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Abstract

We consider Lipschitz continuous viscosity solutions to evolutive Hamilton-Jacobi equations. Under a condition
of strict convexity of the Hamiltonian, we show that there exists a notion of strong trace of the gradient of the
solution. This result is based on a Liouville-type result of classification of global solutions on the half space. Under
zero Dirichlet boundary condition, we show that the solution only depends on the normal variable. As a consequence,
we show that the existence of a pointwise tangential gradient implies existence of a pointwise normal gradient. For
the Liouville-type result, and when the Hamiltonian is not convex, we give a counter-example with a solution which
is not one-dimensional.

We give two applications. On the one hand, for the classical stationary Dirichlet problem on a bounded domain,
we show the existence of a closed subset of the boundary of the domain, where Taylor expansion of the solution is
uniform. On the other hand, for Hamilton-Jacobi equations on a network, we show that the space derivative of the
solution has a trace at each node, which satisfies a natural germ condition.
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1 Introduction

1.1 Main results

Let d > 1 and let us denote the open half space by
Q= {a:z (z1,...,2q) €ERYL, 14 >0}.
We consider a function u : R x Q — R, which is globally Lipschitz continuous. We assume that u(¢, ) is a

viscosity solution of the following time evolutive Hamilton-Jacobi equation on the half-space

(1.1)

ur+ H(Du) =0 on RxQ
u=0 on R x 00

where the zero Dirichlet condition is assumed to be satisfied in the strong sense (i.e. pointwisely).

Our first goal is to classify such solutions u when the Hamiltonian function H is assumed to satisfy the
following condition

H(P
(1.2) H :R% — R is strictly convex, C! and superlinear (i.e. lim inf (P)

= ).
minf =5 )

Recall that strict convexity of H means

HOAP+(1-)\)Q) < AH(P)+ (1—NH(Q) forall Ae(0,1), P,QeR? P#Q.
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A very classical theorem of Liouville claims that bounded entire harmonic functions are constant. In this
spirit, our core main result is the following.

Theorem 1.1 (A Liouville-type result on the half space)
Assume that the conver function H : R — R satisfies (1.2) and that u : R x Q — R is a viscosity solution
of (1.1), which is globally Lipschitz continuous (say for some Lipschitz constant L > 0). Then u is one-
dimensional, and we can write

u=u(xy) where Q={x4>0}.

Notice that the convexity assumption on the Hamiltonian H is necessary, as shows the following result.

Proposition 1.2 (Counter-example to Liouville-type result for non convex H)

Let d = 1 with x = 1 € R. There exists a C*® function H : R — R which is strictly convex on (0,+00)
and strictly concave on (—o0,0), and a globally Lipschitz continuous function u : R x Q — R solution of
(1.1), such that u(t, ) is not a function of x only, neither one-dimensional (of a linear combination of t,x).
Moreover it is homogeneous of degree 1, i.e. satisfies w(At, \x) = Au(t, z) for all X > 0.

Consider now the following equation on the cylinder (for the open ball By = B;(0) C Ry x R%™! with
x = (2',zq))

(1.3) ug+ H(t,z,Du) =0 on Cy =By x(0,1) CRxQ
with Dirichlet condition on the tangential boundary

(1.4) u =gt ) on I' :=B;x{0} CRxN
where we recall that Q = R%™! x (0, 4-00),,.

As a corollary of Theorem 1.1, we get the following (at least surprising for the author) existence result
of a pointwise normal derivative at the boundary.

Theorem 1.3 (From tangential to normal gradient)

Let g: T' = R and u : Cy UT' — R be Lipschitz continuous functions with the open cylinder Cy and its
tangential boundary I respectively defined in (1.3) and (1.4). Assume that u is a viscosity solution of (1.3)-
(1.4) with a continuous Hamiltonian H : R x R? x R? — R such that the map P — H(t,z, P) satisfies (1.2)
for (t,x) = (0,0). We write x = (', 2q) € R? with 2’ = (z1,...,24-1) € R¥! and x4 € R.

Assume that u has a pointwise tangential gradient at the origin 0 € T' (with uw(0) = 0), i.e. there exists
(A, P") € R x R such that

g(t,2’,0) = u(t,z’,0) = M+ P -2’ +o(|t| + |2']) as (t,2") = (0,0).

Then u has also a pointwise normal gradient py € R at the origin, and then a full gradient, i.e. we have
with P = (P',pg) € RY

ult,z) = M+ Pz +o(t|+]z]) as (tz)— (0,0).

Remark 1.4 (Which assumptions are necessary?)
Notice that in Theorem 1.3, strict convexity of the Hamiltonian is necessary, otherwise the case H = 0 allows
any normal derivative for any functions u = u(zq).

Conversely, the superlinearity assumption on H is just technical, because we only work with Lipschitz
continuous solutions. The superlinearity condition can simply be removed, adding to H the function P +—
(max {|P| — L,0})2, if L > 0 is the Lipschitz constant of the solution u.

Similarly for (t,z) = (0,0), the C*-regularity of the map P+~ H(t,x, P) in Theorem 1.3 is just technical,
but simplifies a lot the presentation of the proofs. It is possible to relax this reqularity to C°. Then the
subdifferential of H may for instance satisfy OpH(0,0, P) D [£%,€%], and the Legendre-Fenchel transform
£(0,0,-) of H(0,0,-) is then affine on [¢7,£%]. On the one hand, it creates an indeterminacy on some
characteristic velocities £, but on the other hand, it does not affect the evaluation of the representation
formula because the Lagrangian £(0,0,-) is then affine along these characteristics.

To simplify the presentation of the proofs, we still keep the superlinearity and C*-regqularity assumptions
as in (1.2), in the whole paper.



Remark 1.5 (The boundary data g)
Notice that the function g in Theorem 1.8 has mo particular role and can be removed from the statement.
Still the introduction of g allows the reader to figure out a classical formulation of the Dirichlet problem.

Theorem 1.6 (A notion of strong trace of the gradient)
Let u: C; UT — R be a Lipschitz continuous function with the open cylinder C. and its tangential boundary
T respectively defined in (1.3) and (1.4). Assume that u is a viscosity solution of (1.3) with a continuous
Hamiltonian H : R x R x RY — R such that the map P — H(t,x, P) satisfies (1.2) for all (t,x) € R x 9.
Recall that we write v = (z',24) € R? with 2’ = (x1,...,24_1) € R and x4 € R. We denote the time-space
gradient of u by

Du := (ug, Du).
Then pointwisely Du(t,z',0) exists for almost every (t,a’,0) € T', which means that we have the following
Taylor expansion withY e Rx Q and X +Y € CL UT

(1.5) WX +Y)=u(X)+Y Du(X)+o(Y]) forae X=(ta'0)el.

Moreover the value of the time-space gradient on T (for xq = 0) is also reached by its values on Cy (for
xq > 0) as follows

(1.6) lim {/ |Du(t, ', exq) — Du(t, z',0)) dtdm’} dzg = 0.
By

e—0t (071)
This limit is our notion of strong trace of the time-space gradient Du on the tangential boundary T.

Remark 1.7 (An obvious remark)

Recall that the result of Theorem 1.6 is not true for Lipschitz functions in general, but here is only true
because u is also a viscosity solution for a striclty convexr Hamiltonian. Otherwise, for d = 1 and dropping
the time variable, there exist 1-Lipschitz functions on [0, +00), with no derivative at x = 0. It is also easy to
build a 1-Lipschitz function u on [0,4+00) which has zero deriative at x = 0 (and which is piecewise affine
in all compact sets of (0,400)), but such that |uy| =1 a.e..

Remark 1.8 (Comparison of our strong trace with other notions)

We have seen that (1.6) gives a notion of strong trace on the boundary R x 92 of the time-space gradient
Du of solutions to Hamilton-Jacobi equations defined on R x Q. Here the Hamiltonian is strictly convex only
at the boundary R x 02 and can be non convexr on R x Q. We can see the time-space gradient as a map
(0,400) 3 g = Du(-,-,xq4) € B defined for a.e. x4, with B := L}, (R, x R%), and this map belongs to
Llloc((O7 +00)z,; B). Then our notion of strong trace means that x4 = 0 is a Lebesgue point of this map, i.e.
a point of continuity in L'(normal) with value in L' (tangential).

In contrast, classical notion of strong traces (see Vasseur [22] and Panov [19]) for multidimensional
scalar conservation laws is a point of (essential) continuity in L° (normal) with value in L' (tangential), and
then is a stronger notion.

Notice that if we require that H satisfies (1.2) not only on the boundary R x 9, but also in a neighborhood
of it, and under a Dini condition on certain moduli (see condition (7.2)), then we can easily show (by a
covering argument) that the time-space gradient converges in the sense of strong traces as in [22, 19], i.e.
that

(1.7) ess lim |Du(t, x', xq) — Du(t,2’,0)| dtdz’ =0
rq—0t B
Nevertheless, even the notion of strong traces as in (1.7) is less strong than property (1.5) which claims
the existence of a time-space gradient almost everywhere on the boundary. For more on this topic, we refer
to the counter-ezample given in Proposition 8.4.

Remark 1.9 (Generalization to Lipschitz domains)
From our proof, it is straightforward to generalize the strong trace Theorem 1.6 for HJ equation on a domain
D C Ry x R, where the boundary 0D is locally a Lipschitz continuous hypersurface. Then the strong trace
can also be considered on any open subset X C 0D, where the boundary 0D is a Lipschitz continuous graph
in a pure space direction, say in direction eq. See also Corollary 7.3 for local properties of the gradient.
Notice also that Theorem 1.6 can be seen as a sort of BV-like reqularity of the time-space gradient of
Lipschitz continuous solutions, for strictly convex Hamiltonians P — H(t,z, P), assuming only continuity
in (t,x). We again emphasize that the convezity (and then strict convexity) of H is only assumed on the
boundary, but not in the domain.



1.2 Applications

We present two applications.

The first one concerns the classical stationary Dirichlet problem for Hamilton-Jacobi on a bounded open
set Qo and is Proposition 6.1. There we show that we can split the boundary in a partition 0Q¢ = 9Q_UIN
where 9€2_ is a closed subset of the boundary where the Taylor expansion of the solution up to order one is
uniform.

