclude the section with the proof of Theorem
2.30.

Lemma 6.7 (HJ-relaxation operator)
Assume (2.2) with N > 1. Let hg be such that

ho : [a,b] = R is continuous
(6.19) p > alho(p) is nondecreasing in p’ for all j =1,..., N,
fo := (ho, - .., ho) satisfies the monotone bounds given in the second line of (2.14).

Assume moreover that either [a,b] C RN is compact, or [a,)) NRYN =RN | or
(6.20) fo:=(ho, ..., ho) is locally constant on {fo # f}

Then the following formula defines uniquely hi(p) for each p € [a,b]

(6.21) {(m@}= U [{@}n (O {F@.d)}n [ {0}

q€[a,b] Jir(=00,0) Jio(0,400)
Then we set
(6.22) Rho = hy
and hy satisfies (6.19) and moreover f1 := (hy,...,hy) is locally constant on {f1 # f}.
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Remark 6.8 Notice that in Lemma 6.7 and in the special case of assumption (6.20), we do not have to
require the continuity of hg in (6.19). Indeed the continuity of hg is then automatic, as it will be independently
shown later in i) of Proposition 6.9, for the HJ germ Gy, = {fo = f}.

Proof of Lemma 6.7

Step 1: h; is well-defined with good properties

Step 1.1: non emptyness of the intersection

We consider hg satisfying (6.19). In particular, for fo := (ho,...,ho) we have f_ < fo < fi, which means

(6.23) P =G (¢ V)< holg) < fila) =G (¢ a)) if T = (~00,0)
) =GP (@) < hola) < [flle)=GI"(V,¢)) if J7=(0,+00)

Recall that the monotonicities of hy are opposite for ingoing and outgoing branches. It is more convenient
to have the same monotonicities on each variable. To this end, we define

P i=olp, (@5 =0, ¥] Pp) = p), Ji=oi(—00,0) for j=1...,N and  ho(p) = ho(p)

(which can be seen as a composition of some inversion transform and the reversion transform) which satisfies
ho(t,...,1) and

(6.24) F@) =G (@) <ho(q) < fL(@) =G (¢,a)) and J/ ~(—00,0) forall j
We also set J := {0} U U J?. Then (J, f) satisfies (2.2), with possible coercivity assumption for some

6% € {£1}. Up to apply some inversion, we can furthermore assume that 0% = 1.
We distinguish cases.

Case A: a,bec RN ‘

Then f7 (a) = i_n{_] f7 and fi(g) = sup f7,j=1,...,N. We define the functions

[al,b7 [ad ,b7]

o2(q) = G (7, @) —ho(@), j=1,...,N

For any p € [a,b] and using the monotonicity of @%, we get for Lg(dj) = (", ....,¢@ &, @, ...,@") and

for all g € [a, b] that
oL(h(a)) = GT (7, @) — ho(dl(@)) > GF (77, @) — Fl(a) = sup [/ — fi(a’) >0

[a7,p7]

We also get

B0 = 6 (7, F) ~ b)) < G (76~ P (#) = inf - ) <0
Recall that the map g + ®5(q) is continuous. Hence we deduce from Poincaré-Miranda theorem (see [39])
that there exists g € [a, b] such that
(6:25) 25(1) = 0

This implies that

(6.26) fh@in N {e"@.a)}#0

j=1,...,.N

Case B: —a/ = b = +o0 for all j

Here we do not use Poincaré-Miranda theorem, but make a direct proof. We first notice that (6.24) implies
for the special choice G := p G (7, 17) < ho(p) < G (p7,a’) for all 5, i.e. (using the coercivity of f7 to
bound \; from below)

_ . ol 3 — (57 < (D) < min P (5) = min GF (5. @) = N —
00 <Api= max G 2N j:rglﬁfo_(pJ)_ho(p)_j:r}}}ng+(pJ) jpin G (7,a7) = Ap = +o0
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Consider now for € > 0, the functions
¢l'w.q)=6"@.¢) -« -p), j=1..N

Then ¢ GJc (p?,@) is locally Lipschitz continuous and satisfies aiGﬂ( @) < —¢ a.e.. Moreover

I
GI'(7,a7) > Xy —e(@ — p7) > Ny = +oo and G (#7,07) < A, — () — p7) < ;. Hence for any X € R,
there exists a unique cjg()\) € R such that

(6.27) GL (@, @ () = A

and moreover the map A ~— @()) is nonincreasing and continuous. Now define ©.(A) := X — ho(g=())),

which by construction is also nondecreasing in A, and satisfies ©.();) < 0 < ©.()\;) = +oo. By continuity
of O, we deduce that there exists \° € [A;, +-00) such that

(6.28) 0.(3%) = 0

Up to extract a subsequence assume that A° — A* € [A;, +0oc] as e — 0. Assume by contradiction that
A* = +o00. From (6.27) and (6.28), we have

ho(q°) = G (77, @7) — (@7 — /) = A° = 400 with ¢ == @(\°)

where the second equality implies that g7 — —oo. This is in contradiction with the first equality and the
monotonicity of kg. We conclude that A* € [A;, +00) and then & — ¢* which satisfies ho(7*) = G (7, ¢*7)
for all j, which is (6.26) for g := q*.

Case C: fy := (ho,...,ho) is locally constant on {f, # f}

From ii) of Theorem 2.15, we deduce that gfo = {fo = f} is a generalized Riemann germ. Setting 7 := TG s
0

we define o
ﬁ = ﬂ-(ﬁ)7 peE BA(J’f)(ﬁ)a )‘0 = ho(ﬁ) = hO( )

where in the last equality we have used the fact that hg is constant on BA(/>)(p). Notice now that p € G 7o
and then G (77, p7) = f7(p’) = ho(p) = Ao which is (6.26) with g := p.
Step 1.2: uniqueness of the common value
A = ho( 7) =G (p,¢)

ho(q') = Gf](pj q”)
contradiction that A # A’. Up to exchange ¢ and ¢’, we can assume )\' > A. From the monotonicities of the
standard Godunov fluxes, we deduce that §7 < ¢/. From the monotonicies of ho(T,...,1), we deduce that
N = ho(q') < ho(q) = . Contradiction. Hence ' = ), and we have uniqueness of the value A and we call
hi(p) :== X\. We also define hy(p) := hy(p).
Step 2: h; satisfies condition (6.19)
It is sufficient to check that h; satisfies condition (6.19) with hg replaced by hg and o7 = 1 for all j.
Step 2.1: continuity of h;
The continuity of h; follows from the compactness of the set of solutions g to (6.25). Indeed consider a
sequence [a@,b] > P, — P € [a@,b] as n — +o0, and an associated sequence G, € [a,b] such that

Now assume that there exist two values q,¢ € [a,b] such that . Assume by

(6.29) hi(Pn) = ho(@.) = GF (7, @) forall j

If [@,b] € RY is compact, then the result follows from the continuity of kg, f.
We will use coercivity in assumption (2.2) in order to show compactness of the sequence g,. Then assume
by contradiction that |g¥| — 400 as n — +oo for at least some index k. Notice that

Gl wha) = it <TG and ho(@) > (@) = o f* koo i gl oo
pn1qn b

and this leads to a contradiction with equality (6.29). Therefore we deduce that g¢ — —oco, and then

ho(Gn) = etk (P8, q%) = sup f* — +o0. Now (6.29) implies that g/ — —oo for all j =1,..., N.
[a¥.p%]
Consider any ¢ € [a, b]. The monotonicitiy of kg then implies that ho(¢) > ho(g,) — +oo. Contradiction.
Therefore we conclude that ¢, stays bounded, and we can extract a convergent subsequence that we still
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denote (Gy ), such that g, — ¢. Using the continuities of h, f, we can pass to the limit in (6.29) which gives
hi(pn) — ho(q) = GF (97, @) = hy(p) for all j, which shows the continuity of .
Step 2.2: checking other properties of h; B
Let us now show the monotonicities of k. We write hy(p) = A = ho(q) = G/ (p,¢’), j = 1,..., N, and
consider p’ with 7> = p! and § > p, and hy (7)) = X = ho(7) = GT (7, 79).

Assume by contradiction that A’ < A\. Then the monotonicities of the standard Godunov fluxes imply
g > @ and the monotonicity of ho implies ' = ho(7') > ho(7) = A\. Contradiction. We deduce that A > A,
and then h; is nonincreasing in p'. Similarly, we show that h; is nondecreasing in each coordinate p’.

We now check that h; satisfies the bounds given in the second line of (2.14) for hg replaced by hg and
o’ =1 for all j. Recall that hg satisfies (6.24), i.e

FLQ) =GP (@,V) < ho(q) < FL(q) = GF (@,a) for all j
Then for hy(p) = A = ho(q) = G (97, @) for all j, we get

P@)=6" 0 V) < =6"@,7) <& (@) = FL)

which shows exactly that hy satisfies (6.23) which are the bounds given in the second line of (2.14).

Step 3: local constancy of fi := (hy,...,h1)

Again, we show it for f; := (hl, ooy hy) Wlth respect to f and this gives the result for f; = (hy,...,h;) with
respect to f. Assume that hy(p) # f7(p) for all j € I C {1,..., N}, and recall the argument of the proof of
Proposition 3.10, in Step 2. We have here

sup f4 = sup f7 if @ <p

Fi(p) # hi(p) = ho(q) = GF (¢, @) = { @») (@) -
J7 (D) # ha(p) = ho(q) @, d) wf F= it Pif @ p
[p7,q7] (p7,q7]

where we have used the fact that the inf /sup can not be reached at p7, because fA(p") # h1(p). Notice also
that we can not have ¢/ = 7, otherwise we would get h1(5) = ho(p) = G (#, %) = f/(p’) = f7(p), which

is impossible by assumption. This shows now that for p. close to pin | p+ ZRej N [a, b], we also have

. jel
(by continuity of f, ho)
sup f4 = sup f7 if ¢ <pl
_ ) @ [@.p7) =hi(p) forall jeI
. = 5 _ i i (=M@ forall je
@ =@y | S TS T T
= h1(p) because Pl =p’ forall j&I

This justifies a posteriori that we can choose ¢. := q in hy(p.) = ho(q:) = gfj (pL, @). Therefore f7(p.) #
h1(p:) = ho(q) = h1(p) for all j € I. Hence f; is locally constant on { fi # f}.
This ends the proof of the lemma. Then we have the following result.

Proposition 6.9 (Properties of HJ germs)

Assume (2.2) with N > 1. Let G be a generalized Riemann germ which is a HJ germ.

i) (Regularity properties of f)

Then G is a Riemann germ, i.e. f: fg s continuous, and f is locally Lipschitz continuous on [a,b].
ii) (HJ-relaxation formula)

Moreover there exists some continuous function h [a,b] = R such that for all indez j, we have fj = h.
And the function h satisfies the following HJ-relazation formula

Q) Zf sz(foovo)
) if J7 ~(0,+00)

(6.30)  for all p € [a,b], there exists q € [a,b] s.t. h(p) = h(q) = { gj: Epj
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Proof of Proposition 6.9

Step 1: proof of i)

By assumption, we know that there exists h : G — R such that f = (h,...,h) on G. Define h:=ho g
[a,b] — R. This implies that f= (iL, cee iL) : [a, ] — RN, Up to apply a reversion transform, we can assume
that we work on N : 0 junction. From (4.14), we deduce that for each j € {1,..., N}, the map p — h(p) is
locally Lipschitz continuous in p?, uniformly in p* for k # j. Because this is true for any index j, we deduce
that h and then f is continuous. Moreover, from (4.14) we have |8,:h(p)| < |(f7)(p’)| for a.e. p € [a, b].
Step 2: proof of ii)

From Step 1, we know that f is locally constant on {f #+ f} and G = {f = f}. Hence any p € G satisfies
fL(]ﬁ) =af’ (p7,p7) for all j = 1,..., N. Therefore, setting hg := h, we see that the function hq given by
relaxation formula (6.21) satisfies

h(p) = holg) = G (7, ¢7) = h(p) with ¢ =p

ile. hy = h on G. Therefore f; = (hy,...,h1) satisfies f{ = f on G, and from Lemma 6.7, we know that f; is
locally constant on {f1 # f} and also satisfies (2.14). Therefore ii) of Theorem 2.15 shows that f; = fg = f.
Moreover we have (h,...,h) = f = f1 = (h1,...,h1) with hy = Rhg = Rh, where Rhyg is defined in (6.22).
This shows that A = 2Rk which means exactly (6.30). This ends the proof of the lemma.

Proof of Theorem 2.30

For the proof, we refer to the table of Subsection 2.5. Theorem 2.30 follows from Proposition 6.9, and the
two last lines of (2.23) follow from ii) of Theorem 2.15. This ends the proof of the theorem.

6.6 Theorem 2.34 and its proof: HJ germ G determined by G

We now start with the following result.

Lemma 6.10 (Key reduction for HJ germs)
Assume (2.2) with N > 1. Let G be a generalized Riemann germ which is a HJ germ with fg = (h,..., h).
We consider any y = (y*,...,y"™) with y/ € J7 for all j. Let p € |a,b] be such that there exists A € R with

(6.31) Y=\ forall j=1,...,N

Assume the following

(6.32) forall q € xg, (q<>y >poy = h(g) < A)
and
(6.33) forall q€XG, (q<>y <poy = h(g)> A)

with sub/super characteristic sets xG and XG given in Definition 2.33 and Hadamard product o given in
Definition 2.11. Then .
A= h(p)

Proof of Lemma 6.10
Let p € [a, b] satisfying (6.31) and set

vt x) = -X+pz, j=1,...,N

Then v/ is a viscosity solution of vg + fi(wl)=0onRx JI, j=1,...,N. We claim that v = (v!,...,v)
is a h-viscosity solution on {x = 0} if v°(¢,0) := v (¢, 0) satisfies

(6.34) o+ h(wl,. . oN)(t,0) =0 forall teR
and we show it in the next steps. To this end, for g € [a,b], we set w = (w!,...,w") with

wi(t,x) = -M+¢z, j=1,...,N
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Step 1: checking that v is a iL-viscosity subsolution on {z = 0}
Notice that for all ¢ € [a, ], inequality g ¢y > p oy is equivalent to

(6.35) w>v on RxJ withequality on R x {0}

Set I := {j €{l,...,N}, ol= 1}. Now from Lemma 10.4 (and using I-reversion composed with I-
inversion), we get that v is a h-viscosity subsolution on {z = 0} if and only if for all ¢ € xG, relation (6.35)
implies the subsolution viscosity inequality —A + h(g) < 0. In other words, condition (6.32) is equivalent to
the fact that v is a h-viscosity subsolution on {z = 0}.

Step 2: checking that v is a ﬁ-viscosity supersolution on {z = 0}
Similarly notice that for all ¢ € [a, b], inequality g oy < p oy is equivalent to

(6.36) w<wv on RxJ withequality on R x {0}

Now from Lemma 10.4 (and using I-reversion composed with I-inversion), we get that v is a h-viscosity
supersolution on {x = 0} if and only if for all ¢ € XG, relation (6.36) implies the supersolution viscosity
inequality —\ + A(q) > 0. In other words, condition (6.33) is equivalent to the fact that v is a h-viscosity
supersolution on {z = 0}.

Step 3: conclusion

We conclude that v is both a h-viscosity subsolution and supersolution on {z = 0}. Therefore v is a h-
viscosity solution and satisfies (6.34), i.e. —\ + fz(p) = 0, which ends the proof of the lemma.

Proof of Theorem 2.34

Let fg = (h,...,h) and fg, = (ho,...,ho) be the associated Godunov fluxes to the germs G and Go. Let
p € Go D xG and let us show that p € G. We set A := ﬁg(p) = fi(p?).

Step 1: proof of (6.32)

Let ¢ be such that

(6.37) gexG and qoy>poy

Because xG C Go, we deduce that ¢ € Gy and then h(q) = fi(q) = ho(q) < ho(p) = A, where we have used
the monotonicities of g and inequality in (6.37). This shows (6.32).

Step 2: proof of (6.33)

The proof is similar to the one of Step 1.

Step 3: conclusion

From Lemma 6.10, we deduce that f7(p’) = ho(p) = A = h(p). Therefore p € G. This ends the proof of the

lemma.

6.7 Theorem 2.35 and its proof: conservative 1: 1 germs

The proof of Theorem 2.35 requires the following intermediate result.

Lemma 6.11 (Conservative 1:1 junctions)

Assume (2.2) for N =2 and 1 : 1 junctions. Let G C [a,b] be a generalized Riemann germ.
i) (Equivalence of conservative and HJ germs)

Then G is conservative, i.e. satisfies

(6.38) f!=f* on G

if and only if it is a HJ germ.

ii) (Further properties of the germ)

When G is conservative, then G is also a Riemann germ which is at the same time a Kruzkov germ, a HJ
germ and a monotone germ.

Proof of Lemma 6.11
Point i) follows from the definitions. We now focus on the proof of point ii).
Relation (6.38) shows that G is a HJ germ, and then a Riemann germ from Proposition 6.9. Defining

h:G — R by h(p) := f*(p) = f*(p) for p € G, and setting h = h o g, we see that f= (fl,f2) = (fALJAL)
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with monotonicities fL(T7 J). This shows that G is a monotone germ.

We now set for ! =1 = —¢?
F ik . ik . ~ ~
D (p,q):= > D/ (p,q) =IN—OUT with D’ (p,q) := 0" -sign(p* — ¢")- {f’“(p) - f’“(Q)}
k=1,2

Hence we have D7 (p, q) = {sign(p' — ¢*) — sign(p* — ¢*)} - {fz(p) - ﬁ(q)} and the monotonicities of h show

that D/ >0 on [a,b]?. Because DY and DY coincide on G x G, we deduce that D/ > 0 on G x G. Therefore
G is a Kruzkov germ. This ends the proof of the lemma.

Proof of Theorem 2.35

For the proof, we refer to the table of Subsection 2.5. The result follows from Lemma 6.11, from ii) of
Proposition 6.9 for the relaxation formula and from Theorem 2.34 for the characterization of the germ by
XxG. Notice that inequalities (2.27) then follow automatically from ii) of Theorem 2.15. The independent
proof of relation (2.25) (which gives explicitly a way to recover the full germ from its characteristic subset)
is postponed to Lemma 8.17. This ends the proof of the theorem.

7 Riemann relaxation of Godunov quasi-fluxes
This section has been strongly inspired from discussions with B. Andreianov in connection with [3].

7.1 Riemann relaxation operator and proof of Theorem 2.23

We first state and prove the following result, and then, as a corollary give the proof of Theorem 2.23.

Proposition 7.1 (Riemann relaxation operator, compact box)

Assume (2.2) for N > 1 with compact boz [a,b] C RN and orientation of branches o € {£1}". Let us
consider a function go : [a,b] — RNwhich is a Godunov quasi-flur in the sense of Definition 2.22, i.e.
satisfying

go : [a,b] — RN continuous
(7.1) oogo: [a,b] = RY Riemann monotone

oI fI(V) < 09g(q)gimpi  and 09 gh(q)|gizas < 07 f7(a?)

We define for p,q € [a,b] the vectorial standard Godunov flur with orientation o
. Iy GF (i, ¢)  if ol =1
Gt (p,q) == (GTL (0%, qY), ..., GIn (", ¢V th G, ) = P a .
o(p,q) = (G (p'sq) ox(P7,q7))  wi 0 (P75 d?) T S N

Then the following formula defines uniquely g1(p) € RN for all p € [a,b], given by the singleton

(7.2) {a}y= U {&lwa}n{n@})

q€la,b]
i) (Riemann relaxation operator)
Then we set
(73) ,(.Rg() =01

and the function g1 satisfies (7.1).
ii) (Godunov flux properties)
Moreover g1 satisfies the following properties

g1 is locally constant on {g1 # [}
(7.4)

min o/ 7 < o7 g](p) < max o7 f7 for all j and p € [a, 0]
[p,bd] [ad,p]
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and the set

(7.5) Gi:={p€lab], qp)=fp}

s a Riemann germ.
iii) (Projection property)
We also have g1 = g1. More generally, if go satisfies (7.1) and (7.4), then Rgo = go-

Remark 7.2 (Weak Riemann monotonicity)

1t is possible to see that the proof of Proposition 7.1 can be adapted to the case where the second line of (7.1)
is replaced by the assumption that h := oo go : [a,b] — RY is only assumed to be weakly Riemann monotone,
which means that

(7.6) (p—q)ohf <0 — (p—q)oht=0.
Then o ¢ Rgo is not only weakly Riemann monotone, but is Riemann monotone.

Proof of Proposition 7.1
Step 1: reduction to N : 0 junctions
Recall that for n : m junctions, we can apply a reversion for the m indices, defining

(fi,57) :{ (—f7,—07) if o9 =-1

(f1,07) if of=1

Then for y . j

LR i
we get for 07 = —1

- min f/if < min —f7  if ¢ <p’ v
¢ = [f;:;] Fooif ped | [;’;;? it g | ~¢" W)
[47,p7] [p7,47]

while G = G/’ if 07 = 1. We conclude that, up to reversions, we can assume that o = (1,...,1) € RV,

Therefore, it is sufficient to do the reasonings for IV : 0 junctions, a situation that we assume up to the end
of the proof.
Step 2: Non emptyness of R,
We set
G =G! with o=(1,...,1)

Then, given p € [a, b], consider the set
Ry:={q€[a,b], G'(p,a)=g0(a)}

We set
®:[a,b] = RY with ®(q) == go(q) — G (p.q)

Recall that gy is Riemann monotone, that is
(g—r)olglf <0 = [g0]f =0

Step 2.1: Riemann monotonicity of —G/(p, -)
Assume that for ¢,r € [a, ], we have
(q—r)o[-G'(p,)]E <0

Then the monotonicity of the standard Godunov flux G¥’ (p/, ]) implies (¢ — r) o [-G7(p,-)]2 = 0, which
itself implies [-G/(p,-)]2 = 0. This means exactly that —G/(p, -) is Riemann monotone.

Step 2.2: Riemann monotonicity of ¢

Now, assume that for ¢,r € [a, ], we have

(7.7) (¢ 7)o@ <0
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Still the monotonicity of the standard Godunov flux G¥ ’ (p?,]) implies
(g —7r)olgolt < (g —r)o[G/(p. )]t <0
Then Riemann monotonicity of g implies [go]Z2 = 0. Hence from (7.7), we deduce that
(q=7r)o[-G'(p,)]E <0

and the Riemann monotonicity of —G7(p,-) implies [~G(p, -)]2 = 0. We conclude that

(@] = [go]? + [-G7 (p,")]4 =0

which shows that ® is Riemann monotone.
Step 2.3: R, #0
For q € [a,b], we get

7 (q)1gi=ts = G3(Q)1gi=ts — G (P!, V) = g}(q)jgs=ps — min_f7 > fI(b/) — min f7 >0
[p7,b7] [p7,b7]

where in the first inequality, we have used assumption (7.1) on the bounds on the boundary of the box [a, b].
Similarly, we show that '
D7 (q)|gi=ai <0

Using the continuity of ®, we deduce from the Poincaré-Miranda theorem theorem (see [39]) that there exists
some ¢. € [a,b] such that
P(q.) =0

which shows that § # R, 3 ¢.. Indeed, more precisely, this follows from Poincaré-Miranda theorem applied
to @ := D +¢(Id — ‘%‘b), giving some root ®.(¢5) = 0, and then taking the limit ¢ — ¢, as ¢ — 0.

Step 3: Singleton property of go(R,)

Assume now by contradiction that there exist ¢4, ¢, € R, such that

(7.8) 90(¢a) # go(av)
Then the Riemann monotonicity implies that
(qa — @) © [go]de £ 0
otherwise this would imply [go]d = 0 which is not the case. Therefore there exists some index j such that
(@) —a) - gl >0
Up to exchange ¢, and g, we can assume that
(7.9) ¢} —ql >0.
Hence [gg}gg > 0, i.e. using the fact that g,, ¢, € R), this implies
P , , P
T (. 4) = 9(4a) > go(a) = GT (0, 43)

The monotonicity G¥” (p,]) then implies that ‘
7 < a
Contradiction with (7.9). We deduce that (7.8) is false and then that g is constant on R,. Therefore, this
common value defines g1 (p) := go(g) for any ¢ € R,,.
Step 4: proof of i)
We want to show that g; satisfies (7.1).
Step 4.1: continuity of ¢;
Consider any sequence [a,b] > p, — p. Let ¢, € R,,,. Then we have

91(Pn) = 90(an) = G¥ (pn, an) = f(an)
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Then up to extract a subsequence (still denoted by (n)), we can assume that g, — ¢ € [a,b]. By continuity
of go and G', we deduce that

91(pn) = 90(q) = G' (p,q) = f(q)

i.e. that ¢ € Ry, and then go(q) = g1(p) which shows that ¢1(p,) — g1(p). This implies the continuity of
the map ¢;.

Step 4.2: Riemann monotonicity of g;

Let p,p’ € [a,b], and assume that

(7.10) (' —p) o]y <0
Let ¢ € R, and ¢’ € R,. They satisfy
(7.11) 91(p) =G (p,q) = go(q) and ¢:(p)) =G/ (¥,q) = g0(d)

Step 4.2.1: effect of a j-reversion
Recall that a j-inversion consists to define

and
grert, i
and similarly for g;. For
k k . .
ok (% q) i k#j
={ L &

(and similarly for (¢, ¢’) in terms of (p/,q’)), we get

_ [m%ﬁ if <@ [mmlﬁﬂ~) if —p < —¢ _
F(pi 69) = L ) | = —p = ) ) = —af (I
G (7, ¢) max it P max —fi(—) i —pi > g G, q)
[¢7,p7] [—q7,—p7]

Then it is easy to check that (7.11) becomes

51(0) =G (5,0) = Go(G) and §1(p) =G/ (7,q) = Go(d)
with moreover

e @R =ph) i kA
(p p)—{_p/k_pk) if k=

—~

and similarly for ¢’ — ¢ with respect to ¢’ — q.
Step 4.2.2: application
Using Step 4.2.1, we see that, up to apply suitable inversions, we can assume that

¢ —q>0.
Fix an index j. By assumption (7.10), we have
(7.12) (7 =p)gily <0
Hence (7.11) implies the first equality

17 = [ = (7 =) =Pl <0 if pT —pl >0
0l v G (p7,¢7) -G (p,¢7) <0 if p7—p <0

where in the first line we have used (7.12), while in the second line, we have used the monotonicities G ’ 1.4
with ¢7 — ¢7 > 0. We then conclude that

(47 —a")lggld <0
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We conclude that ,
(@ —q)olglf <0
and because gy is Riemann monotone, this implies

[91]5 = [go]Z =0

which shows that g; itself is Riemann monotone.
Step 4.3: bounds on ¢;
Let us show that

(7.13) min 17 < ¢l (p)
[p7,b7]

By definition of g{ (p), there exists ¢ € R, such that

gl(p) =G (), ¢) > G" (b)) = [g_lilg]fj

which shows (7.13). The proof for g; of the other inequality of the second line of (7.4) is similar. Moreover
the second line of (7.4) implies that g; satisfies the third line of (7.1). We conclude that gy satisfies (7.1).
Step 5: proof of ii)

We have already seen in Step 4.3 that ¢y satisfies the second line of (7.4). It then remains to prove the first
line of (7.4), i.e. that g; is locally constant on {g1 # f}.

Consider now a point p € [a, b] such that gi(p) # f(p), and let ¢ € R, such that

91(p) = G'(p,q) = go(q)

We set . 4
Ky={je{l,...N}, gl # ()

Then for any j € K, we have

o 2o o | B e
J(md J 4J) — ’ . . .
) #G"W.¢d) = [gjl%fi if pl>q’

where we notice that the case p/ = ¢7 is excluded here.
Then there exists 17 € [a?, 7] such that

> min f/=f(r))  with 7€ @] if p<¢
Fp7) [p7.¢7] " o , o , ,
< mmax =00 with 7 elg,p?) if pP>¢

q.77p.7

Because 1/ # p/ | we see that there exists some € > 0 small enough such that for all p? € (p/ —e, p/ +¢)N[a’, /]
we have

F?) 467 0, ¢) = ()
Defining
pr=p" forall k¢K,

we deduce that .

G () = GT(p*,4") = g5 () if kK,

’ fErk)y =GP (pk,d*) = gk(q)  if keK,
Hence
G'(p',q) = 90(q)

which shows that ¢ € R, and then

91(0) = g0(q) = g1(p) forall p' €p+ Z (—e,€)ej p Na,d]
JEKp
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which shows that g; is locally constant on {¢g; # f}. From ii) of Theorem 2.15, we deduce that the set G;
defined in (7.5) is a Riemann germ.

Step 6: proof of iii)

Step 6.1: when g, satisfies (7.1) and (7.4)

We set g1 := JRgo and want to prove that g1 = go. Because gg satisfies both (7.1) and (7.4), we know that
the set G1 = {go = f} defined in (7.5) is a Riemann germ. From i) of Theorem 2.15, we have

(7.14) la,0] = | BA(®)

pPEGL

where the basin of attraction BA is defined in Definition 2.10. Now for any p € BA(p) with J/ ~ (—oc0,0)
for all indices j, we have

G (p,p) = () = g0(p)
Therefore p € R, and then

91(p) = 90(P) = go(p) because go=const on BA(p)p

From (7.14), we deduce that g; = go, which shows that Jgg = go.

Step 6.2: Rgy = g1

We set g2 := Mg and want to show that go = g1, using the fact that g; = Rgp. Indeed points i) and ii)
show that ¢; satisfies both (7.1) and (7.4). Then Step 6.1 implies that RRg; = g;.

This ends the proof of the proposition.

Proof of Theorem 2.23

The proof follows from Proposition 7.1 for the characterization of $Rgy as a Godunov flux associated to a
Riemann germ.

Conversely assume that f satisfies furthermore nondegeneracy condition (2 17), and consider any Riemann
germ G. Then i) of Theorem 2.20 shows that its Godunov flux f = fg is such that o ¢ f is Riemann
monotone (and continuous). Moreover ii) of Theorem 2.15 show that f satisfies (2.14) with in particular
monotonicity bounds. Therefore we conclude that f satisfies (7.1). Now we can consider g1 := R f provided

by Proposition 7.1. Because G := {p € [a,b], f(p) = f(p)}, we deduce that

91(p) = GL(p,p) = f(p) = f(p) forall peg

By construction g1, is locally constant on {g1 # f}, and we deduce that
n=0)=FfE)=F on BAM(H)
Because from i) of Theorem 2.15, we know that the collection (BA”/(p))seg forms a partition of [a, b], we
deduce that g; = f on [a,b]. Then f = g; = R(f) as desired, i.e. that f is self-Riemann relaxed. This ends
the proof of the theorem.
The following result will be used later on (see Step 3 of the proof of Proposition 18.7).

Lemma 7.3 (A property of relaxation, compact box)

We work under the assumptions of Proposition 7.1. Let p € Gy. Then there exists ¢ € [a,b] such that
F(P) = GL(p,q) = golq). Let T € {£1}" be such that 7o (p—q) > 0.

Let # € [a,b] be such that

o (7 —q) >0 is the smallest (componentwise) under the constraint that f(7) = f(p).

i) (Alternative germ point )
Then 7 € G1 and we have the following property
u € BA(p) ‘ _
S_{je{l N}, o #p} implies S =10

0 < max DY’ (u, )
JeES

ii) (Wave connecting ¢ to )
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Now consider U : J* — R with trace U(0) € RY such that
(7.15) U():=q and U = f(U)- f(f) on J*
Then U7 is monotone on JI with U’ (—aioc) = #7.

Proof of Lemma 7.3

In order to simplify the presentation of the reasoning, we come back to a normalized situation. Up to suitable
reversions, we can assume that o = (—1,...,—1) € R, and up to suitable inversions, we can assume that
q<p.

Step 1: proof of i)

Then 7 is the smallest element such that f(#) = f(p) and ¢ < 7. Moreover we have

g(a) = F () =G (¢, ) = min f/ = min {7 =G (¢/,#) = gl(7) = f(F)

[¢7,p7] [g7,77]

Therefore 7 € G;. Now let u € BA(p) be such that

—rj {fj( f] r]}<0
Then either #/ = $/, and then BA(ﬁj ) = BA(#) which implies v/ = #7. Or ¢ < # < p/ and then
mingg; 51 f7 = fi(p’) implies that u/ € BA(p?) C [p?, b’], which implies v/ = p7. Therefore in all cases, we

get u = p. ‘

Therefore, if 0 < DY (u,#), we deduce that u/ = p7. This implies point i).

Step 2: proof of ii)

Either f7(¢’) = f7/(p’), and then #/ = ¢/ which implies U’ = 7, or fI(¢’) # f7(p’) = f7(#7) and then

fi(s) # fi(#7) forall 79(# —s)>0 with 79(s—¢’) >0

Therefore U7 is monotone with limit at infinity along J7 equal to #/. This ends the proof of the lemma.

7.2 Further properties of Riemann relaxation

Proposition 7.4 (Transfer of properties by Riemann relaxation)

Assume (2.2) for N > 1 with compact bozx [a,b] C RN and orientation of branches o € {£1}". Let us
consider a Godunov quasi-fluz go, i.e. satisfying (7.1), and let g1 := Rgo be the Riemann relazation of go
as defined in (7.3).

Let

D" (p,q) : Z o’ sign(p’ —¢')- { 0(p) fgé(q)} and DY (p,q) : Z o sign® (p) —¢)- {g{)(p) *gé(q)}
j=1,....N j=1,....N

i) (Kruzkov)

Assume that go satisfies D% > 0 on [a,b]?. Then g1 also satisfies D9 > 0 on [a,b]>. Moreover Gy =

{g1 = [} is a Kruzkov Riemann germ, and gy is in particular Lipschitz continuous.

ii) (Monotone Kruzkov)

Assume that go satisfies D" > 0 on [a,b]*>. Then g1 also satisfies DY > 0 on [a,b]*. Moreover Gy :=

{g1 = f} is a monotone Kruzkov Riemann germ, and g1 is in partzcular Lipschitz continuous.

iii) (Monotonicity)

Assume that go satisfies the following monotonicity property

(7.16) D Ujgg(p) is nonincreasing in p* for allk # 3, k,j€{l,...,n}

Then g1 also satisfies monotonicity property (7.16).
iv) (Hamilton-Jacobi)
Assume that gg satisfies the following HJ condition

(7.17) g (p) = ho(p) forall j=1,...,N andallp€ la,b] for some function ho : [a,b] — R

Then g1 also satisfies HJ condition (7.17) for some function hy : [a,b] — R, and g1 is in particular Lipschitz
continuous.
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v) (Conservative)
Assume that gg satisfies the conservative relation

(7.18) Z ol gl(p) =0 forall pela,b]
j=1,..,.N

Then g1 also satisfies the conservative relation (7.18).

Proof of Proposition 7.4

Up to apply some reversions, we can assume that ¢ = (1,...,1), and that the junction is of type N : 0.
From Proposition 7.1, we know that g, := fRgo is such that G; := {p € [a,b], g1(p) = f(p)} is a Riemann
germ. In particular, from ii) of Theorem 2.15, we know that

g1 = fgl

Now let p,p’ € G1. We want to show that

A . . frar A . ..
(7.19) DY(p',p) >0 in case i) (resp. D7 (p',p) > 0 in case 11))
Setting for some fixed index j, the quantity

DI (¢, ¢/) :=sign(¢’ — ') - {F/(¢") - F/(¢)} and DL (¢, ¢):=sign* (¢ — &) - {F(d) - F(d))}
and for o ‘ ' B '
@'@) = (-0, ~¢') and (1) = —f7 (=)
we get ‘ » ' B B
D" (¢ ,.q) = D"(¢,0). DL(¢,q)=D% (.9 =DL(aq)
Therefore, up to suitable inversions, we can also assume that

P >p

where in case ii) we have to check Df for both signs.
Step 1: proof of i)
From Step 2 of the proof of Proposition 7.1, there exist ¢ € R; and ¢’ € Ry . They satisfy

(7.20) f() = 91(h) = G'(h,q) = go(g) and  f(3) = g:1(") = G (F'. ') = 90(d")
Now fix some j € {1,..., N}. We now distinguish several cases.

Case A: ¢’ —¢? <0and p/' —p? >0
Assume by contradiction that

(7.21) P < F(p)

Then we have S _ 4 -
Gl ¢") = (7)< F () = GT (7, ')

But the monotonicities of the standard Godunov flux ij( ,4) imply GF’ (P, ") > Gr’ (p’,¢’). Contra-
diction. Therefore (7.21) is false, and we conclude that f7(p') > f7(p). Hence, using (7.20), we get

and

Case B: ¢/ — ¢/ >0 and p/' —p/ =0
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Then
which implies

Case C: ¢? — ¢/ >0 and p?' —p/ >0
Then we have ; . 4 4
DF(p,p) = sign(p!’ —p?) - {f (

where in the third line we have used (7.20). Here sign(p’’ — p?) = sign(¢’’ — ¢’) = 1 and then

D (9, p) = D%(d, q)

Conclusion _ »
We deduce that in all cases, we have DI’ (', p) > D% (¢, q). Therefore

DI (p',p) > D%(¢,q) >0 forall §,peG

by assumption on gg. We conclude that G; is a Kruzkov germ. Therefore i) of Lemma 5.5 implies that fg1
satisfies A
D/ >0 on [a,b]?

Therefore g1 = fg, satisfies D9 > 0 on [a, b]2.

Step 2: proof of ii)

The same reasoning applies with in particular sign™ (7' — p7) > sign®(¢/’ — ¢/) in Case A. We then conclude
that Di (p',p) > DY (q',q) > 0. Independently, notice that the result also follows from points i) and iii).
Step 3: proof of iv) and v)

The results of ii) and iv) both follow from the fact that for all p € [a, b], there exists ¢ € R, such that

g1(p) = go(q)-

Step 4: proof of iii)

We only do the proof for ¢ = (1,...,1) € RY for a NV : 0 junction, and the general case can be recovered
using suitable reversions, as usual. First we start with a formal proof which is natural (but can still be made
rigorous in the special case where gq is Lipschitz continuous), and then give a rigorous proof which works
for continuous gyp.

Step 4.1: Formal proof

Consider ¢ = ¢(p) solution of

G'(p,q) = go(9)
Then the derivative with respect to p gives
Md,q = 0,G’ (p,q) with M :=—3,G’(p,q) + dy90

where M has nonpositive terms outside the diagonal, and nonnegative terms on the diagonal. In the case
where the diagonal is positive and M is invertible, then up to a change of variables, we can assume that we
can write

M=1d—-A with A;; > 0 and A;; = 0 for all indices ¢, j
Then we have (sometimes called Leontiev inversion)
M t=Id-A) ' =Id+A+ A% +...

ie.
(M~1);; >0 for all indices 4, j

and 0,q = M~ - 9,G’(p, q) with 8p7aGfi (p,q) > 0 implies

0,

piq? >0 forall 4,5
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Because g1 (p) = G¥(p, q), we get for i # j

By gl (p) = (05GT (1, ¢7)) Big? <O

which ends the formal proof.

Step 4.2: Rigorous proof

Step 4.2.a: uniqueness of g.

For p € [a, ], we first have to face the fact that ¢ € R, is not unique in general. To remedy to this difficulty,
we have to come back to Step 2.3 of the proof of Proposition 7.1. We consider a slight perturbation of the
problem for £ > 0, and we define for frozen p, the functions of ¢

a+b

D =g+ e, e(q)i=e¢ {q - } -G’ (p.q)

where @, has the same monotonicities as go, is still Riemann monotone, with moreover d,; Pl > 0yi pl>e>

0, because of the monotonicity of the Godunov flux G ’ (p?,1). Then Poincaré-Miranda theorem theorem
(see [39]) still shows the existence of some ¢. € [a,b] such that ®.(¢.) = 0. Assume by contradiction that
this equation has two solutions ¢. and ¢.. Then ®.(¢.) — ®.(¢g.) = 0 implies

90(q2) — go(g=) = —{w(ql) — wlge)}

The monotonicity of ¢, implies
(g2 — g:) ©{90(al) — 9(¢=)} <0

and the Riemann monotonicity of go implies that go(q.) — go(ge) = 0. Therefore ¢(q.) — ¢(ge) = 0 and this
implies ¢, = g.. Hence we can write ¢. = ¢-(p).

Step 4.2.b: monotonicity of ¢.(p)

Given q. := q-(p) and ¢. := ¢.(p) for p,p € [a, b] with p > P, we first want to show the following monotonicity

(7.22) Qe 2 Qe
To this end, let us make apparent the dependence on p, writting

2.0) = (o) + = {a - 52} - 600

which has monotonicity ®.({,¢q). Hence

0= (DE(p7 QE) < (I)E(ij QE)

Therefore for ¢ € [a, g:], we have from the monotonicity of gy (non-positive off-diagonal terms in the Jacobian
matrix Dgo)

L(P,q) g > PL(P,g) > 0
and still ‘
DL(P,q)gizai <0

both valid for all j. Applying again Poincaré-Miranda theorem theorem (see [39]), we get that q. € [a, ¢.],
which shows (7.22). Hence _
Opiql(p) > 0 for all indices i, j

Step 4.2.c: monotonicity of g.
Recall that g1(p) = G7(p,q) = go(q). We then define approximations of gy and of g;, respectively as

a+b - .
e :—go+6{q2} and  §-(p) := GY(p,q.) = ge(qe) with g. = g.(p)

Recall that g. (as go) has the following monotonicities

8qjg§(q) <0 forall j#k
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Hence for ¢ # k, we recover the following monotonicities

0yl (p) = O GT" (0", %)) Dgk(p) <0

Step 4.2.d: conclusion
Now passing to the limit € — 0, from the uniqueness of the limit, we get g. — go, §- — g1, and this shows
that we recover the following monotonicities

0,

P

igh(p) <0 forall i#k
Recall that Riemann monotonicity always implies the diagonal monotonicity 9, gt > 0. Therefore g; satisfies

monotonicity property (7.16). This ends the proof of the lemma.

7.3 Examples of Riemann monotone functions

In this subsection, we indicate very briefly a class of examples of Riemann monotone functions.
Then have for instance the following result.

Lemma 7.5 (Example of Riemann monotone functions)
Let [a,b] C RN be a compact box and consider a continuous function g : [a,b] — RN satisfying for some
r € [1,+00)

(7.23) S - - {dp)-¢ (@} =0 forall pqé€ab]
j=1,.,N

with the convention that
(' — )’ — "t = sign(p? — ¢7)  for r=1.

Then g is weakly Riemann monotone in the sense of Remark 7.2. Moreover, for every n > 0, the function
g +n-id is Riemann monotone.

Proof of Lemma 7.5
The weak Riemann monotonicity is straightforward. We then notice that g, := g + 7 - id satisfies

o - -7 g —g@t=n D> -4

j=1,....N j=1,...,.N

This implies that g, is (in particular) Riemann monotone and ends the proof of the lemma.

More generally, the interested reader can consult the book FACCHINEI, PANG [18]. From this book, in
Subsection 3.5.2, on page 298, recall that M € RV*VN is P-matrix, if it satisfies for all z € RV

zoMr<0 — x=0

(which implies that Mz = 0 and then that M is Riemann monotone in the sense of Definition 8.1, given
later below).
Similarly, a function g : [a,b] — R¥ is said to be a P-function if

(x—y)o(9(z) —g(y) <0 = z=y

(which is an equivalent formulation of condition ¢) in Definition 3.5.8 on page 299 in [18]). In particular,
such a function ¢ is Riemann monotone.

Moreover, it is known (see condition a) in Proposition 3.5.9 in [18]) that for a C! function g : [a,b] — RY,
to be a P-function (and then a Riemann monotone function), it is sufficient that it satisfies

Dg(z) is a P-matrix for all z € [a, b].

Hence this last condition can be used to prove that some functions are Riemann monotone.

106



7.4 Commutation of Riemann relaxation and gluing

Proposition 7.6 (Riemann relaxation of glued Godunov quasi-fluxes)

For v = a, 8, assume that f. satisfies (2.2) with compact box [a, b], for N, = n,+m, and n, : my junctions
Jy with JJ ~ ol - (=0,0) and 0, € {137, We set [a, b)) := [al,b]]. We assume that for each v = o, f3,
there exists one index j € {1,..., Ny} such that

(7.24)  flo = gﬁ = f% on [a,bJ =a, b];f =:[a®, 0] with JIo ~ (0,400) and Jéﬁ ~ (—00,0)

and we glue those two branches. To simplify the notation, up to relabel the indices, we mow assume that
Jja = 0=jg, and the indices now go through the values {0,..., N, — 1}. Hence we now have

Fr= (0 277
@b, =[] [t

i=1,0,Ny—1
J9 ~(0,+00) and J§ =~ (—00,0)

and consider Godunov quasi-fluzes fv = ( A,?7 .. .,fy”_l) with respect to (Jy, fy). Assume also that f,y are
both 0-locally quasi-constant (on [a°,b°]) in the sense of v) if Definition 5.20. Then consider the glued
Godunov quasi-fluz R o
i = Ja ﬂ fﬁ
0:0
which is defined in Proposition 5.23.
Then we have the following commutation of Riemann relaxation and gluing

R(fa b f5) = (Rfa) § (Rfp)
0:0 0:0
where Riemann relaxation operator R is defined in Proposition 7.1.

Proof of Proposition 7.6

We just check the result by computation.

In order to simplify the presentation, notice up to suitable reversions, we can assume that ol =1 for
j=1,...,No —Land o = —1for j =1,...,Ng — L.

We also set )
T

T Ve, if I=(Bj) with je{l,....Ns—1}
Step 1: first computation
We set the standard Godunov flux

G (Py, Dy) = G (p'z;»ﬁi)
and

P, GH(p.,,p if ol =1
Gol (py: Dy) = { (py: Py) v

G (v, py) if U% =-1

Then we have the relaxation of the Godunov quasi-flux fa which is given by
2 fi(p) = Ga(p,p for 7#0

wfip) = 2?0 =D 7
fip)=G=(p,p)  for j=0

and similarly ‘
y @) =6%%(q,q for j=0
mfgm)z{ 5(0) =G (0,) .
f3(@) =G"%(q,q)  for j#0
We also have the gluing of the two Godunov fluxes R fa and R fg along the indices 0 : 0 given by

o oy 7 ENI(n &\ (%fg;)(ﬁaar) if I:(O‘vj) wi (mfg)(ﬁa7r):<mfo)<(jg,T)
£1(erG) 1= (R I o) (pm%)‘{mfg)(aﬂ,r) A IR il
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ie.

fé(ﬁaafa) = Gfé (ﬁaaﬁﬁaafa
NI f&(ﬁaﬂ?a) = Gfﬁ(paafodﬁour
f1(Pards) = 4
f3(as,78) = G5(ds, 73, 7p)
f3(as,78) = G3(dp,Tp3 4ps 1)
i.e.
.]fé@aafa) = Gfi (ﬁgxaﬁgy)
i fo(PasTa) = Gf (TasT)
il(ﬁaa(jﬂ) = o
fg((j@fﬁ) = Gf‘ r,T
fias,7s) = GT (a5, %)
ie.
NI
I (Pasdp) = {
(7.25)

with

)
)

if

if
if

f&(ﬁa’fa) :Gf;(ﬁé’ﬁé)
o '
g&(q37rﬁ) :Gf‘*(wa‘Ifa)

= (a,j) with j#
= (a,j) with j=

=(B,7) with j=
=(B,7) with j#

with j#0
with j =0

with j=0

with j #0

it I=(a,j)
it I=(8,4)

0

: (RS (Pas7) = (RF(ds,7)
with { for r,7a,75 € [ao,go]

0

with { G (Farr) =GP (r,75)
for 1, 74,75 € [a%, 0]

with j#0
with j #0

FUParTa) = GI" (Fa,r) = GI*(r,75) = [3(Gs,75) for r,7a,7s € [a%, 1]

Step 2: second computation

We first glue together the Godunov quasi-fluxes to get

I/= =\ ._ Jigg(ﬁmTO)
(fao{jofﬁ) (paaqﬁ) T { fé((jﬁ7r0)

and then we relax this Godunov quasi-flux to

AT

it I'=(5,7)

fy(Pards) = (%(faogof;a))f@a,qﬁ) = (faogofmf@a,qﬁ) =

ie.
fl(ﬁ (j@): fg;(ﬁaﬂ’):fo(pg’pg)
(7.26) 15 Pas F(as,r) = G (@, d)
with

J

it I= (Oé7j)7

if I= a,j . fgﬁaﬂ” :fO(?ar
! with { for( 0 OE) [ao,go(] e

Gls(parba) i T =(a,]),
o . :
GJi(ds.q8)  if I=1(B,]),

m = f3(Pa,m0) = f3(qs,m0) for 1o €[a®,0°] and f(Pa,l), f3(Gs.1)

Notice that (7.25) and (7.26) are close to each other.

Step 3: final argument

It remains to explain why (7.25) and (7.26) are equivalent. This is due to the fact that f., are both 0-locally
constant for v = «, 8. Indeed, let (P, ds), and associated (Pq,@s, 7o) as introduced in (7.26). Let us now

associate some values (7o, 7,73).
Case 1: m = f(r0)
Then we can choose

(Fa,7,78) := (10,70, 70)

and this implies that

(7.27) f5(Pads) = £ (Pa> ds)-

Case 2: m < f(r?)

Because f, are O-locally constant, we deduce that both fg(ﬁa, -) and fg((jﬁ, -) are both locally constant

around r( (and below f°). We then consider the largest interval [ry, 73] C [a®, 5] such that

fozm on
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In particular, we have

(7'28) fg(ﬁaa'):m:fg(Q&') on [T(;?r[J)r]
Case 2.1: rj <%, or rd =0° and f(b°) =m
Then

o, _ 0
meO(TSF) =a/ (TO 77‘3_) =a/ (7’377"3)

Therefore . . . R

fg(ﬁa’r(;) =m=G' (r(;?r(;r) =G/ (T()+7T+) = fg(q,@7T0+>
and we can choose

(770”7“,77[3) = (7"677’357’3)

which implies again (7.27).
Case 2.2: ¢’ <ry, or g =a and f(a’) =m
This case is symmetric of Case 2.1. Here

m=frg) =G (ry,rg) = G (rg )

Therefore R . . .

faPasro) =m =G (ry 1) = G719, 74) = F3(@s, 7))
and we can choose

(T, 7, Tg) = (T57T5>7"c)+)

which implies again (7.27).
Case 2.3: ¢" =r; and rj =%, and f°(a), fO(6°) > m
Then the last line of (7.25) is never satisfied for any triple (7o, 7,73). But the fact that f, are both Godunov
quasi-fluxes for v = o, 8, implies that for all (P, gs) we have (see (5.59))

() = [0} n=0 on Bla’,b]
fB(’B,-)—fO}-nzo on 9[a%, ]

where n is the outward unit normal to the interval [a?,5°]. But (7.28) means that both maps fO(pa,-) =
f3(@s,-) = m on [a°,b°]. Because o, = —oj, we deduce that

(m—f° =0 on 09a" b

Contradiction. This shows that Case 2.3 never happens.

Case 3: m > fO(r?)

This case is symmetric of Case 2, and then implies (7.27).

Conclusion

Hence in all cases, we get (7.27). This ends the proof of the proposition.

8 Complementary results

8.1 More on Riemann monotonicity

Our goal is now to show that for locally Lipschitz continuous maps h : RY — RY which are Riemann
monotone, their Jacobian matrices have a particular monotonicity property, called Py-monotonicity. In
order to describe this property, it is useful to focus first on the linear case h(x) = Mz, and to transfer our
notions of monotonicity for the functions h = fg, to the square matrices M.

Definition 8.1 (Py-monotone, Riemann monotone, Kruzkov monotone)

A principal minor of a nxn matriz M = (Myj); je(1,....n} 15 the determinant of a submatriz My := (M;;); jer
for a subset ) # I C {1,...,n}, obtained by depletion of columns and of lines with the same labels. Let M
be a real n X n matrix.

i) (Pp-monotone)
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A matriz M is said to be a Py-monotone, if all its principal minors are nonnegative.
ii) (Riemann monotone)
A matrix M is said to be a Riemann monotone, if for all x € R™, it satisfies

zoMxr<0 = Mzxz=0

iii) (Kruzkov monotone)
A matriz M is said to be Kruzkov monotone if it satisfies

Mj; > S Myl forall j=1,...,n
i€{1,..,n\{j}

(i.e. if M is (non-negatively) diagonally column-dominant).

Remark 8.2 (Related references)

For associated notions of Py-functions and P-functions used in the complementarity problem, see the book
of FACCHINEI, PANG [18] (Subsection 3.5.2, on page 298). For the relation between P-functions and global
univalence theorems, see the book of PARTHASARATHY [44] (for instance on page 20 in Chapter III). We
also refer the reader to the book of JOHNSON, SMITH, TSATSOMEROS [34] (see Chapter 4), for the properties
of related P-matrices. For instance if M is a Py-(monotone) matriz, then M + ¢ id is a P-matriz for all
e>0.

Then we have the following result.

Lemma 8.3 (Hierarchy of monotonicities)
For a real n x n matriz M, we have the following hierarchy

i) M is Kruzkov monotone = ii) M is Riemann monotone = iii) M is Py-monotone

Proof of Lemma 8.3

Step 1: i) implies ii)

Assume that M is Kruzkov monotone in the sense of Definition 8.1, and consider the linear map h(z) := Mzx.
Then ii) of Proposition 4.20 shows that D" > 0. Then Proposition 5.9 implies that h is Riemann monotone.
Because h is linear, this means that M is Riemann monotone in the sense of Definition 8.1.

Step 2: ii) implies iii)

We only show that the determinant of the full matrix M is nonnegative, and the argument is the same for
all principal submatrices. The argument of the proof of Lemma 5.3 shows that the linear map of matrix
M + eidgn is injective for all € > 0. For large € > 0, the determinant is then positive, hence by continuity
in € > 0, we deduce that det(M + €idg~) > 0. In the limit ¢ — 0T, this shows that det(M) > 0. This ends
the proof of the lemma.

Then we have the following result.

Proposition 8.4 (Jacobian of Riemann monotone maps)
Assume (2.2) for N > 1. Assume that h : [a,b] — RY is Riemann monotone and locally Lipschitz continuous.
Then the Jacobian matriz (ajhi)i,je{le} is a Py-monotone matriz a.e. on [a,b].

Proof of Proposition 8.4

The proof follows closely the proof for matrices (see Step 2 of the proof of Lemma 8.3).

We only show that the determinant of the full Jacobian matrix is nonnegative, and the argument is the same
for all principal submatrices. Assume by contradiction that there exists a Lebesgue point pg € [a,b] such
that

(8.1) det(A) <0 with A := Dh(pp)

Then Lemma 5.3 shows that h+eidgn is injective for all e > 0. For large ¢ > 0, the determinant det(A+-¢cidgn )
is positive, hence by continuity in € > 0, we deduce that det(A + eidgn) > 0 for all € > 0. In the limit
e — 07, this gives a contradiction with (8.1). Therefore (8.1) is false, and we conclude that det(Dh) > 0
a.e. on [a,b]. This ends the proof of the proposition.

The following result shows that Py-monotonicity is indeed very close to Riemann monotonicity.
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Lemma 8.5 (A property of Pj-monotone matrices)
Let M be a Py-monotone nxn matriz. Then for all e > 0, the matriz M¢ := M +¢ld is Riemann monotone.

Proof of Lemma 8.5

Consider some x € R™ such that x ¢ M°x < 0. We now use an argument introduced in FIEDLER AND
PTAK [19], in the proof of their Theorem 1.3. We deduce that there exists some diagonal matrix A > 0,
with nonnegative diagonal such that M¢x = —Axz. Let us denote A® := A + eld, and Mj is the principal
submatrix of M of indices I, and similarly for AS the submatrix of A® of indices I := {1,...,N}\I. If
x # 0, then z is a 0-eigenvector of the matrix M + A®, and using the fact that M is Py-monotone, we get

O=det(M+A%) =Y det(Mp)det(A3) > det(A%) > " >0

Contradiction. Hence we deduce that x = 0 and then M¢z = 0. Hence we have shown that x ¢ M®x <0
implies M¢z = 0, i.e. that M*® is Riemann monotone. This ends the proof of the lemma.

We finish this subsection with two counter-examples, which show that we can not hope the Jacobian
matrix of Riemann monotone maps, to be Riemann monotone everywhere.

Lemma 8.6 (Counter-example for matrices)

For n =2, consider A := ( 01

1 0 ) Then A is Py-monotone, but is not Riemann monotone.

Proof of Lemma 8.6

Consider p := 1 ) Then we have p o Ap = Og2 and Ap # Og2. This ends the proof of the lemma.

0

Lemma 8.7 (Counter-example for maps)
Forn =2 and z,y € R, consider the map h : R™ — R" defined by

Rt (z,y) = +y

— Tz hY 3
h = (h",hY) with {hy(x’y)_x+y3

Then the map h is Riemann monotone, but its Jacobian matriz Dh(0,0) = ( 7? (1) ) s not Riemann

monotone as a matriz (i.e. in the sense of Definition 8.1).

Proof of Lemma 8.7

For p = (z,y) and p := (, %), we see that (ﬁ—p)o[h]igOmeans
{ (z—=)-{(=* (7~ y}<0
(7 - { (7 -y} <0

Taking the sum, we get 0 < (z — z)(z® — 2*) + (§ — y)(¥® — y*) < 0, which implies 7 — 2 =0 =gy — y, ie.

p = p and then [h]g = 0. Hence (p—p)o [h] < 0 implies [h] = 0, which shows that h is Riemann monotone.
This ends the proof of the lemma.

8.2 Adding an (N + 1)-th branch to get conservative germs

In what follows, RH refers to the Rankine-Hugoniot relation.

Lemma 8.8 (Adding an (N + 1)-th branch)
Assume (2.2) with N > 1, and let G C [a,b] be a set. Define

(RHT)(p):= > oI fi(p))

j=1,..,.N
Consider the smallest one-dimensional box Iny1 := [ant1,byy1] C R such that

Iny1 D —RH'(G)
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Let us consider any locally Lipschitz continuous decreasing bijective function fN+1: In, 1 — Inyi1. We then
define

(8.2)

fo=MAY, a:=(a,ans1), b= (bbyy1), J:=JUJNTE with JVFl ~ (—00,0), oNtl=1

and the set

(33) Gi={p= ") @b, P = () -RII ) with peg)

i) (Construction of a conservative germ G)
Then G C |a, b] is a generalized Riemann germ with respect to (J f) if and only if G is a generalized Riemann
germ with respect to (J, f). When it is the case, then G is moreover conservative. More precisely if f fg

(resp. [ := fg~) is the flux associated to the Riemann germ G (resp. G), then

f=fs=(f,—RHT) and RHT =0 on [a,})

ii) (Case of Riemann germs)
Then G C [a,b] is a Riemann germ if and only if G C [a,b] is a Riemann germ.
iii) (Case of D+-germs)

Then G is a D -germ if and only if G is a D+ -germ.
iv) (Case of conservatlve Kruzkov sets)
Let G C [a,b] CRYN be a set and G C [a,b] C RN be the set defined in (8.3). Then

Df >0 on Gx@G
(8.4) { RHf =0 on G
implies
F - .
(8.5) D7 >0 on g~ X G
RH'=0 on G

for f defined in (8.2).

Proof of Lemma 8.8
Points i) and ii) of the lemma are straightforward. We now prove iii). Up to apply a suitable reversion

transform, we can assume that J is of type N : 0.
Step 1: from Di—germ to Di-germ

Consider p = (p,pN*t1), G = (¢, ¢V 1) € [a, b).
We have

DL(5,d) = DL(p.a) + {sign* (0" — ")} {~RE () — (~RET () }

with Dfi(p7 q) = Z {51gn = } . [fj]g. Either pNV*! < ¢V*! and then Di(ﬁ, q) = Di(p, q). Or

pVHL > gN+L and (usmg 1 —sign™ (z) = —sign™ () if z # 0), we get, if p? # ¢/ for all j =1,..., N, that

pi(p.a) =Diwa-REY
= Z {Signf(pj —q])} : [fj]f;
j=1,...,.N
= > {sigmt(@ )} [P

j=1,....N
i(q p)

For deﬁned in (4.22), this means Df (P, q) = D! 1 (q,p) if (¢,p) € Q. Hence if Df > 0, then G is Kruzkov
and then f is continuous and f is also continuous. Moreover we have Df >0 on €. From Lemma 4.17, we
deduce that Di >0 on Q = [a,b]?. Therefore, if Gisa Di—germ, then G is a Di—germ.
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Step 2: from D_{-germ to D_’f_-germ
Conversely, if Df:_ > 0, then

<ol { Do r<o
Di(q,p) if pNtl > gN+1

Hence for

Gi={@a el §A@ foral j=1,.. N+1}

we see that Dfi >0 on Q. From Lemma 4.17, we deduce that Di >0 on 6 = [a, 5]2 Therefore, if G is a

Di—germ, then G is a Dﬂi—germ.
Step 3: proof of iv)
Assume that the set G satisfies (8.4). For all p,q € G, consider pV 1 := (fN+1) "1 (—RH/ (p)) = (fV*1)~1(0)
and ¥+ <= (FN+)L(~RHY (p)) = (fV+1)-1(0). Then for p = (p.p¥*1),7 = (g,g¥+)) € G C [a 8], we
have 3

D! (p,q) = D! (p,q) + {sign(p"™" — ¢"*)} - {~RH'(p) - (-RH(9))} = D' (p,q) > 0

From the definition of G, we deduce (8.5).
This ends the proof of the lemma.

8.3 Duality for D,-germs

In this section, we study the following notion of duality, in particular useful for D -germs.

Definition 8.9 (Left-dual and right-dual)
Assume (2.2) with N > 1, and let G C [a,b] be a set.
Then we define the left-dual of the set G as

"Gi=7g.={y elat], DLW =0 foral peg}

and its right-dual

*

g =g ={pelatl, DLp.p)=0 foral peg}
where D{_ is defined in (2.9).

Remark 8.10 (A model case)

Before to start with duality, it is instructive to keep in mind the following model case for 1 : 0 junctions.
For N =1, we consider f'(u) = g(u) = u(1—wu) on [0,1], with Apas :=supjg 1) g = 5 = 9(uo) with ug := 1

We set the monotone envelopes of g
_ 9 for p €0,u] —y . § glwo)  for pel0,ug]
9" (p) = { g(uo) for p € lug 2] and g~ (p) = { g(ug for  p € [ug, g]

and the monotone inverse functions us(A) < u_(A) defined by

1 1
[0, u0] 3 uy(A) := { i(i)+) () }CZ: ii[g;izmx) and  [ug, 1] 3 u_(A) = { 1(;?;) (A) }CZ: ;i[g;ijax)

For a 1: 0 junction, and for the parameter A € [0, Apmaz], we can consider the following germ G4 C [0,1]
defined by

Ga:={pe[0,1], galp)=9g(p)} with flur Ga(p):=min{A,g"(p)}
Then for DY (p,q) == sign™(p — q) - {g(p) — g(q)}, a direct computation gives

Ga = [0,up(A)]U{u_(A)}
“(Ga) =1[0,u(A)]
(Ga) =10, U+( )JU [u—(A), 1]

Here the left-dual behaves like a sort of left completion of Ga, while the right dual behaves like a sort of right
completion.
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We now start with the following straightforward result (with DJfr (p,q) = Z o’ - signT(p? — ¢) -

{FPW) = F (@)}

Lemma 8.11 (Explicit characterization of duality)

Assume (2.2) with N > 1. Then for any sets P,Q C [a,b], we have D_{(P,Q) > 0 if and only if

(8.6)

Z Jj-{fj(p) — fj(q)} >0 forall (p,q)ePxQ, forall KcC{l,...,N} suchthat p—qe Eg,
JjEK

with

(8.7) Ek =) (0,+00)e; — > _[0,+00)e;

JEK J¢K
Remark 8.12 Notice that quantity Ex shares some similarities with quantity Eyx defined in (4.25).

We also notice the following straightforward result about left and right duals.

Lemma 8.13 (Exchanging left and right-duals by inversion transform)
Assume (2.2) with N > 1, and let G C [a,b] be a set.
Consider the full inversion transform

Then we have

and

We now have the following result.

Lemma 8.14 (Characterization of the duals of D -germs)
Assume (2.2) with N > 1, and let G C [a,b] be a Dy-germ. Then we have for f = fg

(8.8) "G=gF = {pelab], oo(f- ) <0} and DLGSE.G) =0
and
(8.9) G =G5 = {pelatl, oo(f-NE) 20} ad DI(G.65F) =0

Proof of Lemma 8.14

We only prove (8.8), because (8.9) follows from (8.8) and Lemma 8.13.

Step 1: proof that GSUB c *G

Fix some p € GSUP | and let us consider any ¢ € G such that p — ¢ € Ex with Ex defined in (8.7). Then we

get
Df (p,q Z ol . {fj }

JjEK

,ZUJ { — fi(q )}

JEK

>3 o L) - o)}

JEK

= D/ (p,q)
>0

because G is a D -germ. Therefore p € *G.
Step 2: proof that G5UE 5 *G
Conversely, consider p € *G and for p := mg(p), let us set

(8.10) K:={ke{l,...,N}, o - {ff") - f*®"} <o0}.
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Because p* belongs to the basin of attraction BA*(p*) on the branch J* ~ ¢* - (—00,0), we deduce that
pF>pF forall ke K
Similarly, for all k € {1,...,N}\K, we have o* - { f¥(p*) — f*(p*)} > 0 and then
pP <p* forall ke{l,... N}\K

Therefore p € G with p — p € Ex. Because p € *G, we deduce that

0<DLpp) =Y o - {F)-F®H} < 0

fexe (8.10

if K # 0. Contradiction. Therefore K =0, and o o (f — f)(p) > 0, i.e. p e GSUB,
This shows (8.8) and ends the proof of the lemma.

Corollary 8.15 (Key dissipation of the duals)
Assume (2.2) with N > 1, and let G C [a,b] be a Dy-germ. Then we have

D+(*g7 g*) 2 07 i.e. D+(gSU37 gSUP) Z 0

and
‘GNG =g
Proof of Corollary 8.15
Let p € *G = G°UB = {ao(f—f) SO} and ¢ € G* = GSUP = {Uo(f—f) 20} such that p — ¢ € Ek.
Then we have
Di(p,g) =Y o -{f(p)-F(a)}
jEK
>3 P - o)
jeK
= D!(p,q)
>0

because G is a Dy-germ. This ends the proof of the corollary.

Lemma 8.16 (Max and Min of duals for D, -germs)
Assume (2.2) with N > 1, and let G C [a,b] be a Dy-germ. Then we have componentwisely

max {gSUB,gSUB} C gSUB

and
min {gSUP7 gSUP} C gSUP

Proof of Lemma 8.16 .
For v = a, 3, let us consider p, € GVZ, which then satisfies o o (f — f)(p,) < 0. Then consider p :=
max {p.,pg} componentwisely, i.e.

P ::max{pg,pg}, j=1...,N

Recall that we have the monotonicities (Ulfl)(T, 1,...,)). Let v1 € {a, 8} be such that p! = p#l. Then,

using the monotonicities of o f L we deduce that
ot fH(p) = o' f (. 0)) S o fHpyy) = o fHpy,) = o (D)

Similarly, we get o o (f — £)(p) < 0, which shows that p € GSYB. The proof for the minimum is similar.
This ends the proof of the lemma.
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8.4 Duality and characteristic subsets for conservative 1: 1 germs

Lemma 8.17 (Duality and characteristic subsets for conservative 1:1 germs)

Assume (2.2) with N =2 for 1: 1 junction with f = (fF, f&) for indices j = L, R (for left and right) with
ol =1 and of* = —1. Let G C [a,b] be a conservative Kruzkov germ. Following Definition 2.33, we recall
the following sets of characteristic points of G (the sub-charcateristic set xG and super-characteristic set XG)

L _ pL(sL oL AL L
XG = {ﬁ = (p".p") €6, §R 2 ;R((I;R)) ZZ EgR’f 63162)) E [[ZR’,ZJ;J] ’ for some & > 0}

Lo fL(pL L L L pL
X9 = {ﬁ = (p*,p") € G, §R i J;R((%R)) ZZ 8;1?,,151?_{ 5)) E [[ZR’,Z;)R]] ’ for some e > 0}

XG = xG UXG
For p = (p*,pf) and q = (¢*, ¢%*), we recall
RHY (p) = f* (")~ (0™),  DL(p,q) = sign™ (0" —¢")-{1*(0") = F*(a") } =sign® 0" —¢")-{ F*(0") = (™)}

Then we have
(8.11)

”(Xg);: p € [a,b], RHf(p)EO, Di(p7q)20 for all qe€xG =gsUB — ao(f—f)go
(X6)" == p€la,b], RH!(p)<0, D}(qp)>0 forall qexG}=0G5"F =Jo00o(f—f) >0
and
(8.12) (@) = {pelatl, RH'(p)=0, D'(pa)=0 foral qexgf=9

Proof of Lemma 8.17

Step 1: proof of (8.11)

We prove the first line of (8.11) (the proof of the second line is similar).
Consider p € “(xG). Then we have

(8.13) oM = R >0
and
(8.14) signt(p" — ") - {F* (") — fH(¢")} —sign™ (" — ¢") - {fF®") = fF(¢™)} >0 forall qexG

Assume by contradiction that p & GSUB = {fL - fE <o, —(fR - < 0}.

Case A: fL(p") < f*(p")

Then we get p© € BAL(p) N (p~, +00). Moreover, using (8.13), we get
FRE@) < FEeh) < fHe") = 16"

and then p® € BAT(p) N (—oo, p?), which shows that p € xG. Then the first term in (8.14) leads to a
contradiction for the choice of ¢ := p. N

Case B: fR(ph) > fR(p")

Similarly to Case A, we get p® € BAL(p) N (p, +00). Moreover, using (8.13), we get now

FE@™) = FR0™) > fR %) = (")

and then p € BAL(p) N (—oo, p), which shows that p € YG. Then the second term in (8.14) leads to a
contradiction for the choice of g := p.

Conclusion and consequences

Therefore p € GSYB | Hence we have shown that

(8.15) "(xG) c g°VE =+g
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But, by duality, the inclusion xG C G implies the reverse inclusion
(8.16) "(x6) > "G :="gn {RHf > o}
Moreover using the fact that RH f = 0, we deduce that

{RH! >0} 5 {00 (f-p) <0} =g"P =g

Hence (8.16) shows that ~ (xG) D *G and the reverse inclusion (8.15) implies the equality, i.e. the first line
of (8.11). B

Step 2: proof of (8.12)

Step 2.1: preliminaries

Let p € (xG), i.e. satisfying

(8.17) fFeM) = e =0
and
(8.18)  sign(p® —¢") - {fF (") — fF(¢")} —sign(@” — ¢") - {fF (™) — fF(¢")} =0 forall qexG

Again assume by contradiction that p ¢ GSUVB = {fL - fr <o, —(fR - < 0}.
Case A: fE(p") < fH(p")
Because (8.17) implies (8.13), then Case A of Step 1 shows that p € xG with
fE@h) < fFGh) fRET) < RN
L AL and R R
p > D7, p <p
Then both terms in (8.18) lead to a contradiction for ¢ := p.
Case B: ff(p") > f7(p™)
Similarly, because (8.17) implies (8.13), then Case B of Step 1 shows that p € XG with
(1109 2060 {0 10
pt <p" pft > ph
and both terms (8.18) lead to a contradiction for g := p.
Conclusion: p € G5B

Step 2.2: Further conclusion
Similarly we show that p € GSUF. Hence p € G°VB N GSYP = G. This shows that

(8.19) (xg)' cg
Conversely, notice that xG C G, and then by duality, we get
(8.20) (xG) > ¢ =6Pn {RHf - 0}

with GP = {p € [a,b], D/(p,q) >0 for all ¢ € G}. From Lemma 6.2 on the D-maximality of Kruzkov
germs, we deduce that

gD:gc{RHf:O}

where the last inclusion follows from the fact that G is a conservative (Kruzkov) germ. Then (8.20) gives
(xG) D G’ =g, and the reverse inclusion (8.19) implies the equality, i.e. (8.12). This ends the proof of the
lemma.

Remark 8.18 For N = 1 and for a junction of type 1 : 0 or of type 0 : 1 (where no Rankine-Hugoniot
relation is required), results similar to Lemma 8.17 still hold. Precisely, we have

{pelatl, Diwa)=0 foral qexg}=gsv”

{p € la,b), Di(q,p)>0 forall qe€ YQ} = govr
and
{pelab], DI(p,q)>0 foral qexG} =6
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9 General examples and counter-examples

9.1 A monotone generalized germ which is not a Riemann germ

Lemma 9.1 (A monotone generalized germ which is not a Riemann germ on a 1: 1 junction)
Assume (2.2) with N = 2 for j = L, R with J* ~ (—00,0) and JF ~ (0,+00) and [a,b] = [0,1]2. We
consider Lipschitz continuous functions f7 :[0,1] = R for j = L, R with

0<pf<glt<i
0<pr<gh<1 g 1 RN =@ =0
ft decreasing an <o on [0,pf)
>0 on  (p",¢") U (g%, 1]
We set
G ={p,¢y with p=(p",p") and ¢=(G"q¢"
Then G C |a, b] is a generalized Riemann germ with respect to (J, f), which is also a monotone germ.
Moreover f = fg satisfies

0 on [a,b] = [0,1]?
{ p" on  BA(p) = [0,1] x [0,¢")
q* on  BA(G) = [0,1] x [¢%,1]

Hence fL is discontinuous on [0, 1] x {QR} with 8prL <0 and G is not a Riemann germ.

9.2 A monotone germ with non Lipschitz Godunov flux

Lemma 9.2 (A monotone germ on a 2 : 0 junction, with f continuous but not locally Lipschitz)
Set N =2 and [a,b] = [0,1]? and three C* functions

g:10,1] = [0,1] an increasing bijection (hence with g(0) =0 and g(1) =1)
f1:]0,1] = R decreasing with (f*) < —8§ <0 on [0,1]
f2:10,1] = R increasing with (f?)’ > >0 on [0,1]

Then the set
G:={p=@"p)elatl, p*=g0")}

is a Riemann germ, and satisfies G = {f = f} with continuous function f: fg given by

{fQ(p) f()
fHp) == gt (p?)

Then G is a monotone germ for a 2 : 0 junction.
Moreover G is a Kruzkov germ (for f) if and only if

(9.1) the map (f* + f?og):[0,1] — R is nondecreasing
In particular, if g'(0) = 0, then G is a monotone germ, is not a Kruzkov germ and f is not locally Lipschitz.

