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Abstract
We consider a situation where dislocations are parallel lines moving in a single plane. For this simple
geometry, dislocations dynamics is modeled by a one-dimensional non-local transport equation. We prove
a result of existence and uniqueness for all time of the continuous viscosity solution for this equation. A
finite difference scheme is proposed to approximate the continuous viscosity solution. We also prove an error
estimate result between the continuous solution and the discrete solution and we provide some simulations.
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1 Introduction

1.1 Physical motivation

In this work, we are interested in the dislocations dynamics in a crystal material (see [18] for a physical
description of dislocations). A perfect crystal, for small deformations, is well described by the equations of
linear elasticity. The real crystals contain in particular some line defects called dislocations. The dislocations
dynamics is one of the main explanation of the plastic deformation of metals. When we apply an exterior
stress, these dislocations lines can move in a slip plane of the crystal. We consider here a simple geometry
where the dislocations are parallel lines moving in a same plane (zy). This plane is embedded in a three-
dimensional elastic crystal. The particular geometry of this problem leads to study a one-dimensional model
given by the following non-local transport equation modelling dislocations dynamics:

%(x,t) = clu](z,t) %(x,t) in R x (0,+00)

u(x,0) =u’(z) inR

(1)

ou ou
where the solution w is a scalar function, — and e are respectively its time and space derivatives. Here
x
the dislocations move with a non-local velocity c[u] known as the resolved Peach-Koehler force, see [20]. It
is given by .
elu(,1) = ¢ (@) + €™ [u] )

™ u(z,t) = /Rco(m — ') (E(u(2',t)) — Pz') da’

where the function FE is the floor function defined by E(v) =k if k <v < k+ 1, k € Z. The scalar function
u has no physical meaning but it is chosen such that the jumps of E(u) correspond to the positions of
dislocations (see Figure 1). The velocity c[u] is the sum of two terms. We first assume the existence in the

(2)
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the jumps of E(u) correspond
to the positions of dislocations

Figure 1: Representation of dislocations with the function E(u)

material of obstacles to the motion of dislocations. The term c®** represents the exterior stress created by

these obstacles (such as precipitates in the material, other fixed dislocations, other defects, ...). We consider
obstacles that are independent on time and periodic in space. Namely we assume that the velocity satisfies

e WH(R)  such that (2 +1) = ¢™(z) inR. (3)
The second term ¢*[u] is a non-local term, given by a convolution with respect to the space variable, and
represents the elastic interior stress created by all the dislocations in the material. This term c¢™[u] is
obtained by the resolution of the equations of linear elasticity. For instance, in the model of Peierls-Nabarro
(see [5]), we have in the case of edge dislocation (see [18])

2 2 2

0 —pb 7=

(@) 2m(1 —v) (2% + ¢?)? ons )
where v = ———— is the Poisson ratio and A and p > 0 are the Lamé coefficients for isotropic elasticity.

2(A +p)
The Burgers vector b is equal to bé,, with b > 0 and €, the unit vector in the direction of x of Figure 1.
There is a physical parameter ¢ # 0 (depending on the material) which represents the size of the core of the
dislocation.

1.2 Main results
In the sequel of this paper, we use some adapted norms introduced in the following definition.

Definition 1.1 (Adapted norms)
Let two functions f € L}, (R) and g € LS.(R). We define the quantities

loc loc

£l :sup/ F@)l dy and |g|, :/|g\ ity da
Lﬂimf(R) zER I(d?) Lmt(R) R L (I( ))

where I(z) = (x — 3,2 + %). We denote respectively L. .(R) and L3S

; ; wnif %.(R) spaces that consist of functions
or which these quantities are finite.



Remark 1.2 These spaces are motivated by the following fact. For c® € L3%,(R) and f € L (R), we

int um’f
will show later that the convolution product c® x f is well defined. This will be applied to define ¢™[u] with
f(z) = E(u(z,t)) — Px.

We denote Lip(R) the space of Lipschitz continuous functions on R.
1.2.1 Existence and uniqueness of a continuous solution
We consider the following assumptions for the kernel c:

L e W (R)N L

int

COI:CO*I an COlL' T = .
(2) = (~2) d/R (2) dz =0

(R)
()

One can check easily that the kernel given in (4) satisfies (5). We consider the initial condition u° € Lip(R)
such that for z € R

wW@+1)=u’(z)+P and 0<by <ul < By<+oo ae. (6)

with by and By some constants and P € N\ {0}. This condition means in particular that dislocations are
periodically distributed. As mentioned above, in order to study the solutions of (1), we use the theory of
continuous viscosity solutions (see [7, 10]). Our first main result is:

Theorem 1.3 (Long time existence and uniqueness of the solution)
Under Assumptions (3), (5), (6), there exists a unique continuous viscosity solution u € W5 (R x [0, +-00))
of (1), (2) satisfying u(x + 1,t) = u(z,t) + P.

In [5], a short time existence and uniqueness result is given for a 2D problem for a single dislocation line.
Because in the present work our problem is one-dimensional, we are able to get a refined result for the
dynamics of several dislocations in interaction, namely the existence and uniqueness of a solution for all
time.
Let us mention that under the more restrictive assumptions that the velocity c[u] is nonnegative it is proved
in [1, 9] the existence and uniqueness of a solution for all time.
In the special case where the kernel c? is assumed nonnegative some existence and uniqueness results for
all time in any dimension, are available in a ”Slepcev formulation” (see [8, 14]). The previous theorem will
be proved in two steps. First, we will prove the result for short time (see for instance [17]) using a fixed
point theorem. Secondly, we will repeat this short time result on a sequence of time intervals of lengths T},
decreasing to zero, such that Z T, = +oc.

neN

Remark 1.4 Let us mention three remaining open problems.

o When the initial data u® is not monotone, the existence and uniqueness of the solution for all time is
an open question.

o We do not know the behavior of the solution as t — +oc.

0
o [f we replace au in Equation (1) by its absolute value, then we have a non-local Hamilton-Jacobi equa-

ox

tion. Physically, the absolute value would allow to consider the possible annihilation of two dislocations
associated to opposed jumps of E(u). The existence and uniqueness of a solution for all time is an
open question in the general case. Nevertheless, in the whole paper we will only consider the case of
solutions u monotone in space which allows to forget the absolute value.

1.2.2 Convergence of a numerical scheme

We build a finite difference scheme of order one in space and time

e by assuming that it is upwind,

e by approximating the non-local term ¢® x E (u(-,t)) by a discrete convolution,



e using an explicit Euler scheme in time.

Given a mesh size Az, At and a lattice Iy = {(iAz,nAt); i € Z,n € N}, (x;,t,) denotes the node
(iAxz,nAt) and v™ = (v!'); the values of the numerical approximation of the continuous solution w(z;,t,).
We then consider the following numerical scheme:

Divl ife;(v™) >0
v) = u0(x;), WM =0l + Atei(v™) x (7)

K2

D v} ifc(v") <0
with N N " N
v, — U, v, — U,
Diop =& - L, Dyur =t xl 1 (8)

and ¢;(v™) is defined below.

1
We choose Az = e K € N\ {0} because of the 1-periodicity in space. We denote ¢§** = ¢®**(x;) which

satisfies ¢ = ¢§** . The discrete velocity is

(V™) = & 4 "0 with (™" = Z A E(W,)) A (9)
lez

where

o_ 1 Az Aﬂ . (10)

cizm/[ico(w)dm and I¢=[$i—27$i+ B

We are interested in solutions v" satisfying v}, - = vj* + P for all ¢ € Z. Then we can check that the discrete
velocity satisfies ¢,k (v™) = ¢; (V™).