The second application concerns junction problems, which was our initial motivation (see Cardaliaguet,
Forcadel, Monneau [10]). We show in Proposition 8.1 that if w is the viscosity solution to a problem with
Hamilton-Jacobi equations on a junction in space dimension 1, then as expected its spatial derivative v = u,
is an entropy solution of the associated conservation laws. Moreover the trace of v at the junction point
consists in a vector whose coordinates are associated to each branch, and the trace vector belongs to an
explicit germ for almost every time.

1.3 Open questions

We leave open the following questions.

Question 1: Only under assumptions of Theorem 1.6, do we have a strong convergence of the gradient
Du(t,x’',x4) — Du(t,2',0) in L}, (R; x RZTl) as E 3 zq — 0%, where E C (0,+00) is a set of full Lebesgue
measure?

Now consider the following genuine nonlinearity condition on the Hamiltonian
(1.8) L{aeR, H(P+af)=H(P)+af -DH(P)}) =0 forall PecR? ¢cRY {0}
where L is the Lebesgue measure.

Question 2: Do we have a strong trace of the gradient for Lipschitz continuous solutions of evolutive
Hamilton-Jacobi equations with C* Hamiltonians H satisfying (1.8)?

1.4 Brief review of the literature

We refer to the pioneering work of Lions [16] on viscosity solutions of Hamilton-Jacobi equations and their
properties. The reader can also consult the reference books Cannarsa, Sinestrari [8] on semiconcave functions
and Bardi, Capuzo-Dolcetta [2] for Hamilton-Jacobi equations related to control problems.

In Jensen, Souganidis [15], the authors study a particular stationary Hamilton-Jacobi equations in di-
mension one. Assuming that the Hamiltonian (possibly non convex) is genuinely nonlinear (in a certain
sense), they show that the left gradient u,(z;) and the right gradient u,(zd) do exist at each point .
They also get a certain continuity property of these gradients.

In Bianchini, De Lellis, Robyr [5], the authors show that for a uniformly C? Hamiltonian H, the time-space
gradient of the solution is in SBVj,.. This result has been extended to the case of C® Hamiltonians depending
also on (¢, z) in Bianchini, Tonon [6].

In the context of homogeneous scalar conservation laws, a notion of strong trace on a Lipschitz boundary
of a domain has been introduced by Vasseur [22] under a condition of genuine nonlinearity of the C3 flux
function. This result has been generalized by Panov [19] to the case of C° homogeneous fluxes, and C*
boundary (the case of Lipschitz boundary is also claimed to remain valid with the same proof).

1.5 Organization of the paper

In Section 2, we prepare the work to show later the Liouville-type result. We show that global solutions to
Hamilton-Jacobi equations on the half space have to be sandwiched in between two linear solutions u. This
is the barrier’s result Lemma 2.1. Section 3 recalls quite standard results about characteritics {1 (associated
to the solutions w4 ) and the representation formula of the solution to convex Hamilton-Jacobi equations, in
the spirit of optimal control theory and/or Lax-Hopf formula.

In Section 4, the proof of the Liouville-type result (Theorem 1.1) is done.

I This question seems delicate because we do not assume the convexity of H(t, z, P) in P, except for (t,z) € Rx 9Q, contrarily
to the argument proposed in Remark 1.8.



In Section 5, as a corollary of the Liouville-type result, we show Theorem 1.3, i.e. existence of a tangential
gradient implies the existence of a normal gradient. In Section 6, we give a direct application of Section 5,
which is an analysis of the standard stationary Dirichlet problem, namely Proposition 6.1.

In Section 7, we give the proof of existence of a notion of strong trace, namely Theorem 1.6. In Section
8, we show Proposition 8.1 as an application of the notion of strong trace to a junction problem. We
explain there the relation between the junction condition for Hamilton-Jacobi equations and the natural
germ condition satisfied by the trace of its space derivative.

In Section 9, we show a counter-example to the Liouville-type result when the Hamiltonian is not convex
(see Proposition 1.2).

Finally Section 10 is an appendix where we recall useful results used throughout the paper.

1.6 Main notations

Q=R x (0,4+00) = half space

r=(x1,...,79) € R? = space coordinate

= (x1,...,2q-1) = tangential space coordinate

(e1,...,€q) = standard basis of R?

P-qQ = standard euclidean scalar product of vectors P,Q € R?

H = the Hamiltonian

L=H* = the Legendre-Fenchel transform of H

Py = (p+)eq = special roots of H(Py) =0

ug(t,x) =Py -2 = barrier solutions

&+ =DH(Py) = characteristic velocities

'yg ®) _ { trajectory in ) parametrized by the time ¢ € (—o0, tg],
to,0 of terminal point xg at time ¢g, and of velocity &(¢)

EL 2o = set of trajectories fyfo)mo defined on time interval [t1,to]

C4 = B1(0) x (0,1) = cylinder included in (R, x R%™) x (0, +00).,

I' = B1(0) x {0} = tangential boundary of the cylinder

Du = (uy, Du) = time-space gradient

X = (t,x) = (t,2',z4) = time-space coordinate

X' =(t,a) = tangential time-space coordinate

vx(P) = for a.e. X € R x Q, probability measure with support on R% > P

2 Existence of barriers

With the standard orthonormal basis (e1,...,eq) of R? with eq = (0,...,0,1) € R?, and given a function
H:R?Y = R, we set for p € R, the reduced Hamiltonian function h : R — R defined by

(2.1) h(p) := H(pea)-
We start with the following result.

Lemma 2.1 (Existence of linear barriers u4) -
Assume that H : R? — R is continuous and let h be the associated function defined in (2.1). Letu : R x € :—
R be a globally Lipschitz continuous viscosity solution of (1.1). We define

ﬁ::inf{pER, u<dt, on Rxﬁ}
p:

—sup{peR, u>l, on RxQ} } with the linear function (,(t, ) = pxq.

i) (Basic result)

Then we have h(p) <0 < h(p).

ii) (Improved result when H is convex)
Assume that H is convex. Then we have h(p) = 0.

Furthermore, if h is coercive (i.e. satisfies ‘lf‘rn inf h(p) = +00), then there exists a unique couple (p_,p) €
p|—+o0

R? such that p_ < p, and

(2.2) po.pi] = {h <0} with h(ps)=0



and we have
(2.3) u_ <u<uy with us(t,x)=Pi-x with Py := (pi)eq € R?

where uy are both solutions of (1.1).
Moreover if py = p_, then u = uy = u_.

Remark 2.2 Even if the functions u4 do not depend on the variable t, our presentation is simplified allowing
this time dependence.

Proof of Lemma 2.1

We start the proof assuming only that H is continuous.
Step 1: bound from above

We define

p :=inf {p eR, u</{, on Rx ﬁ} with the linear function £,(¢,x) := pzg.

The number p is a well-defined finite quantity, because u is globally Lipschitz continuous and v = 0 on
R x 0. It is also classical that P is a critical slope from above and then satisfies the subsolution viscosity
inequality (2.4) given below and associated to the PDE.
For sake of completness, we present a direct proof. By assumption, for any € > 0, there exists X°© :=
(t¢,2°) € R x Q such that
u<lzonRxQ and  u>/f;_.at X°.

Then we can rescale the function u as follows, setting for x = (2, z4)

1

u(t,z) = n~ tu(t® +nt, 2% +na' nxy) for ni=ag

which is still a globally Lipschitz continuous viscosity solution of (1.1), and satisfies furthermore
lr>u®on R xQ and ua>€5,EatXO::(0,07...,071)€R><Q.

Using Ascoli-Arzela theorem, we can extract a convergent subsequence (still denoted by (u®)c) such that
u® = u? locally uniformly on compact sets of R x £, which satisfies furthermore

t>u"onRxQ  and  u®>/;at X°:=(0,0,...,0,1) € R x Q.

This shows that £ is a test function touching u? from above at X°. Because by stability of viscosity solutions,
we know that u is still a viscosity solution of (1.1), we deduce the subsolution viscosity inequality

(2.4) 0+ H(peq) <0

which shows that h(p) < 0.
Step 2: bound from below
The symmetric argument to Step 1, shows that

(2.5) 0+ H(peq) >0

i.e. h(p) > 0, which shows point i).

Step 3: proof of ii)

We now assume that H is convex. Then the argument in Step 2 (similar to Step 1) shows that ¢, is a test
function from below to the Lipschitz solution u’. Now from Barron, Jensen characterization of Lipschitz
continuous solutions for convex Hamiltonians (see Lemma 10.1 in the appendix), we know that we have

equality in inequality (2.5), which shows that

h(p) = 0.

Recall that h(p) < 0. Now if the convex function h is coercive, there exists unique couple satisfying p_ < py
such that [p_,p;] = {h <0} with h(p+) = 0 and moreover p_ < p < p < p,. This ends the proof of the
lemma.



3 Characteristics and the representation formula

3.1 Characteristic velocities

In the remaining part of the paper, we assume that

(3.1) P, # P_ with Py defined in (2.3)
which means p_ < p;. We associate the fundamental characteristic velocities
(3.2) £+ := DH(Py) € R%

For the Hamiltonian H satisfying (1.2), we define its Legendre-Fenchel transform as the Lagrangian £ given
by

(3.3) L(€) == sup {&- P — H(P)}.

PeR4

Then £ satisfies again (1.2), namely it is strictly convex, C'! and superlinear (see Lemma 10.2 in the ap-
pendix).

Lemma 3.1 (Sign of the fundamental characteristic velocities)
Under assumption (1.2) on H, the fundamental characteristic velocities £y defined in (3.2) satisfy

(3.4) L&) > Py -¢  with equality at £ =¢x  and Py = DL(EL).
Assuming moreover (3.1), we have
(35) € eg <0<y -eq.