Proof of Lemma 9.2

We just compute DY (p,q) = 51gn q") - {f* q")} +sign(p? — ¢%) - {f?(p?) — f*(¢*)}. Then

for p,q € G, i.e. for p? = g(p*) and 7 = g(q ), we get (Wlth g increasing) that Df(p7 q) = sign(pt —
1

q') - [fl + f? Og]‘z17 and then Df > 0 on G2 if and only if (9.1) holds true. Moreover, if ¢’(0) = 0, then

(f1+ f20g9)(0) = (f1)’(0) < —§ and (9.1) does not hold true, which shows that G is not a Kruzkov germ.
This ends the proof of the lemma.
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9.3 Counter-example to Riemann monotonicity for degenerate f
Lemma 9.3 (Counter-example to Riemann monotonicity for degenerate f on a 2: 0 junction)
Assume (2.2) with N =2, J7 ~ (—00,0) for j = 1,2 and [a,b] := [0,1]2. We consider Lipschitz continuous
functions f7:[0,1] — R for j = 1,2 with

=0

ft decreasing

h:[0,1] = [0,1] continuous increasing and bijective
We set

G:={p=("p°) €la,b], p'=h(")}

Then G is a Riemann germ with respect to (J, f) with

{ 7o
o) = (ftoh)®?)
Here f is continuous but not Riemann monotone. Moreover G is a monotone germ.

Proof of Lemma 9.3 . R R . . .
Consider p, ¢ € [a,b] with p > ¢, f'(p) < f'(q), f*(p) = 0 = f*(q). Hence (p — q) <[]} < 0 but [f]k # 0.
This ends the proof of the lemma.

9.4 Counter-example to gluing without Riemann monotonicity
Lemma 9.4 (Counter-example to gluing Riemann germs without Riemann monotonicity)
Assume (2.2) with N = 2, JI ~ (—00,0) for j = 1,2 and [a,b] := [0,1]2. We consider Lipschitz continuous
functions f7:[0,1] — R for j = 1,2 with

f2=0

f' decreasing

h:[0,1] = [0,1] continuous increasing and bijective
We set -

G:={p=("p°) €lab], p'=h(p")} =6
Let us define
F=U"P) = =f and J={0}u |J J* with J:=-J for j=1,2
j=1,2

Then G is a monotone Riemann germ with respect to (J, f) and G is a monotone Riemann germ with respect
to (J, f) with f = —f. Moreover both G and G are not Riemann monotone and the set

Go :=GHG  for the gluing of branch J? ~ (0, +00) with J? ~ (—00,0)
defined as in (5.41) is such that Gy is a not a generalized Riemann germ.

Proof of Lemma 9.4 .

2=0

. fHp) = (ftoh)(®?)
by construction, G is obtained by reversion transform of G (see Definition 4.4), and then is also a monotone
Riemann germ. Define the set for f¥ :=0= f2 = f2

From Lemma 9.3, we know that G is a monotone Riemann germ with { . Moreover,

(P!,p?) €6
Go =< (p',p") € [a',b']?, there exists (p%,p?) € [a2,b?]? s.t. (pt,p*) €g
- 0,

fop%) = GT(p%,p°) = f°(p°)
By definition, we have Gy = G#G for the gluing of branch J2 ~ (0,+00) with J2 ~ (—00,0). If f and f
would be Riemann monotone, then Gy C [at,b']? would be a Riemann germ with respect to (Jo, fo) with
fo:=(fY f1) and Jy := {0} U JL U JL. But we have Gy = [a', b!]?, and for any ¢ € [al,b]?, we have

BAV(g) = ol b1

Therefore (BA(§))geg, is not a partition of [a',b']?, which shows that Gy is a not a generalized Riemann
germ. This ends the proof of the lemma.
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9.5 Counter-examples to self-gluing of HJ germs
9.5.1 Self-gluing of a 2:1 HJ germ

Lemma 9.5 (Counter-example to self-gluing of HJ germs)

Consider g : [0,1] = R with g(u) := u(1 —u). For N = 3, consider f® = fl = f>:=g, [a,b] := [0,1]® and
branches J° =~ (—00,0) and J' =~ J? =~ (0,+00) and J := {0} UU,;_q 1, J7. We set the nondecreasing and
nonincreasing envelopes of g ’

gt (u) = r{r&aﬁig and ¢~ (u) := r[nal)fg for all w € [0,1]

Then the set
G:={p="p"p*) 0,1, min{g*(@").9” ("), 9 ¥*)} = 9(") = 90" = 9(v*)}
is a HJ germ with respect to (J, f), which is not a Kruzkov germ.
Let gz{io be the self-gluing of G along branches J? and J° for the flux f?> = f° = g. Then gQgO is not a

generalized Riemann germ with respect to (J*, f1).

Proof of Lemma 9.5

Here g : [0,1] — R is a bell-shaped flux. For v = (7°,7',4?) and N = 3, define the function v : [0, +00)" —
[0, 4+00)" as 49 () := min {7°,7*,~4?} for j = 0,1,2. Then it is easy to check that 4 is a HJ preflux in the
sense of Definition 11.1. For the capacity 7(p) := (¢ (p°), 9~ (p*), 9~ (p?)), we then deduce that v := 407 is
a Godunov flux, and that G is the associated HJ germ. We set G9 : [0,1]?> — R for the standard Godunov
flux associated to the flux g, which satisfies here G9(p*, pf*) = min(g* (p*), g~ (p®)). Then recall that the
standard Godunov germ is defined as G9 := {p = (pr,p®) €10,1]%, g(p*) = GI(p", pt) = g(pR)}. Then, by
definition, we have

g2j:j0 = {pl €[0,1], there exists (p?,p°) € G9 such that p = (p°,p',p?) € g}
For A € [0, 1], we define uy()) := (¢%)7(A). Now for any p' € [0,1], set A := g(p') and p° := uy (A) =: p*.
Hence it is straightforward to check that (p%,p") € G9 and (p°,p',p?) € G, which implies that p' € 90?2.
Therefore 92?0 = [0,1] and (BA(J17fl)(jﬁl))Aleggu2 is not a partition of [0, 1], by definition of the Basin of
lego:

Attraction. Therefore Theorem 2.15 implies that QQ?O is not a generalized Riemann germ (with respect to
(J1, f1)). Finally Corollary 5.17 implies that G is not a Kruzkov germ. This ends the proof of the lemma.
9.5.2 Self-gluing of a 2: 2 HJ germ

Consider a function g as follows

9(0) =0=yg(1)

(9.2) g:[0,1] = [0,+00) stricly concave with { and maximum at ¢ € (0, 1) with gmax 1= g(c)

We will also need the monotone envelopes

ot () = { g(u) for we€ [0, and g~ (u) =

{ g(c) for we€|[0,c]
g(c) for w € [e,1]

g(u) for w € [e, 1]

We will consider the self-gluing of some Hamilton-Jacobi germ G for a 2 : 2 junction. For (u',u?, u?,u*) €
[0, 1], let us define

(9-3) F(u',w?,u®,ut) = min {g* (u'), g*(u*), ¢~ (u*), 97 (u")}

with indices 1,2 for ingoing branches and indices 3,4 for outgoing branches. Then G is a Hamilton-Jacobi
germ given by

g:= {(u1’u27u37u4) € [Ov 1}4’ F(u1’u27u37u4) = g(ul) = g(UZ) = g(u3) = g(u4)}

with flux f = (g,9,9,¢9) and Godunov flux fg = (F,F,FF).
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Now imagine that we want to realize the self-gluing set G* of the germ G, gluing the outgoing branch 4
with the ingoing branch 2, i.e. gluing J* with J2. This can for instance be done for some common state

u? = u* and gives a passing flux equal to

Fiub,v®) = F(u!,u? u? u?) = min {g+(u1),g_(u3),A} with A := g(u?)

which appears to be a junction with flux limiter depending on the internal state u2. If such self-gluing set
G! is a germ, then it has to be independent on any admissible choice of u? = u*, which is not the case here.
The situation is similar if we do the gluing with u? # u* but such that (u*, u?) is a stationary shock solution
of
g(u') = G(u*,u?) = g(u?)

where GY is the Godunov flux associated to g. Because of the special shape of g, we have in particular
GY(ul, u?) = min(g* (ul), g~ (uf?)).

An alternative way to realize that the self-gluing is not well-defined, is to consider r = u? = u* such that

(fé - fé)(ulvrvugvr) =0

which does not impose any condition on r, because the fact that G is a Hamilton-Jacobi germ precisely
implies that fg = (F,F,F,F). Nevertheless F(u',r,u3 r) still depends on r, and then does not define
uniquely what should be the Godunov flux of a self-glued germ if it would exist.

Remark 9.6 (Construction of G by gluing two different germs)

It is furthermore possible to see that the germ G is itself already obtained by gluing of two Hamilton-Jacobi
germs G, and Gg, i.e. that G = G,1Gs. Here G, is of type 2 : 1 with fluzes (fL, f2, f2) = (g, 9,29) (where
2g is the flux on the outgoing branch) and Gg of type 1 : 2 with fluzes (fg,fg’,fg) = (29,9,9) (where 2g is
the flux on the ingoing branch). We set

Gy = {(Ul,u2,u0) S [0, 1]37 Fa(u17u2ﬂu0) = g(ul) = g(u2) = 29(“’0)}
with  Fo(u',u?,u°) := min {g* (u'), g7 (u?), 29~ (u*)}

and
Gy = {(u®u,ut) € [0,1,  Fy(u®,u?,ut) = 29(u®) = g(u®) = g(u")}

with  Fg(u®, v, u) := min {2¢7" (u°), g~ (u3), g (u*)}
Here we have the associated Godunov fluzes fg, = (Fu, Fa, Fy) and fgﬁ = (Fg, Fg, Fg). Then we define for
(ul,u?,ud, ut) € 0,14
Fu',u? v ut) i= Fy(u',u?,u®) = Fa(u®,u®,u*)  for some u® € [0,1]

where from Proposition 5.13, we know that the value of F is independent on the admissible value of u®. It
is furthermore easy to see that F' satisfies (9.3).

Remark 9.7 (A different situation for loops in particular Hamilton-Jacobi networks)

Notice that for networks with Hamilton-Jacobi germs at each node, it is possible to restrict the framework of
solutions u (as usual solution to conservation laws) such that it satisfies moreover locally u = v, for some
function v which is continuous at every node of the network. Under this additional assumption, we see that
if the function u is constant on a loop of the network, then this implies that w = 0 on this loop. Therefore
in this particular and more restrictive framework, we see that the value of u on each (arbitrarily small) loop
may be no longer free, but has to be taken equal to zero.

9.6 Strange germs for 2: 0 junctions and classification

Lemma 9.8 (Strange germs for 2 : 0 junctions and classification; f! |, f? 1)
Assume (2.2) for a with N = 2, JJ ~ (—o0,0) for j = 1,2 and [a,b] := [0,1]2. We set J := {0} UJ* U J2.
We consider Lipschitz continuous functions f7 :[0,1] — R for j = 1,2 with

Y decreasing and f? increasing.
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i) (Classification of Riemann germs)
Then the set G C [a,b] is a Riemann germ with respect to (J, f) if and only if there exists h : [0,1] — [0, 1]
continuous such that

(9.4) G=Gn with Gn:={p=@".p") €lab], p'=hn("}

We also have G, = {fh = f} with continuous function fh = fgh given by

fRp) = 2(*)
(9.5) { fr(p) = 1 (h(p*)

ii) (Existence of strange germs, nonconservative Kruzkov germs)
If h is not monotone, then the Riemann germ G is not monotone, not HJ, neither conservative. Moreover,
if 1, f2,h are Lipschitz continuous, then the Riemann germ G is Kruzkov if and only if

(9.6) () +{(fY oh}-|W[>0 ae on [0,1]

with the convention that g - |h'| =0 if b’ =0, even where g is not defined. In particular G is not Kruzkov if
|h'| is large enough.

On the contrary, if (f?)) >8>0 a.e. on [0,1], and for || small enough with h non monotone, then G
is a nonmonotone nonconservative Kruzkov germ.

Moreover if h is nondecreasing such that the function f2 + f! o h is nondecreasing and non identically
equal to zero, then G is a monotone nonconservative Kruzkov germ.

Proof of Lemma 9.8

Step 1: proof of i)

Step 1.1: necessary inclusion of G

From the slicing lemma 4.12, notice that if G C [a, b] is a Riemann germ with respect to (J, f) with fi= fg,
then for any fixed p? € [0,1], the set

Gy = {p' € 0,1, F'0",p%) = /' (")}

is a generalized Riemann germ with respect to (J*, 1), which is also a Riemann germ because f is continuous.
Because f! is decreasing and the map fI}Q : pt = fl(p',p?) is nondecreasing and locally constant on

{f;z #* fl}, we deduce that f;z is constant on [0,1]. Moreover, we know that we have fl}g = flo TG o
Because f! is decreasing, we deduce that mg . [0,1] = [0,1] is constant and set h(p?) := TG (p*) for any

p! € [0,1]. Hence we have ft (pt, p?) := fL(h(p?)). Still because f! is decreasing, and f* is continuous, we
deduce that h : [0,1] — [0, 1] is continuous. Therefore

gC {fl = fl} = @), with continuous A :[0,1] — [0, 1].

It is also easy to check that G, = {fh = f}.

Step 1.2: property of Gy,

Conversely, consider G, = { fo=7f } with f, given in (9.5) for continuous A : [0,1] — [0, 1]. Notice also that
because f? is increasing, we see that ffl has expected monotonicities in p?. Moreover it is easy to check that

fn is locally constant on { fn#f } Now from (2.15) and from the monotonicities of the f’s, we get

fL=fr<fo)=fi and f2=r20)<f=f2

Hence from ii) of Theorem 2.15, we deduce that G, is a generalized Riemann germ, and from i) of Theorem
2.17, we deduce that Gj is a Riemann germ.

Step 1.3: conclusion for G

Now from Step 1.1, we have G C Gy, C [a, b] with both G and Gj, generalized Riemann germs (in [a, b]) with
respect to (J, f). From i) of Theorem 2.15, we conclude that G = Gj,.

Step 2: proof of ii)
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For conservative, HJ and monotone germs, we use the definitions of the classes of germs and also Lemma
5.5 for their characterization in term of their Godunov fluxes f.

Hence the Riemann germ G is conservative if and only if f! + f2 =0, i.e. —f (h(p?)) = f2(p?), i.e. the
(continuous) function h := (—f1)~1 o f? is increasing.

Similarly, the Riemann germ G is HJ if and only if f* = F1 f2 and is nondecreasing in each coordinate p7,
ie. h:=(f1)~1o f? is decreasing.

Similarly, the Riemann germ G is monotone if and only if p? — f1(p) and p* — f2(p) are nonincreasing,
i.e. h is nondecreasing.

By definition, the Riemann germ G is Kruzkov if and only if we have D/ (p,p) > 0 for all p,p € G, i.e.
9. 7)

sign(p'—p")-{f1(8") — f (") }+sign(@*—p*)-{f2(0%) — f7(p*)} 20 forall p':=h(p®), p'=hn(@*), p°,p°>€l0,1]

Because the composition of Lipschitz functions is Lipschitz, and using Rademacher’s theorem, we deduce
(9.6) in the limit |p? — p?| — 0. Conversely, the integration of (9.6) implies (9.7).

In particular, if h is nondecreasing such that the function f2 + f! o h is also nondecreasing and non
identically equal to zero, then G is a monotone nonconservative Kruzkov germ. This ends the proof of the
lemma.

Lemma 9.9 (Classification for 2 : 0 junctions; f! |, f2])
Assume (2.2) for a with N = 2, JJ ~ (—00,0) for j = 1,2 and [a,b] := [0,1]2. We set J := {0} UJ* U J2.
We consider Lipschitz continuous functions f7:[0,1] — R for j = 1,2 with

' and f? decreasing.

Then the set G C [a,b] is a Riemann germ with respect to (f,J) if and only if there exists p € [a,b] such
that G = {p}. When it is the case, then we also have G = {f = f} with the function f = fg given by

f = const = f(p).

Proof of Lemma 9.9

Consider some p € [a,b], and set p := 7(p) with 7 := 7g : [a,b] — G the natural projection map. Because
f1, f? are both decreasing for a 2 : 0 junction, we deduce that BA(p) = [a, b], and then m = const = p, which
shows that G = {p}. Moreover fg = f(p). Conversely, for any p € [a,b], it is straightforward to check that
G = {p} is a Riemann germ. This ends the proof of the lemma.

Lemma 9.10 (Classification for 2 : 0 junctions; f* 1, f2 1)
Assume (2.2) for a with N = 2, JJ ~ (—00,0) for j = 1,2 and [a,b] := [0,1]?. We set J := {0} U J' U J>.
We consider Lipschitz continuous functions f7:[0,1] — R for j = 1,2 with

' and f? increasing.

i) (Classification)
Then the set G C [a,b] is a Riemann germ with respect to (f,J) if and only if there exist continuous maps
W, :[0,1] — [0,1] for j = 1,2 such that 0 < h’. < b, <1, and for j € {1,2}\ {j}, we have

G=K'NnK? with K’ :.= {pe [a,b], hj,(pj) <p < hi(p])}

with moreover G = {f = f}, with f locally constant on {f #* f}, where f : [a,b] — R? is continuous and
satisfies for j =1,2

(9.8) fip) = fj( )(pj)) with TY(z)=xzVzAy for =<y

(zﬂ

and z V z := max(x, z), y A z := min(y, z).
ii) (Further properties)
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(f=H')>0 and (f—[)>*(p)>0)  implies  BAp) D [(0,0),5] >5p
99) (Jf - NH'p) >0 and (Jf — [)2(p) <0)  implies  BA(p) > [(0,p*),(p,1)] >p
(f=H'p) <0 and (f—[f)>*(p)>0)  implies BAp) > [(',0),(1,p*)] >p
(f=H'p) <0 and (f—[f)>*(p)<0)  implies  BAp) D [p,(1,1)] >5p

Proof of Lemma 9.10

Part 1: proof of i)

Step 1: necessary conditions on G

Step 1.1: freezing p?

From the slicing lemma 4.12, notice that if G C [a, b] is a Riemann germ with respect to (J, f) with f := fg,
then for any fixed p? € [0, 1], the set

Gpe 1= {pl e,1, f'o'p*) = fl(pl)}

is a generalized Riemann germ with respect to (J', 1), which is also a Riemann germ because f is con-
tinuous. Because f! is increasing and the map f;z : pt = fL(p',p?) is nondecreasing and locally constant

on {f;z + fl}, we deduce that fl}g coincides with f! only on a subinterval [kl (p?),hl (p?)] C [0,1], and
satisfies L)
. _:=h
Lply = FL(T7+ (p! ith { Z -\p
pr(p )= (T (p7)) wi 2y = hi(pQ)

Because f 1 is continuous, we deduce that { f L= 1} is a closed set, and then hl is lower semicontinuous

and hl+ is upper semicontinuous. Moreover, it is easy to see that the strict monotonicity of f' and the
continuity of f! also imply the continuity of hl .

Step 1.2: freezing p' and first consequences

By symmetry from Step 1, we get a similar result, exchanging indices 1 and 2. This shows (9.8) with

continuous maps A, : [0,1] — [0,1]. Moreover, this implies that G = {f = f} = K'N K2, and f is locally

constant on {f #+ f} and f : [a,b] — R? is continuous from i) of Theorem 2.17, because G is a Riemann
germ.

Step 2: sufficient conditions for G

From ii) of Theorem 2.14, we only have to check the second line of (2.14). Recall that

F@) = inf fI=f )< fl@p))=sup f7 = (1)

[p7,1] [0,p7]

and because f7 is increasing. We deduce from the expression of fj that fi < fj < fi, and Theorem 2.14
implies that G = { f =f } is a generalized Riemann germ. Because f is continuous, G is then a Riemann
germ.

Part 2: proof of ii)

We only do the proof for the first line of (9.9) (the other cases are similar). Assume that (f* — f1)(p) > 0,
(f2 — 2)(p) > 0. Because f!, 2 are increasing, we deduce that BA(p) N[Oz, p] = [Orz, p|, which shows the
result with moreover f = f () on [Ogz,p]. This ends the proof of the lemma.

9.7 An explicit example of gluing without cancellation property

Lemma 9.11 (A 1:1 explicit example of gluing without cancellation property)

Assume (2.2) with N = 2, JF ~ (—00,0) and J® ~ (0,+00) and f7 = g with [a/,b)] = [0,1] for j = L, R,
with g : [0,1] — R strictly concave with g(0) = 0 = g(1). Let Ay := maxjg119 = g(po) > 0 with po € (0,1)
and A € [0, Ag]. We define

o) = { g() for ze[0,p] g () = { Z(Po) for €0, po]

g g(po)  for € (po,1] (z) for x € (po,1]
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and
A= {"p") €0,1%, min{4,¢g"(p"), g~ (")} = 9") = 9™}
Then for any A,B € [(LAO], we have
GallGB = Gminga,By for the gluing of JgA ~ (0, +00) with JgLB ~ (—00,0)
In particular we always have

Ga,liGa =GallGa and GaliGa, = GallGa

which does not imply the cancellation property that Ga = Ga,.

L
P
p; ——————————————————— @
p()
O p; p() 1 pR

Figure 2: The germ G4 for A € (0, Ayp)

Proof of Lemma 9. 11

For A € [0, Ao, let pi € [0,1] be such that g(pf) = X\ = g*=(p}). Notice that Gy is a HJ germ. From [29],
we know that all HJ germs with all convex fluxes (and then also with all concave fluxes) are classified by a
flux limiter, which is A, and particularly by a single point (py,pi) € G\, because xGy = {(p;,p;f)}, where
X0 is the characteristic subset of the HJ germ Gy (see Theorem 2.34). Let

~ (p",p") € Ga
Go :=GatGn = < (", %) €[0,1]?, there exists (5=, p?) € [0,1]2 (", p") € G
g(p") = G(p", p") = g(p")

From Theorem 2.24, we know that Gy is a HJ germ, and then of the form Go = G, for some \ € [0, Ao].

Moreover (p*,pf) € Gy if and only if (using GY(p*, p*) = min {g™(p%), 9~ (B*)})
mln{A g pR)} =g(p") = g(p")
mm{B gt (133)} = g(l3 ) = g(p")
g(p") = mm{g pR )9~ (")} =g(~L)

For C := min {A, B}, we have (with obvious notation for the gluing (p*, p™)t(p", p%) := (p*,p%))

> - | (pc,pd)EpE, pE) A
Go > (pc:pd) = { (pg,pg)ﬁ(pgpg) if C=8B

We deduce that A = C and Q~0 = G¢ which ends the proof of the lemma.
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12 L
A
-
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Figure 3: Graph of g
L
P A I
2
Lo
L %
Ip
0 R
0 e P

Figure 4: Level sets of h with four plateaux (see (9.10))

9.8 An example of non commutativity of the gluing

Lemma 9.12 (Explicit example of a HJ germ for 1: 1 junction)
We set J := {0} U JL U JE with JF ~ (—00,0) and JF ~ (0,4+cc). We also set f = (f&, fF) := (g,9) and
[a,b] :=[0,2]?, with

g:[0,2) 2 R with g(u):=go(u)+go(u—1) and go(u) := max {0, min {u,1 —u}}

Given A := (A, B,C, D) with % >A>B>C>D >0, we want to define a germ G . To this end, given
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0 R
0 2 p

Figure 5: HJ Germ G4 C {g(p") = g(p™)} and characteristic subset xG4 = {pa.ps,pc,pp}

We also set for p = (p*, p'?)

pa = (P4, ph)
ps = (P%, Pp)
pc = (PG pg)
po = (ph,PD)
We then define for p = (p&,p%) € [a,b] := [0, 2]
(9.10) iAL(p) =X for peTl,
with
[pi,?] X [O,ph] for A=A
4B .= 0,p3]) U ([p3,2 X{p2}) for Xe€(A,B)
(o] oy g (P34 4 for A= b
r{e .= 0, p3 L2l < {n}) for Xe (B,0)
ry:= ([pcﬂ] x{ %’ [] IEJ/\D ([P A for A= C
PSP = ({pag > [0,23]) U ([pa. 3] < pX3) U ({63} < [pX.pA]) U ([R.2] x {p3})  for Ae(C.D)
(Iph 3] > [p3.p4]) < 15 for A=D
R0 = ({p3} x [px.p3]) U ([P3. 2] x {pR}) for A€ (D,0]
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which is a continuous function h : [0,2]2 — R. Let f = (h,h). Then

Ga = {p €lab], f(p)= f(p)}

is a generalized Riemann germ which is a HJ germ (and then also a conservative germ and a Kruzkov germ)
with respect to (J, f). Moreover we have
(911) Xg.A = {pA7vapCapD}

Proof of Lemma 9.12 . .

It is easy to check that h : [0,2]?> — R is continuous. Moreover by construction f := (h, h) is locally constant
on { f # f }, with A nonincreasing in p and nondecreasing in p”. Moreover, we have the following monotone
bounds

max { fL(p"), fE(PT)} = 0 < h(p) < min { L"), fE(p )}min{;,pLﬂpR}

with )
ST (") == sup g = min {pL, }
[0,p%] 2
FEG") = inf g =0
pL
Bp?):= inf g=0
f= (") dnk, 9=
. 1
ff(pR) := sup ¢ = min {2 pft, 2}
[p7,2]

Then from ii) of Theorem 2.15, we deduce that G 4 is a generalized Riemann germ with respect to (J, f).
Moreover by construction it is a HJ germ. Finally it is easy to check (9.11). This ends the proof of the
lemma.

Lemma 9.13 (An example of non commutativity of the gluing)
We work with notation of Lemma 9.12. Let

1
A:=(A,B,C,D) with 5>A>B>C>D>O

and )

A = (A",B',C,D) with 3> A>B >C>D>0
and

A>A>B >B>C>D

Then the gluing satisfies
(9.12) G :=GatGa = G(p.B.c0) # 9B.B.CD) = GatGa =1 G

Proof of Lemma 9.13 R R
First notice that by gluing HJ germs are preserved. Hence both G and G’ are HJ germs, and are then
characterized by their characteristic subsets that we expect to satisfy

(9.13) XG> {papgpeppt  and XG' D {pippipenpi
Precisely we compute (with obvious notation for p = (p”, pf*) and the gluing (pL,pR)ﬂ(pL/,pR/) = (pL,pR/))

P = (b)) = b )i ) € 0atGa  with A= B
pp = (05.pp) = 05, Pp)iPE.p) € GafGa  with B':=B
per = 0EspE) = 06 pERWE,pE) € GatGa  with C':=C
pp = Wh.0p) = (0D, pD)EWH.ph) € GatGa  with D':=D
pi = (P Pp) (0 PB4 (PR pE)  €GatGa  with A:=B
pg = 0pp) = W5 PR)E(WE PE)  €GatGa  with B:=B
pe = Weps) = (06 pE)EEve) € Gatga  with C:=C
pp = (0p.Ph) = Wb, Pp)iPD.ph) €GaliGa  with D:=D

This shows (9.13), and then Theorem 2.34 shows (9.12). This ends the proof of the lemma.
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9.9 D-maximality does not imply completeness

We give two examples. The first example is explicit for 2 : 0 junction, while the second is less explicit for
junctions 0 : 3.

Lemma 9.14 (Explicit conservative D-maximal set, which is not complete, for 2:0 junctions)
Let g(x) := |z| — 1 with g : R - R, and a 2 : 0 junction J with f' = f? := g. There exists an explicit set
G C R? satisfying

f
(9.14) {D >0 on Gx@G

f'4+f2=0  on G

Then the set G is conservative D-mazimal in the following sense: if some set G' C R? satisfies (9.14) and
G C @', then G’ = G. Moreover G is not complete, i.e. U BA(p) # R?.

PEG
Proof of Lemma 9.14
Step 0: preliminaries
We consider the following three points A := (2,0), B := (0,2), B’ := (0, —2), and define the subset G C R?
as G := Sap U Sap:, where Syp is the closed segment joining A to B in R2. For all p,q € R?, recall the
dissipation

D! =Dl (p.g) = 3 sign’ — ') [P with [F]7) = PO - o)

§=1,2

Step 1: proof that D/ >0 on G x G

We have
o + (7120 if pg € Sap, with P =p >q =,
1 2
i e =220 if pg € Sap, with —p?=p' >q'=-¢,
—_— 1 2
e + 1120, if p€Sap, ¢E€Sap,  with pPP=p' ¢ =-¢20,
1 2
[ [l 20,  if peSap, g€Sap, with  0<p?=p' <¢'=-¢

Step 2: maximality of G

Notice first that it is straightforward to check that f! 4 f2 =0 on G.

Assume now that there exists p € R? such that G’ := {p} UG satisfies (9.14). Then we have (f* + f2)(p) = 0,
ie. |p!|+ |p?| = 2. If p! <0, then [p?| < 2 and we get

DI(B',p) = {f'(0) — 1 (o")} = {f°(=2) = 2>} = —Ip"| - {2 - [p*} =2[p*| -4 <0

Contradiction. Therefore p* > 0 and p € G, i.e. G’ = G. We conclude that G C R? satisfying (9.14) is
maximal for the inclusion.
Step 3: basin of attraction of G

We have
BA(p) = (—00,0] x (—00,2), for p=DB
BA(p) = {p"} x (00, —p?) forall — peSap\{B'}
BA(p) = {p} forall  pe Sap\{4, B}
BA(p) = (—00,0] x {2}, for p=DB
Then
U BA(p) = R*\Qy with the open set Qg := {p= (p',p?) € R?, p* > h(pl)} #0
pPEG

where h(p') := min {2, 2 —pl,—o0- 1{p1>2}}. This shows that G is not complete and ends the proof of the
lemma.
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Lemma 9.15 (A conservative D-maximal set, which is not complete, for 3:0 junctions)

There ezists a 3 : 0 junction J with f7 = g for j = 1,2,3 for some Lipschitz continuous function g :
[, B] = R for some a, 5 € R with o < 5. We set a := (a,a, ) and b := (B, 8,3). Then there exists a set
G C la,b] C RN for N = 3 satisfying

Df >0 on Gx@G
(9.15) Y =0 on g
j=1,...,.N

Moreover G is conservative D-mazimal in the following sense: for every set G' C [a,b] satisfying (9.15) such
that G C G', then G’ = G. Moreover G is not complete, i.e. U BA(p) # [a, b)].

PEG
Proof of Lemma 9.15

Step 1: properties of G,
Let €,d,n € (0,1) be such that « < —1 < e+ < 8 and g such that

gla)=0, g(=1)=n, gle)=—-(1+n), gle+d) =1, g(B)=0

We set

Uy .= —e1 +ceg + (&‘ + (5)63

U2 = —eg + €e3 + (6 + 5)61

U3 = —e3 t+¢ee; + (E + 5)62
and consider the set

gO = {a’7 b7 U17 U27 U3} - [a” b]

Using g(—1) + g(e) + g(e + 0) = 0, it is straightforward to check that Gy satisfies the second line of (9.15).
Now let us check that we have

(9.16) DL >0 on GyxGo

which implies that Gy satisfies the first line of (9.15), because D/ (p,q) = Di(p7 q) + Di(q,p). In order to
check (9.16), now consider the matrix E whose lines are vectors Uy, Us, Us, i.e.

vl vt U “1 & e+d
E=| vl vz U |=|ers -1 =
vl vz U e e4s -1

Then we consider B = g(F) componentwise, we get with gf = g(Uij)

9 9 9 no (14 1
B=1| 9 9 95 |= 1 7 —(1+4n)
9% 9 93 —(1+n) 1 n

Recall that
Dy (U1, Us) = sign™ (U} — U3) - {g1 — g3} +sign™ (U} — U3) - {97 — g5} +sign™ (U} — U3) - {g} — g5}

We get ) )
Dy(U,Us) ={gi — g3} + {9t — a3} = — {9l — 93} = D4 (Us,U1)
D (Uy,Us) = ggé - 9%% + }gg —93% =— %gﬁ —g?,% = D, (Us, Us)
-9 (

Dy(Us,Ur) ={g5—gi} + {95 — g7 3 — 9t} = Dy(U1,Us)

Hence D4 (U;,U;) > 0 for i,j = 1,...,3 if and only if g{ < g3, g5 < g3, g5 < g7, which is the case because
gt =gi=9gi=n<1=gd =93 =g} Wealso have Dy(a,b) = 0 = D, (b,a) because g(a) = 0 = g(B).
Moreover Rankine-Hugoniot relation f! + f2 4 f3 = 0 implies

D+(Uiaa):0:D+(aan)7 D-‘r(Ulab):O:D-F(vaz)a for 2:132a3

Hence (9.16) holds true, and then Gy satisfies (9.15).
Step 2: definition of G
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We now consider a set G C [a, b] satisfying (9.15) with Gy C G, and such that G is maximal for the inclusion.

Step 3: uncompleteness of G

Assume by contradiction that G is complete, i.e. that U BA(p) = [a,b]. From Lemma 3.4, we deduce that
peg

(BA(P))eg 1s a partition of [a, b], and then G is a generalized Riemann germ. Because G satisfies (9.15), we

deduce that G is a conservative Kruzkov germ, hence f = fg~ satisfies for N = 3

Df >0 on [a,b]?
(9.17) Z =0 on [a,b
j=1,..,.N

We set fg = fj(()) for j =1,2,3 and 0 = Ogs. We compute

DIw,0) =4 -l + {3 - f3l =—{gl - 2} =DJ(0,tn)
DI (Us,0) = yg3 — fat +193 — f3+ =—193— fet = DI (0,U,)
DI (U3,0) = qgh — fat +193 — f2 1 =—193 — f3 { = DI (0,U3)

From the first line of (9.17), we deduce g} < fi, g3 < f2, g3 < f3, which gives
0<3n=gi+@+gd<fi+fi+fi=0

where the last equality follows from the second line of (9.17). Contradiction. Hence G is not complete and
this ends the proof.

Corollary 9.16 (Counter-example to completeness for N > 3)

Let N > 3. Then there exists a N : 0 junction and particular Lipschitz continuous functions (fj)jzl,,__,N
and a set G C [a,b] C RY satisfying (9.15). Moreover G is conservative D-maximal in the following sense:
for every set G’ C [a,b] satisfying (9.15) such that G C G', then G' = G. Moreover G is not complete, i.e.
U BA®) # la.b].

pEG

Proof of Corollary 9.16

For N = 3, the result follows from Lemma 9.15 for some set G3 satisfying (9.15) which is maximal for the
inclusion, and the contradiction to the completeness of G3 precisely follows from the evaluation of

(9.18) DI (0ps, U;) >0, j=1,2,3.
For N > 3, we set

(9.19) Py = (PNs--,pN) with pioi=(f%)71(0), k=4,...,N.

Now fix some N > 3, and assume that there exists some set Gy satisfying (9.15) which is maximal for the
inclusion. Let us now show that we can transfer the result to the level N + 1. Indeed, applying Lemma
8.8, we see that we can construct a set Gy C [@,b] € RN*! which satisfies (9.15), hence at the level N + 1.
Then consider a set Gny1 with Gn C Gn11 C [a, l;] C RN*! satisfying (9.15) at the level N + 1, and which
is maximal for the inclusion.

Assume now by contradiction that the set Gy is complete. Then the argument of Step 3 of the proof
of Lemma 9.15 applies and shows that Gn4; is indeed a conservative Kruzkov germ. In particular ng 4118
continuous, and using definition (9.19) at level N + 1, we get

ngg (ORB,Uj) = DfQNJrl ((0R3,p3\7+1), (Ujap/N—i-l)) > 07 j = 17273

which leads to the same contradiction as (9.18) did. Therefore Gy, 1 C R¥T! must be not complete. This
ends the proof of the corollary.
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10 Appendix of Part 1

10.1 Standard Riemann problem
We consider the entropy solution u = u(t, z) to the following Riemann problem

u + (9(u))e =0 on (0,+00) xR
pr if <0
PR if >0

(10.1) u(0,2) = up(x) :=

Lemma 10.1 (Explicit solution to Riemann’s problem on the real line)
Assume that g : R — R is continuous, locally Lipschitz. The for any pr,pr € R, there exists a unique
entropy solution u to (10.1). It satisfies u(t,x) = U(x/t) for all t > 0. Moreover, let us define I :=

[min(pr, pr), max(pr, pr)] and

g(a) if ael
with g’ (a) :={ 400 if a€R\I, pL < PR

Gi= { convex envelop of g' if pL <Dpr
—00 if a€R\I, PL > PR

concave envelop of g° if pL>Dpr

and set
( 7@ . TR ) if pL <pr
§L <&r with (§0,€R) =4 ( 0 ; 0 ) if pL=Dpr
( gy . gk ) if pL>pr

Then

PL if §£<&L
(10.2) U)=14 pr if £€>&r
((91)) (&) if €¢€lén,&R]

where the map U : R — R is monotone and is uniquely defined outside a countable set.

Remark 10.2 Notice that ((g);)")~" is not defined for &, = 0 = &g, which only arises when py, = pr. When
pL # pL, as a help, the function ((gu)’)*l is better understood as the inverse mazximal monotone graph of
the mazimal monotone graph (g 1)’

proof of Lemma 10.1

For the proof, we refer to the textbook SERRE [45], where it is done for C* functions g. Indeed, only the
regularity C? is used there. This can easily be extended to the case of g continuous and locally Lipschitz, by
approximation, and stability of entropy solutions. On the same topic, the reader can also consult textbooks
DAFERMOS [16] and HOLDEN, RISEBRO [27]. This ends the proof of the lemma.

Remark 10.3 Notice that the result of Lemma 10.1 also follows from HJ-SCL relations (for instance jus-
tified using vanishing viscosity method, and BV bounds for scalar conservation laws). Indeed it is also a
straightforward consequence of Hopf formula (see Theorem 3.1 in [6]) for convex initial data of Hamilton-
Jacobi equations. Here the convex initial data is Wo(x) = prx - 1{z<0y +PrT - 1550} when pr < pr, for non
convex Hamiltonian g.

10.2 Reduction of test functions for viscosity solutions on junctions
Consider the problem
vl + (i) =0 on RxJi, j=1,....,N

(10.3) v0(¢,0) := 07 (¢,0) on Rx{0}, j=1,...,N

W)+ h(vl, .. uN) =0 on R x {0}

» Vo

We also define the half-relaxation operators

(Rh)(p) := qzl[lpl,)b] min {h, fmin} (q) with fmin(q) := j:rﬂ_i{lej (¢")
(10.4)

(Rh)(p) inf max{ﬁ,fmax} (¢) with fmax(q) = max (¢

q€la,p]
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Lemma 10.4 (Reducing the set of test functions)

Assume (2.2) with N > 1 with a junction J of type 0 : N. Let gc [a,b] be a _generalized Riemann germ
which is a HJ germ. Then the associated Godunov flux is fg = ( ,il) with b : [a,b] = R given by i) of
Theorem 2.30. For any p € [a,b], consider the function v = (v',... ,vN) defined by

Vit x) = —M+plx forall (t,z)eRxJ, j=1,...,N

i) (Viscosity subsolutions)
Then h satisfies

(10.5) h = Rh with R defined in (10.4)

Moreover v is a viscosity subsolution of (10.3) if and only if =X+ f7(p?) <0 and
for all q € xG, (qZp = —)\—i—fAL(q) < O)

ii) (Viscosity supersolutions)
Then h satisfies

(10.6) h=TRh with R defined in (10.4)

Moreover v is a viscosity supersolution of (10.3) if and only if =\ + f?(p’) > 0 and

forall qexg, (a<p = -A+hig)>0)

Proof of Lemma 10.4
Step 1: proof of (10.5)
By definition of Rh and by monotonicity of &, we have Rh < h. Now for p € [a, b], let p := mg(p). Then

(Rh)(p) :== sup min {fz,fmin} (q) > sup ( )min{fz,fmin} (q)

q€[p,b] q€[p,bjNBA(p

By construction, there exists ¢ € [p,b] N BA(p) such that fi(¢7) > fI(p’) p) = h(q), 5 = 1,...,N.
Therefore (Rh)(p) > h(p) = h(p), which implies the equality and then shows

Step 2: proof of (10.6)

The proof is similar to Step 1.

Step 3: proof of i)

The proof of i) is a simple variant of the proof of Theorem 2.7 in [29]. An easy adaptation of the proof is
done for instance in [23] in the case [a,b] NRY = RY | in the subsection on the reduction of test functions.
The adaptation to the general case [a, b] is straightforward (and indeed easier).

Step 4: proof of ii)

The proof is similar to Step 3. This ends the proof of the lemma.

— i
(105).

10.3 Gluing of matrices

In Subsection 5.6, we have studied the gluing of two germs G,fGg. We have also seen that naturally is
associated the gluing of their Godunov fluxes f = fof f3.

In this section, we are interested in the algebra giving the Jacobian matrix D f in terms of the two
Jacobian matrices D f, and D fg. This is given by the following result.

Lemma 10.5 (Formal Jacobian matrix after gluing)
For v = a, 8, let some integers n, > 2. By abuse of notation, let us also allow the indices o, B to denote two

sets of indices with a ~ {1,...,nq — 1} and S~ {1,...,ng — 1}. Now let fy = (f9 f0 }, ce 7;”71) R™ D
[a,b], — R™. Forp, = (pv, . 7p:”_l) e R™ 1, let us set f = (—f9, fL,.. .,f"a_l)ﬁfg defined formally by

(rpa) if jEa

e with v satisfying  — fO(r,pa) = fo(r,
(r,pp) if j€B fying fa(r,pa) = f3(r,pp)

(10.7) P (paspg) == {

Ry el
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(having in mind J3 ~ (0,400) and J§ ~ (—00,0), and then here (=) (1, pa) and fg(T,pg), i.e. fO(1,pa))-
We set (with index i for the line and j for the column)

' (5 iy _{ 0f? (0;f)j€a ) B ( B) D’ )
= (a]fa)z,ge{O}Ua = ( (aofé)iea (ajfé)i,je(x = C,O B

S P o aOfO (a ) _ B D
= (0ifp)ijetorups = ( (30?5)1'65 (8; AZ) jes > N ( C’O B )

Then we have formally

and

A A !
B/*B = Ao(ajfz)id‘eauﬂ = )\0 ( 0 OB ) — ( g ) . (D/ D) with )\0 = B(/) + Bo

When Ao > 0, we set B'8B := \; ' (B’ x B).

Proof of Lemma 10.5
Taking the derivative of the last equation of (10.7), we get easily

0 fO+X0r=0 if jea
8]f8+)\08JT=0 if jegp

The elimination of d;7 then gives

205 F )i seats — (Mod;fa = 00fi0if)ijea (0= 00fi0; ) sesxa
I (0= 0f50;f)iyeaxs  (Modjfh — ofs0;f8)ijep

and the result follows. This ends the proof of the lemma.

Then we have the following result about the new algebra of gluing of matrices.

Proposition 10.6 (Properties of the gluing of matrices)
Let M,, denote the set of n X n matrices, with the convention that M, = {0} for n < 0. For m,n > 0 and
m+n > 1, the gluing map
*: Mpr1 X Mpy1 — My,
(B, B) — B'xB

is quadratic. Moreover if the square matrices B', B are Py-monotone (resp. Riemann monotone, resp.
KruZkov monotone, in the sense of Definition 8.1), then B’ x B is also a Py-monotone (resp. Riemann
monotone, resp. Kruzkov monotone).

For the proof of Proposition 10.6, we need the following easy result.

Lemma 10.7 (A property of Riemann monotone matrices)
By D
C B
where the block decomposition is for By € R and B € R". We have By > 0. Moreover By = 0 implies C' = 0.

Assume that the following matrix B= is Riemann monotone (in the sense of Definition 8.1),

Proof of Lemma 10.7 . .
Recall that by assumption, for all # € R we know that z ¢ (B - ) < 0 implies B -z = 0. Now for

x:(a,O,...,O)T with a # 0, we get xo(B~x):OwithBO:0, andthenOona( g ) implies

C = 0. The fact that By > 0 is general and follows from the fact that Bis in particular Py-monotone. This
ends the proof of the lemma.

Proof of Proposition 10.6
Step 1: Proof of Py-monotonicity
We claim that

(10.8) § = det(B'+ B) = A"tV {det(B’)det( ) + det(B')det(B )}
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Notice that § > 0 if both matrices B/, B are Py-monotone. This property also passes to minors of B’ * B,
because they are then expressed as functlons of minors of B’ and of B.

Now let us show (10.8). Denoting by B the matrix B’ whose column [ has been suppressed (and similarly
Bq the matrix B whose column ¢ has been suppressed), we get

A s = Ay det (B« B)

1 0 0

= A™ 0 A\B - C'D —-C'D
0 —CD' XB-CD
1 0 0

= NV /Ay NB - C'D! -C'D
C/Xo —CD' X\B-CD
1 XD’ A\oD

= A"V N AeB' 0
C/h O XoB

N D' D
— ' B 0
¢ 0 B
= A det(B’)det(B)+det(B) i( )Ddet(C” B mzn: qD ' B OV
’ ~ 2 . cC 0 B,
= =
= A det(B')det(B)+det(B).i(_l)lD/det(c/ B')Jrf:(—l)qD B Cc 0
0 i l s &1 - q 0 C Bq
= p

(—1)!'Djdet(C", B]) + det(B’) - Xn:(—l)qudet(C, B,)

1 g=1

NE

= Modet(B’)det(B) + det(B) -

where, in the fifth line we have factorized the first column by Ay 1 and the other columns by Ao, in the sixth
line we have used expansion along the first row. Again using expansion of the determinant on the first row,
recall that

det(B') = Bjdet(B') + Y _(~1)'Djdet(C", B))
=1
q

det(B) = Bydet(B) + Y (-1)'D,det(C, B,)
q=1
Xo = B{ + By
Hence Ay "7 V§ = det(B)det(B) + det(B')det(B) which shows (10.8).
Step 2: Proof of Riemann monotonicity
Case A: ) =0

The case \g = B{, + Byg = 0 implies B'xB=—CD with C := ( ¢

!/

C
Recall that B07 By > 0. Hence Ao = 0 also implies B = 0 = By. Moreover Lemma 10.7 shows that C =0.
Hence B’ x B = 0 which is in particular Riemann monotone.

Case B: \g:= B+ By >0

Then in statement of Proposition 5.13, we can consider the functions

fO(r,pa) = Bhyr+D'-pq
Jar,pa) = (C")'r + (B pa)’

) and D := (D' D).

fg(ﬁpﬁ) = Bor + D - ps
fy(rips) ==C'r+(B-pg)
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They are not locally constant, but there is a unique solution r € R of
_fg(rapa) = fg(rapﬁ>

When B’ , B are Riemann monotone matrices, then fa, f@ are Riemann monotone maps. Then Step 6 of
the proof of Proposition 5.13 applies and shows that f (P, pg) is Riemann monotone, which means precisely
that the matrix B'§B := Ay ' (B’ « B) is a Riemann monotone matrix.

Step 3: Proof of Kruzkov monotonicity

If A\g = 0, then Step 2 shows that B’ % B = 0 which is in particular Kruzkov monotone. If Ay > 0, the proof
follows the lines of Step 2, replacing Riemann monotonicity by Kruzkov monotonicity, and using Step 8 of
the proof of Proposition 5.13 instead of Step 6. This ends the proof of the lemma.

Remark 10.8 Our calculations are related to the Schur complement (see [34]) for B:= ( go g ), which
is B/By := B — CBy ' D and satisfies classically det B = det By - det(B/By).

Lemma 10.9 (Formal Jacobian matrix after self-gluing)
Let v be a fized index, and some integers ny, > 3. Let I, := {0,...,ny — 1} and 1" := {1,...,ny —2}.

Now let f,y = (A,?, },..., A;l”_:) : R™ D [a,b], — R™. Forp, = (p,ly,...,p?_Q) € R™72, let us set
f= (—ffjl, 3, e A¢”727f52)k1’k2 with k1 := 0 and kg :=n, — 1, defined formally for j € I" by
(10.9) F(py) = fi(rpyr) with v satisfying  — (. py.r) = £ (r.pyo ).

(ham'ng in mind J,’;l ~ (0,400) and J,ly€2 ~ (—00,0), and then here (—fﬂ’fl)(i,pw,r) and f:]y” (r',py, 1), t.e
f,’fl(T,p,Y,r)), We set (with index i for the line and j for the column)

) N @ 5 @i )ser (O f2) B, D' F,
B =0 )igetpyoritiy = | O fyier Oifijer Onfy)ier | =| € B C
(O, f52) 0;fF2) e (O, f5?) Ey D By

Then we have formally
lef]é = )\()(ajfi)i’jep/ = \oB — (Cl + C) . (D + D/) with Mg := {36 + Fé} + {Eé + Bo}

o b .
When Ao > 0, we moreover set B2 = \j ' B2,

Proof of Lemma 10.9
Taking the derivative of the last equality of (10.9), we get easily

— {0302+ ) {05, 7 + 0} = 0,0 + (05r) {05, 7 + 0,02}
ie. N N
(9jf€,1 + ajf,jYQ + )\Oajr =0
The elimination of d;7 then gives
Xo(95f")ijer = (Aoajfi - {@‘fil + 5jf§2} : {@afi + 5j2f§})i e

and the result follows. This ends the proof of the lemma.

Proposition 10.10 (Properties of the self-gluing of a matrix)
Let M, denote the set of n x n matrices, with the convention that M, = {0} for n < 0. Forn > 3, the
self-gluing map

*x: M, — M,_o

B — B* = lesz U)Zth jl = 07 j2 =n—1

is quadratic. Moreover if the square matrix B is Kruskov monotone (in the sense of Definition 8.1), then
B* is also Kruzkov monotone.
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Proof of Proposition 10.10
Case A: \g:={By+ Iy} +{Ey+ Bo} =0
Because B is Kruzkov monotone, we know with I := {1,...,n — 2} that
By > 1|+ Y ()]
1‘/61//
By > [Fj|+ > |C7|
ie[/l

Hence \g = 0 implies C’ = 0 = C and then B* = 0, which is in particular a Kruzkov monotone matrix.
Case B: \;j >0
Then in statement of Proposition 5.16, for n., := n, we can consider the functions for p, = (p}Y7 e ,pf;”fz) €
R™ ~2 with k= O7 ko := Ty — 1

f,’fl (r',py,7) = Byr'+D"-p,+ Fyr

Ji(r py.r) = (O 4 (Bpy) + Cr, i€ 17

f»]ycg (’l“/,pfy,r) = (/)T/ +D “Py + Bor

They are not locally constant, but there is a unique solution r € R of

_f-’];:l (’I‘,pv,T') = filygz(rap’yar)'

The proof follows the lines of Step 6 of the proof of Proposition 5.13, which shows that f defined in (10.9)
satisfies D > 0, which means exactly that Ao ! B* is Kruzkov monotone. This ends the proof of the lemma.

Part 11
Theory of prefluxes for bell-shaped fluxes

11 Prefluxes for bell-shaped fluxes

In most of the applications, the fluxes are bell-shaped. In this special case, the Godunov flux at the junction
enjoys a nice structure: it admits a natural polar decomposition involving a preflux which is easier to analyse.
We develop those ideas in the following subsections.

11.1 Preflux and capacity for bell-shaped fluxes

In the special case of bell-shaped fluxes, it is possible to show that Godunov flux at the junction splits in
a preflux and a capacity, that we introduce below. The capacity is explicit, while the preflux encodes the
structure of the Godunov flux.

Definition 11.1 (Preflux)
Let N >1 and o € {+1}".
0) (Preflux)
We say that v is o preflux if it satisfies the following set of conditions
(11.1)
41 [0,4+00)N = [0, +00)N s continuous (Continuity)

4 is locally constant on {’y # ’L’d[07+oo)N} in the sense of Definition 2.13 (Local constancy)
0 <4 < idjp 400)y (Bounds)

Recall that the local constancy of 4 means that for all v« € [0,+00), and I := {j €{l,....,N}, ¥ (vx) # 'yi},
there exists € > 0 such that

§=const =4(1.) on Q:(v):= |7+ (=& e)e; | N[0, +00)"
JerI
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i) (quasi HJ preflux)

We say that the prefluz 4 is quasi HJ if there exists w = (w',...,w™) € (0, +00)" such that
49 =wlg forall j=1,...,N, for some function g : [0,+o00)N — [0, 400)

i’) (HJ preflux)

We say that the preflux 4 is HJ if it is quasi HJ with w’ =1 forall j=1,...,N.

ii) (Kruzkov preflux)

We say that the preflux v is Kruzkov if

0< DI, = Y sign(¥’ =) {37 (3) =4 ()} forall 7,7€[0,+00)"
j=1,...N

iii) (o-monotone Kruzkov preflux)
We say that the prefluz 4 is o-monotone Kruzkov if

0< D) (7,7):= > sign” (3 =) ¥ @) =4} forall 7,7 € [0, +00)N

where we make some abuse of notation for sign® = sign™ or sign™ ).
h k b tati ign®’ gn™ g
iv) (o-monotone preflux)

We say that the preflux 4 is o-monotone if

the maps v +— 0747 () are nonincreasing in the variable o*~* for all k # j.

v) (conservative preflux)
We say that the preflux 5 is conservative if

(11.2) >

j=1,...,.N

We also say that the prefluz 4 is n:m conservative if the n is the number of indices j such that 07 = —1 and
m 1s the number of indices j such that 07 = +1.

Remark 11.2 Notice that equivalently to point 0) of Definition 11.1, a preflux on Q := [0,+00)Y can be
defined as a continuous function as a function vy : Q — Q such that 0 < 4 < idg and satisfying moreover
the following local constancy condition

(11.3) 94=0 on {(§—idg) <0}, forall j=1,...,N

Notice that the derivative applies not only to component 47, but to the whole vector 4. This is a very strong
coupling condition between the components.

Remark 11.3 Notice that with our definition v), we see that n:m conservative prefluzes and m:n conserva-
tive prefluzes do coincide, because relation (11.2) does not distinguish between o and —o.

Lemma 11.4 (Basic monotonicity of prefluxes)
Let N > 1 and 4 : [0,+00)Y — [0,4+00)N be a preflux in the sense of Definition 11.1. Then it satisfies

v+ 49 (7) is nondecreasing in v?, for all j =1,...,N (Basic monotonicity)

Proof of Lemma 11.4

Let us fix all coordinates v/ = ~J for j = 2,..., N. Then the map f!(y!) := 4! ’yo, —,7dY) is a preflux

(v
for N’ = 1 branch. This means that f1 is continuous, locally constant on { f djo +Oo)} and satisfies

0 < fl(y') <! for all 4* € [0,400). Let us define
Al = inf {’yl >0, fl(’yl) < ’yl}
with the convention that A! = +oo for the infimum of the empty set. Then we get easily that
F1(y") = min {4', A"}

In particular, this shows that f 1is nondecreasing, i.e. the map v +— 41(7) is nondecreasing in y!. The same
reasoning also works for all indices j = 1,..., N and gives the result. This ends the proof of the lemma.
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Remark 11.5 Notice that condition (11.1) defining a prefluz, does NOT mean ezxactly that 4 is a Godunov
flux for a junction N : 0 with function f := idj o)~ associated to some Riemann ger 4. Indeed let
us consider o = (1,...,1) € RY, a = Ogny and b := (+00,...,+00). Then we see that ¥ satisfies all
properties of a Godunov flux associated to a generalized Riemann germ given in ) of Theorem 2.15 with
J+ = idj 4oy~ = f—, but in the second line of (2.14), inequality f— < ¥ is not satisfied in general (except
in the special case where i = id o)~ ). In particular (from Theorem 2.17), we deduce that the set Gy :=
{3= id[07+oo)N} C [0,4+00)Y is not a Riemann germ when 4 # id[0,400)N -

Definition 11.6 (Capacity, for bell-shaped fluxes)

Assume (2.2) for N > 1.

i) (Bell-shaped)

We say that f = (f',..., fN) is bell-shaped, if each scalar function f* : [a* bF] — [0,+00) is continuous,
satisfies fF(a®) = 0 = f*(V%), has a mazimum value f£,. = f*(c*) at & € (a*,b*) and is increasing on
(a*,c*) and decreasing on (c*,b*) for k =1,...,N. We set the monotone functions

k or ak_ ok k(e or ak, c*
ary - G0 el e [ e kel

ii) (Capacity)

We recall that the orientations of each branch J* is encoded in o* = +1 if J*¥ ~ (—=00,0) and 0¥ = —1 if
JF ~ (0,400). We define the capacity ¥ = (3,...,7N) : [a,b] = [0,+00)" as the following function for
p € [a,b]

k
(11.5) FE(p) = A F) = P (*) forall k=1,...,N
(with a slight abuse of notation).

Remark 11.7 As an example, consider some 1 : 1 junction with indices j = L, R (for left and right)
with o = 1 and o* = —1. Then the standard Godunov fluzx f = (fL,fR) associated to some HJ germ
with fluz limiter A, is given by f*(p) = fE(p) = min {A, fET ("), fB=(p™)}. Then the capacity is ¥(p) =
(for "), o (")) forp = (p",p") and the prefluz is ¥ = (3", 4%) with 4% (v) = 4% (y) = min { A, v*, 7"}
for v = (v*,~™). Here the prefluz 4 has all the properties: 4 is H.J, conservative, o-monotone, Kruzkov,
and o-monotone Kruzkov.

11.2 Polar decomposition of Godunov flux: Demand and Supply interpretation

We show that the Godunov flux has a unique polar decomposition in a preflux composed with a capacity.
The preflux is unique on the image of the capacity.

Theorem 11.8 (Polar decomposition of Godunov flux, for bell-shaped fluxes)

Assume (2.2) for N > 1 for a junction (J, f) with o € {:I:l}N. Assume that f is bell-shaped in the sense of
Definition 11.6, and call 7 : [a,b] — [0, +00)N the capacity given by Definition 11.6.

i) (Polar decomposition)

Let G C [a,b] be a Riemann germ with respect to (J, f). Then the Godunov fluzx fg associated to G has the
following polar decomposition

(11.6) fo =407

where 4 : [0, +00)Y — [0,+00)" is a prefluz (as in Definition 11.1) and 7 is the capacity. Moreover the
preflux v is unique on the image of the capacity

K = Im(’y) = H [07 fr]:lax]

k=1,...,N

ii) (Riemann germ construction)
Given any prefluz 4 : [0, +00)N — [0, +00)V, we define

(11.7) Gi=gj= {p €la,b), flp)= f(p)} with f:=407:[a,b] = [0,+00)".

4And contrarily to what the author thought and stated erroneously in a preliminary version of this work.
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Then G is a Riemann germ.
iii) (Further properties of the germ)
In the previous construction i)-ii), the preflur 4 is such that the restriction &\f( is HJ (resp. o-monotone,
conservative, conservative Kruzkov), if and only if the germ G is HJ (resp. monotone, conservative, conser-
vative Kruzkov).

Moreover, if the Riemann germ G is Kruzkov (resp. monotone Kruzkov), then the restriction of the
prefluz ﬁlk is also Kruzkov (resp. o-monotone KruZkov).
iv) (Counter-example: Kruzkov preflux #= KruZzkov germ)
There are examples where the restriction of the preflux :Y\f( is Kruzkov (resp. o-monotone Kruzkov), and
where the associated Riemann germ G given in (11.7) is not Kruzkov (resp. not monotone Kruzkov).
v) (Conservative preflux)
Let us consider a conservative prefluz 4 : [0, +00)N — [0, 4+00)N. Then 4 is o-monotone if and only if it is
Kruzkov.

In particular Theorem 11.8 implies Theorem 2.40 of the Introduction.

Remark 11.9 (Mathematical proof of Demand and Supply interpretation of Lebacque)

The polar decomposition (11.6) is a mathematical result for bell-shaped fluzes which can be interpretated as
in Lebacque [37], published in 1996: here the capacity denotes either the Demand of ingoing branches or the
Supply of outgoing branches.

Remark 11.10 Notice that Kruzkov property for preflux 4 is not transferable in general to the germ gf,
because the Kruzkov property does not behave well by composition by functions in general, contrarily to
monotonicity properties.

Proof of Theorem 11.8

Step 1: proof of ii)

Step 1.1: continuity and basic monotonicity

We notice that the map 7 : [a,b] — [0, +00)" defined in (11.5) is continuous and each map p’ — o757 (p’)
is nondecreasing. This implies that f is continuous and the map p — o7 fj (p) is nondecreasing in p’ for all
indices j.

Step 1.2: local constancy

Let us now check that f is locally constant on { f £ f } Fix some p € [a,b], and let

I:= {j e{1,....N}, f(p) #fj(p)} and I:={je{l,....N}, 5(3(p) #7 (p)}
Consider ¢ € [a, b] such that

s {=r A
€@ —e,p?+e)N [al, V] if jelI

Now, consider some j € I and assume that ¢/ = +1 (the case 07 = —1 is similar). We distinguish two cases.
Case A: pJ € [d/, /]
Then we have 47 (3(p)) =
(¥ (p) = 6,47 (p) + 8) N[0,
Case B: p/ € (¢/, V]
Then for e > 0 small enough, we have ¢/ > ¢/ and then 47 (q) = f7(¢’) = fi(¢?) = 77 (p).

Conclusion

Using both cases A and B, and the local constancy of 4 on {’y # idjg +OO)N} we deduce that for ¢ > 0

) # fi(p) = fF(p’) = 49(p), which shows that j € I. Moreover 7/ (q) €

Fip
+00) for some § > 0 small enough.

small enough, we have f(¢q) = 5(7(¢)) = 4(3(p)) = f(p), which means exactly that f is locally constant on
{F#1}

Step 1.3: bounds

We also have for p € [a, b]

L) = inf f7=0<f(p) <7 (p) = f7T() = swp fI=flL(p") it J=(-00,0)

[p7,b7] [ad ,pi]

FL@) = inf fI=0<fi(p)<A(p)=f""(p))=sup fI=flL(p)) if JI=(0,+00)

[a7,p7] [p7,b]
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From the first three steps and the characterization of generalized Riemann germs (see ii) of Theorem 2.15),
and of Riemann germs (see i) of Theorem 2.17), we deduce that G is a Riemann germ.

Step 2: proof of i)

Let G be a Riemann germ, and set f = fg which is known to be continuous.

Step 2.1: unique decomposition of f

Notice that the capacity 7 genuinely varies on the set

[a?, 7] if o/=1
K = H K7 with K7 :=

j=1,..,N [, b7] if of=-1

We then define p = (p',...,p") : [a,b] = K as

L ¢l if of =1 , o
sor-{me) KO ey

which is such that fj’”j = fiop/, and then 4 = f o p. Because p is a projection, we deduce in particular
that

(118) 5 = A o p.

Now for p € [a,b], we first distinguish the first index and set p =: (p',p’), and consider g := f1(-,p/) :
[a},bl] — R. Assume also that o' = 1 (the case 0! = —1 is similar). From Theorem 2.15 and the slicing
Lemma 4.12, we know that g is nondecreasing and is locally constant on { g#f 1}. Because f! is decreasing

on (¢!, b), we deduce that g is constant on [¢!,b']. Hence g # f* a.e. on [c¢!,b!]. Because f is locally
constant on {f + f}, we deduce that the whole function f(-,p/) : [a*,b'] — RY is locally constant on

[c},b]. Therefore, we have f(~,p’) = f(o,p’) o p'. The the same raisonning with all indices j, shows that

(11.9) f=Fop
We now define
(11.10) Y=g = fo (Wx) " :To(e) = To(c) with To(c) := [0,7(c)] = | H [0, f7 ()] .

Hence we get f|K = 4 07k and then using (11.9), we get

f = ﬁKOP

=  JYoYkop
(8) . _
= ’yO"}/

Notice that the invertibility of 4 shows that the function 4 is unique on the image K of the capacity ¥
and given by (11.10).
When necessary, we can define

Y= ’Ay|[( Oﬁf( : [07+OO)N — [O’+OO)N

where
pr: [0,+00)N — K :=Tg(c
AL AN s (min{AY (D} min AN, V()]

is the projection on K. Then it is easy to check that now %4 has the same properties as its restriction ﬁ‘ 2

but is extended to the whole [0, +-00).

Step 2.2: properties of the preflux

The fact that 4 is a preflux in the sense of point 0) of Definition 11.1 (i.e. continuity, bounds, basic
monotonicity and local constancy) follows immediately from its expression (11.10), and from the similar
properties of f .

Step 3: proof of iii)
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Step 3.1: o-monotone preflux

For a o-monotone preflux, we know for k # j that 0747 is nonincreasing in *4%, which is itself nondecreasing
in p*, by definition of 4. By composition, we deduce that o7 fj is nonincreasing in p* for all k # j. This shows
that if the preflux 4 is o-monotone, then (from Lemma 5.5) the Riemann germ G is monotone. Conversely,
we similarly get that if G is monotone, then 4 is o-monotone.

Step 3.2: HJ and conservative properties

It is straightforward to check that the preflux 4 is HJ (resp. conservative) if and only if f satisfies the same
properties, which from Lemma 5.5 is equivalent to the similar properties for the germ G.

Step 3.3: Kruzkov germ —> Kruzkov preflux

The result follows from the restriction f|K = 407k, and the fact that yx : K — [0,7(c)] is bijective. We
also use the change of variables sign(37(p?) — 47 (p?)) = o?sign(p? — p’) for p,p € K. The similar result holds
true for monotone Kruzkov germ which implies o-monotone Kruzkov preflux, using the change of variables

sign” (39 (1) — 47 (7)) = o7sign™ (p/ — p).

Step 3.4: conservative Kruzkov

If g i is conservative Kruzkov, then Steps 3.2 and 3.3 imply that the preflux 4 is conservative Kruzkov.
Conversely, if the preflux 4 is conservative Kruzkov, we can only indirectly show that it transfers to the
germ. We first show the following result.

Step 3.4.1: 4 is conservative Kruzkov =— 4 is c-monotone

We adapt Step 2 of the proof of Theorem 2.29, in a much more direct way.

We first notice that for p = (p',p’) and ¢ (p') := 41 (p', p’), the continuous map A4 satisfies 0 < 44 < id[o,+o0)
and is locally constant on {’% =+ id[07+oo)}. This implies that 4¢(p!) = min {pl,A} for some constant A,
and in particular this map is Lipschitz continuous and satisfies (43)'(p!) € {0,1} a.e.. The same result also
holds true for each map p’ + 47(p). Then from Proposition 4.20 ii) and the fact that 4 is Kruzkov, we
deduce that 4 is Lipschitz continuous on [0, +00)" and satisfies

I > Z 10,47 ae.
ke{l,...,N}\{j}

9,

>

On the other hand, 4 is conservative, i.e. satisfies ), ¥4k = 0. Hence we get

ol ;47 + Z k94" =0 ae.
ke{1,....N}\{7}

Because ;47 € {0,1}, we deduce that _
ajakaj’yk <0 a.e.

i.e. that ¢F4* is nonincreasing in ¢7p7, i.e. that 4 is o-monotone.

Step 3.4.2: core of the proof

Now we know that 4 is o-monotone and conservative. Because those properties are transferable in general to
the germ G5 (from Steps 3.1 and 3.2), we deduce that G; is monotone conservative, and then from Theorem
2.29, G 7 is also conservative Kruzkov. This ends the proof of Step 3.4 for the equivalence of conservative
Kruzkov preflux 4 and conservative Kruzkov germ G -

Step 4: proof of iv), a counter-example

We build a counter-example for some 1 : 1 junction, with indices j = L, R (for left and right). We build some

preflux 4 which is Kruzkov, but non conservative. We will then show that G 7 1s not Kruzkov for f := 407,
with the capacity ¥(p) = (f©+(pY), ff= (p?)) for p = (p’, p¥) € [a,b], where f = (fL, fF) is bell-shaped.
Precisely, consider ¢ : [0,400) — [0, +00) which is a continuous increasing and bijective function. We set

4:[0,400)% = [0,+00)? with 4(7) := (min {v*,¢(+v")}, min {+7, 671 (+")}) for ~:=(v",7")

Then it is easy to check that 4 = (5%, 4%) is a preflux. Moreover for o = (o, 0%) = (1, —1), the preflux ¥
is o-monotone, Kruzkov, and o-monotone Kruzkov. Moreover ¥ is conservative (or equivalently HJ) if and
only if ¢ = id|g 4o). Now assume that ¢ # idp ;), such that 4 is not conservative, say with d(vE) > A&
for some v§* > 0. Then assume that the maxima of the bell-shaped functions satisfy fL(cl) > ¢(y{)
and fF(cf) > ~f. Then consider p§ € (cf,b%) such that fE(pf) = &, and pl € (a’,c*) such that
fL(ph) = o(7E), and call py := (p&, pft). Then we get

3(b) = (fHFO5), 27 01) = (f¥(ch),0),  A(po) = (f5F(p5), 7 (06)) = (6(7): %)
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and using f := 50, we get f(5) = (0.0) and f(po) = (¢(3§7), 7). Hence
DI (b,po) = sign(v* — pf) - { /1) ~ FH(po) } — sign(v® — o) - { FR(®) ~ [2(p0) |
= {72®) = FH o)} = {FR®) = 17 (p0) }

= — o)
<0

The case ¢(78) < A& leads similarly to Df(a,po) = ¢(1f) — & < 0, using f(a) = (0,0). Then from
Lemma 5.5, we deduce that the Riemann germ G i C [a, b] is not Kruzkov. A fortiori, G i is neither monotone
Kruzkov.

Step 5: proof of v)

From point iii), we know that 4 is conservative Kruzkov, if and only if the germ G i is conservative Kruzkov,
with f := 4 0%. From Theorem 2.29, we know that a germ is conservative Kruzkov, if and only if it is
conservative monotone. Finally from point ii), we deduce that G; is conservative monotone if and only if
the preflux 4 is conservative o-monotone. This finally shows that the preflux is conservative Kruzkov is and
only if it is conservative o-monotone. This ends the proof of the theorem.

11.3 Further properties of prefluxes

Lemma 11.11 (Characterizations and properties of prefluxes)

Assume N > 1 and o € {£1}". Let 4 : [0, +00)N — [0, +00)Y be a prefluz.

i) (Riemann monotonicity and projection property of prefluxes)

Then the preflux 4 is Riemann monotone and is a nonlinear projection, i.e. satisfies o4y =74.
In particular, we have

’3/ : [07 +OO)N — g’y = {’3/ = Z.d[07+00)1\7}
where the set G5 is not a generalized Riemann germ in general (except if 4 = id[g 4o0)N )-
ii) (Characterization of Kruzkov prefluxes)
Then the preflux 4 is Kruzkov if and only if 4 is Lipschitz continuous and satisfies

(11.11) 947 > Z |0;4%|  for all indices j
ke{l,...N}\{j}

iii) (Characterization of conservative Kruzkov prefluxes)
Then the preflux 4 is conservative Kruzkov if and only if it satisfies

S o=
(11.12) J=1N

aFdi A7 <0 in D'((0,+00)N) forall k+#j
Proof of Lemma 11.11
Step 0: preliminaries
Even if 4 is not the Godunov flux associated to a Riemann germ, it is almost the case. To see (and use) it,
consider any b € (0,+00)" and a := Ogw~, and fJ(p’) := min {p?, 20’ — p/}. Then f is bell-shaped on [0, 2b].
For 0 = (1,...,1) € RY, we set f¥*(p?) := min {p/,b/}. Then, from Theorem 11.8, we deduce that the
function f ;=4 o fT is a Godunov flux associated to a Riemann germ, with moreover

f=% on [aab]

Hence all the properties of f can be transfered to +, in the limit b — (+o0, ..., 400).
Step 1: proof of i)
From i) of Theorem 2.20, we deduce that f is Riemann monotone on [a, 2], and then

(11.13) 4 is Riemann monotone on [a, b].

Moreover, let us define the associated Riemann germ

Gy = {p € (0,2, f(p) = f(p)}
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and the part

Gy i=Gunlab] = {pelatl, (o) =f)}={pelatl, 5 =p)
Hence 4|, = idg, and
(11.14) 4o4=4 on [a,b]

Because (11.13) and (11.14) are true for any b € (0, +00)”, we deduce that 4 is Riemann monotone and
satisfies 4 04 = 4 on [a, +00)Y = [0, +00)™V.
Step 2: proof of ii)
The result follows directly from Proposition 4.20 ii). Indeed, we have to notice that 47 () = min {57, A7 (%)}
where the function A7 does not depend on 47. This implies in particular that the map 5 — 47(%) is
1-Lipschitz in the variable 47, and then allows us to apply ii) of Proposition 4.20.
Step 3: proof of iii)
We use point v) of Theorem 11.8 to deduce that conservative Kruzkov prefluxes are conservative o-monotone
prefluxes. Then the result follows from Definition 11.1. This ends the proof of the lemma.

We finish this section with examples.

Lemma 11.12 (Example of the truncation preflux)
Assume N > 1, and let A\ = (A, ..., A\N) € [0, +00]™, and the truncation function

(11.15) T5 : [0,400)Y = [0,400)N  with Tx(v) = (min {4, A'},...,min {4V, AV})
Then T is a (Kruzkov) prefluz.

Proof of Lemma 11.12 _
The function T is continuous. We obviously have 0 < Tx(y) < 7. Moreover if T} (y) < 47, then all
coordinates of T are locally independent on 7, which means that T is locally constant on {T;\ # id[o, yoo)N }

Finally each map v — T/—{(v) is nondecreasing in 7. This shows that T} is a preflux. Moreover its is
straightforward to check that it is a Kruzkov preflux. This ends the proof of the lemma.

Lemma 11.13 (Prefluxes composed with a truncation from the right)

Assume N > 1, and let Ao : [0, +00)Y — [0, 4+00)N be a prefluz, and for X € [0, +oc]V, let Ty : [0, +00)N —
[0, +00)Y be the truncation preflur defined in (11.15). Then 4 = 4o o T} is also a preflux.

Moreover, if 4o is HJ (resp. o-monotone, conservative; Kruzkov), then 4 has the same property.

Proof of Lemma 11.12

Step 1: 4 is a preflux

The function 4 is continuous by composition. Recall that 0 < 49(7),Tx(v) < 7, an inequality which is also
preserved by composition. Assume that for some 7, € [0,400)N, we have 4(T5 (7)) = 47 (7.) < 7. We
know that Tg('y*) <.

Case A: T)(v.) =+l

Recall that 4(7y) is independent on 47 close to T;{ (7+) = 4. Now because

(11.16) the components of 7% () do not depend on 47 for k # j,

this implies that 4 = 4g o T} is also independent on 77 close to '71.

Case B: TY(7.) < 7! '

Then the whole vector T is independent on 47 for 47 close to v, and then 4 = 4 o T}, is also independent
on 77 for 49 close to 1. ,

This shows that 4 is locally constant on {?y #+ id[g 4 00)N } Finally the fact that v — 4 () is nondecreasing
in 77, and the same property for T5 and property (11.16) imply that v (’yé o T5)(7y) is nondecreasing in
77. Therefore 4 is also a preflux.

Step 2: further properties of ¥

Notice that if 4o is HJ (resp. o-monotone, conservative), then it is directly transferable by composition to
4 = 4o o T5. Kruzkov property is not transferable directly, but here follows from the characterization of
Kruzkov prefluxes by ii) of Lemma 11.11. This ends the proof of the lemma.

We also have the following extension result whose the proof is straightforward.
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Lemma 11.14 (Extension of prefluxes outside a box [0, \])
Let N > 1 and let X € (0,4+00)N. Assume that g : [0, \] — [0, +00)" satisfies prefluz condition only on the
boz [0, )], i.e.
(11.17)
4 :[0,A] = [0, +00)N is continuous (Continuity)

4 is locally constant on {7 € [0,A], 4(3) #7} in the sense of Definition 2.13 (Local constancy)
0 <4 <idj 3 (Bounds)

Consider the truncation operator Ty : [0,4+00)Y — [0, ] defined in (11.15). Then 4o o T} : [0, +o0)N —
[0, +00)N is a prefiur.