Note that the global scheme v"*1 = S(v™) given by (7) is not monotone in general because the velocity
¢;(v™) depends non-monotonically on the solution v™ itself (here some ¢ are nonpositive because we assumed

i
that / A (x)dx = 0).

R
We assume that the mesh satisfies the following CFL (Courant, Friedrichs, Lévy) condition

At < Az . (11)

4 (|CEXt|L°°(]R) +P |CO|L1(]R)>

Our second main result is

Theorem 1.5 (Error estimate)
Let u be the continuous viscosity solution of Problem (1), (2) under Assumptions (3), (5), (6). Let v be the
discrete solution of the associated finite difference scheme (7)-(10). Assume that the time step At satisfies

1
At =alAz with 0<a< : 5 . (12)
4("3 | + Ple |L1<R))
Then, there exists two constants Ty, C > 0, depending on «, |ce’(t|W1,w(R), P, |cO|W111(R), |cO|Loc ®)’ B
and b° in (6), such that:
T T
sup |u(iAz,nAt) — v} < C |Aa:|1/2 forall n< =L if Ax<L.
i€Z At C

The proof of this theorem is based on the ideas of Crandall and Lions [13] adapted to the case of non-local
equations (see [2]).
Extensive simulations of dislocations dynamics will be provided in [16].



1.3 Brief review of the literature

Let us recall that, in the 1980’s, the notion of viscosity solution was first introduced by Crandall and Lions
in [11] for first order Hamilton-Jacobi equations. For an introduction to this notion, see in particular the
books of Barles [7], and of Bardi and Capuzzo-Dolcetta [6].

Recently, Alvarez, Hoch, Le Bouar and Monneau [4, 5] used this theory for the resolution of a non-local
Hamilton-Jacobi equation modelling dislocation dynamics. They proved results of short time existence and
uniqueness of a discontinuous viscosity solution. Their results are mainly valid for dislocations with the
shape of graphs and loops and they used the level set approach, which was introduced by Osher and Sethian
[19]. As already mentioned, in the situation where the non-local velocity is nonnegative, Barles and Ley [9]
proved that the existence and uniqueness is valid for any time interval for a level set formulation. Still in
the case of nonnegative velocity an approach for discontinuous viscosity solution was developped by Alvarez,
Cardaliaguet and Monneau [1]. Let us mention, for dislocations dynamics with mean curvature terms,
Forcadel in [15] proved a short time existence and uniqueness result.

A numerical analysis was done by Crandall and Lions [13], for approximations of solutions of Hamilton-
Jacobi equations. Convergence of a first order scheme for an abstract non-local eikonal equation was proved
by Alvarez, Carlini, Monneau and Rouy [2]. They also applied this convergence result for the numerical
analysis of a non-local Hamilton-Jacobi equation in [3] describing the dynamics of a single dislocation in 2D.

1.3.1 Organization of the paper

In Section 2, we give some properties of the solution of an auxiliary local equation, i.e. an eikonal equation
where the velocity is assumed to be a given function independent on the solution. In Section 3, we give
some properties of the non-local velocity. The existence and uniqueness result of a continuous solution, i.e.
Theorem 1.3, is then proved in Section 4. We give preliminary results for the discrete local problem in
Section 5 and for the discrete non-local velocity in Section 6. Theorem 1.5 about the error estimate is proved
in Section 7. Finally in Section 8 we give some simulations.

2 Preliminary results for the eikonal equation with prescribed ve-
locity
In this section, we start by recalling the notion of viscosity solution of an eikonal equation. We then give

some properties of the solution of a such equation.
Let T > 0 . Consider the following problem

ou ou .
a(w,t) = ¢(x,t) 8gc(at,t)‘ in Rx(0,7), (13)
u(z,0)  =wuo(x) on R.

We make the following assumptions:
a) the velocity ¢: R x (0,7) — R is bounded, Lipschitz continuous in space and in time,
b) the initial data ug € Lip(R).
We recall the notions of viscosity subsolutions, supersolutions and solutions for (13) (see [10]). We denote
USC(R x [0,T)) ={u:R x [0,T) — R, locally bounded, upper semicontinuous}
and LSC(R x [0,7)) = {u:R x [0,T) — R, locally bounded, lower semicontinuous}.
We then define
Definition 2.1 (Viscosity subsolution, supersolution and solution)
1) A function u € USC(R x [0,T)) is a viscosity subsolution of (13) if the following properties hold:

i) u(x,0) <wp(z) in R,



ii) for every (zo,to) € R x (0,T) and for every test function ¢ € C*(R x (0,T)) such that u — ¢ has
a local mazimum at (xg,%o), we have

dp

8t (.’L‘(),t()) .

0
——(x0,t0) < c(xo,to) 875

2) A function u € LSC(R x [0,T)) is a viscosity supersolution of (13) if the following properties hold:

1) (.’170 >UQ( )ZTLR7

ii) for every (wg,t9) € R x (0,T) and for every test function ¢ € C1(R x (0,T)) such that u— ¢ has a
local minimum at (x9,to), we have

% %(fo,to)

>
((E07t0) = C(.’Eo,to) ox

3) A functionu € C(Rx[0,T)) is a continuous viscosity solution of (13) if it is both a viscosity subsolution
and a viscosity supersolution of (13).

We have the following a priori estimates for the solution of the eikonal equation. These estimates are may
be quite classical, and part of them is already proved in [5], but we give a proof for sake of completeness.

Proposition 2.2 (a priori estimates for the solution of the eikonal equation)

Assume that ¢ € WH(R x [0,T]) and ug € Lip(R) such that |(uo)z| < Bo a.e. and (ug)z > by a.e. for
some By > by > 0. Then, there exists a unique continuous viscosity solution w on R x [0,T) of problem (13).
Moreover, u € Lip(R x [0,T)). With Lc := Le(t) = |cx ()| oo gy, B(t) = Bo elet and b(t) = by e L<t, we
have the following estimates

i) for every 0 <t < T,
lug(x,t)| < B(t) a.e.
and

ug(x,t) > b(t) a.e.

ii) Moreover
|ue (2, 8)] < [el gm0,y B(t) a-e

PRrROOF OF PROPOSITION 2.2
We refer to [7, Theorem 2.8, page 38] for the proof of existence and uniqueness of a solution u. We introduce
the double variables (x,7) € R? and set the half-plane = {z > y}. Consider the following problem

wt(xa:%t) = C(.’E,t I’wz(aj Y, )l - c(yat) |U}y(.’L’7y,t)| in Q X (OvT)a
w(z,y,0) =u(z,0) —u(y,0) in Q, (14)
w(z,z,t) =0 on 90 x (0,7).

Then, w(z,y,t) = u(x,t) —u(y,t) is a continuous viscosity solution of Problem (14) (we refer to [12, Lemma
2, page 357] for a proof).
Let ®(x,y,t) = B(t)(z —y). Then, we have

Claim 1: ® is a (viscosity) supersolution of Problem (14).

As a matter of fact, since ® is smooth, ® is a classical supersolution of Problem (14). Indeed, on the one
hand, we have
w(mvyv 0) = u(x, 0) - u(y70) < BO(l‘ - y) = qD(x?:%O)

and
w(z,z,t) =0=0(z,z,t).

On the other hand, we have
Oy — cx,t) | D] + c(y,t) |®,] = LBy eb'(x —y) — c(x,t)By e*' + c(y,t)By e’

= By e"" (—e(x,t) + c(y, t) + Le(z — y)) -



Moreover,
le(,t) = c(y, t)| < Le|wx —y[  and x>y

implies
C(:L’,t) - C(y,t) < Lc(x - y)

We then obtain
P, —c(z,t) |Psy| + c(y,t) [Py] > 0.