Proof of Lemma 3.1

Definition (3.2) implies Py = DL(£1) by convex duality (see Lemma 10.2 in the appendix). Finally, we have
L(Ex) =& -Pr— H(Py) = &4 - Py and by convexity we get £(£) > L(€+)+ (£ —£+)-DL(Ex) = Py -€ which
shows (3.4). On the other hand, the function h(p) := H(peq) is strictly convex and satisfies h(py) = 0 with
p— < py when we assume (3.1). Hence £h/(ps) > 0, which implies (3.5). This ends the proof of the lemma.

3.2 Representation formula

Given (t,z) € R x Q and &(-) € L}, ((—o0,t]; R?), we consider the following backward trajectory

loc

d
%’Yﬁm(o) =£&(0) for o<t

with terminal data Wf,l.(t) =z
and call for all ty <t

(5,€) € [to,t) x Li (=00, t];R%), Vi.(s) €0 if s € (to,t)
Ett”x = with
Yeal(0) €9, forall o€ (s, V()T it s=t

which is the set of parameters such that the backward trajectory stays in the set Q = R4~ x (0, 4-00) and
in a time interval contained in [t, t].

We recall the following standard result for convex Hamiltonians (which can be seen as a generalization
of Lax-Hopf formula).

Lemma 3.2 (Representation formula)
Assume that H : RY — R satisfies (1.2), and let L be the Legendre-Fenchel transform of H given in (3.3).



Assume that u: R x @ = R is a globally Lipschitz continuous function satisfying u =0 on R x Q. Then u
satisfies for all (t,x) € R x Q and all ty € (—o0,t)

t
(3.6) w(t,z) = inf  G(s,t;7%,) with G(s,t:75,) = u(s, 75 ,(s)) +/ L (d%fz(a)) do
(s,£)€EL0, ’ ’ ’ s do ™™

if and only if u solves (1.1).

Representation formula (3.6) means that (¢, x) is the infimum of some cost function over all trajectories
with terminal point (¢,2) and initial point on the part of the boundary ([to,t) x 9Q) U ({to} x ).

Sketch of the proof

The standard proof first shows the dynamic programming principle which implies (by variations/comparison)
the viscosity inequalities on the time interval (¢, +00) (see for instance [14] for a result of the same flavour).
Conversely, the comparison principle implies that every solution of (1.1) on the time interval [tg, +00) coin-
cides with the unique solution given by the representation formula (3.6). This ends the sketch of the proof.

4 Proof of Theorem 1.1: the Liouville-type result

In this section, we show that the value of the solution at one point can be uy if its characteristic is £, i.e.
if the information comes from the fixed boundary 9€2. The only other possibility is that the value of the
solution is computed along the characteristic of direction £_ (which comes from infinity, i.e. far away from
the fixed boundary 99Q). In this last case, we show that for two points on such a characteristic line, the
values of the solution are explicitly related. This rigidity will imply the Liouville-type result.

We start with the following result which claims that for long time optimal trajectories, the foot of the
trajectory never belongs to the Dirichlet boundary R x 02, if the head of the trajectory satisfies u < u.

Lemma 4.1 (Solution along an optimal trajectory)
Assume that H satisfies (1.2) and (3.1). Let u be a global Lipschitz solution of (1.1) satisfying u_ < u < uy.
Let X := (to,z0) € R x Q be such that

u(Xo) < uy(Xo).

Then for any T > 0, there exists X1 := (to — 7,y") € R x Q such that

T

u(Xo) =w(X1) +7L(ET) with & := % and uw(X71) < uyp(Xy).
Remark 4.2 This result holds because
(4.1)
_ . Lo—Y _ = ~ _ Yo~ Y% .
us(Xo)=  inf {O +7L < )} =T70L(&y) for To>0 defined by &y = —— with  yo € 02
7>0, yeOQ T 70

and because condition u(Xo) < uy(Xo) somehow prevents the information to propagate from the fized bound-
ary R x 0Q with characteristic velocity &4 as it does otherwise.

Proof of Lemma 4.1
Step 1: splitting the representation formula in two parts
Recall from (3.6) that for all X, := (tg, z0) € R x Q, we have for all t € (—o0, tg)

to d
u(Xg) = inf G(s,to;'yﬁ(o) with G(s,to;’yi(]) = “(577§(0 (s)) +/ L <'7§<o (0’)) do.
(s:6)€€k, s do
We split this formula in two parts. The first part is generated by the boundary 02
up(Xo) :== inf @°(Xo) with u°(Xo):= inf G(s, to; ’yio) for sg € [t,t0)

s0€[t,to) (s.£)€€%, s s€{so}, 7k, (5)€0Q



while the second part is generated by the domain )

ug(Xo) = inf . G(S,to;’y§(0).
(S,E)GSXO, Se{t}A, ’yxo(s)eﬂ

Here for u}, each trajectory has its foot on the boundary [t, o) x 9, and for u}, each trajectory has its foot
inside the domain {t} x Q. Hence we have

(4.2) u(Xo) = min {uy(Xo), ug(Xo)} -

Step 2: boundary contribution
Using the fact that straight trajectories are always more competitive than other trajectories because L is
strictly convex, for sg :=tg — 7 with 7 > 0, we get

#°(Xo) = inf {0 +1L (xo_y)} —7L(¢7) for & :="2"Y  andsome y” €90

yeoN T T

and recall that by convexity we have

(4.3) L) > L(E+)+ (& &) DL(Ey) =Py - €.

with 7y defined in (4.1). We see that for 7 # 7y, we have 7 # £, because their component along e, are then
different. Hence the strict convexity of £ gives L (£7) > Py - &7 for 7 # Ty, i.e.

(4.4) a0 (Xg) = 1611an {O +7L (xo — y)} > uy(Xg) for 7 # 7, with equality for 7 =7
y T

and then considering the infimum of those @;° (Xo) with so = to — 7, we get
up(Xo) = us(Xo) if t<to—To

and
ui(Xo) > U+(X0) if te (to — 7_'0,t0)
Step 3: domain contribution

Notice that (4.2) and u(Xop) < u4(Xop) imply that

(4.5) u(Xo) = uh(Xo) for t<t.

Then we have for 7 :=tg —t > 0 and for G(y) := u(t,y) + 7L (w)
-

ui (Xo) > u(Xo) = ul(Xo) i= inf G(y) = inf G(y)
yeN yeN
where the infimum is reached for some y™ € Q. Here we have used the superlinearity of £ and the global

Lipschitz regularity of u. Notice that (4.4) shows that y” € 01, i.e. y™ € ). We get

To— Yy’

T

Py -ao =uq(Xo) > u(Xo) = ult,y") + 7L(E7) Z u(t,y") + 7P - £ setting &7 :=
where we have used (4.3) in the last inequality. This implies

uy (t,y") > ul(t,y")

which shows the desired result. This ends the proof of the lemma.

Lemma 4.3 (Key equality along the characteristic £_)

Assume that H satisfies (1.2) and (3.1). Let u be a global Lipschitz solution of (1.1) satisfying u_ < u < uy.
Let X := (to,x0) € R x Q be such that u(Xp) < us(Xo).

Then for any T > 0 we have

(4.6) u(Xo) = u(Xo —7(1,6-)) + 7L(E-).



Proof of Lemma 4.3

Step 1: the direction & remains fixed for m > 7

We apply two times Lemma 4.1. The first time from Xy shows for any 7y > 0, the existence of some
X1 := (to — 10,yY,) € R x Q such that

To — Y2
u(Xo) = u(X1) + 1L(ER,) with €%, = =20 and u(X1) <uy(Xy).
0
Applying a second time Lemma 4.1 from X; = (¢1,21), shows for any 7 > 0, the existence of some
Xo = (t1 — 11,y¥,) € R x Q such that
T1 : T1 L1 — y;(ll
w(X7) = u(Xa) + 1 L( X1) with ¥ = — and  u(X2) < ug(X2).
1

Hence we get for 7 := 79 + 71
(4.7 w(Xo) =u(Xa) + TLER) +10L(ER) > u(Xa) + 12L(&) with & =7 ' {1}, + 70}

To— T
where the inequality remains strict if 5;90 #* 5}11. For X5 = (t,22) with to = tg — 72, we have & = u,
T2

o € Q and we get

u(X2) + 1L (&) < u(Xo) = uf (Xo) = ;Ielg [ulto — m,y) + 7L(€)} with ¢:= 22— Y

T2

where we have used (4.5) for the first equality. Hence the infimum is reached for £ = & and we have equality
in (4.7). This implies £ = ¥, = &. This also shows that we can choose §¥, = &, y™ = x2, i.e. for all
To > T, there exists xo €  such that Xy := (tg — 72, x2) satisfies

w(Xo) = u(Xo) + 12 L(E) with & = 9”0%2’32 =

Step 2: proof that & =&
By assumption, we have

ut(Xo) > u(Xo) = u(Xz) + 12L(§2) = u—(X2) + 72L(E2)
and then uy (Xg) —u_(Xo) > u_ (X2 — Xo) + 2L(&2), i-e.

L(&) < P_-&+ T—A2 with A :=wuy(Xg) —u_(Xp) > 0.
We set

SA = {geRd, L&) < P- -§+f}
and recall (see 3.4) that P_ - & < £(§) with equality at £ = £_. The strict convexity of £ then implies
dist({£-},82) =0 as T — +oo.

Hence & € Sé satisfies & — £_ as 79 — +00. As & is constant, we deduce that & = £_. This implies (4.6)

and ends the proof of the lemma.

Lemma 4.4 (Property of global solutions)
Assume that H satisfies (1.2) and (3.1). Let u be a global Lipschitz solution of (1.1) satisfying u— < u < uy.
Let X := (to,x0), X1 := (to,z1) € R x Q be such that u(Xo) < uy(Xo), w(X1) < us(X1). Then we have

U(Xl) — ’U,(Xo) = ’LL,(Xl — XU)
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Proof of Lemma 4.4

The equality is proven establishing two inequalities.