Remark 11.15 (Loosing preflux property by composition from the left)
Notice that 4 :=T5 o 4o is not a prefluz in general. It is continuous and satisfies 0 <4 <'idjg 1oy~ , but is
not locally constant in general. Indeed

(11.18) (Tx 0 90)’ (7) <7’

means min {Xj, %(ﬁ)} <A1, And if for some k # j, we know that 45(7) does depend on 57, then locally we

have . ,
{ §(7) =+
A6 <
Therefore, we can choose \¥ large enough, and N small enough such that
{ N <7 =7
A6(7) < min {A*, 5%}

and then this implies (11.18), while (T o 40)*(7) = 4§ (¥) is not locally constant in 77 .
We also have

Lemma 11.16 (Gluing with a flux limiter and the truncation preflux)

Assume (2.2) for N > 1 for a junction (J, f). Assume that f is bell-shaped in the sense of Definition 11.6,
and call 7 : [a,b] — [0,4+00)N the capacity given by Definition 11.6.

Let G C [a,b] be a Riemann germ with respect to (J, f), and let 4g : [0, +00)N — [0, +00)" be its associated
prefluz in the polar decomposition of its Godunov flux fg =A4go7. Forje{l,...,N}, and ¥ € [0, +o0],
let us define define the following flux limited 1 : 1 germ

G, = {0"p" e [@ WP min{N.¢" 0 M} = o8 = PO}

where G¥’ is the standard Godunov germ associated to the flux f7.
Then for every fized jo € {1,..., N}, we have

5 ; . L if  J7% ~ (0, +00)
goTy with { 977 gjﬁagw with o { R if Jio~(—00,0)

= (—}—Oo,...,+OO,5\jO,+OO,..~,+OO)

which holds at least on the image of the capacity 7, which is H [0, [m:;})x] fj].
ai bi
j=1,...,.N ’

Here the Riemann germ G is the gluing (in the sense of Theorem 2.24) of G along its branch jo with the

branch o of ggg.o.
Proof of Lemma 11.16 ‘
We set f7F(q) := sup f? and f9~(q) := inf f7, and we have

v 0]
fng,(pLpr)=min{5\j,ij(pL,pR)} with G (p%, p™) = min { f7+ (p"), F7~ (p™)}
PV
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Up to relabel the indices, let us assume that jo = 1 and that @ = L (the case @ = R is similar). From
Corollary 5.14, we know that there exists some r € [a!,b'] such that

fé(pl,...,pN):fé(r,pQ,...,pN) for all j =1,..., N, where r satisfies fé(r,pQ,...,pN)zfngl(r,pl)
A

Then we have -
AT, 70, AN (PN) = min (X, f1E (), £ (01}

By assumption, we know that we can write 44(7) = min {7, A'(+2,...,7")}. Hence

Al —mm{f1 Al} —nmn{)\1 At (r ),fl’_(pl)} with A!:= A1(§2(p2),...,’7N(pN))

and then A! = min{A" A\, f1=(p')}. Therefore everything is equivalent to replace everywhere in
A (FH=(r), (%), ..., AN (p™)) the value f~(r) by mln{)\l yH( 1)} with 31(p!) := f%~(p'). This means
that R
(36 oM @) = fa(p) = Aa(f1~ (1), 7 (P*), .. AN PY)) = (g © Tx 0 7) ()
and then
56 = 4 o T I 0, 9
g =%goTy on Im(y 1H g}ag;f

This ends the proof of the lemma.

11.4 Gluing prefluxes

Theorem 11.17 (Gluing of prefluxes ), for junctions with N, branches)

For v = a, B, assume that 5\7 2 [0, +00)M — [0, +00)N7 is a preflur with N, > 1, satisfying 5\7 = 5\7 oTx,
with A\, € (0,400)N" and where T, is the truncation operator deﬁned in (11.15) for N = Ny and A = \,.
To szmplzfy the notation, we label the indices with Jy €10,.. —1}. Hence we now have

A, = (&37...,1%—1)
In order to glue indices jo, = 0 and jg = 0, we assume
A% =X =: A% € (0,400)
and define the doubling set
Dyo == {(AM9, A7) € [0, A%,  max {AP0 AP0} = 20}

Now for py = (p}Y7 ... )p{y\uq) € [0, +00)M~1 (avoiding notation ., to keep light notations), we define the
set

(11.19) Ri= {(\0AR0) € Do, ALAEO, pa) = AJA, ) |
Then R is non empty, and we define the set
A= {A = AR AR, po pg) € RN=TN72 1 (\E0,3R0) € R}
with
AAEO N b pg) = (AL, AN (A0 pa); (AL, .. AP TH(A0, pg)) € RN+ N2
Then A is reduced to a singleton A = {\}, and this defines the following map

A: [0, 4+00)Na x [0, +oo)Ne=l 5 RNa+Ns—2
(Pa: ps) = Apa;pg) == A

0) (Gluing prefluxes)
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en;isapre uxr and satis es;:;o S with X == (AL, A Ne= XL NPT with T defined in
Then A fl d fies A = Ao Ty with A AL AN, 1)% )\gﬁl h Ty defined
(11.15).

We use the notation

>
=

|
[>>

(11.20) Ao t
Jaiis

which is defined here for jo, = 0 = jg (and that can be easily generalized for indices jo, € {0,..., Ny — 1}

and jg € {0,...,Ng — 1} such that Mo = S\zf € (0,400)).

i) (Gluing Kruzkov prefluxes)

Assume that 5\7 are Kruzkov prefluxes for v = «, 8. Then X is also a Kruzkov prefluz.

ii) (Gluing Hamilton-Jacobi prefluxes)

Assume that 5\7 are HJ prefluxes for v = a, 8. Then \ is also a HJ prefluz.

iii) (Gluing monotone prefluxes)

Assume that /A\AY are o~-monotone prefluzes with o, = (02, ce 05”71) € {jzl}N” forv=a,B. Then \is a

o-monotone preflux with

(1121) g = (o.i’_“70_(])(\/'(1—1;0.%7“.70_?1"71).

iv) (Gluing conservative prefluxes)
Assume that Ay are conservative prefluzes for o, and v = o, 8, satisfying moreover

(11.22) o0 = oY
Then X is also a conservative prefluz for o defined in (11.21).

Remark 11.18 (Symmetry of gluing for prefluxes)
Let for jo :=0=: jg, and py := (p,ly7 . ,pA]y”_l), let us consider

: cous ~(a,1) c(@Na—1) «(8,1) ~(B,Ng—1)
AL(pavpﬁ) = )\aogo)\ﬁ :(AL 7"'7AL aAL 7"'7AL ? )(poan)
. N ~(B.1) <(B:Ng—1) 2 (1) (@, Na—1)
Ar(Psipa) = As £ Ao =Qr AR AR AR ) pa),

Here the letters L, R have nothing to do with left or right branches. There arise here in order to distinguish
left-gluing of prefluxes and right-gluing of prefluzes. Then we have the following symmetry of the gluing of
prefluzes (contrarily to the gluing of Godunov fluzes):

~K ~K
AR(pﬂapa):AL(paapﬁ> forall KENaUNﬁ

with Ny == {(7,1),..., (v, Ny —1)}.
Remark 11.19 Notice that in point iii) of Lemma 11.17, we do not require 09 = —ag for the monotonicity

of the glued prefluxes.

Proof of Theorem 11.17
The proof follows from Proposition 5.13 for the gluing of fluxes. We introduce the piecewise linear functions

g3(p?) :=min {p?, 2] —p/} ; < o ~
{ ggy’i(pj) similar to notation (11.4) of Definition 11.6 for p €[0,20] and j = jy € {0,..., Ny = 1}.

Given some 6., € {il}N”7 we define f7 = 5\7 o g;'ﬂ, and then consider the gluing f = faﬂfﬁ along the

indices jo = 0 = jg. We then consider the preflux associated to f , that we write

o

[>>

f=

o

with
~1 ~No—1, =1 ~Npg—1
00 508,05 )

147



and g := (gL,... 795“_1;%13, - 792;7[171). Then it is easy to check that A is given as the statement of the
lemma, because (say for 60 = —1 and &g =1, we glue J? ~ (0,+0c) on the left to Jg ~ (—00,0) on the
right)

(11.23)

(left gluing) := A2 (g%~ (r),pL,...,pNo"1) = 5\%(90’+(r),p}3, . ,pg"fl) =: (right gluing) for r € [0,2)\"]
and all the results follow with (AL AB0) = (g%~ (r), g% (r)). Notice that we have

(left gluing) = a right branch
(right gluing) = a left branch

which explains the signs in (11.23). In point iv) for conservative prefluxes, we need furthermore to choose
0. := 0. This ends the proof of the lemma.

Corollary 11.20 (Compatibility of gluing for prefluxes and fluxes)

For v = o, B, we assume Ny > 1 and orientations of the branches 0., € {:I:_I}N”. We assume moreover that
the fluzes f. are bell-shaped in the sense of Definition 11.6 with f,ﬂy(cfy) = X,. We assume moreover that

fy =X, 0fy  for fy7 with notation (11.4)
Jo = fls
(e - )

Mo = M7 € (0, +00)
Then we have for the gluing along indices j, and jg

fa t fo=0a t Ag)o o for /7 with notation (11.4)

ja:jﬁ JatlB

where fo fg is defined in (5.39), and Ay t ;\5 is defined in (11.20). Moreover, in the special case
Jatip Jaijs

Jja = 0 = jg (in order to simplify notations), we recall that the following quantities are simply defined by

concatenation

{f;: (Fho el Y

(1 No—1. -1 Ny—1
0= (05,00 505,007 ).

Proof of Corollary 11.20
The result follows from an easy adaptation of the proof of Theorem 11.17, with bell-shaped functions g,
replaced by bell-shaped functions f,. We skip the details. This ends the proof of the corollary.

Lemma 11.21 (Self-gluing of Kruzkov prefluxes)

Let vy be a fized index and let N > 3 and let us consider some Kruzkov prefluz 5\7 20, +00)M — [0, +-00) N~
Let A\, € (0,+00)N and assume that 5\7 = 5\7 oT5  and where T5  is the truncation operator defined in
(11.15) for N = N, and X\ = \,. To simplify the notation, we label the indices with j, € {0,..., N, —1}.
Hence we now have

Ay = (A%, AN
In order to glue indices j1 := 0 and jo := N, — 1, we assume

A = 5\5”71 =AY € (0, +00)
and define the doubling set

Dyo == {(AM9, A1) € [0, A%, max {AP0 AFO0} = 20}

Now for py = (p}Y7 ... ,pzvad) € [0, +00)M =2 (avoiding notation Py to keep light notations), we define the
set

(11.24) R:= {()\L’O, ARO) € Dso,  AYA0, oy AR0) = AOAE0 . )\R’O)}
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Then R is non empty, and we define the set
A— {)\ _ :\()\L,O7)\R,()’p’y) e RN 2 ()\L,(J’)\R,o) c R}
with ~ R .
A0 AR, ) i (3, A 2) (AR, ATEO) € R 2
Then A is reduced to a singleton A = {\}, and this defines the following map
A [0,400)N2 o RNy2
D~y = )‘(pw) A

i) (Kruzkov preflux)
Then, X : [0, +00)N72 — [0, +00)N7 2 is a Kruzkov preflur and satisfies A = Ao T5 and where T is the
truncation operator defined in (11.15) for N :== N, — 2 and X :=\. We also set

A T
(11.25) Aiviz = )

that we have described in the special case ji1 := 0 and j := N, — 1.
ii) (Conservative Kruzkov preflux)
Moreover if the preflux )"v is conservative Kruzkov, then A is also conservative Kruzkov.

Proof of Lemma 11.21
The proof is based on Proposition 5.16, and follows the lines of the proof of Theorem 11.17. Precisely, from

(5.45), we get with A = 5\5”71 and g9 = 95771
}g(go’*(r),p,y,go’+(r)) = wafl(go’*(r),pw,go’+(r)) for some 1 € [0,2)°]
The remaining part of the proof is easy, and we skip the details. This ends the proof of the lemma.

Similarly, we also have the following results (whose we skip the proofs and detailed statements).

Lemma 11.22 (Compatibility of self-gluing for prefluxes and fluxes)
We work under assumptions of Lemmata 11.21 for the preflux A, and Proposition 5.16 for the Godunov flux
f~ which is assumed to be modeled on bel-shaped fluzes f,, i.e.

fv = 5\7 ofJr  for 157 with notation (11.4

with usual notations. Then we have the following compatibility relation for gluing along indices j1 # jo

A ~
Jiriz = N1z o f& for f% with notation (11.4)

LB ~
with f792 defined in (5.47), and M2 defined in (11.25). Moreover, in the special case j1 = 0 and jo :=
N, —1 (in order to simplify notations), we have

f= 5
o:=(ok,...,0% W_2).
Lemma 11.23 (Associativity of gluing for prefluxes)
As in Lemmata 5.15, 5.18, 5.19, the associativity of gluing is also true for prefluzes. For associativity of

self-gluing and self-gluing (or of self-gluing and gluing), the Kruzkov property is moreover required for the
prefluxes.
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11.5 Further monotonicities of glued prefluxes

Lemma 11.24 (Monotonicities of glued prefluxes)

For v = o, B, assume that 5\7 2 [0, 400)N — [0, +00)™ is a prefluz with N, > 1, satisfying 5\7 = 5\7 oTx,
with Ay € (0,+00)N7 and where Ty, is the truncation operator defined in (11.15) for N = N, and A=A,
To simplify the notation, we label the indices with j, € {0,..., N, —1}. Hence we now have

Ay = (A%, A,

In order to glue indices jo = 0 and jg = 0, we assume

A=A =: A% € (0,+00).
Then let

(11.26) Ai=Xo # A defined in (11.20).

Jaiis
Then X is a preflux. Moreover, assume that there exists 5( ) € {1} such that

(11.27) el OuA >0 in D((0,4+00)"), ke€{0,...,Ny =1}, y=a,.

Then we have

(11.28) ef 0N >0 in D'((0,+00)NetNo2)

with p = p7 and I = (v, k), with for certain indices I, K € N, UNp and values eX € {£1} that will be
precised below, and with Ny == {(v,1),..., (v, Ny, —1)}.

i) (General cross monot0n1c1t1es)

Then (11.28) holds true for all (I,K) € (No X Ng) U (N x Ny) with the following values

el = 40 “€(g.0)>

K :=(a,k) e Ny, I:=(8,)€ N3.

—+€§[5 0 5{270),

ii) (Additional block monotonicities)
Assume moreover that

(1129) ek =-e@% el o, K=k I=(0€eN, K#I, fory=a (resp. y=p).
Then (11.28) holds true for all the following values
chemele K=(nk),I=(mOeN, K£I fory=a (resp. v=7p).

iii) (Full monotonicities)
Moreover under (11.29) for both v = « and v = 3, then we have

(11.30) eho=—0xr eV el g forall K= (y,k),]:=(y,0) e NaUNs with K #1I.
with
P if =7,
KEZ U =1 df v #9.

Remark 11.25 Notice that (11.30) means that outside the diagonal, the Jacobian matriz of the preflux A
has a block structure, where each block (up to a fized sign factor) can be seen as the tensor product of two
stgned vectors.
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Remark 11.26 a) Notice also that for a o, -monotone preflux 5‘v associated to a junction with orientations
0, we have in particular

(11.31) —0L030:M, >0 forall i#j

fori,j € N, which coincides with condition (11.29) of point ii) in the special case where
0 N

(11.32) 687@) = EE’WWO)) = 7770,‘; forall £eN,

for some fized n, € {£1}.
b) Moreover, for a o~-monotone preflux A, notice that (11.31) holds not only for all i,j € N, but for
i,j € {0} UN,, which corresponds furthermore to faf;agagﬁg >0 foralll € N, i.e. to

(11.33) el =m0l with n, = —09 € {£1}.
Now if we have furthermore
(11.34) oo =—0y

then point i) of Theorem 11.17 implies that \ is o-monotone with Oy k) = ok. Therefore we have

5.
fa’,jaf;,a(%k)j\(vl’l) >0 foral K:=(v,k)# (", 0) =1

and we recover (11.30) where

0
OKT = NyMy = 0303’ and  — 0k 'sg ) '6{7’,0) = _050’%"

Hence points i) and i) appear here at least as new results with partial monotonicities. Moreover point iii)
is new when we do not assume both (11.33) and (11.34).

Proof of Lemma 11.24
Step 1: preliminaries
Recall that we define the doubling set

Dyo := {(AF0,A0) € [0,A°]%,  max {A\"0, A0} = X0}

Now for p, = (p,ly, o ,pivw_l) € [0, +00)N~1 (avoiding notation !, to keep light notations), we define the
set

(11.35) Ri= {(\"0, A7) € Dy, AN, pa) = AS(A, pg) |
Then R is non empty, and we define the set
A— {)\ _ ;\(AL,O,AR,Ova”p,B) € RNa+Ns=2 (\L0 \ROy ¢ R}
with
AN, popg) = (Vs AN TP, pa) (Wb, 257 T (A0, pg)) € RN N2

Then A is reduced to the singleton A = {X(pa,pg)}.

Step 2: proof of i)
Let us consider the indices K := (o, k) € N, and I := (B, () € Nj. Consider A** as a function of p’ = p%,
which arises then only along the values of A“? such that

(11.36) Aa(0,pa) = AF(A, pg)
As in (11.23), recall that we can also think to (AL-0, AF:0) as

()\L’O,)\R’O) = (min(j\o,ﬂ\o — ), min(r, 5\0)) =: (g7 (r),g" (1))

151



Hence (11.36) becomes

(11.37) Malg™(r),pa) = A3(g7 (r). pp)
Formally, we have
GBIS\K(pa,p,g) = 8p25\a’k(pa,pﬁ)) = ang@v’“(g—,pa) (g7)- apgr with (¢7) <0
where (11.37) gives formally
Ope Ay = A-Oyer with A= (g7) 9 N, — (97) 95 A3 <0
Hence formally, we get that
sign (61)% 5\0"") = sign (8pg 5\“”“) - sign (61,2 X%)

which shows formally point i). We skip the rigorous proof which can be made similarly to the remaining
part of this work.

Step 3: proof of ii)

We choose K := (8,k) and I := (5, ) with £ # k. We get formally

. . d r. . .
By N (pa, g) = Dyt N (pa, pp) = e [Aﬂ’k(gJ”(T),pa)] = 0y N7 (g%, 5) + O A (g7 pa) - (g7) - Oy
5

d
where —- stands for the total derivative, and then assumption (11.29) implies formally point ii). Again we
d,

Ps
skip the rigorous proof.
Step 4: proof of iii)
Assume that (11.29) holds true for v = «, 3, and we want to show relation (11.30). We then just notice that
point iii) follows immediately from points i) and ii). This ends the proof of the lemma.

11.6 Sufficient conditions for 1:2 conservative prefluxes

Lemma 11.27 (1:2 conservative prefluxes: (I) the central case)
Let us consider continuous functions A} : [0,4+00) — [0, +00) for j = 0,1,2, satisfying

A8 = id[O’J’,oo) = Atl) + A(Q)
5 — (50 51 52 3 om X — (X0 X1 32y . 3 3
and for ¥ = (3°,7%,7%) € [0, +00)?, let us define the function A = (A, AY, A%) : [0, +00)° — [0, +00)" as

AL(%) = min {7', max { A§(7°),7° — 4%}
A2(7) := min {5% max {43(7°),7° — 7'}
A0 = A4+ A2

Then X : [0, +00)2 — [0, +00)3 is a 1:2 conservative preflur. Moreover we have
(11.38) A°(3) = min {3°, 5" + 5%}

Remark 11.28 We notice that the functions Aé for 7 =1,2 are not assumed to be monotone, but only the
sum A§ + A3 is monotone.

Proof of Lemma 11.27

The proof is simple, but slightly tricky and has to be done in the right way.
Step 1: proof of (11.38)

We distinguish several cases.

Case A: 7' < A} and 7> < A}

Then \° = 7' + 32 < A} + A2 = 7°.

Case B: 7! < A} and 42 > A2
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Then A' = 5. Moreover
¥ -5 >7°— A = A§
which implies max {Ag,fyo — '71} = 4% — 41, Therefore A2 = min {'72,’70 — '71} and A\ = min {f?o,ﬁl + ’72}.
Case B’: 41 > A} and 4% < A2
This case is symmetric of Case B.
Case C: 7' > A(l) and 72 > A%
Then we deduce that

and then

and similarly A= A}, which gives

Conclusion

In all cases, we get (11.38).

Step 2: proof that \ is a preflux

By definition, the map A : [0, +00)® — [0, +00)? is continuous and satisfies
N@#H)=0 if 47 =0, ifje{0,1,2}

It remains to show that A is locally constant. We distinguish the indices 7 =0, 1, 2.
Case A: \(9) < 7°
From (11.38), we deduce that
)\1_’_)\2:)\0:,714_,72
Because \F < 7% for k = 1,2, we deduce that A* = 5 for k = 1,2. Therefore

A=("'+4%717%) while <7
which shows that A is locally constant in % on {;\0 ) < '70}.

Case B: \'(7) < 7'
Then .
Al =max {45,7° — 7*}
Assume by contradiction that A2 locally depends on 4'. This implies locally at those points that
A2 — 70 _ A1
Hence

(11.39) A0 =242 <50
We deduce from Case A that

and then

On the other hand (11.39) gives
,71+,72:>\1+)\2<,70
which leads to a contradiction. Therefore A2 is locally independent of 4. Therefore

Xlzmax{A(l),’yOf’yz}, 5\2:min{’yz,A3}, A= A"+ X2 while 5\1<f71

which shows that A is locally constant in % on {5\1@) < '71}.

Case B’: \2() < 42

This case is symmetric of Case B.

Conclusion

We conclude that A is locally constant on {5\ # id[0, 00 }

This ends the proof of the lemma.
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Lemma 11.29 (1:2 conservative prefluxes: (II) fundamental limiters)
Let us consider continuous functions Ay, = (A%, A}, A2) : [0,+00) — [0,4+00)3 for k =0, 1,2, satisfying

A = AL+ AR k=0,1,2,
A; = Zbd[O,#»oo)a ] = Oa 1) 2

Let us consider the three curves for j =0,1,2
={(4;, (%), ¥ €[0,+c0)}.

and the following monotone (possibly discontinuous) envelopes of Ty for 41,52 € [0, +00)

Al(3) = sup AR,
X AY(70) <At
A;(37) = sup  A§(?°),
AZ(Y)<”2?
Then we have
(11.40) AT o A} > id 100y and Ajo AT > idjy 4o

We assume the following epigraph conditions

2 2
(11.41) { Ap 2 4

Al > Al

i) (Expression of the preflux)
Fory = (3°,4%,%2%) € [0, +00)3, we define the function A = (A%, AL, \2) : [0, +00)? — [0, +00)3

A () = min {7, 43(3%), max {43(3°),7° = 3°} },
(11.42) A2(7) := min {52, A3(3'), max {43(7°),7° — 3} }
A0 = AL 432

Then \ : [0, +00)3 — [0, +00)? is a 1:2 conservative prefluz. Moreover we have

(11.43) @) =min {3°,7" + 7%, A (3"), AY(¥*)}

Remark 11.30 Notice that in Lemma 11.29 the functions Al : [0,400) — [0,+00) for k # j are not

assumed to be monotone in general. Moreover the particular shape (11.42) of the prefluz \ has been guessed
from the necessary conditions derived in Lemma 12.5 below.

Proof of Lemma 11.29
Step 1: proof of (11.40)
By definition of A3(5%), we have

and we have
AT(A (7)) = sup  Aj(q%)
Ad(q®)<AL(3?)

Hence
AL(A5(77)) = sup A3(q%)

{Aé(qo) < sup Aé(po)}

AZ(p°)<7?
Because we can always choose at least ¢° = p°, we get

AT (A3(5%) = sup A" =7
A2(p0) <52

which shows the first inequality of (11.40). The proof of the second inequality in (11.40) is similar.
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Step 2: proof of (11.43)
We distinguish several cases.
Case A: 4! < A} and 7% < A3

Then .
A% = min {"yl, A%("yz)} + min {’727 A?(’_Yl)}
Hence
PP <A +AZ=A3  if 3 <AYFY) and 3% < AN,
(11.44) jo_ ) A+t=AY it y'>A5(5%)  and 32 < AR,
: 314 A2 = AD it §'<AL(?)  and 52> A3(3Y),
something if > AL (5?) and 3 > A3 (7Y,

but the last condition is empty. More precisely, we have sligthly more, we have

(11.45) (7' > A4(3%), ¥ =43} =10
and also
(11.46) (7' > 43(3%), 7> A3} =0

Indeed, let us prove (11.45). Using our epigraph condition (11.41), the left hand side of (11.45) implies

{ Ft > Aé(ﬁz),
'72 Z AI(WIL

and then (11.40) implies by composition
7> A7) 2 (430 AD(FY) 24

which leads to a contradiction, which shows (11.45).

Hence we conclude (in the first three cases of (11.44)) that (11.43) holds true.
Case B: ' < A} and 4% > A3

Then A' = min {7, A}(3?)}. Moreover

¥ -5 > 7% — A = A]

which implies max {A%, ~0 — ’71} =4 — 4. Therefore A2 = min {W2> A% (’71)a 30 — ﬁl} and

2 2l 21 2l
[\v}

2 2l
[\v]

(11.47) A0 = min {§', A43(3%)} + min {7°, 47(3"),7° = 7'} < min {3°,5" + 7%, AV(3"), A5(3%)}

Hence

(11.48)
T+ 72 if <A and P <AF(FY)  and
P +E -7 =7° if 7' <A3(3%)  and < AF(3Y)  and
AL+ 72 = A it '>A)3%) and A* < A43(®')  and

0 _ ) something if  3'>A43(%%)  and A2 <AF(3Y)  and
1+ A2 = A9 it  H'<Al(3*) and  A*> A43(%')  and
'+ min {4%,7° — '} =min {49,5°} if ' <AL(3?) and  H* > A3(3¥')  and
something if 4> A41(%%) and %> A3(FY) ;

where the condition in the last line is again empty. Let us now show that the condition in the fourth line is
also empty. Indeed, we have
{ 7 < Ay(¥0),

3% > A3(°),

Hence



Contradiction.
Therefore, we see using (11.47) that the five remaining lines of (11.48) show that (11.43) holds true.
Case B’: 4! > A} and 4% < A2
This case is symmetric of Case B.
Case C: 4! > A} and 42 > A2
Then we deduce that
7' =7 <90 - Ag = A

and then

N = min {7%, 43(7°), A](3")} = min {45(3"), A1(3")}

and similarly A\! = min {A}(5°), A}(3?)}, which gives (using assumptions of Case C)
A? = min {45(7°), 45(7)} + min {45(7°), A} (7))} < min {AY(31), 43(5%),7°.7" +7°}

Precisely, we get

5 39 i 1 1 2 2
(11.49) 30 — { g if AL <Al and A2 < A2,

something if Al > Al or A% > A3,

Let us show that the assumption of the second line is empty, i.e. that A§(3°) > A3(52) or A3(7°) > A2(31)
is empty. Indeed, assume for instance that we have the first strict inequality

(11.50) A% > A3(7°)
Then, using 72 > A2(3"), we get that

A7) > A7) = sup  AY(P°) > AF(R°) > A3(7P)
A2(p0) <72

where we have used (11.50) in the last strict inequality. This leads to a contradiction. We get a similar
contradiction with the second strict inequality, and conclude the the expected condition is empty. Therefore,
the first line of (11.49) gives the result (11.43).

Conclusion

In all cases, we get (11.43).

Step 3: proof that \is a preflux

By definition, the map A : [0, 4+00)3 — [0, +00)? is continuous and satisfies

N@#F) =0 if 57=0, ifje{0,1,2}

It remains to show that A\ is locally constant. We distinguish the indices 7 =0,1,2

Case A: \(3) <&

From (11.43), we deduce that

(1151) A+ A =X=min {7 +7%,A1(7"), (7))} = min {3 +7°,7" + A(7),7* + A3(7)}

We know that
A< mm{yl,Al 32) },
A2 < mln{v , A1 },

and introduce €1, &2 > 0 such that

M+ ey —mln{7 ,AL(H?) },
)\2—|—€2 min {72,A2 Y },

we deduce that

A4+ =min {¥', A}(¥%)} + min {52, A3(3")}

7+ 5 <A AN <ANRY) and AP < AR(RY,
_ ) A+ =43 <A it ' > A7) and 3% < AR,
] A=A <X i 3T < AN and 57> ARRY),
something = A} + A2 < \0 if At > AL(%?) and 5% > A3(YY),
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where we have used (11.51). Notice also that the condition in the last line is empty because of (11.45). We
deduce that €1 + &9 = 0 and then

(11.52) (A% AY,A%) = (min (' + 77" + A1(3H), 7 + A3(3°) } ,min {7', A}(3%)} ,min {7*, AT(3")})

This shows that 5\('?) is locally constant in ¥ on {5\0 () < 7y0}.

Case B: \'(7) < 7!
Then R
A1 = min {A3(5%), max {A}(7°), 7° — 7} }

Assume by contradiction that
(11.53) A2 locally depends on .
This implies locally at those points that
X* = min {4}(3"),7° - 7'}
Hence
(11.54) A =2 4A2 < /0
We deduce from Case A that \ is locally constant in 4%, and is given by (11.52). Therefore

A= min {7, A3(¥%)},
32 = min {52, A2(71)} = min {42(51),7° — 7'}

Because \! < 4! and A2 s independent on 7Y, we get locally

{ 3= Al@?)

which is an empty condition by (11.45). Contradiction. Hence (11.53) is false and A? is locally independent
on 7', and we deduce that \is locally constant in 4! on {5\1(’7) < '71}.

Case B’: \2() < 42

This case is symmetric of Case B.

Conclusion R R
We conclude that A is locally constant on {)\ # id[0, 4003 }

This ends the proof of the lemma.

Lemma 11.31 (1:2 conservative prefluxes: (III) truncation)

Under the assumptions of Lemma 11.29, let us consider the 1:2 conservative prefluz A given in (11.42). Let
A0 € (0,400), and A = (A%, +00, +00) and the truncation Tx. Then

Ao = Ao T5
is a 1:2 conservative preflux which writes explicitly with

7% := min {5/0, 5\0}

as
A5(3) := min {5, A3(5%), max { 4§(7°),7° - 3%} },
(11.55) () ;= min {7*,A3(3"), max {A3(3°),7° = 7'} },
A=A+ A3 = min {3°, 7" + 72, A(71), A9(3%)}

We set
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Assume moreover that

AT(A)) = AL, )
A(%)E@)“Ol e AT(F) <AY =t if AT <AL
A2 A* = A*7
AP <A des AR(3P) SN0 =97 df A7 < AT
and define
B A2('_Yl) < ;\O—:)/l ’Lf ,Yl <A1
2 1y . 1 = ) *
AT(V) = { A2 if > Al
L Al(,72) <5\0_,72 Zf ,72 <A2
1/x2) . 2 = ) *
A= 4 g o5t Al
DY = [ TR =AG) <X 7 <A
LA if 3> Al
A7) = { VA =BG <X, i <A
AT A if %> A2
e A5(), if < AL
150y . 0 ) *
A= { 4 A
- A3, i A < A
2(50Y . 0 ) *
AO(W’ ) = { Ai if ,—yo > AV

Then we have

Ao(7) = min {7', A3(3%), max { 45(7°),7° = 7°} } .
(11.56) A3(%) == min {¥2, A2(3"), max { A3(7°),7° — 7'} },
AS = A5+ A2 =min {7°,7' + 52, A)(31), A3(5%)}

Proof of Lemma 11.31
Notice that (because T'g is sandwiched in between I'; and T's), we have

A3(7') = A2 for ' > AL
3%) > AL for 7
and then
AY(y) > AY for
AY(3%) > A? for A2

which justifies the expression of 5\8.
Let us now set

and

Hence F' = F! because we have

no truncation at all if A% < AY
max {45(7°),7° = 7%} = max {45(7°),7° = 7*} = A5(3°) < AL = A3(3%) < A3(5*)  if 30 < A

A3(7%) = A3(7H) < X0 =42 <70 — 52 if 50 > A°
10\ 50 =2 1 1/x2

max {A5(7°),7" = 5% = A, < A3(7) 0 - 40

manAé(vo)mo—%%zzéli:A;(2) if =4

Similarly, we have F2 = 2. We conclude that (11.56) holds true. This ends the proof of the lemma.
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Lemma 11.32 (1:2 conservative prefluxes: (IV) extension of the limiters)
Under the assumptions of Lemma 11.31, we now extend the limiters AL and A2. Precisely, we consider
continuous functions Aj, : [0,+00) — [0, 4+00) satisfying

AL = AL for ¥ = AL forall (j,k) € {(1,2),(2,1),(0,1),(0,2)}

such that )
A%(3Y) = min {A%(”yl),max {Az, 20— 11}}

A3(72) = min { A}(32), max { AL, 30 - 52} }

Ay = A}

A2 = A?
Then we can also write
Ab(7) = min {7, A3(7%), max 1 A5(7°),7° = 7%} ;
(11.57) A3(7) == min {52, A3(3"), max { 43(7°),7° =4} |,
A= A§ + A2
which is a 1:2 conservative prefluz.

Proof of Lemma 11.32 .
Let us consider for instance A3 (the reasoning is similar for A\}). We have

R = A= RG22 A
If ¥* < AL, then we have
max {flg(*_yo),*_yo — ﬁl} < max {Ai, A0 — ’71}
which implies using A3 < [1% and AY = 121(2)
I 1= min { A3(7'), max { 43(°),7° = 7'}} < min { A}(7), max { 43(3°),7° — 3 } }
< min { A3(71), max {42,3° - 5} }

= A1(7")
whose we deduce that 3 ~ _
I <minjAF(3'), max{ A5(7°),7° =" = L
< min { A?(3'), max flg(ﬁo)ﬁo -~
= min { A7 ("), max {A3(3°),7° ="'} }
= Il

Therefore I; = I, and this justifies the expression of 5\3 This ends the proof of the lemma.
As a complement, we now deliver the following result.

Lemma 11.33 (More on 1:2 conservative prefluxes)

Under the assumptions of Lemma 11.29, the following holds.

i) (Preflux zone by zone)

For any (possibly empty) subset I C {0,1,2} and I := {0,1,2}\I, we set

) M@ <7 forall jel
FEr = S 07 37 15 j 7
I {’Y [0, +00) { N(7) =7 forall jel,

—

Assume furthermore that A% >0 on (0,400) for j =1,2, and let

Uy = connected component of [0, +00)?\I'g below T,
Uz = connected component of [0, +00)?\I'g above Ty,
Uj:UjUro, j=12
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and

K ::{ Lp?) e[0,+00)2,  (p',p?) < (A5(p%), AT(p"))},
Ky o= {(p, e U1 with p' < AS(p?)},
Ky = 1 )€Uy with p* < A3 (p)},

which satisfy
KlﬂKQZFO and K0:K1UK2

with K1 below I'g and Ko above T'y.
Then we have explicitly

2 on Ey ={("' +p* 0" p?), (p .p?) € Ko},
3 +79%474,9%)  on Eqy = (0, +00)eo + {(p* +p? 2 ! ), (p',p?) € Ko},
(3%,3°=4%4%) on Epy = (0,+o0)er +{(p' +p* 00, (»',p%) € K1)}
(3°,94,9° =4 on By =(0,40)ex + {(p' +p% 0", 0%, (',p?) € Ky}
\FH) = _ o _
D=1 a6 on By ={(31%3") > (4% AN}
A (7Y on Epa ={(#%79"> (A}, A)(AY)}
Ao(7°) on Epa  ={(G49) > (45,43)(3")}
nothing on Eri2 =0

with the partition
[0, +OO)3 =FEyU E{o} @] E{l} U E{g} U E{O,l} U E{072} U E{172} U E{07172}.

Proof of Lemma 11.33

Even if it is probably possible to check it by hands, we prefer to see this statement as a consequence of
necessary conditions for 1:2 conservative prefluxes, as it is stated in Lemma 12.5, whose independent proof
will be given later below. This ends the proof of the lemma.

12 Some characterizations of prefluxes

12.1 Explicit characterization of prefluxes for N = 1,2

In this subsection, we give explicit charcaterizations of prefluxes in some special cases.

Proposition 12.1 (Explicit characterization of prefluxes, N = 1,2)

Let us consider functions 4 : [0, +00)Y — [0, +00)N for N > 1.

i) (Characterization of prefluxes for N = 1)

A function ¥ is a preflux for N = 1 if and only if there exists a constant Al € [0, +o00] such that

A7) = min {3, AL} for all 7' € [0, +00)

Moreover all such 41 are Kruzkov prefluzes.
ii) (Characterization of prefluxes for N = 2)
A function 4 is a prefluz for N = 2 if and only if there exists a constant (AL, A?) € [0, +00)? U{(+00, +00)}

and two continuous functions A, A% : [0, 4+00) — [0, +00] such that
S (5 s [l AL(R2
(%) :mmEW Ay )% - =1 52 2
JOP . re _ or all = , € 10,400
42(5) = min {52, A2(3}) [ ¥=0() €l )

Al = const = AL on [AZ, +o0)
A% = const = A5 on [AL, +o0)

with the epigraph compatibility condition
{7 > A3} {7* > 423N} = {(31.77) € (4L, +00) x (47, +00) }
Then
(10, +00)*) = {(3',7%) € [0, +00)*, 7' <A'(F?), 7 <A’(FN)}
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iii) (Characterization of Kruzkov prefluxes for 1: 1 junctions)
For o = (o',0%) = (1,—-1), then the preflux 4 : [0,4+00)? — [0,+00)? is Kruzkov if and only if it is as
in point i) where A7 are 1-Lipschitz functions for j = 1,2 (including some possible constant functions A7
identically equal to +00).
iv) (Characterization of monotone prefluxes for 1: 1 junctions)
For o = (a',0%) = (1,-1), then the prefluz 4 : [0, +00)? — [0, +00)? is o-monotone if and only if it is as in
point 1) with moreover

(AY >0, (A% >0 in D'(0,+o0)

v) (Characterization of conservative prefluxes for 1: 1 junctions)
A prefluz 4 : [0, +00)% — [0, +00)? is conservative in the sense of Definition 11.1 if and only if there exists
some constant AY € [0, +oc] such that

¥1(3) =7*(3) = min {7, 77, AV}

Proposition 12.1 implies in particular Propositions 2.48 and 2.49 of the Introduction.

A

Ay

5 Al(y2)

gL
Figure 6: Compatibility for A' and A? with F := ([0, +00)?).

Remark 12.2 (Formal Bassins of Attraction)

For N = 1, notice that the Bassins of Attraction of 4! for f := Idy 4 o) and ol =1 are the singletons
{pl}ple[O,Al] and formally (AL, +o0].

For N = 2, the Bassins of Attraction of 4 for f := Idjy 1oz and (o*,0%) = (1,1) are the singletons
{p= (pl,pQ)}p1<A1(p2)’ P2 A2(pl)’ formally the rectangle (AL, +o00] x [A2,+00], and also formally the hori-
zontal lines (A'(p?), +o0] x {p*} for p* < A? and the vertical lines {p*} x (A'(p*),+o0] for p! < Al

Proof of Proposition 12.1
Step 1: proof of i)
Let us consider the set
So:={7" €10,+00), ' (3) <7'}

which is an open set because 4! is continuous. Because 4! is locally constant on {’yl <I d[()7+oo)}, we deduce
that 4! is constant on Sy. Because 0 < 4! < Idjg 1), we deduce that there exists Al € [0, +00] such that
So = (AL, +00). This implies easily the result.

Step 2: proof of ii)

Step 2.1: preliminary remarks
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We first notice that by definition of the preflux 4, we can write
1 Al(
2 1[12(

)
)

2>
—
)
N~—
I
=
=
=2l
=2l

2>
DN
=2l
—
I
2
=]
=2l
=2l

with continuous functions A7 : [0, +00)? — [0, 400) satisfying A7 (5) < 57.
If we freeze 4% := 73, then notice that 3' — 4'(3',73) is a preflux for N = 1. Then Step 1 implies that
Al(3',42) is independent on 4. Hence we can write A'(¥) = A*(5?), and similarly A%(y) = A%(3'), i.e.

{ 71(7) = min {73!, A'(3%) }
7%(7) = min {5, A*(3") }

Step 2.2: intersection of the epigraphs
We consider the following set

S = {f‘y € [0,+00)?, ‘ 7> Al@ }

Then 4 is locally constant on S, which implies that A(y) := (A'(32), A%2(3')) is also locally constant on S.
In particular A is constant on each connected component of S.

Then we have two cases.

Case A: S#0)

If ¥ € S, then A is locally constant and we deduce that

5 +10,+00)> C S

Then S is connected and A is constant on S. Let us call A, := (AL, A2) € [0,4+00)? this constant. Then we
have
A=const=A, on S= (Al +00)x (A2, +0c0)

By continuity of A, this equality is still true on S := [AL, +00) x [A2, +00).

Case B: S =10

Then we set A, = (400, +00).

We see that in both Cases A and B, we recover the desired result.

Step 2.3: proof of iii): Kruzkov condition

Assume that 4 is a Kruzkov preflux. From Definition 11.1 of Kruzkov prefluxes, and the characterization of
continuous Kruzkov functions which are partially Lipschitz (Proposition 4.20), we deduce that 4 is Lipschitz

continuous and satisfies
|172| < 014t < O Id =1
0241 < 0242 < Opld = 1

Hence the functions A7 can be chosen locally Lipschitz continuous (possibly equal to the constant +o00) and
satisfy
[(A2) (1) <1 ae.on  {A%(3') <7%} = 5,
(AYGF €1 ae.on {Al(F

We define the projection
P, Sy = {’71 € [0,+00) such that § = (',4%) € S, for some 5/2}

Then each set P;Sy is either empty with A2 = +o00, or non empty and equal to [0, +oc) with A% which is
1-Lipschitz. We get a similar result for the function A*.

Conversely, it is straighforward to check that when the functions A7 are both 1-Lipschitz, then the preflux
4 is Kruzkov.

Step 3: proof of iv)

Recall that for some 1 : 1 junction, we have o = (¢}, 02) = (+1, —1), and that 4 is o-monotone if and only if

ajakajfyk <0 forall j#k
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Step 4: proof of v)
Recall that a preflux for a junction 1 : 1 is conservative if and only if 4! = 42. From Step 2, we deduce that

7'(3) = min {7', A1(3*)} = min {3*, A(5")} = 3*(%)
Hence when 4 > Al(5?), we deduce that
AN = min {3, 42(71)} on {7' > AN(5")}
and
AN = A2(7) = AT = AL = AL on {7 > A0 {7" > A*(3'} = (A, +00) x (AL, +00)
Therefore A*(5?) = min {2, A%} and similarly A%(3') = min {5*, A?}. Therefore
¥1(9) = 4*(7) = min {5, 77, AV}
Conversely, this is straightforward to check that such a function %4 is a conservative preflux. This ends the
proof of the proposition.

12.2 Characterization of prefluxes for N branches

Lemma 12.3 (Characterization of prefluxes for N branches)
Let N > 1 and % : [0,4+00)™ — [0, +00)Y be a function. For a subset I C {1,...,N}, and ¥ € [0, +oc]™, we
set

7 [0,+00]N  — [0, +oo]V

¥ = (7)) =Y Ve
Jel
For each subset I C {1,...,N}, and any function
(12.1) Ag:[0,400)Y = [0,400]N  which satisfies A= Ajom;=mroA;

and we define the epigraph

(12.2) Br={z+A1(2)+> (0, +0)ej, z€mp([0,+00)V) b = Er + > (0,+00)e;
jerl jel

i) (Characterization)
Then 4 : [0, +00)N — [0, +00)¥ is a preflur if and only if for any subset I C {1,..., N} with Card(I) = 1,2,
there exist continuous functions Ay satisfying (12.1) such that

(12.3) k(%) = min {’?k,/l’{“k}('?)} , forall k=1,...,N
and the following epigraph compatibility condition holds with Card(I) = 2

(12.4) m Egjy = Ep  for all subsets I C{1,...,N}.
jerI
Then we moreover have

(12.5) A{j} = AJI on Er forall jelI

ii) (Additional properties)
Moreover, conditions (12.1), (12.4) and (12.5) still hold true for any subset I C {1,...,N} with 1 <
Card(I) < N.

Remark 12.4 Notice that condition (12.4) for all sets I of cardinal 2 means
E{j} N E{k} = E{j,k} forall j7#k
i.€e.

(7> dy} o {3 > Ao} = {35 > (A4, AL @)} forall j#k
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Proof of Lemma 12.3
Step 1: sufficient condition R
Assume the existence of continuous function Ay for all I C {1,..., N} with Card(I) = 1,2, satisfying (12.1),

(12.4). Let us show that 4 : [0,+00)Y — [0,+00)" defined by (12.3) is a preflux. By definition 4 is
continuous and satisfies 0 < 4 < idjg 1 y~. Let us show that 4 is locally constant in A% on {’y ) < ’yk}
We set

() = Ay ()

We do the proof for k£ = 1 (the proof is similar for any other index k). Let 7, be such that
() < %

By assumption, h'(¥) is independent on 4'. Let us show that each 47(j) = min {’W hi (5 } are also
independent on ¥' for each j = 2,..., N, locally around #,. It is sufficient to do it for j = 2 (the cases j > 2
are similar).
Case A: h%(7.) > 72
Then locally, we have 42(5) = 42 in a neighborhood of #,, and then is locally independent on 4.
Case B: h2(7.) < 72
Then

Y+ € {’V > h'(¥ )pn {’V > h* (¥ )} =Epgy = {(’71;’72) >g(9)}  with g(7):= (A{l 2}»A%1,2})(7T{1,2}(7))

Hence

(W', h*)(3) = 9(3) forall (',5%) > g(7)
Therefore (h!, h2)(_) are constant in (¥,%%) on {(¥',7?) > g(9)}.
In particular 4%(%) = h?(¥) in independent on 4! in a neighborhood of ..

Case C: h2(3,) = 72
Recall that h?(%) is independent on 42. Moreover

(7' >R > P} = By

and the argument of Case B shows that h? is locally independent on §', which is then also the case for
72(3) = min {7% A*(9) }.

Step 2: necessary condition

Step 2.1: first properties

Assume that 4 is a preflux. Because 0 <4 < id|g o)~, we deduce the existence of functions hF = A’Ek} :

[0, +00)N — [0, +00] such that
4%(3) = min {y*,h*(5)}, forall k=1,...,N

Moreover, because 4%(7) is independent on 7% on {¥* > 4%(%)}, we deduce that A" is also independent on
*. Moreover h* is then continuous on {h* < +o0}, because it coincides there with 4% for 7* large enough.
Moreover, it is easy to deduce that the continuity of 4* also implies the full continuity of k¥ : [0, +-00)N —
[0,4+00] (as shows an argument by contradiction). We then define

Ay = 1) - en

which then satisfies the required properties in (12.1) for Card(I) = 1. In particular, we have the following
epigraph relation

Egy = {7" > h*(3)}
Step 2.2: further properties
Let us show (12.4) for I := {j, k} with j # k. It is sufficient to do it for (j, k) = (1,2) (all the other cases
are similar). We define

Zi12y = By N Eygy

and let us show that Z; = E; for some continuous function A; satisfying (12.1) and I := {1,2}. Freezing
the coordinates 7. := (32,...,4Y), we can consider the map

[0,+00)* 3 (7',7%) = (71,4 (31, 7%, 7+) € [0, +00)?



which is also a preflux for 2 branches, by restriction of some preflux for N branches. In particular Proposition
12.1 applies. This shows the existence of quantities (¢£1,£2)(%.) € [0, +00)? U {(4+00, +o0)} such that

Z={("7) > ", *)F....a")}

and also such that
R (7) = £%(
(12.6) { 5 P!

We then set

which satisfies (12.1) and
By NEg@y = By

In particular, from (12.6), we get
A%j} - AJ{l,Q} on FEpgy foral j=1,2

which shows (12.5) for Card(I) = 2.
It remains to show that Agq 5y : [0, +00) — [0, +00]" is continuous, i.e. that the maps ¢!, (% are continuous.
Indeed, by definition, we have

Y@ =0F,....3%) forj=12 i {G.5)>®LEHH)} ={(G"7) > @, A)F, ..M}

Because of the continuity of the preflux 4, we deduce the continuity of 47 (%) := min {37, ¢ (33,...,7)},
and then the continuity of ¢/ on {#/ < +o0} for j =1,2.

Finally, using the continuity of the preflux, it is easy to show that £ : [0, +00)¥ =2 — [0, +-o0] is continuous
(as shows a direct argument by contradiction). We conclude that Ay is continuous for I := {1,2} and then
for Card(I) = 2.

Step 3: Additional properties and proof of ii)

We do the proof by induction on m := Card(I) > 2. We assume that

(12.7) (12.1), (12.4) and (12.5) still hold true for any subset I C {1,..., N} with 1 < Card(I) < m.

We already that this is true for m = 2, and assume that m < N. Our goal is to prove (12.7) at the level
m ~+ 1. To this end, consider a set I C {1,..., N} with Card(I) = m + 1. Up to relabel the indices, we can
assume that

I={1,...,m+1}
For I' C I and 7 € [0, +00)", we set

3= (3)jer
For any j € I, we also set
L= 1\{j}
Then we set
Zr = (Ey =) E,
jeI jerI

where, using induction hypothesis, we have
By, = {3 > (A)b (1)} with Aj, = Ay, omr

i.e. that A]j (%) only depends on the components 7% of 7.
Case A: m =2
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Setting

we already know from (12.5) that
Epgy = {343 > ((,2)7)}, with # = A{l o) = A{ ,oon Epoy, j=1,2
E{1,3} = {(:)/1,:)/3) > (61,63)(,72)}’ with g = A{l 3y = A{ } on E{173}’ ] = 1’3
E{273} - {(:)/2):}/3) > (€27£3)(,71)} , Wlth é = A{2 3} = A{ } on E{273}7 j = 2’ 3

Notice that A
A{l}(_) =0'(3%) on Eqa,
A{l}( ) = €1< ) on E{173}.

Hence, with some abuse of notation, we get the first line (and the next two lines are obtained similarly)

A}il} = gl = Zl = const = A{l 2,3} on E{LQ} N E{173} = Z{17273},
(128) A%2} = £2 = 22 = const = A{l 2,3} on E{LQ} N E{273} = Z{17273},
A??)} = 63 = E_S = const = A{l 2,3} on E{173} N E{273} = Z{17273},
Hence
(12.9) Zi1,23) = {(’71772773) > (A}1,2,3}7A%1¢2,3}7A?1,2,3})} = FEf123)

for E{y 5 3y defined in (12.2). Therefore (12.8) and (12.9) show respectively (12.4) and (12.5), and also imply
(12.1) for I := {1,2,3}.

Case B: m > 2

The proof is similar to Case A. For 4 € [0, +00)", we define

f_}// = (P_y47""/7 )? P_y// = (f'—ym+27'..,/7N):"_}/I

We then set
5,9) = A7, (0, 0,7 Opm-2,7"), j=1,2,
U(2,7") = AL (0,7°,0,00m-2,7"), j=1,3,
7" = Ai(ﬁ ,0,0,0pm-2,7"),  j=2,3,
we already know from (12.5) that
B :={3¥>03%"), jelk}, with 60 =A] =A}, on Ei, jel;
Ep, = {w‘ > 025", je 12}, with @ = Al = AJ{]} on Ep, jel
En ={3>0({45"), jehL}, with #=A4A] = A{j} on Ep, jel
Notice that N
{ Ay =0(3.7") on Er, jels
A, () =0(3%3") on Ep, je€l.
Hence, with some abuse of notation, we get the first line (and the next two lines are obtained similarly)
‘%}(?) = 0(33,7") = F(3%,5") = Al (Ogm+1,7") on Ep,NEp =2, jelnl
(12.10) A =05 =GN = t Aj(Ogmia,7") on Ep,NEp =21, jelsnh
A () =0(3%,7") Al (Ogm+1,4") on EpNEnL =25, jelnk

f]( 1 —//) —-
Extending the function A 1 such that

we get
(12.11) Zy=E,NELNEL = {WI > /15(7)} =E;

for Ey defined in (12.2). Therefore (12.10) and (12.11) show respectively (12.4) and (12.5), and also imply
(12.1).
This ends the proof of the lemma.

166



12.3 Necessary conditions for 1:2 conservative prefluxes

Lemma 12.5 (Necessary conditions for 1:2 conservative prefluxes)
Let us consider functions 4 = (4°,4%,42%) : [0, +00)3 — [0, +00)3 which are 1:2 conservative, i.e. satisfy

(12.12) 0 =4 4 42

1) (General conservative preflux)

Then the 1:2 conservative preflux 4 satisfies the following.

i) (Existence of the constant A, and the three functions Ay, A, As)
There exist

a constant A, = (AY, AL A2) € [0, +00)3

three continuous functions Aj = (A?,A}, A;’) : [0, +00) — [0,+0]®  forj=0,1,2
with A; = const on [AL,+00)

and Ag(ﬁj) := min {”yj,Ai} for all 47 € [0, +00)

satisfying the conservation relations
A)=AL+ A3 on [0,+00)
with moreover one the following fives cases
(Case 1) A, €[0,400)? Aj(AD) =A,, j=0,1,2
(Case 2) A, € {(400, 400, +00)}

(12.13) (Case 8) A, € {+00} x [0,400) x {+00},  AY(A}) = +o0 = A}(A})

(Case 4) A, € {+oo} x {+oo} x [0,+00),  AY(A2) = +oo0 = AL(A2)

A?)
1) = oo = A3(A))

0( A2\ — _ g1
(Case 5) A, € {400} x [0, 400) x [0, +00), { Ag(Ay) = Fo0 = Ay
AJ(A
Moreover, we have

{ AV = Al + A2,

14‘7 = const = A* on [AZq‘FOO), ] — 07172 ‘ m Cases to 4

ii) (Three characteristic curves: 'y sandwiched in between I'y and I's)
Let us consider the L-shape set

L:={(7 7% €[0,400)%, 7' <Al or 7*< A%}

and the three continuous planar curves

Lo := { (45, A5)(3) € [0, +00)%, 77 € [0, 4]}
Ty := %( ) € [07+ ] [07‘45]7 ’71 = A%(VQ)%
= ( ) € [07A ] [O’ +OO]7 ﬁ’Q = A%(’S/l)

which characterize completely the prefluz.
Then
I'oCL and L\F() =Q1UQy where Q1NN = 0

with the sets

Qy := union of connected components of L\T'y intersecting the axis [0, +00) x {0}
Q4 := union of connected components of L\T'g intersecting the axis {0} x [0, +00)

Then we have the epigraphs compatibility conditions associated to the two curves I'y and T's

By = {(51,7) € [0, 400) x [0, 42], 7' > AL(32)} c O
(12.14) {Ef %(31 ) € [0, A1]  [0,+0). 3%@%% c o
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In other words, the curve 'y is sandwiched in between the two curves I'1 and I's.

tangential but with no crossing points.
iii) (Expression of #)
We define the sets

2?0 = {(:}/17'3/ ) > A(%7A2 :YO }

Br={(7%,7%) > (A%, 4D (71}

2= {(7%,7") > (43, 43)(3*)}

Yi=YgUXiUXs

S = (AY, +00) x (AL, +00) x (A2, +00)

3= %;\8

H:= {5 € [0, +o00)3, A0 =7'+7%}

H* = H\%

j = (Q UFQ)\E] j: 1,2

F()—F1UF2

£y ::{p +6p ,p?) €[0,+00)3,  (p',p?) € Fy, p°=p'+p?
Fro={(0%p" +2,p?) € [0,+0)%, (p',p?) € Fa, p° =p'+p?,
Fy = { php?4e) €[0,+00)%,  (php?) e Fi, p’=p' 4%
D; = j=0,1,2

where the indices are mized for Fj and Fj. Then we have a partition
[0,400) =DyUD; UD; UH US;UStUSSUS.

We also define the injection map

v [0,40)? — [0,4+00)3
e e A O S )
and
Fj:=u(F;), T;:=Ty), j=0,1,2
and the prefluz is given by
(12.15)
() =G +4%959%) €k on Dy ={3°(%) <3°}n{
N =0%" =943 €k on Df ={3°(1)=7"}n{
F2(¥)=0G%73°-3) el on Dy ={3"(3) =7} n{
R B €eFy, on H* ={3(®)=7"}n{
() = —0 - S [20(5) — =0
Ao(77) E];() on z}o f{fy(fy)ffy}m{
A (7 el on 37 ={°(y) <"} n{
Ax(7?) el on 33 ={3(9) <7°}n
A, on S = gﬁ%) < 70% mg
where the indices are mixed for Fj and D7.
iv) (Further properties)
Moreover we have )
So=1{¥'(® <7} n{¥*(¥) <7’}
2 ={3°(7) <7’} n{¥*(3) <7?}
%= {1 < n{4'() <7}
S=YoNX1N3s
Do :={5'(7) =7} n{5*(3) =7*}
Dy:={4°(y) =7} n{¥*(n) =7*}
Dy:= {4y =7} n{¥'(n) =7}
Dj=D;UH*, j=0,1,2
Dy ={3">7%" +72}\E )
H* .= H\Z = DQ ﬂDl ﬂDg = Fo = {’A}/ = id[O,-{-oo)s}
[0, +00)*\& = Dy U Dy UDy = D UD}UD;UH*
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(0, 400 }

(0, 400 }

0 +o00 }
™ =3 n{¥*(®) = 7%}
7 <3} n{¥*(®) =%}
™ =7 n{¥*(®) <~+*}
@ =3} n{¥*(®) =7*}
¥ <3} n{¥*(®) < 7%}
™ =7 n{¥*(®) <~+*}
(%) <71%ﬂ g&%) =72%
(W) <3 n{2() <72



and
rycr;, j7=12
FiNnF, =T,

Byi= {40, ¥epAl}, j=01.2

fj C ij for 7=0,1,2
and
4([0, +00)?) = H*
with
(12.16) (31 =Ty, j=0,1,2
and also for A’ = (AL, A2)
Fy = Iy
U U
Fy Fy
U U
', Ty [y, T2
U U

{AL}
and
8Fj cTlyu Pj U [0, -‘1-00]637

2) (Kruzkov conservative preflux)

{AL}

i=1,2 with je{1,2}\{j}

If 4 is Kruzkov conservative then in the previous description, the functions Ag, A1, As are Lipschitz contin-

uous and satisfy

(Ap) | +1(A3)| <1, (Ag) >0,
(12.17) (A + (AT <1, (AD) >0,
(A +1(A3) <1 (A3) =0,

a.e. on [0, AY]
a.e. on [0, Al]
a.e. on [0, A?]

Remark 12.6 In Lemma 12.5, notice that a conservative prefluz 7 is fully charcaterized by the three curves
[o,I'1,T2 C [0, 4+00)? which merge at the point (AL, A?) € [0,4+00)%. The curve Ty is sandwiched in between
Iy and Ty, and (0,0) € Tg. Moreover I'y is a graph in direction es (parametrized by coordinate ﬁl), I's isa
graph in direction e (parametrized by coordinate 5°), and Ty is a graph in direction ez — eq.

A

Figure 7: The curve I'g sandwiched in between I'y and Iy, merging at A/,
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)

Nl

Figure 8: The partition of [0, +00)?

Proof of Lemma 12.5

The result and its proof are not particularly easy to guess and this is the main difficulty of the proof.
Nevertheless, the core of the proof consists in an elementary but lengthful analysis using topology and
geometry in dimensions 2 and 3. Let (eq, €1, €e2) be an orthonormal basis of R3.

Step 1: preliminary remarks

Step 1.1: freezing 7

We first freeze the value 4° := 4 and notice that (¥!,52) — (1,4%)(39,4%,7?) is a preflux for N = 2
branches. Then from ii) of Proposition 12.1, there exists two continuous functions B!, B2 : [0, +o0) —
[0, +00] and a constant B, := (B!, B%) € [0, +00)? U {(+00, +00)} such that

( ,7%) = min {3', B} (3?)},
(70,7,7%) = min {3%, B*(3") },

(12.18) B! =const = Bl on [B? +0)
B? = const = B? on [Bl, +00)

)

2> -
N =
33
2 2l
—

)

{3* > B3} n{3* > B*(")} = {(3* € (B!, +00) x (BZ,+00)}

We know that
39 > 4°(%), R, R) = min { R, B'(R)} + min { R, B*(R) }

as R — +o00, and then both B! and B? are bounded close to +00. This shows that the set defined in the
last line of (12.18) is non empty, which implies

B, € [0,+00)?
with moreover 49 > 4°(3, B, BZ) = B} + B2. Moreover 4 is locally constant in 40 on {§°(3J,-,-) < ’Yo}
Recall that B, = B.(5)) and the function B(¥',4?%) := (B'(¥?), B?(3')) = Bio (3',4?) also depends on 4
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in general. Because the preflux is conservative, we set
Ao(70) = (B, + B2, BL, B2) (%)

and then for 4° = 4§ and 7 = (3°,41,42), we get

7(7) = Ao(7°) on  ¥o(7°) = Ao(7°) + {0} x (0, +00)*
V@ <3 n{¥@ <= {7e€2(@)} =%
(12.19) Ag 1 [0, +00) = [0, +00)3 continuous,
Ag locally constant on {A8 < id[O#OO)},
Af = Ay + A2 on [0,+00)

Step 1.2: freezing 7}
Similarly we freeze 44, and get from ii) of Proposition 12.1, there exists two continuous functions C*,C? :
[0, +00) — [0, +0c0] and a constant C, := (C?,C?) € [0, +00)? U {(+00, +00)} such that
o35 27 =i o).
%( ,7%) = min {7%,C*(31) } ,

C° =const=C? on [C?% +c0)
C? =const=C? on [C? +00)

0 —
0

Q) -
2 2l
O»—lOH

(79> COF) Y N {72 > C2(39)} = {(3°,7?) € (€0, +00) x (C2, +00)}

We then set
Ay (39) = (C2,C0 = C2,C2)(3p)

and then for 1 = 4} and 5 = (5°,41,5?) we have

(12.20)
7(7) = A1(71) on 31(3%) := A1(3') + (0, +00) x {0} x (0, +00)
{3 FIn{3*(3) <%} = {(vem(dh)} =%
Aq [0, 400) = [0, +00] x [0, +00) X [0, +00] continuous,
Aj locally constant on {A% < id[07+oo)},
A = Al + A2 on [0,+o0)

Step 1.3: freezing 72
Similarly, for 42 = 42 and 5 = (¥°,4%,42), we also have

(w) Az(7?) on  ¥3(3?) = A2(7?) + (0, +00)* x {0}
{7 <’ {¥' M <7} = (7€)} =%,
(12.21) Ag 1 [0,4+00) — [0, +00]? x [0, +00) continuous,
A, locally constant on {A% < id[07+oo)},
A = AL + A3 on [0,+00)

Step 1.4: the set S
Let us consider the set
S:={3"® < n{3'®) <7} n{F®) <7}

Then S is an open set, and recall 4 is locally constant on S. This implies that 4 + [0, +00)® C S for all
4 € S. Therefore S is connected and 4 is constant on S.

Step 2: case S # 0

We will see that this corresponds to Case 1 in (12.13).

Step 2.1: general structure

From (12.19)-(12.20)-(12.21), we deduce that S = 39 N3, N3y and 4(5) = 4o(7°) = A1 (1) = Ay(52) for
all ¥ € S. Therefore

0,400)* 5 Ag(+00) = Ay (+00) = Ag(+00) = A. = (A%, Al A2)
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with A% = Al + A2 and for j =0,1,2
Aj=const=A, on (Al +0c0).

Hence

F=A. on 8= (AD,+00) x (A}, +00) x (A%, +00)
1

Moreover the fact that 0 <4 < Id| ;)3 implies also 0 < Ag < Idjp, ) and then
A;(W) = min {’73, Ai}

In particular, we get

g = A7) +A5(3%)  for 3° €0, A7)
AFY =7 +A7(3")  for ¥ €0, A]]
AP = A7)+ for 4% € [0, A?]
We also have
Ao(¥%)  on {A'(3) <A} {¥(B) <?} ={(3"7) > (4, A
(12.22)  4(3) =9 A(3") on {3°() <3} n{¥() <7} ={(3%7%) > (4, A
A(7%) o {3°(3) <A n {31 (M) <"} ={(°7") > (48,4
and set . A
E = Ej
j=0,1,2
and x 1 2 1 2 21 1 22
Jo() =G +9%71.9%)  on {4(5) =7 {ﬂ}v (V) =7} =
) =q 1) =0%7" =547 o {3 =7} {y () =7} =
F2(7) = (3%457° =4 on {3°(3) ="} n{3'() =7"} =
with R
[0, +00)*\¥ = Dy U Dy U Dy
Let us define the hyperplane
H:={y€[0,40)* 3" =5"+7*}
and .
D;:=D;\H and H*:=H\%
which implies D; C D7 U H*. Notice that
(12.23) 5;(7) = 9%(y) for some j # k, if and only if 5% = 7! 4+ 52

which implies that D} N D} = (0 for all j # k. We deduce the partition
[0, +00)*\® = Di UD; UD;UH*
with

on D7 j=0,1,2

(12.24) o o

5(7) = { J @)
Therefore the definition of D; implies that H* C D;, and then we get the partition

Dj=D;UH", j=0,1,2
Moreover, using 4 < Idg 403, We get

Dg c{?°>~"+7%}
Dy, D;

c {f—yo <7t Jr,—yz}
and then

(12.25) D;={3">7" +7*}\&
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Step 2.2: a cleaning claim
We claim that if p, ¢ € [0, +00)3 satisfy
P’ =p' +p?
=4+
213 = A1 A2(A) < A2
q€{3°(y) <7°}
P’ >q°
p? < ¢’ for some index j € {1,2}

then
(12.27) 4 =const =4(p) =4(q¢) on r+[0,400)® with ¥ :=max {pk, qk} , k=012

Let us prove the claim for j = 2 (the proof is similar for j = 1). Then p° > ¢°, p' > ¢!, p? < ¢* and
r = (p°,p', ¢*). We can approximate (p,q) by (pe, ge) with the similar strict inequalities

(12.28) P>l pe>a, pi<q and o= (0ps )
and moreover . 1 22 2
{pEE{v M) <7, 4*(3) <72}
¢ € {37°(3) <7°}

Then
4 =const on p.+ {0} x [0,+00)% =: E,,
4 =const on ¢ +[0,+00) x {0}* =: E,_

and inequalities (12.28) imply that
re € By, NEy, ¢ {3°(0) <7%, 4'(7) <7, #°(3) <7°} =8

which implies 4 = const = 4(p.) = 4(gz) on 7. + [0, +00)®. We then get the result of the claim, passing to
the limit € — 0 and using the continuity of 4.

Step 2.3: curves ', ', T

Let us consider the change of variables

®: [0,+00)2

Then the map
r: [0,4% — [0,+00)?
o = (A5, A (°)

satisfies T(3°) i= B 0 T(5°) = (7, Ty (7)) with [Ty (7°)] < 7° and Ty (3°) = (A3 — AL)(3°), which shows
that the image of [0, A] by the map I is the graph of a continuous map with value in

A:={(X,Y)€[0, A xR, |Y|<X}

with T'(0) = (0,0) and L(A?%) = (A%, Yy) where Yy := A2 — AL € [-AY, AY). Because S # (), we first deduce
that A, € [0,4+00)3. We set Iy = I'([0, A%]) and T, := ®(T'g). We now consider the two closed connected
components

A ={XY)ed, Y>Iy(X)},

A= {(XY) €A Y <Iy(X)}.

Therefore for a = 1,2, we set
Ap=0714,) and A:=0"Y(A4)={(7"7%) €0,+0)* 7' +7°<A}}
and get that the curve I'y is a common boundary in A of the two closed connected sets A, for o = 1,2, with

To=ANA; and A=AUA;
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Moreover A; is connected to

Ly :={(7.%*) € 0,4} xR, ¥

+
2

[\v]
vV
b
* O
——

and Ay is connected to

Ly:={(3.%*) eRx[0,42], 7' +7°

Y

AV}

2l

Let
L:={(",7) €[0,4+00)%, 7' <Al or 7%< 4%

Then each connected component of L\I'g is in only one of the following three cases: either it is equal to one
of the two connected components of L\A, or it intersects Ay\I'g, or it intersects A1\I'g. In all cases, each
connected component of L\I'g only intersects either the horizontal axis [0,4+00) x {0} or the vertical axis
{0} x [0, +00), but not both.

We then call ©; the union of connected components of L\I'g which intersect the vertical axis {0} x [0, +00),
and s the union of connected components of L\I'g which intersect the horizontal axis [0, +00) x {0}. Then
we have the partition

L= Ql U QQ U Fo.

Let us consider the continuous curves

(AiaAi)EFO
Iy = {(3',9%) € [0,+00] x [0,A4%], F'=A
I ={(¥,9%) €[0,A] x [0,40c], 72 =4

and let us consider the (associated) epigraphs

Ey = (AL, +00) x (A2, +00)
= }(W?) € [0, +00) x [0,A7], 7 vz)%
(7,7%) € 0, Al] x [0, +00), 7 > AF(3")

=
i

and the projection maps for j =0,1,2

T [0,+oo)3 — [0,—&—00)2
(7, 9%) if j=0
y:=03%39) = mE) =9 =727  if j=1
LAY =4 i j=2

which satisfy (¢ o 7;)|z = idy and are such that 7;(p) is independent on the component p of p. We define
the sets ~
Ej:=(E;) j=0,1,2

From (12.22), we then deduce that Ey C S and then
(12.29) S;NH=E; j=01,2
Notice also that by construction, we have

f]j +[0,400)eg = f)j for j=1,2
S+ [0,+0)eg = 5

Hence
(12.30) mo(E;) = E;, j=0,1,2
and we deduce from (12.24) that

(1231)  H*=HN{#=1idg o2} = 1(Fo) with Fy:=[0,+00)?\(EoU E; U Es) = L\(E; U E»)
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Moreover (12.25) implies D§ + [0, +0c0)eq = D§ and then
mo(D§) = Fo
Because Dy = Dy U H*, we deduce that
(12.32) Dy ={(" +e,p",p*) €[0,+00), (p'.p*) € Fo, p’=p'+p°, c€(0,+00)}

Step 2.4: compatibility of epigraphs
Let Q3° be the unique unbounded connected component of §2; for j =1, 2.
Assume by contradiction that

(12.33) Ey ¢ Q3°

Then A2 > 0 and the two curves I'y and I's do cross each other with the meaning that there exists some
point
(%6:7) € B2 N (A2\Ip)

This implies that there exists two sequences of points P. = (P}, P?) € 'y and Q. = (Q},Q?) € 'y with
P!+ P2>Ql+Q2 P2<Q? P.,Q.— Py=(P),P;)€[0,+00) x [0, A2)

Then we can apply the cleaning claim of Step 2.1.2 to p = (P! + P2, P.) and ¢ = (Q! + Q2,Q.) to deduce
in the limit that

(Py + P2, Py) +[0,+00)> C S = A, + [0, +00)?
This leads to a contradiction with B < AZ. Hence (12.33) is false, and we deduce that Ey C Q3° C s, and
similarly that F; C Qf° C Q;.

In other words, this means that the curves I'g and I'y (resp. I'g and I's) can not cross each other, even if
they may be ”tangential” to each other. Notice that the curve I'y is sandwiched in between the two curves
I’y and Ty. As a consequence I'y and T's do not cross neither, even if they may be tangential (which then
implies that the three curves coincide there).

Step 2.5: identification of D} and D3}
We define sets
Fj = Lo UYN\E;, j=1,2

which are closed sets, and we have the partition L = E5 U Fy U E; and the relations
Fo=F,UF, and F NFy,=TIy with .Fle—‘j7 7=12
Now define the sets

{ Fyi={(p"p" +e,p*) €[0,40)%, (p'.p?) € Fo, p’ =p'+p*, c€(0,+00)}
F2 = {(p07p17p2+€)e[07+00)37 (p17p2)€F17 p0:p1+p27 EE(O,+OO)}

where the indices are mixed for F; and Fj;. Let us show that

(12.34) Di=F;, j=1,2

We do the proof for j =1 (the case j = 2 is similar).

Step 2.5.a: first inclusions

Let p € Di with D} = {3°(%) =7} n {%*(3) =7*} N {7° < 7' + 7%} and let
e.:=sup{e >0, p’<(p'—¢e)+p°}

Because of the local constancy of 4 in 4 on {§'(7) < 4'}, we deduce that p, := (p°,p' — ., p?) = tom(p)
satisfies
’?(p*) =D« = (Pgapi,}?z) and p. + (0, +OO)€1 C DT

Moreover from (12.31), we get (pl,p?) € L\(E1 U Es) = Fy, i.e.

m(D}) C Fy and D] =tom(D])+ (0,+00)er
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Step 2.5.b: excluded intersections

Now consider some point (p!,p?) € Qy, and set p° := p! + p2.

Case 1: p? € [0, AY]

Then there exists § > 0 such that the line (p',p?) + R(e; — ea) intersects the curve 'y in a single point
(p',p?) + 6(e1 — e2) = (A§(p°), A3(p°)). Then the point p := (p°,p',p?) is such that the "line” passing
through p intersects the "plane” passing through Ag(p°), i.e. precisely

(12.35) (p+ (0,400)e1) N (Ag(p°) + o) # B  with TIy := {0} x (0, +00)?

But (4o(p°) + ) C o with 3o N Dt = 0, and the relation Df = D} + (0,+00)e; implies that (p +
(0,4+00)e;) N DF = () and then

(12.36) p & m(D7).

Case 2: p’ > A?

Then there exists § > 0 such that the line (p!, p?)+R(e;—eq) intersects the vertical "line” (AL, A2)+(0, +o0)ez
in a single point (AL, A?) + des. Because Ap is constant on [A?, +00), we deduce that (12.35) still holds true,
which again implies (12.36). Hence Q; N7 (D}) = 0.

Step 2.5.c: precised inclusion

We deduce that 71 (D7) C Fy and then

(12.37) D; C Fy

Step 2.5.d: reversed inclusion
Conversely, let

(p',p°) € F
and let p := (p°, pt, p?) with p° := p! + p2. For € > 0, we set
pe :==p+eer
and we want to show that p. € Dj. Recall that we have the following partition
[0,400) =Dy UD;UDsUH*US USTUSUS

with i;‘ = ij\S for j =0,1,2, and that p. € D§ U H*. We distinguish cases.
Case A: p. € D;
Then we know that mo(D3) C Fy. Hence if p. € D3, we deduce that

ge = (p' +¢e,p° —e) =map.) € Iy

Because ¢ := (p',p?) € F, we deduce that there exists a point in F; N F, = I’y which belongs to the the
segment of extremities ¢ and ¢.. But recall that I'g is the graph in the direction es — eq, with F7\I'g above
and F»\I'y below. This leads to a contradiction, and Case A is then impossible.

Case B: p, € f]o

Then we deduce (p! + ¢, p?) > (A}, A2)(pY). At the limit € — 0, this gives

Pt > Ay("), PP > A5(°)
Hence p' + p* > Aj(p°) + A5(p°) = p°. Contradiction.