This proves claim 1.
Let o(z,y,t) = by e~ L<t(z — ). Then we have

Claim 2: ¢ is a (viscosity) subsolution of the Problem (14).

The proof is similar to the proof of claim 1 and we skip it.
By the comparison principle (see [7, Theorem 2.10, page 47]):

)
w(z,y,t) < O(x,y,t)
N (e, t) —uly,t) < B(t)(@ —y) for (z,y,t) € Q2 x (0,T) (15)
b) and
o(z,y,t) <w(w,y,t)
- b(t)(w —y) < ulw,t) — uly,t) for (,9.1) € 2 x (0,7) (16)
We deduce that
0<b(t)(z—y) <u(z,t)—u(y,t) <B@t)(x—y) < Bt)|zr—y| forall(zx,y,t)eQx(0,T). (17)

Passing to the limit in (17), by Rademacher’s Theorem [7], we get
0 <b(t) <ug(z,t) < B(t) forae. (z,t) € Q2x[0,T).

We now prove the Lipschitz in time estimate. Let (zg,t0) € R x (0,T) and ¢ € C}(R x (0,7)) such that
(p(mOatO) — @(x,to) <
|z — o] -

u — ¢ has a local maximum at (2o, to). We show that ¢y < [¢[ gy (o,1)) B(to). From

(o, to) — ulx, to)
|z — 20|

and (17) we obtain

0z (0, t0) < Bto)
and then

p(w0,to) < c(wo,t0) [@a (w0, o) < |l o0 mx(0,7)) 192 (0, t0)| < le] oo (rx (0,1)) Blto)-

Let ® € CY(R x (0,7)) such that u — ¢ has a local maximum at (x¢,ty) € R x (0,7). Similarly, we check
easily that ®; > — [¢[ .« rx(0,1)) B(to). Therefore, we have

Ot S |C‘L°°(R><(07T)) B(to) and (I)t Z — |C‘L°°(R><(O7T)) B(to) .

We conclude that
|ug| < |C|L°°(R><(O,T)) B(tp) in the viscosity sense.

We now give a stability result.



Proposition 2.3 (Stability of the solution by perturbation of the velocity)
Let v*, i = 1,2, be a viscosity solution of the problem

{ v;(:c,t) :cz(z,t)|v;(x,t)| in Rx[0,T), as)
v'(x,0) = ug(x) on R,

where ¢t € WH(R x [0,T]) and ug € Lip(R). Then,

T
vt — U2|Loo(Rx[o,T]) < /o ds|c*(-,s) - Cl('75)|Loc(R) max (|U;:('75)|LW(R) ’ |’092C("S)}L°°(R)> . (19)

This result has been proved in [5]. For sake of completeness we give it here.
PROOF OF PROPOSITION 2.3

t
We denote @2($7t) = 'UQ(x7t) — / ‘02('78) _ cl('7s)|Loo(R) ‘Ui(.’8)|L°°(]R) ds. We want to prove that 02
0

is a viscosity subsolution of the equation satisfied by v'. We denote I(v) = vy — c'(x,t)|vg|. For-

mally, I(v') = 0 and I(v?) = v} — cl(x,t)|v£| = (A(z,t) — ' (z,1)) |v§‘ We show that I(v?) <

|2 (-, t) —cl(-,t)‘Lm(R) ’v§(~,t)’Lm(R) in the viscosity sense. Indeed, let ¢ € CY(R x (0,7)) such that

v? — ¢ has a local maximum at (xg,t9) € R x (0,7). Then,

I(p) = ot — ' (2,1) a] < (A, t) — '@, 1) |al < [P(,1) = ' ()| o ) 0al -
Similarly, setting ® € C*(R x (0,T')) such that v2 — ® has a local minimum at (xq,t) € R x (0,T), we have
I(CI)) > = |C2('7t) - Cl(~,t)}Lm(R) |(I)I| :

Moreover, at t = 0, we have 72 = v? = ug = v'. Hence, we deduce that 72 is a subsolution of the equation

satisfied by v!. Then, by the comparison principle [7], for all ¢ € [0,T], we have 9% < v! i.e.
t
v (x,t) —vl(x,t) < / |c2(-,s) - cl(-,s)|Lm(R) |y§("s)|L°°(]R) ds.
0
Similarly we prove the inequality #! > v? which leads to
t
2 2 1 1
v (xvt) - ”Ul(:L',t) > 7/0 ‘C (75) —C ('75)|Loo(R) |Um('75)|Lm(R) ds.

We conclude that

2

T
E _”1’Lw(Rx[0,T]) S/0 (-, 5) _Cl("5)|Lm(R) max (‘U;("S”LOO(]R)’ ”g("s)’Lw(RD ds.

a
3 Properties of the non-local velocity
The goal of this section is to prove the following estimate, which will be used in Section 4.
Proposition 3.1 (Estimate on the difference of integer parts in the continuous case)
Let pt € C (R) such that
i)
pl(x+1)=p'(z) + P where P € N\ {0}, (20)

ii) there exists constants B > b > 0 such that b < pglﬁ < B in the distribution sense.



1
/pz(:r) =5 sin(2mx + 2) + 4o

o*

Figure 2: example of functions p! and p? satisfying (20)

Let p? € LS (R) satisfying (20). Then,

loc

2

|E(p*) — E (pl)‘u ® = b (P+ |p* — p1’L°°(]R)) |p* — p1|L°°(]R) : (21)

unif

Remark 3.2 Note that if |,o2 — p1|LOO(R) < 1 < P then the previous estimate (21) becomes

1E(p%) = E(p')] 1

un

< 41 ‘ 2 1|
4B = p p p L>(R) *
We will use this estimate later.

This result is the generalization of Lemma 4.2 in [3] to the case of several dislocations where the characteristic
function p® > 0 is replaced with the floor part E(p?). To do the proof of Proposition 3.1 we need to introduce
the following notations.

We denote A = ‘p2 — p1|LOC
denote, for i = 1,2,

® and we assume that A € (0,+00) (other cases are trivial). For k € Z, we

El ={xcR,p () <k+1}.

First, we remark that since p. > b > 0 and p! is continuous, there exists a unique a;, € R such that
p' (ag) =k + 1 and we have E} = (—oc,ar). We will use the following lemma for the proof of Proposition
3.1.

Lemma 3.3 (Estimate of the distance between the sets E| and E})
With the notations introduced above and the assumptions of Proposition 3.1, we have

A A
E,i—zcE,ch,i+§.

Proor or LEMMA 3.3
The main idea in this proof is to use the minoration of the gradient of the function p!, i.e. pL > b > 0.

Let us first check that E} — % C E}. Let z € E}, — % Then, z < aj — % i.e. A < b(ap—z). Since
pt>b>0and ay —x > 0, we have

p'(ar) = p' (x) 2 b(ak —x)
which implies (by definition of A)

k+1=p'(ar) > p'(z) + A > p?(2)



and therefore
E+1> p(x).

A A
Thus, = € E? for every = € Ej — 5 and therefore E} — 3 C E} (see Figure 2). The second inclusion can

be proved similarly. O

PROOF OF PROPOSITION 3.1

The main idea in this proof is to bound the function ‘E (P (z)) — E (p* (.13))| by the characteristic functions
of the sets E A E}. We then bound its L} ;-norm.