From Lemma 4.3 applied to X7, we know that for 7 > 0 large enough, we have the key equality along the
characteristic £_

u(Xy) =uY1) +7L(§-) with Yy = (t,y1) = (to — 7,21 — 7E-).
From representation formula (3.6), we also have

To — Y1 _ Zo— 71

=¢+E &=

U(Xo) < U(Yl) +T£(51) with 51 = -

Hence we get

u(X1) — u(Xo) u(Y1) +7L(E-) — u(Xo)

Vvl

75(571) —7L(&)
= —7'/0 do & DL(E_ + &)
— (1 —mo) - DL(E-) as T— 40
= P_- ($1 — .’Eo)
= u,(Xl — Xo)

where in the fifth line we have used that DL£(£_) = P_. Hence u(X;)—u(Xo) > u_ (X1 —Xp) and exchanging
the roles of X7 and X gives the reverse inequality and then the equality. This ends the proof of the lemma.

Corollary 4.5 (Characterization of solutions)
Assume that H satisfies (1.2) and (3.1). Let u be a global Lipschitz solution of (1.1) satisfying u— < u < uy.
Then u = u(xyq).

Proof of Corollary 4.5
From Lemma 4.4, we deduce that

Du=P_ ae in {u<ui}.
Because H(P_) = 0, the PDE itself implies that
uy =0 ae in {u<us}.

Then either v = w4, or there exists some point Xg € R x Q such that u(Xo) < uy(Xp). Let C be
the connected component of {u < uy} containing Xy. Then there exists some open set w C € such that
C =R x w. Moreover there exists a constant ¢ € R such that

u(t,z)=c+P- -z on Rxw.
Then either w = Q and u = u_, or 2N dw # 0. By definition, on the boundary dw, we have
u(t,z) =uy(t,z) = Py - x

with P, parallel to P_ because Py = (p+)eq. This forces the boundary dw to be flat, i.e. precisely to have
w = {xg > A} for some A > 0. This implies the uniqueness of the connected components of {u < u4 }, i.e.

(4.8) u(t,z) =min{Py - x,c+ P_ -z} = min {(p4)zq4,c + (p-)za} -
This ends the proof of the corollary.

Proof of Theorem 1.1
From Lemma 2.1, we have either p_ = p; and then u = u_ = u;. The other possibility is p_ < p4, and
then Corollary 4.5 and Lemma 2.1 give the result in this case. This ends the proof of the theorem.
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5 Proof of Theorem 1.3: the normal gradient

Proof of Theorem 1.3

Step 1: preliminaries

Because the map (t,2') +— u(t,2’,0) has a derivative (\, P’) € R x R?~! it is a classical fact (in viscosity
theory) that there exists a C! function ¢ : B; — R tangential to u at the origin, with ¢ from above and —¢
from below, as follows

—o(t, ') <u(t,z’,0) < ¢(t,z') forall (t,2') € B1\{(0,0)}

¢(Oa 0) = U(O, 07 0)7 (at¢i, Dm’(b)(oa 0) = (>‘a Pl)

Up to substract «(0,0,0) + At + P’ - 2’ to u, and redefine both u and H, we can assume that (A, P') = (0,0),
and ©(0,0,0) = 0. For € > 0, we consider the blow-up functions

(5.1) uf (t,z) = e tulet, ex)

which are Lipschitz continuous, uniformly with respect to e, with the same Lipschitz constant. By Ascoli-
Arzela theorem, from any sequence e — 0, we can extract a subsequence (still denoted by ) such that
u® — u® locally uniformly on compact sets of R x Q. Moreover by stability of viscosity solutions, the limit
u? solves the whole half space problem

(5.2)

ud + H(0,0,Du’) =0 on RxQ (in the viscosity sense)
u?=0 on Rx9Q (in the strong sense).

From Theorem 1.1 we know that u® = u°(x4) and from (4.8), we even know that

(5.3) u’(t, ) = min {(py)zq,c + (p_)za}

for some constant ¢ € R. Hence z4-derivatives of u® are well-defined both on R x 9 and at an infinite
distance from it. Precisely, the following two quantities pg := 9,,u°(0,0,0) and ps := 9,,u°(0,0, +00) are
well defined (and can be equal or different). One way to recover them is to consider the blow-up/blow-down

0 -1,0 DPoxd if — 0*

(u ) (t,x) == p u (pt, pr) — { ooty Iy Z_> oo,
In the next step, we will use in a suitable way this idea in order to show that the limit «® has to be
independent on the sequence ¢, and then has to be linear.
Step 2: setting of the problem ,
Consider now two sequences &' = i — 0 for i = 1,2, such that for rescaling (5.1), we have u®" — u’ locally
uniformly on compact sets of R x Q. Notice that each limit u* has a shape as in (5.3). Then by a diagonal
extraction argument, we can always find sequences a® — 400 which go to infinity sufficiently slowly such
that a® ¢ — 0 and

i .
a® 51(

u t,x) = ploxg with pi = 8,,u"(0,0,+00)

and we can similarly find sequences b*' — 0% which go to zero sufficiently slowly such that

i

W (t,2) = phra with  p = 9y, (0,0,0).

Hence up to redefine the sequences &’ (by af'el — 0 or b5 el — 0), and redefine the limit u?, we can assume
that for i = 1,2

(5.4) ue (t,r) = u'(t,r) =p'zg as & — 0.

For £ > 0, we set
O (t,x') := e Lp(et, ex’).
Then for any 7 > 0, there exists €, > 0 such that for all el < €y, we have
|u5 (t, 2, xq) — p'aa| <+ o (t, ) for all (t,z) € By x [0,1] =: Q1

(5.5) |us' (¢, 2", 2q)| < &% (t,2") for all (t,z) € By x {0}

12



We now choose such elements of the sequence e* for i = 1, 2.
Step 3: proof by contradiction
Up to exchange the indices 7 = 1,2, assume by contradiction that

p' < p® and let us choose any p € (p',p?).
Step 3.1: case ¢! < &2
For ¢ := 2, we consider the flat function (which is almost affine on Q1)
lo(t,z) = —¢%(t,2") + pra — n(t* + |2'?)

that we expect to behave like a test function from below for uf.
Then (5.5) implies —¢° < u® — p?x4 + 1. Hence we get

lo < v+ (p—pHra+n{l -+ |} on Qu
Together with (5.5) on By x {0}, and for n € (0,p? — p) on By x {1}, this gives
(5.6) b <u® on 0Qi.

el

On the other hand, for &’ = e! = pe with u = — € (0,1], we deduce from (5.5) that u#¢ < plz, + ¢ + 17

€
on @1, i.e. by a change of variables
uf <plag+¢°+un on B, x[0,u =:Q,
and in particular
u?(0, 1) < p(p" +1) < pp = Lo(0, 1)
where the strict inequality arises for n € (0, p — p'), which also implies p € (0,1) from (5.6). Hence

sup(fo — u®) <0 < sup(lg — u®) = (by —u®)(X) with X = (£,7) € Q1\0Q:.
0Q1 Q1
Hence the viscosity supersolution inequality gives d:y + H(-, Dfy) > 0 at X, i.e. for = (z',24)
—¢i(eX) —2nt + H(eX,— Dy (e X) — 217, p) > 0.
In the limit ¢ — 0 and then 1 — 0, we get
(5.7) H(0,p) >0 forall pc(p',p?).

Step 3.2: case ¢! > &2
We proceed similarly to Step 3.1, and testing from above, we get

H(0,p) <0 forall pe(p',p?).

Step 3.3: conclusion
Choosing alternatively elements of the sequences ¢’ such that ¢! < €2 and then ¢! > 2, we conclude from
Steps 3.1 and 3.2 that
H(0,p)=0 forall pe (p',p?
which is in contradiction with the strict convexity of H (0, -).
This implies that for any blow-up limit u°, we have

02,u°(0,0) = 9,,u°(0,+00) and u’(t,x) = p’xq

and moreover that p° is unique, independent of the chosen subsequence. We conclude that u® — u® locally
uniformly on compact sets for the whole sequence ¢ — 0. This shows the desired result and ends the proof
of the theorem.

Remark 5.1 (Shortcut in Step 3 of the proof of Theorem 1.3)
Notice that the limits u'(x) = p'zq in (5.4) have to satisfy the PDE which implies H(0,p') = 0. Now the
strict convexity of H implies that

H(0,p) <0 forall pe(p',p?).

Hence inequality (5.7) and then Step 3.1 is sufficient to conclude to a contradiction. Nevertheless, even if
Step 3.2 is not strictly necessary, it is useful to present the proof in a more natural (and symmetric) way.
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6 Application to the Dirichlet problem

Consider now the following stationary Dirichlet problem

— d
(6.1) {H(ac,Du) =0 on QyCR

u =g(x) on 99.
As a corollary of our results we get.

Proposition 6.1 (Continuity of the normal derivative for Dirichlet problem)
Let Qo C R? be a C' bounded open set with outward unit normal n to Qg. Assume that H : Qg x R* — R is
a continuous function such that the convex map P~ H(x, P) satisfies (1.2) for all x € 0.

Assume that g : 9Q¢ — R is a C* function, and let us call D,g(x) the tangential gradient of g along the
boundary 0y at x. Then the real roots p of the equation

H(x,D;g(x) —pn(x)) =0 for x € dQ

are given exactly by two continuous functions px : 0Qy — R satisfying p—(x) < py(x).

Letu : Qo — R be a Lipschitz continuous viscosity solution of (6.1) where the Dirichlet boundary condition
is satisfied in the strong sense.
i) (existence of a normal derivative)

Then w has a normal derivative a—u : 009 — R. Moreover we have
n
ou

Ju
8n€{p_’p+} and set 0y := {xG@QO, 5, =P+ at x}

ii) (uniform modulus of continuity on the closed set 9)_)
Then there exists a modulus of continuity eo(r) — 0 as r — 0 such that for Py, := D;g(xo) — p—(xo)n(xo)
we have

(6.2) |u(zo + x) — {u(zg) + Puy - 7} | < |z|eo(Jz]) forall x€ Q¢ andall xo€ ON_.
In particular O is a closed set and 02 is an open subset of 0.

Notice here that the case p (o) arises for characteristic trajectories coming immediately from the fixed
boundary 09 at xg, while the case p_(xg) corresponds to characteristic trajectories coming far away from
xg, through the interior of the domain 2.