Case C: p. € X
Then we deduce

(12.38) (p2,p2) = (0°p" +¢) > (A2, A)(P*) = (3°,9) (p:)
Assume that there exists €, > 0 such that
P!+ e = Ay(p°)
Because 4 is locally constant on {4*(3) < 4!}, we deduce that 4(p.,) = §(p:) = A2(p?). Hence

P+ +p7 = A0 +p* = AY(p?) < p’ =p' +p?

176



Contradiction. Therefore (12.38) is still true for e = 0, i.e. (p%,p') > (A3, AY)(P?) = (3°,41)(p). Contradic-
tion with the fact that §(p) = p.
Case D: p, € 3,
Then we deduce that

(pgapg) = (po»pQ) > (A(l)vA%)(pl +e) = ('3’07;)’2)(]75)
Because 4 is locally constant on {ﬁ/ # Idjg +o0)s }, we deduce that we can decrease the value of € up to zero
without changing the value of 4. Therefore at the limit, we get (p°,p?) > (3°,4%)(p). Contradiction with
the fact that §(p) = p.
Conclusion
We then conclude that there exists g > 0 such that for all ¢ € (0,&9), we have p. € Df. Because
Dy = D} + (0, +00)ey, we deduce that

p+ (0,400)e; C Dy

Therefore Fy = 1(Fy) 4 (0,400)e; € Df. With (12.37), we deduce that D} = E}, which shows (12.34).
Step 2.6: Im(%) = H*
We already know that 4(5) = 7 for all ¥ € H* = 1(Fy) =: Fy. We also have (using (12.32) and (12.34))

4(7) =%, (3) € «(Fy) = F; C H* for € Dj, j=0,1,2
From (12.22), we deduce that
3(8;) c u(ly) =T, Cc H* for j=0,1,2
Therefore
5((0. +00)%) = H*

We moreover have . R
'Ay(E;-‘) =T 7=01,2

which shows (12.16).
Step 3: case S =10

Because each A; is locally constant on {A; < id[o,400) }, we deduce the existence of some A% € [0, +00] such

that o o
Al(F)=min {37, A1}, j=0,1,2.

We first claim that
(12.39) A? = +o0

Indeed, assume by contradiction that A? < 4oo. This implies that Ag(A%) € R, and then (12.19) implies
that
4 =A0(AY) on Ay(A?) +[0,+0)® C S

Contradiction with S = (). This implies (12.39).
We claim that

Al <

1 _ «
(12.40) Ao =oo or { A(AY) = 4oo for j=0,2

where we have used A9 = Al + A2. Indeed, assume by contradiction that AL < 400 and A;(AL) € R3. Then
we also have from (12.20) that

4 =A1(Al) on Ay(Al)+[0,+0)*C S
Again contradiction with S = (). This shows (12.40). Similarly to (12.40), we also show

A? <0

2 _ N
(12.41) Ay =+oo or { AL(A2) =400 for j=0,1

Therefore we have (12.39), (12.40) and (12.41) and then

A;(AT) ¢ R* foreach j=0,1,2
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This corresponds to Cases 2 to 5 in (12.13). Except for this small change, the whole proof remains true, and

then the curve I’y is also sandwiched in between the two curves I'y and I's, as in Step 2.

Step 4: Kruzkov conservative case

Recall that a conservative preflux 4 is Kruzkov if and only if it is o-monotone (see v) of Theorem 11.8). For

0 -1

o= (0%0c',0%) = (1,—1,—1), recall that ¥ is o-monotone if and only if we have in the sense of distributions

olo*0;4F <0 forall k#j

i.e.

oyt >0, 07> >0
81’3/0 2 07 _81&2 Z O
&AY >0,  —dF >0.
Here this implies
ALY >0 A2)Y >0 in D'(0, AV
( 0 ) 0 9 Ly
(12.42) (A9 >0, —(A?Y >0 in D'(0,Al)
(A9 >0, —(A})’>0 in D'(0,A%)

Indeed, we can be more precise, because (12.15) joint to the characterization of Kruzkov functions (see
Proposition 4.20), also implies that 4 is Lipschitz continuous and satisfies (12.17). This ends the proof of
the lemma.

12.4 Characterization of 1:2 conservative prefluxes

Theorem 12.7 (Characterization of 1:2 conservative prefluxes)

We consider a 1 : 2 junction with o = (0%, 01,0%) = (1,—1,-1), or 2 : 1 junction with o = (o
(—1,1,1).

i) (Explicit general conservative preflux)

Then every prefluz 4 = (3°,41,42) : [0, +00)3 — [0, +00)3 is 1:2 conservative if and only if we have for for
ally = (°,7",%%) € [0, +00)?

0 5l g2) =

71(7) = min {7', A5(7%), max { A3(7°),7° — 3° } }
(12.43) 72(7) = min {7, A('), max {A5(7°),7° = 7' } }
¥ =4+7

where there exists A, = (A, AL, A2) € [0, +00]® and the continuous functions Ay, A1, Ag satisfying
Aj = (A?,A},A?) : [0, +00) — [0, +0o0]?,

AY = A} + A2,

j=0,1,2
A; = const on AL +00),
A;(fyj) = min {W,Ai} for 77 €[0,+o0),
with moreover one the following fives cases
(Case 1) A, €[0,400)? Aj(A)=A,, j=0,1,2
(Case 2) A, € {(+00, +00,400)}
(12.44) (Case 3) A, € {+00} x [0,+00) x {+00},  AY(A]) = +oo = A}(A})
(Case 4) A, € {+oo} x {+o0} x [0, +00), AJ(AZ) = +oo = A3(A7)
(Case 5) A, € {+o0} x [0,400) x [0, 400), { ﬁ%gﬁ% Z 12 z ﬁ%gﬁ%g

Moreover, we have

in Cases 1 to 4

AV =
{ Aj =const=A, on [Ai,—i—oo), j=0,1,2 ‘
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Moreover the curves '
L= (A;’A?)([(LAZJ) - [07+OO]2a J=0,1,2

are such that T'g is sandwiched in between I'y and I's in the following sense
Lo € {(7,7%) € [0, +00)*\([A, +00) x [A, +00)), 7' < A3(7%), 7° < AI(F)}.

We also have
3°(%) > min {7°, 5" +7°, A2(3"), A9(*) }

ii) (Simplified 4° under an additional assumption)
Moreover, under assumption

(12.45) AJ() <A for j=1,2
we have
(12.46) A°(3) = min {7°,7" + 4%, AV(7"), 45(3*) }

iii) (Kruzkov conservative preflux)
Then 4 is a Kruzkov conservative if only if in the previous description, the functions Ag, A1, As are Lipschitz
continuous and satisfy

[(Ag)[+ (A5 <1, (Ag) >0, (A9) >0 ae on [0,A]
(12.47) (A + (AT <1, (A9 =0, —(A7)'=0  ae on [0,4]
((AD)'[+1(A9) <1 (4320, —(43) =0  ae on [0,A]

Theorem 12.7 implies in particular Theorem 2.50 of the Introduction.

Remark 12.8 Notice that condition (12.45) is automatically satisfied for Kruzkov preflures in case of 1: 2
or 2 : 1 junctions.

Proof of Theorem 12.7

The necessary conditions are given in iii) of Lemma 12.5 for 1 : 2 junctions, and our goal is to translate it in
a single formula. The proof consists in three parts, where the core of the work is contained in Part II.
Part I: the Kruzkov case

Assuming point i) of Theorem 12.7 already proved, we know that ¥ is given by (12.43). Moreover if ¥
is Kruzkov, from point 2) of Lemma 12.5, we know that (12.47) holds true. Conversely, if (12.47) holds
true, then the implied monotonicities of the 1:2 conservative preflux 4 imply that 4 is Kruzkov, from iii) of
Lemma 11.11. Notice also that from Definition 11.1 v), conservative prefluxes for 1 : 2 junctions coincide
with conservative prefluxes for 2 : 1 junctions.

Part II: necessary expression of the preflux

This part deals with the proof deal with Case 1 where A, € [0, +00)3. For the other cases, we notice that for
any conservative preflux 4 and for the truncation operator T( g g gy with R > 0, the new preflux 40T (g g r)
is a conservative preflux with finite values of A, and Aj, i.e. as in Case 1. Therefore, in the limit B — 400,
we recover the expression of the preflux in the remaining Cases 2 to 5.

Step 1: reformulation

We take the convention that

7 € [0, +00)3.

We recall (12.15), namely

(12.48)
Y1) =G +3%37)  €F on Dy ={3"(") <3°}n{¥'® =7} n{3*(D) =7}
1) =03%3"-5%%)  €F on Df ={3"(M)=3"}n{¥'®) <7} n{i*() =7}
F2(7):=(%357° =9 €F on Dy ={3°()=7"}n{¥' (M) ="} n{¥(H) <7}

s =4 7 €Fy  on H* ={3°(%)=7"}n{¥'(M) =7"}n{¥*(3) =7°}
Ao(7°) el on X5 ={3"(0)=7"1n{¥'(M <3} n{¥*®@) <7’}
A(7") el on X ={3"<3pn{3'() =7"}n{¥*@) <7}
A>(7%) €ly on 3 = po(v) < 70% a %Wv) < 71% n E&Q(v) = in
A, on S  ={3() <In{H#@ <3} {¥*H) <7
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Recall that the planar sets Fy, Fy, Fy are the lifting in the plane H := {70 =7+ ﬁ2} of the planar faces
Fy, F, F5 defined in Lemma 12.5. We also have

0Fy, D T1UTly
0Fy, D ToUTlsy
0Fy D Tyuly.

where the curves I'g,I'1,I's are defined in Lemma 12.5 and illustrated on Figure 7. Recall also that each set
Ee {S, H*,ig,if,i;,D;,D;‘,D;} satisfies

E=4(E)+ > (0,400)e; for Ig:={je{0,1,2}, 4'() <4’ forall §e€E}

JjElE
Hence we have
S={y>A.}
H =Fy={"=3+% 7' <A3?), <433}
55=1{7' > 4(3°), 7> A1), 7° <4
S ={3"> A%(3Y), 2> A3(3h), A< Al}
5= {3 > A3(3%), 7' > AL(F?), A2 < A?}

where we have used the partition illustrated on Figure 8. We also have

Dy ={3=4+(,0,0), >0, &eﬁ‘o}
= {3 > 472 (71,9 € Proji, sae, () = P
(>3 +7% A <A, A <AIGY)
and
D; ={3=74(0,0), >0, ﬁeFQ}
= {71 >50 =% (5%,7%) € Proji sz, (F2) ]
={7 <7 +7% " <A, <A}
and similarly
D; ={3=5+(0,0e), >0, ’yeﬁ'l}
= {7 >5"=3% (5%7") € Proj sz, (F1) }
P <A+ <A, A < A0}
We can rewrite with explicit domains for ¥
(12.49) i
(V' +3%959%)  €FR on Dy ={3">3"+7 3 <A(), P <A}
(7%3°-3%3%) €F on Df ={3"<3'+73’ 3F°<A(), ¥ <A}
(7%37° =3 el on Dy ={3"<3'+73% F°<ANGFYH, A <AHE0))
0 =4 o €L on MY —{7=9 4T V<40, TS A00)
Ao(7°) €lo on X5 ={7">401"), ¥ >47"), <A}
A (7" el on X ={3">A40(3"), ¥>A41(3"), 7' <AL}
A5(3?) ely on 33 ={y">43(3%), ' >Ai(?), ¥* <A}
A, on S ={3>A,}
Moreover
Fme{d, -9 AG%), 4G, Al

i.e. 4! can only take five different values.
Step 2: ordering
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We then order these five values (when we can and when it is useful) on each set. In what follows, we get on
each line the value 4*(%), the set and some ordering

o : Dy oA <7—7, !t < A5(%%)
¥ —-4* : Df :v>va > A§(79), 70— 52 < A}(7%)
1 . Dj o Al’?)Z’Vl 30 — 42
s :H*:A1> V==

(12.50) A0 S :a1>Aaw)>w—w2 A3(3%) = J45(7°)
5 o AY[<]1A83?) 7 [<]148(7°)
A3(7?) %3 > A3(7) 70— 5% > A3(7?)
Al S AR = AL = A(7%) <At

where the explanations follow.
Case A: Terms in 70
For 3%, we notice that v2 > A3(5°) means (because 7° < A?)

7 =77 <3 - AT = A4(°)
Similarly for D}, we notice that 4% < A3(5°) means
7 =7 29" = AJ(3°) = min {3°, AT} — A5(7°) = A5(3")

Case B: Terms in 7
For 3%, we have 4° > A9(5?) and then (using 72 < A2%)

7 =77 > A7) -7 = A7)
Similarly, for D, we also have 7° < A9(5?) and then (using 52 > min {72, A2})
7' =77 <A77 - 77 < A5(7) — min {37, AT} = A3(7%)

Case C: Terms using comparison of I'; and T'y
Notice that

(12.51) S5 =T + (0,400)eq + (0, +00)es

Let ¥ € 3% and let us use (12.51) with 5 € 'y and 5 — 5 € (0,+00)eg + (0, +00)ez. Then we have
1 =4 €0, Al] and

30> AFY =30, 7> A =42 A= (3L AP)

and

(12.52) +(0,+00)ex C By with Ey == {(p' €[0,A;] x [0,+00), p*>>Ai(p")}
and then

(12.53) (7 + (0, 4+00)e2) NTy =0

Case C.1: 7Y < A
Then there exists € > 0 such that

(71, A3 (3")) = e(ea — e1) + (A5, A9 (")
and
7 < A5(3%)
Case C.l.a: 7% < A?

Because Iy is a graph in direction es—eq, we deduce from (12.53) that T'g does not cross the line ¥'+(0, +00)es,
and then by continuity, we still have

7' =A< A(7°%) for 4> 4°
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Case C.1.b: 7Y > A?
Then

Case C.2: 7 > A9
Then for ¥° > 7°, we also get

In all cases, we get

which is used for .
Case D: Terms using comparison of I'; and I'
Let 4 € X% with notation of Case C. From (12.52), we deduce that

(7' +(0,+00)es) NT2 =0 with 7' = (7',5%), 7% =Ai(F")

Case D.1: 72 < A2
Because T'y is sandwiched in between I'y and I'y, we deduce that

' < AY(F?)

Case D.l.a: 7% < A2
Because I'y is a graph in direction ey, we deduce from (12.52) that T's does not cross the line 4’ + (0, +00)eq,
and then by continuity, we still have

Case D.1.b: 72 > A2
Then

Case D.2: 72 > A2
Then for 42 > 52, we also get

In all cases, we get

that we use for XA]T
Conclusion
All together this shows (12.50). From (12.50), we deduce that

(%) = min {5, 45(5%), max {45(7°),7° — 7°}}

which is the first line of (12.43). By symmetry, we get the second line, and the third line follows from the
fact that 4 is conservative.

Step 3: proof of (12.46)

From (12.49), we get for each set, the value 4°(%) and the previous ordering (except for .S)

YAy Dpo A+ <Y 7 < AN(5%)
7 © Di o A< 4% A >0 - 3% > A7), =72 < A3(5°)
7 CDy s <y R A 2 A(0) = >0 -2
7 H* 2 =5+ A7) =41 =7" -7

(1259 4 5 £ 4 > A3 >0 -7 AY(5) > AL(7°)
A s X A <A 7 < A5(°)
AS(3%) 3yt > AP 7 =% > A5(7?)
A DS A =AY =AY <At +

Hence we see that



i.e. that 40 takes only five values, and distinguishing the values on S and outside S, we get also

A®) >min {7°, ' +7% AYF, A}

We now need to work out the ordering.
Step 3.1: First remarks using (12.45)
We get in particular

Y +9 0 Dpor Aty <y,
7° © DY <At A
7 DDy <A A
0 COHT o 30 =Fl 452
(12.55) . . S
7 £ A<y 4y
AGY B A <A
A By A +A%3° > A5()
A, DS AN = AL = A <404 + 4

that we justify below.
Case A: Terms for X3
We notice for ¥ € 333, we have 52 < A2 and then
7+ A3(7) = A(7)

Case B: Terms for XA]T
Case B.1: 72 < AE
Then
T+ < A7) + 77 = A3(77)

Moreover, by symmetry of the case of f];, we then know that
7Y > AN
and then
A7) < A3(7)

Case B.2: 72 > A2
Then we have
A5(7?) = AY > A)(7Y)

where we have used (12.45). Hence in all Cases B, we deduce that
A7) = AV

Case C: Term Dy
Then 72 < A% and we get
70 <7+ A7) = A7) <A

where the last inequality follows from (12.45). This also implies that

< ]AF), A3(7?)

70 < A9(%?)

P <At AP <AT F AT = AN if A <AL

while
Hence in all cases, we get

7 <]AYFY

Case D: Term %
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We have
P <7+ A;(3°) <7+ A3(7°)

If 52 < A2, then we get 32 + AL(5%) = AY(5%). And if 52 > A2, then A(5%) = A% > 7° for 5 € &%
Therefore, in all cases, we get

Case E: Term H* U Dy
For ¥ € H* U D§, we have

We also have 72 < A?(7') and 4 < A}(5?
A =400 i 3 <Al 0
AL(R?) = AY(3%)  if 42 < A2 [<]A2
where we have used (12.45) for the last inequality. Hence this implies in all cases

7+ <A, 45(7°)

¢+#s{

Step 3.2: conclusion
Using (12.55), and by symmetry in indices 1 and 2, we get

VY Dy A <A 7+ <A, 43(7%)
7° © DY <A A P[], A0 < 45(3)
7 © Dy o A <At 44 7 < A(Y), <4337
7° DOH A= A 7 <]A0G3Y), 4537

5 00 A<+ 70 < AY(31), A5(7%)
AEYH BT AR <433, A <3t +4%7°
AG7 B A K]AEY, A7) <31 +72,7°
Al S AY(YY) = AL = A3(7%) <% +7°

which is (12.46).

Part III: sufficient conditions

We finally have to justify that if 4 is given by expression (12.43), then 4 is a 1:2 conservative preflux. This
follows from Lemma 11.32 in the subcase of Case 1) when we assume moreover that

(12.56) A, € (0,400)* and A;:[0,+00) — [0, +00)?

The general Case 1), and all other Cases 2),3),4),5) are then obtained as limit (for the uniform convergence
on compact sets of [0,+00)3) of prefluxes in Case 1) satisfying (12.56). Notice that the limit 4 remains
continuous, and that the local constancy property is a closed property under such limits. This shows that %
is still a 1:2 conservative preflux at the limit. This ends the proof of the theorem.

Lemma 12.9 (Sanity check for a quasi Hamilton-Jacobi preflux)
Given 01,02 € (0,1) with 01 + 02 = 1, let us consider the following quasi Hamilton-Jacobi preflux 4 =
(3°,4%,42) 1 [0, +00)N — [0, +00) for N = 3 defined by

=1 1
A0/=\ . 0 77
(1257) Y (’Y) = min {7 791791}7
A =095°, j=1,2
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Then 4 has expression (12.43) with

(12.58)

and the curves I'g,T'1,'s defined in Theorem 12.7 do coincide.

Proof of Lemma 12.9
Step 1: preliminaries
Let us call 4g the preflux given by expression (12.43) with (12.58). We define #° := 1 and

i . iﬂ
e L
¥ o= (097159 (y), J=0L2
7 = ()" (%),
and 0 _ g
_a ey
X; T j=12

From (12.57), we have

and
Yo :mln{’y Y ,max{v Xg}}
¥ :mln{’y ’y 7rnax{’y ,Xl}}
¥ = 0% + 6°%
Step 2: comparison of ¥ and
Let
m :=min {§",5°}
Case A: 'vyo >m
Then

Case B: ¥ <m
Then notice that _
P>X; = >4, =12

where the right hand side is true, because we assume 4° < m. Therefore
max {'707Xj} =3 j=1,2
and
o =%"=% =%
Conclusion
We have shown that 4 = %, and this ends the proof of the lemma.
12.5 Explicit characterization of conservative germs for 1 :2 junctions

Lemma 12.10 (Explicit characterization of conservative germs, in a special case)
Let us consider a conservative preflur 4 : [0,+00)> — [0,400)% for 1 : 2 junctions (i.e. with o9 =
(09,08,02) = (+1,—1,-1)). Assume the following bound

(12.59) {4 =idp+e0)2} C[0,R], with 0<R :=(R”,R" R”)<R:=(R"R"R?
Consider bell-shaped functions f7 : [a?,b7] — [0,+00) in the sense of Definition 11.6, such that

Tax =f()=R" j=0,1,2
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Then the following set for p = (po,pl,p2)
Ge={pelabl, f)=f@)} with fi=d05 and 5()= (6" /" G}, (7))

is a conservative Riemann germ, where
W) = Fmin{p/,d}) and 27 (p7) = f (max {p’, ' })
i) (Notation)

Let (e, e1,e2) be a basis of R? and Q' := [0, +00)e; + [0, +00)ea. Now following statement of Lemma 12.5,
let us consider the three curves I'g,I'1,T's C Q' with merge at the point

LoNTyNTy = A, = (AL, A?) € Q'
and the three closed faces Fy, Fi, Fo with Fy = Fy U Fy and F1 N Fy, =T and
OF; CToUT,; U0, +00)e;, j=1,2 with je{1,2}\{j}
We then define the lifting from [0,400)? to the hyperplane {7° =~ + 5%} as

v [0,40)? — [0,4+00)3
L) = '+

and set ~
Iij = L(Fj)v J=0,12,
jZL(Fj), j—012
A= 1(A),

Now we define the three "reflexion” maps for j = 0,1,2
R R I N o

= {WWIWWM) i e fa,o
(A=) if P eld, V]

and the associated three "reflexion” maps for j =0,1,2

P

Tt la,b] —  [a,b] ‘ ‘
p = pH(FHE) - p)e;

Now for o = (6°,0",0%) € {£1}*, we define the map

- no _ma n ) ) 0 if ol =41 .
T =700 Ty with nj.:{ 1 if ol =—1 " j=0,1,2
and for a set B C [a,b], we define
B? :=71°(B)
ii) (Explicit characterization of G)
We set o
Q= H [ajacj] = [CL,C]
§=0,1,2
Then

'{AHNQT  for o
YTo)NQ° for o= (+;+,4)

YTy NnQ° for o ;

W) NQ° for o= (—;+,—)
GNQ’ =
( h) N Q7 for o= (+;+,—)

( 0)NQ° for
YF) Qe for

f-
f-
f-
f-
fHE)NQ? for o =(+—4)
f-
f-
[~

iii) (Extension to the case R = R')
Points i) and i) are still valid if R’ = R.
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Remark 12.11 Notice that point iii) with 4([0,4+00)3) C [0, R] is not a restriction in general, because we
can always replace 4 by the preflur 4oTr where T is the truncation prefluz defined in (11.15). In particular,
in such a case, we see that the infinite possible values of the functions A;, can be replaced by finite ones and
do not matter.

pl

Figure 9: Sketch of a generic conservative germ for 1 : 2 junctions

Proof of Lemma 12.10

We use notation of Lemma 12.5.
Step 1: preliminaries

From Lemma 12.5, recall that

'3/([07"1'00)3) CH" = FO C [O’R/] C [O)R]
Notice that f o 77 = f on [a,b]. Then we get for p € Q7 = [a, ¢|”
f(p) if o= (+;_a_)
(R07f13f2)(p) if o T
(f%RL ) (p) i o= (++.-)
(f°, ', R?)(p) if o
(f% RLR*)(p) if

(R07f11R2)(p) if 0’:(—;—’—|—)
(R RY f)(p)  if o=(

(12.60) F(p) = ) (p) =

(R, R, R?) if o= (—;+,+)
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Now for A € [0, R], we define the quantity

(12.61) A =79(N) =

Then for p = 77(q) with ¢ € @, we see from (12.60) that

(12.62) Y(77(q) =) = 77(A) = A7

Let us now introduce the quantity ¢/’ uniquely defined by

Fd)=R"< R,

and

for 7 = 0,1, 2, we have:

ie.

for all ¢ € Q" and X\ := f(q), \° €

A if o=(+;—,-)
(RO, AY, \2) if o=(—;—,-)
(A% R, \?) if o=(+;4,-)
(ASALRZ) i o= (45—, )
(A%, RYR*)  if o= (++,4)
(RO, A\, R?) if o=(—;—,4)
(RO,R',\?) if o= (—;+,—)
A with X := f(q)
d'ela, ), j=0,1,2

Q' = la, ]

Then for any ¢ € Q" and ) := f(q), we have A < A%, and moreover (because R’ < R)

V=71 =D;
32 =7%} = Di
<7} = D;
P <7} =5
¥ <y’ =3%1
=92} =33

From the expression of 4 in Lemma 12.5 and H* C [0, R'], we deduce that

(12.63)  forall A€ H*, 4(\7)=

€ F,
€ F,
61?1
S
Elio
Elj1
eIy

e {A,}

EE

EEE

s

=

(A =N ifand only if ¢/ =0}

if
if
if

if
if
if

if

if
if
if
if
if
if
if

if

U:(+;_7_)
o= (=)
o= (++-)
o=(+—,+)
o= (+;+,+)
U:(_;_?+)
U:(_;"_v_)
0:(_;+7+)
U*(+a 37)
o (7;737)
o= (++-)
o= (+-,+)
o= (+++)
U:(_;_’+)
0':<—;+,—)
o=(=++)

Furthermore, because 4(\) = X for A € H* = Fy O M, for all o, we deduce from (12.63)

(12.64) (A7) =4(A) =X for all
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Step 2: application
We have
G, =0NnQ7={peQ’, (o9)(p) = f(p)}

i.e. using p = 77(q) and A defined in (12.61) with X := f(q), we deduce from (12.62)
(1) 7' Go) ={a€Q, X:=flg), 4(\7) =2} CH([0,+00)%) = H* C [0, R

ie.
(1) Go) ={a€Q, N=flg)e H", A7) =A}=f""(M;)NQ
where we have used (12.63) and (12.64) for the last equality. Therefore

go = f_1<MO') N TU(Q)

which shows point ii).

Step 3: proof of iii)

It is easy to see that the result iii) follows from the limit R’ < R — R/.
This ends the proof of the lemma.

12.6 Proposition 2.47 and its proof: intersections of conservative lines

We first prove two lemmata, and then deduce Proposition 2.47 at the very end of this subsection.

Lemma 12.12 (Intersection of two conservative lines for bell-shaped fluxes)

Assume (2.2) for N = 4 with 2 : 2 junctions, and call fi¥ and fI respectively the j-th ingoing and j-the
outgoing fluzes for j = 1,2. Assume that each f7® is strictly concave with mazimum at ¢* € (a?®, /%) and
fi(a?*) = 0 = f1%(). Let G C [a,b] C R* be a Riemann germ satisfying for p = (p'%, pt® p*L p?R) =
(»*.p?)

(12.65) Gc () ¥, with ¥ :={pelab], L") ="}

j=1,2
which means that each j-th line J'L U {0} U JIB ~ R is conservative. We set

G7(p7) := min { f754 (p7F), f11 (p71) }
Gl .. = GI(IL IR

max

je {120\ {5}

Let f = (flL, flR, fQL, fQR) be the Godunov flux associated to the Riemann germ G.

i) (Characterization of Godunov flux) )

Then there exists two constants Gy € [0, G4 and two continuous functions A7 : [0,GL ] — [0,GL ] for
7 =1,2, such that

FE(p) = f1E(p) = min {G, A1(G?)}
F?(p) = f2(p) = min {A%(G"), G?}
Al = const =G} on (G3,G2..]

A? =const =G%2 on (G},G}

masx]

with GI =GI(p?), j=1,2

(12.66)

{G' > AYG?H} n{G* > AX(G")} = {G* > G}, G* > G}}

where the last line is a geometric compatibility condition on the intersection of epigraphs (that can be empty).
Moreover G}y and A’ are unique.

Conversely, if f satisfies (12.66), then G = {f = f} is a Riemann germ satisfying (12.65).

ii) (Identification of the monotone case)

Let G be a Riemann germ as in i). Then G is monotone if and only if the functions A’ can be chosen
constant for j =1,2.

iii) (Identification of Kruzkov case)

Moreover the germ G is Kruzkov if an only if each of the functions A" and A% can be chosen constant.
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Remark 12.13 Notice that if Gg = then (Gé, GI..) =0 and the condition for AT is empty.

max ) max

Proof of Lemma 12.12
Step 1: first identification of the flux
Let us freeze p? = pZ. Then assumption (12.65) implies that the flux

pt e (PRt pd), (' pd))

is a flux associated to a conservative germ, hence also a Hamilton-Jacobi germ for 1 : 1 junction. From [29]
for convex fluxes (and then also for concave fluxes), we know that such a germ is fully characterized by a
single real number A!, called a flux limiter (see also Proposition 12.1 for charcaterization of conservative
prefluxes, joint to the polar decomposition Theorem 11.8). Precisely, we have

(12.67)

S p3) = F(p',pd) = min {71L7’71R7A1} = min {Gl(pl)a Al} with { ,—}/IR(I;)l) ; FIR ()

where the constant A! depends on pZ = p?. We get a similar expression for sz = sz and a constant A2
depending on p'.

Step 2: using bell-shaped fluxes

Notice that all fluxes f7* have bell-shaped. Hence from Theorem 11.8 on polar decomposition, we know that

with a preflux function 4 : [0, +00)* — [0, 4+00)* and the capacity ¥ = (¥%,52) where 79 := (3L, 598) is
defined as in (12.67). This implies that

Step 3: intersection of the epigraphs
The proof is now a variant of Step 2 of the proof of Proposition 12.1. We consider the following set (also
modelled on the last line of (12.66))

S PR min{,—ylL’,—le} >A1(,—}/2) } j - AL ‘R, iR
S = {7€F7 ’ min {722, 42} S A2 with T := j£[2[0,f1 ()] x [0, f754 ()]

Recall that by definition, the preflux 4 is then locally constant on {'? #* Id[07+oo)4}. This implies that

A7) = (A1), AN (), A (1), A2(31)) <7 forall y€S
and then 4 is locally constant on S. Then A(3) := (A'(3?), A%2(5')) is also locally constant on S. In
particular A is constant on each connected component of S.
Then we have two cases.
Case A: S # ()
If ¥ € S, then A is locally constant and we deduce that

LN(7+[0,+00)*) C S

Then S is connected and A is constant on S. This implies that

§=set min {,ylL 1R} Al Al o 52)(2L, 2R) = G}
) min {,YQL QR} A2 A2 0 31)(cML, IR) = G2
which implies o ' _
0 < Gl < Gl := min { fIE(IL), fIR(IR))
Case B: S =10
Then, for later use, we set
(12.68) G{) =GJ . for j=1,2

Step 4: testing a condition
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Let -
&2 ._ )=~ T min {7,517} > {11(’72) &2 ._ [~ . &2 2L 4 =2R
= {7 €0 | min {52, 520) < R2(31), § 0SS {rest a5

Then for j = 2 and for 7 € 5’37 we get that
P ) = AN

is locally constant in max {3%,72%}, and then only depends on G? := min {7?*,52%}. For 4! fixed, we
deduce by continuity that A only depends on G2 := min {f‘yzL, ’yQR}. Hence

if %40
ALY = ANG?) { with A'=GE if §2=0 and S#£0
with A! =Gl if S2=0 andS=10

max

and similarly for G' := min {7'£, 5%}, we have

N I
A%(71) = A%2(GY) with A>=Gf  if S'=0 and S#0
with A?2=G2,. if S'=0 and S=0

Step 5: conclusion
In all cases, we have

(OZmEE@ we @ mmr
and ] o G' > AY(G?) yel g0
s={v€“ ‘ G2 > A2(GY) }:{Ven ‘ ¢*> 6} }
for some G} € [0, GL,,.]. On the model of S, we now define the reduced sets
5= {(Gl,c:?) er, ’ giiﬁ;g; }: {(Gl’Gz) b ‘ g;ig% } G
and : o
§2 . {(Gl,GZ) er, ‘ 52 2 ﬁQEglg’ }
and : o
St {(Gl,G2) €r, ‘ és jZEglg, }
Case A: S # 10

Then we know that G% < @I and

max

Al = const =Gy on  (GE,G2 ..
{ A? =const = G2 on (G},GL..]
which shows (12.66).
Case B: S =10
Hence
G!' > AYG*)} c {G* < A*(G")} and then 52 #0)

{ %GQ > A%(Gh)} C gGl < Al(GQ)% and then St £ ()
Then the choice (12.68) insures that (12.66) also holds true.
Step 6: conversely 4
Conversely, assume that f is given by (12.66), hence with in particular for G7 = G/ (pd)

{ ) = FR(r) = min {G1, AY(G?))
F2H(p) = f2R(r) = min { G2, 4%(G") }
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Let us check that f is locally constant. Fix pg such that
FH(po) = min {G*, AY(G*)} < fM(py") with @' = min {5 (pg"), S (5"}
then let us show that f is locally constant in p'f. Because FEPLE) < 1R~ (phR), we deduce that
min {G, A(G?)} < [ (pa")

Case A: f'0F (pgh) < fH7~ (")
Then G' is locally constant in p'%, and this is also the case of f
Case B: f'"*(pg") > f1 (py")
Then
G' > AYG?)
and f1¢ is locally constant in p'%.
Case B.1: G% < A%(G)
Then f20‘ is locally constant in p!'.
Case B.2: G? > A%(G)
Then (G, G?) € S. Because A2 is constant on S, we deduce that fQO‘ is locally constant in p'f.
Case B.3: G? = A%(G))
For frozen p? := p3 and p't := pll, if pi# — fQL(p) = fQR(p) is not locally constant, then A%(G4) with
Gl = GY(p¢F, p'?) takes a different value than G?(p3). Hence we enter in Cases B.1 or B.2. But in each
of those two cases, this implies that f2L is locally constant in p'®. By continuity of f1L, we deduce that
flL = flR is still locally constant in Case B.3.
Notice that the same reasoning also shows that

A'%(3) := (min {G*, AH(G?)}, wi J o in {59F ~IR
{a%w — (min{c2 4G}, W @ min {3

is locally constant on {"y #1 d[07+00)4} and then is a preflux. Then polar decomposition Theorem 11.8 implies

that f is a Godunov flux associated to a Riemann germ G := {f = f}

Step 7: the monotone case . R

Recall, from Lemma 5.5, that G is monotone if and only if f = fg satisfies (say in the sense of monotone
functions)

095 f* <0 forall a#p

with 0/l =1 = —0¢7% ie.
a2Lf1L S 07 alRflL S 0) 62Rf1L S 0)
31Lf2L <0, 8lRf2L, <0 82Rf2L <0,

where O1r flL < 0 and Osp fQL < 0 are automatically satisfied. Because G2 has opposite monotonicities
in p? and p?f, we deduce that A' can be chosen constant (and similarly for A2). Conversely, if A7 are
constant functions, then it is straightforward that G is monotone.

Step 8: the Kruzkov case

Recall from Theorem 2.29, that for conservative germs, monotone germs coincide with Kruzkov germs. This
gives the result. This ends the proof of the lemma.

Lemma 12.14 (Intersection of n conservative lines for bell-shaped fluxes)

Assume (2.2) for N = 2n with n : n junctions, and call f and fiF respectively the j-th ingoing and
j-the outgoing fluzes for j = 1,...,n. Assume that each f7% is strictly concave with mazimum at c’® €
(@?*,67%) and fi%(a’®) = 0 = fI4(/*). Let G C [a,b] be a closed generalized Riemann germ satisfying for
p= ", p, . pnh ) with p = (p7F, pIR)

(12.69) gc () ¥, with ¥ :={pefab], L") =Rp")}
j=1
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which means that each j-th line J'L U {0} U JIB ~ R is conservative. We set
GY(p) = G7 () == min { 12 (p/0), 7 (')}, Gl := min { f75(IT), 7R}

Let f = (flL, flR, e f"L, f”R) be the Godunov flux associated to the Riemann germ G.
i) (Characterization of Godunov flux)
Then there exists a function A such that we have fora=L R
(12.70)
fi*=A oG with G:= (G*,...,G™) with a prefluz A= (/11,...,/1") : [0, +00)™ = [0, +00)"
Moreover the function A has a unique restriction to H 0,G2..]. In particular 0 < AJ(G) < G7, and

j=1,....n
A is locally constant in the variable G7 on the set {A](G) < Gj}.

Conwversely, sz satisfies (12.70), then f is the Godunov flux associated to a Riemann germ G = {f = f}
which satisfies (12.69).

ii) (Identification of monotone case)

Moreover G is monotone if and only if the function A satisfies on H [0,G7 ]

max

(12.71) A¥(G) = min {G7,A7}  for some constant A7 for j=1,...,n

iii) (Identification of KruZzkov case) R
Moreover G is Kruzkov if and only if the function A satisfies (12.71).

Remark 12.15 Notice that (12.70) is a special sort of polar decomposition of f

Proof of Lemma 12.14

Step 1: special case n =2

Step 1.1: identification of the flux f

Then we can apply Lemma 12.12. It shows that

with G := (G*,G?)

We know that A7 : [0,GY,..] — [0,Gl..]. Up to extend A', A' by continuity on [0,+0c0) as constant
functions where they are extended, we see that A := (A!, A?) is a continuous function defined on [0, +00)?.

By definition, we see that A! is nondecreasing in G'. Moreover 0 < A'(G) < G' and A’ is locally constant in
G! on {Al(G) < Gl}. Moreover generally, Step 6 of the proof of Lemma 12.12 shows that A|[0,G11 1%[0,G2

hnax Frax]
is a preflux, and then is locally constant. It is then easy to see that this is still true for the full function A.
Step 1.2: conversely
Conversely, let us assume that

fla _ A1 . . . . .
{ ;2“ ; ggEgi with G :=(G',G?), G’ :=min {fJL,Jr(pJL),f]R,*(p]R)}

where A = (A, A2) : [0, +00)2 — [0,400)? is a preflux. Let us show that f is a Godunov flux associated to
a Riemann germ. To this end, it is sufficient to check that

SAL(5) — A ; T
{7 (7) =14 with G := min {57%,57F}
gl

is such that 4 is a preflux.

First, 4 : [0, +00)* = [0,400)? is continuous, and using the fact that A : [0,400)2 — [0, +00)? is a preflux,
we deduce that 0 < 4 < Idjy {04, and that 37* is nondecreasing in 57°.

It remains to check that 4 is locally constant on {¥ # Idjg toc)s }. Assume that 4'%(5) < 2. Then

Al(Gl,G2) < ,71R < Gl
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Because A is preflux and then locally constant, we deduce that A(G) is locally constant in G' on
{AI(G) < Gl}, and then 4 locally constant in 4'% on {4'%(5) < 4'®}. The reasoning with the other
components of 7 is exactly the same. Therefore 7 is a locally constant on {’y =+ Id[0,+oo)4}, and is then a

preflux. We conclude that f = 4 o4 is a Godulov flux associated to a Riemann germ G := {f = f} with
f — (flL flR fZL fZR).
Step 2: special case n > 3 .
Step 2.1: identification of the flux f
We already assume that freezing one variable p* := (p*L, p*f), for the n — 1 variables p? for j # k, the
statement of Lemma 12.14 holds true. Hence there exists a map Ay : R*~! — R"~! such that for j # k, we
have
)= PRp) = ALGY, ..., GF 1 GRL G ph), Ak
Because n > 3, we can freeze another variable ¢ € {1,...,n}\ {k}, and get similarly
ij(p) = fJR(p) = A‘;(G:l? MR Gk_l) Gk+17 et Gn;pk) = A‘z(G17 MR Gé_l’ G£+17 MR G',L;pe)’ j # k7£

This implies that the dependence of A{c in p* is done through

Glc — min {,VkLv,—ykR} , ’VkL .— ka,Jr(pkL)’ ’_)/kR .— fkR,f(plcR)
Therefore B B N

fEp) = fR(p) = A1(G) with G=(G',....,G"), j=1,....n
Moreover A7 inherits the properties of A{c and Aﬁ, In particular

0<AI(G)< G, G A is nondecreasing

and A = (A',...,A") : [0,400)" — [0,400)" is continuous. Moreover A is locally constant in GY on
{Aj (G) < Gj}. All these properties just show that A is a preflux.

Step 2.2: conversely
Conversely, let us assume that for « = L, R

f¥p)=A oG with G:=(GY,...,G"), G :=min{f/LHpL), PR

where A = (A!,..., A™) : [0,400)" — [0,400)" is a preflux. We show that G := {f = f} is a Riemann
germ proving that the map 4 := (§1L, 41 ... 41" 47E) 1 [0, +00)?" — [0,+00)?" is a preflux, where for
a = L, R, we define _ N _ _

47(3) == AY(G) with G :=min {5'* 71}
It is straightforward to deduce from the properties of A that 4 is continuous, satisfies 0 < 4 < I d[0,400)2n
and 47 is nondecreasing in 47¢. Let us now check that 4 is locally constant on {& #+ Id[07+oo)2n}. Con-

sider 4'7(5) < 5% < G. Then the local constancy of A implies that 4 is locally constant in 5% on
{’le("y) < '_le}. The same property also holds for all other components than 4'#. This shows the expected
local constancy of 4.
Step 3: identification of monotone property
Recall, from Lemma 5.5, that G is monotone if and only if f = fg satisfies (say in the sense of monotone
functions)
U(J‘@gfo‘ <0 forall a#p

with o/l =1 = -0’ ie.

8ijkL < O, 8ijkL < 0 for all j 75 k

Because GY has opposite monotonicities in p/Z and p/®, we deduce from (12.70) that A* is independent on
G7 for j # k. Hence

A¥(G) = min {G*, A¥}

for some constant A*.

Step 4: identification of Kruzkov property

Recall from Theorem 2.29, that for conservative germs, monotone germs coincide with Kruzkov germs. This

gives the result. This ends the proof of the lemma.

Proof of Proposition 2.47
We just apply ii) of Lemma 12.14.
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12.7 Refined structure of prefluxes

Lemma 12.16 (Pseudo-stratification of prefluxes)
Let N > 1 and 4 : [0, +00)Y — [0, +00)V be a preflur. We set

X = {"Ay = id[0,+oo)N}

For a subset I C {1,...,N}, we define the sets

J ~J eI
szz{ve[0,+oo)N7 ‘Wj()<7 forall je }

/7
) =4 foral jé&I

A
and
{0} if I=10
(12.72) Xr={peX, p+I;CQr} with Ij:= 2(074_00)% if T#0
jel
i) (Projection onto Xy)
Then Qp = X7+ 1I;. We also have the following partition
0,+00)V = |J Q, with Q=X=X; for I=0
1c{1,...,N}
and the projection map
’A)/|QI Q= X
where X1 is a closed set.
ii) (Graph property of X;)
Let
{0} if I=10
Vii=4 Y Re; if I#0

jel
Then consider the following orthogonal projection Proj‘%} . [0, +00)N — VIL onto the vector space VIl (i.e.

the orthogonal to Vi for the standard scalar product). Let Ky = Projéﬁ (X1).
Then Xy is the graph of a continuous map
KVIL — Vi
where Ky, is a closed set.
iii) (Inclusions)
ForallI,J C{l,...,N}, we have
IcJ] = X;>Xy

Remark 12.17 Notice that we may have Xy N Xy # O with INJ = 0. We may also have X1 N Xx #
but X ¢ Xy neither X; ¢ Xg. In order to illustrate those two cases, see Lemma 12.5 for conservative
prefluzes for 1 : 2 junctions (with I = {0}, J = {1} for the first example, and I = {0,2}, K = {0,1} for the
second example).

Proof of Lemma 12.16

Step 1: proof of i)

Step 1.1: projection of a partition
By definition, we first notice that

(12.73) QN =0 if I#J

Moreover, by definition, we have X; + II; C €. Because 4 is locally constant on {4 # idjy o)~ }, we
deduce that Q7 +II; C Qy, i.e. )
Qr=Q; +11I;

Then for any g € {25, one has
Y(g) € X and q€9(q) +1I; C
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Therefore 4(¢q) € X and this defines a projection map
’A}/|QI : Q] — X]

We also have the following partition

0,+00)V = |J @, with @;=X=X; for I=0
Ic{1,...,.N}
while the following
x= U x
I1c{1,...,N}

is not a partition of X.
Step 1.2: closedness
Consider a sequence of points p,, € X with p,, — p € X as n — +0c0. By assumption, we have p,, +1I; C ;.
Therefore, for all ¢ € 11y, we get
Y(pn +q) =P

By continuity of the preflux, we get at the limit
Yp+q) =p
which shows that p 4+ g € ; for all ¢ € II;. Hence
pEXr

and this shows that X is a closed set.
Step 2: proof of ii)
Consider the following orthogonal projection ®; := Projtﬁ : [0, +00)N — Vit and set

KVIL =0,(X;) C VIJ' N 1o, +OO)N

First, assume by contradiction, that there exist two points p,,py € X; with the same image ¢ := ®;(p..) for
¢ = a,b. By definition of X;, we have

pc-i-H[CQI, c:a,b

Then
4 =const on (p,+I)N(py+1I)#0

and this constant is equal to 4(p.) = p. for ¢ = a, b. Therefore p, = py. Hence the map
((I)I)\XI : X[ — KVIL

is injective. Hence ®; ! is well defined on the set Ky, and shows that X; is a graph above Ky ..
Moreover, because the projection ®; is continuous, we deduce that the set K vi = D7 (X7) is a closed set as

the image of a closed set. Using now the orthogonal projection onto V; instead onto VIJ-, let us consider the
map
Projy, o (&)~ " : Kyo =V

whose graph is precisely X;. Because the set X is closed, we deduce that the map Proj%/] o(®r)~tis
continuous. Therefore X is the graph of a continuous map K Ve — Vr.

Step 3: proof of iii)

Let I C J and let us show that X; C X;. Assume that I # J, otherwise the result is trivial. Let p € X
and g € II;. Then there exists a sequence

II;5 qE —qc II;
By assumption, we have p + ¢° € (2; and then

Ap+q)=p
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At the limit € — 0, we get
Y(p+q) =p forall ¢l

This means that p + II; C Qy, i.e. that p € X, and then X; C X;. This ends the proof of the lemma.

The following result generalizes Lemma 12.10 for more branches, but is illustrated on a particular flux,
which is piecewise linear (and then simplifies the presentation).

Lemma 12.18 (General properties of a germ for bell-shaped fluxes, in a particular case)
Let N > 1 and let us consider a prefluz 4 : [0,+00)Y — [0,+00) for a junction characterized by some
oo € {£1}". Assume the following bound

(12.74) X:={§y=idp v} COR]Y, R>F
for some R' >0 and set b:= R(1,...,1) € RN and a := Og~. Consider the functions
() =min{p’,2R-p’}, j=1,...,N

Then the following set

G:={pclatl, fo)=f)} with fi=407 and 5(p)= (7", /0 )
is a conservative Riemann germ, where
@) = f(min{p’,R}) and  f77 () = f/ (max {p’, R})

i) (Reflexion maps)
Let (e1,...,en) be a basis of RN . Now we define the reflexion maps for j=1,..., N

T [EL—I—OO)N - [0,+00)

g} =+ 2R=3)e

Now for o = (o*,...,0N) € {+1}", we define the map
oo o g o [0 if ol =1 012
TO =T TN Wi = if ol =—1" J =414

ii) (Explicit characterization of G)
We set

Qr = [0, RN
Then we have for all o € {£1}"

Go :=GN71°(Qr) =77(X1,) with L,:z{jé{l,...J\f}7 Uj#a(j)}

and where X is a closed subset of X, as defined in (12.72).
In particular, we have the following inclusions for all 0,0’ € {:tl}N

(1)1 (Go) € (r7) N Gor) if Ip DI

Proof of Lemma 12.18
For a set B C [0, +00)", we define
B? :=717(B)

Step 1: preliminaries
Notice that f o717 = f on Q2r. Then we get for p € Q%

_ i (p) if olol =+1

J = 0~
7'(p) { R if ool =-1
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i.e. for p=77(q), we get ¢ € Qg and

i e o @i afed =41
(12.75) (@) = Ho17)(9) {R it odod =1

Moreover ¢/ < (g°)7. Hence

o acu, 7efienat |ZHTD LTI bonn v i {i o vl
We deduce that

(12.76) for q€Qp, #(°)eX; with I,:= {j, ol # ag}

Furthermore, because 4(q) = g for g € X = {’Ay = id[g, {o0)N }, we deduce

(12.77) @) =q forall g€ X; with I,:= {j, ol + ag}

Step 2: application
We have
Go:=0NQRE={pe@r (o7 =/}

i.e. using ¢° defined in (12.75)

(r7) 7 (Go) ={a € Qr,  H(@7) =q} C4([0,+00)") = X
ie.
(1) HGe) ={ae X, (@)=} =X1,
where we have used (12.76) and (12.77) for the last equality. Therefore
go’ - TU(XI(,)

which shows point ii). This ends the proof of the lemma.

13 Quasi-prefluxes and their relaxation as prefluxes

13.1 Quasi-prefluxes and Riemann relaxation

In practice some functions are candidate for prefluxes, but sometimes are not, because they miss the local
constancy property (we will call them quasi-preflux). One way to remedy to this difficulty consists to do
some suitable Riemann relaxation of the candidate to finally get a genuine preflux.

On the model of Definition 11.1 for prefluxes, we introduce the following definition.

Definition 13.1 (Quasi-preflux)
Let N > 1. Let A = (A',...,AN) € (0,+00)N U {+00}™. A function 4o : [0,400)N — RN s said to be a
A-quasi-preflux (or simply quasi-preflux) if it satisfies the following conditions
(13.1) _
4o 1 [0, +00)N — RN is continuous,  with moreover A : [0, +00)N — [0, +00)N if A = (400, ..., +00),

Y s Riemann monotone in the sense of Definition 2.12,

(%(9))1{gi=0y <0 and (%((J))quzxj} >0 foral j=1,...,N

i) (HJ quasi-preflux)
We say that the quasi-preflux 4o is HJ if

W =g forall j=1,...,N, for some function g:[0,+o0)N — R
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ii) (KruZzkov quasi-preflux)
We say that the quasi-preflux 4o is Kruzkov if

(132) 0= DI@A) = 3 signli =) (WO -} forall 5 € [0,400)"
j=1,....N

ii’) (Lipschitz Kruzkov quasi-preflux)

We say that the quasi-prefluz 4o is Lipschitz Kruzkov if satisfies (15.2) and if furthermore %o : [0, +00)¥ —
RN is globally Lipschitz continuous.

iii) (o-monotone KruZzkov quasi-preflux)

We say that the quasi-preflux g is o-monotone Kruzkov if

0< DR = > sign” (7 =) {HE) - RO} Sor all 3,7 € [0,400)"
j=1,..,N

(where we make some abuse of notation for sign"j = sign™ or sign” ).
iv) (0-monotone quasi-preflux)
We say that the quasi-preflux 4y is o-monotone if

(13.3) the maps vy aj’yé (7) are nonincreasing in the variable c*~* for all k # j.

v) (conservative quasi-preflux)
We say that the quasi-preflux 4o is conservative if

(13.4) > o4 =0

j=1,...N

We also say that the quasi-prefluz 4 is n:m conservative if n is the number of indices j such that o/ = —1
and m is the number of indices j such that o9 = +1.

vi) (Bounded continuity on the box [0, +00]")

We say that the quasi-prefluz 4o is boundedly continuous on the boz [0,+oo|™, if for any p > 0, it admits
an extension (still denoted by o) such that

. py [0,+00]V N .
A g ([—p, p]V = [=p, p] 18 continuous
—_——0, N
where 45 M ([—p, pIV) is the closure in the box [0,+00]™ of the set 45 ' ([—p, p]V) C [0, +00) .

vi’) (Bounded local constancy at infinity)

For quasi-prefluz 4o which is boundedly continuous on the box [0, +oo]™, we say that Ao is boundedly locally

constant at infinity if for any 7 € [0, +o00] with
I'={je{l,....N}, ¥ =+oco with#(¥) bounded} # 0
there exists p > 0 such that

. . _ . g P if jel
= const = on + 0,+o00)e; with =< . [P
Yo Yo(%) Vo ];[ )ej o { 79 if j€1

vii) (Uniform local bound)
We say that a quasi-prefluz 4o : [0, +00)Y — RY is uniformly locally bounded if there exists a continuous
map F : [0,+00) — [0, +00) such that

Remark 13.2 (A sufficient condition)

1) (Generalities)

If 4o satisfies 0 < 4o < idjg o0)v , then this implies the third line of (15.1).
Notice also that any preflux is a quasi-preflux.

2) (Conditions at infinity)
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Notice that part vi), vi’) of Definition 13.1 will be in particular used in Proposition 13.8 for Riemann
relazation Reo, while condition vii) will be additionally required in part v) of Lemma 13.12 for the gluing
with \° = +o00 (i.e. with no flur limiter on the link between two junctions).

3) (Lipschitz Kruzkov versus Kruzkov)

Notice that a quasi-prefluz can be Kruzkov without being Lipschitz continuous (examples are easy to construct
by composition from the right of Lipschitz Kruzkov quasi-prefluzes by Hélder functions).

On the other hand, Proposition 5.9 shows that any Kruzkov function which is Lipschitz, is automatically
Riemann monotone, which is a key property to check that a function is a quasi-prefluz. Still we do not
know if a Kruzkov function which is not Lipschitz is necessarily Riemann monotone or not.
For this reason, at some places it will be useful to distinguish between Lipschitz Kruzkov and Kruzkov.

We start with the following result.

Lemma 13.3 (Conservative quasi-prefluxes: equivalence between Kruzkov and cp-mononotonicity)
Let N > 1 and X € (0,+00)Y U {+o0}" a function 3y : [0,+00)N — RN with values in [0,+00)N if
A= (+00,...,4+00). Assume that \ satisfies the third line of (13.1). Assume moreover that it satisfies the
conservative relation (13.4) for an orientation o € {£1}".

i) Then 4o is a Kruzkov quasi-prefluz if and only if it satisfies the og-monotone condition (13.3).

ii) In particular, any conservative quasi-prefluz is Kruzkov if and only if it is og-monotone.

Proof of Lemma 13.3

We assume that 4 is og-conservative (in the sense of (13.4)).

Step 1: quasi-preflux property

If 4¢ satisfies moreover the og-monotone condition (13.3), then Proposition 5.9 with o := (1,1,...,1) shows
that 49 = 0 ¢ 9o is Riemann monotone, and is then a quasi-preflux.

Step 2: equivalence

On the other hand, for any quasi-preflux 4y, Lemma 6.6 shows that 4¢ is Kruzkov if and only if it is
op-monotone. This ends the proof.

Theorem 13.4 (Riemann relaxation R of \-quasi-prefluxes)

Let N > 1 and X € (0,400)N, and consider a junction whose orientations of the branches are described by
oo € {:i:l}N, Let us consider a \-quasi-prefluz 4 : [0,4+00)Y — RN in the sense of Definition 13.1. We
define the doubling set

(13.5) Dy = {(A", M%) € [0,A]%, max {\"I NBIY =N forall j=1,...,N}
For any 4 € [0, \], we consider (AL, \F) € Dy solutions of
(13.6) min {77, AE)7} =45(\F), j=1,...,N.

Then the set
Ry = {(A\",\F) e Dy solution of (13.6)}

is non-empty, and the set
(13.7) Ay = {Fo(\F), (A", AF) e R4}
is reduced to a singleton

(13.8) Ay = {73}
This defines a map 4y : [0, \] — [0, \], that we extend to [0, 4+00)N, setting

s [0,4+00)Y  — [0, +00)N
2 = (o Th)(W)

where T is the truncation operator

(13.9) T5(%) := (min {5, X'}, ..., min {77, AV }).
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i) (Riemann relaxation operator %5 ”on the box [0, \]””)
Then we set

(13.10) R0 = Vs
with 45 defined just above. Then the function 4y o T is a \-quasi-prefluzr, and we have
(13.11) Rx(J0 0 Tx) = Rx%o

and Ay, is also a \-quasi-prefluz.

ii) (Preflux property)

Moreover 4y, : [0, +00)N — [0, 4+00)Y is a prefluz.

iii) (Projection property)

We also have R375 = J5. More generally, if 4 is a preflux satisfying 4 o Ty =4, then Ry = 7.

Theorem 13.4 implies in particular Theorem 2.43 of the Introduction.

Remark 13.5 (Unfolding with the doubling set Dy)
Recall that the prefluz is a sort of folding of the Godunov fluz, in the case of bell-shaped original fluzes. The
situation is like for the square function, where every value in the image has two pre-images (except only one
for the critical value of the function). For the prefluzes, one way to unfold the situation, is to introduce the
doubling set D5.

Notice also that the notation (A, ) with L for left and R for right has to do with the positions of
vectors in the couple (\F; A\T), but nothing to do with the orientations of the branches of the junction.

Proof of Theorem 13.4

The proof is modeled on the proof of Proposition 7.1.

Step 1: preliminaries

We define a few maps and will use later on their properties. We define the injection

. [0,2)] — [0,A] x {1}V )
9 (q) == ¢ (¢) == min {¢7, 2N — ¢/},

q = (g(Q)aaq) with i +1 if qj c [0_’ ;\j]_
TaT 21 i ¢d e (M, 2N]

(13.12)

Moreover for g € [0,2)], we define the functions

{ g (') = ¢’ (min {¢’, M}), " (¢’) = g’ (max {¢/, M })
ga(q) - gl,o ((]1),-- -7QN’U <qN))

Now for all A € [0, A] and sign vector o € {£1}", we define A% € [0, \] as

; N if o/=1
LAV B : =
(13.13) (A7) ._{ Y ei—_q| J=L.N
Then for any g € [0,2)], we get with notation (13.13)
(13.14) N7%% =g7(q) and A77%%1 =g"7(q) with (X 0q):=®(q) = (9(q),0q)
where the injection ® is defined in (13.12).
It is also natural to introduce the map
U (0,0 x {£1}V — D;
(A 0) = (A7)0

where Dy is defined in (13.5). It is easy to see that W is injective on ®([0,2)]) (because for any (), o) in
the image of ®, we have that M = M implies 0/ = +1). Moreover its is also easy to see that ¥4 ox)) 1
surjective onto D5, hence bijective.

Step 1: resolution on the box [0, 2)]
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We first notice that the function g := (g, ..., ¢"V) is bell-shaped on [a, b] := [0, 2]], and then for any choice

of o € {1}V, we see that
fi=%00¢% : [a,b] = RY

is a Godunov quasi-flux for a junction oriented by o. It is easy to check that f satisfies (7.1). In particular,
notice that

Ujfj((I)|qi=0 <0, Ujfj(Q)W:ng >0

and o ¢ f is Riemann monotone.
Hence we can consider its Riemann relaxation operator

R =R

given in Proposition 7.1, where we make explicit the dependence on ¢. Here ¢ is an artificial orientation of
the branches, and is not necessarily equal to gg. This corresponds to solve the following equation

(R () = GL (0, ¢') = min {g""' (0)), 9"~ (@) } = (9" (@), G =1, N,

for some ¢ € [0,2X], and (R f)(p) is known to be independent of the choice of such ¢. Because the Godunov
flux 7 f is associated to bell-shaped flux g, we deduce from the polar decomposition, that there exists some
preflux 45 (unique on the image [0, A] of the capacity ¢7) such that

(13.15) A7) = (R71)(p) = A0(9°(q)) for all 5 :=g7(p) € [0, A].

This is well defined because (P37 f)(p) depends on p only through ¢°(p) = 7, and ¢ satisfies
(13.16) min {3/,9"~7 (¢)} =3(s7(@), G=1,....N

In particular, for such a solution ¢ € [0, 2)], we deduce from (13.14) that

(13.17) M=% = ¢9(q) and AF:=A"7%% =g¢79(q) with \:=g(q)

which shows that (AL, \f) € R~, and then R is not empty.
Step 2: singleton property of As
Conversely, let us consider any (A", \®) € R5, which then satisfies

(13.18) min {wﬂ', (XL)J'} =50, j=1,...,N

Given o € {:I:l}N as above, it is then easy to see (as for the bijection W o ®) that there exists some § € [0, 2]
such that o
(977(d), 97(q)) = (A", AF)
and then (13.18) shows that
min {77, (¢7°(@))'} =% (¢"(@), j=1....N
From (13.15), we deduce that
33(3) == (R7))(p) = A0(9°(9) = (A\) forall (A", A7) € Ry

which shows that A5 is reduced to a singleton.
Step 3: proof of i) and ii)
We want in particular to show that 75 satisfies (13.1). This follows from the fact that by construction 45 is
a preflux on the box [0, A], and then on [0, +00)"V by extension 75 = 75 o T}, due to Lemma 11.12.
It remains to discuss the case of
’S/ = ’3/0 o Tj\.

Let us show that the continuous function 7 : [0, +00)N — [0, +00)" is Riemann monotone. Assume that

(r—q) o{7() —3(@)} <0
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Let us define p := T5(p) and ¢ := Tx(q). Because we have

P =@ <l ¢l and (7 -@)@' —¢) =0
we deduce

(0 —q) o {5(P) —H(q)} <0

Because 9g is Riemann monotone, we deduce that 49(p) — % (¢) = 0, i.e. ¥(p) — F(g) = 0, and this shows
that 7 is also Riemann monotone. B
Now notice that in (13.6) defining 45 (%), we have A¥ < X, and then 4q(Af) = (40 o T5)(A\F). This shows
that 935 (%0 o T5) = R5(J0), and then proves (13.11).

Step 4: proof of iii)
Let 4 be a preflux such that 4 =4 o T5. We set

Yxi=Ryy, fi=F0g7

where f is a Godunov flux on the box [a, b] := [0, 2] such that ¢ ¢ f is Riemann monotone. Then on the one
hand, we have 98 f = f on [a, b]. On the other hand, for 5 € [0, \], we have by construction with p € [0, 2]

(RsH)(A) = (R H)p) = fp) =4(7) with 7 :=¢°(p)
i.e. M3y =4 on [0,2)]. This result then extends to [0, +00)”. This shows point iii). This ends the proof of
the theorem.

Remark 13.6 (An example for N = 1)

For N = 1, consider the following quasi-prefluz 40(3') := %'71 and let X := \' € (0,+00). Then a direct
computation shows that (R5¥0)(7") = min {§*,A/2}. This shows that the values of the relazation Ry (F0)110,3]
does depend on .

Still in this case, we see that it is possible to define Moo (F0) as a limit of Ry (J0) as A — +oo, and this fact
will be generalized in Proposition 13.8 for quasi-prefluzes which are uniformly locally constant at infinity.

Lemma 13.7 (Polar decomposition for Godunov quasi-fluxes and compatibility of relaxations)

Assume (2.2) for N > 1 for a junction (J, f) with compact boz [a,b] C RY and with orientations oo € {+1}" .
Assume that f = (f1,..., fY) is bell-shaped in the sense of Definition 11.6, and let

Noi=flo=f(), j=1,...,N

For p € [a,b], let

EE

; : M) = f
13.19)  f°(p) = (f270(p"), ..., N0 (pV th {f.p.
(1319) f () = (P, VTGN i { LTS
Let go : [a,b] — RY satisfying
go : a,b] = [0, \] continuous
(13.20) 009 go : [a,b] = RY Riemann monotone
0 < o3g5(Digi=bir 0> 005()1gi=as

which implies in particular (7.1). In particular gy is a a Godunov quasi-fluz in the sense of Definition 2.22.
i) (Polar decomposition for Godunov quasi-fluxes and definition of 4;)

Then for X\ := f(c) = (fX(c'),..., fN(cN)), there exists a uniquely defined function 4q : [0, +00)N — RV
satisfying

(13.21) 50 = 40 0 T

where T, is the truncation operator defined in (13.9), with the following "polar decomposition”

go =400 f7°
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Moreover g is a \-quasi-prefluz.
ii) (Compatibility of relaxations for quasi-fluxes and quasi-prefluxes)
Then we have the following compatibility relation between Riemann relaxations for Godunov quasi-fluz gg
and \-quasi-prefluz o :
Rgo =50 f7°  with 75 = Rx%

where R is defined in (7.3) for o := oy and where Ry is defined in (15.10).

Proof of Lemma 13.7 _ v

Point i) follows from the monotonicity of the functions f76 and their strict monotonicity on (f7-6)=1([0, M)).
This allows to define uniquely (§0))(0,5; and then to extend it through (13.21). Then the fact that 4o satisfies
(13.1) follows from (13.20). Point ii) follows from a variant of (13.15) in the special case o := g, with
piecewise linear functions g replaced by bell-shaped functions f. This ends the proof of the lemma.

13.2 Riemann relaxation of quasi-prefluxes on the box [0, +oo]V

For an example of quasi-preflux illustrating this section, we refer the reader to Lemma 14.1.

Proposition 13.8 (Riemann relaxation of quasi-prefluxes on the box [0, +o0o]")

Assume N > 1. Let 4 : [0, +00)N — RN be a quasi-prefluz which is boundedly continuous on the box

[0, +00]", and boundedly locally constant at infinity, in the sense of vi) and vi’) in Definition 13.1.
Given any X € [0, +00)N, let M5Ho be the preflur obtained by the Riemann relaxation of the quasi-preflus

A0, as defined in (15.10).

i) (Definition of R.4o)

Then there exists a prefluz 4 : [0,+00)™ — [0, +00)Y such that for every 7 € [0, +00)Y, we have

13.22 4(3) = lim R50) (7
(13.22) 3(7) [o,+oo>N9x%<+oo,...,+oo>( 30)(9)

We denote this preflux as
i)%00’3/0 = ’3/

N »

that we call the Riemann relaxation ”on the boz [0, +0oc] of the quasi-preflux 7.

ii) (A characterization of R..7o)
Let Ao := (AL, ..., AN) i= (+00,...,+00). We define the doubling set

(13.23) Dy _ = {(\" A% € [0,A)?, max {NI AT} =N forall j=1,...,N}
For any 7 € [0, +00), we consider (\-,\%) € D5__ solutions of
(13.24) min {77, A7} =45(\F), j=1,...,N

where when AF contains infinite components, then Yo(A\%) is uniquely defined as any bounded limit. Then
the set
Ry = {(A\,A®) e Dy solution of (15.24)}

is non-empty, and the set

(13.25) Ay = {505, (A eRs}
is reduced to a singleton

(13.26) Ay ={3(9)}-

iii) (Additional properties)
Moreover as a quasi-prefluz, the function 4 is boundedly continuous on the boz [0,+o0c]N and boundedly
locally constant at infinity.
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Proof of Proposition 13.8
Step 1: limit along a subsequence -
Fix some 7 € [0,400)", and consider some X € (0,+00)". Then there exists (AL, \f) € D5 solution of

mln{ AJL} OB, j=1,....N
with ‘ '
0 <) <77
As A — (+00,...,+00), we see that 4o (AF) stays bounded, and up to extract a subsequence (still denoted
by \), we can assume that

(AL AT = (A, AL)
VO(AR) - %(/\ORO) € [0, +00)",
mm{vf )\JL} AOR), j=1,...,N

Moreover, because 4o is boundedly continuous on the box [0,+o00]" and boundedly locally constant at
infinity, we see that there exists py > 0 (large enough) such that for all p = (p*, ..., p") with p? > py and

)\JO"—mm{)\ ,pj} for 5=1,...,.N, a=L,R
we have

4o = const = 4o(A\2)  on )\f‘ + Z[O,—Foo)ej with I:={je{l,...,N}, Mf=+oo}
JeI
In particular, we can assume that
po >’ for all j,

po > A?L if AZL < o0,
po > ME if M < 400,

and then
{ . ()‘£7)‘£€) € ]D)Pv
min {37, M} =400\ F) =% (A\E),  Jj=1,...,N,

This shows that '
Fo(AL) = (R,90)(7) for all p= (p*,...,pN) with  p’ > pg

Step 2: change of subsequence and definition of §(7) )
For another choice of a subsequence, we may get some (A2 AE) € D(f,...,400) Such that Fo(AR) is the
limit of 'AyO()\§). Up to increase pg, the same reasoning as in Step 1 shows that

Fo(AE) = (RA0)(3) forall p=(p',...,p"N) with  p > p
Hence the limit is independent on the choice of the subsequence, and then is unique. Therefore we can set
A7) = (A%

Step 3: perturbation in § and proof of i)
As usual, the uniqueness implies the continuity of 4. Indeed, consider a sequence ¥, — Yoo € [0, +00)", and
an associated sequence (AL, Af) € D4 o0, 1oy Such that

min {7, M)} =4 (\F), j=1,....N

Up to extract a convergence subsequence with

(1327) ()‘sz7 )‘711%) ()\éw )‘oRo) € ]D)(Jroo,.u,Jroo) and ’?0()‘71?) - '3/0()‘50)
we get
(13.28) min {7, M)} =45 0E), ji=1,...,N
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Then
A(Fn) = 30(AF) = 4 (F0) = F0(AE)
where the last equality follows from arguments of Steps 1 and 2. This shows the continuity of 4.

It remains to show that 4 is locally constant on {’y #+ id[07+oo)}. But by construction, we know that for
any ¥ € [0, +00)", we have

R,(30)(7) = A7) as p— (+00,...,+00)

as pointwise limit of functions R, (o) which are locally constant on {R,(50) # id[0, 4+ 00)N }. This is then easy
to see that this implies that the limit 4 is also locally constant on {& # id[, 4 o0) } Therefore 4 is a preflux.
Step 4: proof of ii)
We first notice that construction of Steps 1 and 2 shows that any bounded limit 4o(A®) of 49(\) as A —
A € [0, 4+00]V is necessarily unique. Moreover, it shows that the set R is non empty. Because we also
have

A7) = (R9) () = F0(A)
this shows that A5 is reduced to the singleton 4(%).
Step 5: proof of iii)
Step 5.1: bounded continuity of 4 on the box [0, +00]
Let us show that 4 is boundedly continuous on the box [0, +00]". To this end, we consider a sequence
A — Ao as in Step 3, but now with ¥, € [0, +00]", where we expect to have Y., € 471([0, po]") for some
po > 0. This gives again (13.27)-(13.28), i.e.

in {57, ALY =453 (AB) € [0,p0], j=1,...,N
13. min {’ygo’()\OO) )} ’YO( o) > P0]s J i )
( i 29) { (/\éloa/\go) € D(+oo,...,+oo)

and

4(m) = oM7) = G0 (AX)
where we recall that we assume 4o(AZ) € [0, po]”¥'. Hence this provides the candidate 49(A2) to be 4(Foo)-
We still have to show that this value is uniquely defined. But by assumption,

min {’720, ()\50)3)} = % ()\ORO) with ’720 ;= min {ﬁ/go, po}

Hence

¥(¥o0) = H0(AL) = F(F0)
which shows the uniqueness of the value, and then defines (%, ). This shows in particular that 4 is continuous

N
on 4~1([0, po] ™V )[07+OO} . Therefore 4 is boundedly continuous on the box [0, +00]" as a quasi-preflux in the
sense of Definition 13.1.
Step 5.2: 4 boundedly locally constant at infinity
Assume that there exists pg > 0 and 4 € [0, +oc] such that 4(¥) € [0, po]?, and that

I={je{l,....N}, 7 =+oc0}#0
Let (\F\F) € D o....,+o0) be a solution of

min {77, M)} =45(\F), j=1,...,N
This implies that (A*)7 < py for all j € I. Therefore

4 = const = 4(7) = 50(\®) on Yoo + Z[O, +00)e;
jel

This shows that 4 is boundedly locally constant at infinity, as a quasi-preflux.
Step 5.3: conclusion

We conclude that Steps 5.1 and 5.2 show point iii).

This ends the proof of the proposition.
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13.3 Transfer of properties by Riemann relaxation of quasi-prefluxes

Lemma 13.9 (Transfer of properties by Riemann relaxation of quasi-prefluxes)
Assume N > 1 with sign vector og € {£1}". Let X € (0,+00)N. Let 4y : [0,400)Y — RN be a A-quasi-
prefluz such that 49 = 4o o T, where T is the truncation operator defined in (13.9). Let 45 := R550 be the
prefluz obtained by the Riemann relazation of the quasi-preflux 4o, as defined in (13.10).
i) (Finite )\)
If the quasi-prefluz 4y is HJ (resp. Kruzkov, og-monotone Kruzkov, og-monotone, conservative), then the
preflur R is HJI (resp. Kruzkov, og-monotone Kruzkov, og-monotone, conservative).

In particular if the quasi-preflux 4o is only Kruzkov, then R5%o is Lipschitz Kruzkov (as a quasi-prefluz).
ii) (Case of A\ = (+o0,...,+00))
Assume furthermore that the quasi-prefluz Ao : [0, +00)Y — [0, +00)" is boundedly continuous on the
box [0, +cc]”V, and boundedly locally constant at infinity, in the sense of vi) and vi’) in Definition 13.1.
Let RooAo be the Riemann relaxation on the box [0, 4+o0c]™N given by Proposition 18.8 for A = (+oo0, ..., +00).
Then the result of point i) is still valid for RecFo-

Proof of Lemma 13.9
Step 1: proof of i)
Recall that by construction, we have

(Rx90) 097 =M7f  with f:=490g”

where R? := R is the Riemann relaxation operator for junctions oriented by o (that may be chosen different
or equal to o). Then the result follows immediatetly from the polar decomposition i) of Lemma 13.7 and
from Proposition 7.4, which is the analogue of Lemma 13.9 for relaxation of Godunov quasi-fluxes to Godunov
fluxes, instead of relaxation of functions to prefluxes. Notice that for op-monotonicity and conservativity, it
is convenient to choose o := oy.

Step 2: proof of ii)

It is easy to see that the result follows from formula (13.22) defining R as a limit of Ry.

This ends the proof of the Lemma.

13.4 Gluing of quasi-prefluxes

We introduce the following definition (similar to Definition 5.11) which will be useful for gluing along index
j.

Definition 13.10 (j-local quasi-constancy)

Let N > 1 and some quasi-prefluz \ = (5\1, R S\N) 20, +00)N — RY in the sense of Definition 13.1.
Let j € {1,...,N}. Then we say that \ is j-locally quasi-constant if it satisfies the following.

For any 7 € [0, +00)Y, let

d(z) =AY+ - e;) defined for 39 + x € [0, +00).

Then _ ' _
® =const =®(0) on {ze[-7,400), ¥ (z)=2(0)}

Remark 13.11 Notice that by definition, any preflux v is a quasi-prefluz which is j-locally quasi-constant
in any indec j.