From the definition of Ej, for i = 1,2, we remark that E}_, C Ej then E (p’ (z)) = kif z € E \ Ej_,, for

i =1,2. We can write
E (5 (z)) :Zl(E;)C @) — > 1 (x).

keN keZ\N
Then,
E (0 (@) = E (0" @) = (1my @) = Ly @) = 3 (12 (@) = 1y ().
kEN kEZ\N
Therefore,
|E(p? () —E(p' (@) <> Lgz)en(m)s (@) + > lpap (@) ae
keN kEZ\N
|E(p* () = E (p" ()| <D 1pzap (@) ae. (22)
kez

c (& 2A
where Ef A Ef = (EZ\E})U (EL\E}) = (E})" o (E})". By Lemma 3.3, |E} & Ej| < = Then, we
estimate for every z € R with I(z) = (z — 1,2+ 1).

1E(p*) = E() i@y < Y@ n (BF o By
kez

2
N b

(23)

IN

where
N' = Card{k € Z,

I(z) N (B} & BY)| #0} .

Let us assume that there exists k € Z such that |I(z) N (EZ A El)| # 0. Then there exists z* € I(x) such
cither z' € (EL\ E}) or 2! € (E\ E}). In the second case (z' € (E?\ E})), one can check easily on
Figure 2 that the number of & is less than P + }p2 —pt |Lx(R). Therefore

N' <P+ |p? (24)

_p1|Loc(1R) :

Taking the supremum on =z € R, we get

1E(p°) = E(p")|

unif

2
®) S b (P+ |p? — p1|L°°(]R)> 0? _p1|L°°(]R) :

We recall the following result (we refer to [5] for a proof).

Lemma 3.4 (Norm of the product of convolution)
For every f € L1 (R) and g € L,(R), the convolution product f % g is bounded and satisfies

unif int

|f*9‘Loo(R) < ‘flLim

(R) |g|L§’;t(]R) . (25)

We now present some properties of the non-local velocity.

10



Lemma 3.5 (Properties of the non-local velocity)
Recall that ¢™[u](z,t) = ¢ x (E(u(-,t)) — P -) () is a convolution on R. We assume that c® is a kernel in

WHYR) N Ly

wnt

(R) satisfying / (x)dr = 0. Then we have the following properties:
R

1. the convolution ¢™ is well defined if uy >0 a.e. and if u(x + 1,t) = u(z,t) + P with P € N\ {0};

2. Moreover, the function c™ is 1-periodic in space, i.e. c¢™[ul(z + 1,t) = ¢ [u](z,t). We also have
™ e L= ((0,T), Wh>(R)), i.e. more precisely

int

int[“](‘7t)|Loo(R) < P}CO|L1(R) and |c; [u]('vt)|Lw(R) S P|(Co)x|L1(R) ;

|c

3. if there exists A > 0 such that |u(x,t) — u(z,s)| < Alt — s| for a.e. t,s € (0,T) and uy > b a.e. then

™ 4s Lipschitz continuous in time with Lipschitz constant - ‘CO’L‘X’(R) i.€e.

ant

i i 4AP
e 1) = (0, )| £ 5 |y = 5]

PROOF OF LEMMA 3.5

1. From u(z+1,t) = u(z,t)+P we deduce that E (u(z + 1,t)) = E (u(z,t))+P and E (u(z + 1,t))—P(z+
1) = E (u(z,t)) — Px. Since /Rco(sc) dz =0, (¢ x P) (z) = 0 and then x (E (u(-,t)) = P ) (z+1) =
A x (E (u(-,t)) — P -) (x). Point 1 is therefore proved.

2. Since u(x + 1,t) = u(z,t) + P and u, > 0 for a.e. (z,t) € R x [0,400), we have

w(0,t) < wu(z,t) <u(l,t) =u(0,t)+ P forall (z,t) € [0,1[x][0, +00).
Passing to the floor part, for z € [0, 1] we obtain
E (u(0,t)) < E(u(z,t)) < E(u(0,t)) + P.

Then
-P

IN

0 < E (u(a, 1) — E (u(0,£)) < P

and then |E (u(x,t)) — FE (u(0,t))] <

| < P for every x € [0,1] and every ¢ > 0. Remark first that
A xE(u(,t)(z) = % (E (u(-,t)) — E(u(0,t))) (x) because / ®(x) dr = 0. Then
R

x (B(u(t)) = P ) (z) = /Rdy (= y) (B (uly,t)) = Py — E (u(0,1)))

k+1
=S [ e =) (Bl 0) ~ Py = B u0.0)

kEZ

- Z/O dy (e —y— ) (B (uly + +.1)) — Ply+ k) — B (u(0.1)))

kEZ

= / dy O —y — k) (E (u(y,£)) — Py — E (u(0,1)))

keZ

Since F (u(y,t)) — E (u(0,t)) < P for y € [0,1], we deduce

Ox (Blu(,) =P ) (x) <3 / dy P(1— y)P(a —y — )

kEZ
< P/ dy Oz —y) = P/ dy'(y')
R R

<P |CO|L1(R) ‘

11



where for the last inequality we have used that ¢®(—z) = ¢%(z) for all z € R and / A(x)dr = 0. We
. . R
now show that ¢ is bounded on R x (0, 7). Indeed, ¢l = (%), x E(u). Similarly, we get
int 0
o5 |L°°(]R) < P|(c )I|L1(R) '

3. We now prove the Lipschitz continuity in time of ¢™. Let x € R, 0 < t,s < T. Then we have

’cint [u}(m, t) — cint [u] (.’L‘, 3)’ = ‘CO * (E (U(, t)) - F (u(? S))) (aj)’
<], o B (0l 8) = B sy
4P
< 5 1€ e gy T t) = ()| ooy
4AP
<

0
S |C |L;;E(R) [t —s|,
where we have used successively Lemma 3.4, Proposition 3.1 (see Remark 3.2) and the Lipschitz

continuity of u we assumed to hold.

O

4 Proof of Theorem 1.3

We prove Theorem 1.3 in two main steps. In a first step (see subsection 4.1), we prove existence and
uniqueness for short time, using a fixed point theorem. In a second step (see subsection 4.2), we extend the
result for all time, by repeating the argument on successive time intervals. We need to recall Lemma 2.8 of
Barles [7].

Lemma 4.1 Let H be a continuous Hamiltonian. If u € C(Q x [0,T)) is a subsolution (respectively super-
solution) of the problem

0
ai: Y H(z,t,Du) =0 in Qx(0,T) (26)
then u is a subsolution (respectively supersolution) of the problem
ou ou )
E—&-H(:&t,%)—o in Qx(0,7T]. (27)
. . . ou ou . )
This lemma will be applied for H(x,t,%) = clu](x,t) . where u is a solution on (0,7), u €

WL (R x [0,7]) and c[u] € C (R x [0,T]).

loc

4.1 Short time existence and uniqueness of the solution
For ¢ satisfying (3) and c° satisfying (5), we denote

K= |CEXt|Loo(]R JrP|CO|Ll

) ®) "
Consider four constants satisfying 0 < b; < by < By < By and for T' > 0, we set
u(x+1,t) = u(x,t) + P for(x,t) e R x [0,T),
Xr={uc VV&)C‘X’(R x [0,7)) 0<by <u,<B;y ae onRxI[0,T),
|lus| < KBy a.e. onR x [0,T)

Clearly, X7 — Pz is a closed set of the Banach space W1°°(R x [0,7)). We want to establish that there
exists a unique solution u € Xp of the following problem
ou

—(x,t) = (ce"t(x) + % (B (u(-,t)) = P-) (33)) 8—x(x,t) inR x (0,7) (20)

12



where u° satisfies Assumptions (6). For any u € X7 such that u(z,0) = u°(z), we consider the continuous
viscosity solution v of the following problem

aU ext 0 aU
a(z,t) = (™(z) + ¢’ x (E (u(-,t)) — P ) (x)) %(z,t) on Rx(0,7),

v(z,0) =ul(x) on R.