Proof of Proposition 6.1

Step 1: Existence of pointwise normal derivative

Consider a point z¢ € 9y with outward unit normal n = n(zg) to Qp. Up to change the coordinates, we
can assume that zo = 0 and n = —ey. Then we have locally with h € C*

Qo = {za > h(z)}, h(0) =0 = Dy h(0).

We then rectify locally Qq, setting y = (v/,ya), ¥’ = @', ya = x4 — h(z), u(xz) = v(y). Since u solves (6.1),

we see that v solves B
H(y,Dv) =0 locally on  {yq > 0}
v=g locally on  {yqg = 0}

with §(y',0) := g(y',h(y)) and H(y,P) = H(y ,ya + h(y'), P’ — paDyh(y'),pa) for P = (P';pa). The
function v inherits its Lipschitz continuity from the one of v and the fact that h € C*. Consider now its
blow-up v°(y) := e~ {v(ey) — v(0)}. From Theorem 1.3, we know that v*(y) — v°(y) = P’ -y + paya as
e — 0, with P' := D,,§(0,0) and pg = p°(z0) € R satisfying H (0, P’,p°) = 0, which is equivalent as ¢ — 0
to

u(z) == e {u(zg + ex) — u(zo)} = u™(2) = (Pr — p'n) -z

where P, := D,g(x) is the tangent gradient of g along the boundary 99y at xy. Moreover, we have

H(z0, Drg(x0) — p°(x0)n(z0)) = 0.
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By strict convexity of H(zg, P) in P, we know that there exist two functions py : 9Qy — R with p_ < py
and which are roots of equation H(-, D.g — pyxn) = 0 on 9. Hence we have

—g—z =p’e{p_,py} on 0.
Step 2: Modulus of continuity on 0{)_

Step 2.1: setting of the problem

Now the proof consists in a variant of the proof of Theorem 1.3. To simplify the presentation, we will already
assume that Qg = 9Q = R4 ! is flat with n = —eg and then H = H, =g = ¢, v =u (and there is no
time variable). We consider a Lipschitz continuous solution u to the problem

{H(%Du):O on B1(0)x (0,1) cQ ={zg>0}
u=¢ on Bi(0)x{0} <CIQ ={zq=0}

on

Step 2.2 proof by contradiction and first statements
Assume by contradiction that (6.2) is wrong. Then there exists some constant x > 0 and a sequence of
points

with ¢ € C'. We set 004 := {— :pi}.

Te € o0 _ ﬂEl/Q(O) X {0}

and y. € Q, normalized such that ¢ := |y.| — 0 with
(6.3) u(ze +ye) = {ulae) + Po. -y} | 2 wlye| with Pp_i= Dyg(z:) +p-(22)ea, €= [ye|-
We then consider the blow-up with moving center z.:

ug, (@) = e {ulze +ev) —uze)}, 5. (2) =7 {p(we + ex) — d(xe)} -

Up to extract a subsequence, we have z. — zo € 0%, and z. := ¢ 'y — 29 € 0B1 N Q. Up to redefine
once ¢ and u and then H, we can assume that D,/ ¢(zo) = 0. Then ¢5_ — #° =0, Py, — Py, :=p_(x0)eq.
Moreover, by Liouville-type Theorem 1.1 and in particular (4.8), we get that

ug_(z) = u(z) = w(zq) with w(zq) == min{p’zq,® +p'zqs}, w(0)=0, R

with p? := py (2°), p* := p_(x¢). Passing to the limit in (6.3), we get

lw(a) —pla| >k >0 with a:= (20)a.

This implies that ¢® > 0 in the definition of u", and p' # p?. Hence there exists a fixed factor 8 € (0,1)
(independent on €) such that

ugf(x) — B7'0(Bx) =p?zy on By x[0,1] C Q

On the other hand, from Theorem 1.3, for z. € 0Q2_ fixed, and for any sequence 8 > aj — 0, we have

R E
ugh® — Py -z on Q, as ap —0.

Step 2.3 end of the proof by contradiction
Hence for any 7 > 0, there exists €, > 0 such that for all € < ¢, there exists a,, . € (0, 5) such that for all
oy < oy we have

[Py, —p'| < /3 with Py, = Dyg(xe) + p-(z2)ea,
lugh(x) — Py, - x| < /34 ¢35+ (z) for all z € By x[0,1]
[ude (@', xa) — p*aal <+ G5 (2) forall —x€ By x0,1]
and then
[ugre (2’ 2q) — praa| < n+ @5+ (x) for all x € By x [0,1] =: Q1
(6.4) [uls (2!, xa) — pPaa| <+ G5 (2) for all x € El x [0, 1]
ufi = gi for all x € By x {0}, 0 =7, ay.
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Now let us choose any p € (p!,p?), and because axe < B¢, let us consider the flat function
bo() = ¢z (a',0) + prg — nla’|>.

Proceeding exactly as in the proof of Theorem 1.3, we get the viscosity inequality H(x. + -, Dly) > 0 at SeZ
with € @1\0Q1, which shows in the limit H(xzq,0,p) > 0. This is in contradiction with H(zq,0,p) < 0
which arises because H(zg,-) is strictly convex and H(z,0,p') = 0 for i = 1,2. Hence we conclude that
(6.2) is true and this ends the proof of the proposition.

Remark 6.2 Notice that the function u(z’,xq) = min(pizq, p—xq) on Qo = {xq > h(z’)} with h concave
C? and h(0) = 0 = D, h(0) gives an example where N _ = {0}, showing that (6.2) does not hold uniformly>
for xp € 004

We can also map this example locally onto a half space Q = {x4 > 0}, using the map ®(a',x4) :=
(2!, xq — h(x)), with ® : Qy — Q and define v =10 ®! which solves an equation H(z, Dv) = 0 locally on
Q with v(a’,0) = pyh(z’) for (2/,0) € Q. In particular, we have Dv(ex) — (p—)eq in L}, .(Q) as e — 0,
but the convergence does not hold in L2, (9).

7 Proof of Theorem 1.6: a notion of strong trace
We start with the following result.

Proposition 7.1 (Strong convergence of the blow-up gradient at the boundary)
We work under the assumptions of Theorem 1.8 with (X, P) replaced by (\°, P°). In particular, there exists
(A%, P%) € R x R? such that for X = (t,x), we have

u(X) =u’(X) +o(|X]) as X —(0,0) in RxQ, with u°(t,z):=\t+P° x

and u is a Lipschitz continuous viscosity solution of uy+ H (t,z, Du) = 0 in a neighborhood of (0,0) in R x £,
with H(0,0,-) strictly convex.

Then for e > 0, the blow-up u(t,z) := e~ {u(et,ex) — u(0,0)} enjoys the following strong convergence of
its time-space gradient

(7.1) (uf, Duf) — (\°, P in L. (Rx Q;R™Y) as ¢ —0.

Proof of Proposition 7.1

Step 1: preliminaries

Because Du® is uniformly bounded, applying Lemma 10.3 on Young measures in the Appendix, we can extract

a subsequence (still denoted by ¢) and find a family of probability measures vx on R? for X = (t,2) € Rx Q
such that for any continuous function F : R? — R, we have

F(Du®) = F := (vx,F) = F(P)dvx(P) in L2.(RxQ) weak — .

loc
Rd
Because w is Lipschitz continuous, we have in particular almost everywhere with 0 := (0, 0)
u$ + H(eX,Du®) =0, u)+ H(0,Du’) =0.

Step 2: limit of a nonnegative integral
We set
0<W(P):=H(0,P)— H(0,P° — (P—P")-DH(0,P°) with P°= Du°

where the nonnegativity of W follows from the convexity of H(0,-). Now for any test function 0 < ¢ €
C(R x ), we consider the following integral

0< I = /]RXQ ©(X) U(Duf (X)) dX.

2Indeed, in Step 2 of the proof of Proposition 6.1, notice that if z. € 9, then we still have a sequence o, — 0 but such that
u®k — (py)xg. On the contrary, we have to choose a sequence 3¢ j, — +oo such that (8; ;)e — 0 such that uPek® 5 (p)zg.
We still have p_ = p! < p? = p+. Now the condition to get a contradiction would be age > B re which is not the case.
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On the other hand, setting A° := — {H (X, Du®) — H(0, Duf)}, B¢ := —(Duf — Du®) - DH(0, Du®), we get

e — / SO{AE _|_BE —|—H(€X7Du6) _H(()’DUO)} dX
RxQ
- / {¢ (A% + B°) + pu (v —u”)} dX
RxQ

where we have used the PDE for the last line. On the one hand, from the local uniform continuity of H, we
get A° — 0 locally uniformly and then [ ¢A® dX — 0. From the strong uniform convergence of u° towards
u?, we also get [ ¢¢(u® —u") dX — 0. On the other hand, we have

/ 0B dX = (u® —u®) Do - DH(0, Du") dX — o(u® —u®) n- DH(0, Du)
RxQ RxQ Rx9Q

where n = —eq is the outward unit normal to €. This shows that we also get [ ¢B® dX — 0. Therefore we
get

IF-0=1%= / P(X)¥(X) dX
RxQ

with 0 < U(X) = [z. U(P) dvx(P) for a.e. X € R x Q, where the nonnegativity of ¥ follows again from
the convexity of H(0,-).

Step 3: consequence

Step 1 implies ¥ = 0 a.e. for all test function ¢ > 0. Therefore we get ¥ = 0 a.e. on R x Q. Now the strict
convexity of H(0,-) implies that supp(vx) C {PO} and then

vx(P) = 6o(P — P%) forae. X eRx.
From point iii) of Lemma 10.3, we deduce that
Duf — P =Du® in L} (RxQRY

not only for the subsequence, but also for the full sequence ¢ — 0, because any limit Young measure is a
unique Dirac mass. Finally, writing again u§ —uf = A°+ {H(0, Du®) — H(0, Du®)} and using the fact that
H(0,-) is locally Lipschitz, we get the convergence u§ — uf = A% in L}, .. This ends the proof of the lemma.

Remark 7.2 (Do we have convergence of the gradient in L>7?)
In Proposition 7.1, notice that the convergence of the time-space gradient does not hold in LjS (R x Q) in
general. See for instance the example in Remark 6.2.