Example: (Lebacque quasi-preflux)
Consider the following Lebacque quasi-preflux for § = (0',6%) € (0,1)? with 6! 4+ 62 = 1 and for ¥ =
(7%,94,7%) € [0, +00)? A
{ AE(7) := min {ﬁk,ﬂkﬁ/o} , k=12
A7) = AT + X%(9)

Then it is easy to check that the quasi-preflux A is j-locally quasi-constant for all 7 = 0,1,2, but is not
locally constant on {& #+ id[07+oo)s}.
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Lemma 13.12 (Gluing of quasi-prefluxes)

Let v := «,f8, and Ny, > 2, and some quasi-prefluzes 5\7 : [0, +00)M — RN+, with notation SW =
(5\2, ceey 5\5”71). Let j, €{0,...,N, — 1}. Assume that each quasi-preflux /A\AY is jy-locally quasi-constant
in the sense of Definition 13.10. Let also consider the doubling set

Dyo == {(AL, A7) € [0,2°]%, max {\*, A} =X} for some A° € [0, +o0]
Then for any 5 = (Ya, %) € [0, +00)Ne=1 x [0, +00)N6 =1, consider the equation
(13.30) N (o ) = X5 (73, A7)
In order to simplify the presentation, let us assume that jo, = 0 = jg. Then the set
R:={(A\", A7) € Dyo,  with (AF, AF) solution of (15.50)}
is non empty and let us consider the set
A= {S\(ﬁ,)\L, AR)  with (A, M) € R}

with
AT AE AR = (AL (o AD), o AN (30, ALY AL (5, AR, o A0 (3, AT))

Then A is reduced to a singleton A = {\}, if \° is finite. Then this defines the following map

A: [0, 400)Na~1 x [0, +00)Ne—1 5 RNatNs—2
(Yo 75) = MFas78) = A
0) (G}uing quasi-prefluxes)
Then A is a quasi-preflux. We use the notation

(13.31) Ao B Agi=A
(ja :jBa)‘O)
which is defined here for jo = 0 = jg (and that can be easily generalized for indices jo € {0,..., Ny — 1}
and jg € {0, .. —1}).
i) (Gluing L1psch1tz Kruzkov quasi-prefluxes)
Assume that 5\7 are Lipschitz Kruzkov quasi-prefluzes for v = «a,8. Then ) is also a Lipschitz Kruzkov
quasi-prefluz.
ii) (Gluing HJ quasi-prefluxes)
Assume that 5\ are HJ quasi-prefluxes for v = a, 8. Then ) is also a HJ quasi-prefluz.
iii) (Gluing monotone quasi-prefluxes)
Assume that /\ are monotone quasi-prefluzes for v = a, 3 for orientations o~ € {il} Y. Then \ is also a
monotone quasi-preflur for orientation g with

- Np—1
(13.32) o=(0h,...,o0 " 0h,...,05° ).

iv) (Gluing conservative quasi-prefluxes)

Assume that 5\7 are conservative quasi-prefluzes for v = a, 8 for orientations o, € {il}N”. Then X is also
a conservative quasi-preflux for orientation o given by (13.32).

v) (Case \° = 40)

When \° = 400, we assume furthermore the following condition for both quasi-prefluzes /\ and in the sense
of Definition 13.1:

5\7 are boundedly continuous on the box [0, +oc]™> and boundedly locally constant at infinity,
(13.33) Ay are uniformly locally bounded,
Ay are o -conservative

Then points 0)-iv) are still true. Moreover A does satisfy (13.88), and is also given by

A= lim o A 4 A

T portoo (Jazigipo)
and we denote it as ) ~ R
Aa B Agi=A
(Ja:dp;+o0)
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Lemma 13.12 implies in particular Theorem 2.44 of the Introduction (because a preflux is in particular
a quasi-preflux which is j-locally quasi-constant for all j).

Proof of Lemma 13.12

Step 1: case \° < 400

Step 1.1: general construction

For A\, = (;\9/, . .,5\5771) € (0, 4+00)M with 5\3 =A% and j € {0,..., N, — 1}, we define the function

9; (r) == min {7"72/7\1% —r} for re [0,22Y]

Consider o, € {£1}™ with 6% = —1 and o = 1. Setting
Ay = Ay 0 95,

we see that 4, is a Godunov quasi-flux, which is moreover 0-locally quasi-constant, because the quasi-preflux
Ay is O-locally quasi-constant. Then it is easy to see that
o ﬁ ’AYﬂ
0:0 .
a ﬁ_ )‘[3
(0:0,X9)

2>
I
2

'Ayzéogg with

[>>
Il
P

with

Q

1 No—1. 1 Nﬁ_l)

og:=(0g,...,00°" 30,87""(17\;371
9= (9955981957 )

where 4 is a Godunov quasi-flux, because of Proposition 5.23. Hence polar decomposition for Godunov quasi-
fluxes (see i) of Lemma 13.7) shows that A is a quasi-preflux, at least on the box [, [0, M ] x [T;20[0, N3]

This shows that )\ is a quasi-preflux in the limit ;\37' — —+oo for j # 0.

Step 1.2: additional properties

When the quasi-prefluxes ;\7 are Lipschitz Kruzkov (resp. HJ, o,-monotone, conservative), then the quasi-
fluxes 4, are also Kruzkov (resp. HJ, monotone, conservative). Then from Proposition 5.23, we deduce that
4 is Lipschitz Kruzkov (resp. HJ, monotone, conservative). From polar decomposition (see i) of Lemma
13.7) and the very special expression of our choice of g%, we deduce that ) is then Lipschitz Kruzkov (resp.
HJ, o-monotone, conservative). a

Step 2: case \’ = 400

Step 2.1: definition of A\ at infinity

Step 2.1.1: first value for a subsequence

We want to deduce the result from Step 1, in the limit A\ — +o0o. From (13.30), we have for (AL, \%) =

(Afos A%0)

The fact that each 5\7 is conservative implies

M) < Y PG,

7j=1,...,.Nq—1
N@Es A < Y. F@E)
j=1,...,Ng—1

We deduce that both Ay Fa, )\fo) and 5\5@5, )\f—\%o) are bounded when \° — +00. Because each quasi-preflux

5\7 is boundedly continuous on the box [0, 4+0c]™ in the sense of Definition 13.1, we deduce (extracting a
subsequence convergent in [0, +00]?) that at the limit (A, AE)) — (AL, AE) € [0, +00]?, we have

(13.34) N (o M) = A3, AE) - with (M, M) e Do
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with candidate for é(ﬁa, 7g) the following quantity

N N — _ EN INg—1\,—
Ao 1= ((ALw"a)‘aNQ 1)(7047)\50);()‘;1%'“7)\[35 )(753)‘?0))

Step 2.1.2: value independent of the choice of the subsequence
At this point, let us consider another solution (A%, A\2) € D, o, of (13.34), and the quantity

- . = . CNa—1e, =
A 1= ((>‘(1137>‘0/Na 1)(7(17)\50);()‘}33"-7)‘55 )(753)‘50))

Then we have to show that

(13.35) Ao = A

Indeed, because both quasi-prefluxes 5\7 are boundedly locally constant at infinity, we see that we can replace
any infinite components of (AL, M%) and (A%, A) by finite ones equal to py > 0 for some pg > 0 large

enough, and then assume that o
(Moo Ae0)s (A%, AL € D,

whithout changing the values of the quasi-prefluxes. This shows that

(0:05p0)

which shows (13.35). This shows that A : [0, +00)NetNs=2 s RNa+Ns=2 i well defined, and satisfes

A= lim  Aa § s
po—Hoo (0:05p0) ’

Step 2.2: first additional properties
We now have to show that )\ is a quasi-preflux. The continuity is easy, because this is a perturbation
argument of Step 2.1, and follows (as it is usual) from the uniqueness of the limit value A . The bounds

oI
A

Ajyr—o = 0 for all index I

follow immediately from the same property for each ;\7.
We still have to show that A : [0, +00)NatNs=2 — RNa+N5=2 j5 Riemann monotone. To this end, consider
¥ = (Ja»¥p) and 7' = (7,,75), and assume that

(7 = {A) - A} <0

The point is that there exists py large enough such that

)= 0a 8 M)
A3 =0a t A)®@)

(0:0;p0)

Hence, because Ao # 5\/3 is Riemann monotone, we see that this implies that A is also Riemann monotone.
(0:05p0)
Therefore \ is a quasi-preflux.

In particular ) is o-conservative and is uniformly locally bounded. It also satisfies all expected additional
properties as in Step 1.2, for instance just by passage to the limit py — +o0.
Step 2.3: checking that A is boundedly continuous on the box [0, +0c0]
Consider a sequence ¥, = (Ja,n,¥8,n) = Foo = (Ya,00: V8,00) € [0, +oo]NatNe=2 guch that i(ﬁn) stays
bounded. Let (A%, A%) € D, , solution of

j‘g ('704,m )‘ﬁ) = j‘g(ﬁﬁ,n, )\5)

which stays bounded by the argument of Step 2.1. Hence, up to extract a subsequence (still denoted by (n)),
we have

No+Ng—2

(AL,AR) = (AL, AR ) € D

n’ n
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and R R
)‘gz('?%ooa )‘go) = )‘%(7757005 )‘oRc)

and

S s 3 ANa—1y/= N Ng—1y,~
An) = (A5 A3 ) (oo AS)s (A -, A" ) (Fp.00, AR)) =2 Ao

Here the value A, is well-defined for our subsequence, because both quasi-prefluxes 5\7 are boundedly

continuous on the boxes [0, +00]¥>. Moreover, up to replace every infinite components of 4, and of (AL, %),
we can apply the argument of Step 2.1.2, to deduce that the value A is independent of the choice of the
subsequence. Therefore the value A (Js0) is uniquely defined. Moreover, a variant of this argument also shows
that this value is continuous as a function of 9, i.e. that A7) = A(Js0) as A(7.,) stays bounded and
[0, +00]NetNs=2 5 5/ 5 5 € [0, 400]NetNs=2 We conclude that ) is boundedly continuous on the box
[0, +oo] NatNa=2,

Step 2.4: checking that A is locally constant at infinity

Consider now some 7 € [0, +-00] VetV =2 with

.= {index K, with 4% = 400 with A(9) bounded} £ 0
Then there exists (AL, A?) € Dy, such that
A" (Fay M) = A% (35, A7) € [0, +00)
and . . . . N
A(Y) = (()‘1117 EEE) )\i\h,—l)(ﬁ/a, )‘L); (/\,13’ R )‘Bﬁ )('757 )‘R))
Let p > 0 (large enough) such that for
ol it (
P T\ A <p 0 (1
and the sets

Zy:={(v,4) € I}

and also
)\g = min {p,)\c} , C=LR

with p > min {)\L, )\R} in case of min {)\L, )\R} < 400. Then (/\5, )\5) € D,. Because both 5\7 are boundedly
locally constant at infinity, we deduce that

Aa = const on ("ymp,/\ﬁ)—i— Z [0,400)e; p + 4]0, +0)ep
(a,j)GIa

As = const on (ﬁg?p,)\g)—i- Z [0, +00)e; p + 03[0, +00)eg
(B,3)€Ts
where
5.1 it M= o0 and 6.2t 1 i M= 400
Tl 0 i A <too T L0 i M < too

In particular, it is easy to see that this implies

A=const on 7, + Z [0, +00)ex  with 7, := (Fa,p,V8,p)
Kez

which shows that A is boundedly locally constant at infinity.
Step 2.5: conclusion
We conclude that A satisfies (13.33). This ends the proof of the lemma.

We refrain ourself to state and prove similar results on self-gluing and also on all possible associative
properties, but the reader can easily get them, when necessary, following the lines of this work.
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13.5 Commutation of relaxation and gluing of quasi-prefluxes

Lemma 13.13 (Commutation of Riemann relaxation and gluing of quasi-prefluxes)

Let v := «,, and Ny > 2, and some quasi-prefluzes 5\7 2 [0, +00)Nv — [0, +00)N7, with notation 5\7 =
(5\2, .. .,5\17\[”_1). Let j, € {0,...,N, —1}. Assume that each quasi-preflux 5\7 is j,-locally constant in
the sense of Definition 13.10.

Let A, € (0,+00)™ be a fluz-limiter with N9 = 5\% =: A0, We set

A= (AL AN AL AT € (0, +oo) Vet Va2

i) (Finite \?)
Then we have the following commutation of gluing and Riemann relazation

Rid= R ha) £ B, he) with Ai=Xa & Ay
N (Ja:ds,A°) (Ja:d5,A°)
ii) (Case \° = +0)
When A° = 400, we assume furthermore the following condition for both quasi-prefluzes Ay and in the sense
of Definition 13.1:

5\7 are boundedly continuous on the box [0, +o0o]N7 and boundedly locally constant at infinity,
(13.36) Ay are uniformly locally bounded,
Ay are o~ -conservative

Then point i) still holds true. Moreover SR;Q does satisfy (13.36).
iii) (Riemann relaxation f..)
Under assumption (13.36), we also have

Rood = Rocha) £ (Roods) with A=Ay £ A
(Jatip,+o0) (Jaijs,to0)

where the operator R is defined in point i) of Proposition 13.8.

Proof of Lemma 13.13
The result is a corollary of Proposition 7.6, using as usual polar decomposition, and translating the result
on quasi-prefluxes/prefluxes. We skip the details. This ends the proof of the lemma.

14 Examples of conservative quasi-prefluxes and their relaxations

14.1 Lebacque 1:n conservative quasi-preflux and its relaxation

For divergent junctions 1 : n, LEBACQUE introduces a candidate in [37] (see there the last model presented in
Subsection 6.2 ”"Modelling diverges”), which is also written in equation (5.3) in LEBACQUE, KHOSHYARAN
[38]. We discuss this candidate below.

We will see that this Lebacque candidate is unfortunately not a preflux, which means that it is not
associated to any Riemann solver. Nevertheless, it is a convenient quasi-preflux, and we show that it can be
Riemann relaxed into a genuine preflux (useful for both 1 :n and n : 1 junctions).

Lemma 14.1 (Relaxation of Lebacque 1:n quasi-preflux)
Assume N :=n+ 1 withn > 1 and a 1 : n junction with § = (6*,...,0") € (0,1]™ such that Z [
Jj=1,....n

1=:0° Fory=(3°...,53") € [0,400)", we consider the following function
A= X1 [0,400)N = [0, 4+00)V

defined by
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i) (Lebacque quasi-preflux)

Then \E¢ is not a preflux for n > 2. For all n > 1, the function e is a1 : n conservative Kruzkov
quasi-preflux in the sense of Definition 13.1, which is moreover uniformly locally constant at infinity. We
call it the Lebacque quasi-prefluz.

ii) (Riemann relaxation of Lebacque quasi-preflux)

Let A= (A, ..., A") € (0, +00)V. We define

AEE = My AL

where Ry, is the relaxation of quasi-prefluzes defined in (13.10) on the box [0, \].
Then &fe is a 1 : n conservative Kruzkov preflux, called Lebacque prefluz.

iii) (Explicit expression of Lebacque preflux)

Let 4 := ﬁ/{‘e and let us define

Y ::min{j\j,ﬂjxo}, j=0,...,n

o ::min{'?jj\j}7 ji=0,...,n

¢()‘OR) — | Z min {’:yj,ej)\OR} < Yoo 1= Z 7:/]'

J=1,..., n j=1,..., n
Then we have
AO(’?) = min 5/07(@)00}%
37 (%) := min {47, 07 \°"* } | =1,...,n
— zof::): { o139 } < g
Yoo if 7 2> ¢o,
with

0 . Y
Yoo I=SUP o

Jj=1,....,n

In particular
is independent on 7° while 7° > ¢uo

Moreover, we have

~L ~L
5= VKoortoo) © T

where T : [0, 4+00)" ™! — [0, ;\} is the truncation operator defined as
(T3(9)) =min {37, X}, j=0,....n
and

(14.2) Ao, to0) = lim Ale = M ALe.

X (400,001, 409)

Lemma 14.2 (Special case n = 2 and Daganzo formulation)

As we will see later on in Corollary 14.9, in the special case n = 2, Lebacque preflux was first introduced in
an equivalent formulation by Daganzo [17]. See in particular Remark 15.11 for the identification of Daganzo
formulation with Data Network prefluz, and then see Lemma 16.5 for the identification on the box [0, +oc]?
of Data Network preflux with Traffic Light prefluxz, whose special case is a Lebacque preflux for n = 2. The
point is that Lebacque quasi-preflur is so natural and general, that it is very convenient to call Lebacque
prefluz its Riemann relazation.

Remark 14.3 Notice that the limit in (14.2) is well-defined on the explicit expression. This also follows

from general result given in Proposition 13.8 applied to Lebacque quasi-preflux ALe (see for instance Lemma
14.10 below).

213



Remark 14.4 (Application of the quasi-preflux to numerical schemes)
If the Lebacque quasi-preflux is implemented in a standard scheme, then it is possible to show that the
numerical solution will converges at the limit to the solution to the continuous problem, whose associated

preflux is ﬁ/—fe .

We start with the following simple result, whose proof is left to the reader, but which will be used in the
proof of Lemma 14.1.

Lemma 14.5 (A basic result)
Let z,y € [0,+00) and \E, M\ € [0, +o0] satisfying

min {x, )\L} = min {y, )\R} ,
max {)\L, )\R} = 400
Then we have
min {o:, )\L} = min {y, /\R} = min {x, y} = min {)\L, )\R} .

Proof of Lemma 14.1

Step 1: proof of i)

Step 1.1: quasi-preflux

By definition, we have 0 < A< id[g, o)~ and )\ is continuous. Assume n > 2 and let us choose two indices
jo,j1 € {1,...,n} and 7. € (0, +00)" such that

T < 607,
P> 00
Then this implies that
A0(%) <2,
N (F.) = 07172
Hence there exists a neighborhood of 4, such that for all 4 in such a neighborhood, we have
M) =675 and A°(3) <7°
which shows that A° is not locally constant on {5\0(7) < "yo}. Therefore A = AL is not a preflux.

It is straightforward to check that AEe is a quasi-preflux.
Step 1.2: conservative Kruzkov quasi-preflux
We first notice that A is Lipschitz continuous and satisfies

ajj\j > Z \8j5\k| a.e. on [0,+00)", forall j=0,...,n
ke{0,...n}\ {5}

We deduce that A is a Kruzkov function in the following sense

DMp.g)i= Y- sign@’ — ') (V@) - V(@) 20 forall p.ge[o,+o0)"

From Proposition 5.9, we deduce that  : [0, +00)" — [0, +00)? is Riemann monotone. Moreover A satisfies

PUN S
j=1,....,n
i.e. is conservative.

Step 2: proof of ii)

From Step 1 and Lemma 13.9, we deduce that the Riemann relaxation ‘y%e = %:\5\ is a conservative Kruzkov
preflux.

Step 3: computation of the preflux and proof of iii)

Step 3.1: first computations

We set 4 := 4£¢. By definition, we have

’3/](’7) = min{’?ja)‘jL} :j‘j()‘R)a j=0,...,n
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with
(ML, AR) € Dy = {(XL,XR) e [0, N2, max{XiL,ij} =N forall j= 1,...,N}

Hence we get

min{’_yj,)\jL} :min{(‘)j)\OR,)\jR}, ji=1,...,n
(14.3) min{ﬁo,/\OL}: Z min{@j)\OR,/\jR},
j=1,....n
max{/\kL,)\kR}:Xk, k=0,...,n

The first line of (14.3) shows that (use for instance Lemma 14.5)
49(¥) = min {ﬁ/j,)\jL} = min {)\jL,)\jR} = min {ﬁj79j)\OR} , j=1,....n
and the second line means

min {7, A%} = 37 599,

j=1,....,n

Now using the third line of (14.3) , we get

min {3°, A% A"} = 3" min {37, 72, X, 9730}

Jj=1,....n
Setting B B
5 := min {"yk,)\k,ﬂk)\o} for k=0,...,n
we get
(14.4) min {7%, A%} = ¢(\°)  with ¢(A\°"):= > min {57,692}
j=1,....,n

where ¢ is a concave nondecreasing function.
Step 3.2: study of the function ¢ : [0, +0c0) — [0, +00)
Then, up to relabel the indices j = 1,...,n, we can assume that

) =n

Y g gl 30

0< —< =<...<—<)\
=l = p2 = =g =

and then ¢ is increasing on [0, g—n] and then constant on [g—n, +00), with value

(14.5) Do 1= Z 79 which satisfies ¢oo = max ¢ = ¢(A\°) < \°
j=1,....n

We define .

5’ e

) o7 if 7=1,...,n
¥ =

0 if j=0,

and get
dj(i/n) = $oo-

Step 3.3: solving equation (14.4)

Then we set _ B L
()\OL )\OR) — { ()‘07 ¢71(’70)) if ’:70 < ¢oo
’ (¢o0s7") if 30> oo

which is a solution of (14.4). This implies (14.1). The remaining results of point ii) are straightforward.
This ends the proof of the lemma.
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Corollary 14.6 (Long explicit Lebacque 1:n preflux for n > 1)
We work under assumptions of Lemma 14.1 with N = 1+n and consider Lebacque prefluz 4 = (3°,...,4™) :
[0, +00)" ! — [0, +00)" L forn > 1, and 5 = (3°,...,4™) € [0, +00)" L. Recall that 0° =1 =" 09

_ _ = j=1,....,n
with 67 € (0,1] and A = (\%,...,A") € (0,400)" L. We also set for \°F € [0, +o0)

A= min {’W,S\j,@jj\o} ,

,vyj = ;_L]
67 o for 7=0 n
H(AOF) .= Z min {':y],HJAOR}, J L
) ‘j:1,...,n
Y = d(¥)

i) (Case n=1)
Then 0 =1 and

3°#) =4'(7) =min {3°,7"'} = min {3°,5", A"} with A" := min {A°, A'}

where X' appears to be a classical fluz limiter for some 1 : 1 junction.
ii) (Case n = 2)

Then
4°(%) = min {3°,7' + 7%} = 3* +4H) ()
and
(91,70792,70) Zf ’}/O < ’Yi
(':}/1":}/0_':71) if ’_yi <’)/O <’73
(.7 vy
Al 22V 7\
(14.6) (7,47 (7) = assuming everywhere that At < A2
’_)/1 = ;3/1
with ¢ 72 = 05" + (1 - 01)7°
T <A

and all other cases (not indicated in (14.6)) are then obtained by permutations on the indices.
iii) (Case n = 3)

Then
(%) = min {3°,5" +3% +3°} = (31 + 42 +4°)(%)
and
(0'7°,6°3°,0°3°) if 30 <Al
— 2 — = 3 = =
Gt (0 =Y 15 -0 =AY i <Y <A
AR AR ). if 72 <0 <Al
21 s2 a3y ) (R A%A0) if 7 <A
(14.7) (459 ()
assuming everywhere that St <R? <3
W% — ’vy11 1 1\52
. v =0y + (1 —6)%
with % — 91;1 4 éz,uyz +)9,é,uy3
Vo A S

and all other cases (not indicated in (14.7)) are then obtained by permutations on the indices.
iv) (Case n > 4)
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Then

and for
¢a> :zﬁl‘F"'+'§n7
== (A0,
. i
& = , >k+1
Bl — (0" + -+ 0%) JEh
(0'7°,627°,...,6"3°) if 3<%
('7179171779?5/10) Zf ﬁi§ﬁ0<’73
(71a_2 02727~ aag_lﬁgvegﬁg) U‘ 73 S ﬁ0‘< Wf
(51’52’.._’§n—2,92 %72 279n 27n 2) U‘ ﬁ* -2 < 7 < Wn !
1 (§1’§2V"’§n72 ot en 1§n 1) U’ ?fgl < ﬁO < ?g
148) (GL.amm =4
(7% 3" if <y’
assuming everywhere that AR A PRI e L
Ve =7
Yy =09 4+ (1-01)5°
73 = 05 + 627+ (1 - (6" +62))7°
with :
e Y 0
j=1,n—1
Yo < SAY
and all other cases (not indicated in (14.8)) are then obtained by permutations on the indices {1,...,n}.

Notice that 0),_, = 1.

Remark 14.7 Notice that in Corollary 14.6, the quantity 5 fOT'j = 0 has a different definition than in the
proof of Lemma 14.1. Notice also that for A = (\°,...,\") = (400, ..., +00), then we have the simplification

ﬁ]zzﬁﬁ
Proof of Corollary 14.6

We simply make explicit the statement of Lemma 14.1. Again we can assume that the inequalities are strict

vn+1

(14.9) 0<3 < <3 <3 = poo,

because the general case with large inequalities can be recovered by continuity of the preflux.
Recall that ¢(5™) = ¢oo and ¢ < ¢ on [0,5™). Hence

0=30 <y < - <A =31 = s

and
20(5 i (50 —1(50 e 50
A7) = min {3°, ¢oo } , . or_ [ o770 if 30 <o
{wm m}wWW% with A= e i 50> ou
Recall that
5(3°,%") is independent of 7° while ¥ > ¢,

and then we can assume that

50 < oo
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Now for k= 0,...,n — 1, we have for % € [0, ¢o]

VST = A SR <y
0 =77 = MNE=ym

Case A: 70 < A" = ¢,
We see that A2 = ¢~1(50) satisfies for some k € {0,...,n — 1}

RO DD B DU SE AP S

i<k i>k
This means for £ =0,...,n — 1 that
(14.10)
—1 —1
NE=o ()= D¢ =D ) =(1-D¢] (°->_7%) when
J>k J<k J<k J<k

2c

k S AOR < ;?k‘i’l

Hence we see that that the explicit shape of ¢ changes when 5° takes values such that ¥ = ¢~1(3°), i.e.

such that 4 := 4%, Then, assuming (14.10), we get for j =1,...,n

if j<k,

. ) . ~J
@J(V)Zw'minW’AOR}:{ 6 ) i >k

07 -~ (7°)

This means for £k =0,...,n — 1, that
(14.11)

(3@ =G

-1
with )\(]R — (]571("7/0) — (Z 02) (3/0 _ Z,_—Yf) = |1= Z GZ

>k

AR OFFLNOR L gnpOR)
—1

CAEDIED

<k <k <k

where the second line is not defined for £ = n (but it then not used in the first line).
Case B: ,—yo > ¢oo
Then 7° > ¢, = 471, and

(14.12) (3.5

This ends the proof of the corollary.

We will need the following technical lemma.

Lemma 14.8 (A specific inequality)
Let

assuming that we have

y- <y<y<yt
(14.13) 0=,0" >0,
with 0,0 <1
Let _ .
xr—z r—z
xT) = =, xX) = =
o(z) 7 ¥(x) -4
and
y, = 'y, T.o=9 @)
Then
(14.14) v<¢ on [y.7] with y <7,

218

if yF <y <At



Proof of Lemma 14.8
We first notice that (14.14) is equivalent to

r—zZ— 0Tyt —0"y") cEZ
1—6-(6+—6-) ~—1-0

=
®

which itself is implied by the same inequality evaluated only for y~ 1=y < yt =7, i

r—Z—-(0"y—-0"y) x-%

14.15 _ Y -z . 0.7
(14.15) o) S1o5 o F@ for el e
Now, let

g:= w(x)i
o = 2
1—

Then (14.15) is equivalent to

g—(0rg—0"y) o
T <y for g€y

1—(0+—6-)
ie 0 (y—19) < 0+ (7 — §j), which is true because we even have
6 (y—§) <0< (m—9)

This ends the proof of the lemma.

Corollary 14.9 (Short explicit Lebacque 1:n preflux for n > 1)

We work under assumptions of Lemma 14.1 with N = 1+n and consider Lebacque preflur 4 = (3°,...,4™) :
[0, +00)**! — [0, +00)"*! forn > 1, and 5 = (3°,...,7") € [0, +00)"*!. Recall that ° =1=3._, 6
with 07 € (0,1] and A = (A\°,...,A") € (0, +00)" L. We also set

N = min{’_yj,jxjﬁjj\o},

L for j=0,...,n
V= wa
i) (Case n=1)
Then 6 =1 and
7°(%) =4 (%) = min {3°, 7" }
ii) (Case n = 2)
Then
(3 = min {3°, 31 +7%} = (4" +41) (%)
and
20 _ p222
©)3*) = min { st max 50, =0T
(1416) o
0)732) = min {2 max {50, =0T

iii) (Case n = 3)
Then

Let us consider

X, =11 for je{1,2,3}

PO e R
g 1= (07 +0%)

for 4, ke{1,2,3} with j#k
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and
S3 := max {fvyo,Xl,Xz,Xlz}

Sl (= max ’\?OaX27X3?X23
5% := max {%°, X3, X1, X3

Then we have

(14.17) (0/)7'47(3) =min {57, 87}  for j=1,2,3

iv) (Case n > 4)
Then

3) =min {3° 3"+ 43" = (3 4 +4M)(3)
For every set I C {1,...,n}, we define (including Yy :=%°)

’VYO _ Zgj:yj

Y= — 2L
1= 0
jeI
We also set _
ST = max Yr, forall j=1,....n
Ic{1,...n\{j}
Then
(14.18) = (07)"'4(3) = min {¥/,97}, forall j=1,....n

Proof of Corollary 14.9
Case i) is trivial. We focus on the general case n > 2. We only do the analysis in the special case where

(14.19) 0<y < <y™

All the other cases can be obtained by permutations on the indices, and then by continuity.
We define »

Ve =7

Ve =09 4+ (1-01)7

V=019 + 0252 + (1— (0" + 6%))7°

== Y T Yo et

k=1,..., J k=1,..., 7

=00 Y 0y
j=1,...,n—1
Vo <o <A

which satisfy _ _
77:1::?17 ’71<;$/J7 j:2a---7n

We also define (including 8°(5°) := 4°)

k=1,....
53(70):—1/1 7 , j=0,....,n—1
{ it 1 Z 9k
k=1,....j
which satisfy
BO() =4,
B () =4, B'(%2) =7,
B2 = 7% B*(7) =%,
BI() =47, BT =5+ 1<j<n-1
Bn_l(ﬁ’n_l) — ,i/n—l’ ﬂn—l(,ﬁr}) — ,?n7




Case 1: ' <7l <32 < ... <y

Then (14.8) gives
Vl""?'zyn):(507"'7/60):(’\?0""”\70)
(¥

We also have

Y < ( )|(’y ..... 1):=(%9,...,%) = '3’/0 < ﬁ/j7 j=1...

which 1mpheb Sk = 5° and then shows (14.18).
Case 2: ! < - <4l <A <75l <5it2 <...cy" for 1< j<n
Then (14.8) gives

G ) =G 8 8, BY)
Subcase 2.1: 1<k <j
Then, by definition of S¥, we have

(14.20) S* > Y, e1y = B4F0) > BF(9E) =%
Subcase 2.2: j+1<k<n
Then let
Ic{1,...,n}\{k}
We write ( )
_ . I_cA{1,...,75},
I=1_UlI, with { I C{j+1,. ...},
Hence
DOICES ET
% lel_ lely
I =
S S I
lel_ lely
We write
{1,....5y=1_UJ_, with I_NnJ_=0
and
> 0
1=1,....
0= 0" >0,
ZEI+
oD ST
leJ_
S oy
I=1,....
yti= (00 Y 0 25 =,
lEI+
yo=00)7 Y0 < =y,
led_
\./0 —_
o Yz
o(1") =T
y, =, 1
g.=7"
Then we get
,\?0_(Zoll ZGZ,YI_FZGZZ
Y, - I=1,.... leJ_ lely
D DD WS 3
I=1,....j leJ_ lel,

1—(@—0+6")

-z 0 j (50 0
ST = o) = FE0) for A0ely, 7=
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where the inequality follows from Lemma 14.8 and the fact that

B =4" for I=jj+1.
Therefore
(14.21) SP=pF) <P =51 <A

Conclusion of Case 2

From (14.20) and (14.21), we deduce that (14.18) holds true. In particular this implies Points ii), iii) and
iv) respectively for n =2, n =3 and n > 4.

This ends the proof of the lemma.

14.2 1:n conservative preflux (I): central case with variable coefficients

We start with the following result about quasi-prefluxes.

Lemma 14.10 (A family of central 1:n conservative quasi-prefluxes with variable coeflicients
0)
Let N :=1+4n withn > 1. We consider functions 67 for j =1,...,n, satisfying

67 [0,4+00) — [0,+00) continuous, for j=0,1,...,n

(14.22) S @) = A=), for all X € [0, +00)
j=1

We also consider the function X = (A\°,...,A") : [0,400)N — [0,400)N defined for 7 = (3°,...,7") €
[0, +00)™ by

N (%) ::min{ﬁj,éj(ﬁo)}, for j=1,...;n
(14.23)

i) (Quasi-preflux characterization)
Then the function A : [0, +00)Y — [0, +00)N is a quasi-prefluz if and only if the following additional condition
is satisfied

(14.24) 07 : [0, +00) = [0,400) is nondecreasing for j=0,1,....,n

ii) (Additional properties)

Assume now (14.24). Then \isa quasi-prefluz which is conservative and is also (in the sense of Definition
13.1):

1. uniformly locally bounded,

2. boundedly continuous on the box [0, +oo]V,

3. j-locally quasi-constant for all j = 1,...,n in the sense of Definition 13.10.

iii) (Further properties)

iii.a)

If

(14.25) 07 is increasing on [0,+00), forall j=1,...,n

then \ is j-locally quasi-constant for j = 0.
iii.b)
If

(14.26) 07 (+00) = 400 or 67 is constant on some interval [pj, +o0), forall j=1,...,n

then \ is boundedly locally constant at infinity.
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Proof of Lemma 14.10

Step 1: proof of i)

We first notice that A is continuous and satisfies 0 < A < id[y, o)~ . Recall that ) is then a quasi-preflux if
and only if it is Riemann monotone.

Step 1.1: Riemann monotonicity implies (14.24)

Assume by contradiction that (14.24) is false. Up to relabel the functions, we can assume that 0" is not
nondecreasing. Then n > 2. Moreover there exists 4°/,5° € [0, +00) such that

6'(7") <6'(3°) and 7" >7°>0

We define

Then we have

Indeed, we have (¥ — %) =0 for j =1,...,n and

A = min {31,01(5) } = 0*(5) < min {5,01(3°) } = A1(%)

>
<
~—~
\2\
S~—"
I
.
=
—
=2l
<.
4%)
=
o)
o
—
—
I
E.
=
— =
=2l
.
>
=
o)
NI
—
I
P
<
~—
=2
<
I
N
3

Because A(3') # A(7), we deduce that A is not Riemann monotone. Contradiction. Therefore (14.24) holds
true.

Step 1.2: (14.24) implies Riemann monotonicity

Consider 7,7 € [0, +00)", and assume that

(14.27) (7 =7 M) - Am} <0

Hence using (14.27), we get
(14.28) >3 = NEF)=N@)

Let . "
I:= {j e{l,....,n}, N&H)# AJ(?)}

If j € I, then (14.28) implies 49/ < 49. Therefore
I=I,Ul, with Iy:={jel, ¥ >%"}, IL:={jel, ¥ =%"}

Case A: je I, R R
Then (14.27) implies M (¥) > M (%) and

>3 2 min {7,857} = N (3) > ¥ (3) = min {.0(5°)}

This forces M (3°) = 67(3°) < 67(5%') and then



Case B: j € [

Then 59 = 59’ and M (') > M (5). Moreover because j € I, this forces again

N@E)>NE) with 7% >4

Conclusion
If I # (0, then we get

7' >3 and X@F)= > N@EF)> Y. V@G

Jj=1,....,n Jj=1,...,n

which gives a contradiction with (14.27). Therefore I = () and

M) =A(7)

which shows that ) is Riemann monotone.

Step 2: proof of ii)

Step 2.1: uniform local boundedness

Because 0 < A < idjp 4.o0)~v, We deduce that A is uniformly locally bounded.

Step 2.2: bounded continuity on the box [0, +oc]Y
Let p > 0 and a sequence 7; € [0, +00)" such that

;\('_Yk) € [O’ p]N

Up to extract a subsequence (still denoted (Fx)xren), we have

o —3% €[0,+00] and g — Foo € {7%} X [0, +00]"

Two cases may hold.
Case A: 7% = +o00
From the monotonicity of the functions 67, we deduce that

0(7)) = 0o € {+00} x [0, 4+00]"
where 0. is independent on the sequence. Let us consider the set

I:= {je{l,...,n}, égo:Jroo}

which is non empty because Z 07, =6° =5° = +00. Then

j=1,....n

7. €l0,p] forall jelI

Again, it is easy to see that A(;) converges to a limit which is continuous in 57, € [0,4oc] for all j €

{1,...,n}.

Case B: 7%, € [0, +0)

Then it is straightworward to see that 5\(’7;@) converges to a limit which is continuous in 4%, € [0, +00).

Conclusion

Cases A and B are not sufficient to conclude. But more generally if now 75 € [0, 4+00]" such that ;\('_yk) €
[0, p]V, then proceeding as in Cases A and B, we can easily conclude that A extends to a continuous function

[0,400]

on (A\)=1([0, p]V) . This shows that A is boundedly continuous on the box [0, +-00] V.

Step 2.3: j-local quasi-constancy for j=1,... n
Let 7 € [0, 4+00)" and
O(z) = AF+z-¢j)

Then (®7)~1(®(0)) is not reduced to a singleton if and only if 47 > 67(3°). In that case, we see that X is
locally independent on 47, and then ® is constant on (®7)~1(®(0)). This shows that A is j-locally quasi

constant for such j.
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Step 3: proof of iii)

Step 3.1: proof of iii.a)

Case 1: 7% > 0%(3°) for some k € {1,...,n}

Then locally \¥(5) = 6%(3°), and then \0 = dietom Al does depend on 6%(5°). Under assumption (14.25),
we see that A? is not locally constant on 5°. Therefore (®°)~1(®°(0)) is reduced to a singleton, and in
particular, we get

(14.29) ® = const on (®°)71(2°(0))

Case B: 7 = 6¥(3°) for some k € {1,...,n}
Similarly, we get that [—7°,0]N (®%)~1(®°(0)) is reduced to a singleton. Notice that [0, +-00) N (®%)~1(®°(0))
may be non reduced to a singleton, but then ®* = 5* is constant on it. We conclude that

(14.30) ®F = const on (®°)71(®°(0))

Case C: 77 < éj(ﬁo) for all j € {1,...,n}

Assume that 7* < %(5°) for some k € {1,...,n}. Then (14.30) is still true. Therefore, using Case B, we
see that (14.30) holds true for all k = 1,...,n and this implies (14.29).

Conclusion

We conclude that under assumption (14.25), then \is 0-locally quasi-constant.

Step 3.2: proof of iii.b)

Let 7 € [0,+00]N such that A(%) € [0, po]™ for some py > 0. Let

I:= {jE{O,...,n}, '_yj:+oo}

and for p > 0 large enough, consider

g fp i jeI
KR A Y

Notice that either 7° € [0, +00) or 4% = +0co. In both cases (using (14.26) in case 7° = +00), we deduce for
p > 0 large enough that
A = const = A\(3,) on 7,4+ Z[O, +00)e;
jeI
which shows that \ is boundedly locally constant at infinity.
This ends the proof of the lemma.

Lemma 14.11 (Central 1: n conservative Kruzkov prefluxes)
Let N :=14n withn > 1. We consider functions 67 for j =0,...,n, satisfying

63 [0, +00) — [0,+00) continuous increasing surjective, for j=0,1,...,n
(14.31) N .
SN =A=0°\) forall Xe[0,+00)
j=1
Given 7 := (Y, 4%, ...,7™) € [0, +00), we consider
M@) = min {3,000}, for j=1,....n
(14.32)

W= YW

Jj=1,...,n
Then X is a 1 : n conservative Kruzkov quasi-preflux. Moreover its Riemann relazation on the boz [0, 4+o00]™

4= R h
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is well-defined and is a 1 : n conservative Kruzkov prefluz.
Setting for \°F € [0, +00)
Poo 1= Z ,7]7

j=1,...in

6R) = Y- min {57,071 |

Jj=1,..., n

we moreover have
&0(’7) = min {’707 ¢oo}

(14.33) 59(3) = min {39, 09\F) | with X0 = {

'A% if A < 9
3% if 70> ¢

where ‘ A .
70 = osup ) with = GH1(F), j=0,1,...,n.

Moreover the map
[0, +00) ™ 35 = X°F € [0, +00) s continuous.

In particular, we also have

H(min{3%, ¢}, 7) =4(7) for 7=(F"7) with ¥ =G5
Proof of Lemma 14.11
Step 1: preliminaries
Notice that A is conservative for the orientation o = (¢%,...,0") = (1,—1,—1,...,—1) and is also o-

monotone, i.e. that ‘ N
ol N <0 forall k#j.

Then from ii) of Lemma 13.3, we easily deduce that \ is a Kruzkov quasi-preflux. Moreover, from Lemma
14.10, we deduce from assumption (14.31) that Aisa quasi-preflux which is boundedly continuous on the box
[0, +00]¥ and boundedly locally constant at infinity. From Proposition 13.8, we deduce that the Riemann
relaxation 4 := Roo ) is a well-defined preflux. Moreover, from ii) of Lemma 13.9, we also deduce that ¥ is
a o-conservative Kruzkov preflux.

Even if it is not useful here, let us also notice that \ is also uniformly locally bounded, and is j-locally
quasi-constant for all j = 0,...,n, in the sense of Definition 13.10.
Step 2: computation of 4
From ii) of Proposition 13.8, and for Ae := (400,...,+00) € {+o0}
(AL A) € Dy such that

1 .
+", we have the existence of some

39(3) = min {39, M} = min (MR 07(20F)}, j=l...n,
59(3) =min {720} = Y min{)\jR,éj(/\OR)}
j=1,....n
Hence
47(}) = min {’W,éj(/\OR)} = min { ML AR} j=1,...,n,
(14.34) 70(3) = min {70, A1) _ Z min {,—yj’éj(AOR)} —: (AR
Jj=1,..., n

We then define (with 60 = idjo, +o0) > @)
= (0)), j=1...n
Up to relabel the indices, let us assume that

(14.35) F=0<3 <A< <A <M = oo

¢

Moreover, we can assume that the inequalities are strict
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because the general case can be recovered by continuity of the preflux.
Then ¢ is increasing on [0,%4"] and then constant on [§", +00) with value

j=1,....,n
Then
Ve = (b(’?n) = ¢co

As a curiosity, let us notice that we get 4" = 6" ") > él(’yl) = F = oo, i€

=1,....n =1,....n l=1,....n

" 2 ¢

Then it is easy to see that

+o0,071(7°) it A0 < ¢u
14.37 0L N\ORY — { ( i P ’
(14.37) ( ) (P00 7™) if %> boo,

is a solution. With (14.34), we see that this implies the first and second lines of (14.33). Moreover, under
assumption (14.36), it is easy to check that

lim —L(30) = 37
¢m>au¢w¢ ¥) =%

It stays true under assumption (14.35), and then shows that more generally, we have

lim 617" =7% = sup ¥
Poo >0 = Poo j=1,....n

This shows that the map 4 + A% (as defined in (14.37)) is continuous. This ends the proof of the lemma.

Corollary 14.12 (Long explicit central 1:n conservative preflux)
We work under assumptions of Lemma 14.11 with N =1+mn and n > 1, and consider the 1 : n conservative
Kruzkov preflur 4 = (3°,...,4™) : [0,+00)"t! — [0, +00)" ! as given in Lemma 14.11. Recall that for

OB € [0, +00)

6% = - min {57,070}

. .j=17...,7’L . A~ .

o= o) with = 0 3), j=1,....n
with ¢ : [0, +00) — [0, +00) nondecreasing.
i) (Case n=1)
Then 6 = id[p,4o0) and

¥ =4'(3) = min {5°,5'}.

ii) (Case n = 2)

Then
7°(3) = min {3°,7" +7°} = (3' +4%) (%)
and
(6'(3%),6*(7)) if 3% <
73 =4 if <A<
14.38 A =4 o
( ) (’Y 0 )(7) (’Yl,’YQ) if ’Yf < ,}/0
assuming everywhere that 31 < 52

and all other cases (not indicated in (14.38)) are then obtained by permutations on the indices.
iii) (Case n = 3)
Then

() =min {7°, 7' +7° +7°} = (3* + 42 +4)(3)
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(14.39) A )

(0'(3°),0%(7°),6°(3°))

(’7)/1, (é2 o (id[o,Jroo) —é ) 1)('70 - ’71)’ (é3 © (id[O,Jroo) - él)_l)(:}/o - 71))
#3LA%54 =9 35723° - (31 +7%)

assuming everywhere that

and all other cases (not indicated in (14.39)) are then obtained by permutations on the indices.
iv) (Case n > 4)

Then
() = min {7°,3" +- 3" = G+ 4 ()
and for
W= P - @k,
0 =07 o (idpg rocy — (0" + - +0") 7" j>k+1
(0'(7°),0%(3°), -, 0m(3%)) if 7% <A
(F1.03(39),...,07(79)) if <3 <32
(31,72, 03(39), . .., 621 (39), 62 (79)) if 32<3° <33
(14.40)  (3....4"M7R) =
(FA% A0 (O —a) 0o (0 —2)) i AT <A <At
(3L AT AT O () if et <A’ <Ap
A% A" if A2 <A°
assuming everywhere that <y <<y
and all other cases (not indicated in (14.40)) are then obtained by permutations on the indices {1,...,n}.

Notice that 9271 = id[0,400) AN Y, = A4 AT,

Proof of Corollary 14.12

We simply make explicit the statement of Lemma 14.11. Again we can assume that the inequalities are strict

(14.41) F=0<3 < <A <4 = oo,

because the general case with large inequalities can be recovered by continuity of the preflux.
Recall that ¢(¥") = ¢oo and ¢ < ¢, on [0,4™). Hence

0=70 <7 < <A =701 = 9o

and
¢71(%) if 3 < deo
ol if 7> ¢

—
2>

°(%) =min {7°, ¢oc } , | .
47 (¥) = min %ryj?éj()\OR)} with Mo — {
Recall that

Hmin {3,600} ,7) =4(3°,7)
and then we can assume that
7’ < oo
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Now for k= 0,...,n — 1, we have for 4° € [0, ¢o]

’)’*<'}/ <,Yk+1 TN ’VY </\OR<,UYk+1
0=4n = NOR — 3

Case A: 70 < A" = ¢
We see that A% = ¢~1(30) satisfies for some k € {0,...,n — 1}

’AY Z ,7j + Z éj()\OR) if ,vyk < )\OR < ,\?k+1
1<k >k
This means for £ =0,...,n — 1 that
(14.42)
—1 -1
NE=g '3 = Y 0| (3°=D_4) = [idpro0)— >0 =3 "47) when §F < AOF <3k
Jj>k J<k J<k J<k

Hence we see that that the explicit shape of ¢ changes when 5° takes values such that % = ¢~1(5°), i.e.
such that 4% := 5. Then, assuming (14.42), we get for j = 1,...,n

| N 4 =i it j <k,
A7) = & (in {77, X1}) = { (o5 it G5k

This means for £k =0,...,n — 1, that
(14.43)

B M) = (Y AR 05 0m) (671 (30))
k+1

-1
_ o ) . . , X ) ) if <A%<
with ¢~ '(3%) = (> 9’3> B =37 = [idpsoy =D 0] (=D

>k <k <k <k

where the second line is not defined for £ = n (but it then not used in the first line).
Case B: 7 > ¢
Then 7° > ¢, = 471, and

(14.44) (3 AME) = (7037
This ends the proof of the corollary.
We will need the following technical lemma (generalizing Lemma 14.8).

Lemma 14.13 (An other specific inequality)
Let 6,6% : [0,400) — [0,+00) be continuous increasing surjective maps such that the map 0 — (6T — 07) :

[0, —|—oo) [0,4+00) is also continuous increasing surjective. Let us consider real numbers satisfying
0<y <y*
Then
A~ ~ ~ -1 ~ ~
(14.45) {0-@" -0} 0w - -0 () <y foral yely .y

Proof of Lemma 14.13
We notice that (14.45) is equivalent to

bw) - @ wH -0 <{o- 0" -0} w)
i.e. . A A .
0 (y) =07 (y) <07 (y") — 0" (y7)
which is obviously true for y € [y~,y™], because of the monotonicities of 6%. This ends the proof of the
lemma.
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Corollary 14.14 (Short explicit central 1:n conservative preflux)
We work under assumptions of Lemma 14.11 with N =1+mn and n > 1, and consider the 1 : n conservative
Kruzkov prefluz 4 = (4°,...,4™) : [0, +00)" T — [0, +00)" ! as given in Lemma 14.11. Recall that

= (@)7N3), j=1,..m
Then the preflux 4 is given explicitly as follows.
i) (Case n=1)
Then 0" = idjy 4 o) and

ii) (Case n = 2)
Then
(%) = min (71, max 161(79),7" =57 ¢ ¢,
42(7) = min {72, max {62(7°),7° = ' { ¢ ,
and
) =min {7°,7 + 97} = (3 +4%)(0)
iii) (Case n = 3)
Setting x4 := max(z,0), let us consider

Xy= (02 +6%) 71 (" = A1)+,
Xo = (0" +60°)71(3° = 7%)+,
Xai= (0" +6%)71(7° = 7%+,
Xiz = ()77 = (3! + 7))+
Xoz = (01)71(3° = (32 + 7))+,
Xz = (0°)71(7° = (3% + 7))+,

and
S3 .= max{’“yO,Xth,Xlz}
St = max {§°, X5, X3, Xo3}
S? := max {f“yo’X37X1,X31}

Then we have

(14.46) (0713 (7)) = min {57, 87}  for j=1,2,3

i.e.
4'(7) = min {3, max {01(3°), 0" 0 (0* +6%) 7 (70 = 42) 4,0 0 (0* +0°) 71 (3 =41, - (P + %) |
'?2('7):min 72, max éz(,VO)’éZO 92 93)71(,70_,71)+79A20 éz él)fl(,—yo_,—y3)+’,70_(—1+—3) 7

¥ =min {3°,7" +5% + 3} = 31 + 92 +47)(3)
iv) (General case n > 2)
For every set I C {1,...,n}, we define (including Yy := 7° for I :==0)
—1
Yi = | idp,to0) — Zéj (7° - Z?jﬁ
JeL jel
We also set

S Yr, forall j=1,...,n

= max
Ic{t,...,n 1\ {j}
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Then
(14.47) 3= (09)71 (37 (7)) = min {57, 87}, forall j=1,...,n

7.€.
3() = min {3,0/(8)}, j=1,...n
and
%) =min {7°, 5"+ +7" =3+ +4MF)

Corollary 14.14 implies Theorem 2.54 of the Introduction.

Proof of Corollary 14.14

Starting from Corollary 14.11, the proof consists to reformulate the expression of 4.

Case ) is trivial. We focus on the general case n > 2. We only do the analysis in the special case where (14.36)
is assumed. All the other cases can be obtained by permutations on the indices, and then by continuity.
We define (including 3°(5Y) := 4Y) for 4° € [0, +o0)

-1

B (7°) = Y, = § djo,+00) — Z ok 70 — Z o , forall 7=0,...,n—1

k=1,....j k=1,...,j N

which satisfy ‘ o ‘ .
pl=¢"' on [’_yi,ﬁiﬂ}, if 4 <73 forall j=0,...,n

and then
BO(3:) =41,
B =5 B =47,
(14.48) B2(37) =42, B2(72) = 4%,

FE) =%,  FERT =y 0 <l 1<i<n-1
Notice also for j =0,...,n — 1 that 42 = 727" implies 4 = 427" = ¢ and j > 1.
Case 1: Y =0<A' <74l <3 <52 <. <™
Then (14.43) gives

Because

we also have _
Y1 < (YD) gmyim(30,50) =7° <72 <7 <A, j=1,...,n.

which implies S* =4 for I = () and then shows (14.47).
Case 2: 7y£z0<'—yj < e <Al 370<ﬁi“ <AL <32 <« for1<j<n-—1
This implies 7° < 72T < 57 = ¢ and (14.43) gives

(,;)//17"'7’7”) = (;?17'"7f\;/j’/8j7"'7/6j)(?0)

Subcase 2.1: 1<k <j
Then, by definition of S¥, we have in particular

(14.49) SE =Y, g1y =BFHA0) = BRH(AE) = 5P

Subcase 2.2: j+1<k<n
Then consider any set I satisfying

Ic{l,...,n3\{k}
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We write

B . I_c{1,...,5},
I=I_UI, with { Loty
Hence .
Yi=Sido oy — | S0+ 36 Al D SNACOESACH
lel_ lely lel_ lely
We write
{1,...,5}=I1_UJ_, with I_NnJ_=0
and A X
0:=idp oy — > 0"
I=1,....5
0F = Z 6,
l€I+
6= = >0,
leJ_
O(y) :=7° - 0'(7") =7 - ¥,
I1=1,....5 I=1,....5
y =5, yti=4
Then . . o
idig ey — D 0" =idig oy — (Y, 0= 0)=0+0"
lel_ I=1,....5 leJ_
and we get
1 N ~ ~
={o-@ -0} (b - | X dEh-Y 8
lely leJ_
s Al (xi+1 Al(x
SR G VI VB D DA CAD B S ACH)
lely leJg_
71 R X
<{- (0w) - (074 - 0-(9)))
<y= (70) lf yelyytl =151

we have used the technical Lemma 14.13 in the last inequality. Because we know from (14.48) for j <n —1
that _ o _
B =54 F() =4 and Al <5% <y"

we deduce that y € [y, y™]. Hence

Therefore
(14.50) SF=pI(R%) < pI(FT) =5 < 5

Conclusion of Case 2
From (14.49) and (14.50), we deduce that (14.47) holds true.
Case 3: 7' > 4" = ¢
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If 3° > ¢oo, then for j =0,...,n — 1, we have

B(A°) = B ()

Tt (2
>3 >3 +
-1
Iyt (i)
>j >j +
-1
SO DI
=7

and then for £ =1,...,n, we have
SE =Y, ey =A%) =5

Then we deduce that (14.44) implies (14.47) holds true.

Conclusion of Cases 1,2,3

In particular this implies Points ii), iii) and iv) respectively for n =2, n = 3 and n > 4.
This ends the proof of the lemma.

14.3 1:n conservative preflux (II): fundamental limiters

Lemma 14.15 (1:n conservative preflux (II): fundamental limiters)
i) (General assumptions)
Let N :=1+n with n > 2. We consider functions 87 for j =0, ..., n, satisfying

63 . [0,400) — [0,+00) continuous increasing bijective, for j=0,1,...,n
14.51 « N
( ) 90 — id[O,—i—oo) — Z 07
j=1,....,n

Let 5\0 := 4 be the preflur given by Lemma 14.11, that we write for 5 = (3°,...,3™) € [0, +00)*+"

A%(ﬁ):min{ﬁj,Bj(ﬁ)}, ji=0,....,n
with B7 : [0, +00)!™ — [0, +00) independent on 77, with moreover
B'(3H) =4 '+ 4+79" and X=X+ +A2

ii) (Barrier functions)
For j,k=1,...,n with k # j, we introduce the following functions

Aj(¥) = sup  6F(°)
09 (p%) <7
Then we have
(14.52) Ao Al >idjg o) forall k#j
Forje{l,...,n}, we set 4 ‘
AF)=sup  AGF

ke{l,.n\{G}

with éj independent of 4.
iii) (The result with limiters A’)
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For j = 1,....,n, we consider continuous functions A7 : [0,4+00)" — [0,+00), with A7 independent on ¥7,
satisfying moreover the following generalized epigraph condition

(14.53) AF)=A ) forall ¥ =HF,...,3") €[0,400)"

We define for v = (3°,7)

(1454 V) = min {4 (). 51} = min (¥ A3, B @)}, J=1...n,
A=Al A

Then

(14.55)

N@) =min {7°,7" +--- 49" A7), ANF)} with AF)=AF)+ D A for j=1,...,n

Le{l,...,n\{5}

where A(J—? is independent on 77, and X is a 1:n conservative preflux (which is called limited by the limiters
A7)

Proof of Lemma 14.15

Notice that point i) is just a reformulation of Lemma 14.11.
Step 1: proof of ii)

We notice that (14.52) follows from

k _ pk Niy—1
Ak =0 o (67)1,

Step 2: proof of iii)
Step 2.1: preliminaries
We recall that for \°% € [0, +-00)

H(AOR) = min {37,/ (\°F) }
Jj=1,....,n

oo 1= Y 4o "

’7‘1 = (uj)) .] = 17 7”

with ‘ N ‘
7= 07 3)
and ¢ : [0, +00) — [0, +00) concave nondecreasing with ¢(0) = 0 and ¢'(0) < 1.

We also have . . .
A7) = min {3%, 5"+ 49"} = (g + -+ A5)(7)

and for ) .
Y= = (), )
0 := 07 0 (idj o) — (0" +---+0F)) 71, j>k+1
(6'(3°),62(3°),...,0"(3°)) if 7° <7}
(3, 03(30), ..., 07(3Y)) if 7l <A%< 42
(7, 7%,03(39), ..., 0571 (39), 62(33)) it 2<40 <43
(14.56) 7' > (A,.... A7) =

T A0 () 0o (Tn ) i A2 <30 <

e PP e LN Y CHY) if et <A%<
(L% 7) if <A
assuming everywhere that A<y <o <3n
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and all other cases (not indicated in (14.56)) are then obtained by permutations on the indices {1,...

Notice that éﬁ_l = id[ 4 00)-
Step 2.2: proof of (14.55)
We want to prove (14.55), namely

(14.57) A7) = min {7°,7" + - + 5", ANF), ..., A2(7)}
We assume that
(14.58) 0<yt << o<y

where the general case is obtained by continuity (and permutations).
Notice that

V=0 = Y O(min{35'}) =4

i=1,...,n

and hi i
T=o() = 30 0'(min {55} = o

1=1,...,n

Step 2.2.1: preliminary part of the proof
Our goal is to show (14.60), which will be used in Case 2 of Step 2.2.2 below.
To this end, we first notice that for m > j with m,j € {1,...,n}, we get

Y=o = 30 Omin{y ") = (44 )+ d = (0 05

and therefore, we get the remarquable relation (for £ > j + 1)

0 0 (™) ™) = AL, i L#m

Glizm _ (51 =3V — pé(smy — m
e RTACWE ftgm
Consider condition
14.59 P < AT <2 with 1<j<n-2.
(14.59) <A <Al J
we get for £ > 7+ 1
(14.60) G0y < 4 GO = (G A = AEHWH) 25+ 2 1 g,

J\Tj) = gf(ﬁfr _(,71+...+r7]))+:Aj+2(7y7+2) it b=54+1|"=
Step 2.2.2: remaining part of the proof
Case 1: YW =0<" <yl =3 <52 <--- <"
Then (14.56) gives

()‘(1)7 A () = (017 s 7071)(,70) <7
Then for £ =1,...,n, we have
N (3) = min {8(7°), 4°(7)}

and for n > 2, we get
(14.61) AV 2 AW 2 AL = sup 0Y0°) 2 6°(3°) with m AL, m>1

o™ (p0)<y™

which implies . o A . A
A% A = (0,0, ...,0M(F%) = (A, ..., AD)

which implies (14.57). ' _
Case 2: ¥ =0<7! <. <4 <A < AT <RIt e 52 < for1<j<n—1
This implies 7° < 72T < 57 = ¢ and (14.56) gives
Nov- - AD@) =G A0 @A) <7 with 30 :=30— (3" 4+ +47)
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Hence

o min {7*, A*(¥')} if 1<k<j,
AT(Y) = { min{éf(ﬁ?),Ak(ﬁ’)} if n>k>j+1,
Assume by contradiction that for some k € {1,...,n — 1}, we have
(14.62) 7> AR
Then we get
(14.63) > ARE) = AFE) > AL =680 (6M) ()

which means
A=A

Contradiction with (14.58). Therefore (14.62) is false, and this shows in particular that
No(3) =458 = AE(5) forall k< j.

Case 2.a: j<n—2
For ¢ =j41,...,n, we get using (14.60)

ALY = AN = 6479)

and we deduce that \‘(7) = A§(3) for £ =1,...,n, which implies A(5) = Ao (7).
Case 2.b: j=n—-1

Then .
Ags-- )@ =G 35 =G+ ) <A
Hence X R
AL A@H =G min {70 - (3 4+, A
Therefore

N=X 4. A= min{fyo,A%}
which also implies (14.57). Moreover

(14.64) (5\1, .. ,S\n)("_y) c { (317:::7'771_17’70 — (7}/1 + ... +,7n—1)>7

and for j =1,...,n, we have

We now claim that (in all cases) we have
(14.65) (7' > A3, ¥ =43} =0
Using our epigraph condition (14.53), the left hand side of (14.65) implies

{?>@W%
'72 2 Al(’?l)ﬂ

and then (14.52) implies by composition
7> A7) = (A3 0 AN () 24

which leads to a contradiction, which shows (14.65).
More generally replacing {1,2} by any pair of indices in {1,...,n}, we get a similar result

(14.66) {7/ >A@F), 3=AF)} =0 for j#k
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Hence .
A°() =min {§' +---+75",47,..., 49} <7°

which implies (14.57). Moreover, we have

(,7/17 AR 7’7”)7
) ) (A, 7% ™),
(14.67) AL A3 e AR,

Step 2.3: proof that }\ is a preflux
By definition, the map A : [0, +00)!*"™ — [0, +00)!*" is continuous and satisfies

N(#H) =0 if 47=0, ifje{0,...,n}
It remains to show that \ is locally constant. We distinguish cases.

Case A: \°(7) < 7°
From (14.55), we deduce that

(14.68) M =2 =min {7+ 457, 49,..., 4%}
We know that for j = 1,...,n, we have

N <min {5, A7(7')}
and introduce €; > 0 such that R

Nte; = min{ﬁj,Aj}
we deduce that
(14.69) Nder+-+e, =min {7, A} + - + min {577, A"}
Because of (14.66) and A? = A+ D ket 4%, we deduce that

min {7', A*} + -+ + min {77, A"} < \°
Then (14.69) implies €1 + -+ ¢&, <0, i.e. g, =0 for all j =1,...,n. Therefore for all j =1,...,n, we get
N(7) = min {77, A7)}

This shows that A(¥) is locally constant in 4° on {;\0('7) < '70}.

Case B: other indices j =1,.

From Step 2.2, we know that when )\ differs from Ao, then it satisfies either (14. 64) or (14.67). In both cases
if A (%) < 47, then s independent on A7 locally. Because this is also true for )\0, we deduce that in general

A is locally constant on {)\J( ) < 'yJ}

Conclusion . .
We conclude that A is locally constant on {)\ # idjo, 400yt 4n }

This ends the proof of the lemma.

14.4 1:n conservative preflux (III): truncation

Lemma 14.16 (1:n conservative preflux (III): truncation)

Under the assumptions of Lemma 14.15, let us consider the 1:n conservative preflux A given in (14.54). Let
A0 € (0,400) and X := (A%, +o00,...,+00) € [0, +00]*t™ and the truncation Ty. Then

;\* :Z;\OT;\
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is a 1:n conservative prefluz. Setting

7% := min {WO, 5\0} ,
—1

BI(7) = 67 max Y, with Y7 := | idjg 4o0) — 67 S0 — 53
@) (Ic{l,...,n}\{j} I> ! [0.409) Jze; @ ;7 )+
(including Yy :=7° for I :=10),

AF)=AF)+ > 4 for j=1....n
Le{1,...n\{s}

we have

N(7) = min {37, 49(7), B (3, 7))
(14.70) { ;\2( )= ()\i _|_5\f)(7y :min{

We define for j=1,...,n
AI(¥') :== min { A7 (¥'), BI(\°, ") }

el m {5}
Then we have
(14.71) { M) =min {3 HF). B}, j=L..n o
A7) = A+ +A)(F) = min {70, 3" + -+ 57,2, A7), AL (V) }

Proof of Lemma 14.16
Step 1: first computations
Because the map 4° — B7(3°,5’) is nondecreasing for j = 1,...,n, we deduce that

B(3°7) =B’ mln{’\oa'_}/ },7") = min { BY( (A% 5, B (7" A}

Hence B
N(F) =min {3/, A7)} with A(7) = min {4(7), BI(\,7)}

We also deduce that . -
AL(Y) = min {3°,5" + -+ 9720 A(Y), . AR(Y)}
We can conclude if we show that for all j =1,....,n
(14.72) min {XO, A?(ﬁ’)} — min {XO, Ag(w’)}
Step 2: proof of (14.72)
We first notice that
(14.73) B\, 4)+% > X0 with ¥.= > F
ee{1,...,n\ {5}
as shows the choice of I = {1,...,n}\ {j} in the suppremum defining B’. Hence
[lg =AI(¥) + %7

= min {A47(¥), BI(\°,7')} +
(14.74) = min { A7 (7' _|_EJ Bi(X\0,7") _|_

7m1n{A(]3( ) BI(X°,7) 4+ }
Therefore ~ _ _

min {Ag,)\o} = min A;)( "), BI(\°,5") + 23,)\0}
= min A?( ), )\0}

where we have used (14.73) in the last equality. This establishes (14.72) and ends the proof of the lemma.

We get the following result.

238



Corollary 14.17 (Explicit 1:n conservative prefluxes of total limiter \°)
i) (General assumptions)
Let N :=1+n with n > 2. We consider functions 07 for j = 0,...,n, satisfying

6i [0,+00) = [0,400) continuous increasing bijective, for j=0,1,...,n
14.75 . .
( ) 90 — ido,+00) = Z g
j=1,....n
Let for ¥ = (3°,%') with 5" :== (*,...,3™) and for j=1,...,n

-1

BI(7) =0 ( max YJ) with Yr = | idpo,400) — Z 67 ¥’ - Z )4
Ic{1,....n}\{7} jeI jer
(including Yy :=7° for I :=10),

A'():=  sup ALY with A¥(3) = sup  0%(p")
ke{l,..n}\{s} 6 (p0)<79

O/=/\ .__ i (= 4
AF)y =)+ Y. A,
fe(1 o\ ()

where A7 : [0, +00)"™ — [0, +00) is a continuous function, independent of the variable 57, satisfying
(14.76) min {BY(X°,7"), A7(¥)} < A/(5) < BY(\°, %)
for some fived constant \° € [0, +00), which is a called the total limiter. Moreover, we have

éj =AI =B\, on Al +[0,4+00)",
(14.77) A <A <B (X)) on ][] [0.4%) for j=1,....n
k=1,....,n

with

AL = (0", ...,0m)(\").

*

ii) (The result with limiters A7)
Then the function A : [0, +00)N — [0, +00)N defined by

(14.78) { M) i=min {5/, A1), B} j=1m

is a 1:m conservative preflur, which satisfies moreover
(14.79) M) =min {3°,5" + -+ 5", X0, (), ..., A7)}

iii) (Further property)
Let N ~
My := max (67)71()\%)

Then the values of A depend on the function 6 = (éj)j:()’”_,n only through the values of the restriction
é\[O,Mo]f for some 0 satisfying (14.75).

iv) (KruZkov case)

Moreover, under the previous assumptions, the 1:n conservative preflux N\, is Kruzkov if and only if

(14.80) 1< QA <0 forall jke{l,...,n} with j#k.

Proof of Corollary 14.17
This is a straightforward consequence of Lemma 14.16, except for (14.77) and point iv).
Step 1: proof of the first line of (14.77)

239



We notice that for j =1,...,n o 4
BI(A\°5) > Al

as it can be seen from the choice I := () in the suppremum defining B?. By definition of B/, it is easy to
check that o .
BN, A,) = Al

Because by definition of B?, we know that B7(\°,-) is nonincreasing in each variable % for k # 0, we deduce
that o _
BY(X°,-)=A] on Al +0,+00)"

By definition of éj , it is also easy to see that
A(5') > Al if there exists k € {1,...,n}\ {j} such that % > A*

Hence we deduce that ‘ '
AT >A] on A, +[0,+00)"

and then o _
min {47, B/(\°,)} = AL on A, +[0,400)"

which shows the first line of (14.77).
Step 2: proof of the second line of (14.77)

Now notice that o _
B9 220 =% 4"
k#j

as it can be seen from the choice I := {1,...,n}\ {j} in the suppremum defining B’. Hence
BI(A" ) > AL on [0, AL\ {AL}
On the other hand, we have

A (A = 070 () 1(3%) < Al forall & e 0, 4
L) = max &0 (097 et e L o

and this implies the second line of (14.77).
Step 3: proof of iii) B
From the definition of the functions B7()\%;-), we see that they satisfy

BI(30,.) < A0

and then only depend on the restrictions (é . On the other hand the function éj plays

)
pend 8\ o1 10.59) j2o,.m
a role in min {A7, BY(X°, )} only if A7 < A%, which means

(OF)7H(F*) < (7)) forall k #

which implies R
7 < 0% (M)

which only involves é|[0, Mo)- This implies point iii).
Step 4: proof of iv)
We first notice that (B7(A\Y,+)) =1, satisfies (14.80) and that B’(-,) satisfies

(14.81) doB? >0 forall je{l,...,n}.
Because we know that A, is 1:n conservative Kruzkov if and only if it is o-monotone, we deduce that

M <0 forall k,je{l,...,n} with k#j,
0N >0 forall je{1,...,n},
LA’ >0 for all ke {l,...,n},
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Using (14.81), we see that it is equivalent to

0, AT <0 forall k,je{l,...,n} with k#j,
nothing
8kA?20 forall ke{l,...,n},

which is then equivalent to (14.80).
This ends the proof of the corollary.

14.5 n:m conservative preflux

In this subsection, by gluing, we construct a large family of n:m conservative prefluxes.

Lemma 14.18 (n:m conservative prefluxes, by gluing)

i) (General assumptions)

Let N :=n+m with n,m > 2. For a« = L, R, we write ny, :=n and ng := m. We consider N functions
satisfying

(14.82)
67 :[0,4+00) — [0,+00) continuous increasing bijective, for j € I :={1,...,n}
67, : [0, +00) — [0,+00)  continuous increasing bijective, for j € Ig:={1+mn,...,m+n}
Yo O=idpasy = D> O
Jj=1,..., n j=14n,..., m+n

Let for ¥ = (J1,9r), with 31, .= (¥, ...,7"), g := G, ...,3™™), and 7° € [0,+00) and for a« = L, R
and j € I,

—1
. A . R . ~ s 70 5
BI(3°,4a) = %( max Yz> with 3 Y1={idoso) =D 0L (3= 37,

ICIa\{j} JerI JerI
(including Yy = 7° for I :=10),

Al (7a) = sup  AL(FF) with A¥(F):= sup  0%(p°)
keL\ () B (0) <30

0 = o i (= 4
A -(Fa) = A+ Y A,
el \{7}

where AJ 1 [0, +00)" — [0, +00) is a continuous function, independent of the variable 47, satisfying

(14.83) min { B4\, %), 47 () } < 44(7) < BLO, %)

where the Al are called limiters. Here the constant \° € [0,+00) is fived, and is a called the total limiter.
Moreover, we have

é}i = AZM,* = Bé(j‘oa ) on Aoz,* + [Ov +Oo)na’

(14.84) A <Al <BIA) on ] 0,45 for j=1,....n
k=1,...,n
with
0,...,6M(\°) if a=1L
14. Aa y = <A ’ ’ A _ ’
(14.85) ' { (@Y M) (N0 if a=R.

ii) (The result with limiters (A, AR))
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Then the function \, : [0,400)N — [0,400)" defined by
M) = min (39, AL (30). BYOY o)}, J € oy o= LR
Cf = min {73!+ +5, 3%, A% (1), ...,Agﬁm)},
(14.86) CR 1= min {317 4 4 3™ N0 A) o (TR), - Agg’mm)} ,
A9 := min {Cg, C%} ,
(AOL, \ORY — (A%,3%) if C) <CY,
’ (3%, X% if C}>Ch,
is a n:m conservative preflux, and satisfies moreover

A=Y =q,

JeEIL JjEIR

iii) (Further property)
Let

My := ma 6 ~1(\Y).

0= dnax ()7 (A7)

Then the values of \. depend on the function 6 = (éj)jejLU[R only through the values of the restriction
010,701, for some O satisfying (14.75).
iv) (Kruzkov case)
Moreover, under the previous assumptions, the n:m conservative preflux A, is Kruzkov if

(14.87) —1 <Al <0 forall jkel, with j#k a=L,R.

v) (Extension to the cases n,m > 1)
The result extends to the cases ng, :=n,ng :=m > 1, with the convention that

Bl = +oo,
AJ = if neg=1,
AZY = const = Al .,

where Al . is prescribed in (14.85).

Proof of Lemma 14.18

The proof follows easily from Corollary 14.17 by gluing of prefluxes using Theorem 11.17 in the limit case
where A\, = (A%, +00,...,4+00) € [0, 4+00]'™™ and Ag = (A\?, 400, ..., +0) € [0, +00]!T™. Notice that the
400 may be replaced by any sufficiently large constant here. We then notice that for gluing some n:1 preflux
with some 1:m preflux as given in Corollary 14.17, we are reduced to solve the equation: find (A\°%, \°%) € Dy,
with A\ € [0, +00) solving (using (14.79) for the left and the right contributions)

min{AOLv’Vl+"'+’7n75‘01A%7i(’7L)7'~~7A(I),,ﬁ(’7L)} :min{)‘OR 1+n+._.+,7m+n7>\0 A?{ T+n (_ ) A?{m_t,_n(’YR)}

Hence we have the constraint -
max {A\°F, A\°f} = \0
and find
min {)\OL, )\OR} =7
where 40 is given in (14.86). The result easily follows. In point v), notice also that when n = 1 or m = 1,
we have nothing to glue. This ends the proof of the lemma.

Remark 14.19 (Simplified n:m conservative Kruzkov preflux with no limiters)
We work with notation of Lemma 14.18. In the special case where \° := +o0o and AJ, = +o0, we get the
prefluz

N.(3) == min {57, BL(\°*,7,)}, j€l., a=LR

CO :'_)’l‘i"i”_}/n,

Cf% = ~1+n I ,7m+n’

A0 := min {Cg, C%} ,

()\OL )\OR) — (:FOOO,’S/O) Zf C% < C%,

’ (3", +00) if C>CY,
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Now using property (14.40), we see that
Ba(\**7a) = Ba(C,7a) if X% = C)
and then the prefluz simplifies in

(14.88) { Xe(3) :==min {3/, B1(7°,9a)}, j€la, a=L,R

’_YO Z:min{'_y1+...+ryn,,yl+n+”'+,—Ym+n}'

which is a n:m conservative Kruzkov prefluz.

15 Examples of conservative germs and prefluxes

15.1 Kruzkov cases
15.1.1 Vanishing viscosity germ revisited

The germ GV obtained by vanishing viscosity on a junction has been studied in several works. We can cite
ANDREIANOV, KARLSEN, RISEBRO [4] for 1 : 1 junctions, and for n : m junctions COCLITE, GARAVELLO [13]
for existence, ANDREIANOV, COCLITE, DONADELLO [2] for existence and uniqueness for bell-shaped fluxes,
and more recently MuscH, FJORDHOLM, RISEBRO [40] for monotone fluxes and FIJORDHOLM, MUSCH,
RISEBRO [20] for fluxes with finite number of extrema.

Here we do not try to justify that GV is obtained in the vanishing viscosity limit. On the contrary, we
take GVV (or more precisely its associated Godunov flux) as a definition, and show that it is a conservative
Kruzkov germ, removing in particular the technical condition of a finite number of extrema of the fluxes on
each branch.

We have the following result.

Proposition 15.1 (Vanishing viscosity germ and its Godunov flux)
Assume (2.2) with N > 1 and junction (J, f). Assume that [a?,b7] = [a®,b°] for all j = 1,...,N. Assume
moreover that either

f7>0 on [/, 0] CR o .
(15.1) { =0 on dlad, bi] for all indices j=1,...,N
or
(15.2)  [a%)NR=R and N > 2 with 6+ =o'+, ¢’ = —0I~  for two indices j_, j, in (2.2).