(30)

The main idea, in this section, is to show that the map

p: Xpr— Xr
u+— p(u) =v viscosity solution of (30)

is well defined and has a unique fixed point.
We will first show that ¢ is well defined for 7" small enough, and then show that ¢ is a contraction. Let us

define ) B )
_ ext 0 * . 1 0
L= ‘cx ‘LOO(R)+P‘C$|L1(R) and T = 7 min <1n (Bo> , In <b1)> . (31)

1) p(X7) C Xp for 0 < T < T*. We first remark that the solution v of (30) is given by Proposition 2.2.
Indeed this proposition applies because our initial condition satisfies its assumptions and the velocity
c(z,t) = ™ (x) + % E(u(-,t))(z) is in WH°(R x [0,T]) by Lemma 3.5 and the definition of X7.

We will now check that v € Xp for T small enough. By Lemma 3.5, assertion 2), we know that

|Cint|Lw(R) <P |CO}L1(R) and |c§cnt{Loo(R) <P |(Co)x|L1(R)' Therefore

_ xt 0
] < K =|c° ’LOO(R) +Ple |L1(]R)
and
_ xt 0
lco| < L =|c5 ‘LOC(]R) +P‘CI|L1(R) :

By the a priori estimates for the eikonal equation (Proposition 2.2), we see that the function v satisfies
for a.e. (z,t) e Rx[0,7T)

|Um(l’,t)| < BoeLt = B(t)a

v (z, ) > boe Lt = b(t),
ve(@, )] < lel oo mxfo,1)) B(t)
and we have B(T*) < B; and b(T™*) > by with the definition of 7% in (31).

By Lemma 3.5, assertion 2), we know that c(x + 1,t) = c(z,t). Let w(z,t) = v(z + 1,t) — P.
Then w(x,0) = u’(x + 1) — P = u%(x) = v(x,0). Then by the space periodicity of the velocity
c and the fact that the eikonal equation ”does not see the constants”, we deduce that w is still a
viscosity solution of (30). By the uniqueness of the solution we get that w(x,t) = v(x,t), and therefore
v(z+1,t) = v(z,t) + P. We deduce that v € Xp if T < T*.

2) ¢ has a unique fixed point. Let us define Ty by

) 1 1 . bo b1 )
Tp = min ) min (ln PRI (32)
<C§"t|m<m> + P alpim) " 8P CO'L;:&(R)) b B

Indeed, the following proposition shows that ¢ is a contraction.

Proposition 4.2 (Contraction)
Let v' = @(u') fori=1,2. Ifu' € Xr fori=1,2, and if |u® — u1|Lw(RX[0 ) S P, then

1

2 1
- ‘LDO(RX[O,T)) < )

2 1
‘v |u —u ‘Lw(]Rx[O,T)) for all T €10,Tp].

A corollary of this contraction property is

13



Proposition 4.3 (Short time existence and uniqueness of the solution)
We assume that ¢ and © satisfy (3) and (5) and that u® satisfies (6). There then exists a unique
continuous viscosity solution u € X, of (29).

To finish this subsection, we will first prove Proposition 4.3 and then prove Proposition 4.2.

PROOF OF PROPOSITION 4.3
Note that we can write

ETy (k+1)To
Ty = _—
[07 0} U |: N ) N
k=0,...,N—1
KTy (k4 1)T
where N will be large enough and fixed later. Let us denote 7, = [NO’ %

1.

Step 1: Let u',u? € X7, such that u!(z,0) = u?(z,0) = u°(x). For all t € 19, and for all z € R, we

}forke{O,...,N—

compute
|u? (2, t) — u' (z,1)| < ‘uz(x,t) - u2(x,0)| + |u1(x,0) — ul(m7t)|
< 2KB |t
T 33
< QKBINO (33)
< 1LP

if we choose N > 2K B1Ty. Then Proposition 4.2 holds, i.e. ¢ is a contraction on X r,. Since

N
X1, — Pz is a closed subset of a Banach space then by the Banach-Picard fixed point theorem,
there exists a unique solution v € X, such that u = ¢(u), i.e. u is a solution of (29) on
N

T
=0, —].
Step 2: First we remark that the solution u € Xz, belongs to Wli)’coo (R x [0, %]) by the a prior:
N
bounds on u, and u; defining X, .
N
Second, we then apply again Step 1 with the new initial condition u°(-) := u (-, %) and get a

solution v € X7,. We then define

T
u(-t) =v (-,t— ]\(;) for tem.

T Ty 2T,
Third by construction, w is a viscosity solution on (O, ]\?) U (J\(;’ NO> and by Lemma 4.1, we

T
see that it also satisfies the viscosity inequalities at time ﬁo’ and therefore u is a viscosity solution
2Ty
of (29) on (0, N>'

Step 3: We repeat the previous argument on the time intervals 74, k = 2,..., N, and get the existence
of a viscosity solution u of (29) on the time interval (0, 7).

Step 4: Uniqueness. Let us assume that we have two solutions u! and u? of (29) on (0,T}), with
u' # u? and let us define T < Ty such that u' = u? on [0,7] and
V§>03ts [Ty, Ty +]N[T;,To] such that u?(-,t5) # u'(-, ts).

Applying again Step 1 with initial condition u°(-) := u! (-, T§) = u? (-, T§) we get by the contrac-
tion property that (u’ = @(u?), i = 1,2)

1
|u? — ul‘L%(]RX[O,TO*er)) < ) ‘“2 - u1|L°°(]R><[0,TO*+6))

T
for § < NO and T + 6 < Tj (using (33)). Contradiction.
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PROOF OF PROPOSITION 4.2
Let v® = p(u?) for i = 1,2. By the stability result (Proposition 2.3), we have

T
vt — UQ’L“’(]RX[O,T]) < /0 |c*(8) = Cl("s)‘Lw(R) max (‘vﬂlv("s)’Lx(R) ; ‘UJQC("S)’Lw(R)) ds

where ¢!(z,t) = ¢™*(z) + (° x E(u’(-,t))) (z). By Lemma 3.4, we have

& » S 1oy [BCD) = B e o1y, 11, o)

int

1
- ¢ |L°°(]R><[0,T
By Proposition 3.1 and Remark 3.2, we know that

4P
1
(W] Lo 0,1, 21,0 < 7 [

unif

2 2 1
’E(U )—FE —u |L°°(R><[O,T))

then combining Proposition 4.2 and Lemma 3.4, we obtain:

B
1_ .2 0 2 _ 1
vt —v |L°°(]R><[O,T]) <4PT B | |L;’§t(R) |u® —u ‘LOO(]RX[O,T)) :
1 b
Weset T"* = —————— —. For Ty = inf (T, T**), the following holds for T < T}

8P| m) B

2

|U2—U u

1|L°O(R><[0,T)) = §| _u1|L°°(R><[O,T)) :

4.2 Long time existence of the viscosity solution: proof of Theorem 1.3

Proor orF THEOREM 1.3
We will repeat this short time result on a sequence of time intervals of lengths T,, decreasing to zero, such

that Z T, = +o0o. We will do the proof in 3 steps.

neN
Step 1: We rephrase the result of Proposition 4.3. We proved in the previous subsection that given an
initial data u° such that

0<by < ug < By
and by, By (which will be specified later) such that

0<by <by<By<B; and Z—T:g—;,
there exists a unique viscosity solution u of Problem (29) up to time T} satisfying
0<by <u, <B; on Rx|[0,Tp),
where Ty is defined by
Ty = A min {lnuo, :21)0} (34)
0

where

A= mi ! .
= Imin b ?
|2 Lo ) T PletlLi@) 8P Lee gy

bo B
=925 and
o= = B, a
b()
bo = -2 <1
0= B,
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For given by and By, in order to equalize the two terms in the infimum of (34), we choose g such that