There is still a natural situation where we can say more. Assume moreover that H satisfies (1.2) not
only at X = (t,z) = (0,0), but in a neighborhood. Then consider the Legendre-Fenchel transform L(X,§) of
H(X,P). Let w be the modulus of continuity of L in X and let ) be its (total) modulus of strict convexity
L(X,P+h)+L(X,P—h)—2L(X,P) >n(|h|) (where n(r) = r~1q(r) is a standard modulus of continuity).
Then under the following Dini condition

" dr

ft ow(r) < 400,
0 r

(7.2) &(p) =
we claim that we have
(us, Duf) — (A%, P%) in LY (R x RM7™Y) as e —0.

This is in particular the case if H is 3-Hoélder in X for some 3 € (0,1] and if H is C? in P with 6~ >
D%,H > 6§ > 0 for some constant § > 0.

Indeed, if X1 = (t1,21) € R X Q is a point where u has a time-space gradient (uy, Du)(X1) = (A1, P1),
then it is possible to show that there exists some backward characteristic 7§(1 with terminal point X1, with

¢
d:l);l (s) = &(s) such that

velocity

(7.3) &(t1) == DH(X1, P1) in some formal sense, with A\ + H(P;) =0
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This formal sense can be made rigorous (see for instance [17]) with help of the Dini condition which controls
< Cw(CT), with a constant C > 0
uniform with respect to X1 n a neighborhood of (0,0). From the representation formula, we also have

u(Xy) = u(tg,'yxl ta)) + f 7X1 'yXI( s))ds with ty := t; — 7, while the point (t2,’}’§(1 (t2)) does not
touch the boundary R x 0Q. This is in particular true for 7 > 0 small enough depending on dist(x1,9) > 0
(and other constants like the Lipschitz constant of u).

All together, if we now consideT a compact set K C Rx ), it is easy to show that the uniform convergence
of u¥(X) = e tu(eX) towards u® on K, and the uniform control of the characteritic velocities imply the
convergence of the characteristics with constant velocity £€° = DH (0, Du®) = lim._,q DH (e X§, Du®(X%)) for
any sequence of points X{ € K where u® has a time-space derivative. This implies |Du® — DuO\Lm(K) — 0
as € = 0. The convergence of the time derivatives then follows from the PDE.

L . o 1ot
the characteristic velocity & and implies that ‘f(tl) — 7t tll_T &(s)ds

In the spirit of BV-regularity (see theorem 5.7 on page 208 in Evans, Gariepy [12]), we give the following
result of independent interest.

Corollary 7.3 (Local property of the gradient)
Assume that u is a Lipschitz continuous viscosity solution of the Hamilton-Jacobi equation uy+ H (t,x, Du) =
0 on a domain D C R x R® with a continuous Hamiltonian H : D x R* — R such that the convex map
P H(t,x, P) satisfies (1.2) for all (t,x) € ID.
Consider an mesurable subset I' C 0D which is a Lipschitz continuous graph in the pure space direction eq.
Then we have for Du := (uy, Du)

1

7.4 Du(X lim ————— Du(Y) dY for H?- a.e. X = (t,2) €T C D
(7.4 (X) = 5 BB oy D2 (t.2)

where H? is the Hausdorff d-dimensional measure on R x RY.

Proof of Corollary 7.3

Because T is Lipschitz continuous, it has a tangential hyperplane for H% a.e. X € I'. Given such point
X €T, up to a change of variables, we can also assume that the tangential hyperplane at X is orthogonal
to eq. Then it is straightforward to adapt the proof of Proposition 7.1 to still deduce the convergence (7.1)
of the blow-up at X. Because the time-space gradient is bounded, this convergence implies the one of (7.4)
at such X, and this ends the proof.

Proof of Theorem 1.6

Step 1: preliminaries

For X' = (t,2') € By € R x R4 and (X',0) € ' = By x {0}, we consider the tangential gradient
(ut, Dpru) (X', 0) of the Lipschitz continuous function X’ — u(X’,0). From Rademacher’s theorem, we know
that the tangential gradient exists a.e.. Now from Theorem 1.3 we deduce that (uy, Du)(X’,0) = (A, P) is
well defined for a.e. X', as a right derivative on the set {x4 > 0}, i.e. that we have for Y = (s,y)

w(X',0)+Y) —u(X',0) =As+ P-y+o(]Y]) forall YeRx®Q, (X',0),(X,00+Y eC,UT

which shows (1.5).

Similarly, (u;, Du)(X’,yq) is well defined for a.e. X’ € By and for all y4 € (0,1) as a right derivative on the
set {zq > yq} (and also well defined for a.e. X’ € By and for a.e. y4 € (0,1) as a standard derivative). We
now set the (right) space gradients

PY%X') := Du(X',0), P(X',x4):=Du(X',x4) forae X' €B; andall z4¢€(0,1).

Step 2: rescaling and extraction of Young measure
For € > 0, we consider the anisotropic rescaling

Pe(X' xq) == P(X' exq)

Because Du is bounded, applying Lemma 10.3 on Young measures in the Appendix, we can extract a
subsequence (still denoted by ¢) and find a family of probability measures vx on R? for X = (X', z4) €
C, = By x (0,1) such that for any continuous function F : RY — R, we have

F(P) = F:=(vx,F) = /Rd F(P)dvx(P) in L5.(Cy) weak — .
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Step 3: characterization of the Young measure

Our goal is to show that the limit Young measure vx is a Dirac mass of center P%(X’).

Let us consider a test function 0 < ¢ € C°(By), and let us consider the following integral which is well
defined for € > 0 small enough (because ¢ has compact support in the unit ball) for Y = (Y’, y4)

=Bl [ ) [P0 ey) - PO Y X
B, B;x(0,1)

From Proposition 7.1, we have for the special case X = (X’,0) for almost every X’ € By
P(X +¢eY)=Du5(Y) = Du(X)=P°(X") in L, (RxQ) with u%(Y):=e " {u(X +eY)—u(X)}.

Hence on the one hand, from the Lebesgue dominated convergence theorem, we get J° — 0. On the other
hand, consider the change of variable Z/ = X' +eY’. We get

JE = |B1|_1/ {/ <p(Z’ — EYI) |P5(Z’,yd) — PO(Z’ — 5Y’)\ dZ’} dyY.
le(o,l) Bl
We now introduce
JE = |B1\_1/ {/ go(Z') |P5(Z’7yd) —PO(Z')\ dZ’} dY
BlX(O,l) Bl

which satisfies

JE—J" =0

from the continuity of translations in L! for the term P° and from the uniform continuity for the factor (.
Hence J¢ — 0 with (for zg = yg and Z = (7, 24))

Je :/ o(Z") |P5(Z) — P°(Z")| dz.
B x(0,1)

By density of continuous functions in L'(By), it is easy to justify by aproximations (of P°) that we have
(for a subsequence still denoted by ¢) the following limit

JS—=0=J° ::/
By x(0,1)

w2){ [ 1p=P@) walp)} az.

Because ¢ > 0, this implies supp(vz) C {P°(Z’)}, and then
vz(P) = 6o(P — P°(Z')) forae. Z& By x(0,1).

Step 4: conclusion
From iii) of Lemma 10.3 on Young measures, we deduce from the uniqueness and the expression of vz, that

we have
P*— P in LY(B; x(0,1))

not only for the extracted subsequence, but also for the whole sequence e (even for a continuous parameter
e — 0). Finally, the convergence of u:(X’,ex4) follows from the PDE, the uniform bounds on the gradient,
the L' convergence of the gradient P¢, and the local uniform continuity of H. This shows convergence (1.6)
of the time-space gradient. This ends the proof of the theorem.

8 Application to junctions

We now work in dimension d = 1 and consider a junction. A junction can be viewed as the set of N distinct
copies (N > 1) of the half-line which are glued at the origin. For o = 1, ..., N, each branch J, is assumed to
be isometric to [0, +00) and

(8.1) J= J Ja with JonJsg={0} for a#pB, J:=J\{0}
a=1,....N
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where the origin 0 is called the junction point. For points z,y € J, d(x,y) denotes the geodesic distance on

J defined as ;
T — if z,y belong to the same branch,
d(z,y) = { | yl Y g

lz| + |y if 2,y belong to different branches.

For a smooth real-valued function u defined on J, the quantity d,u(z) denotes the (spatial) derivative
of u at * € J,. Then the “gradient” of u is defined as follows

| Oqu(z) it xeJ::=J,\{0}
(8.2) U (7) '_{ (01u(0),...,0yu(0))  if z=0.

To each branch a« = 1,..., N, is associated a concave Hamiltonian H, : R — R such that the convex function
H,(p) := —H,(—p) satisfies (1.2) for d = 1. For T' > 0 and a given function A : (0,7) — R, we now consider
the following junction problem

(8.3) wy + Ho(ug) =0 on (0,T) x Jx, for a=1,...,N
’ ug + Fa(ug) =0 on (0,7) x {0}

with

(8.4)

Fu(p1,...,pn) :=min {A, I{lianA[a_ (pa)} and the nonincreasing function H (p) := sup Hy(q)
a=1yess q=>p

where the boundary condition means explicitly

ut(t,0) 4+ min {A(t), min I;I(;((’“)au(t,O))} =0 for te(0,7).

a=1,...,N
Then we have the following result.

Proposition 8.1 (Junction: from Hamilton-Jacobi to Conservation Law)

Let N > 1 and for each a = 1,..., N, let us consider a concave function H, with the map p — —f[a(—p)
satisfying (1.2) ford = 1. Let T > 0 and let J be the junction defined in (8.1). Assume that A € C((0,T);R).
With notation just above, if u is a Lipschitz continuous viscosity solution of (8.3) (in the sense of Imbert,
Monneau [14]), then v :=u, € L*>®((0,T) x J*;R) defined in (8.2), is such that v(t,0) = (v}(t),...,vN(t)) €
LY((0,T); RN) with the strong trace property

e—0t

(8.5) lim Z / lo(t,ex) — v*(t)| dtdz =0 with (0,1)4 := J5 N (0,1)
a=1,...,N 7 (0,T)x(0, 1)«

and v is an entropy solution of

(8.6) v + 8, (Ho(v)) =0 on (0,T)x JX for a=1,...,N
‘ v(t,0) € Gag for a.e. t € (0,7)

with

QA:{Pz(pl,...,pN)ERN, Fu(P) = Hy(pa) for all a:l,...,N}
where 4 is defined in (8.4).