Now for any p € [a,b] "NRY, consider

R, =< re[a b, ZGj(pj,r): Z G?(r,p’)

oi=1 oi=—1

A, = {g(r) = (g% ..., d™M)(r) with ¢(r):= { gjgf,j;;;)) g Zj- _ 1_1 ‘ forall re Rp}

Then A, = {f(p)} is reduced to a singleton. Moreover f : [a,b] — RN defines a map such that the set

GV i={pelabl. Jo)=r0)}

is a conservative Kruzkov germ. Moreover f is the associated Godunov flux f = fgvv.

Proof of Proposition 15.1
Step 1: R, # 0
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We recall that )
I[nir]l I’ if p<q
J =Y = Pl
G (1,4) = G (p,q) max fif p>g
[a.p]
Then we set o 4 '
g(r) =Y G(,r) = Y G(rp))
oi=1 ci=—1
which is nonincreasing in 7.
Step 1.1: under assumption (15.1)
Inequality f7 > 0 implies G > 0 and then

g*)=> 0- > (20)<0

oi=1 oi=—1
ga®)=> (20— Y 0>0
oi=1 ogi=—1

Because g is continuous, we deduce the existence of some r € [a’, b°] such that g(r) =0, i.e. 7 € R,.
Step 1.2: under assumption (15.2) S
Recall that the function €7 f7 is coercive, i.e. liminf 67 f7(p’) = +oco0. Hence

[pd|—+o0
—00 if r>+400 and = -1 = —gJ
400 if r— —oco and & = 1 = ol
G (] . .
W) = : min )fj if r— 400 and & = 1
pI,to0) i
max f’ if r——0c0 and 6 = -1
(—OO,pJ]
while ) )
+00 if r— 40 and & = 1 = —-o’
—00 if r—»—oc0 and = -1 = ol
J J ) .
G r,p") = [max)fj if r— 400 and 6= -1
p7,+oo
min _f’ if r— —o0o and 6= 1
(—o0,p7]

Hence under assumption (15.2), we deduce that

g(r) - —oco0 as r — 400 because of j_
g(r) = 400 as r— —oo because of j;

By continuity of g, we deduce the existence of some r € R such that g(r) =0, i.e. 7 € R,,.

Step 2: A, is reduced to a singleton

Assume that r,7 € R, with r < 7. Hence g(r) = 0 = g(7¥). Because g is a sum of N nonincreasing
functions, we deduce that each function is constant on [r,7], i.e. GI(p/,r) = GI(p?,7) for 0/ = 1 and
GI(r,p?) = GI(7,p?) for 7 = —1. Up to redefine 7,7, we can choose such elements such that [r,7] is the
maximal interval in [a®, b°] where g vanishes. This implies that g = const on [r, 7], and then that A, = {g(r)}
is a singleton. We set f(p) := g(r).

Step 3: continuity of f R

As usual the continuity of f follows from the singleton property of A,.

Step 4: bounds on f

We want to check that f_ < f < f+. We only do it for components j such that o7 = 1 (the case 0/ = —1 is
similar). This follows from f7 (p/) = G7(p/,b7) < fi(p) = GI(p/,r) < GI(p,a?) = fL(p7).

Step 5: local constancy

Consider p, € [a,b] NRY and assume that K,, := {j e{1,...,N}, fi(p,) # fj(p*)} # 0. Let j € K,,.

Assume that ¢/ =1 (the case 0/ = —1 is similar). Then we have with r, € R,
min f7 < fI(pl) if pl<r
il £ Fi(p.) = Gi(pi. ) = 4 Phrl ‘
[ri.pl]
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Then there exists € > 0 such that for

Qe (p* = | pxt Z [avb]

JEKp,

(pl,r*) for o/ =1 and GI(r,,p?) = GI(r,,pl) for of = —1.

and all p € Q.(p«), we have G7(p’,r,) =
) = f(p«). This shows that f is locally constant on Q.(p.) and then on

Hence r* € R, and moreover fp
{F#1}
Step 6: basic monotonicities
Notice from Lemma 11.4 that basic monotonicities are automatically satisfied for prefluxes. Here we still
give a proof, because arguments of the proof will be also used later on in Step 8.
Consider some p € [a,b] N RY, and fix some index jo. Assume also that 070 = 1 (the case 070 = —1 is
similar). Then consider

[a,b] > p=p+qej, with g€ [0,+00).

Step 6.1: monotonicity in r
Consider the minimal r € R such that » € R, and any 7 € R;. Then we have

9P, 7) =GP, P+ > G- Y, GUrp) =0

ol=1, j#jo oi=—1

Because of the monotonicities G’ (1, ) and the fact that p/o > pio, we deduce that 0 = g(p,7) > g(p, 7).
Then the monotonicity of g(p, ) implies that r < 7.
Step 6.2: monotonicity off
We have N o
f]o (ﬁ) = GJo (Ij]07 77)

Z Gj(r7pj) - Z G’ (p]ar)
gi=—1 oi=1, j#jo

= qjo (pjo’ T)

= f"(p)

which shows the monotonicity of 7 fj in p’ for j = jo, i.e. the basic monotonicities of f .
Step 7: conservative Riemann germ
From the previous steps, we deduce that
the germ is conservative.

Step 8: monotone germ

We start as in Step 6 with index jo such that 07 = 1 (the case 070 = —1 is similar), and p = p + ge; with
g > 0. Using ¥ € Rp and minimal r € R, we get 7 > r.

Case A: ¢/ =1 with j # jo

We have

G"V is a Riemann germ and f = fgvv. Moreover by construction,

Fi(p) =G (0. 7) < GI(p? ) = f(p)
Case B: 07 = —1
We have o o _ o A o
o’ f1(p) = oG (7, p’) < /G (r,p’) = o/ f(p)
Conclusion .
In all cases, we get that the map p — o7 f7(p) is nonincreasing in p’® for all j # jo. Because this is true for all

indices jo, this implies that the germ GV is monotone. But a conservative monotone germ is a conservative
Kruzkov germ. This ends the proof of the proposition.

15.1.2 Holden-Risebro theory revisited

We revisit the pioneering work of HOLDEN AND RIESEBRO [26].
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Lemma 15.2 (Convex optimization)

Let U : RN — R be a strictly convex function and some fivzed vector RN > 5 = (3',...,4N) > 0 and
o= (o,...;0N) € {:tl}N with o # (1,...,1) and 0 # (=1,...,—1). Let L : RN — R be the linear map
defined by L(vy Z o’y for v € RN, Let
j=1
N
A(5) := Argmin ¥ with the conver K(¥):={y€T(¥), L(y)=0} and the box T(¥) H
K (%) j=1

i) (Preflux properties)
Then 4 : [0, +00)N — [0, 400)N is a conservative preflux in the sense of Definition 11.1.
ii) (Holden-Risebro preflux: o-monotonicity, when ¥ has separated variables)

Assume moreover that there exists N strictly convexr functions ¥; : R — R such that ¥(y Z\I'

for v € RN, Then 4 is o-monotone in the sense of Definition 11.1, and we denote it 41 and call it a
Holden-Risebro preflux. In particular 47 is a conservative Kruzkov preflux.

Remark 15.3 In Lemma 15.2, 5 denotes a vector of [0, +00) which must not be confused with the capacity
of Definition 11.6.

Proof of Lemma 15.2

Step 1: proof of continuity, basic monotonicity, conservation

Step 1.1: continuity

Notice that Ogn € K(¥) for all ¥ > 0 and then K (%) is always non empty and compact convex. Then the
strict convexity of ¥ implies the uniqueness of the minimizer 4(%), which is then well-defined. Moreover this
uniqueness also implies the continuity of the map ¥ — 4(%).

Step 1.2: basic monotonicitity

Notice from Lemma 11.4 that basic monotonicities are automatically satisfied for prefluxes. Here we still
give a proof, because arguments of the proof will be also used later on in Step 3.1.

Consider 7,7, € [0, +00)" such that ¥ — 4, = ee;, with € > 0 and k = 1 to fix the ideas. Assume moreover

that o' = 1 (the case o' = —1 is similar).
Assume by contradiction that
(15.3) () <4 (%) and A7) #A(3)

This implies that (%) € [0,7.]. Because L(¥(¥)) = 0, we deduce that 4(3) € K(5.) C K(¥). This implies
that

. WA S WA S

}Jg) v =v(5() = Kl(r;f*) U =) 2 Ilgg)‘lf
Hence ¥(%(%)) = ¥(5(%+)), and because ¥ is strictly convex, we deduce that 4(5) = 9(%.). Contradiction
with (15.3). We conclude that 41(3) > 4%(%.) or 4(5) = 4(.). This shows in particular that the map
4 = 47(¥) is nondecreasing in 47, for j = 1, and then similarly for all j.
Step 1.3: conservation
By construction, we have L(¥(%)) = 0, and then 4 is conservative.
Step 2: proof of local constancy
To simplify the notation, let us introduce 4y := ().
Step 2.1: preliminary
Now, given 7, € [0,400)Y, the function ¥ is minimal at 4. on K(5.) with L(%.) = 0. Looking at the
subdifferential O(¥|r(5,))(¥«) of the convex function W, it is easy to see that there exists some A € R (that
can be interpreted as a Lagrange multiplier), such that the function ® := {¥ — )\L}lr(;y*) is minimal on I'(7,)
at .. Hence the convex function ® satisfies

(15.4) inf & > &(4.) and E-00(J%) >0 forall §eT5T'(%):= lim ot (T(F4) — A+)

I'(7+) §—0+

where & - 0®(z¢) > 0 means & - v > 0 for all v € 9P (xy).
Step 2.2: variations and local constancy
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Now assume that I := {j e{l,....N}, ¥ (3:) # '_yi} # ), and for € > 0, consider 4 € [0, +00)" such that

_ =4 if j¢I
15.5 59 T - v
(15.5) 7 {evﬂ—a%+fwwm+m) if jel

. . 7j p— Aj 1 7‘7‘ fr—
Assume that 0?7 = 1 (the case 67 = —1 is similar). Then for € small enough, we have Y ) 7; ?f ?j 7; )
o> A i > %

Hence [0,77] C [0,%]] + 7,0, 4], and we conclude that

(15.6) Y 7(7) €T(Y) CT(x) + T5.T (%)

Therefore
DR +6) = D)+ €0 > B(5.) forall €E€TyT(7.), ©edb(3)

where we have used the second part of (15.4) in the last inequality. Therefore, using now the first part
of (15.4) and also (15.6), we get li?f)é > ®(94). Because L = 0 on K(¥), and L(%.) = 0, we deduce
5

I?(lf) ¥ > U(4,). Because ¥ is strictly convex and 4, € K (%), we conclude that §(¥) = .. Then Definition
5

(15.5) of 4 shows exactly that ¥ is locally constant on {’y # 1d[0 4-00)N }

Step 3: proof of ii)

We assume that ¥(y) = Zjvzl W;(49), with ¥; : R — R strictly convex. We fix the index k = 1 and assume

that o' = 1 (the other cases are similar for o' = —1 or other indices). We want to show that 4! — 0747 (%)

is nonincreasing for j # 1.

Step 3.1: a simplified approximate situation

For j # 1, fix 47 > 0, and approximate each function ¥;, by a smooth convex coercive function UE:R—=R

such that pointwisely, we have

0,7

. e B \IJJ(.’E) if ze
gli%ﬂ wj(z) = { +00 if z¢

O’ﬂ

We set We(y) := Wi(y') + 170, W5(y7), K5(7!) i= {y € T°(%1), L(y) =0}, T*(5") = [0,7'] x R¥~! and
consider the approximate problem
4 (3" := Argmin ¥¢
Ke(3)
Now it is easy to analyse the optimization problem for which we have suppressed the constraints for j # 1. We

deduce that there exists a Lagrange multiplier A € R of the constraint L = 0, such that for 5’ := (32,..., V),
we have D5/ (¥ — AL)(5°(7')) = 0, i.e.

e (o

@ GNE) )\ e
Similarly for some 7! > 4!, we get the existence of some A, € R such that

(W5)' (372 (7)) \ o

(R GNE) )\ o

Because each function (¥5)’ is nondecreasing, we deduce that

(15.7) A=A -0 (37 () =477 (3} >0 forall j#1

Moreover relation L(9°(3L) —4°(¥')) = 0 shows that

N
{37100 =3 N+ o7 (1) =9 () =0
j=2
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Notice that (15.7) shows that all terms in the sum Z;VZQ have the same sign. Moreover the raisoning of Step
1.2 shows that {55! (3}) — 451 (3")} = 0. We deduce that

(15.8) o {4 () =477 (31} <0 forall j#1

Step 3.2: the limit ¢ — 0
Using the strict convexity of W, it is easy to show that hm+ 45 (7') = 4(5). We deduce from (15.8) that
e—0

o {¥(3L,7) -4 (3",7)} <0 forall j#1, with 5, >5" and o' =1

which shows exactly that the maps 4 + 0747 () are nonincreasing in o'4! for all j # 1. Similarly, doing
the reasoning for all indices, this implies the o-monotonicity of 4.

Step 3.3: conservative Kruzkov

The fact that the preflux 4 is conservative Kruzkov is equivalent to the fact that 4 is conservative o-monotone
(see v) of Theorem 11.8). This ends the proof of the lemma.

For later use, we will also need the following adaptation of the previous lemma.

Lemma 15.4 (Convex optimization, local variation)

Let U : RN — R be a strictly conver function and some fived vector RN > 4, = (§L,...,7N) > 0 and
o= (ct,...,0N) € {il}N. Let L : RN — R be the linear map defined by L(y) = Zaj’yj for v € RN,
j=1

Assume that Ly, # 0, and let k € (min {0, L7, } ,max {0, L7, }). Let

N

A(y) := Argmin ¥ with the conver K (3) :={y€T(¥), L(y)=k} andtheboz T(¥):=][0,7]:= H [0,7]

Km(:Y) _’]=1

Then there exists € > 0 small enough such that the following holds for

Q.= |7+ Z (—e,e)ej | N[0, +o00)™.
j=1,..,N

i) (Preflux properties)
Then 4 : Q- — [0, +00)Y is well defined and is (locally on Q.) a prefluz in the sense of Definition 11.1.
ii) (o-monotonicity, when ¥ has separated variables)

N
Assume moreover that there exists N strictly convez functions ¥; : R — R such that ¥(y) = Z (7)) for
j=1
v € RN, Then 4 is (locally on Q.) o-monotone in the sense of Definition 11.1.

Proof of Lemma 15.4
The proof follows exactly the same lines of the proof of Lemma 15.2, but replacing the linear map L by the
affine map v — Ly — k. This ends the proof of the lemma.

Proposition 15.5 (Holden-Risebro germ)
Assume (2.2) for some n : m junction (J, f) with N = n +m and n,m > 1. Recall that o € {£1}" and o7
denotes the orientation of the branch J7. Assume that o # (1,...,1) and o # (=1,...,—1). Assume also

that f is bell-shaped, and call 7 : [a,b] — [0, +00) the capacity 77 := f7°" given in Definition 11.6.
For p € [a,b], consider the conver set

N

Ko(p) :={y€To(p), L(y)=0} with L(vy):= Zakfyk and the box Ty(p) :=[0,5(p)] = H (0,7 (p)]

k=1 k=1,...N

Let U : RNV — R be a strictly convex function.

i) (Riemann germ for strictly convex ¥)

Then the set . .
G=Gu={pelatl, fo)=fw)} with f(p):= Argmin v

Ko(p)

248



is a conservative Riemann germ.
ii) (Conservative Kruskov germ when ¥ has separated variables)

N

IfU(v) = Z U, (7)) with each map U, : R — R is strictly convez, then Gy is o conservative Kruskov germ,
i=1

which is called a Holden-Risebro germ.

Remark 15.6 Notice that the original Holden-Risebro germ only concerns point i) of Proposition 15.5.
The reader can also consult HOLLE [28] for a different discussion of the conservative Kruzkov property of
Holden-Risebro germs. Here point i) is a natural generalization, with weaker properties.

Proof of Proposition 15.5
We notice that the capacity 7 : [a,b] — [0,+00)" given by Definition 11.6 is continuous and each map
P’ 0757 (p?) is nondecreasing. Moreover with notation 4, K,T" of Lemma 15.2, we have

f=40%4, To=To% Ki=Ko7.

Step 1: Riemann germ property
Then i) of Lemma 15.2 and Theorem 11.8 show that Gy is a conservative Riemann germ.
Step 2: additional monotonicities for ¥ with separated variables

N
Assume that U(y) = Z W;(+7). Then ii) of Lemma 15.2 shows that the preflux 4 is o-monotone. Then iii)
j=1

of Theorem 11.8 shows that Gy is monotone. We know (see Theorem 2.29) that any conservative monotone
germ is a Kruzkov germ, and this ends the proof of the proposition.

15.1.3 Data Network solver RS> (and convergent junctions)

The main result of this Subsection is Lemma 15.10 on Data Network prefluxes introduced by Garavello and
Piccoli for RSy in [25], and also in [24] for convergent junctions of type n : 1 (see Remark 15.11).

We need to start with the following result.

Lemma 15.7 (Preflux by orthogonal projection in R")
Let N>1and 6 = (5',...,6¥t) = (1,...,1,-1). Fory= (y',...,y") € [0,+00)", define

Ly = Z vy’
j=1,..,N

Fiz 0 € (0,1]N such that LO = 1. Fory = (y',...,4Y) € [0, +00) and v *! € [0, +00), define the following
function

N

U, AN [0, 400)N = [0, 4+00) with T(y, AN = |y—yVT11>  and the box T(v) :=[0,7] := H [0,97]
j=1

We set

(15.9) Ay, ¥V ) = Kf(lrgﬂﬁn) U, AN with K(y, Nt ={yel(y), Ly=~""}
v,y N+t

Fiz some 7 = (7, YN = (4L, ..., 4N+ € [0, +00)N L such that Ly, > yNTt. Then there exists € > 0
small enough such that the following holds for

QE(’?*) = | Y + Z (—g,e)ej N [07 +OO)N+1~
j=1,...N+1

The function 30 Qe(Ax) = [0, 4+00)N T given by A(y, YN TY) i= (A(y,ANTY), ANt is well defined and is
(locally on Q:(7+)) a G-conservative &-monotone preflux in the sense of Definition 11.1.

Remark 15.8 Notice that 4 is the orthogonal projection of YN110 onto the closed convex set K (v, yN*t1).
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Proof of Lemma 15.7
N+1

Because W (-, yN*+1) is strictly convex and { [*,

} Yo € K (72, 7N 1) # 0, we deduce that 4 (and then )

Y%

is well-defined and is continuous.

Step 1: bounds

By construction, we have 4 € [0,7] and then 0 < i () <47 for all indices j =1,..., N + 1.

Step 2: local constancy

By assumption, we have Ly, > ~AN*! and LA(v.,7N*') = AN+ which forces to have I :=

{j e{l,...,N}, ¥ (y,7 N < 1} # (). Moreover for &€ > 0, consider

Q:(v4) == 7*+Z —&,e)e; | N[0, +00)V

jel

Then for ¢ > 0 small enough and v € Q.(v.), we still have Ly > vN*1. For fixed v¥*! > 0, and using

Lemma 15.4, and the fact that ¥(-,7¥*1) is a sum of strictly convex functions in separated variables, we
deduce that locally around 7., the map 7 ~ 4(v, N *!) is a preflux. Therefore the map v — (7, 'yiv*‘l)

locally constant in {7, Ay, YN+ £ 7} close to .. This shows the desired local constancy of 4, and then

the local constancy of 4 on {77 A(7) # 7}7 close to ..

Step 3: basic monotonicity

Notice from Lemma 11.4 that basic monotonicities are automatically satisfied for prefluxes. Here we still
give a proof, because the proof is very short.

For fixed 7, and vV close enough to vV 1, consider v € Q.(7). Then the argument of Step 2 shows that
v = A0, vN+1) is a preflux. In particular the J component of 4 is nondecreasing in 47 for eachj=1,...,N.
With 4 3N Ly, AN = 4N+1 we conclude that 4 satisfies the basic monotonicities, and 4 is then a preﬁux
on QE (7*) Moreover it is 7- conservatlve by construction.

Step 4: G-monotonicity

Because we have seen that v — (v, it is o-monotone
in 7. Because 4N T1(y,yN+1) = 4N+1 it only remains to show that the maps ~ = A (y, YN FL) are
nondecreasing for all j = 1,..., N. Having (15.9) in mind, we see that the new difficulty here is that the
convex function W(-, vV 1) itself does depend on v+

Step 4.1: Generic case

Assume that 7, = (74, 71 € (0, +00)N x (0, +-00) satisfies Ly, > yN*!. Notice that the unique minimizer

N+1) is a preflux, we know that for fixed V+!

N+1

N
4s € K(ve,7¥N*1) is the orthogonal projection of ¥N*16 onto the convex set K (7., yN 1) 3 {’YI*,} Y
Y

which is characterized by the following variational inequality
(15.10) (W0 = e,y —42) <0 forall ye K(v,y M) ={yeT(n), Ly=~ "}

Step 4.1.1: decomposition
Define

*={je{l,...., N}, 0<4i <~I}, I’ ={je{l,....N}, 4 =+7}, I’:={je{l,....N}, 4 =0}
We set W := V@ VA@ VI with Ve := @ Rey, for ¢ = a, 3,6, and for any v € W, we write v = v* +~7 ++°
with v¢ € V¢ for ¢ = «, 8, 6. Notice thatktGﬁ; minimizer 7, is uniquely determined by the existence of Lagrange
multipliers A € R and £ € V2 N[0, +00)N and pf € V° N[0, +00)N such that
(15.11) Y = YN0 = Dy (3., vV ) = AXDL — pf o DLyys + il © DLjys

Indeed for ®(y) = W(y, v 1) = A2 (Ly —72+1), we have B(y) = D(5.) + Dy®(d) - (y — ) = B(3u) + (12 —
ufiy —44) = ®(44) for y € T'(74), and with Ly = yN+1 = L4, we get

Uy, W) > (3, 4N forall y € K(vye, v M)

which shows that this characterizes the unique minimizer 4. of the strictly convex function ¥(-,yN*1) on
the convex set K (7., vyN*+1) (this can also be seen as a special case of Karush-Kuhn-Tucker theorem). We
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deduce

A2 = AN = AeDLjys + pd > XY DLyys
(15.12) A — ANH198 = \¢DLyys — ! < AYDLjys
52— N0 = XS DLy

Step 4.1.2: proof that I° = () and \2 >0

The fact that 4% = 0 implies with the first line of (15.12) that I = §) or A* < 0. Assume by contradiction
that I° # () and then that A% < 0.

Case A: I[P £ ()

Then the second and third lines of (15.12) show that Y¥*16% > 32 in VA and 4N*t1> > 32 in V.
Then YN+10 > 4, with YN +10 # 4,. Hence YN+ = L(4yNH10) > LA, = yN+! with L(yN*10) # LA..
Contradiction.

Case B: I =)

Then the third line of (15.12) shows that

AT = =LA — N *1o2)
= AN+ _ a8 4 a0 }7 N+17go
(15.13) {v* (3 +42) ¢ — Y

= L(yNHL(0° + 0°) — )

=~N+ILRs > 0

where in the second line we have used L4, = yN*+1, in the third line we have used L# = 1, 4% = 0, ’yf = ’yf,

and in the last line we have used I® = () and I # (). Contradiction with A2 < 0.

Conclusion

We conclude that A¥ > 0 and I° = (.

Step 4.1.3: proof that I* # ()

Assume by contradiction that I* = ). Then this implies that YY 10 > 4, = v, and then YN+ = LyN+19 >

L#,. Contradiction with Ly, > yN*+1. Hence I® # (). Setting e := [I%|~! Z e; which satisfies Le® =1,
jer«

we deduce from the third line of (15.12) that

(15.14) Ao = NFIge LN e®  with 0 <\, = AT = LN 9% — AF)

*

where in the last equality, we have used the third line of (15.13) with I° = (). Hence we get
(15.15) A, YN = A = A0 + (L07)e®) — (Lnf)e® + 7
From (15.11), we also have

. . 0<AL <o in Ve
_ A N+1lg _ o _ B * *
(15.16) Yo =70 0= NIDL—py with {’?fvf and >0

which characterizes 4. € K (7., vV *1).

We now discuss a complement of independent interest. Because 4y < ¢ and A, > 0, we deduce from
(15.14) that vV 16> € I'(y2). Now assume by contradiction that there exists j € I such that vV 7167 = 1.
Then A\, > 0 implies that 4 = ~J. Contradiction with the definition of I®. Hence we get moreover
AN < 42 in Vo
Step 4.2: Generic case and variations
Now consider 7V *1 := 4 N+1 4 ¢ with ¢ € (0,4+0c). Following (15.15), let us consider as a candidate for
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(7, YNHL 4 g), the vector € := 4, + ¢ {90‘ + (L@ﬁ)ea}. Following (15.16), we now compute

E=N0 = {4 — 0} + g {(L67)e — 6%}
= {xepL -} + g {(L0%)ex — 07}

= {XeDL = pl} +a Q1T LOP) Y e~ 07
jeEI*

= {\DL - pl} + g 1T (LO%) S DL = > " ej p —0°
JEIB
A =\ 4 g|I*|71LO% >0
= @ — B i
ATDL = p? with 0 s 8 g 08+ 1 (L6°) Y e p >0 and €8 =of

jers
which satisfies £* < & for ¢ > 0 small enough. This shows that

. 0<&*<yy in Vo
_ AN+l _ ya B "
E—y"T 0 =A*DL — " with { ¢ %{3 and 4P >0

As in (15.11), this relation characterizes ¥(v.,7¥ 1) = €. Because £ > 4., we deduce that J(v.,y¥ 1) >
(7%, YN +1). Hence for each j = 1,..., N, this shows that the map 7V *! s 49 (v,, V1) is locally nonde-
creasing.

Step 4.3: General case

Let 4 = (75, YN 1) € [0, 400)N+! such that Ly, > yN+1. Using the continuity of 4, we get (by perturba-
tions) that 47 is nondecreasing in v ! on Qg(i*) for all j =1,..., N. With the other monotonicities, we
deduce that ':y is g-monotone on Qs(ﬁ*).

This ends the proof of the lemma.

Remark 15.9 Notice that Step 4 of the proof of Lemma 15.7 provides a proof of the monotonicity of the
map YN = Y(v., YN L) stated in Lemma 4 in [25], with more precise justifications.

The next result presents the preflux used by Garavello and Piccoli for RSy in [25].

Lemma 15.10 (Data Networks preflux)

Let N >1ando = (o',...,0N) e {£1}" witho # (1,...,1) ando # (—1,...,—1). Fory=(y},...,7N) €
[0, +00)Y, define
LYy =>4, I°():= >
oi=1 oci=—1

Let 0 € (0,1)N such that L*(0) =1 = L™ (0), fiz some 7= (¥*,...,7Y) € [0,+00)", and define the passing
fluzx
Yo(7) =0 = min {L*(7), L~ (7)}
and _
K*(7)={yeT*(®), Lt(\) =%}, with TTH) =Y [0,7]e;

K~(7):={veT~(%), L~ () =%}, with T°(F):= > [0,7]e
Let us consider the convex compact set

K@) ={vel0,400)V, v=9"+77, ("7 )eK () xK (9}

and the orthogonal projection on it
ﬁLHV(W)¢::f%17ﬁ(0n(50(7)'9)

Then 4PN [0, +00)N — [0, +00)Y is a conservative o-monotone preflux in the sense of Definition 11.1.
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Remark 15.11 The convergent junction case in Section 5.2.2 of GARAVELLO, PICCOLI [2/] is a special case
of data networks (Riemann solver RSy in [25]), which corresponds to N = n + 1 with n ingoing branches
0l =1 forj=1,...,n and a single outgoing branch c"*! = —1.
For N =1+ n and the special case n = 2, such solver has originally been introduced by Daganzo [17] (with
an equivalent formulation, see Fig. 4 and (7a)-(7b)-(7c) in [17]).

Proof of Lemma 15.10

Step 1: preflux

By construction, the function 4 := 4P% is continuous and conservative.
Moreover, we see that

At = Proj‘LKJr(;{) (F07) with 0T := Z 9jej

A4 ae . oi=1
+4~ with L . o . _ .
AT = PrOJIJ;(,ﬁ) (F0~) with 07 := g Be;

oi=—1

2
Il
2

Step 1.1: bounds

By construction, we have 4* € K*(5) ¢ I'*(5) and then 0 < 47 (%) < 47 for all indices j.
Step 1.2: local constancy

For 7 € [0, +00)", we consider the general splitting

y=7"+v" with (y",77)eTt(y)xT7(v)

For some 7, € [0,+00)", assume that I := {j e{l,....,N}, ¥ (%) < ﬁi} # (). Assume by contradiction

that there exists j,k € I such that 07 = 1 and ¢* = —1. Then this implies that L*4(5,) < L*%,, and then
LF4(74) < J0(3+) := min {L17,, L™7.}, i.e. 47(7.) € K*(7.). Contradiction. Therefore we conclude that
we have either o7 = 1 for all indices j € I, or 67 = —1 for all indices j € I.

Without loss of generality, let us assume that ¢/ = 1 for all j € I (the case ¢/ = —1 is similar). Then

LYyF > LTAF = L™, = 3(7s). Therefore K~ (7.) = {7, } and 4~ (7.) = 7. Moreover for € > 0, consider

Q-(%) = |3+ + > _(—£,8)e; | N[0,+00)"
jel

Then for e > 0 small enough and 5 € Q(5«), we have 55(3) = Jo(F«). Therefore we still have K~ () =
{7~} = {7}, and then 4~ (¥) = ¥, . Because 4 is the orthogonal projection on KT (%) of 67", we deduce
that

(15.17) AtF) = Ar%?li)ﬂ (-, 50) with W(y, %) = |y — 01|
K+ (5

Because 70 (¥) = Y0 (7«) =: 7 is fixed, we can use Lemma 15.4, and the fact that (-, 7}) is a sum of strictly
convex functions in separated variables, to deduce that for 4 locally around 7., the map ¥* +— 4+ (" +7;) =
4F (%) is a preflux. Therefore the map 4 — 4(¥) = (41(%), 7, ) is locally constant in {¥, 4(¥) # 4} close to
4. This is the desired local constancy of 4.

Step 1.3: basic monotonicities and o-monotonicity

Notice from Lemma 11.4 that basic monotonicities are automatically satisfied for prefluxes. Here we prove
it directly and also prove more.

Consider 7,7 € [0,4+00)”, such that for some index j, say with 0/ = 1 (the case 0/ = —1 is similar), we
have
(15.18) ¥ — 7« =qe; with ¢ € (0,+00)

Case A: L7, > L7,

Then LT, > L™, = 5(9«). Hence Lty > L™5 = L™, = (7). Therefore as in Step 1.2, we get (15.17),
and Lemma 15.4 shows that ¥ +— 4+(3+ + 5, ) is a (1,...,1)-monotone preflux. In particular, for o* = 1,
the component o*4* is nonincreasing in 0747 for k # j, and nondecreasing in 0757 for k = j. Moreover, we
have K~ (¥) = {# 7} = {77}, and then 4~ (5) = 4. Hence for 0% = —1, each component o*4* is constant
in 0747, and it is in particular nonincreasing.
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Case B: LT7, < L™,
Then 7 = J(V«) = L™9. < L™ 7., and then K*(%.) = {§}}. Then for ¢ > 0 small enough such
that 3¢ < 50(y) = Lty < L™5 = L 4., we have KT () = {§} and 47(y) = 4" and in particular
4%(¥) = 4% = 4F for all k such that o* =1 (for k # j and for k = j). For ¢ > 0 not small, notice that there
exists some unique g, > 0, such that we get equality Jo(7« + g«€;) = LT (3« + gve;) = L™ 7., and then we
are back to Case A with 7, replaced by 7. + g.e;.

Now notice that 4~ is the orthogonal projection on K~ (%) of 7,6~ , and we deduce that
(15.19)
(7)== A}ggr(r}i)n U(-,50(7)) with Uy, o) == [y—700~[* with K~ (3)={y el (3), L v=L"(%07)}

(v

with L™ (5007) = 59 = LTy = L*5". Then Lemma 15.7 shows that the map (Y~ ,%0) — (5 (%),7%0) is a
(1,1,...,1,—1)-monotone preflux. In particular each component of 4~ is nondecreasing in the agglomerated
variable 5o(J) = LT4*. Therefore c*4* is nonincreasing in 0747 for all k such that ¢* = —1. This shows
that 4 is o-monotone, and has the basic monotonicities (6747 is nondecreasing in 0747). This ends the proof
of the lemma.

Corollary 15.12 (Data Networks germ; RS> in [25])

Assume (2.2) for some n : m junction (J, f) with N =n +m and n,m > 1. Recall that o € {+1}" and o
denotes the orientation of the branch J?. Assume that o # (1,...,1) and o # (—1,...,—1). Assume also
that f is bell-shaped, and call 7 : [a,b] — [0, +00)N the capacity 37 = fj*"j given in Definition 11.6.

Then the set

(15.20) G=0;:={pelatl, fo)=fp)} with f(p)=5""o7
is a conservative Kruzkov germ, where 4PN is the data network preflux given in Lemma 15.10.

Proof of Corollary 15.12
From Lemma 15.10, we know that the preflux 4P is conservative and o-monotone. This implies that G is
conservative monotone germ, hence conservative Kruzkov. This ends the proof of the corollary.

In [25], the authors provide an important result that gives us an enlighting heuristic for the proof of
Corollary 15.12. We now state this result.

Lemma 15.13 (A contraction result, Lemma 6 in [25])
We work under the assumptions of Corollary 15.12, with furthermore the specific case of f7 = fO for
j=1,...,N. For G defined in (15.20), and for all fired j € {1,...,N}, all p € G, and q € [a,b] such that
q — D € R¥e; satisfies
oldd >0 with & ::w and o’ :{
¢ —p’

1 for ingoing road
-1 for outgoing road

then we have (recalling that f = f o g and g o wg = mg)

F@-r)+ Y, 1= o= 170 - @)
ke{1,....N}\{5}
Heuristic motivating the proof of Corollary 15.12

We now propose an heuristic to motivate the proof of Corollary 15.12 in the special case f/ = fO for
j=1,...,N, using Lemma 15.13. Using the fact that the map x — |z — ¢| is 1-Lipschitz, we deduce that
@~ |y —cl < |o -yl and get from Lemma 15.13 that 3. |/*(@) = /()| < |(a) — F (5)]-
ke{1,...,N}\{j}
In the limit ¢ — p, this gives formally Z 10, f¥| < 10;f7| at p when o (f7)/(p7) > 0. Using vii)
ke{1,....N}\{j}
of Proposition 2.14, if we know that f is a Godunov flux associated to a Riemann germ G, then we expect
a1, f1(p) e {0, max {0,07(f7)'(p?) } }. Then, in the very best case, we may expect to have on G

> 101 <70
ke{l,,N}\{5}
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Because any Godunov flux f is locally constant on { f *f }, we may expect that this inequality is indeed

true not only on G, but a.e. on [a,b]. If it is the case, then i) of Theorem 2.26 implies that G is a Kruzkov
germ. Because by construction G is conservative, we get that G is a conservative Kruzkov germ. This ends
the heuristic.

Remark 15.14 (Comments on other Riemann solvers in [25])
In [25], Riemann solver RSs is not associated to a (conservative) Kruzkov germ, because I'; =
min (", yner) = min(3¢, ") is symmetric in ingoing index i and outgoing index i + n, which is not
compatible with o-monotonicity of the associated preflux for o' =1 and o™ = —1.

Similarly in [25], Riemann solver RSy is not associated to a (conservative) Kruzkov germ for some
n :m junction with 1 < n < m and m > 2. Indeed if the ingoing branches j = 2,...,n are empty with
A7 =0, then the ;m];oblem is simply described by some 1 : m junction with effective passing fluz equal to

min {71, 7} where 0% := oy, and where 7 is the capacity. As explained in Section 2.3 of [30)],
k=n+1,....n+m 0’“

0 0

this corresponds to a (quasi) HJ problem (hence (quasi) HJ germ) for functions f! := fT and f* = g—k. But
monotonicities of the Godunov flux for (quasi) HJ germs (with fk =h(t,4,...,1) = h(p,ptL ... p"t™))
and for monotone germs (with O (o% f¥) < 0 for k' # k, and Opi (o* f¥) > 0) are indeed incompatible for
m > 2.

15.1.4 Traffic Lights germs revisited

We revisit the traffic light germs discovered in CARDALIAGUET, FORCADEL, MONNEAU [11] (see also TOw-
ERS [46] for a special case), and give as a new result the explicit expression of their associated Godunov
flux.

Consider a divergent junction 1 : 2 with bell-shaped function f = (f°; f!, f2) in the sense of Definition
11.6 (with definitions of f7%), with ingoing flux f° and outgoing fluxes f!, f2. We consider the following
assumptions

N0, f1,.] for j=0,1,2
=R

(15.21) the maps 6% : [0, 0 ] — [0,A*] are continuous nondecreasing for k=1,2
0k(0) =0, O*(\0) =Nk for k=1,2
01 (\) + 6%(\) = min(\, A°) for A€o, £3,,]

For a divergent junction 1 : 2, and for A := (5\,@) = (A%, AL 01, é2)7 we consider the following Traffic
Light germ, which is known to be a Kruzkov germ (see [11])

al <ul < b, j=0,1,2
0< fi(ul) <N, J=0,1,2

(15.22) GN? = U = (v, u,u?) € R,
o) = fHul) + f2(u?)

Rt k) > 08 (fOr (), k=12

Lemma 15.15 (Godunov flux of Traffic Light germ G;?)
For N = 3, assume (2.2) for some 1: 2 junction (J, f) with f = (f°, f, f?), with incoming branch denoted
by J° (6° = 1) and outgoing branches J* (0% = —1) for indices k = 1,2. Assume also that f is bell-shaped

in the sense of Definition 11.6, and call 7 : [a,b] — [0, +00)™ the capacity '_yj = fj"’j given in Definition
11.6. We set fi, .. := fi(¢?) for j = 0,1,2 and assume (15.21) with A = (\°, A1, A?) € [0, +00)™ and

T5 : [0,4+00) = [0,400)™, with Tx(y) = (min {7°,A°} ,min {y*, X'}, min {~*, A?})

56(y) = min{+', max {61 (1°),7° =2} ¢,
(15.23) 52(y) = min {~2, max {62(10),70 — 41 L}
0 =9+
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Then
G=G;={pelatl, fo)=fw} with j:=507:(0,b] [0, +00)" with 4:=300T;

is a conservative KruZkov germ G C [a,b] with respect to (J, f), and 4o and 4 are prefluzes. Moreover we

have G = GA2.
We furthermore have the simple expression
(15.24) 40(y) = min {°, 4" +~°}  for 4% €[0,X]

Proof of Lemma 15.15

Step 1: properties of 4

Step 1.1: 4y is a conservative preflux

We first notice that by construction, we have the function 4y : [0, +00)Y — [0, +00)" is continuous, and is
conservative because 49 = 4% + 42.

Step 1.2: preliminaries

We consider the following four sets (T like triangle, Q like sQuare)

To ={v€[0,400)N, 4 +72 <%}

Ty =3v€[0,400)N, A1 +92>170 1 <(70)
T =y €0, +00), 7' +227" 42 <02(y")
Q =147€ [07+OO)N> ’Yk Zék(’yo)v k:172}

and we have (using the fact that z A (yVz) = (zAy)V (xAz) for xVy := max {z,y} and 2 Ay = min {z, y})

(v 7?) if ey
(' W= i el
(° =% ) if yeT
(15.25) (%0,90) = (0'(y%),  62°(3°))  if y€Q and A° <\
(4, 7?) if ye@Q and A% >X0 and A +42 <40
(1" =% =91 if y€Q and 4°>X0 and 4l 49729

Step 1.3: bounds

By construction, we have 49 > 0 and A4f(y) < 4% for k = 1,2. Moreover from (15.25), we get 49(y) =
Yo +96 <.

Step 1.4: local constancy

We see that 4g is not locally constant on {’3/0 #* id[o’Jroo)N} for (38,48) = (v* —=92,7° —~1). On the contrary
the restriction of 4y to the box K := [0, \] avoids this behaviour, and we see easily from the four first lines
of (15.25), and from the possible combinations, that (9o)|x is locally constant on {(90)x # idx }.

Step 1.5: basic monotonicity

It is easy to check that v — 47 (7) is nondecreasing in 47 for j = 0, 1,2 (even if we know already from Lemma
11.4 that basic monotonicities are automatically satisfied for prefluxes).

Step 1.6: o-monotonicity (for 1:2 junctions) ‘

In terms of v = (7°,4!,~4?), we now want to check the o-monotonicity of 4y, i.e. that ¢74; is nonincreasing
in oF~y* for j # k, i.e. the following monotonities (with indeed * =1)

Yo (%, 1,1)
Yo (1%, 4)
35 (1,4, %)
which is the case.
Step 1.7: conclusion
We now conclude by composition (similarly to the proof of Lemma 11.13) that 4 = (9o) x0T} is a conservative
o-monotone preflux.
Step 2: properties off
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From Theorem 11.8, we deduce that G i is a monotone conservative Riemann germ, hence a conservative
Kruzkov germ (as follows from Theorem 2.29).

Step 3: identification of the germ

We now want to show that G := G P= g};? It is known from Lemma 1.5 in [11] that there is a generating set

Ej C Gi2 such that Ey C G implies G = G12. Here the generating set is given by Ex := ' U {Py, P, P3},

with
D= {P("), €0} with P(°):=(@l(1"),ul(6' (1)), w3 (6*("))
Pro= (w2 (A1), ul (A1), u_(0))
Py = (u® (\?),ul (0),u% (\?))
Py = (u° (0),u! (0),u2 (0))
and

Pk)=x wh() el d], ol eld,V], Ael, ()]

Step 3.1: checking I'

Notice that ?(P('YO)) = (707 f71naac7 fr2n,agc)’ and then for ’YO € [0, 5‘0}7 we get f(P(’YO)) = (’Yoa él(’yo)v éQ(’YO)) =
F(P().

Step 3.2: checking P,

We have ’7(P1) = (f’IEl]’LaI? frlnamv
Step 3.3: checking P,
Symmetrically, we get f(P2)f(Px).

Step 3.4: checking Ps .

We have ¥(P3) = (f%..,0,0), and (T o 3)(Ps) = (A°,0,0). Therefore f(P3) = (0,0,0) = f(P).
We conclude that E5 C G, and then G = G2

Step 4: checking (15.24)

Relation (15.24) follows from lemma 15.16 just below with K := % a:=+!, 8 :=~% and p, :=

g = 92(30), using the fact that u, + pg = 1 for 40 < A% as a consequence of (15.21).
This ends the proof of the lemma.

0), and then (Tk 07)(P1) = (A\°,4,0). Therefore f(P1) = (A, A!,0) = f(Py).

% and

Lemma 15.16 (A remarkable equality)
For K,a,B € R and po, g € [0,1] with po + pg =1, we set

S = S(K,, B, tta, tp) = min {o, max { o K, K — f}} +min {5, max {yugK, K — a}}

Then
S =min(K,a+ f)

Proof of Lemma 15.16
We use notation z V y = max(z,y). Then

S =min{a, uo K + 0V (usgK — )} + min {3, pgK + 0V (uo K — @)}

Case A: a < oK and 8 < ugK
Then
S=a+pf=mn{a+ s, K}

Case B: o > 1o K and 8 > ugK
Then
S =poK + pgK = K =min{a+ 38, K}

Case C: o < oK and 8> pgK
Then
S=a+min{f, K —a} =min{a+ 3, K}

Case D: a > K and g < ugK
This case is symmetric to Case C, and find again S = min {a + 3, K}.
This ends the proof of the lemma.
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Remark 15.17 (Convergent junctions 2 : 1)

Notice that for convergent junctions 2 : 1, the germ G3' has the same expression as Gy in (15.22) with
only f3* naturally changed in f7~ for j = 0,1,2. Similarly the expression of Godunov fluz is still given by
f: 4 04, where the preflur 4 = A9 o Ty is unchanged, but only the capacity ¥ = 7" is naturally changed

under the transformation o — —o, for o = (0°,0',02).

15.1.5 Newell’s preflux (and on-ramp junction)

In [41] (paragraph 4. on a single bottleneck), Newell considers an on-ramp on a highway with full priority
given to the on-ramp traffic (see also the presentation in paragraph 2.4 in [42]). This corresponds to the
following preflux given in (15.23) for A° = +o00 and

0'(7°) = 015°, () = 023" with 6l=1, 6%=0
N

i.e. to the following Newell’s preflux 4

[0, +00)? as
A1(7) =min{3",5°},
(15.26) 42(3) = min {52, max {0,7° —=7'}},
P =9+

Here the full priority is given to the flux 7', and the flux 52 occupies the remaining allowed part of traffic,
if any.

Remark 15.18 Notice that Newell’s prefluz 4 can be obtained as the limit as 0 := (0*,60%) — 0, := (1,0) in
the relaxation ReoAg for n = 2 with Lebacque quasi-preflux Ag for N =1+ n given by

M= D> XN
j=1,....n
Nevertheless, the reader may notice that in this case 0, is so degenerate (with 93 =0) that

9%00;\9 — 4 75 9%00;\9* = ;\9* as 0 — 0,

with 4 given in (15.26). In particular 4 is a conservative Kruzkov prefluz, as limit of conservative KruZkov
prefluxes.

In the same spirit, notice that for instance for N = 1 4+ n with n = 3 and some small enough € > 0
0l :=1—¢(6?+6°),
02 = 6,
02 = €63,
§:= (62, 8%) € (0, +00)?
using Lebacque preflux given in Corollary 14.9, we get
Rocho, = Y5

with
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In the limit § — 0, = (1,0), we get

5. () = min {3',7°},

= X 4

Jj=12,3

which is an example of a preflux where the full priority is given to road 1. If there is still some remaining
capacity to welcome further traffic (on road 0), then the next full priority is then given to road 2 (with
respect to road 3). This is just a natural generalization of Newell’s preflux.

15.1.6 Jin-Zhang quasi-preflux and its relaxation (and fair merging)

We consider the following Jin-Zhang function A := (A% X', A2) : [0, 4+00)3 — [0, +00)?, defined for (7 :=
(7%, 7",7%) € [0,+00)° by

1 s 0
) = min {7, 2 90}
15.27 co_ PP
(15.27) N (7) =mm{72,§1+ﬁ2 '70}
N0 =24

with the convention that A = (0,0,0) if 4' =42 = 0. This is called the fair merging (for merging junctions
2:1), and we refer the reader to formulas (11) on page 526 and (13) on page 530 in [33].

Lemma 15.19 (Jin-Zhang quasi-preflux and its relaxation)

Let X as defined in (15.27).

i) (Jin-Zhang quasi-preflux)

Then the function X : [0, +00)3 — [0,400)3 is a conservative Kruzkov quasi-prefluz in the sense of Definition
13.1, and is called the Jin-Zhang quasi-prefluz. Moreover, we have

A°(%) = min {7°,7" + 7%}

ii) (Relaxation of Jin-Zhang quasi-preflux)
Let A= (A%, A1, \?) € (0,4+0)3, and let
A= Rz A
be its associated preflur obtained by relazation (which is a conservative Kruzkov preflux). Then all for
7 €10, A], we have

7 (3) = min {7", max {6'5°,7° =32} 1, , 3

() = min {3, max {6°7°,7° = 3'}},  for 0= 55, j=1.2
~0 _ 2 ~92 )\1 +)\2
Y=ty

and
5 =40Ts.
Proof of Lemma 15.19

For the proof, we partially follow Appendix C in Jin [31].
Step 1: proof of i)

Assume that 4! + 4% > 0. Because 77 < lejﬁz -39 for j =1 or 2 is equivalent to ' + 42 < A9, we deduce
that we have R
A°(7) = min {3°,5" + 57}
even for ¥' + 72 > 0. .
Step 1.1: checking that ) is a conservative Kruzkov quasi-preflux
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We first notice that A : [0, +00)3 — [0,4+00)? is continuous, satisfies 0 < 4 < id[0,+00)3- Moreover the

function )

_ Y =0
Y=g = 7
) = =

_07

satisfies p(3) = 7 - 4%, which shows that dyp > 0, d1 > 0 and drp < 0. Hence for o :=

'+ 72 A
(0%,0',0%) = (—1,1,1), we deduce that I \* > 0 for k =0,1,2, and

olc* N <0 forall (#£Fk

We conclude from Lemma 13.3 that \ is a Kruzkov quasi-preflux.

Step 1.2: further properties at infinity

Notice that 4o is uniformly locally bounded. Notice also that 4 is not boundedly continuous on [0, +00]3,
because for bounded 4%, the quasi-preflux is bounded, but has no unique limit as (3',52) — (400, +00).
Hence EROOS\ is not defined.

Step 2: Computation of its relaxation

Let A = (A% A, A2) € (0, +00)3, and 4 := R A. We have to solve for (AL, AR) € Dy

i1 .o . AL
51(7) = min {3', A'*} = min {»R, P T /\OR}
2R
4%(3) = min {¥°, \**} = min {)\2R A )\OR}
) PALR 1 \2R
20(% . [=0 yOL : 1R AR OR . 2R AR OR
'y(’y):mln{'y,/\ }:mln )\ ,m)\ —+ min )\ ,m)\
Let us assume that -
Y €[0,A).
Step 2.1: the passing flux
We first show that
(15.28) 4% = min {7°,7" +7°}

Indeed, we already have 4° < min {107 A+ ﬁQ}. Assume by contradiction that
7% <min {3°,7" +5%}

Then A\°F = \° and at least )\jL < 47 for some index j € {1,2}. Assume for instance this is j = 1 (the case
j =2 is similar) and M® = A1, Then ' = A1 < 4! and

PP Y GUT TSN, S (7 QRN § ST S
T = "ME 1 \2R - "M+ A2R

Hence A9 = X0 < A 4 A2R = \1R 4 \2R j o \OR <« \1E L \2E Hence
5\0>’70>’A)/0:’A}/1+’A)/2:A0R:5\0

Contradiction. We conclude to (15.28).
Step 2.2: the other fluxes

Case A: 4! +72 <70

We want to show that

(4,4%,4%) = (3174 +4°).
We choose B
>\1L — )\1’ >\1R — '?1
)\2L — )\27 )\21? — ,}2
AL = 51 4 52, N\OR _ 30

which is allowed because A\°F < \? follows from A = 5! 452 < 50 < \O,
Case B: 7' +72 > 7
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o , Y,
Case B.1: 57 > 075 with ¢/ := T3 and j = 1,2
We want to show that
(3',4%,4%) = (6'3°,6°3°,7°).
We choose _
/\1L — 01,.3/07 )\1R — )\1
>\2L — 92,3/0 )\2R — ;\2
AOL — O, ’ A\OR _ ’_YO

)\IL — 91,70 < ,71 < 2\17
)\2L — 927)/0 < :}/2 < /\2

AlL < 5\1
\2L < 32
Case B.2: 4! < 6'4° and 72 > §%53°
We want to show that

which is allowed because > follows from {

We choose _
- A2
AL =\ /\1R A1
’ 370 _ 7)/1
)\ZL — :O _ ,71 < 5\27 )\2R — /\2
AOL — X0 AOR — 50
AE < )1

which is allowed because { \2L < 5\2’ follows from the following. We first notice that

AL =50 5 <52 <32,

We also have (because '3 > 5! > 0)

ME <\ = At <\
0 Y

which shows the expected inequality.

Case B.3: 4! > 0153° and 7% < 62479

Symmetric to Case B.2.

Case B.4: 4! < 6'4° and 72 < §%7°

Impossible because 7° < 1 + 72

Conclusion

By continuity, we conclude to point ii) and this ends the proof of the lemma.

15.1.7 Relaxation of Lebacque quasi-preflux with unnormalized coefficients

As an example considered in Lebacque [37] (Section 6.3), we may consider for N = 1 + n and n = 2, the
following function A = (A%, A1, A2?) : [0, +00)3 — [0, +00)? defined for ¥ = (7°,51,42) € [0, +00)? as

A () = min {57, 4150 -
AV =24 \2
with o
6'.6% >0
where we may have 6! + 62 > 1 (or also 0" 4+ 6 < 1).

Lemma 15.20 (Relaxation of Lebacque quasi-preflux with unnormalized coefficients, n = 2)
Let N =1+n withn =2 and X : [0, +00)N — [0, +00)N be the function defined in (15.29).

i) (Quasi-preflux)

Then X is a conservative Kruzkov quasi-prefluz.

ii) (Relaxation)
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Let 4 := Roo be the Riemann relazation 0f5\ on the box [0, +00]N. Then 4 is a "standard” Lebacque preflux

0= min (7 ma 051 ),
(15.30) 7 ('y)A: min {'y ,max {627,730 — 5 }},
A=At + 42
with normalized coefficients: R
97
0 = —  j=1,2
01 + 62

Proof of Lemma 15.20

Step 1: proof of i)

The proof of i) is similar to the proof of i) and ii) of Lemma 14.1.

Step 2: proof of ii)

The proof follows the same lines as the proof of Lemma 14.1 and Corollaries 14.6 and 14.9. We give a few
details below. Notice in particular that Roo is well-defined, due to lemma 14.10.

We start to relax A finding (AL AR) € Dy with Ao = (400, +00, +0), i.e. solution of

min {71, \'F} = min { AR GINOR | = 41(7),
min {%%, A2/} = min A2 G2NOR L —: 52(5),
min {5%, A%} = 41(3) + 4*(¥)

which gives (using Lemma 14.5)

min {"yo, )\OL} = min {f‘yl, él)\OR} + min {’72, 9~2)\OR}

We set B B B
00 := 0" + 02,
. ~J
Wi= 1, j=0,12,
L 07 )\OL
AE ) = (5= A e D
00
and get
(15.31) min {ﬁo, XOL} = $(A°F) with $(A°F) := ¢! min {ﬁl, XOR} + 6% min {%, XOR}

From the solution to (14.4), given for instance in (14.16), we deduce that

~ i — 7
@)7513) = min {57 max {50, LA

~ 0 01 < 1
@)71926) =min 57, max {50, T
which implies (15.30). This ends the proof of the lemma.

Remark 15.21 Notice that we may also consider and compute (if necessary) Riemann relazation ofj\ oTy
with a truncation operator T for some A € [0, +00)3.

15.1.8 Kedem-Katchalsky quasi-preflux and its zero relaxation

This subsection is inspired by [3] and [12]. For N > 1 and A = (A!,...,AY) € (0,400)", and indices
j,ke{l,...,N}. Following Example 2.2 in [3], we consider the kernel functions

(1,4) monotonicities,
(15.32) K1 (0,0) = 0 = K, (M, \F),
Kin(3,9%) = =Ki; (75,79,
Kj; =0

where 1 means non-decreasing and | means non-increasing.
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Remark 15.22 (Explicit example of a Kedem-Katchalsky quasi-preflux)
A typical example is

Kjk(;yjaﬁ/k) = Cjk(;yj - ;}/k)a

cik =ck; >0 for j#k,

Cjj = 0

N =X>0 foral jk

Lemma 15.23 (Kedem-Katchalsky quasi-preflux and its zero relaxation)
For N >1 and A = (A',...,AN) € (0,400)", assume (15.52). Consider the function A : [0,4+00)" — RY,
first defined on [0, \] by

N = >, Ex(4%), j=1,....N, forall 5[0\

and extended to [0, +o0o0)™N by
A= Ao T;\
where T is the standard truncation operator defined in (13.9).

Then X : [0, +00)N — LRN is a Kruzkov A-quasi-prefluz in the sense of Definition 13.1. Moreover, its
relazation on the box [0, A] satisfies

(15.33) RiA=0
i.e. is the zero Godunov flux.

Proof of Lemma 15.23
Step 1: cheking KruZzkov quasi-preflux
By definition, A is continuous and it is easy to see that it satisfies

A <0 and M

J
[(3=0) {rizaiy =0

It is also easy to see that

Yo o N=o0
j=1,...,N

i.e. that \ is conservative for o = (1,...,1) € RY. It is also easy to see that it is o-monotone, and then
Lemma 13.3 implies that \ is a Kruzkov quasi-preflux. By construction it is then a A-quasi-preflux.

Step 2: its Riemann relaxation is zero

Let us consider the Riemann relaxation on the box [0, A] given by

A= Rz

which is by construction a Kruzkov preflux associated to the Kedem-Katchalsky quasi-preflux. By definition,
we have

(15.34) A(3) == min {57, M} = M (AF) for  (AF,AF) € Dy

Then ~
()‘Lv >‘R) = (ORN7A> € DS\

is a solution of (15.34), and then 4 4
¥ (7) = min{5’,0} =0
which shows (15.33). This ends the proof of the lemma.
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15.1.9 Construction of some 2 : 2 conservative Kruzkov prefluxes and germs by gluing

In this subsection, we give explicitly the Godunov flux of some 2 : 2 conservative Kruzkov germ, that is
obtained by gluing of two traffic lights germs of type 2 : 1 and of type 1 : 2.
We consider a function g satisfying

9(0) =0 =yg(1)

(15.35) g :[0,1] — [0,+00) stricly concave with { and maximum at ¢ € (0,1) with gmax 1= g(c)

and its monotone envelopes

I 1(7)) for u €0, v | oglo) for u€|0,(
g7 ()= { g(c) for wu € e, 1] and g~ (u) = g(u) for we e 1]
We also consider functions A\* satisfying the following
E\j "= Gmax for j=1,...,4
A” := 20max
(15.36) the maps  A* : [0, 4+00) — [0,+00) continuous nondecreasing for k=1,...,4
)\k(o) =0, )\k(j\O) = Ymax for k=1,...,4
AL 4+ A2(0) = A = A3(\) + AN for all A € [0, +00)

Lemma 15.24 (Example of some 2 : 2 conservative Kruzkov preflux and germ)
Assume (15.85) and (15.36). For U := (u!,u? u® u?) € [0,1]*, we define

A% = min {g* (u') + " (u?), 97 (u*) + g~ (u")}
and the flux f(U) = (fl,fz,f?’,f‘l)(U) as follows
(15.37)
flU)y=g
FAU) =g*(u?)
(A3(A0), M(\%))

(A? = g™ (uh), g™ (u"))

(97 (W), A% — g~ (u?))

g~ (u?)

1

g () <

>3
<

A3(X\9)

PRGBS

A3(\0)

g~ (u') = AY(\%)

1

(where g~ (u?) > M (\°) never happens for j = 3,4 at the same time) and

(15.38)
(A1), 32(A)) if {

(FL), PPy = AW =97 (), g7 (u?))

if A<g (u)+g (uh)

if X <gt(ul)+g"(u?)

wl) A0 ul i 9+(U1) < 5‘1()‘())
| )0 - g @) i {gﬂﬁ)>ﬂ@%
PU) =g ()
FAU) =g~ (uh)
(where gt (u?) > M (A°) never happens for j = 1,2 at the same time), and
FHU) = g*(ut)
FAU) = g*(u?) : _ 1 2\ _ — (.4
(15.39) 7(0) = g~ (u) if A’ =g (W) + gt (W) =g (u) + g7 (u?)
FAU) =g~ (u")
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i) (The germ)
Then the set G defined by

G={U =0l ut) 0,1, fU) =)}

with f = (g,9,9,9), is a conservative Kruzkov germ for junction of type 2 : 2.
ii) (The associated 2:2 conservative Kruzkov preflux)

Moreover for )
A% = (gt (uh), g (w?), 97 (u?)g™ (u'))
we have

f(U) =5(%) with 2:2 conservative Kruzkov preflur 4 =400Tx, A := (Gmax, Ymax, Jmax, Jmax)

where 4g : [0, +00)* — [0, +00)? is also a 2:2 conservative Kruzkov prefluz given by

A’ i= min {31 +5%,7% + 7'},

y5(7) = min ¢ !, max AL(A0), A0 — 52 L L
(15.40) 32(5) = min ¢ 7%, max § A2(A2), A0 — 31 ¢ ¢

48(7) = min ¢ 43, max { A3(A0), A0 — 4% ¢ F

93¢ (7) = min { 44, max § A*(A\0), A0 — A3 2 4

Proof of Lemma 15.24
Step 1: proof of i)

The idea if that the set G is obtained by gluing of two conservative Kruzkov germs G, and Gg, i.e. that
G = G,tGs. Then by Proposition 5.13, the set G is therefore also a conservative Kruzkov germ. Here G, is
of type 2 : 1 with fluxes f, == (f1, f2, f0) = (g,9,2g) (where 2g is the flux on the outgoing branch) and Gz
of type 1 : 2 with fluxes f3 := (fg, fg’, fé) = (2¢,9,9) (where 2g is the flux on the ingoing branch). Precisely

G. and Gg are two particular traffic lights germs. For u := (u', u?,u®) € [0, 1])3, we consider the flux
B

a(u) = min § g* (u'), max § \' (297 (u?)), 29~ (u°) — g" (u?)
F2(u) := min { g+ (u?), max § A2(2g™ (u°)), 297 (u®) — g™ (u!)
fO(w) :=min {297 (%), g* (u') + g* (u?)}
and for @ := (u%, u?,u*) € [0,1]3, the flux
:2(11) = min {29 (u%), g~ () + g™ (u")}
5(a) == min { g~ (u*), max { A*(2g™ (u°)), 297 (u®) — g~ (u?)
f4(@) == min { g~ (u*), max § A*(2g* (u?)), 297 (u°) — g~ (u?)
We set .
Go = {u = (' 0, u) € [0,1F°, Julw) = fa(u)}
and

Gy = {i = (', uh) € .11, fu(@) = f(@) |
Given U := (u!,u? v, u*) € [0,1]*, we then look for some u° € [0,1] such that
fatul,u? ) = fi(u®,u?,u?)

Then it is easy to see that

A0 :=2g(u®) = min {g* (u') + g7 (u?),9™ (u®) + g~ (u*)}
9" (u®) = g(u?) if 2g(u®) < g™ (u?) + g~ (u*)
g~ (u®) = g(u°) if 2g(u®) < g™ (ut) + gt (u?)
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and it is easy to see that for (f1, f2, 3, f4)(U) = (fé(u)fo%(u),fg(ﬁ),fé(ﬁ)) with u = (u',u? u°) and

@ = (u%, u?,u*), we have (15.37)-(15.38), and (15.39) then follows by continuity.

Finally, G is of type 2 : 2 with ingoing branches labelled 1,2 and outgoing branches labelled 3, 4.
Step 2: proof of ii)
By construction we also see that we have point ii) with (15.40). In particular when A\’ < 4! + 42, notice
that \° =43 + 4%, and then

max | A(A°), A0 — 31§ > 5%,

max ¢ M(A0), X0 — 33 4 > 54,
which implies (15.38), and then (15.40). The raisoning is similar when A\° < 5% 4+ 4% and obtained by
continuity when \° = 4! + 52 =43 + 4%, This ends the proof of the lemma.

15.2 Non Kruzkov cases

15.2.1 Daganzo FIFO preflux (and diverging junctions)

Let N =14+ n with n > 2 and

(15.41) °=1= > ¢ with ¢/€(0,1) for j=1,....n
j=1

We consider the following First In First Out (FIFO) function 4 := (3°,...,4™) : [0, +00)Y — [0, +-00)V

=0 1 ~n
(15.42) ﬁ’f(y)zekmm{7 T

970’6717 .70,'1}, k:0,17...,n

which has been introduced for n = 2 by Daganzo [17] (equations (9a)-(9b) on page 88) originally for a
diverging junction 1 : n (useful for instance to describe emergency evacuation). See also [30] for the associated
Hamilton-Jacobi theory for n > 1.

Lemma 15.25 (Daganzo FIFO preflux)
Assume (15.41). Then the function 4 : [0,+00)Y — [0,+00)N given in (15.42) is a conservative quasi
Hamilton-Jacobi preflux in the sense of Definition 11.1.

Proof of Lemma 15.25
We first notice that 0 < 4977 < id[y, +o0)~ 18 continuous and locally constant on {'quHJ # idjo, 4o0)N }, hence

is a preflux. Moreover its N components take the same value up to the prefactor % > 0, hence it is a quasi
HJ preflux. For o := (¢°,0!, ,0")=(1,—1,...,—1) we have

ol (7 > 0
when 57 < 4% 4!, This shows that the preflux 4977 is not o-monotone. Moreover, we have
Yo dEHNE) =0
7=0,1,....n

which shows that the preflux 4777 is conservative. This ends the proof of the lemma.

15.2.2 Coclite-Garavello-Piccoli preflux and case study of 2 : 2 junctions

In this subsection, we consider the Coclite-Garavello-Piccoli preflux for traffic on n : m junctions introduced
in [14] (see also the book [24], and germ R.S; in [25]). We will apply it in particular for 1 : 2 junctions.

For n : m junctions with n,m > 1, we consider indices orienting the branches (n ingoing branches and
m outgoing branches) such that

O'j::17 j:l,...,n
(15.43) {ai::—l, t=1+n,...,m+n

We assume that the preferred distribution of the traffic is given by a real matrix A € R"*"™ satisfying

(15.44) A= (ai;) (i jyefitn,..min)x{1,.m}s 0 <aji <1, > ay=1 forall j=1,...,n
i=14n,....m+n
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such that we expect to get the outgoing fluxes in term of the ingoing fluxes as follows

(15.45) Y= Y ayy, i=l4n,..,m+n
j=1

We call A a traffic distribution matrix. This matrix encodes the statistical preferences of the drivers de-
pending on their incoming roads. The Coclite-Garavello-Piccoli preflux is particularly designed in order to
satisfy relations (15.45) and also to maximize the total flux passing through the junction point.

We have the following result.

Lemma 15.26 (An approximate preflux)
Let N :=m +n with n,m > 1 and a matriz A satisfying (15.44). Let

K@) :={yeT(®), L =0} with TH):= [[ 0,4 and L(y):= otk
k=1,...,N k=1,....N

with o defined in (15.43).
Let £,6 > 0 and the strictly convex function W : [0, +00)N — [0+ o0) defined as

Uos()i=ehylP+ > A7 +67 > agy o
j=1

=1,....n i=14n,....,m+n

For every 7 € [0, +00)Y, we define

e s(7) := Argmin U, 5
K(¥)

Then Az s : [0, +00)Y — [0, +00)N is a conservative preflux in the sense of Definition 11.1.
Proof of Lemma 15.26

Point i) follows immediately from Lemma 15.2.

Corollary 15.27 (Coclite-Garavello-Piccoli preflux for n : m junctions with n < m)
Let N :=m+n with n,m > 1 and a matriz A satisfying (15.44). Let

K@) :={yeT(®), L) =0} with T@):= [] 04" and Liv)i= 3 obyF
k=1,...,.N

with o defined in (15.43).
Let the convex function U : [0, +00)N — [0+ o) defined as

U(y):=— Y
j=1,....,n

and

Ko@) ={v=0"....7")el®) with (Y"*",... 4™ =A4-(y',....9"M"} CK(®)

i) (Definition of Coclite-Garavello-Piccoli preflux)
Assume that for every 7 € [0, +o00)V,

(15.46) the value 49T (5) := Argmin U is uniquely defined
Ka(¥)

with 9P () € Ka(¥). Then the map Y9 : [0, 4+00)N — [0, +00)N is a conservative prefluz in the sense
of Definition 11.1, which is called the Coclite-Garavello-Piccoli preflux.

ii) (A characterization when 7°¢ is uniquely defined)

For R™ with standard orthonormal basis (e1,...,e,), we define the vectors b; fori=1,...,n+m as
S if i=1,...,n,
v (ail,...,ai’n) Zf izl—l—n,...,m—i—n,
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and set furthermore the vector e := (1,...,1) € R™. We also define for
(15.47) ol e {x1} for DATC{l,...,n+m}

the convex cone

Kror=(){Y €R", o'(bi-7) >0}

il
Then 3°CF is uniquely defined if and only if the following geometric condition is satisfied
(15.48) for all (I,o") as in (15.47), Kj,1 C HZ  implies K1 N et = {0}.

iii) (A sufficient condition)
The following condition

(15.49)  for every subset O # I C {1,...,m +n}, we have: ({0} # V= ﬂ bf‘) = Vr¢get

i€l

implies the geometric condition (15.48).
iv (A further property)
Moreover condition (15.49) is equivalent to the following condition

(15.50) for every subset ) # I C {1,...,m+n}, we have: e € ZRbi = Zsz‘ =R"
i€l i€l

Remark 15.28 Condition (15.49) can easily be seen to be a reformulation of condition (C) in Coclite,
Garavello, Piccoli introduced in [14].

Proof of Corollary 15.27

Step 1: proof of i)

Point i) follows from Lemma 15.26, in the limit 6 — 0 and then € — 0.

Step 2: proof of ii)

We want to maximize E(y') :=y! + .- + 4" for v/ := (y},...,4™) in the compact convex set

B . Kl = [07 (’Vlvaf_}/n)] = H [0771]3
K.(%):=KiNKy with i=1,...,n

Ky = A7Ho, (3, .. ™)

Assume to simplify that 4% > 0 for all k = 1,...,n +m (the other cases being limit cases).
Step 2.1: preliminaries
Let us consider a point p € OK,. Then locally around p, there exists I, 0! as above such that we can write

K.(7) —pas

~ - , n a'(ei, ¥ )rn >0 it ie{l,...,n},
Kigt -_Q{W €R%, o (AY',e;)rm >0 it ie{l+n,....,m+n},
where (€14n, - .-, €m+in) is an orthonormal basis of R™. Hence
- L ’ n O'i(ei,’yl)Rn >0 if i€ {17...,71},
Kot ﬂ{7 €RY, ol(ATe;, v )grn >0 if i€{l+n,...,m+n},

el

ie.
KI,O'I = m {'Y/ € R", Ui(bia’y/)R“ > O} = KI,G'I
el

Moreover, if p is an optimizer of E on K, (%), then
K.(¥) —pC HS :={y €R", (e,7) <0}

which implies
KLUI C H%.
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We now want to show that the following condition
(15.51) there exists (I,0”) as in (15.47) and a point g such that Ky, C HZ and 0#qg€ Ky, N et

is equivalent to the fact that there exists 4 > 0 such that the minimizers of E over K, (7) are not unique.
Step 2.2: sufficient condition

Assume (15.51) and let us show that there exists 7 € (0, 400)"*™ and p € K. (¥) a maximizer of E on K. (¥)
such that K, () — p is locally equal to Ky ,r in a neighborhood of 0. We define

It = {ie], O'i:il}, I={1,....n+m}\I

and set ‘ ‘
<A if ielI-n{l,...,n},
>y g | 7120 if ieltn{l,...,n},
(Ay) >0 if icel™n{l+n,...,m+n},
which satisfies A
K*<O)_KIUI

Hence given 7 € (0, 4+00)""", we have

and we can consider a maximizer p of E(y) =" +--- 41" on K. (7) which is then independent on the
components 47 for j € I. We have

p'>0 forall ielI™nN{l,...,n}
but only ‘ ‘

p' <A forall iel N{l,...,n}
Up to add to p some

pe > [0, +00)e;

je(IUI-)n{1,...,n}

and to redefine 4, we can assume that
0<pek, () which implies Ap > 0.
Moreover up to increase only the components 47 for j € (It UI)N{l+n,...,m +n}, we can insure that
Ap <77 = (34

Then p € K, (7) and K, (7) is locally equal to K, (7) around p.

Hence using (15.51) and the convexity of the considered sets, we see that p+¢eq € K, (%) for all € € [0,1]
small enough. Because K, (7) is equal to K, () in a neighborhood of p, we deduce that p + g € K, (7) for
¢ > 0 small enough. Finally E(p) = E(p + €q) shows the non uniqueness of the optimizer.

Step 2.3: necessary condition
Assume now that there exists two distinct minimizers p,p + § € K.(J) of E. From Step 2.1, there exists
(I,0") such that locally around p, we can write K, (y) — p as Ky ,: and

0#Ge€ K.(y) —pCHS with Kj . C HS
Because E(p) = E(p + q), we deduce that
0#£G€ Ky inet

which shows condition (15.51).

Step 2.4: consequences

By contraposition of condition (15.51), we get that E has a unique minimizer on K, (%) if and only (15.48)
holds.
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Step 3: proof of iii)
We assume (15.49). We then show the result by contradiction. Assume that (15.48) is not true, i.e. that
(15.51), holds. This means that there exists some (I,07) as in (15.47) and a point g such that

Kior CHS and 0#q€ Ky rnet.

We know that K ,r N et is a closed convex set of dimension 1 < k < n — 1 (the dimension k being the
maximal integer such that we can find k + 1 points barycentrically independent in the closed convex set).
Up to redefine ¢ and choose it to be the barycenter of k + 1 points in the set

K=K nNe"
we can now consider the tangential cone to the closed convex set K at ¢ given by
T;K ={veR", q+ev.eK, ve.—v as e¢— 0}
Because K is polyedral, we also have
T;K :={veR", g+evekK, fore>0smallenough}
(and moreover ¢ can be chosen independently of v, because K is polyedral). By construction, we have
RY ~ V= T;K C TyKy o0 C T;HS = HS with Vg C et

Hence there exists I’ C I such that locally around ¢, the set K; ,1 — q is equal to the cone K, Hence

the the closed convex cone

I’.
Ne

K' =K, v Ne*

satisfies (because it is a cone)

K =TyK' =T;K =V, and K o CHS

501,
i.e.

(15.52) Vo=K'C Ky ,v C HS

’
ol

Notice that for I’ C I” C I, we may have K, ;v = Ky, .1, so that we can always choose I’ to be minimal.
Then each constraint defining K, ,i» is active on the boundary of K, ;i in Spang (K, 7). This implies
that '
Vi CREK,, i C HS
We deduce that
Vi Cet

On the other hand (15.52) implies that
Vo C Vp

because Vy is a vector space, while constaints defining K ,r are constraint on half spaces. Therefore
1 <k := dimgVj implies
{0}y #Vo C Vir C et
which leads to a contradiction with assumption (15.49). Therefore (15.48) holds true.
Step 4: proof of iv)

Recall that Vi := ﬂ b, and set
el
Wi = {Z zb;, e RI}
iel
Then we definition, we have
Wit =Vv;

Hence condition (15.49), namely
{0} Vi = Vi §Z et
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means
ecVi- = V;={0}

which is equivalent to
eec Wy = W;=R"

which is exactly condition (15.50). This ends the proof of the corollary.

Lemma 15.29 (A case study 2: 2 preflux)
Let N :=m +n withn=m =2 for a 2:2 junction (hence with o = (1,1,—1,—1)) and a matriz

A= ( 431 ds2 > with aj1 7é aj2, ] = 3,4
satisfying (15.44), i.e.
A:(a s ) with «,8€(0,1), «a>p.

Let

K@) ={yeT(®), + =L, j=34} with T3 = [ 0.5 and ()= Y ajr’
k=1,..,N i=1,2

Let us consider the convex function W : [0, 4+00)N — [0 + 00) defined for v = (v},72,~%,7%) as
U(y) =7"+7
Then for every 7 € [0,+00)™, the following quantity

A7) := Argmin ¥
K(¥)

is well defined.
i) (Conservative preflux)
Then 4 : [0,4+00)N — [0,+00)" is a conservative prefluz in the sense of Definition 11.1. In particular it
satisfies

P+t =449
ii) (Particular monotonicities)
Moreover, we have a > 3 and we have the following monotonicities

Pl L,

’3/2(7/1\; 7T)7

&3(T7T; T’ T)?