1 -
In pg = —5bo, in other words, pg is fixed by the relation
Ho

bo = 1 In pro
and it determinates by and B; as a function of by, By. Therefore we have
To = Aln o, (35)

Step 2: Definition of the recurrence. We apply successively this reasoning on time intervals of length
T,, which will be specified below. So, for n > 1, for b,t1, Byp11 (which will be specified later) there exists a
unique solution of the problem (29) up to time To + Ty + - - - + T},, where

b, B,
i = —— =L 51 for 0 < by < by < Bp < Bny1, (36)
bn+1 Bn
_ b, . 7 2
b, = B <1 and p, isfixed by b, = pu; Inpu,. (37)

n

T,=A Inu, (38)

Step 3: Divergence of the series Z T,.
neN

Proposition 4.4 With previous notations and the choice of the sequence (i, )n, the series Z T, diverges.
neN

This ends the proof of Theorem 1.3.
O

In the rest of this subsection, we will prove Proposition 4.4. Before proving this proposition we need
preliminary results. First, we remark by (36) that

T bn+1 1+
bpi1 = = —b,
1 B71,+1 72l
and then by (37) and (38) we get
In p,, = /“‘314-1 Inppy; and T, = Alnp,. (39)

The recurrence relation defining the sequence (p1,,), can be inverted as pin11 = G(uy,) with p,, > 1. Intro-
ducing
En = Un — 1> 07
we can rewrite 11 = G(iy) as
ent1 = Flen) (40)

1
where by the implicit function theorem F € C? ((—2, —i—oo) ;R) and satisfies
e

F(0)=0, F'(0) =1, F"(0) = —4, and F' > 0. (41)
We have the following lemma

Lemma 4.5 (Subsolution for the sequence)
Let F € C?([0,+00);R) satisfying (41). For a >0, let
1
o(a) = / dt (F"(ta) — F"(0)) (1 — t) and ag = sup {a >0: [ionf] o> —2}, Then ag > 0. Let po(t) be the
0 ,a
solution of

:zt _4itu

{ Pat) = —4p(1) (2)
pa(0) =a.

If a € [0,a0] then for all t > 0, we have

pa(t +1) < F(pa(t)) - (43)

16



Corollary 4.6 (A lower bound on the sequence (¢,), )
Under the assumptions of Lemma 4.5, we consider a sequence (€,,)n > 0 satisfying eny1 = F(en). If for an
integer k, we have 0 < g < ag, then for all n > 0 we have

€k+n > P(n)

where p = peg,, .

PROOF OF COROLLARY 4.6
Since p is decreasing in ¢ (p'(t) < 0), p(n) < p(0) = k. Applying (43) and using the fact that F' is increasing,
we get

p(n) < F (p(n—1)) < -+ < F" (p(0)) = F™ (=) = et

PrOOF OF LEMMA 4.5
We set ¢(t) = F(ta). Using the Taylor formula with integral remainder, we have

1
o(1) = o(0) +¢'(0) + / dt ¢ (£)(1 — 1)

o0+ ¢/ + S0+ [ar 60 - 0" 0)1 -1
with ¢”(t) = F"(ta)a?. Then setting o(a) = /1 (F"(ta) — F"(0)) (1 —t) dt, we get o € C°(]0, +00),R) and
F(a) = a — 2a® + a?c(a). Thus, ’
F(p(t) = p(t+1) = p(t) = 20%(t) + p*(t)o (p(t)) — p(t + 1)
> p(t) = p(t+1) — 4p*(t)

because p(t) € [0,ap] from the assumption of the lemma (and the fact that p is decreasing in t), which
guaranties o (p(t)) > —2. We now estimate

t+1
o) =plt+1) = [ —(s)ds

t4+1
:/ 4p3(s)ds > 4p*(t).
t
We deduce that F(p(t)) — p(t +1) > 0. O

PROOF OF PROPOSITION 4.4

Let us first remark that ZTn = Zln fn = In H(l +ep) >In| 14 Zen . We will now show that
n>0 n>0 n>0 n>0

Z e diverges. If it is not the case, then ¢, — 0 when k£ — oo and so for k large enough we have €5 < ag.
n>0

1
Therefore by Corollary 4.6, we know that x4, > p(n—1) for all n € N and p(t) = Toa We deduce that

a

“+oo +oo 1
En > n) > t)dt = ——dt = +c0.
den =) p(n) /1 p(t) /1 T

n>0 n>1 a

Then the series Z €n diverges and Z T, also diverges. (|
n>0 n>0
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5 Preliminary results for the discrete local problem

As explained in Subsection 1.2, we construct a numerical scheme for the non-local equation by discretising
explicitely the time variable by an Euler scheme and the space variable by an upwind scheme. We first

0
study the case of a local equation whose gradient satisfies a—u > 0. This leads to study the following local
x

transport equation:

ou ou )
a(xvt) = C(l’,t) %(xvt) in Rx (OaT)a (44)

u(z,0) =wug(x) on R.

T
Given a mesh size Az, At and a lattice I = {(iAx,nAt); 1€Z,n< At}’ (z4,t,) denotes the node

(1Az,nAt) and v™ = (v]'); the values of the numerical approximation of the continuous solution u(z;, t,).
We consider an explicite Euler scheme in time, ¢.e.

ot =l + At Hy (v",4) (45)
where the discrete Hamiltonian is chosen so that the scheme is upwind; precisely we choose

. Dol if e >0
Ha(v",i) =4 G 0m0 02
ciDyvl if e} <0

with " N " "
Dt — Vit1 — Y Do — Vi — Ui
ot Az vt Az
and ¢} is the discrete velocity.
We assume the following CFL condition for the local problem
A
At< =T (46)
sup [c}'|

in

For the reader’s convenience, we recall some useful results proved in [2, 3]. We first recall a discrete gradient
estimate from above whose proof is given in [2].
> then

Lemma 5.1 (Discrete gradient estimate from above)

00, — 10
4l T\ <BY VieZ and B"t = B" (1+2Atsup
JEL

Az

=l
If for some B° > 0 we have 2=

n n
Vit1 — Y

Ar <B" Vi€eZ,VneN.

In the following, we also need a discrete gradient estimate from below.

Lemma 5.2 (Discrete gradient estimate from below)

00, — 0 ct . —ch
If for some b0 > 0 we have —F2 2 >0 Vi€ Z, and b"T' = b" [ 1 — 2A¢sup |-LE—2| ) with
Ax jez. Ax
1
At < L —- (47)
2 sup Zgtl 75
JEL AJT

then

Vit — U7 n ,

S >, VieZ VneN.

PROOF OF LEMMA 5.2

1
First, let us remark that ™ > 0 because of the condition At <

7 _an
Ci+1 — 6

Az

. Let w}* = v} ; + b"Ax.

2 sup
JEZ
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By assumption, we have w} < v!', Vi € Z. In order to show that w]** < ™! for all i € Z, we check that
w™ is a discrete subsolution i.e. w™ — (wP + AtHy (w™,i)) < 0. Indeed,

witt — (W + AtHy (0™, 7))

=0/ + 0" Ar — (v + 0" Az + AtH, (w",4))

= (0" —b") Az + At (Hq(v"™,i — 1) — Hg(w", 7))

= (0" —b") Az + At (Hg(v",i — 1) — Hg(v"_1,%))

If ¢ and ¢ ; have the same sign, we assume that they are nonnegative (the proof is similar when they are

nonpositive), then
Wit — (W + AtHy (v",0))

n __ .n

= —2b"At Ax S’EIZ) J A;_l + At (¢} — ) Do}
j

= —2b”At$1é}Z) ‘c;’ — c;-ll‘ — (" — e )AtD v

< —b"At | 2sup |C;L - 0?71| +c — c?1>
€7
<0.