Remark 8.2 (When uniqueness of the solution is known?)

Notice that for initial data uy uniformly continuous on J, the uniqueness of the viscosity solution u of (8.3)
is known (see [14]). On the contrary, even if the initial data for v is v := Ozug and belongs to L*(J), up
to our knowledge, the uniqueness of the entropy solution v to (8.6) is not known for continuous functions
A which are not constant, or if N > 3. In the case N = 1,2, then the Hamilton-Jacobi germ G4 is also a
L'-contraction germ, which is not the case for N > 3. Notice that uniqueness of v is proven in Andreianov,
Karlsen, Risebro [1] in the special case N = 1,2 with A = const (see also Musch, Fjordholm, Risebro [18],
where the work [1] has been generalized to a theory of L'-contraction germs in case of junctions with N > 1
branches).
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Remark 8.3 Notice that even if our notion of strong trace of v in (8.5) is less strong than the one of Panov
[19], it is sufficient to make sense (for N = 1,2 and A = const) of a weak formulation of (8.6) as in [18],
which allows to recover L'-contraction and uniqueness properties of the solutions v, given some suitable
initial data.

Moreover, if necessary, using Remark 1.8 in the case where the Hamiltonian is independent on (t,x), we
can also recover a stronger convergence as in (1.7).

Proof of Proposition 8.1

Step 1: sketch the proof that v = u, is an entropy solution

Part of the following argument is due to P. Cardaliaguet. We only sketch the proof that v := w, is an
entropy solution of the conservation law, because this is not the main contribution of our result. The key
point is the finite speed of propagation both for the Hamilton-Jacobi equation (HJ) and for the conservation
law (CL), which makes the result only local in space and time. We can then extend the PDEs from one
branch to the whole line R and add e-viscosity terms both in HJ equation and in CL equation, with new
respective solutions @° and ©° which satisfy ©° = 4. It is then classical that 4° — 4, and 9 — ¥, where @
and v are respectively viscosity solution of the HJ equation and entropy solution of the CL equation. Finally,
the finite speed of propagation implies that w = 4 and v = ¥ on a cone of dependence for some suitable
initial data. This can be done for any BV initial data for v. The case of L> initial data then follows by L'
approximation and localization of the L!-contraction.

Because this reasoning can be done at any time-space scale (for small or large cones, possibly translated
and included in (0,T) x J*), we deduce that v := u, is an entropy solution on each branch (0,7") x JZ.
The reader can also consult Cardaliaguet, Forcadel, Girard, Monneau [9] for a proof of this result where
the vanishing viscosity approximation is replaced by a numerical scheme approximation (under the stronger
assumption (H,)"” < —6 < 0).

Step 2: proof that u,(t,0) € G4¢) for a.e. t
We know from Theorem 1.3 that (A, P) = (us, us)(t,0) € R x RY is defined for a.e. time t € (0,7), with
P = (p1,...,pn). This implies A + FA(t)(P) = 0. On the other hand, from Lemma 2.9 for supersolutions

(resp. Lemma 2.10 for subsolutions) in [14], we get for the critical slope p, that A 4+ Hu(pa) > 0 (resp.
A+ Hy(pa) <0, 1ie. A+ Ho(pa) = 0. This implies that u,(t,0) € Gagy for ae. t € (0,7).

Step 3: conclusion

Now setting po = pa(t) with u,(¢,0) = P = (p1,...,pn), and using Theorem 1.6, we see that

(8.7) lim Z / [v(t,ex) — pa(t)| dtdz =0
N (OaT)X(Ovl)a

e—0*t
a=1,...,
which shows (8.5). Hence the trace v(t,0) of v at the junction point (¢,0) is u,(t,0) for a.e. time ¢ € (0,7T).
From Step 2, we then deduce the second line of (8.6). This ends the proof.

Recall that Panov in [19] proves under the assumptions of Proposition 8.1, and with notation p,(¢) in
Step 3 of its proof, that bounded entropy solutions v of (8.6) have strong traces in the following sense for
eacha=1,...,n

Joer3z—0t

T
ess  lim / [v(t,x) — pa(t)| dt =0
0

which is a stronger notion of convergence than (8.7). Still this notion alone does not imply the existence of
a normal derivative u,(t,0) for almost every time ¢ € (0,7, as shows the following counter-example.

Proposition 8.4 (Counter-example: strong trace of the gradient is weaker than normal deriva-
tive) Consider the torus T := R/Z. Then there exists a 1-Lipschitz continuous map u : T x [0,1) — [0,1]
with

(8.8) u=0 on Tx{0}, and ess (071)1;25:% /11‘ luz(t, z)| dt =0
such that . 0 )
lim sup ult,z) — u(t,0) =3 forall teT
x

(0,1)3z—0+
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Proof of Proposition 8.4
Step 1: preliminaries with simplifications
For e :=z € (0,1), we set
v (t) == uy(t,€)

with v® € L°(T) which is well defined for almost every ¢ € (0,1). If we forget that v° is associated to the
gradient of Lipschitz function u, we can find a simple example of a sequence of functions satisfying precisely

|v°|L1ry =+ 0 forall e—0.

1 for te€[0,¢] mod Z,

0 otherwise, then for all ¢ € T, the

If we choose ve(t) := 9.(t — e~ 1), with ¥.(¢) := {

quantity v°(¢) has no limit as e — 0.

Step 2: an auxiliary function

Now we want to build a similar sequence, but clearly associated to a Lipschitz continuous function wu(t, x),
which is Lipschitz in both variables. We will build u as follows

(8.9) u(t,x) = alt+k,z)

kEZ

where @ : R? — R is an auxiliary function that we design in the present step.
To this end, we first consider a decreasing sequence of positive numbers 6 — 0 as k — 400 such that

j
Zék = +o0 and set S; := 26k for j > 1, and Sy := 0. We set rj := 277 for j > 1. For X = (¢,x) and
E>1 k=1

Y = (s,y) with X,Y € R? we define for > 0

4(X) := max {O,Sl}];p {w) —1X - Y}} with  w(t, x) := 7721"]- s, 1,85 x (ryy (5 T)-

Jj=1

For the closed ball B, = B, (0) C R?, the support satisfies supp(@) O U N; with N := By, 4+[5;-1, 5] x
Jj=1
{rj} with equality when we have N; NN, =0 for all j # k. This arises for

0 <Ary —nrj} = {rje1 i}
=1 —mr; =51 +n)
=3 (1=3n)

ie. for n < % By construction, the Lipschitz constant of @ is 1, and & = 0 on R x {0}. Moreover

alt,r;) — a(t, 0)

(8.10) -

=n>0 forall te[S;_1,5;], j>1

Moreover, we have |i,| =1 a.e. on supp(@), and then

. 2nr; +6; fora.e. ze[(1—n)r;), 1+n)r], j>1
(8.11) /wa(t’ z)ldt < { 0 otherwise

Step 3: properties of u

Recall that the function u is defined in (8.9), and we want to check that it satisfies all the conditions for a
counter-example. For ¢; small enough, we have diam(N}) < 8 +nri <1 (indeed §; < % is admissible). For
Z* = 7\ {0}, we then deduce that N, N (Z*(0,1) +N;) = 0 for all k,j > 1, which implies that the Lipschitz

constant of u is still 1. We also have u = 0 on T x {0}, and (8.10) implies that

u(t,r;) —u(t,0)

=n>0 forall te[S;_1,5;] mod Z
and (8.11) implies that / lug (t, x)|dt = / |ty (t, z)|dt — 0 for a.e. @ — 0F.
T R

We can finally pass to the limit n = %, and preserve all desired properties of w. This ends the proof of
the proposition.

22



9 Proof of Proposition 1.2: a counter-example

Recall that the Liouville-type result (Theorem 1.1) works for suitable convex Hamiltonians. Equivalently,
we can formulate it with concave Hamiltonians (using the change of variable H(P) — —H(—P) =: f(P)).
Our preference for this change originates from our intuition/knowledge from traffic flow theory with concave
fluxes. In this section we work in dimension d = 1 and consider HJ equation for x = x;

us + f(ug) =0 on R x (0,400)
(9-1) { u=0 on R i {0}.

The reference case where the Liouville-type result applies is now when f is suitably concave.

In this section, we present a case where f is not concave and we will build a globally Lipschitz continuous
solution u(¢, ) which is not one-dimensional (as a function of a linear combination of ¢ and x). This provides
a counter-example in dimension d = 1 to Theorem 1.1. The counter-example is obtained on the half-space
just by restriction of a solution constructed on the whole space. The proof of Proposition 1.2 is given at the
very end of the section.

The solution u to HJ equation is obtained by integration in space of a solution v to the associated
conservation law equation

(9.2) vi+ f(v);, =0 on RxR
where as usual f(v), = 0;(f(v)).

We introduce the letters S, R, L for Shock, Right, Left, and assume the following condition on f

there exists pg < pr < pr, and a constant 6 > 0 such that
filps,pr] = R is C?
(9.3) Jlos) = Jlpn) _ flps) =:1&s<0 (tangential line)
PS — PL
<=6 on [ps,pr] (concavity)
f<flpr)=f(lpr) on |[pg,pL] (horizontal chord).

Remark 9.1 Notice that Lemmata 9.2 and 9.3 below do work also if the C? regqularity of f on |ps, pr] is
replaced by the following. We only assume f to be C' on [ps, pr] with independently both restrictions flips.porl
and fijpp.pr] assumed to be C* with furthermore (fips.pn))” < —0 on [ps, pr] and (fipp.pe))” = 0 on [ps, prl,
with then f not C? at pg.

Then we have the following result.