A N,
iii) (Explicit preflux)
We set

Ly () = oyt +87%,

(15.:53) { Lh() = (1—an' +1- 51

Then we consider the set A C H := {7 = (592,939 R, Al 42 =43+ 74} and four of its different
parametrizations

A= Y € R47 (73774) - (LL{)2>L4112)(7) )
Ai=q{v€ Ria ('717’7? = (L%’47L§4)(7) )
(15.54) A= {’Y € R4a (72’73) = (L%3,L§3)(7) )
A :{’YER (% ):(L147L14)(’Y)}7
A= E’y € R4a (71773) = (L%47Lg4)(7)% )
A:i=q{v€ R47 (727’74) = (L%3>L%3)(7) )



defining LYy, are defined explicitely in (15.53),(15.58),(15.59),(15.60),(15.61),(15.62) with the convention
that

Ly =0 if 1 ¢ {5k}
With some abuse of notation, we also use the notation
i1 (7) = Ly (37 ,7").
Then 4(7) € A and the following holds true.

iii.a) (Preflux by zone)
We have for 4(3) = (¥',4%,4%,4) (%)

(15.55)
5 . . . : 0<Ly() <7
1 2 3 4 34 )
( L34(’7)7 L34(’y)7 v, Y ) Zf { O < L§4(’7) < 72’ (Case A)
5 5 . . : L35,(0,7%) <7 < L,(7)
1 2 3 4 12(Y; 12\7)
( Ls(¥), 7 77 L33(%) ) if { 2,(3) >4, (Case B)
(7 NG NC N i { e 20 (Gase )
, e M L (v, 0) <4* <L (),
() = . )
=1 =2 3 (= 4 (= - 3P > Ly (%),
(7, 7 Li5(%), L1, (%) ) if { > LE (), (Case D)
- _ _ . 0<7 < L3(0,9%)
2 3 3 4 3 12\ ’ 9
( 07 L13(07'7 )7 s L13(0,7 ) ) Zf { L§4(’_}/) < 0’ (Case B )
( L3,(0,5%), 0 13,(0,3%), 7* ) {057 <LR(3L0), (Case C’)
24\Y;77), ) 24U, Y7 ), Y L§4(’7)/) <07
iii.b) (Preflux based on a minimum)
We have
:YS = min 2737 L?2(:}/)7 L14(:}/)7 L%4(07:Y4 % )
’3/4 = min :)/47 L%2(,7)7 L%?}(ﬁ/% L%B(O?’73) )
(15.56)

Moreover, we have
(15.57) (' +41(F) = (3 +4M () < min {3" +5%,7% + 51}

where the inequality is strict in Cases B,C,B’,C".

Remark 15.30 In Figure 10, we set P := (3',5%) and Q := (L3,, L2,)(7), and define P := (¥*,52)(%), in
the siz different cases (A),(B),(C),(D),(B’),(C).

Proof of Lemma 15.29

Step 1: proof of i)

Point i) follows from Corollary 15.27, using the fact that Ker(A) = {0} when o # .

Step 2: proof of ii)

Point ii) follows from point iii) and the explicit expressions of Lék given in the proof below.
Step 3: proof of iii)

Step 3.1: proof of iii.a)

From the definition of L3, and L{,, we deduce by inversion

=) ()
(3=2)» -(Z5)

h
W
~
2

I

(15.58)




and
Liz(y) == — (g) 7 + (l) 7,
(15.59)
Liy(7) == (a; ) 7 o+ (I?Ta> 7,
and
L) = - (1:—;) (i (ﬁ) 7
(15.60)
\ L3,(v) == (Cll:g) o+ (%) 74
and
(L) = - (%) 7+ (1 i a) 7
(15.61)
L3(7) == - (?:5) 7o+ (1 fa) 7
and also
Li3(y) = - (%) 7! + (%) 7"
(15.62)
| L= - (Oé,%[g) (s (%) 7

We now use a > 3, and (see for instance Figure 10) we define (for P = (P!, P?) € [0,+00)? and
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P :=(7',5%)) the sets

(A):={(V" ) eR? 0<' <7, 0<+®<7%},

(B) :={(v",7%) € R?, L},(0,7%) < L},(7) < L}(P), +* > 72{ :
(C):={(v",¥®) eR? ' >3 L1,(34,0) < Li(y) < Lillz(P) )
(D) = {(’Yla’}’z) eR?, L3(y) > L, (P), Liy(v) > L%Q(P)}7
(B'):={(v"7*) e R?, ' <0, 0<L(7) < L0752},

(@) ={(v"7*) eR? ~*<0, 0<Li(y)< L%z(ﬁl,o)},

Notice that the Argmax defining 4(¥) looks at the maximum of 4 4+ 4?2 on the intersection of the box
[0,4'] x [0,4%] with the parallogram (L3,,L2,)([0,4°] x [0,4%]) of slopes in the (y!,~?)-plane which are
a l1-a
—— < —-1< - -——=, like on Figure 10.
3 <<= (i)
Using a geometrical reasoning in the (y!,+?)-plane for the , we get in particular for Q = (Q, Q?) :=
(Lis, L34)(9) € (A), (B),(C), (D), (B'),(C") the following

(15.63)
(%4 =37  H0<Q' <y and 0 < Q* <77 (A)
(7*,9%) = (3%,7%) i L35(0,7%) < L},(Q) < L},(P) and Q* > 7%, (B)
e A with (54N =35 Q' >4 and L1, (31,0) < L1 (Q) < Lix(P),  (C)
(71,47 = (317%) i L}(Q) > L}, (P) and L1,(Q) > L1y (P), (D)
(7 4%) = (0,7°) if Q' <0and 0 < L$,(Q) < L},(0,5), (B’)
(%%,4%) = (0,7%) if @* < 0and 0 < L1,(Q) < L{,(3',0), ()

We also notice that algebraically, we get for v = (71,72, v3,7*), we have
(L35, Liy) o (Ldy, L3,) = idjo 400)2
Hence, we get
(%4 = (37 if 0 < L3, (3) <7 and 0 < L3,4(7) < 7%, (A)

(3%,4°) = (¥*,7°) if L$,(0,7%) <7° < L, (%) and L34(7) > 7%, (B)

o (7141 = (3531 i Ly, (9) >4t and Lip(31,0) <5 < L1,(3),  (C)
Y(7) € A with

(75,41 = (34,97 15 > L}(7) and 7* > L1,(9), (D)
(#%4%) = (0,7°) if L34(7) <0and 0 <7° < L},(0,7°), (B?)
(249 =05 L3(2) <0and 0.< 5" < Li(31,0) (©)
Because 4(7) € A, this implies more precisely that
(15.64)
( L), L3, 7% o ) in Case (A)
(L (7), 32, 72, L35(7) ) in Case (B)
) 1 a2 .3 a4 ( ’717 L%4(’7)> L?4(’7), ’74 ) in Case (C)
0 =LA =1 2 4 |
(G 3%, L35 (%), L, (%) ) in Case (D)
( Oa L%S(Oa’VS)a ’737 L4113<07’73) ) in Case (B,)
(L (0,5, o, L3,(0,4%), #* ) in Case (C?)
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and by construction, we have § > 4(%), but it is also easy to check it directly.
Step 3.2: explicit expressions
We start with

’ Cases \¥ H A1 A2 H A3 A2 H comparison 1 | comparison 2
A S>1IL | 2> I3, 0 0 0 0
B 0 1%, > 77 3, >3 0 0 0
c I, >t 0 0 I, > A1 0 0
D 0 0 33 > L3, 3t > L, 0 0
B I, <0 0 I5,00,52) > 77 0 0 0
c’ 0 IZ,<0 0 L5310 > A2 0 0
(1512;);106 that for o > 3, we get algebraically for ij = ij )
L§4 > Lé?) & i<ly; & ﬁi > L%4 & Lé4 > Lé4 & Lég > Lé4 & 7i > L§4
L§4 > L%‘4 & 7z < L?114 & §2 > L34 & L§4 > L§3 & L%)4 > L%‘3 & ﬁl > L%3
L}(‘ > L}f & 73 > Lég & f‘yl < L%4 & L}f < L?{‘ & L}f < L?{‘ & 72 < L%4
L33 > L3y & y° > Liq & ¥+ < Las & L5; < Lis & Liy < Lis & y° < Li,
From (15.65) we get (forgetting temporarily the Cases B’ and C’)
’ Cases \¥ H A1 \ 42 H 43 \ 42 H comparison 1 \ comparison 2 ‘
A ' > Ly > Ly | 7> L3, > L3y L}y >4 Ly > 7 0 0
1 1 1 2 o =2 3 o =3 Liy > Lig,
B 7 > Loz > Ly L3, >7 Ly, > ~4 4 0 0
- - 7" > Lag
_ _ ¥> > L _
o | mer eenen [ R
=3 3 i T
_ _ > L 3> L
D Ll > At L2, > A2 v 12 12 0 0
237 7 L3, > L}, L33 > Liy

where the boxed inequalities are those which are not sufficient to identify the effective components 47 (%).
Therefore, from the transitivity of the order ”>", we get the additional comparisons

21 22 23 4

| Cases \9 | gl \ gl | gl \ gl
A ' > Ly, > Ly, | 72> 13, > 13, L3, >3 Lys > 7* ' > L, 72 > 12,

1 1 1 2 2 3 -3 Liy > L3, -1 1
B Y > Lag > Lgy L3, >~ A 4 v > Ly 0
B 23
1 -1 =2 2 2 3% > LY, 4 4 =2 2
D

H comparison 1 \ comparison 2 ‘

=3 3 7 I
_ _ > L ¥*>L
Ll > ~1 L2, > ~2 { Y 12 { 12 0 0
2~7 =7 L}, > L3, L3 > Li,
Hence from the new comparisons and (15.65), we deduce
(15.66)
’ Cases \¥ H At \ A2 H A3 \ A2 H comparison 1 \ comparison 2 ‘
1 T T =) 2 2 3 3 =3 T 1 7
A V> L3y >Las | Y >2L34 >2L14 Ly, >3L14 >3’Y Li, j L3 j v 0 0
_ L5, >7 Liy > 7% Lis > L
B 1 > Ll > Ll { 34 { 12 ! { 712 23> 0 0
7 >3 3 L3, > Liy 15;134 > ;)Yg 744> L334
_ _ ¥ > L Li, > %
C Ll > &1 25712 > [2 Y 14 { 12 =7 0 0
34 =7 Y 14 34 L:,}Q > §14 L4‘213 > 2,4
_ _ v° > L N> L
D Ll > ~1 L2, > ~2 { 2 12 { 12 0 0
=~ =7 Liy > Ly, L3z > L,

In the two substeps below, we will now reintroduce the Cases B’ and C’.

Step 3.2.a: study of 53
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We can now use the faithful Figure 10, to deduce geometrically, that

L34(0,7) > 7 in {y*>0} D (AU (B)U(B),
L34(0,7*) <#° in {y*<0} D(O,

L34(0,7%) > L, (3 in (D),

L3,(0,4Y) > L3,(7) <+= ~'<Li,(0,4*) which is truein (C),

Similarly, we get

L3,(0,4Y) < L3,(7) <+= ~'>1L4,(0,4*) which is truein (C’),
0,7%) < Li(¥)  in (C),

L34
¥ < L3,(%) <~ ~'>1L}(5) whichistruein (B’),
7 < Liy(9) in (B,

which also implies
7 (%) = min {7°, L3,(7), L15(7), L3,(0,3")}  in (B") U (C)

Step 3.2.b: study of 4*
Similarly to Step 3.2.a, we get

L15(0,7%) > 7* in {y'>0} > (4)U(C)U(C),

Li5(0,7%) <7* in {y! <0} > (B,

LAIL3(07:YS) > L4112(:Y) in (D)a

LE00,7%) > Li,(7) <= 4% < L2;(0,4%) which is true in (B)

where in the fourth line, the equivalence follows from (15.65). Hence
’?4(’?) = min {’747 L%B(’?% LZILQ(/?% Llll(i(ou ’73)} in (A) U (B) U (C) U (D)
Similarly, we get

L15(0,7%) < L3;(7) <= 7% > L2;(0,4%) which is true in (B’)
0 ¥

L13(0,7°) < L1(9) in (B,
¥t < L33(%) < 42> 1L3,() whichistruein (C'),
7t < Li(3) in (C"),

which also implies

¥(9) = min {7, L33(7), L1,(9), L15(0,7°)}  in (B)U(C)
Step 3.2.c: conclusion
We deduce (15.56).

Step 3.3: deduction of explicit expression (15.57)
Moreover, we also get

[Cases W[ A" =4"+%" [ =5%+3" [F+7*[F+7
A (L3, + L3,)(7) 33+ 51 < =
B Li;(7) +7° ¥+ L33(7) < <
C '+ L1,(7) L3, +4 < <
D ' +7° (L3 + L) (%) = <
B 0+ L13(0,5%) [ 7%+ L15(0,7%) (%) <
c’ L5,(0,7) +0 [ L3,(0,3") +7" || (%) <

where comparisons in two Cases B’ and C’ are obtained geometrically, using the faithful Figure 10.
a) Study of (*)
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We have
L2,(0,7%) < 4% which is true in (B’)

Therefore 0 + L3;(0,7%) < 7' + 42 and () means <.
b) Study of (**)
We have
L,(0,4") < &' which is true in (C)

Therefore L3,(0,5*) + 0 < ' + 4% and () means <.
¢) conclusion
This shows (15.57) and ends the proof of the lemma.

16 Comparison of several germs for a 1: 2 junctions

The main result of this section is Theorem 16.6 which shows that in certain circonstances, and for 1 : 2
junctions, the three following germs may coincide: Vanishing Viscosity, Data Network and Holden-Risebro.
Moreover the Traffic Light germ can be seen as a flux limitation of the previous three identical germs.
We consider a 1 : 2 junction with

JO = (=00,0), J' = J* = (0,+00)

=9, 7=012,
modeled on the following bell-shaped flux function with its monotone envelopes

g:10,2] = R, . gt (z) := g(min {1, z}),

(16.1) { g(x) = min {z,2 — a2}, with g~ (x) := g(max {1, z}).
We will split half of the traffic on road 1 and half of the traffic on road 2, as much as possible. We will
consider several models of germs and will compare them.

16.1 Data Network

Lemma 16.1 (An explicit Data Network germ for 1: 2 junction)
Consider Lemma 15.10 with N = 3 describing a 1 : 2 junction with og = (00,0%,03) = (1,—1,—1). Recall
that for 7 := (3°,41,%%) € [0, +00)3, the passing flux is
m := min {’70,’71 + ’72}

and let

K*(3) ={m}, K (3):={0""")ec0,7]x[07], 7' ++*=m}
Recall that the Data Network preflux is defined by
4PN (7) = Proj]lﬁ(,fy)foﬁ)(mé) for the choice 6= (6°,0%,0%) with 6°=1=0"+6% and 6',6% € (0,1)

i) (Explicit preflux)
Then the preflux 4 := 4PN is explicitly given by

At 4+ 7
f‘y; if '+79*<7° (To)
/7
’7 10 1 2 2
. Giﬁg if 0'3°<4' and 6°3° <% (Qo)
y 0=y
(16.2) ’y; ¥) = .
v v 0 _ =1, =2
! . <~ +
7(1) . if { ;1 <g1,—yo 7 (Ty)
Y= -
=0
Y 0 _ =1, =2
L . <+
;2 - if { ;;2 < gzﬁo 7 (T»)
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which satisfies
3°(7) = min {7%, 7" +7°}
ii) (The three characteristic curves of the conservative preflux)
The conservative prefluz s := ADPN o T5 for 1:2 junctions, is characterized by the following three curves

Lo == {(A%,01X°,6%2X%) A° € [0,1]}
(16.3) :{ 1, >\1 1—)\1 Al e 0,0}
={(1, 17)\2 A%) X2 e 0,67}

whose projection onto the plane Re; + Rey are the curves T'g,I'1, Ty defined in i) of Lemma 12.5. Here T}
is the truncation operator given by

T5(p) = (min {p075\0} ,min {pl,j\l} ,min {pz, 5\2}) with A= (;\0,5\1,5\2) = (1, +00, +00).

iii) (The Data Network germ)
Let g,g7, g~ be the functions defined in (16.1). Then the set

(16.4) GPN = {p=0"p"p") € (0,2 APN(gT ("), 9" ("), 9 () = (9(¥"), 9(0"), (b))}
is the Data Network germ. We set for j = 0,1,2, the reflection maps

Tj [0,2]3 — [072]3 .
p = Ti(p) =+ 2(1—p)ey

and for o = (0°,0',02) € {£1}® the reflection

0 if ol =1,

o ng_ni__nso .
T =107 T with n; = : ;
0 7172 J { 1 if ol =—1,

Then the conservative germ GPN is characterized by the following three curves defined for Q := [0, 1]?
Lo if o=(+++)
QQ(TU)_l(gDN) = ]:1 ’Lf g = (_a_7+)
FQ Zf g = (73 =+, 7)

where each o differs from —og = (—,+,+) from only a single sign.

>

Remark 16.2 See also Lemma 16.5, where an explicit compact formula is given for 3PN

I
(=)

Proof of Lemma 16.1
Step 1: proof of i)
Notice that by definition, we have

APN(3) 1= Projig+ (5)x k- 5y (M) = (m, P)  with P :=Projy+ ) (mf) with 6 :=(0",6%)

Notice that L ) . )
{ L7 =K"() i i<y
¥ 7?) ¢K-(7) if 3'+5>7°

In the second line, we can distinguish (three) cases: either we have both m@’ < 47 for both j = 1,2, or we
only have one of the strict reverse inequalities (only for j = 1 or only for j = 2). We get

() . if '+ <A

1 2 . m9 <'_}’, . _ _ ,0

m(6*,60%) if { mo? < 32 with ' 4+92>5

P = <1 1 : mf' > 7', : 1 =2 20
¥ m—=%) if {m92<? with " +77>7

o ) mot < 71, ) R _

(m—-~%7% if { me? > ;2 with 7' +742>73°
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Hence

442
;7 it 51442 <30
2
m 1_ =1
mo? if { zgg z 72
,3/0 meZ 0
41
’y =
. m I
o 51 " { m < 3 4572
S =
m— 7t mo* > 5
m =1 4 =2
22 . m<y +7
7_712 v if { mo? > 52
Y
which gives (16.2) with m = 3% <! + 42
Step 2: proof of ii)
From Lemma 12.5, we have for 45 = 45 (%)
i‘o =45 (Qi2) with Qi :={5) =7 41 <3', 4} <7%})
I =735 (Q2) with Qo2:={5]<7° 4 =7" % <7})
FQ = ’A)/X (901) with Q()l = {’A}/g\ < ’70, ’A}/%\ < ’717 ’A}/g\ - :)/2})

and I'; is the projection of fj onto the plane Re; + Res.
Case A: j=0
For j = 0, we deduce that Q150 C Qo N {"yo < 1} with Qo defined in (16.2). Hence

Lo = {(7°,60'7°,6?7°), 3% €[0,1]}

and
Lo ={(0"7",6°3"), 5° €[0,1]}
Case B: j =1
For j =1, if 4° € [0,1], then 45(¥) = 4(¥). Assume by contradiction that 4 € Qp. Then

=min {7°,7" +77} =47 <7°.

2>

Hence
§ =

[

+7* >4+ =9 +4* =4"

=2l
>l
>0

Contradiction.
Therefore if ¥ € Qg2, then 4° > 1. We deduce that Qpy C Ty with T} defined in (16.2). Hence T(¥) =
(1,4',4%) and )

Dr={(1,7"1-%Y, 7' €[0,0']}
and

L={("1-9Y, 7' €[00}

Case C: j =2
This case is the symmetric of Case B. We get Qg1 C T and

f2:{(1,1_:}/27;}/2)7 ’?26 [0702]}
and
Dy ={(1-7*7), 7 €06’}
Step 3: proof of iii)
We first notice that in the definition of GPV, we can replace the preflux 42V by the preflux 45. Then we
simply apply iii) of Lemma 12.10 for R := R'.
This ends the proof of the lemma.
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16.2 Vanishing Viscosity

Lemma 16.3 (Vanishing viscosity germ: identification)
Let

G(p,q) := G(p,q) = min {g"(p), g~ (q)}

be the Godunov fluz associated to the bell-shaped function g, with g and its monotone envelopes g, g~ defined
in (16.1). For p = (p°,p',p?) € [0,2]3, then the following set

Ry:={re(0,2, G@"r)=G(rp")+G(rp")}
is not empty. Moreover the function
F7 W) = (G 1), Grp"). G(r,p?) for any 1€ R,

is well-defined, and the set

(16.5) g7V i={pe.2’ S0 =)} with )= (90901 90%)

is the Vanishing Viscosity germ for a 1 : 2 junction.

Then
gVV _ gDN

1
where GPN is the Data Network germ defined in (16.4) for 0' = 6% = 7

Proof of Lemma 16.3

Step 1: preliminaries

We apply iii) of Lemma 12.10 for R’ = R and the structure of conservative prefluxes given in Lemma 12.5,
we know that GV is characterized by the following three curves

GV NnQJ =1 19 for o= (—;—,

where I'7 are defined in Lemma 12.10 for j = 0,1,2. We call 4VV the preflux associated to the germ G"V
from the polar decomposition. For p € GV N Q7, we set

{ 3= (g7 (@"), 9~ ("), 9~ (p*))

A= (A% AN%) = (g(p%), 9(p"), 9(p?))
We have

(16.6) A=4"Y@) =" (p)

Step 2: Cases

We distinguish cases.

Case A: 0 = (+,+,+)

Then 4 = (A% 1,1) and (16.6) implies

Al =min {g*(r), 1}
A2 = min {g*(r),1},
)\O _ /\1 +)\2
Hence r < 1, and
AL=)% = /\0/2

Using the expression of g, we deduce that
fO = {(}\0,)\0/27)\0/2)7 /\O € [Oa 1]}

Case B: 0 = (—,—,+)
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Then we have A = (1, A!, 1) and (16.6) implies

Hence

Hence r <1 and \° =g~ (r) = 1 and

We deduce that R
L= {1 A1-2Y, Aelo,1/2]}

Case C: 0 = (—,+,—)
This case is the symmetric of Case B. We then get

Ty ={(L,1-X%N%), A e0,1/2]}

Step 3: Conclusion 3
The fact that the characteristic curves I'; for j = 0,1, 2 are the same as the ones defined in Lemma 16.1 for

1
6! = #? = = implies the equality of the conservatives germs GV = GPV for a 1 : 2 junction. This ends the

proof of the lemma.

16.3 Holden-Risebro

Lemma 16.4 (A Holden-Risebro preflux: identification)
Consider a 1: 2 junction with o = (6°,0%,0%) = (1,—1,—1). For 4 € [0,+00)3, we set

Ko(%) :=1{7 €[0,9], L(y)=0}  with L(y):=9"— "+
V() = ghy - 0)? with 6= (0°,0",0%) with 0°=1=0"4+6% and 6',6%< (0,1)

and define the following Holden-Risebro prefluz

AHR () := Argmin ¥

Ko (%)
In the special case
91 — 92 —_ 1
2
the following holds true.
i) (Identification)
Then
(16.7) AHR o T = 4PN o Ty,

where ¥PN and Ty, are defined in Lemma 16.1 with \ := (1,400, +00).
ii) (Definition)
Let g,g7, g~ be the functions defined in (16.1). Then the set

(16.8) G = {p=0"p" ") €[0.2, A"E(g "), 97 "), 97 ®*)) = (9(®"),9("), 9(p*))}

is a Holden-Risebro germ.
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Proof of Lemma 16.4
We first notice that R
AHE() := Projji, 5 (6)

and set
Ay = ATEF) o T with  Tx(¥) = (min {#°,A°} ,min {5', X'} , min {#°, X?})
)

For 45 = 45(%), let

fo =9 (Qh2) with Qip:= {57 =7% 45 <7, 42 <7%})
FL =3 () with 9= {3 <30 3h=7" 4} <7%)
Ly =45 (Qo1) with Qo1 := {30 <3°, A1 <3', 41 =7%})

We will prove (16.7) through the identification of the three characteristic curves I'g,T';,T'y and Theorem
12.7.

Case A: T

Let 4 € Q5. Then 4 < 1, and we can choose 4,52 > 1. Hence

Ko(7) = {(\' + 2201 0%) € [0,4+00)%, AT 2% < 7%}

and geometrically get in the special case ' = 62 =

| =

45(3) = Projii, 5 (0) = (7°,7°/2,7°/2)

and then R
Io={(3%7°/2,7°/2), 7°€0,1]}

Case B: f‘l
Let 7 € Qq5. Then 7% > 1, and we can choose 52 > 1. Hence

T’V(ﬁ) = (177)/17’3/2)
Ko(T5(7) = {(A" + A2, AL0%) €0, +00)?, 0< A + A2 <1, 0<A <4}
For 41 > 1/2 = 01, we get o
() = PYOJ'\LKO(TW(W))(@) =0

and then 4 ¢ Qg2. On the contrary, for 4 € [0,1/2], we get geometrically

(7)) = PTOJ\#{O(R(W))(@) =(171-7Y
and then
1“1:{(177}/1,1_71)’ ’71 € [071/2}}

Case C: fg
This case is symmetric of Case B, and we get

f‘2 = {(171 *"_)/27:)’2)7 ’_}/2 € [071/2}}

Conclusion
We recognize the three characteristic curves given in Lemma 16.1 for the conservative preflux 4PV o T5.
From 1.ii) of Lemma 12.5, we deduce (16.7). This ends the proof of the lemma.

16.4 Traffic light

Lemma 16.5 (Traffic light preflux: identification)
For a 1:2 junction, we consider the function 40 = (33,4¢,48) : [0, +00)2 — [0, +00)3 for v = (v°,+},4?) €
[0, +00)% with 8* + 02 =1, 61,6 € (0,1)

34(y) = min gwl, max J{LQWO, ~0 — 'y?% ,
36 (7) = min {%, max {6%9°,7° —+'}},
A =4 +43
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Then g is a conservative preflux which satisfies moreover

(16.9) A0(v) = min {4%, 7" +1°}
i) (Identification of )

Then

(16.10) 4o = 4PN

where 4PN is the Data Network prefluz defined in (16.2).
ii) (Definition of 57%)
A Traffic Light preflux is given by

ATE =400 Ty, with T, (¥) = (min{3°, A0}, min {5, A\j} ,min {5°,A3}) where A§ = A} + A

with - -
o= (M), A6 A2) = (1,604, 6%)
iii) (The three characteristic curves of the conservative preflux)
Moreover, the conservative preflux 4% for 1:2 junctions, is characterized by the following three curves

Lo = {(A%0'A%,62X°) X0 € [0,1]}
(16.11) U= {(A\'+620,6%) X el0,60']}
Dy={(A2+60%,0",A%) A2 €0,6%]}

whose projection onto the plane Rey + Res are the curves T'g, Ty, T defined in ii) of Lemma 12.5.

A

L

Figure 11: Curves I'; for 47V o T(q 1 1) with 5 = (3°,4%,72).

A

Figure 12: Curves I'; for 471 = 4PN o T(y g1 g2y with 5 = (3°,7%,%7).

Proof of Lemma 16.5
Step 1: proof of i) and ii)
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A

Figure 13: Curves I'; for 4PV with 4 = (3°,4%,42), with I'1, T2 at infinity.

The fact that 49 is a conservative preflux and that 49 o 7%, is a Traffic Light preflux follows from Lemma
15.15. We now check (16.10) using expression (16.2) of 4P and distinguishing several cases.

Case A: Tj

Let ¥ € Ty. Then 4! + 42 < 4%, which implies 4° — 42 > 4! and then max {0170750 — 12} > &' and then
4(7) =4'. Similarly, we get 42(5) = 4%, and conclude that

0 =4"" on Ty

Case B: Qg
Let 4 € Qo. Then 6'4° < 4! and 625° < 4%. Hence 6'7° > 5° — 4%, and max {6'7°,7° — 4%} = 6'3° < &1,
which implies 44 (¥) = 6'4°. Similarly, we get 42(¥) = 624°. Therefore

Jo=4"" on Qo

Case C: T}
Let ¥ € T1. Then 7° < ' + 42 and 7' < 6'5°. Hence 7° — 5* > 623°. Hence max {627°,7° — '} =
7% — 5! < 52, which shows that 43(5) =7 — 4. From (16.9), we also deduce that 40(¥) = 4°. Hence

Y =4"" on Ty

Case D: T,
This case is symmetric of Case D. Hence we get

’3’0:’? on T2

Conclusion

Because we have a partition [0, +00)® = Ty U Qo U Ty U Th, we deduce that 4o = 4PN,
Step 2: proof of iii)

Recall from (12.16) that the curves are characterized by

ATE(ST) =Ty, j=0,1,2

Let T, be a truncation satisfying

5\0 S ].—‘(?N
where f{? N'is the curve associated to the conservative preflux 4PV as defined in (16.3). Then it is easy (at
least from the geometric interpretation of the problem on Figures 7 and 8) to check that constant A, and T'g

are unchanged. Moreover, it is easy to see that only fj for j = 1,2 are modified and are given as in (16.11).
This ends the proof of the lemma.

Theorem 16.6 (Traffic Light germ: identification)
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Let us consider the bell-shaped function g : [0,2] — [0,1] and its monotone envelopes g+, g~ defined in (16.1).
We consider the following set

g(®°) = g(®") + 9(»?),
o) 20
TL . 0.1 .2 3 gt (p*) > 0%g™"(p°)
G V=qp=(",p,p°) €0,2]°, 9(5°) < N
g(p') <A
9(p*) < A§

with Ay = A\ + A2 and Mg = (A, A5, A2) == (1,01,60%) with 0* + 6% =1 and 6,62 € (0,1).
i) (Definition)
Then GTE is a Traffic light germ.

1
ii) (Further identification in the special case 0' = §* =

5)
2
For € 10,1], let us consider

={("p") €[0,2, min{u,g" ("), 9~ 0"} = 9(*) = g(»™)}

which a conservative germ for a1 :1 junction with flux g on each branch, and flux limited to the value p.
Then we have the following identification by gluing

(16.12) GTE = (GYV 4 Gyi) t Ga with GVV =GPN = GHR
L "% 2L 70

where GVV' is the vanishing viscosity germ defined in (16.5), GPN is the data network germ defined in (16.2)
and GHE s the Holden-Risebro germ defined in (16.8).

In words, (16.12) means that the traffic light germ GTE is obtained from the vanishing viscosity germ GV
by a limitation of the fluz to the mazimal value N on each outgoing branch j, for j =1 and j = 2.

Proof of Theorem 16.6
Point i) follows from Lemma 15.15. Moreover it shows that the preflux associated to GT* is
AT =49 0 T,
Now Lemma 11.16 gives the interpretation in terms of gluing which leads to (16.12). This ends the proof of
the Theorem.

16.5 A fat germ

Lemma 16.7 (The fat germ)
Let us consider the bell-shaped function g : [0,2] — [0,1] and its monotone envelopes g™, g~ defined in (16.1).
For a 1:2 junction, let us consider the identical prefluz

AT = idjg 4 o0ys

We consider the following set

gFat .= {p — (pO’pl’p2) c [0’2]37 fFat(p) _ f(p)} with { ;?;)t( ) ( (Z}; ((g"’_;f);z;)g)_)(pl)vg_(lﬂ))

Then GFet C [0,2] is a Riemann germ which is monotone Kruzkov and non-conservative.

Proof of Lemma 16.7
Let 0 = (0°,0%,0%) = (1,—1,—1). Because 47" = idjy 102, we see that 47*"7(5) only depends on 57, and
then is o-monotone. From Theorem 11.8, we deduce that the germ GFat is monotone.

Notice now that

fFat . —
DI (p,q) = sign(p°—¢°)-{g" (") — g7 (¢")} —{sign(p' —¢") - {g~ (") — g~ (¢")} +sign(p® — ¢*) - {g~ (»*) —
Because gt is nondecreasing and g~ is nonincreasing, we deduce that
DI (p,q) > 0

and then we conclude that GF%* is a Kruzkov germ. Finally it is obvious that this germ is not conservative
(see Figure 16). This ends the proof of the lemma.
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I:)1

1
Figure 14: The germ GVV = gPN = GHE for 91 = 9% = 3

p1

1
Figure 15: The Traffic Light germ GT* for #' = % = 3

16.6 A conservative quasi Hamilton-Jacobi germ as a thin germ

Lemma 16.8 (A conservative quasi Hamilton-Jacobi germ)

Let us consider the bell-shaped function g : [0,2] — [0,1] and its monotone envelopes g+, g~ defined in (16.1).
For a 1 : 2 junction, let us consider the identical preflux Y77 : [0, 4+00)3 — [0, +00)? for 09 =1 = 0 + 62
with 6*,60% € (0,1), defined by

=0 =1 =2

N _ . T
(’quJ>k(7) = ek mln{eo7 071, 02}7 k= 0; 1a2
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pO

Figure 16: A fat germ GFet

" \

pl

Figure 17: A thin germ: Hamilton-Jacobi germ G4H7

We consider the following set

quJ {p _ (po,pl,pZ) c [072}37 quJ(p) _ f(p)} with { ;Z;J:(:)(g_(pz;f{;( ),( ?Z)) )g) (p )9~ (p2))

For a 1:2 junction with flux f, then G417 C [0,2]3 is a Riemann germ which is conservative quasi HJ, but
not monotone (neither Krukov). Precisely, we have

quJO qu]1+quJ2

Proof of Lemma 16.8
We use (the proof of) the Lemma 15.25 in the spacial case n = 2 for the preflux.
Then Theorem 11.8 implies that the Riemann germ G477 is conservative quasi HJ, but not monotone (and

then not Kruzkov). This ends the proof of the lemma.
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Part III
Existence and uniqueness theory for Kruzkov
germs

17 Properties of semisolutions

17.1 Stability

Lemma 17.1 (Solutions versus sub/supersolutions)
Assume (2.2) with N > 1, and let G C [a,b] be a generalized Riemann germ. Then u is a G-entropy solution
of (2.4) if and only if it is a G-entropy subsolution and supersolution of (2.4).

Proof of Lemma 17.1

We know that GSVE N GSUP = G. Hence the desired property is true at the junction point for G-entropy.
We now want to check (it is probably very classical) that on each branch a function is an entropy solution
if and only if it is an entropy subsolutions and supersolution. To this end, we consider the case N = 1 and
drop the index j. We get with notation 17 in (2.53) and ¢, in (2.54)

{|u—k|:|u—k++u—k|_ and |u—k|- =]k —u|+
1/)(11'7 k) = ¢+(ua k) + 1/)—(% k)

and this implies that if a function u is both an entropy subsolution and supersolution, then it is an entropy
solution. Conversely for an entropy solution (hence bounded), we have for all k € R

lu—k|+u—a|l =2lu—Fk|l; + |k —al+2lu—al-
(17.1) { W, k) + (@) = 204 (s k) + () — F(@)} + 20— (u,)

and

(17.2) {|“_k|+|“—b|=2|U—k|_+|k—bl+2|u—b|+
‘ W(u, k) + 9 (u,b) = 20 (u, k) — {f (k) — F(B))} + 204 (u, b)

Notice that u € [a,b] implies 0 = 2|u — a|- = 2¢_(u,a) = 2|u — b1 = 2t (u,b). Hence this shows in the
integral formulation that every standard entropy solution u satisfying a < u < b also satisfies both conditions
of standard entropy subsolution and supersolution for k € [a,b], and then for all k£ € R.

This ends the proof of the lemma.

In general, we do not expect to have stability of G-solutions for all Riemann germs G. Here we present
stability for certain subclasses.

Lemma 17.2 (Stability of solutions and of sub/supersolutions)
Assume (2.2) with N > 1, and let G C [a,b] be a set.
We consider a sequence of functions (uy)nen with uy : [0,+00) x J — R, such that

Uy, — Uso N L}OC([O,—&—OO) x J)

i) (Solutions for Kruzkov germs)

If G is a Kruzkov germ and if each function w, is a G-entropy solution of (2.4), then the limit u is also a
G-entropy solution of (2.4).

ii) (Subsolutions/supersolutions for monotone KruZzkov germs)

If G is a monotone Kruzkov germ and if each function w, is a G-entropy subsolution (resp. supersolution)
of (2.4), then the limit u is also a G-entropy subsolution (resp. supersolution) of (2.4).

Proof of Lemma 17.2

First recall that the stability of Kruzkov entropy solutions/subsolutions/supersolutions is classical outside
the junction point, and follows from the very definition of Kruzkov entropy solutions. Hence it remains to
show the stability of the boundary condition at the junction point.

Step 1: proof of i)
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We simply use the integral formulation of (2.4), which is recalled in Proposition 2.65. Forgetting the initial
data, and focusing on the junction point, this means the following for w,,. For all test functions 0 < ¢/ €
C((0,+00) x J7), and with J/ = {0} U J7 ~ [0, +00) or (—o0,0] with ¢ (¢,0) = ©*(¢,0) for all ¢ € [0, +00)
and all index 7, k, we have

(17.3) Z {/ {0 (wn,s ) o + ¥F (up, )k} dtdas} >0 for all elements c¢=(c',...,cN)€g
© (0,400)x Jk

At the limit n — +o0, the function u still satisfies (17.3). Choosing
Pt x) = B(t)ad(x) with ol(z)=al(e7'2) with 0<Be€CH0,+0), 0<al € CLTY), o?(0)=1

and using the existence of strong Panov’s traces, we get at the limit ¢ — 0:

/ BD(uso,c) >0 with D(ue,c) := Z V¥ (oo, €) — Z VF (Uoo, €)
(0,400)x {0}

Jk~(—00,0) Jk~(0,+00)

We deduce that for a.e. time t € (0, +00), we have D(us(t,0),¢) > 0 for all ¢ € G. Because G is a D-germ,
it is D-maximal, and this implies that u(¢,0) € G for a.e. time ¢t € (0,400), which shows that u is a
G-entropy solution of (2.4).

Step 2: proof of ii)

The proof follows the same lines as in Step 1. Recall that at the junction point, G-entropy subsolutions
(resp supersolutions) u, of (2.4) satisfy the following. For all test functions 0 < ¢/ € C1((0, +00) x J?) with
J7 = {0} U J? ~[0,+00) or (—oc,0], and with ¢’ (t,0) = ©*(t,0) for all t € [0, +00) and all index j, k, we
have the following inequality

(17.4) Z {/ {ni(umc)apf +1/)i(umc)<p’;} dtdx} >0 forall cegSVP
I (0,400)x J*

(respectively the same relation with (n* 1%, GSUT) instead of (ni, wi, GSYB) with ¥* (u,,c) = wi (c,un)).
Then we deduce D (uso(t,0),c) > 0 for all ¢ € GSUB. Using the fact that the left-dual satisfies *GV5 =
GSUB | we deduce that us(t,0) € GSUB for a.e. time t € (0,+00), which shows that u., is a G-entropy
subsolution (resp. supersolution) of (2.4). This ends the proof of the lemma.

17.2 L'-contraction, uniqueness and comparison

Lemma 17.3 (L!-contraction, uniqueness and comparison)

Assume (2.2) with N > 1, and let G C [a,b] be a set. Let us consider two initial data ug,vo € po + L*(J)
for some constant py € RV.

i) (L'-contraction and uniqueness)

Assume that G is a Kruzkov germ. Let u,v be two G-entropy solutions of (2.4) with respective initial data

ug,vg. Then we have
/ |u—v\§/ |lu—wv| forall t>0
{tyxJ {0}xJ

In particular, if ug = v, we get u = v, i.e. we have uniqueness of the solution.

ii) (Comparison)

Assume that G is a monotone Kruzkov germ. Letu (resp. v) be a G-entropy subsolution (resp. supersolution)
of (2.4), with respective initial data ug,vo. Then we have

/ |u—v|+§/ |lu—v|y forall t>0
{t}xJ {0} xJ

Proof of Lemma 17.3
Step 1: proof of i)

Recall that the doubling of variable method introduced by Kruzkov, allows to claim for inequalities on
D' =D'((0,+00) x J7) that

O (u, k) + 03 (u, k) <0
0

(17.5) Ay (k,v) + 817 (k,v) <

} for all k € RN, implies 0y’ (u,v); + 9,07 (u,v) <0
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Notice that in the original paper [35], Kruzkov uses the Lipschitz continuity of the fluxes f/ (that we also
assume), even if it also works for continuous fluxes (using the Lebesgue Dominated Convergence theorem).
Inspired by the integral formulation of (2.4) given in Proposition 2.65 at the junction point, we consider the
following. For all test functions 0 < ¢/ € C((0, +00) x J7) with J7 = {0} U J? ~ [0, +00) or (—oc, 0] with

(17.6) @ (t,0) = ©*(t,0) =: (t,0) for all t € [0, +00) and all index 7, k

we set

= k u,v f k ’U,7U i X
(17.7) I(p) : Zk:{/(o’m)w {n* (u, v)@f + " (u, )} dtd }

Now set
Pt x) == o(t,0)ad(z) with ol(x):=al(e (z), 0<a? € CHTI), oI(0)=1

Then we write I(p) = I(@:) + I(¢ — @.). Because ¢ — @, is the limit of functions in CL((0, +00) x (J\ {0})),
we deduce from (17.5) that I(¢ — @) > 0. In the other hand, we have using Panov’s traces that

I(p:) > Iy as e—0, with I ::/ eD(u,v)
(0,400)x {0}
Because ¢ > 0 and D(G,G) > 0, we deduce that Iy > 0. Hence I(p) > 0. Using Panov’s traces at

time t = 07, and the same argument as before but in time instead of space, we get for all test functions
0 < ¢l € CL([0,+00) x J7) satisfying (17.6) that

Z {/(0,+oo)><Jk {nk(u, U)‘:Df + wk(u,v)@i} dtdx —I—/

n*(u,v)@" da b >0
k {0} x Jk

Using the fact that the fluxes f7 are locally Lipschitz continuous (say with constant L), we know that we have
finite propagation. Now, given any compact set Ko C J, and for ¢ > 0, let K; := J\Q; with Q; := By, + Qo
and € := J\Ko. Then we can find a sequence of test functions ¢, (t, ) approximating 1g, (z)1jo,s(t) for

any s > 0. Hence we get
o[ = [ fu-ul
{s}x Ky {0} x Ko {0} x Ko

This property implies that u,v € C°([0,+00); L{,.(J)) (for instance testing u with a function v which is
locally constant on Ky Z 0, we can repeat it for all such Ky and all translations in time). Now assuming that
ug, vo € po + L*(J), we deduce from monotone convergence theorem, that we can pass to the limit where K

tends to the whole junction J, which gives
[l [l = [ u-l
{s}xJ J {0}xJ
Step 2: proof of ii)

The proof follows the lines of Step 1. The method of doubling of variables of Kruzkov also works for Kruzkov
semi-entropies, and gives that

(“)tni(w k) + (“)xz/Ji(u, k) <0
0

for all k € RN, implies 8 (n’_(u,v) + 8,07 (v, v7) <0
o) o0 <0 ) W (w) + 89 ()

Then for all test functions 0 < ¢/ € C1((0,+00) x J7) with J7 = {0} U JJ ~ [0, +00) or (—o0, 0] satisfying
(17.6), we set

(17.8) L (¢) :=Z{ /(M R CICRESRAUDES dtdw}

k

290



and using the fact that D+(QSUB, QSUP) >0, we get that I, (¢) > 0 and also deduce that

2 {/( )X T i vgr + v v} dtd“/ nf (u, )" dw} >0
0,4+00) X.

k {0} x Jk

Panov’s traces also work for subsolutions and supersolutions, and this is also the case for the finite propa-
gation behaviour. We get in particular that |u — vy € C°([0, +00); L*(J)), and that

Joukes [lo-wlk= [ ol
{s}xJ J {0}yxJ

This ends the proof of the lemma.

17.3 Maximum and minimum of semisolutions

Lemma 17.4 (Maximum/minimum of sub/supersolutions)

Assume (2.2) with N > 1, and let G C [a,b] be a monotone Kruzkov germ.

i) (Maximum of two subsolutions)

Let u,w be two G-entropy subsolutions of (2.4). Then max(u,w) is a G-entropy subsolutions of (2.4).

ii) (Minimum of two supersolutions)

Let u,w be two G-entropy supersolutions of (2.4). Then min(u,w) is a G-entropy supersolutions of (2.4).

Proof of Lemma 17.4

We prove point i) (the proof of ii) is similar).

Step 1: checking that max(u,w) is an entropy subsolution, outside the junction point

The result of point i) should be standard, but we are not aware of a direct proof (see nevertheles Bianca,
Dogbe [8] for an indirect proof). Because we only want to check that each component max(u/,w?) is an
entropy solution on each brancj J7, we can consider the case N = 1 and drop the index j in all expressions.
We define the entropy no(a, 8;7) := ny(a Vv 8,v) = |a V 8 — 7|4+, which is clearly symmetric in «, 8, and
satisfies (using a V 8 =8+ |a — B|+)

no(a,ﬂ;7)|ﬂ+la5|+vl+{ IZ:ftJrﬁ—v i giz }aﬂ\/'y++sign+(ﬁ’y)~(6’y)

For ¢4 (8,7) = sign™ (8 =) - {f(8) = f(7)}, we now define go(a, 5;7) = ¢4 (a, BV 7) + ¢4(8,7). At this
stage, it is not clear if gy is symmetric or not in «, 8, and we set

dqo(, B57) == qo(a, B;7) — qo(B,57) =i, BV YY)+ (B,7) — e (B,aVy) —Yy(a,y)

which is antisymmetric in «, 8. We now only consider the case a < 3, (because the other case is symmetric).

| a<B [ (e, BVY) [ (Bavy) | (o) | 91(8,7) [ 2¢4(VB,9) | dg0(a, B57) |
a<B<y || Yi(,y) =0 ] ¥i(8,7) =0 | ¥i(a,7) =0 ] ¥4 (8,7) =0 || 2¢4(8,7) =0 0
a<y<B | ¥i(a,8)=0 Y+(8,7) Yi(a,7) =0 Vi (8,7) 294 (8,7) 0
Y<a<B || Yi(e,B)=0] ¥i(B,a) Yy(a,7) V4 (B,7) 294 (6,7) 0

We deduce from the table that gy is symmetric in a, 8 and that 2¢, (aV 8;7) = g, 8,7) + (8, o, ),
which shows that qo(«, 5;7v) = ¥4 (a V 5;7). Hence we can apply the method of doubling of variables of
Kruzkov, which gives that

Ao (u, k; ¢) + 0pqo(u, k; ¢)

= 3 . . <
o (w, £ ) + Bugo(w, £+ ) < 0 } for all k,¢ € RY, implies 9¢no(u, w;c) + 0pqo(u, w;c) <0

ie. Ony(uVw,e)+ 9y (uV w,e) <0 for all ¢ € R. This shows that max(u,w) is a Kruzkov entropy
subsolution (outside the origin).

Step 2: checking that max(u,w) is a G-entropy subsolution, at the junction point

Here this is the simplest part. We just have to check that max(u,w)(t,0) € GSUP for a.e. time ¢t > 0, which
follows from Lemma 8.16. This ends the proof of the lemma.
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17.4 Proof of Theorem 2.64: properties of semisolutions for monotone Kruzkov
germs

Proof of Theorem 2.64

For the proof we refer to the table of Subsection 2.5. The result follows from Lemmata 17.2 (stability), 17.3
(Max/min) and 17.4 (L'-comparison).

18 Existence via vanishing viscosity for Kruzkov germs

In this section, our goal is to get existence (and indeed uniqueness) of G-entropy solutions to problem (2.52),
which describes scalar conservation laws on a junction. We will be able to reach the end of this program
only in the special case of Kruzkov germs G.

18.1 General strategy for the proof of existence

Here we present very briefly the general strategy of the proof of existence. We only give the heuristics,
without justification. The key idea is to get a priori bounds on the solution, and then to justify them
using some method of approximation. To simplify, we assume that J is a junction of type 0 : N, i.e. that

J7 ~ (0, +00) for all j. We consider solutions u = (u?,...,u") of
u + (f(w); =0  on (0,400) x J
u(t,0) € G a.e. on (0, +00) x {0}
U = g on {0} x J

0. L™ estimate

Assuming 1y bounded, we first construct a bounded box [a, b] D ug(.J) such that G N [a, b] is still a Riemann
germ on [a, b], which is not a straightforward result. We then show by the maximum principle (up to the
boundary) that u(t, ) € [a,b] for all ¢t > 0.

1. u; estimate ‘

Then for J* := J\ {0}, for two solutions u,v we have |u — v|; + (¢F (u,v)), < 0 with ¥ (u,v) := sign(w/ —
v?) - {f7(w) = fi(v?)}. The integration by parts on (0,t) x J* gives the contraction estimate

/ DY (u,v) +/ lu—v] < / lu — ] where DY (u,v) := Z —pf (u,v) >0
(0,t)x{0} {t}xJ {0}xJ o

for u(t,0),v(t,0) € G, because G is a Kruzkov germ. In particular for v(t,z) := u(t + h, x) and dividing by

h — 0T, we get formally
[l
{t}xJ {0}xJ

Up to a boundary layer correction term when u(0) € G, we can show that such inequality holds true.
2. u, estimate
We write (ug): + (f'(u)ug), = 0. Multiplying by sign(u,), we get |ug|e + (f/(u)|ug|)z < 0. Integrating on

(0,%) x (6, +00), we get
/ o] < / g + / 1(F ()]
{t} x(8,+00) 0} X (8,+00) 0,t)x{d8}

< / |ua| + / |t
{0} x(8,400) (0,)x {6}

which is the boundary BLN estimate. Integrating on J, and using the u; estimate, we get what we call the
interior BLN estimate on .

3. Recovering the junction condition

The previous bounds give some a priori BV}, estimates, which are sufficient for any reasonable approximation
process. Still in such approximation process, the key point is to recover the junction condition u(t,0) € G,
at the limit. This is done using a weak version of the boundary condition. Precisely, this is the following for
o= (¢ ..., ") with 0 < 7 € C1((0,+0c0) x J7), and for all stationary constant solution ¢ € G

0< / {|U_C|<Pt+1/)f(% C)(,Ow}
(0,400)x J*
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Focusing ¢ on the junction point x = 0, we get for all 0 < ¢ € C}(0, +00)
0< / DY (u, ¢)p(t), ie. 0<Df(u,e) forall ceg
(0,4+00)x {0}
which implies u(t,0) € G, because G is maximal, due to the fact that G is Kruzkov.

18.2 Strategy of the proof by vanishing viscosity

Here we present briefly the strategy of the proof of existence by vanishing viscosity. Given a Kruzkov germ
G, we call f = fg its associated Godunov flux. In a first step, the existence is reached using several
approximations of the problem, and in a second step we relax all those approximations. We list below our
set of approximations:

1) (Boundedness)

We assume that the box [a,b] is bounded. We also work on a truncated junction Jg := J N Br(0) with
bounded branches of length R, with suitable boundary condition for x = £ R, encoded in some suitable germ
Gr and some associated flux fg.

2) (Regularized fluxes)

We consider smooth flux functions f;, fm fR,,,, instead of functions f, f , fR which are only locally Lipschitz
continuous.

3) (Regularization of the solution by vanishing viscosity)

We introduce some viscosity € > 0. We also assume that initial data is smooth, bounded and satisfies some
compatibility conditions.

With those approximations in hands, we will be able to justify the following estimates on the solution u*®
(18.1)

usI(t,x) € [al,b7] forall (t,z) € [0,400) X Jh, j=1,...,N (Box estimate)

/ lug| < / lug] (Contraction estimate)
{t}xJr {0}xJr

/ lus] < / |us | +/ lug | (Boundary BLN estimate)
{t}xJs,r—s {0}xJs,r—s (0,t)x0Js,r—s

for all small 6 > 0 with )
Js,r—s = (J N Br—_s)\Bs

Once we have estimates (18.1), it is sufficient to get BV bounds on the solution u*, locally outside the origin
z = 0 and outside € 0Jg. We can then remove fluxes approximations 2). Then notice that all ¢ € G
are solutions for x ¢ 0Jg, while all cg € G are solutions for all z # 0. This allows us show the following
property with ¢ € Lip([0, +00) x Jg; R, )

o el [ de v 0 ) 2 <0,
{0} xJr (0,400)x Jr

for all ¢ € C.([0,+00) x Jg) and all ceg
(18.2)

/ [ — crlp + / (16 — crlr + 97 (0, cr)pa} > —<C,
{0}xJr (0,+00) xJr

for all ¢ € C.([0,+00) x (Jg\ {0})) and all cr € Gr

We can then remove the viscosity approximation 3) with & — 0. We end up with entropy solutions with
zero viscosity on the bounded junction Jg. The boundary conditions at = 0 and x € dJg then follow from
(18.2).

In a final step, we can consider the limit R — +00, and recover the desired solution on the full junction
J.

293



As a guide for the remaining part of this section, let us indicate the flux fr that we choose. For
o= (-1,...,—1), and given some pg € [a,b], and p = (p',...,p") € [a,b], we set for all j =1,..., N

(18.3) fh) =G (', p}) and T}~ (0,R)
where G¥’ is the standard Godunov flux associated to f?.  Then the associated germ is Gr :=

{pelabl, fa) = 1)}

In order to simplify the presentation, we will also use extensively the following result. It is a reduction
result for a problem with viscosity € > 0 on the full junction J. Its proof is straightforward.

Lemma 18.1 (Reduction from n : m junction to 0:n + m junction)
Assume (2.2) with N > 1, and let G C [a,b] be a Riemann germ with respect to (J, f) of orientation
o e {1} with JI ~ o . (—0,0), with Godunov fluz f := fg : [a,b] — RN . Let u® be a solution of

W4 (), =eud o (0,400) x S
(18.4) Flusd) —eusd = fi(ws)  on (0,400) x {0}
usd =) on {0} xJ

Define the following type of reversion transform

=J =€, i Fi(pd) fi — (ﬁj(‘r)a ue’j(tvx)v J7, fj(p])a f](p)) if ol=-1
(@ (), a> (¢, @), J7, f2 ("), [/ (p)) = { (ﬂg(—az), uSi(t,—x), —JI, —fi(pl), —fi(p)) if od=1
Then u® solves (18.4) if and only if @ = (uS', ..., a>"N) solves
i+ (fi(a), = ety on  (0,400) x JI
fiasd) —eazd = fi(@)  on (0,+o00) x {0}
@ = on {0} x.J

and junction J is of type 0 : N with J7 ~ (0,400) for all j.

18.3 Viscous regime for truncated junction with regularized fluxes

Lemma 18.2 (Existence in the viscous regime for truncated junction with regularized fluxes)
Assume (2.2) with N > 1 with junction J of type 0 : N and bounded box [a,b] C RN. Let R > 0, Jg := JNBgr
and o = (—1,...,—1) = —or € RN and let us consider functions for all j =1,...,N and p € RN

for Ry RN 5 RV,
fn,fn»fR,n € Wl’oo(RNQRN)

fo= - ) with fi:R—R
P — fi(p) is nonincreasing

(18.5) P f,jgm(p) is nondecreasing

‘Jj : (fg(p))lpf:aj < ol - frj;(aj)

Uf% : (fljg’n(p))lpj:aj < U{% : f%(a‘])

for all p € a,b]

'O'j ~A(.A$,'(p))\pj:bj > g-J: . fﬂ,(bj)
053 - ( Ij{,n(p))\pj:bj > U?? . f’rJ](b])

Assume that the initial data ug = (ug, . .., ul’) satisfies u% c COO(j)]%; la?, b)) with J}j% ~ (O.R). Lete 0.
i) (Existence)

Then there exists u® = (u7);_q,. N with

(18.6) w7 1 [0, +o0) x Jh — [a, ]
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solution of

usd + (f,g(u”))w =eus) on (0,+00) x Jlj%
(18.7) fiusd) —eusd = fi(uw) on  (0,+00) x {0}
fi(usd) —eusd = ffém(ue) on (0,+00) x {R}

with initial condition

(18.8) us =) on {0} x J}

In particular we have us’ € C’ti’a([(), +00) X J&) for all a € (0,1).
ii) (Further regularity)

Assume moreover that the initial data ug satisfies the following compatibility conditions for all j=1,..., N
(18.9) i(ug)) - s(ug))x = Jié(uo) for =0
7 (up) —e(up)z = fr,(uo) for = =R.
and that we have the following additional reqularity
(18.10) Fas s Fra € W (RN RY)

. 2ta a .
Then the solution has regularity u’ € C, 2 > ([0, 400) x J3,) for all o € (0,1).

Proof of Lemma 18.2

First notice that, up to rescale the PDE in space and redefine properly the functions f;, f,,, fR,,,, we can
assume that ¢ = 1.

Step 1: first global existence result . R

We can apply Lemma 21.7 to h(u) := —f,(u), go(u) := fp(u) — fr(uw) and gr(u) := fr,(uw) — f(u). We get

the existence of a global solution u = (u*,...,u) with v/ € C’fm’a([O7 +00) X J%) for any a € (0,1), of
ur + (f(w)e = tao on (0,400) x J5
fo(u) —ug = fr(u) on (0,400) x {0}
(18.11) A
fo(u) —uy = fra(u) on (0,+00) x (JNOBR)
u = ug on {0} x Jf

Step 2: Box bounds (18.6)

In order to show that the solution u stays in the box [a, ] if the initial data is, we want to use the maximum
principle. Recall that fn, fR,n satisfy the barrier bounds (the two last lines of (18.5)). Given some index j,
we want to show that the solutions satisfy for instance

(18.12) ul <

Civen the PDE on the branch J%, i.e. (u/ —b7); + (fi(u?) = fI(¥))e = (! — )4, and multiplying it by

signt (u/ — b7) (or an approximation of it), we get (with wf’ defined in (2.54))

(Ju? = B4 + (0 (0 07)), < (Ju? = ] )

and integrating over J{Q ~ (0, R), we get

R z=R
4 |uj—bj++{1/J_f~_'”(uj,bj)—sign+(uj—b7‘)u4 (t) <0, ie. 4 |u/ —b | +D7 <0
dt Jyeys 2=0 dt Jiyx1i,
with
L S
DI o= sign ( — V) flg () = OO} —sientd =) { )~ {@)} =D+ D)

Recall that at = = 0 with J7/ ~ (0, +00), we have f,% (P)|pi=pi < fg(bj), where we have used the two last lines
of (18.5) for fn and 0/ = —1. Recall also that the map p’ — f7 (p) is nonincreasing. This property implies
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that D) > 0. Similarly, at z = R with Jlj%:: (0, R) (gnd o), = 1), we have flj%,n(p)lpj:bj > f1(b’), where we
have used the two last lines of (18.5) for fr,, and o = 1. This shows that D}, > 0. Hence

d

- |uj_bj| <0
dt Jieys s, -

Because the initial data satisfies u% < b7, this shows that u? < b/, i.e. the maximum principle. All those
arguments can be made rigorous, as it is classical. Similarly, we show the other bounds, and get that
u(t,x) € [a,b] for all (t,x) € [0,4+00) x Jr. Notice that regularity C’ff" of the solution ¢ follows from i) of
Lemma 21.7.

Step 3: further regularity

Notice that point ii) of the lemma follows immediately from assumption (18.9), additional regularity (18.10)
and from regularity results ii) and iii) of Lemma 21.7. Finally, changing the variables back from ¢ = 1 to
the original €, we get the results for the solution u¢ of (18.7). This ends the proof of the lemma.

Lemma 18.3 (Contraction-dissipation in the viscous regime for 0: N junction J)
We work under assumptions of Lemma 18.2 i), and assume that u®,v® are two solutions of (18.7) with
respective initial data ug,vg. Then we have the following Kato inequality

(18.13) / uf — o] +/ D (uf, %) +/ DI (uf, %) g/ luf — |
{t}xJr (0,t)x{0} (0,t)x{R} {0} xJr

with
Df" (u®,v® Zaj wf (u®,v%) and ’(/Jf 7 (uf,v°) = sign(u®I —v=7). { g(us)— Aj(vs)} with o7 = —1

and

DfR”u ,v° ZU wvau v%)  with aézl.

Moreover, for every test function 0 < ¢/ € C'Cl([O, +00) % J7) such that

(18.14) ©I(t,0) = pF(t,0) =: (t,0) for all indices j, k
' O (t,R) = @*(t,R) =: ©(t,R) for all indices j,k
we have
/ Db+ [ DI, v
(0,400)x{0} (0,40)x{R}
(18.15)

< eCRry +/ [u® —v%le +/ {‘“6 —v¥|pr + Tﬂf”(usavs)@z}
{0}xJr (0,400)x Jr

where Cr,, depends on R and ¢ and is independent on €.
Moreover for N = 1, inequality (18.13) reads

<wmy/ W—fH/ |ﬁwwﬁmw+/ %Mﬁ%ﬁmWNS/ jut — oF
{t}xJr (0,t)x{0} (0,t)x{R} {0} xJRr

Proof of Lemma 18.3
Step 1: preparation
Consider 6, : R — R a (symmetric) approximation of the absolute value with

1 if y>v

O,(y) =4 vy if [yl <v
-1 if y<-—v
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Now multiplying by 6/, (u®J — v57) the difference of the two PDEs satisfied by v/ and v, we get the very
classical estimate (at least in the sense of distributions)

(18.17) 9,0, (u®? — v7) + azwﬁ (uf,v%) + AJ = (0, (u®7 — v°7)) gy — €0 (U — v |(uF — v=T),)?
f E o€ £,J £,j i (0,€ j (1€ : T i (/€57

where ¥, (uf,v%) := 0/, (us? — v7) - {fg(u ) — ff?(v )} with fﬂ](u )= fﬂ](u 1) and

A= A [ 0°] i= =0 (uST — v - {fI () — fTJ](UE)} (T — ),
Now, following the ideas of [7], we have the monotone convergence for any radius R > 0
(18.18) / |wy| dx — |we| de=0 as v—0

[0,R]N{|w|<v} [0,R]N{w=0}

where the equality to zero is classical for w € W2([0, R]). This implies that A7 — 0 in the sense of
distributions as v — 0, and using 6! > 0, as v — 0, we recover the standard result in the sense of

distributions ‘ ‘ , ‘ ‘
O|ut? — v + &wa?]? (u®,v%) <elu®? — v,

where 177 (uf,v°) = sign(u® —v=7) - { f7(u®) — f%(vs)} To simplify the notation, we set

07 (uf — v°) := 0, (us9 — v=7)
0/ (uF — ) = 0 (uT — v
07" (uf — v°) := 0 (u7 — v=7)

Multiplying first (18.17) by a smooth nonnegative test function 0 < ¢7 € C°([0,4+00) x jljé), we get by
integration by parts on J3, ~ (0, R)

- / 6 (4 —oF)g — / Ui (0, o) + / R
{0}xJ% (0,4-00) x{0} (0,+00)x{R}

-/ {efxuf )l <uf,v6>w1} +f Al
(0,400)x J (0,4-00) x J%,

- / (68 (u° — v°))a? — bl (u® — o)l } / (e85 (u" — 1))’ — bl (u® — o)l }
(0,+00)x{R} (0,400)x {0}

—|—/ el (uf — )l — / e (uf — v (U — v, P
(0,400) x J% (0,400) x J%
Using the fact that the solutions satisfy

U0 (0, 0%) = (B (u = v*))s =0 (F,07) on =0

UL (0, 0%) = (0] (u" = %))y = ¥L" (%) on @ =R

(which is already satisfied by the initial data), we get

/ T (u® v) i / i o)
(0,4+00)x{R} (0,400)x {0}
< / 63 (u" — oF)d — / 63 (u® — v*) ) + / B — )l
(0,4+00)x {0} (0,4+00)x{R} (O,JrOO)XJIJ?
s -+ | {w o)l 4ol <u€,v6>soz;}
{0} xJ% (0,400)x J%,

_/ Af;gaj
(0,400)x J%,
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In the limit v — 0, this gives with the special convention |[u® — v¢|7 = |[u®9 — v |

(18.19)
J L e e N Ut R e
(0,400)x{R} (0,400) x {0}

</ I e ey (I — P+t f, %)
(0,400)x J%, {0}xJ% (0,400)x J%,

Step 2: proof of (18.13)
For s > 0 and ¢?(t,z) := 1[4 (¢), and summing on j in (18.19), we get (18.13) with ¢ replaced by s.

—

For N = 1, notice that the monotonicity of f,, implies D/ (uf,v¢) = |fn(u5) - fn(vf)\ and similarly for
DI (uf v7) = | f r(uf) = f, r(v°)] which yields to (18.16).
Step 3: proof of (18.15)
We come back to (18.19) with general test function @7 satisfying (18.14). We now consider a constant
M > max max(|a’|, [b/]). Summing over indices j, we get

J

/ DI (uf ) + / DI (uf 1)
(0,+00)x {0} (0,+00)x{ R}

< 25MCRW+Z/ |uf — v |7l +Z/

0,400) ><JJ
where Cp R, is a constant only depending on R and ¢, and we set Cr, := 2MCY, o This is (18.15). This
ends the proof of the lemma.

{0} vslj<p§+¢f5(u€,v€)<pi}
0} xJJ

Corollary 18.4 (True contraction in the viscous regime)
We work under assumptions of Lemma 18.2 i1). We assume that u® is a solution of (18.7) with initial data
ug satisfying in particular compatibility conditions (18.9). We assume moreover that f,, and fR,n satisfy for
allj=1,...,N
SN D ¥
ke{l,... NN\ {5}
(18.20) on [a,b]

0ifh, = > 10ifE,l
ke{l,...N}\{j}

Then we have

(18.21) / |u® —v°| < / |u® —v*®
{t}XJR {O}XJR

Moreover we have

(18.22) Y T
{t}xJr {0}xJRr

and for N =1, we get

(18.23) / | + / Fau)e] + / For(u)e] < / |
{t}xJIr (0,¢)x {0} (0,¢)x {R} {0} xJr

Proof of Corollary 18.4 A A

Notice that assumption (18.20) implies Df» > 0, Df&n > 0 on [a,b]?. Together with (18.13), this implies
(18.21). Second inequality (18.22) follows from the choice of v¢ (¢, ) := u®(¢t+7, x), and dividing the difference
by 7 and passing to the limit. Here, we use in particular regularity of the solution up to the time ¢t = 0 with
usd e C’;zg’ﬂﬁ([O, +00) x J}), where we have (u*7)4(0,") = (u})es — (1) (u}) - (u})z. This ends the proof
of the corollary.
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Lemma 18.5 (Boundary and interior BLN estimates for a single truncated branch)
Assume (2.2) with N =1, and denote J* = (0,+00), and the truncated branch J} := (0, R) for some R > 0

and a bounded interval [a,b] C R. Consider f, = f} € (Wh>n W22)(R;R). For e > 0, we consider a

loc
B _
solution u® € Ctlﬁ;” ’2+B([0, +00) x Jg;[a,b]) for some B € (0,1) of

uy + (fn(ua))z =cuz, on (0,+00) x Jll%

Then for any § € (0, R/4) and t > s > 0, we have

/ [us| < / [us | + / [ug | +/ lug | (Boundary BLN estimate)
{t}x(8,R—0) {s}x(8,R—0) (s,t)x{d} (s,t)x{R—0}

where the lateral integral lies in the bracket.

Moreover, we have
(18.24)

/ lug| < / lug|+0~" / |ug| +/ s | (Interior BLN estimate)
{t} x (26, R—25) {s}x(6,R—05) (5.) % (6,26) (s.t)x (R—28,R—0)

Proof of Lemma 18.5

Step 1: Boundary BLIN estimate

Recall that the classical BLN estimate (14) in Bardos, Leroux, Nedelec [7] holds for zero Dirichlet boundary
conditions. Here we do not assume any boundary conditions, but get a sort of BLN estimate up to the
boundary, that we simply call boundary BLN estimate. We follow quite closely the ideas of the proof in [7].
Precisely, we adapt the estimate on u,. We take the z-derivative of the PDE for u := u®

Opty + 0uF = e(uy) ga

with F = (f,(v))s
and multiply by 6/, (u,), we get
(18.25) 010, (ug) + 0,®, + B, = (0, (uz))ew — €07 (Ug)|Upe|?

with @, := F-0],(uy), By := —F -0, (ug)Ugs and |F| < L|ug|, where L is the Lipschitz constant of f,. Hence
we have B, — 0 as v — 0 (like in (18.18)). Therefore, as v — 0, it gives O|uy| + O, {F - sign(u,)} — 0 <
€(|tz|)za, which is not good enough. Indeed, we must use the PDE, in some sense on the artificial boundary
x €04, R—9).

We now do the proof formally and explain later how to make it rigorous. Integrating (18.25), we get
8t91/(ua:) + [(I)V](’)JR 5 +/ By =& [(QV(U«”))?I?]{)JR s / EGZ(UQCNUIIF with JR’(; = (5, R — 5)
JR,s ’ JR,s ' JRr,s

Now the PDE is valid up on the boundary, i.e. u; + F = €uy, on (0,400) X dJg 5. Hence, multiplying by
0! (uz), we get
[‘I’V]aJR,a = [{euge —ur}- GL(Uz)]aJR,a
= [e(0u(uz))e —ue - ely(ux)]aJR’(;

Hence this gives

040, (ug) + [—uy - GL(uz)]aJR s —l—/ B, = —/ 0" (ug) [tge |
’ JRr,s

JR,s JR,s

Integrating in time on (s,t), and using |6,| < 1, we get

/ QV(UI) +/ B, S/ 0, (uz) +/ |
{t}xJr,s (s,t) X JR,s {s}xJr,s (s,t)X0JR,s

Passing to the limit v — 0, we have B, — 0 and get the boundary BLN estimate

(18.26) / |ug| < / |z | +/ |t
{t}X.]RA; {S}XJR)(; (s,t)anR,(;
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Now this formal proof of (18.26) can easily be justified using test functions as in the proof of Lemma 18.3.
Step 2: interior BLN estimate

From the boundary BLN estimate, we can always deduce an interior BLN estimate as follows. We follow an
idea introduced in Lemma 4.2 in [10]. Replacing d by 2 > 0 in (18.26), and integrating (18.26) for h € (4, 26),
we get (dividing by ¢)

5t dh/ lug| <61 dh/ [ug| + 671 dh/ |
(6,26) {t}XJR,h (6,26) {S}XJR,;,, (6,25) (S,t)XaJR,h

/ |ux|s/ |ux+51{/ \um/ |ut|}
{t}xJRv% {S}XJRQ (s,t)x(6,26) (s,t)x(R—26,R—9)

which is (18.24). This ends the proof of the lemma.

and then

18.4 Removing regularization of the fluxes

Proposition 18.6 (Existence in the viscous regime for truncated junctions)
Assume (2.2) with N > 1 with junction J of type 0 : N and bounded box [a,b] C RN. Let R > 0 and

oc=(-1,...,—1)=—0ogr € RY and let us consider functions for all j =1,...,N and all p € [a,b]
fyfr:la,b] = RY,
f’f’fREWLOO([a’b];RN)
f:(f15'7fN) wlth fj:[aj’bJ]%R

(18.27) ol (J1(P)pimas <07 f1(ad)

ok (fhP)picar < 0%k fi(a)

ol (f1(P)pimts =07 - )
on - (faD)jpi=s >0k 7 (V)

We assume moreover that f and fR satisfy for allj =1,...,N and a.e. on [a,b)

~0,f > > 10; /¥

ke{l,...N}I\{j}

(18.28)
Ofp= D 10ifHl
ke{l,...NI\{j}
Assume that the initial data ug = (ud,. .., ud) satisfies
(18.29) ul) € C°(Jh;[a?,V])  with Jh =~ (0, R).
Let € > 0.

i) (Existence) _
Then there exists u® = (u®7);=1,. N with

(18.30) usd [0, +00) x j{% — [aj,bj]

solution of

Sl (fI(u)), = eus on  (0,+00) x Jb
(18.31) fisd) —eusd = fi(uf)  on (0,400) x {0}
F(usd) —eus? = fh(uf) on (0,+00) x {R}

where the boundary conditions are satisfied in a weak sense (i.e. against test functions) and with initial
condition

(18.32) usl =) on {0} x Jb
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In particular we have usJ € Cfx’a([(), +00) X J&) for all a € (0,1).
ii) (Additional bounds)

Assume moreover that the initial data ug satisfies the following compatibility conditions for all j =1,...,N
J () — e(ud),. = I -
(18.33) { f (ug) E(u(;)x Jij(uo) for x=0
[ (ug) —e(up)e = fr(uo)  for z=R.
and set
e .__ _
(18.34) { up = e(uo)ar = (f))e | 0 wor g5 with T = g\ {0)
us = (up)z
Then ui € L>((0,t); M(J})) and we have the following bounds for a.e. t > 0 in the sense of measures
(18.35) luz|({t} x JR) < [uf|({0} x JR) < {el(uo)aa| 4+ [(f(uo))el} ({0} x JR)
and for all § € (0,R/4)
(18.36)

[ug | ({t} x (26, R — 20)) < [ug]({0} x (8, R — ) + 67" {Jug|((0,¢) x (6,26)) + |uz[((0,t) x (R — 26, R — 9))}
Moreover for N = 1, inequality (18.35) can be improved in (still in the sense of measures for a.e. t > 0)
(18.37) (8}  Ti) + TV (F(uF); (0,1) x {0}) + TV (Fr(u®); (0,1) x {R}) < [us] ({0} x J7)

where TV (f(uf); (0,t) x {0}) is the time Total Variation of the trace of f(u) for z =0 on the time interval
(0,1).

Proof of Proposition 18.6

We first notice that (18.28) implies on [a,b] and for all j, the map p? — f7(p) is nonincreasing, while the
map p? — ff%(p) is nondecreasing.

Step 1: Extension of the fluxes to the whole space

Let us simply extend f7 : [a/, 5] — R by continuity to a function still denoted by f7 : R — R, with constant
value f7(a?) on the left, and constant value f7(b/) on the right of the interval [a’,b/]. This automatically
extends to a bounded and Lipschitz continuous function f : RY — R¥ (with our standard abuse of notation).
We now want to extend the bounded and Lipschitz vectorial functions f , fR : [a,b] — RY to the whole R,
We only do it for f (this is similar for fR). We first notice that the first line of (18.28) for j means

(18.38) —89;f7 > S wpkdif* forall wy € {+1}
ke{l,...N}I\{s}

which is equivalent to the fact that the map

P e b (p) = f(p) + Z wjkfk (p) is nonincreasing.
ke{l,...N}\{j}

Step 1.1: extension along pt
We now first extend f along the first coordinate p! as follows for p’ = (p?,...,p") € IT} := szl___’N[aj, b7]
A f(al,p') for p' <al
f@'p)=q fo'p)  for p'elal,b]
fotp)  for p'>b!

Notice in particular that p! — hl(p) is also nonincreasing on II; := R x IIj, because f is constant in p* on
{p' <a'} and also on {p' >b'}. For j # 1, the maps p’ — hJ (p) are also nonincreasing on IIy, because
this is already the case for any fixed p! € [a!,b!], and in particular for p! € d[a’, b']. Moreover, for all j, the
maps fj are also bounded and Lipschitz continuous on II;.