Therefore, w™ is a discrete subsolution and then w]'™ < v]"*! for all i € Z. If ¢ and ¢} ; do not have the
same sign (we refer the reader to the end of the proof of Lemma 5.1 in [3]) the conclusion prevails because
of the following estimate for a,b > 0:

|cfa — ¢} 1b| < max(a,b) max (|c}], |cP_y])
< max(a,b) ‘cf - 0?71’
cht —
< max(a,b) | ——=| Az,
< max(a,h)| T A
This achieves the proof of Lemma 5.2. a

T
We introduce the grid Ig = {(iAa:, nAt); i € Z, n < Ny = At} We recall the following numerical stability

result whose proof is given in [3, 2].

Proposition 5.3 (Numerical stability)
We consider v''™ and v>" two numerical solutions of the following monotone scheme (with the same initial
condition)

Uﬁan-&-l _ Ué,n 1+ AtHy (Ulﬂl’ Z) (48)

where l o l
C_v’I'LD ,U‘{I’L Z‘fC-’n Z 0
Lo ' . forl=1,2,VieZ VneN.

Hy (vh",i) = {

Then there exists a constant C > 0, depending on the discrete gradient estimates on v' and v?, such that

ILnp— In .o In
¢, ' Dyv;y" ife,” <0

Lo+l 2n41
v, " =2 < CT sup
Iy

1,n
sup e =t

T
Id

(49)

6 Preliminary result for the discrete non-local problem

We will prove the analogue of Proposition 3.1 in the framework of discrete solutions. We will use this result
in Section 7.
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Proposition 6.1 (Estimate of the difference of integer parts in the discrete case)
Consider a discrete function v! such that

1
vlx = vl + P uhere PEN\{0} and K= - €N\{0}. (50)

Assume that there exists two constants B > b > 0 such that for every i € Z we have

1 1

v; — U;

bgi“rlA L <B.
i

Then for all discrete function v? satisfying (50), we get

sup Z |E(U?)—E(U;)|Az§2<P+sup|vi2—vi1|> (ll)sup|vi2—vi1|+Az> .
€2 g K i€Z i€Z

Remark 6.2 Note that if sup |v3 — UH <1 then
i€Z

1
sup Z |E(U?)—E(@})|Am§4P (bs_up’v?—vﬂ—i-Ax) .
1E€EZ JeJi=li it K] 1E€EZ

This result is the discrete analogue of Proposition 3.1. This is also the generalization of Lemma 5.5 in [3] to
the case of several dislocations where the characteristic function v! > 0 is replaced with the floor part E(v!).
For the proof of Proposition 6.1 we need to introduce the following notations.

We denote A" = sup |v]2 - fuj1| and we assume that A’ € (0, +00) (other cases are trivial). For m € Z and for
JEL
Vi — Ui

V:
1 =1,2, we denote E},, = {j € Z: vi <m+1}. First, we remark that since £ > b > 0, there exists
x

the greatest integer jo € Z such that vj < m +1 and we have E,, = {j € Z: j < jo}. We will use the
following lemma for the proof of Proposition 6.1.
Lemma 6.3 (Estimate for the distance between the sets E! and E2))

m
Under the notations above and the assumptions of Proposition 6.1, we have

E! - F A’ —1CcE?>CcE.+E A +1
m bAx m m bAx '

Proor oF LEMMA 6.3
The main idea in this proof is to use the discrete gradient estimate from below. We will estimate in two
steps the distance between E} and EZ.

>—1CEfn.

/

bAx

Step 1 We have E., — E (

!/

A A A A
Indeed, let j € B}, — F —1. Then, j < jo— E —lie jo—j>F 1
ndeed, et J € L, (bAz) e J = Jo (bA:l:) LeJo—J = (be)+ > bAzx

1

1
vy — U
i.e. (jo—7)bAx > A’. Since —2>——— > b and jo — j > 0, we have
(Jo — j)Ax

vj, —vj > (jo — j)bAz > A

which implies (by definition of A’)

2

1 1 /
m+1>vj0>vj+A > 03

and therefore v7 < m + 1. Thus, j € E},.

20



A/
Step 2 We have Efn C Elln +E (bAX) + 1.

’ c
Similarly, considering j € <E,1n +E A +1> we prove that j € (Efn)c Indeed, j > jo +
x
AI !/ A/ Al
E 1 then j > j 1+ F 1 implies j — (j 1) > F 1
(bAac) + enJZJjotlt (be) + 1 implies j = (jo +1) = (be) = bar
1

vy — vl
i — (jo + 1))bAz > A’. Since —2Jot! >band j— (jo+ 1) > 0, we have

vjl—v}0+1 > (5 — (jo+1))bAz > N
which implies (by definition of A’)

2 1 / 1
vjzvj—A >vj0+12m—|—1.

c A, ¢ (&
Then we have j € (E2,)"” and therefore (E}n +E (be> + 1) c (EL)"

PROOF OF PROPOSITION 6.1

The main idea in this proof is to bound the quantity ’E (vf) —F (vjl)’ by the characteristic functions the
sets B2, A E}. We then bound the discrete analogue of its L! ..norm.

From the definition of E!,, for | = 1,2, we remark that £/, _; C E! . Then E(vl) m for any j € EL \E!,_,,
for I =1,2. We define

N1 ifjeACZ,
1‘4(]){0 if not.

B =Y g ye@) = >, 1p ().

meN meZ\N

Then we can write

Similarly to (22) in the proof of Proposition 3.1, we get

|E(vj2 Z 1E2 AEl

mEZ

Let us fix i € Z and define J; = [i,i+ K[. Then the discrete analogue of L. ..norm of E(v?) — E(v!) satisfies

Z |E(v) — E(v})| < Z Z Ly, (5)L(E2, a1 (5)
jed; JEZ mEZ
< DN (B A By
meZ
! A/
< 2N (be + 1)

where N’ = Card{m € Z, E

( 2
N A
E2 A E} | <2 (E (be> + 1) <2 (be + 1). Similarly to (24) in the proof of Proposition 3.1, we get

Ji N A E,ln)| #0} and where we have used the fact that the measure
/

N' < P+suplv; —v}| .

i€Z
We then conclude that:
bupZ|E )|Ax<2<P—|—bup’v —v|) <1bup’v —v’—|—AaU).
zEZJEJ
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7 Proof of Theorem 1.5

In this section, we first recall how to get an error estimate between the continuous solution and the discrete
solution for a general non-local transport equation for some 7' > 0. We are inspired by the work of [2].

7.1 An abstract error estimate
We consider the continuous viscosity solution u of a general non-local transport equation

ou ou . _
E(:c,t) = clu](x, t) %(I,t) in Rx(0,7)

u(z,0) =u’(x) on R

(51)

We recall that the non-local velocity c[u] belongs to L>((0,T), W' (RR)) and that the solution u is Lipschitz
continuous. We will consider a discrete solution v satisfying

v=G"oc™(v) (52)

where this abstract scheme will be precised below.
_ T

For 0 < T < T, and given a mesh A = (Az, At), we denote Ef = RZ>{0.---N7} N is the floor part of A

the space of discrete functions defined on I = {(iAx,nAt), i € Z, n < Nr}. We consider two subsets of

Ep

wi'y, — Wi

Ax

UA = c E~ h that
T {w T suc a Ar

)
< BO%LT apnd L E zboe_LT}

and N N
Civ1 — €

VA = { c€ EZ suchthat |c?| <K and A
x

<L VieZ,Vn<NT}.