Lemma 9.2 (Existence of a global solution to the conservation law)
Assume that f satisfies (9.8). Then there exists a bounded entropy solution v of (9.2), homogeneous of degree
zero, i.e. satisfying

v(t,x) = V(et,ex) on R2  forall >0

given by
L on {zx<0}u {0 <x < &gt with ¢t <0 }
v(t,x) = p(%) on {&st <a<¢Egt with t<0, x>0 1}
PR on {r>0, t>0tU {&pt <=z with ¢t <0 }

where £, = f'(pa) < 0 for a = R, S and the function p : [Er,&s] — [ps,pr] is Ct and defined by p =
(f\/[PR ps])_l'
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Proof of Lemma 9.2

The result can be deduced from Lemma 9.3 below, because space derivative of global viscosity solutions of
HJ equations are known to be entropy solutions of the associated conservation law. For sake of completness
and also because it is probably more natural, we provide a detailed direct proof.

Let us define

Loiz{(E:O, t>0}
(9.4) Lg := {t <0, z= fst}
LR::{t<O, LU:th}.

The function v is homogeneous of degree zero, bounded and C'! except on the set ¥ := {(0,0)}ULoULsULRg.
Where it is C!, it is straightforward to check that v is a solution. Moreover, it is easy to check that v is
continuous on the half line Lg, and discontinuous across Lo and Lg which are two shock half lines, and v
is also discontinuous at the origin (0,0) = Lo N Lg. In such a case, except for the origin, each shock arises
along a C! curve. Then, in order to check that v is an entropy solution (even for non concave flux f), it
is known (see (2.11) on page 41 in Serre [20]) and it is easy to verify that it is sufficient for each shock
of Rankine-Hugoniot velocity ¢ (defined below), of left value v; and right value v,., to satisfy the classical
Oleinik entropy condition®

)= f) S = f@) | f) = f@) [ O pE ) i<

(9.5) =
p—u Ur — U Uy — P

for all pe€ (vp,v) if v >,

Notice here that the two inequalities in (9.5) are equivalent because of Rankine-Hugoniot relation. On Lg
we have v; = pr,, v, = pgr, while on Lg we have v; = py,, v, = ps. In each case, it is easy to check (9.5). We
conclude that v is an entropy solution and this ends the proof of the lemma.

We are now interested in the associated Hamilton-Jacobi equation
(9.6) ur + f(ugy) =0 on R xR

Lemma 9.3 (Snowdrift on the roof)
Assume that f satisfies (9.3) with zero common value f(pr) = f(pr) = 0. Then there exists a viscosity
solution u of (9.6), homogeneous of degree one, i.e. satisfying

u(t,z) = e 'U(et,ex) on R?  forall >0

which is globally Lipschitz continuous and given by

PLE on {z<0}u {0 <z < &gt with ¢t <0 }
u(t,z) = tR(%) on {€st <a<Ept with t<0, x>0 }
PRE on {x>0, t>0}U {&rt <z with ¢t <0 }

where £, = f'(pa) < 0 fora = R, S and the function R : [, 5] — R is C? and defined by R := (f"[pl?,ps])_1
and R(¢R) := prér. Additionally it then satisfies R(£s) = prés.
Moreover we have

u(t,0) =0 forall teR.

Proof of Lemma 9.3
Even if the result could maybe be deduced from Lemma 9.2 with some suitable argument, we find simple
and useful to propose a direct proof.

We first notice that the function R(¢) satisfies R’ = p := (] ])_1 and

PR:PS
(9.7) R—¢R + f(R)) = const on [¢R,&s)
as it can be checked computing the derivative of the left hand side. The evaluation of the constant at

§ =Es,&R gives B B
R(s) — ps€s + f(ps) = R(§r) — prER + f(pr) =0

3We recover for traffic applications with concave flux f the well-known fact that a shock is entropic if and only if v; < vy.
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where we have used the definition of R(£r) := prér in the last equality. Now (9.3) implies R(£s) = prés.
Notice that u is C? outside ¥ := {(0,0)} U Lo U Lg U L with Lo, Ls, Lg defined in (9.4). Moreover relation
(9.7) with const = 0 implies that HJ equation is satisfied outside X. It is also satisfied on Ly because u is
C! there. It is also easy to check that R” < 0 and that u(t, ) is concave in z for every t € R. Then any
test function ¢ touching u on {(0,0)} U Ly U Lg can only touch it from above. We then have to check the
viscosity inequalities along the lines (Lo and Lg) of velocity ¢ and of left gradient v; and right gradient v,

(9.8) ¢t + flpe) <0 forall p, <p:=p, <p satisfying (9; + cdz)(¢ —u) = 0.

On Ly we have v; = pr,, v, = pr and (0 + ¢d;)u = 0 with ¢ = 0, while on Lg we have v; = pr,, v, = pg and
and (0; +cO,)u = R(£g) with ¢ = £g. In each case it is easy to check (9.8), using in particular the properties
of the graph of f in the second case.

Finally it remains to check the viscosity inequality at the origin (0,0). The property u(t,0) = 0 implies
©t = 0. On the other hand, fact that u, = pr, on a cone containing {z < 0} and of positive intersection with
{z > 0} implies that ¢, = pr. This implies again the desired viscosity inequality. Hence wu is a viscosity
solution on R x R and this ends the proof of the lemma.

Proof of Proposition 1.2

We can first consider a function f satisfying (9.3) with zero common value f(pr) = f(pr) = 0. Addi-
tionally, we can require that f is C* instead of C? only, and is moreover stricly concave on (pg, pg) and
strictly convex on (po, pr) with po € (pr, pr). We can extend f from [pg, pr] to R, in a C* strictly concave
function on (—o0, pg) and strictly convex function on (pg, +00). Finally, up to shift f, we can also assume
that pg = 0. Then the result is a straightforward corollary of Lemma 9.3, restricting the global Lipschitz
continuous viscosity solution u to the half space R x [0,400). This ends the proof of the proposition.

10 Appendix: reminder of some useful results

Consider some open set w C R? and zy € w and some lower semi-continuous function v : w — R. We define
the subdifferential of v at xy on w as

D~ u(zg) :=sup{P € R", wu(x)—wu(xg) > P (r—1x9)+0(xr—2x9) on w}
which is a compact convex set.
We now consider the following equation:
(10.1) H(Du)=0 on w.

Lemma 10.1 (The Barron, Jensen result, [4])

Let u:w — R be a Lipschitz continuous function, and let H : R™ — R be a convex (continuous) function.
i) (Barron, Jensen subsolutions)

Then u is a standard viscosity subsolution of (10.1) if and only if we can test it from below, i.c.

H(P)<0 forall Pe D v(xo) and all o € w.

ii) (Barron, Jensen solutions)
Then u is a standard viscosity solution of (10.1) if and only if we can test it from below, i.e.

H(P)=0 forall P € D v(xp) and all g € w.

iii) (minimum of solutions)
Let u,v: w — R be two Lipschitz continuous viscosity solutions of (10.1). Then min(u,v) is also a viscosity
solution of (10.1).

Notice that a proof of this result is also given by Theorem 9.2 in Barles [3].

The following result is classical (see Theorem 4.1.1, and Corollary 4.1.3 in Hiriart-Urruty, Lemaréchal

[13]).
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Lemma 10.2 (Properties of Legendre-Fenchel transform)
Let H : R — R U {+oc0} be convex, proper (i.e. H # +oc) and lower semi-continuous.
i) (Duality)
Then we define its Legendre-Fenchel transform
H*(§) := sup {¢- P— H(P)}.
PeR4
Then H* is also convex, proper and lower semi-continuous, and we have the duality H** = H.

ii) (Subdifferential characterization)
Define the subdifferential of H at P by

OH(P):={¢€R? H(Q)>H(P)+&-(Q—P) forall QeR}.

Then we have
E€OH(P)<= PecdH" ()<= H(P)+ H*(Q)=P-Q.
iii) (C! characterization)
The function H is real valued and C' if and only if H* is strictly conver and superlinear (i.e. satisfying
H(P) _
P TR T T

The following result is quite classical.

Lemma 10.3 (Young measures)

Let n,m > 1. Let Q C R"™ be a bounded open set, and K C R™ be a compact set. For k € N, let us consider
a sequence of functions vy : Q — R™ such that vi(z) € K for a.e. x € Q.

i) (Extraction of Young measures)

Then there exists a subsequence (vx,)jen and a family of Borel probability measures (vy)zcq on R™ (depend-
ing measurably on x) with supp(v,) C K such that if f: R™ — R is continuous, then we have

flog,) = (ve, f) = fN)dv(N) in L™®(Q) weak—x, as j— 4o0.
Rm
The family v, is called the Young measure associated to the subsequence (vg;);.
ii) (Strong convergence of the subsequence)
Assume furthermore that there exists a function v : Q — R™ such that v(z) € K for a.e. © € Q, and that
the Young measure is a Dirac mass

(10.2) Ve(A) = 6N —v(x)) for ae x€Q.

Then we have
U, U in LY@Q;R™), as j— +oc.
iii) (Strong convergence of the sequence)
Assume furthermore that all Young measures associated to any subsequence of (vy)y coincide with the same
Dirac mass v, given in (10.2) for a unique function v. Then we have convergence of the full sequence

v, — v in LYQ;R™), as k — 4oo.

References for the proof of Lemma 10.3

Point i) is Theorem 11 on page 16 in Evans [11]. As a complement for K only compact, see Theorem 5 on
page 147 in Tartar [21]. For point ii), notice that the proof of (1.29) on page 17 in [11], shows for f(w) = w?
that |vg, |72y = |v[72(g), Which implies vy, — v in L*(Q) (for instance by Proposition 3.32 on page 78
in Brézis [7]). Because @) is bounded this also implies the convergence in L'(Q). Point iii) is a standard
consequence of the uniqueness of the limit points in separated spaces (Hausdorff T2 space), that we apply in
two steps. For the first step, the space is the space of measures M (Q x R™) with its natural weak-* topology
o(M,C.) (agains test functions which are continuous with compact support C.(Q x R™)). This implies the
full convergence towards its unique limit (Young) measure. For the second step, the space is L'(Q,R™).
Then point ii) implies the convergence of subsequences in L' towards a unique limit, and again we get the
convergence of the whole sequence in L'. This ends the comment for the proof.
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