Step 1.2: extension along p?
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Now for p' € R and p” := (p?,...,p") € I} := I, 5. nla?, b], we set
fo',a?p")  for p*<a?
F' 00" =9 fh ") for p* € [a?b?]

f(pt, 2, p") for p? > b?

which extends f to Il := R? x II§. Exactly the same reasoning as in Step 1.1 applies and shows that

p’ +— hi(p) is nonincreasing on I, for all j, and that f is bounded and Lipschitz continuous on II,.

Step 1.3: induction and conclusion

We do the proof by induction on j, and finally get that p/ — hJ (p) is nonincreasing on Iy := R¥ for all

w and for all j. For all indices j, this shows that —8jfj > Z |8jfk| a.e. on RY. This implies
ke{l,... NI\ {4}

in particular that p/ — fj (p) is nonincreasing for all j. Moreover the map f is bounded and Lipschitz

continuous over RY. We conclude that the extensions f, f, fR : RY — RY are bounded and globally

Lipschitz continuous. Moreover f7 fR satisfy (18.28) a.e. on RY and

Lip(f/;R) = Lip(f7; [a?,/])
Lip(f; RY) = Lip(f;[a,b])

Lip(fr;RY) = Lip(fr;[a,b])

Step 2: Regularizations

Step 2.1: Regularization of the fluxes

We now consider some nonnegative function p € C°(R) with [, p = 1. For some n € (0,1] and for p =
(pt,....pN), we set p,(p) := e~V p(n~'p) with the product p(p) := p(p') ... p(p"). We set the mollifications
Gn = f*RN pn and gr, = fR *gN ppn. Applying mollification in (18.38), we get

- jgg > Z wjkajg’; for all wji € {£1}
ke{l,....N}\{j}
which shows that —@-Q% > Z |8j§’;| on RY. This implies that §,, §r,, satisfy (18.28).
Re{L N} )
We now set the regularized fluxes f,(p) := §,(p) — p{p —m} and fr,(p) = g5(p) + p{p — m} with m :=
b O
ot and p := /0. Then f,, fry still satisfy (18.28). They satisfy moreover the four last lines of (18.27)

for our choice of ¢+ and for 7 > 0 small enough. We also consider f, := f g~ p,, which satisfies fg = fI*g py
with p,(x) := n~tp(n~'z). Moreover we have

Lip(f7;R) < Lip(f7; [a?,07])
Lip(fy;RY) < Lip(f;[a,0])

Lip(fry; RY) < Lip(fr; [a,0])
Step 2.2: contraction-regularization of the initial data
For v € (0,1), we contract ug, defining ug, := m + (1 — v)(ug — m) with m := %2 Let 0 < 8 << v. Then

for v > 0 small enough, we have g, (z) € [a,b]_p = H [a? + B,/ — B] for all z € [0, R]. Then we
j=1,...,N

extend up,, outside the interval [0, R] in a C*° function such that o, (z) € [a,b]_g/, for all x € R, and such

that ug, takes a constant value ug ,(—1) for z < —1 and the constant value ug ,(R+1) for x > R+ 1. Now,

consider the mollification vg .., := o, *r py- It satisfies

(18.39) Vovn(x) Cla,bl_g/p forall zcR.

We want our approximation to satisfy compatibility conditions (18.33). To this end, we now consider a
function ¢ € C°([0, R,)) with R, := min {1, R} and n € (0, 1] such that 1, () = n(n~'z), ¥(0) = 0 and

' (0) = 1. Setting A := &1 {fn — fn} (voyy,n(()))—vf)’um(O) and A\ =&~} {fn — fR,n} (vo’,,m(113))—1)(’)’1,’,](R)7
we see that the function

wo(z) == vo,un(z) + MNpy(z) — Aptpy (R —2) for x €0, R]
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satisfies

J(w)) — e(wh)a = fi(wo) for z=0
g(wg) —e(w))e = fljm(wo) for z=R.

From (18.39), we deduce that for 1 small enough, we have wo(x) C [a,b]_g/4 for all 2 € R. Hence
Fos Fos Fron € WEO(RN RN satisfy (18.27)-(18.28) and wy satisfies (18.29), (18.33).
Step 3: A priori estimates

Let us call U = uj,, the solution given by Lemma 18.2 for fluxes (f,, fn, me) and initial data ug ., = wo.
24«

We have in particular U7 € C, 2 ’2+a([07+oo) X j}z) for all & € (0,1). From (18.22) and (18.24) , we get
(18.40) 4
Ui(t,x) € [af,b7] for all (t,z) € [0, +00) x J

/ |Ut|s/ |Ut|=/ €Uss — (FoU))a]
{t}XJR {O}XJR {O}XJR

/ \leé/ |Up| +671 / |Ut|+/ Uy ¢ forall §e(0,R/4)
{t}x(26,R—25) {0}x(8,R—35) (0,t) x (6,28) (0,t) x (R—268,R—9)

where

with Wo = Uo,v,n

{ U:(0,-) = e(wo)za — (fn(wo))z
Uw(O, ) = (wo)w

For N =1, we have moreover from (18.23)

/ U] + / (@) + / (For(U))el < / o
{t}xJr (0,t)x{0} (0,t)x{R} {0}xJr

i.e. in the sense of measures

(18.41) U\ ({t} % Tr) + TV (f5(U); (0,8) x {0}) + TV (fy,r(U); (0,8) x {R}) < |U|({0} x JR)

Step 4: Removing regularization of the fluxes

Step 4.1: The initial value

We make a discussion for Uy (0, -) (the discussion is similar and simpler for U,(0, -), and we skip it). Notice
that we have Uy(0,z) = A(z) + B(z) with A(z) := €(vo,5)ze — (f3(Vo,v,n))e and B(z) := Uy(0,z) — A(x)
where B contains in particular boundary terms created by Ay, and Ari, (R — -). Moreover, we have

limsup [A7(x)] < &](u)ax ()] + Lip(f; [a,0]) - |(up)z(x)| for all x € (0,R)
(v,m)—(0,0)

and
|Aj|Loo(0,R) <1+ E|(ué)ww|Loo(0}R) + Lip(f7; [a,b]) - |(’U%);L-|Loo(()’R) for (v,n) close enough to (0,0)

The limit contribution to B only arises through the functions v, (z) and 1, (R — ). Because [¢;|L1(0,r) < C
and [supp(¢,;)] — 0 and A\, A\g — 0 as (v,) — (0,0), we deduce that |B|p1,ry — 0 as (v,7) — (0,0).
Step 4.2: Positive times and conclusion

Setting K[uo] := Z {d(ué)xas‘Ll(O,R) + Lip(f7; [a, b]) - |(u6)x|L1(O,R)} and K'[ug] = 14 Kluo], and for
j=1,...,N
(v,m) close enough to (0,0), from Step 3 we get

Ui(t,z) € [a?,b7] forall (t,z) € [0,+o0) x J}

|U SK”U,O
(18.42) /{t}XJR 2 [to]

/ |U.| < / |(u0)e| + 0 K'[ug] for all &€ (0, R/4)
(£} x (26,R—25) {0} x (5,R—5)
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We conclude from the compactness of the inclusion BVj,. C Llloc, that up to extract a subsequence (and
using a diagonal extraction argument to cover [0,+00) x Jg), that we have

U=u, —u® in L .([0,+00) x Jg) as (v,1) — (0,0)
From (18.40), we deduce in the sense of measures that

usI(t,x) € [af, 0] for all (t,x) € [0,+00) x J

ug|({} x Jg) < [uf|({0} x Jg) < {el(uo)wa| + [(f(u0))al} ({0} X JR)

|ug |({t} x (26, R — 26))
< |us|({0} % (8, R — 8)) + 62 {|us] ((0,) x (5,26)) + |u5|((0,£) x (R— 20, R—3))} forall &€ (0, R/4)

where u® satisfies (18.34). Moreover we can pass to the limit in the PDE (and its weak formulation).

Therefore u® solves (18.31) with initial data as in (18.32) with wug solving (18.33). Finally Lemma 18.2 shows
that usJ € C2%([0,400) x J}) for all a € (0,1).

Moreover for N = 1, we get from (18.41) that
(18.43) Juf[({8} x JR) + TV (f(w); (0,6) x {0}) + TV (fr(u); (0,) x {R}) < |uf|({0} x J5)

This ends the proof of the proposition.

18.5 Removing the viscosity

For w = (w!,...,w"), where each w’ denotes a finite measure on JIJ;67 the associated norm is defined as
[wlpm(rz) = Z |wj|M(J§)’ where M(J%) is the set of (real valued) measures on the open interval
j=1,..,N

J} =~ (0,R) and | - |M(Jfé) is the total variation of the measure.

Proposition 18.7 (Existence for truncated junctions)

Assume (2.2) with N > 1, nondegeneracy condition (2.17), for a junction J of type 0 : N and bounded box
[a,b] C RN, Let R > 0, Jg := J N B with J}, ~ (0,R) for all j and 0 = (—1,...,—1) = —op € RV,
Assume that f, f, fr satisfy (18.27) and dissipative conditions (18.28). Then define the relazations of the
fluzes (given by Proposition 7.1)

fi=Rf and fr1:=Rfr

Then G = {pe [a,b], fi(p) = f(p)} and G = {pe [a,b], fri(p)= f(p)} are two Kruzkov germs
respectively at the junction point x = 0, and at the junction point © = R. ‘ A

Assume that the initial data ug = (ug,. .., ud’) is of bounded variations, i.e. satisfies uj) € BV (J%;[a?, b7]).
i) (Existence and uniqueness)

Then there exists a unique u = (u?)j—1,. N with

(18.44) w2 [0, +00) X Jh — [af, 0]

entropy solution of

uf + (P (W) =0 on  (0,400) x J%
(18.45) fj(uj) = Ji{(u) a.e. on (0,+00) x {0}
P) = fpi(u) a.e. on (0, +00) x {R}

where the boundary conditions are satisfied in the sense of strong traces and with initial condition

(18.46) W =u) on {0} x J}

This solution is constructed as a vanishing viscosity limit of (18.31) with boundary fluxes f and
fr.
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Moreover we have
u € Lip([0, +00); M(JE))

where M(J};) denotes the set of measures on Jj; := Jg\ {0}.
ii) (Additional bounds)
Then we have the following bounds for all t > 0

(18.47)

TV(f(u)(t,); Jp) < Ko with Koi= Y {TV(fj(%); Th) + (7 = 1) (wo(0)) + [(f7 — fé)(uo(R))\}
j=1,...,N

and we have

(18.48) TV (u(t,-); Jr_25\Bas)) < TV (ug; Jp_s\Bs) + 6 *tKy for all &€ (0,R/4)

Moreover for N =1, we have for allt > 0
(18.49) TV (f(u)(t,-); J5) + TV (f(u); (0,t) x {0}) + TV (f(u); (0,t) x {R}) < Ko

Proof of Proposition 18.7

First notice that dissipative conditions (18.28) imply that — f and fgr are both Riemann monotone. From
Proposition 7.4, we then deduce that both G and G are Kruzkov germs.

Now consider the solution uf given in Proposition 18.6 for the fluxes f, f , fR and some initial data ug which
approximates the function ug and which is described below.

Step 1: definition of the smooth initial data u§ _ _ '
Precisely, because ug € BV (J},), we deduce that u}) has a two limits ) (0) and u}(R). We then extend u},
by the value u}(0) for z < 0 and by the value u},(R) for z > R. We get the BV semi-norms [ué}BV(R) =
[U{)]BV(J}]'%) = |(u{))m|M(J1j2). For v € (0,1), we then contract ug, defining ug, :=m + (1 — v)(up — m) with

m = “7“’. Let

(18.50) 0<fB<<v

Then for v > 0 small, we have ug,(z) € [a,b]_g := H [ + 3,07 — f] for all 2 € R. For n,u >
j=1,....N

0, using the notation p, = n~1p(n~*) and ¢, = wp(u~'-) of Step 2 of the proof of Proposition 18.6,

we set v, = Ugy *r Py : R — [a,b]_g. Setting X\ := e7! {f - f} (vo,0,n(0)) = v5,,,(0) and Ag :=

g1 {f — fR} (vo,u,n(R)) — v()’u’n(R), we see for ¢ € C2°([0, Ry)), with ¢, (z) = pp(u~'z), ¥(0) = 0 and
¥’'(0) = 1, that the following function

ug () = voun(x) + Mu(x) — Artpy (R — ) for z €0, R]
satisfies

{f(u)€(u)m—f(u8) for =0
f

0 0
(u§) — e(u§)e = fr(uf) for z=R.

Notice that for
(18.51) p<<n<<e

we have in particular ug .y, . (%) € [a,b]_g/, for all 2 € [0, R].
Step 2: rought a priori bounds
Using (Vo,u.n)as = (Uo,0)z *r (Pn)s and (18.50)-(18.51), we get

€|(Ug,y,n)xac|[,1(];{) < €|(ug))x|M(R)‘(pn)x|L1(R) = Enil[U%]Bv(J£)|px|L1(R) —+0 as =0

and
elNYu)ealprgay = N7 L1 (0,400) = 17 = ) (o (0)] - [ |10, 400) 8 €0

and similarly _ _ _
|(vg),u,n)x|[,1(]{2) < ‘(ué)x‘M(R)|pn|L1(R) = [Ué]BV(J;%)
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and ' 4
|(AJ¢N)m|L1(J;%) = [Nul - [¥110,400) 20 as €—0

Notice that 9(0) = 1 and ¥ € C°([0, R.)). Therefore [¢)"|11(0,400) = [¥']BV (0,400) = [¢'(0)] = 1, and we
can choose 1 such that we have equality in the inequality. Hence

(18.52) {e|<u8*j>@|wgﬁ{|<fjfj><uo<o>>|+|<fjf}gxu()(R))}_ ‘ . e
[ @5 ey = 10 D))l 1 gy = TV (2 ()i {0} x (7))
Setting
Ko = 3 {107 =)o) +1(7 = Fo)(wo(R))| + TV(f (ud); )}
LN o L S o K)=1+K,
< Y {107 = o)+ 107 = F) (wo(R)| + Lin(f5 [a,W]) - TV (u; Th) }
j=1,...,N

and for € close enough to 0, we deduce from (18.42) that for a.e. time ¢ > 0 we have
usI(t,x) € [af,b7] for all (t,x) € [0,400) X Jh
ug (£, )[(JR) < Kp

|ug (¢, )[(Jr-26\Bz2s)) < TV (uo; Jr—5\Bs) + 0~ 'Kq forall 4 € (0,R/4)

1

From compactness of BVj,. C L,

we get that, up to extract a subsequence, we have

w® —u in Li ([0,+00) x Jr)
as (e,v) — (0,0)
u§ —ug in LY(Jg)

Step 3: test function formulations

Recall that (18.15) holds true for two solutions u°, v¢ and fluxes satisfying assumption (18.5).

Step 3.1: interior formulations

In the special case where the test function satisfies ¢ = (0,...,0,¢7,0,...,0) with 0 < ¢/ € C°([0, +00) x
J}), relation (18.15) still holds true if the solutions are only solutions on (0,+00) x Jj. In particular, we

can choose v¢ = ¢ := (0,...,0,¢7,0,...,0) for any ¢ € [a?,b’]. This gives
0<eCry +/ lug? =l +/ = e + o7 (e, 0l )
{0} xJ% (0,+00) x J%

In the limit € — 0, we recover for all ¢/ € [a?, ]

OS/ _ IU6—cj|¢j+/ , {Iu—cj\wiwfj(u,c)@i}
{ (0,400) x J%

0} xJ4

which means exactly that u’ is an entropy solution of (18.45) only on (0, +00) x J{% and with initial data u.
Step 3.2: boundary formulation at x =0 4

In the special case where the test function satisfies o = (1, ..., ™) with 0 < 7 € C2°([0, +00) x (JLU{0}))
with 7 (¢,0) = ¢*(¢,0) for all k,j and all times ¢ > 0, then relation (18.15) still holds true if the solutions
are only solutions on (0, 400) x Jg, where we recall that 0 € Jg. Now let p € G. From Lemma 7.3, we know
that there exists ¢ € [a,b] and # € G such that

w € BA(D) ‘ ‘
(18.53) S={je{l,... . N}, w#P} U qphes 5=0
0< meaSXDf] (w, )
j

and there exists U : J* — R with trace U(0) € RY such that

(18.54) U():=q and U'=fU)—f(*) on J* with U(+o0)=7+
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In particular, we can check that the following function is an explicit solution
v (t,x) :=U (E) with U(4+o0)=c:=7€g
€
and then

OS/ Df(ug,vs)gog &:C’R7@+/ |ugfv€|<p+/ {\u57v5|g0t+1/)f(u5,v€)gam}
(0,400) x {0} {0} X Jr (0,400) X Jr

{ ,
find a sequence of test functions approximating the functions ¢? (¢, z) = ((t) max {0, 1-— 7’190} for all j and

~ > 0. Using nondegeneracy condition (2.17), we deduce from Theorem 2.58 that u has a strong trace at
x = 0 for a.e. time ¢ > 0. Therefore, in the limit v — 0 focusing on the junction point x = 0, we get

_p — f
0< /(o,mx{o} > efware=f D! (u,¢)¢

j=1,...,.N (0,+00)x {0}

In the limit e — 0, we recover 0 < / lug — clp + / {lu— cler + wf(u,c)gol.}. Now we can
0}x Jr (0,400) X I

Because this is true for any function 0 < ¢ € C2°(]0, +00)), we deduce that for a.e. time ¢t > 0, we have

0< D' (u(t,0),¢)= Y D (u(t,0),c) for c:=7

j=1,....N

This is in particular true for the choice of p € G such that u(ty,0) € BA(p) where tg is a Lebesgue point of
u(+,0). Therefore (18.53) implies for ¢ = ¢

We deduce that
u(-,0) € G a.e. on (0,+00)

This shows the second line of (18.45).
Step 3.3: boundary formulation at x = R
The proof is similar to Step 3.2, and shows the third line of (18.45).
Step 4: uniqueness
Finally the uniqueness of the solution u follows as usual, from the L!-contraction as in i) of Lemma 17.3.
We do not repeat the details here.
Step 5: fine a priori bounds
Using (18.52), and from the semi-continuity of BV norms/total variations of measures, we deduce from
(18.35) that for a.e. t >0
fuel ({8} x i) < Ko

Now from the PDE satisfied by u, we deduce that for a.e. t >0

e ({t} x JR) = |[(f(w)a|({t} x Jr) = TV(f(w)(t,0); Jg)

Now from the continuity of the map t — f(u)(t,-) € L'(Jg) and the semi-continuity of the Total Variation,
we deduce that for all ¢ > 0 we have
TV (f(u)(t,0); Jg) < Ko

which shows (18.47). Similarly for N = 1, we deduce (18.49) from (18.37) for all ¢ > 0. Finally notice that
(18.36) implies
uz[({t} > (26, R — 24)) (0, R —0)) + 67 ug[((0,2) x Jz)

| J,
|u (0, R = 8)) + 0~ t[uf| ({0} x )

}({

0}
({0

: X
21 ({0} x

<
<

Therefore in the limit ¢ — 0, we get for a.e. t > 0

lue|({t} % (20, R —26)) < |ug|({0} x (6, R —0)) + 6~ 'tKy
=TV (uo; Jr—s\Bs) + 0~ 't Ko

Finally this implies (18.48) for all ¢ > 0. This ends the proof of the proposition.
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18.6 Proof of Theorem 2.61: removing the truncations

Proposition 18.8 (Existence on the infinite junction)

Assume (2.2) with N > 1, nondegeneracy condition (2.17), and let G C [a,b] be a Kruzkov germ. Consider
an initial data uy with ug(J) C [a,b] such that ug—po € (BV NLY)(J) for some po € [a, b)) NRY. Then there
exists a unique G-entropy solution u of (2.4) with initial data ug.

Proof of Proposition 18.8 and of Theorem 2.61

Step 1: reduction to a bounded box

Because ug € BV(J), we deduce that ug is bounded. From Proposition 6.1, there exists a bounded box
[@,b] C [a,b] such that ug(J) C [a,b] and G N [a,b] is a Riemann germ on the bounded box [a, b].

Step 2: construction of the germ Gr

Let R > 0 and Jg := J N Bg and J4, := J7 N Bg. We set

I Pl ol i i~
G (ph, uw?) if JJ~(-R,0)

where G/ (1,4) is the standard Godunov flux associated to f7. Indeed, using Lemma 18.1 it is simpler to
work with junctions J of type 0 : IV, and at the very end of the proof to use Lemma 18.1 to come back to
the original problem. Hence in the remaining of the proof, we assume that J is of type 0 : N, and then
J >~ (0, R) for all j.

Here we have

Gn={pelatl fap)=fw)}= [ Gk with h={pcl v, fil)=Frw)}

Notice that each g{% is a Kruzkov germ (as any germ for a single branch), and then it is easy to check that
the product Gp is also a Kruzkov germ with pg € Gg.

Step 3: properties of the Godunov fluxes

From now on, and to simplify the presentation, let is assume without loss of generality that [a,b] = [a, ] is a
bounded box. Notice now that the four last lines of (18.5) are automatically satisfied for the Godunov fluxes
f = fg and fr = fg,,, because of the monotone bounds (second line of (2.14)) satisfied by the Godunov
fluxes.

Step 4: construction of a solution on Jr and the limit R — +o0

Therefore Proposition 18.7 applies with fl = f and fR,1 = fR and pg := up(R~) and gives the existence of
a solution ur of (18.45) with initial data (uo)s,. In particular we have fR(uo) = f(up) at x = R. From the
a priori bounds given in Proposition 18.7, we can pass to the limit with ugp — v as R — 4o00. This leads to
the existence of a solution u with bounds.

Step 5: uniqueness and L!-contraction

The uniqueness and L!-contraction follow from i) of Lemma 17.3.

Step 6: recovering a priori bounds

Finally, in the special case py = 0, we recover the results of Theorem 2.61, and for general pg, this proves
Proposition 18.8.

This ends the proof.

19 Existence via semi-discretized schemes for Kruzkov germs

19.1 The semi-discretized scheme

Assume (2.2) with N > 1 and junction (J, f) with o € {£1}". We set the disjoint union

(19.1) Jvi=J[ J§ with J§:=-0°N, for a=1,...,N
a=1,....N

For R € N with R > 3, we can also consider truncated branches

Jr= [ J& with Jg:={ke—0°N, [k|<R}, for a=1,... N
a=1,....N
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We set R := 0®R. Given some pg € [a,b], we also consider the following flux
rar | GY(p™,p§) if o*=-1
0 ={ Guifgty it oo

where G*(1,]) is the standard Godunov flux associated to the function f®. Recall that Gr =
{p € [a,b], fR(p) = f(p)} is a Kruzkov germ with respect to junction (—J, f).

We consider functions u : [0, 4+00) X Jg = R with u = (ug(¢)) fort > 0, k € Jj and a =1, ..., N solution
of the following semi-discretized scheme for uy := (u},...,ud) and Az >0

G (ug, U%+1) — G (ug_y, uy)

Owuy + Ar =0 for ke J3\ {0, R*}

Oruy, + G“(ug,u‘,jzﬁ — fa(uk) =0 for k=0 with 0% = -1
(19.2) Bu + fo ) - i(;(“%*““g) —0 for k=0 with 0% =1

Bru + Fim) - ic;(uE‘l’Ug) —0 for k= Re with 0@ = —1

Bu + Ga(“g’“gzi ~Thm) _ for  k=Re with 0% =1

19.2 Preparation
Then we have the following result.

Lemma 19.1 (Existence of a semi-discrete solution)

Assume (2.2) with N > 1 and junction (J, f) with o € {1}~ and [a,b] bounded. Assume that G C [a,b] is
a Kruzkov germ, whose associated flux if f := fg. With notation (19.1), assume that the initial data u(0)
satisfies

(19.3) up(t) € [a%, 0] forall keJy a=1,...,N

at the initial time t = 0. For any Az > 0, there exists a unique solution u : [0,+00) X Jg — R of (19.2)
with initial data u(0). Moreover u(t) satisfies (19.3) for all t > 0 and u € CH1([0, +00); L™= (JR)).

Proof of Lemma 19.1
We first extend the fluxes f, f, fR from the box [a,b] to the whole space R as in Step 1 of the proof of
Proposition 18.6. We also define the extended Godunov flux G = G/* from the extended flux fo.

Then the result follows easily from the fact that f , f r and f and (G%), are globally Lipschitz continuous
functions. Then the classical Cauchy-Lipschitz theorem applies to the Banach space L*>°(Jg), and gives the
existence and uniqueness of a solution in C*'. Moreover, the fluxes f , fR satisfy the second line of (2.14)
which implies that f, f, fr satisfy (18.27). Let us now show that uf(¢) remains in the box [a®,b*]. Let us
show for instance that uf () < 0. Formally, if the suppremum of uf (o) on k € J§ is reached at some index
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ko for some time to with value ug (to) = b%, then we get for k = kg

Ga(“g—l’ba)gja(ba’“gﬂ) <0 if ko€ JE\{0,R*}

fa(uk) - i::(baaUgﬂ) <0 i ko =0 and o® = —1
Oy, (to) = Ga(“g—l’fi — ) it k=0 and 0° =1

Ga(u%fl’fi — fg(uk) <0 if ko=R" and 0% =-1

Fh(u) - iz(ba’“g“) <0 it ko= RO and 0% =1

where in the first line we have used the monotonicities of the Godunov flux G*(1,{), while in the four last
lines, we have also used the four last lines of (18.27). This shows formally that u§(¢) < b* for all times
t >0 and k € Ji. As it is usual, this can be made rigorous, using for instance classical technics proving the
comparison principle for viscosity solutions. This ends the proof of the lemma.

We will need the following easy result.

Lemma 19.2 (Comparison of entropy fluxes)
We define the entropy flux for ',y x,y € [a®,b*] as

U (2’ ysa,y) = G (@' VY Vy) - GY Az y Ay)
where G* : [a®,b%)?> — R is the standard Godunov fluz associated to the function f*. Then we have

(19.4)  sign(y —y') - {G*(z,y) — G*(,¢)} < V(2. ys2,y) < sign(x — 2') - {G*(x,y) — G*(a',y)}

Proof of Lemma 19.2
We only prove the right inequality, i.e.

(19.5) G’ Va,y Vy) — G N,y Ny) <sign(z —2') - {G(z,y) — G(2',y)}

Notice that the proof of the left inequality is similar.

Case A: z—2' >0

Subcase A.1: y > ¢/

Then (19.5) means G(z,y) — G(2',y') < G(z,y) — G(2’,y'), which is indeed an equality.

Subcase A.2: y <7/

Then (19.5) means G(z,y') — G(2',y) < G(z,y) — G(2',y’), which is true because of the monotonicity of
)

Case B: 2z —2' <0

Subcase B.1: y > ¢/

Then (19.5) means G(z,y) — G(z,vy') < —{G(z,y) — G(«',y)}, which is true because of the monotonicity
of G(z", 1).

Subcase B.2: y </

Then (19.5) means G(2/,y') — G(z,y) < —{G(z,y) — G(2/,y’)}, which is again an equality.

This ends the proof of the lemma.

For later use, we will need the following.

Definition 19.3 (The approximate solution u® given by the semi-discrete scheme)
We set e :== Ax > 0. Given a solution u of the semi-discretized scheme (19.2), we define u® = (u1,... u
as

(19.6)

“ ; @ 1 (z) if o%=-1
use t7 xT) = u®(t g, T with €, ) = { ke, (k+1)e) : . SR 17 L N
(t, ) k;}% i ( )Xk (z) Xk (z) 1((k_1)5,k8](x) if o@=1 [

s,N)
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Lemma 19.4 (Entropy inequalities)

We work under assumptions of Lemma 19.1 and recall that o € {£}". Let u(t),v(t) two solutions of the
semi-discretized scheme (19.2) respectively with initial data u(0),v(0). Then we have the following

i) (Pointwise entropy inequality)

\I}Q

_ (0%
k+3 lIlk

Ax

1
2

(19.7) oW+ <0 foral keldg, a=1,...,N

with for k € Z

W = lug —vy| for keJg
\Da(u%,ug+1;vg,vg+l) if ke Jg\{R}
o y —
\IJR(ukHUk?) Zf k - R Zf O_Q _ _1
UG (uk+1, V1) if k=-1
\IIZ‘+% =
W (uit, uips v o) 4 k€ JR\{0}
U (ug, vi) if k=0 i o =1
WG (Uk+1, Vk+1) if k=-R-1

and
U@y x,y) =G Va,y Vy) = G A,y Ay)
WG (2, 2) = sign(=" — 2%) - { fo() = f*(2) }
WG+, 2) = sign(=" — =) - { f(=") — fa(2) |

ii) (Integral entropy inequality)

Let u®,v® as in Definition 19.8 with ¢ :== Ax. Define also

(19.8)
if o%=-1

U (t,x) == Z \Ilg+%(t)xi7a(x) with  x3"(x) := { Like (k+1)2) (%) i oot =1 ‘ for a=1,...

1ok
keJZ\{R*} ((k—1)z,ke) (T)

Let us consider a smooth test function 0 < @ (t) with compact support in t € [0,+00) for k € J§ which
satisfies pg(t) = gag (t) for all a, 8. Then we have the following integral entropy inequality

£ t R _ £ t .
(199) / ‘UE 7,UE|SDE+/ {|u€ 7v€|80;: 70_\]:16 . {90 ( U 0-6) SO ( ) )}} Z 0
{0} xJ (0,4-00)x J 15

where ¢° is defined from ¢ by the same formula defining u® from u.

Proof of Lemma 19.4

Step 1: proof of i)

We start with the semi-discretized scheme satisfied by u and v, and multiply the difference of the schemes
by sign(ug — vg) (starting with an approximation of it). We get

e e \Pa7+ - U «
8,5‘1%-1}“-%%:0 fOI' kEJR
with
Sign(u% - ’UI?) : {Ga(u’27uz+1) - Ga(U?,U;:+1)} if ke Jla%\ {R} if o%=—-1
\IJ%(uk, Uk) if k=R
\Ilz’—’_ =
sign(u — o) - {G(u,uf ) — G(vg, v )} if ke Jg\ {0} $ oot
WG (ur, ve) if k=0
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and

sign(ug — vy) - {Ga(ugfl,u‘]j) - Ga(vz‘fl,vﬁ‘)} if ke Jz\{0} if o%=-1
\Ilg(u]m Uk)) lf ]f = O

U™ =
sign(ug — vy) - {GQ(UKUU%) - GO‘(UZEPU?)} if ke Jp\{-R} if o*=1
\I’%(Ulmvk) if k=-R

Then Lemma 19.2 means ¢ , < ¥}" + and v 1 > Wy~ for all k € J§, which implies (19.7).

k+3
Step 2: proof of ii)

Now, in order to simplify the presentation, let us assume that c* = —1, say for all @ (which can be done
using a suitable change of variables like in Lemma 18.1). Consider any test function 0 < ¢¢(¢) which is
with compact support for ¢ € [0, +00). Multiplying (19.7) by ¢¢ for k =0, ..., R, and summing over k and
integrating in time over (0,400), we get

v — v
k41 k-1
>e ) / {{5th?}@%+{+2 2}-@%}
k=0,...,r ” (0,40) €

= / e > AOWEYeR + § Vhlur, vr)ek — Vi uovo)e + D Wi aef - Z \Ifk 198
040) | k=0...R k=0,...,R—1
— [ (U - W) + [ Je ST @b+ ] Y i {ed et
(0,4-00) (0,42) | k=0,..,R k=0,...,R—1
« a a a « a a a o .7.+€ — o
Z/ {‘I’R(HR,URWR—‘I’o(uoavo)%}‘F/ {{3t|ue’ —vS% Tt — S {90 ( )=¢ }}
(0,+00) (0,+00) X J €

An integration by parts in time gives

/ |us7a _ ’U‘E’a|g0€’a +/ {ua,a — 5 ©
{0} x J (0,400)xJ™

> / (U (ur vr) @ — W8 (o, v0)g )
(0,+00)

cyen (D o)
9

(19.10)

Summing over « and using ¢ > 0, we get

(. . _ g
/ |u5—’U€|g05—|-/ {|u€—1}€|<p§+\lf€{<p(7 +e)—p }}
{0}xJ (0,+00)x J €

2/ DfR(u57va)goa+/ th(uﬂva)goE
(0,400) x (JNOBcr) (0,+00)x {0}
with
N ? )
f07)i= >0 o (W0 and o7 (uf,07) = sign(ue — o) - { o) - fo) }
a=1
and

N
DfRu ,U° Z j’éz/;f’?u v¥) with of = —0®.

Because both G and G are Kruzkov germs respectively to (J, f) and (—J, f), we deduce that Df7 Dfr >0,
Joint to the fact that ¢° > 0, we see that (19.10) implies

(. . _ €
/ |u5—v5|305—|—/ {|UE—UE|<)0§+\IJ€{¢(7 ":5) 14 }}ZO
{0}xJ (0,400)x.J
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More generally, for arbitrary signs o® € {£1} with o := —o, we get (19.9). This ends the proof of the
lemma.

Corollary 19.5 (Contraction estimates)
We work under assumptions of Lemma 19.1. Let u,v be two solutions of the semi-discretized scheme (19.2).
We use notation of Definition 19.3 for u®,v¢. Then for allt > 0, we have for R, := (R+ 1)e

(19.11) / |uf —v°| < / |u® — v®|
{t}x(JNBr.) {0}x(JNBr,)
We also have
(19.12) / 1Ouf| < / 0|
{t}x(JNBr,) {0}x(JNBR,)

Proof of Corollary 19.5

On the one hand, inequality (19.11) follows from the integral entropy inequality (19.9) for ¢° = 1. On the
other hand, inequality (19.12) follows from (19.11) choosing v = u®(- + 7), dividing by 7 and passing to the
limit 7 — 0T. This ends the proof of the lemma.

Lemma 19.6 (BLN estimates)

We work under assumptions of Lemma 19.1. Given a solution u of the semi-discretized scheme (19.2), we
consider u® as in Definition 19.8. Fiz o such that 0® = —1. Let k; € Jj and x; = kie for ¢ = 1,2 with
1 <z and 2 < k; < R—2. Then we have boundary BLN estimate

(19.13)
/{O}X(wl;’ﬂz)

/{t}X(ﬂihﬂﬁz)

Moreover for R. :== (R+ 1)e and x1 = 20 = R — x2 + € with § € ¢(N\{0,1}), we have the interior BLN

estimate
»/{t} X (26,R:—26)

< / +671 / |0pu®| +/ |Opu™|
{0} % (8, Rc—6) (0,t)%(8,26) (0,4) x (R.—25,R. —8)
Proof of Lemma 19.6

Recall that ¢* = —1, and define a5“(¢,z) := u®“(t,x +€). For ¢ = 1,2, assume x; = k;e € J* ~ (0,400)
for i = 1,2 with k; € Jg\ {0, R} with 2 < k; < R — 2 and 21 < x2. Integrating (19.7) over (z1,z2), we get

v o, -0
/ atme,a . ua,a| + Z _kts  Tk—s Xz,a <0
{t}x(z1,22) €

keJg

U/E,O((.7 . + 5) _ uE,Oz

e

u@a(.’ C+ E) — us
£

S 671 / |atu6,a
Z (O,t)X(Ii,wi+€)

i=1,2

ue,a(.’ -4 5) _ us,a

e

(19.14)
uf;‘,oc(_7 . + 5) _ ua,a

€

with \p?+é = W (ag, ag s ug, ui ) = (U, U o ug, uf ). From (19.4), it satisfies
W1 | <G (uihs uiye) — G (uig, ui)| = elOrui |

Hence

IN

~{ry -
o+

at/ |ﬁa,a o ua,a|
{t}x(z1,22)

IN

e {0y | + |0pug, |}

> D]

i=1,2 Y {t}x(z1,21+¢)
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Integrating on (0,t), we get

/ |aa7a_u6,a|_/ ‘uau_ Ea|< Z / ‘atUE’a|
{t} x(z1,22) {0} x(z1,22) 0,t) X (zi,2;+€)

1=1,2

which implies (19.13). Alternatively, this inequality can also be obtained from the integral entropy inequality
for a suitable test function, which is a characteristic function of the rectangle (0,¢) x (z1,x2).
In particular, for 1 = h and x5 = R. — h — &, we get that (19.13) means

/{t}x(h,REh)

{0} x (h,Re—h) (0,£) % (h,h+e) (0,)x (Re—h—e,Re—h)

Now for A € N\ {0,1} and § := A, summing over e *h = A,...,2A — 1, we get
3
{t}x (26, R. —26)

<A
{0} x(6,R:—6)

us( - te) -
€

ue,oz(.’ C+ 5) — us
9

us( - te) -
€

us,a(_7 4+ E) — us
3

vl | e+ [ B
(0,4)x (6,26) (0,6)x (R.—26,R.—0)

which implies (19.14). This ends the proof of the lemma.

19.3 Convergence
Then we have the following result.

Proposition 19.7 (Convergence of the semi-discretized solution on the truncated junction)

Assume (2.2) with N > 1, nondegeneracy condition (2.17), and let G C [a,b] be a Kruzkov germ with [a,b]

bounded. We assume that the junctzon is characterized by (J, f) with o € {:I:l} and associated fluz f = fg.
Assume Ug = (U}, ..., UY) with U € (BV N LY)(J%; [a®,b%]). Define fora=1,...,N

up (0) == 671/ USxy™  with X3 given in Definition 19.3

Then the initial data u(0) satisfies (19.3). For any € :== Ax > 0 and R > 3, let u be the unique solution
u : [0, +00) X Jg — R of of the scheme (19.2) with initial data u(0), and let u® : [0,+00) X (J N Bg.) = R
with R. := (R + 1)e given by Definition 19.3.

Then we have

u = U in L}.([0,+00) x (JABg)) as (g,R)— (0,+00) with R.— R € (0,+00)
where U is the unique solution of (18.45) (where R is replaced by R) and with initial data U(0,-) = U.

Remark 19.8 (When the scheme relaxes the boundary condition)

It is important to notice that Proposition 19.7 is still true when the flux fg is replaced by a function f
satisfying (7.1), i.e. satisfying

f:]a,b] = RN continuous
(19.15) oo f:la,b] = RN Riemann monotone
I fI) <09 fI(q)gizrs and 07 fI(q)|gizai < 07 fI(a?)
Then setting fl = D‘if where R is defined in (7.3), there exists a Riemann germ Gy such that fl = fgl. For

instance in the special case where o = (1,...,1) € RN, for any p € Gy, we know from the construction of
RS, that there exists q € [a,b] such that

G9(p,p) = f(p) = f1(h) = G'(p,q) = f(q)
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Then it is enough to notice that the function

oo |9 i k<0
FTY ¢ if k=0

is a solution of the scheme (19.2). Then this solution can be used to show that the limit of the sequence u®
still has a trace in Gy, i.e. the result holds with G := G;.

Proof of Proposition 19.7

Recall that u®(¢, ) belongs to the box [a, b] which gives an L estimate, and we have both estimate (19.12)

us(s,-+¢)—ut
€

This shows that we have uniform bounds on »° in BV}t . The compactness of BV}, C Llloc for bounded

functions implies the convergence of u¢ in L, to some function U, up to extraction of a subsequence. Now

our integral entropy inequalities (19.9) also passes to the limit and gives (for any constant V' both solution

of the limit problem and of the discretized problem)

(19.16) / o V|w+/ (T = Vg + - .} >0
{O}X(JQBR) (O,“FOO)X(JQBR)

with

on uf, and interior BLN estimate (19.6) on , which approximates the x-derivative of u°®.

U 5 P = YU, UV V)
where we recall that U (2', y'; z,y) := G(2' V x,y' Vy) — G*(z' Ax,y’ Ay). This gives
T = fAUNVVE) = fAOAVE) =sign(U® = V) {f(U) = f4(V)} =T (0, V)
which is exactly the flux of Kruzkov entropy. Choosing the test function ¢® with compact support in the
interior of each branch J* N Bi and any constant V¢ € [a®,b?], we recover that U is an entropy solution

on each (truncated) branch. Now choosing V' € G and a test function ¢ with compact support in J N By,
with moreover ¢ focusing on the origin, we recover that

DI (U(t,0),V) >0 forae t>0andall Veg

Because G is Kruzkov, we recover that U(t,0) € G for ae. t > 0.
Similarly, we show that (U(t,-))noB, € Gr. This shows that U is solution of (18.45) (where R is replaced

by R) and with initial data U(0,-) = Up. The uniqueness of the solution shows the uniqueness of any
accumulation point of the sequence u®. This implies the convergence of the full sequence u® towards U. This
ends the proof of the proposition.

20 Existence via fully discretized schemes for monotone Kruzkov
germs

20.1 The fully discretized scheme
Assume (2.2) with N > 1 and junction (J, f) with o € {1}". We recall notation (19.1), namely

Jwe= [ J& with J§:=-0°N, for a=1,..,N

a=1,...,N
We consider functions w : N x Jy — R with u = (u;"*) for n € N, k € J¢ and a = 1,..., N solution of the
following fully discretized explicit (finite volume) scheme for uf := (ug’l, e ,ug’N) and Ax > 0, At > 0 and
neN
(20.1)
ntl,a  n,«a G n,o | n,o\ G n,o n,o
Up, Ug, (™, wgy) (uplys uy, )
=0 f ke JE\ {0
A Az or ke R0}
n+l,a  n,« G« un,a7un7a _ fa ul
Uy, Uy, (ug k1) = F(uR) =0 for k=0 with % = —1
At Ax
n+1l,a n,a fo(ymn o, o | n,a
Ry up) — G(u,. %, u
Uy, Uy, +f(k) (g, ug ):0 for k=0 with 0% =1

At Az
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where G* = G/* is the standard Godunov flux associated to the function f© : [a®,b*] — R. We also assume
that f = fg : [a,b] — RY is the Godunov flux associated to a Kruzkov germ G. When it will be useful, we
will furthermore assume that G is monotone.

20.2 Preparation
Then we have the following result.

Lemma 20.1 (Existence of a fully discrete solution)
Assume (2.2) with N > 1 and junction (J, f) with o € {1} and |a,b] bounded. We also assume that

f= fg : la,b] = RY is the Godunov flux associated to a Kruzkov germ G. With notation (19.1), assume
that the initial data u° : Jy — R (with u® = (u)®) with k € J§) satisfies

(20.2) up® € [a®, 0] forall kelJy, a=1,...,N

at the initial time n = 0. For any Ax > 0, At > 0, satisfying the following CFL condition
At 1

(20.3) LA—x < 3 with L := a:sll,l.l.).,N Lip(f<; [a™, b))

there exists a unique solution u : N x Jy — R of (20.1) with initial data u®. Moreover u satisfies (77) for
alln > 0.

Furthermore, if the germ G is monotone, then the scheme is also monotone.

Proof of Lemma 20.1
Recall that f = fg satisfies on [a, b]

ajajsz Z |8jfa|, forall j=1,...,N
ae{l,...NN\{j}

because G is Kruzkov. Furthermore, when G is monotone, we also have on [a, b]
(20.4) 8;(07 f7) >0, (o7 f7) <0 forall k+#j

Step 1: extension, existence and uniqueness
We first extend the fluxes f, f from the box [a,b] to the whole space RY as in Step 1 of the proof of
Proposition 18.6. Furthermore, when G is monotone, it is important to notice that monotonicities (20.4) are
still true for the extension f on RV, as it follows easily from the method of extension. We also define the
extended Godunov flux G* = G/” from the extended flux f<.

Then the functions f , f and (G%), are defined on the whole RY and are globally Lipschitz continuous
satisfying in particular for all indices j, «

(20.5) 0< a0 f(p) <)Y @) <L, |0,.G*(ub,u), 10,rG* (", u®)| < L.

Therefore there is existence and uniqueness of a solution u to the scheme (20.1).
Step 2: monotonicity of the scheme when G is monotone

We have
Hy (up ) up®, qul) if ke Jg\{0}
wp Y = Heu] = HE(u,upsy) if k=0 and 0% = -1
HY (u),uyl) if k=0 and %=1
with
n,a At n,x n,x n,a n,a . a
Uy’ +M-{G°‘(uk;17uk’ ) — GY(uy, 7“k+1)} it ke Jg\{0}
Hiu™ =< up*+ At Foul) — G (uP™, ul) if k=0 and o%=-1
k k Az k ko Ukt
At .
up® + Az {GO‘(UZ’_O‘DUZ’O‘) - fa(uZ)} it k=0 and 0% =1
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Under the CFL condition (20.3), and from estimates (20.5) and the monotonicities (20.4) on RY and the
natural monotonicities of the standard Godunov fluxes G“’s, we deduce that H}* is monotonous in its
arguments.

Step 3: bounds in the box (even when G is not monotone)

Moreover, the flux f satisfies the second line of (2.14) which implies that f, f satisfy (18.27). Let us now show
that uy’® remains in the box [a®,b]. Let us show for instance that u;"* < b*. Formally, if the suppremum

no,x

of (u"™)’s on k € Jg is reached at some index kg for some time index ng with value u" = b%, then we get

(n7 k) = (n07 k())

G (w5, 0%) — G0, wy )
Az

<0 if ko€ J2\{0}

n+l,a n,o ) n,o
we T —w ) f(up) = GO ) )
At = k AL ktl <0 if k=0 and %= -1

Ga(uzfp b*) — f“(ug)
Ax

where in the first line we have used the monotonicities of the Godunov flux G*(1, ), while in the two last
lines, we have also used the four last lines of (18.27). This shows formally that u;"® < b* for all times n > 0
and k € J§. As it is usual, this can be made rigorous, using for instance classical technics proving the
comparison principle for viscosity solutions. This ends the proof of the lemma.

<0 if k=0 and o%=1

For later use, we will need the following.

Definition 20.2 (The approximate solution «° given by the fully discrete scheme)
We set 7:= At >0, e := Ax > 0 and € := (1,¢). Given a solution u of the semi-discretized scheme (19.2),

we define v = (ust, ..., usN) fora=1,....N
(20.6)
g n,o £,n,x . g,n,x 1 (t)l (l’) ’Lf o% = —1
u®(t,x) == WO (z)  with T, x) = [n7,(n+1)7) [ke, (k+1)e) :
) neN,ZkeJ;; F ) { ) () L-vepel (@) i 0% =1

Lemma 20.3 (Entropy inequalities for monotone Kruzkov germs)

We work under assumptions of Lemma 20.1 and recall that o € {:I:}N. Let u,v two solutions of the fully

discretized scheme (20.1) respectively with initial data u®,v°. We assume that G is monotone Kruzkov.

Then we have the following

i) (Pointwise entropy inequality)

W]:#rl,oz . W:,a N \I’Zf% — \I’Z’_a%
At Az

(20.7) <0 forall keldyg, a=1,...,N

with fork € Z, n € N

Wi = Jupy® — v for ke Jg
e T L I
gma G (U y1s Veyr) if k=-1
bty ,
PR LR |y ey
g (ug, vg) if k=0

and
v’y y) =G VY Vy) - G Ay Ay)
V(2 2) = fo2' Vz)— f*(Z Nz)
with (2'V2)*:=2%Vz* and (2 Az)*:=2%N2"
ii) (Integral entropy inequality)
Let uf,v® as in Definition 20.2. Define also

(20.8) Tt z) = Z Zflxi’"’a(t, z)  for a=1,...,N
neN, keJg ’
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with x° defined in (20.6). Let us consider a test function 0 < @,'* for n € N for k € J§ which satisfies
0o’ = (pg’ﬁ for all a, 8 and n € N. For ©° is defined from ¢ by the same formula defining u® from u, and
assuming that ©° has compact support on [0, +00) X J, we have the following integral entropy inequality

(20.9)

. L N N (. D) — f ~ E(o . — —
/ ‘UE—UE‘QOE—I—/ {|u6—vs|('+7,')-{¢(+:) ¥ }_qus{@(v ;5) ¥ }}20
{0} xJ (0,400)x.J

Proof of Lemma 20.3

Step 1: proof of i)

We first notice that for 2/, 2 € R, we have |2/ — x| := 2’ Va — 2’ A xz. Because we assume that G is monotone,
we know that the scheme is monotone. Hence

HEfu] v HE o] <
gt g > a7
with  (u" Vo™)¢ :=u " Vo, " and  (u” A0 = u) " Aol

HE [u Vv o"]
Therefore, starting with the fully discretized scheme satisfied by v and v, and get (with obvious notation)
un+1 Vi Un+1 _ un-{—l A Un+1 < H[un V. U”] _ H[u" A ,Un]

Hence W, = |u™ — v)®| satisfies

W’{L+1,a _ Wn,a \I/Zf — \I/Z_O:
k N k4 2Ax 2 <0 forall kelJg, a=1,....N

with \I/Zf% as in the statement of i) of Lemma 20.3. This shows (20.7).

Step 2: proof of ii)

Now, in order to simplify the presentation, let us assume that o* = —1, say for all « (which can be done
using a suitable change of variables like in Lemma 18.1). Consider any test function 0 < ¢;"“. Multiplying
(20.7) by ¢ for k € Jg, and summing over k and integrating in time over n € N, we get for ©° with
compact support in [0, +0c0) X J

n,x n,x
Wb e Yk — Wy
0 >er E {{ k k (pzya + 2 2\ . SOZ@
neN, keJg T <

c Z 7W£,a¢2,o¢ + Z Wn+1 NeY n a Z W]:. « n «@

keJg neN neN\{0}

TZ U5 (ug, vg) Py’ +Z Zfl‘Pk - Z ‘I'nal‘Pk

neN keJg keJg\{0}
0,a 0, n+1l,a n+1l,« n,o
€ Z {_Wk P ZWk {301@ — Pk }}
keJg neN

TZ —g (ug,vy)ee ™ + Z \I/k._‘_l _¢k+1}

neN keJg

N N N E,af, I YR N
—/ WS —/ WEe(- 47, - {‘P (+7) -0 }
{0} xJo (0,400) x Jo T

_/ \I/f')‘(ué Ué)@é’a _ / \:[157(1 {@57a('7 -+ 5) — 9057& }
(0,+00)x {0} (0,+00) x J €

318




ie.
(20.10)

~ ~ ~ - - 5 . o) — € ~ (. . —_ 2
/ |u5—v8|805+/ {|u5—v5(-+7,-).{¢(+7’) <p}+\ya{<p(, te) - }}
{0} xJe (0,400) x J T €

> - / W (0, v )
(0,400)x {0}

Summing over a and using ¢° > 0, we get

. . . . El. D) — of _ E(.. . — pE
/ |u€—’l}€|g0€—|-/ {|u5—v€|(-+r,~)-{(p(+7—’) P }4—\115{@(’ +e)—p }}
{0} xJ (0,400)x J T €

> / th(ué Vot u A vt
(0,400) x {0}
with
~ N ~ H ~ ~
D (p,q):=> o ¢/ (p,q) and ¢ (p,q) := sign(p® — ¢*)- {f“(p) - fo‘(q)}
a=1

Because G is a Kruzkov germ with respect to (J, f), we deduce that Df > 0. Joint to the fact that ©® > 0,
we see that (20.10) implies

/ |u5—v5|305+/ {|u§_vé|(_+77.).{¢('+T,')_(p}_i_\pé{@('v'""‘g)_ﬁo }}ZO
{0}xJ (0,400)x J T c

More generally, for arbitrary signs c® € {£1}, we get (20.9). This ends the proof of the lemma.

Corollary 20.4 (Contraction estimates)
We work under assumptions of Lemma 20.1 with G monotone Kruzkov. Let u,v be two solutions of the fully
discretized scheme (20.1). We use notation of Definition 20.2 for u,v=. Then for all t > 0, we have

(20.11) / |u® —v°| < / [u® — vF|
{t}xJ {0} xJ

where the right hand side may be infinite.
We also have

(20.12) /
{t}xJ

<
{0}xJ
Proof of Corollary 20.4
On the one hand, inequality (20.11) follows from the integral entropy inequality (20.9) for ¢ = 1. On the
other hand, inequality (20.12) follows from (20.11) choosing v¢ = w*(- + 7,-), dividing by 7. This ends the
proof of the lemma.

us(-+7,) —uf

3

uf(-+7,) —uf

9

Lemma 20.5 (BLN estimates)

We work under assumptions of Lemma 20.1. Given a solution u of the fully discretized scheme (20.1), we
consider u® as in Definition 20.2. Fiz o such that o® = —1. Let k; € JY and x; = kie for i = 1,2 with
x1 < x9 and k; > 2. Then we have boundary BLN estimate for t € TN\ {0,1}

ué,a(.’ 4 E) _ ué,(x

ué,(x(_7 4 E) _ ué,a ué,a(. + T, ) _ ué,a

/{t}x(ﬂclvwz) i—

Moreover for x1 = 2§ with § € e(N\ {0,1}), we have the interior BLN estimate for t € TN\ {0, 1}

< / +6 ! /
{0} x (8,+00) (0,t) x(8,26)

/{t}x(25,+oo)

9 9 T

(20.13)
_ < e~ ! /
/{O}X(xlax2) Zlg (0,8) x (w4, +¢€)

ué,oz(_7 C+ E) _ ué,a

9

ué,a(_, 4 5) _ ué,(x

9

ué,a(_ +, ) _ ué,(x

T
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Proof of Lemma 20.5
Recall that 0® = —1, and define v>%(¢,x) := u®%(t,x + ¢). For i = 1,2, assume z; = k;e € J* ~ (0, +00)
for i = 1,2 with k; € Jg\ {0} with k; > 2 and 21 < z2. For t € 7N\ {0, 1}, consider the (limit) test function
&Y (s, 2) = L10,4)(8) - Ly ap) (), With &P =0 for B # . Plugging this test function in the integral entropy
inequality (20.9), we get

/ |u§,(x _ ,Ué,a| _/ |u€,a _ vé,a| + E_l Z / _(_1)11\1]5,04 >0
{0} x(w1,22) {t}x(z1,72) i=1,2 7 (0:) X (zi—e,2:)

Recall that \I/Zf% =0 (v o ut ) = U (u u s w® ety ). From (19.4), it satisfies

+1, )
n,o af, n,a n,o af, N, N, _ uZJrl ¢ - u;clfl
L4 <|G G _
| k+%‘ < (“k+17“k+2) — G (uy, ’“k+1>| =€

Hence for t = nr

/ ‘ué,a o Ué,a
{t}X(JL’l,ZEQ)

_ |u§,oz . vé,a| < - |\I/””f’0‘ |
/{O}X(II:IQ) Z Z ki—1

m+1,a m,o
<e E T E k ks
T
i=1,2 m=0,...,n—1
B Uea('-l-T,')—Uaa
i=1,27 (0;0) X (zi,zi+e) T

Hence we get

/{t}x(whm)

/{O}X(Elxzz)
which is (20.13).

In particular, for z1 = h and x5 = 400, we get that (20.13) means

/{t}x(h,+o<>)
us,a(_, -4 E) —us«

S/ +671/
{0} % (h,+o0) € (0,8) % (h,h+e)

Now for A € N\ {0,1} and § := A, summing over e 'h = A,...,2A — 1, we get

u&a(.’ C 6) _ ué,a

£

ué,a(.’ 5) _ ué,a

3

ué,a(. + 7, ) _ ué,a ‘

T

<e ! /
Z 0,8) X (zs,xi+€)

i=1,2

,LLE,Ol(.7 . + 5> _ U/E,CE

g

ué,a(, +7, ) _ ué,a

T

A/ u=( - +e) —us
{t} x(28,400) €
{0} % (8,400) € (0,£) % (8,26) T

which implies (20.14). This ends the proof of the lemma.

20.3 Convergence
Then we have the following result.

Proposition 20.6 (Convergence of the fully discretized solution for monotone Kruzkov germs)
Assume (2.2) with N > 1, nondegeneracy condition (2.17), and let G C [a,b] be a monotone Kruzkov germ

with bounded [a,b). We assume that the junction is characterized by (J, f) with o € {+1}" and associated
fluz f = fg.
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Assume Uy = (U4, ..., UY) with U € (BV N LY)(J%; [a®,b%]). Define fora=1,...,N
ug’a =gt / JSXZS with xi" given in Definition 20.2

Then the initial data u° satisfies (20.2). Assume that 7 := At > 0 and € := Az > 0 satisfy the CFL
condition (20.3), and let € := (1,€). Let u be the unique solution v : N x Jy — R of the scheme (20.1) with
initial data u®. Let u® : [0,+00) x J — R given by Definition 20.2.
Then we have
ut = U in L} .([0,+00) x J) as &— (0,0)
where U is the unique solution of (2.52) and with initial data U(0,-) = Up.

Remark 20.7 (When the scheme relaxes the boundary condition)

Notice that, as in Remark 19.8, we can claim that Proposition 20.6 is still true when the flux fg is replaced
by a function f satisfying (7.1). Then setting fy := Rf where R is defined in (7.3), there exists a Riemann
germ G1 such that f1 = fgl. Again, with the same argument as in Remark 19.8, we see that the trace of the
limit of u® still belongs to the germ Gy, i.e. the result holds with G := G;.

Proof of Proposition 20.6
Recall that u(t,z) be}ongs to the~box [a,b] which gives an L™ estimate, and we have both contraction

u(-+7,) —us

estimate (20.12) on which approximates the t-derivative of u®, and interior BLN estimate

uf (- +e) —uf

-
(20.14) on

3 €
bounds on u® in BViget . Again, the compactness of BVj,. C Lj,. for bounded functions implies the
convergence of v in L}, to some function U, up to extraction of a subsequence. The remaining part of the

proof is similar to the one of the proof of Proposition 19.7. This ends the proof of the proposition.

, which approximates the z-derivative of u®. This shows that we have uniform
1

21 Appendix of Part III

21.1 Tool box: some standard parabolic estimates
In this subsection, we recall some standard parabolic estimates. We consider the following problem for 7" > 0

UVt — Uge = f on (OaT) X IR = QT,Ra
(21.1) v=1¢ on (0,T)x dIg
v =1y on {0} xIgp

where for R > 0, we assume either that
Ir:=(0,R) with O0Igp={0,R} and Ip=[0,R]
or B
Ir:=R/RZ with O9Ir=0 and Igr=1Ig

In the following parabolic estimates, when it will be useful, we will make explicit the dependence of the
constants in terms of 7', R. We have the following results.

Lemma 21.1 (Calderon-Zygmund estimates)
Assume T' > 0 and Ir = R/RZ for some R > 0 and let p € (1,+00). Let v be a solution of (21.1) with
vg = 0. Then we have

|Ut7v9317‘p,QT,R < C|Ut - ,Umx|p»QT,R with | : ‘ZLQT,R = | : |LP(QT‘R)
for ¢ = ¢(p) independent on T, R.

Proof of Lemma 21.1

First notice that the solution v can be extended by periodicity to the whole line R. We first rescale the
problem from (T, R) to (1, R/v/T). Then we can consider @, = v¢, with ¢, = 1 on [0,n] and ¢, = 0
on R\[-1,(n + 1)]. Applying standard Calderon-Zygmund estimate to 7, (see Theorem 9.1 in [36]), and
taking the limit n — 400, we recover the result with some constant ¢ only depending on p. Scaling back the
problem to (T, R), we get the result. This ends the proof of the lemma.
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Lemma 21.2 (Precised Calderon-Zygmund estimates)
Assume T > 0 and Ir = (0, R) for some R > 0 and let p € (1,+00). Let v be a solution of (21.1) with
vg =0 = ¢. Then we have

vlp.@rr | [Valp@rr
(21'2) pTT'R + m\p/TTYR + |Ut7v1$|p7QT,R < C|Ut - ’UI$|IU7QT.R

for ¢ = c(p) independent on T, R.

Proof of Lemma 21.2

Up to extend v by antisymmetry v(t,—x) = —uv(t,z), and then by 2R-periodicity in x, we come back to
problem covered by Lemma 21.1 with R replaced by 2R. Now from Lemma 4.5 in [36] (on page 305), we
have

"U|p»QT,R < 6T|Ut7 Vzz |p»QT,R

and
‘Ux|p,QT,R < 5\/T|Utvvm|p,QT,R

which implies (21.2) from Lemma 21.1. Notice that (21.2) also follows directly from the standard parabolic

Wftl P estimate, and by scaling in time. This ends the proof of the lemma.

We also have the following result.

Lemma 21.3 (Sobolev embedding in Holder spaces)
Ita, 152 ~

Letp>3 anda:=1-3/p€ (0,1). For anyv € Wj)’tl;p(QTﬁ) with Ig := (0, R). Thenv e C, (Qr.r)
with v, € co

v’ (Qr,Rr). Moreover we have

| loo,@rr =1 |lL=(Qr,n)
(21.3) M’O#_i_@m(a) < ¢ d |vg, vagl 0 +m with o
Tz Qr.r = ’ p&T.R T <_>(a) =[] aa
Qr.r C\% (Qr.n)

with ¢ = ¢(p) independent on T, R > 0, if T/R? is small enough. Here (-)(*) is the standard parabolic Holder
semi-norm of parameter a € (0,1).

Proof of Lemma 21.3
Up to a scaling argument, we can change (T, R) into (1, R') := (T/R?,1). Then Lemma 3.3 in [36] implies
that there exists ¢ = ¢(p) such that

1 _
|Um‘ooﬁQT/~R/ < 50{5a|vtvaI‘P,QTmR’ +6¢ Q‘v‘pvQT’.R’}

and

a 1
<UI>(Q72’,R’ S 50 {|’Ut, Ve

P;QT',R/ + 6_2|’U|P’QT’,R' }

with § := min {%, \/T/}, R’ =1 and ¢ = ¢(p) independent on T”, R'. Now for T" small enough, we get

‘Uac|oo,Q ! Rt ‘/U p,Qr/ R
Peletrin o)), <e{lotunlnay. o + 22z}

Then scaling back to (T, R), this gives (21.3). This ends the proof of the lemma.

Corollary 21.4 (Sobolev parabolic estimates)
Assume T'> 0 and Ir = (0, R) for some R > 0 and let p € (3,400) with a :=1—3/p € (0,1). Let v be a
solution of (21.1) with vg = 0 = ¢. Then, with notation of Lemma 21.3, we have

velpra . [Peloo
(21.4) el grn y Rl enn 1 (u)3)  + loaebhn < o~ islnnn

with ¢ = ¢(p) independent on T, R > 0, if T/R? is small enough.
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Proof of Corollary 21.4
The result follows from Lemmata 21.3 and 21.2. This ends the proof of the corollary.

Lemma 21.5 (Schauder parabolic estimates)
Assume T > 0 and Ir = (0,R) for some R > 0 and let o € (0,1). Let v be a solution of (21.1) with
vg =0 = . Assume that

(21.5) f=0 on {0} x0Ig

Iffe Ca’z(QTR) then v € C2+a 1+2(Q R)
a a, 1+”‘ =
Iff c ClJr ’ 2 (QT,R) then v € 03+ T (QT,R)-

Proof of Lemma 21.5

The result follows from Theorem 5.2 in [36] (on page 320). Notice that on the singular boundary T’y :=
{0} x OIg, the two compatibility conditions (of order zero and of order one) are satisfied. Recall that the
conditions are the following

— (vg) 2z on I, (order one)

{ vg = on T, (order zero)
¢ — (vo) f
0

The first condition is satisfied because v9 = 0 = ¢, and the second condition is also satisfied because of

(21.5). This ends the proof of the lemma.

21.2 Existence of a PDE solution by fixed point
The goal of this subsection is to find a fixed point solution to a semi-linear problem (21.13) on
QT,R = (O,T) X (O,R) for T,R>0.

As it is usual, we first start with a linear problem and insists on a priori estimates in short time, with
sufficiently explicit dependence of the constants.
Precisely, we consider the following scalar linear problem

Up — Ugy = hy on (0,7)x (0,R)
—un —got)  on (0.T)x {0}
(216) ur —gn()  on (0,T)x {R}
u =ug on {0} x (0,R)
with
h =0 on (0,7) x {0}
(21.7) —up(0) = go(0)
—up(R) = gr(0)

For problem (21.6), we will need several types of parabolic estimates on Qr g. To apply later on a
fixed point method (with some contraction map say in L*°(Qr r)), we will need estimates i) with explicit
dependence in 7', with constants small when 7T is small.

For later use, we will need to get controlled estimates as R — +o00. Hence for fixed p > 0, we will need
local in space estimates on Qr,, == (0,7) x (0, p) with constants depending only on T}, p, but not on R.
For estimates ii) on the solution u in sz’a (Qr,) and on u, in LP(Qr,,), we will take advantage of a priori
bounds in L* on the fixed point solution, and then of u, h, gg, gr.

For estimates iii) on the solution u in thyf;p (Qr,p), we will take advantage of a priori LP estimates on h.

Lemma 21.6 (A priori parabolic estimates)

Assume that u solves (21.6) with the first line of (21.7). Let p € (3,+00) and o :=1—-3/p € (0,1). Assume
that uy, € LP(0, R).

i) (Global space estimates on Qr r)
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Then there exists a constant ¢ = c(p) independent on T, R, such that for T/R? small enough, we have

W .= ('UJ67 h; 90, 9R; h(> R))

U U a ) o= .
(21.8) |\/|Tp |T|§° <U>§9TR+|U lp < W, with Iy =1 v (@r.n)
2
Ny .
Carn Hc "2 (@Qr.p)
and with

U:=u—uo— R 'Gr(t) where Gy(t):=go(t) —gr(t) +h(t,R) with Gr(0)=0
ii) (Higher regularity)
Assume (21.7). Let g :== (g0, gr)-

Moreover, if ug € C1T([0, R]) and h,g € C:}% (Qr,R), then u € Cl+a’
iii) (Further regularity)

1+
Assume furthermore that ug € C2*([0, R]) and h,g € C’;ja’%(Q R); thenu € C

" (QrR)-

o
24, (QT,R)~
Proof of Lemma 21.6

Step 0: preliminaries

We first symmetrize v in x and set (with the same notation) u(t,z) := u(t,—=z) for x € (—R,0), and
also symmetrize similarly ug(z) = ug(—2x). From the first line of (21.7), we have h(t,0) = 0, and we can
antisymmetrize h, setting h(t,z) := —h(t, —z) for x € (—=R,0) such that h,(t,z) = (hy)(t, —z). We also set
g—gr ‘= —ggr. Then u satisfies

Uy — Uge = 290(1)00(x) +hy  on (0,T)x (—R,R)

—ug; = g+pr(t) on (0,T) x {+R}
U =g on {0} x (-
Now we set u = v, and ug = (vg), with v9(0) = 0, and setting vo(z) = —vo(—2), we consider v(t,x) =
—v(t, —x) solution of
vy — Vgw = go(t)sign(x) + h on (0,7)x(—R,R)

(21.9) v =0 § on (0,7) x {O}

vy = go(t)sign(x) + h — gor(t) on (0,T) x {:I:R}

v =1 on {O} (-R,R)

where the boundary condition in the third line comes from condition on u, = v,;, using the PDE satisfied
by v up to the boundary (for instance in the case where all functions would be smooth, to fix the ideas).
Setting (with h(t, R) = h(t, R))

GR(t) == go(t) — gr(t) + h(t,R) with Gr(0)=0

we see that (¢, x) := v(t,x) — Gr(t) - R~ x satisfies

O —Vgy =h on (0,7) % (0,R)
2 =0 on (0,7) x {O}
v =c on (0,7) x {R}
v =y on {0} (0, R)

with h(t,x) := go(t) + h(t,z) — G'5(t) - R~'x and the constant ¢y := vo(R).
Step 1: global space results i)
Then setting v := v — vy, we see that

o(t,x) = v(t,x) —vo(zx) — Gr(t) - R 'z

solves
Ut = Vg :g on Egg X F{%,}R)
(21.10) v _ 0 on (O:T) x {R}
7 =0 on {0} x (0, R)
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with b = h 4 vfl, i.e. B
h(t,z) = go(t) + h(t,z) — Gr(t) - R~ 'z + uh(z).
From Corollary 21.4, we deduce that U := 9, = u(t,z) — ug(r) — R™1GRr(t) satisfies

8
E
3

+(U)D 4 |Uplp < clhly
S CI(|VV|]) with W := (u()ah7QOagR7h('7R))

u|
(21.11) vt t s

where K is a numerical constant. This shows (21.8).

Step 2: complementar regularity results

Notice that for parabolic problem (21.10), compatibility conditions on the singular boundary {0} x9(0, R) are
satisfied at order zero and order one. Indeed the condition at order zero is trivial, because its corresponds to
the continuity of the solution @ on the singular boundary. The condition at order one means that o, = vy, +h
with ¥y, = 0 = ¥y, i.e. h =0 on {0} x 9(0, R). It is then easy to check that this is true when (21.7) holds
true.

Step 2.1: higher regularity ii)

Hence, if ug € C'™([0,R]) and h,g € Cg,’t% (Qr.r), then using Schauder parabolic estimate (Lemma

a a ot
21.5 ii)), we deduce that o € ct ’H_Q(QT,R). Then we have U = 0, € C;t "2 (Qr,r)- Because

x,t

NEE=I
U =u(t,x) —ug(r) — R-1GRr(t), we deduce that u € C;t "2 (Qr.R)-

Step 2.2: further regularity iii)

1ta
This step is similar to Step 2.1. If ug € C?*T([0,R]) and h,g € C;:a’ ® (Qr,r), then using Schauder

24a
parabolic estimate (Lemma 21.5 iii)), we deduce that u € C?t_a 2 (Qr,Rr)-

This end the proof of the lemma.

Given w = (w',...,w"), and functions g = (g',...,¢") : RY — RY and h = (h/);=1, N with
b7 : R = R, we now consider solutions u = (u',...,uN) to the system for Jg := J N Bg and J}, := Jg\ {0},
with u/ defined on [0,7) x J4 and J% := J? N B ~ —07(0,R) for j =1,...,N, and 07 € {£1}.

Ut — Ugg = (ha; — h(w)(t,0))s on Eg,;g X L{](I)’%}
—U, = w on s X
(21.12) Cu, = zi;(w) on (0.T) x (JNOBx)
u =g on {0} xJf

We also consider solutions to the fixed point problem u = w for T' = +00

Ut — Ugy = (hgug - h(u) (ta O))aﬁ on E87 +OO§ X ‘J{(I;%}
—U, = u on 7+OO X
(21.13) e — o) on (0. +00) x (J N OBx)
U =uUg on {0} x Jr

Consider also the following initial compatibility condition

—(u0)e = go(ug) on {0} x {0}
(21.14) { —(ug)y = 51%(“0) on {0} x (JNOBR)

Lemma 21.7 (Existence by fixed point)

Let R > 0 be fized. Assume that h,go,gr : RN — RN are bounded functions which are globally Lipschitz
continuous of Lipschitz constant Ly > 0. Assume also that each component of the initial data satisfies
ul € CLT(J%) for j=1,...,N and every o € (0,1).

i) (Existence)

Then there exists a unique global solution u with u/ € L$°,([0, +00); Loo(jlj%))ﬂCff([O, +00) X J%) of (21.13)
for all a € (0,1) (where the boundary conditions have to be understood in a weak sense).

ii) (Higher regularity)
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1+

Moreover, if the initial compatibility condition (21.14) is satisfied, then u? € C’t,;a’pra([()ﬁroo) x J}) for
any o € (0,1).

iii) (Further regularity)

Furthermore, if

2,00 N.mN
{ hy g0, gr € Wi (RY; RY) for some B € (0,1)

u) € CEP(JY) for j=1,...,N,

SR

then v’ € C, 2 0,4+00) X J%).

Proof of Lemma 21.7
Step 1: contraction for short time
Because ug is in particular Lipschitz continuous, we have

(21.15) uly € LP(Jg)
and then u{, € LP(Qr,r) with Qr g := (0,T) x Jg. Let u, (resp. up) be the solution to system (21.12) for
w = wg (resp. w = wyp). We set @ := ug — up, and @ := w, — wp and

N
ulp = |u|Lp(QT,R) = Z |UJ|LP(Q7'TR) with Q%‘,R :=(0,T) x Jg
j=1 o

From (21.8) applied to @, we get in particular for (w(t,0R))’ := w’(t,07 R) (by linearity on the initial data
which is zero for @) the following bound on a quantity U

Uloo I )
Tz < eroflaly +180,0), +1a(,0R),)
< 3cLoN(TR)7|0]s
where ~ ~ ~
UZZ’I]—R_lGR(t), GR<0) =0
with

élR(t) = F[wa](t) - F[wb] (t) and F[wa](t) = gO(wa(t,O)) - gR(wa(tng)) + h(wa(ta UR)) - h(wa(t7 O))

Hence -
|R71GR‘00 < 4[/0171%71 |w|oo

and then
|t]oo < Bl]oo  for some B € (0,1)

for any T' € (0, Tp] for some T > 0 small enough (depending on R). This shows that the map L*(Qr,r) >
w — ®(w) = u € L>®(Qr,r) is a contraction. Hence this map has a unique fixed point u, which is then
solution of (21.12). Moreover we have u = ug + {®(uo — uo} + {®?(uo) — ®(uo)} + ..., and then

(21.16) [uloo < Jto]oo + |®(uo) — uoloo

1
1-p
Notice that Ty (and also 3) are independent on the Lipschitz norm of the initial data ug, nor on the L= (Qr,r)
norm of the fixed point solution u.

Step 2: how to restart the time interval

Now if we want to restart the problem from a time ¢; € (T'/2,T), as in (21.15), we then need to insure that
Uy (t1,-) € LP(J}). Indeed, estimate (21.8) shows that

(21.17)
Uy, 1Vl
VT T*

with

+[U] )+|Uw|p < CH|W|:D with W= (u6>h(“)’h(u)('70)790(u)("O)agR(U)('>R)’h(u)('7R))

o7F @
U:=u—uo— R 'Gr(t) with GR(t)=F[u](t) and Gr(0)=0
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and then U, = u, — ug. From (21.16), we know that u € L (Qr,r), and then the RHS of (21.17) is finite,
and this implies the existence of some time ¢; such that u,(t1,-) € LP(J5).

We can now iterate the procedure, and get the existence of a global solution v with «w/ €
L2 ([0, +00); L>®(J%)). Moreover we see that u/ € Cfm’a([(), +00) x Jg) for all @ € (0,1).
Step 3: complementar regularity results
Step 3.1: proof of ii)

Moreover, notice that (21.17) implies that u/ € C;X”t% (QJT r)- Then, using the fact that h, go, gr are globally

Lipschitz, we deduce that b7 (u), gj (w)(-,0), gh(u)(-, 07 R) € C’i’t% (@sz) If ug satisfies relations (21.14), then
1+a

Lemma, 21.6 implies that v/ € Ci:a’ 2 (@;)R). In particular, relations (21.14) propagate in time. Precisely,

this means that we can replace ug by u(t1,-) in relations (21.14). Therefore regularity also propagates and
. 1+ta .

we get that v/ € C;ja’ 7 ([0, 400) x J%).

Step 3.2: proof of iii)

148

The result follows similarly to Step 3.1. Notice in particular that h € W2>°(RY;RY) and u € C’;Iﬁ’ 2
148
imply h(u) € Lt

x,t

for 8 € (0,1). We get similar regularity for go(u) and gr(u). Therefore further

. o, 2ta .
regularity in iii) of Lemma 21.6 implies that «/ € C’zt "2 ([0, +00) x JF).

This ends the proof of the lemma. 7
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