We also consider two operators:

GA VR — U~ . A UL — VR
an

c—v w — ¢ (w)

A

where ¢~ is an approximation of the non-local velocity. For ¢ € VTA, v = G2 (c) is defined by

Dfol ifef >0
of = u(wy), ot =0 + At} x (53)
Dol ifcf <0

€T

We are looking for a solution of (52). Our goal is to give an abstract error estimate between the continuous
solution u and the discrete solution v. To this end, we need to introduce a long serie of assumptions. Our
error estimate will be given in Theorem 7.1. We make the following assumptions.

(A1) CFL condition

A
At< BT
sup [c;(v")]|
iE€EZ

(A2) (u)A € U~ where (u)A is the restriction of the continuous solution u of (51) to I71.

(A3) (c)A € VA where (c)A is the restriction of the non-local velocity c[u] to I} .

(A4) Uﬁ and VTA are respectively equi-Lipschitz and equibounded in the sense that there is a constant K
such that, for every mesh A,

‘D;‘w‘ < K, |¢| < K, for every w € UR, ¢ € VA . (54)

(A5)
GA(VE) cUR  for every T'. (55)
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(A6) The discrete velocity c” is stationary i.e. there is a map ¢* such that
A (w(tn)) = e (w)( t) - (56)

(A7)
AUR) C VR for every T'. (57)

(A8) Stability of the operator G2 (see Proposition 5.3).
There is a constant K > 0 such that for every mesh A satisfying the CFL condition (A1), for every T
and every ci1, co € VTA,
sup ’GA<CQ) - GA(01)| < KTsqu lea —e1] - (58)
Id

T
Id

(A9) Consistency of the discrete velocity c*.
There is a constant K > 0 such that for every mesh A and every T,

sup |cfu) — CA(UA)| < KAz (59)

d
where u is the solution of (51) and u® = (u)? is the restriction of u to I7.

(A10) Stability of the discrete velocity c*. B
There is a constant K > 0 such that for every mesh A, for every T < T and every wy, ws € UTA,

sup [ (wy) — ¢ (wa)| < K (sup |we — w1| + Ax) . (60)
T

T
Id d

We have the following abstract error estimate (see [3, 2]).

Theorem 7.1 (An abstract error estimate for a short time) ~
Let us consider T'> 0 and Ax + At < 1. Let us assume that (A1)-(A10) hold for any T' < T and that there
exists a unique continuous solution u of (51) on [0, T]. There then exists a constant K' > 0, depending on

|, o (rys P, |CO|L1 ) the bound constants of Dfo?, Dol and |(u0
(R)” ILY(R)

TR and there exists a constant

Jalp
L _ > (R)’
0 <T* <T with T* only depending on T and K', such that for every T <T*, we have

T*
sup lu —v| < K'VAz if Az < T
17

7.2 Application of the abstract error estimate: proof of Theorem 1.5
We check successively assumptions (A1) to (A10).
1. We assume the CFL condition (12) which implies (A1) and (47) because
sup | = ¢ < supefya| +suple]
< 2sup|cj|
< 2¢] oo (R (0,400))

S2(|C€Xt|L°°<1R>“D|CO|L10R>)

which will allow us to apply Lemma 5.2.

Here we will apply Theorem 7.1 with T = T} given in (32) and with 7} = T*, C = K’ given by
Theorem 7.1. We recall the following notations (see (28) and (31)):

K= ’CCXt’Lw(R) +P|CO|L1(R) and L = ‘C;Xt}Loo(R) +P‘Cg|L1(R) .
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2
3
4
5

. By Proposition 2.2, we have (u)A € U where u is the solution of (51).
. Tt is clear that (¢)* € VA where ¢ = c[u] given by (2) for the solution u of (51).
. It is also clear that, by definition, the sets Uﬁ and VTA are respectively equi-Lipschitz and equi-bounded.

. We now check that G2(VA) C UL. Let ¢ € V. By Lemma 5.1 we have

n n
Viy1 —V

‘< B".
Azx

GA(C)?+1 - GA(C)?
Ax

Moreover,

n—1 n—1
Civ1 — G

B" = Bn~1 (1 + Atsup
i€Z

) < B" Y14 LAt) < BMlelAt,

We deduce that B™ < BOelndt < BOLT, Therefore,

GA(C)?+1 - GA(C)? < BOLT
Az - '

Similarly, by Lemma 5.2, we have

G2 () — G2 (o)} S B0 LT
Ax - '

Thus, G2(c) € UR, for all ¢ € VA and then GA(VA) C UR for all T.

We now consider the discrete non-local velocity given in (9), (10):

int,A int,n 0 n 0 0
c =c "= g G E)Ax, ¢ =-— | c(x)de
1€z I

with I; = (x; — %7 i + %) It is clearly stationary. We recall from [3], that c;m’” can be written as

the continuous convolution
int,n 0
¢ "=k Evg) (@)

where vy is the piecewise constant lifting of v
Vy = Z”ilh . (61)
i

Obviously ¢ is stationary. Therefore ¢®

%

is stationary.

We now check that ¢ (UTA) C V. Indeed, for all v € UAR, we have

|cA(v)‘ <K, ’D+CA(U)’ < ‘51 (" x E(vy))

L>(R)
Therefore ¢ (UF) C V.

The assumption (A7) holds by Proposition 5.3.

Consistency of the discrete velocity ¢™*. We estimate:
sup [ "2 (W) (- 1) — elul (@i, ta)| < sup |0 % B@)(- tn) — & 5 B(u)(, )]
i€’ z€R
< 10l Bl )ote) = Bty
4P
<

- |CO|L?§t(R) e (s n) = s )| o gy -
Then ™2 is consistent.
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10. Stability of the discrete velocity ¢"**. We estimate

AWl — A w?)| =[x Blwl) (@) - x B(ud) ()

(2 K2

IN

|CO|Li°:t(R) | E(wy) — E(w;ﬁ)‘Linif(R)

IN

4P |CO|Lf§t(R) ([1) Slelg |w11 — wﬂ + A:E)

where we have used in the last time Proposition 6.1.

Finally, we apply Theorem 7.1 and we obtain Theorem 1.5.

8 Example of a simulation

In this section, we provide some numerical simulations showing the behavior of the solution and the dislo-
cations dynamics through obstacles.
We start by an initial data u®(z) = 2x. The velocity is chosen as

clu](z,t) = A+ Bsin(2knz) 4+ ® « E(u(-, 1)) ()

with A = 1.2, B = 1, the number of obstacles is k = 2, the kernel ¢ is the one of Peierls Nabarro given by

b2
(4) with ﬁ =1 and ¢ = 0.1. We choose Az = 0.0099 and At = 0.00263. Numerically we work on
(1 —
the interval f € -
inter r —=, =
e interval for x 55
0
of ,
2 t-2 1
g 4 b t=4 p
-6 —
8t =8 .
-0‘.4 »0‘.2 2) (;.2 O‘.4

Figure 3: Behavior of the solution in time

11
In Figure 3, we represent the solution u(z,t) as a function of z € {—2, 2} for different values of t = 0, 2,4, 8.

On this figure we see that the gradient of the solution remains numerically in time bounded from above and
from below, even if the lower bound of the gradient is very small. In Figure 4, we represent the trajectories
of the dislocations z(t) (here there are 2 dislocations) with the time on the vertical axis and the space on
the horizontal one. We recall that the positions of dislocations correspond to the jumps of the floor part
of the solution. On Figure 4, we see that the dislocations slow down on the obstacles. Finally, we remark
numerically on Figure 3 that the gradient of the solution is far from zero in the regions where we take the
floor part of the solution, which is a good behavior for this simulation. We can even say that we can localize
the dislocations by the strong variations of the solution.
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Figure 4: Dislocations dynamics through obstacles
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