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ABSTRACT. In this paper we consider the time dependent Peierls-Nabarro model in
dimension one. This model is a semi-linear integro-differential equation associated to
the half Laplacian. This model describes the evolution of phase transitions associated to
dislocations. At large scale with well separated dislocations, we show that the dislocations
move at a velocity proportional to the effective stress. This implies Orowan’s law which
claims that the plastic strain velocity is proportional to the product of the density of
dislocations by the effective stress.

1. INTRODUCTION

1.1. Setting of the problem. In this paper we consider a one-dimensional Peierls-
Nabarro model, describing the motion of dislocations in crystals. In this model disloca-
tions can be seen as phase transitions of a function u¢ solving the following equation for
e=1

(11) o = Tifu(t, )] — W' (%) in RTxR
u(0,x) = ugp(x) on R.
Here 7, = —(—A)% is the half Laplacian whose expression will be made precise later

in (1.8) and W is a one periodic potential which describes the misfit of atoms in the
crystal created by the presence of dislocations. Equation (1.1) models the dynamics
of parallel straight edge dislocation lines in the same slip plane with the same Burgers
vector, moving with self-interactions. In other words equation (1.1) simply describes
the motion of dislocations by relaxation of the total energy (elastic + misfit). For a
physical introduction to the Peierls-Nabarro model, see for instance [9], [14]; we also refer
the reader to the paper of Nabarro [13] which presents an historical tour on the Peierls-
Nabarro model. The Peierls-Nabarro model has been originally introduced as a variational
(stationary) model (see [13]). The model considered in the present paper, i.e. the time
evolution Peierls-Nabarro model as a gradient flow dynamics has only been introduced
quite recently, see for instance [12] and [4], and [11] where this model is also presented.
See also the paper [3]| that initiated several other works about jump-diffusion reaction

equations.
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In [11] we study the limit as ¢ — 0 of the viscosity solution u¢ of (1.1) in higher
dimensions and with additional periodic terms. Under certain assumptions, we show in
particular that u¢ converges to the solution of the following equation:

{Gtu = H(uy, Ti[u(t,-)]) in R* xR

(12) u(0, ) = up(x) on R.

In mechanics, equation (1.2) can be interpreted as a plastic flow rule, which expresses the
plastic strain velocity dyu as a function H of the dislocation density u, and the effective
stress Z,[u] created by the density of dislocations. Mathematically the function H, usually
called effective Hamiltonian, is determined by the following auxiliary problem:

{&v = L+Tv(r, )] - W'(v) in R¥xR

(1.3) v(0,y) = py on R.

Here the quantity L appears to be an additional constant stress field. Indeed, we have

Theorem 1.1 (Theorem 1.1, [11]). Assume that W € CYY(R) and W is 1-periodic. For
every L € R and p € R, there exists a unique viscosity solution v € C(RTxR) of (1.3) and
there exists a unique A € R such that v — py — A7 is bounded in R* x R. The real number

A is denoted by H(p,L). The function H(p, L) is continuous on R* and non-decreasing
wm L.

This is the starting point of this paper. Our goal is to study the behaviour of H(p, L)
for small p and L, and in this regime to recover Orowan’s law, which claims that

(1.4) H(p, L) ~ colp|L
for some constant of proportionality cq > 0.

1.2. Main result. In order to describe our main result, we need the following assump-
tions on the potential W:

(W € CHA(R) for some 0 < 3 < 1
W(w+1)=W(v) foranyveR

(1.5) W =0 on Z
W >0 on R\ Z
la=W"(0) > 0.

Under (1.5), it is in particular known (see Cabré and Sola-Morales [2]) that there exists
a unique function ¢ solution of
Li[¢] = W'(9) in R
(1.6) ¢ >0 in R
lim, , o @(x) =0, lim,,,c0(z)=1, ¢0)= %
Our main result is the following:

Theorem 1.2 (Orowan’s law). Assume (1.5) and let py, Ly € R. Then the function H
defined in Theorem 1.1 satisfies

ﬁ(épo, 5[/0)

-1
(1.7) 52 — colpolLo as § — 07 with ¢y = (/(qb')Q) :
R
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Theorem 1.2 shows that in the limit of small density of dislocations p and small stress L,
the effective Hamiltonian H follows Orowan’s law (1.4). This implies that in this regime,
the plastic strain velocity dyu in (1.2) is proportional to the dislocation density |u,| times
the effective stress Z;[u], i.e.

Oru =~ colug | Ty [u(t, ).

Notice that this last equation has been proposed by Head [8] and self-similar solutions
have been studied mathematically in [1].

Notice that in homogenization problems the effective Hamiltonian is usually unknown.
Explicit formulas for H are known only in very special cases, see for instance [10]. The
result of Theorem 1.2 provides an other example of explicit expression for a particular
homogenization problem.

Finally we give the precise expression (the Lévy-Khintchine formula in Thm 1 of [5])
of the Lévy operator Z; of order 1. For bounded C?- functions U and for r > 0, we set

L) = Tiv.a) - | W) -V - D) utaz)
(1.8) = ‘ | ds
+ /||> (U(z+2z) —U(x))p(dz), with p(dz) = —

Notice that this expression is independent on the choice of r > 0, because of the antisym-
metry of zu(dz). More generally, when U is C? such that U — ¢ is bounded with £ a linear
function, we simply define

,[Ul(x) = Th[U,z] = lim (U(zx+2) = Ul(z))p(dz)

r—0+t r<lz|<1/r

1.3. Organization of the article.

In Section 2, we present the main ideas which allow us to prove Orowan’s law and
give the proof of the main theorem (Theorem 1.2). This proof is based on Proposition
2.1 which claims asymptotics satisfied by a good Ansatz (see (2.4)). The remaining part
of the paper is then devoted to the proof of Proposition 2.1. In Section 3, we recall in
Lemmata 3.1 and 3.2, useful asymptotics respectively on the transition layer ¢ and some
corrector ¥. The main result of this section is some asymptotics on the non linear PDE
evaluated on the Ansatz. In Section 4, we do the proof of Proposition 2.1. Finally in an
appendix (Section 5), we give the proof of Lemmata 3.1 and 3.2. We also give the proof
of five claims used in Section 3 and a technical lemma (Lemma 4.1) used in Section 4.

2. IDEAS AND PROOF OF OROWAN’S LAW (THEOREM 1.2)

2.1. Heuristic for the proof of Orowan’s law.

The idea underlying the proof of Orowan’s law is related to a fine asymptotics of
equation (1.3). It is also known (see [7]) that if v solves (1.3) with L = d Ly, i.e.

(2.1) ;v =0Lo + Iy[v(r, )] — W' (v)
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for a choice of initial data with a finite number of indices :

R

z9>0 29<0

7

where a = W”(0) > 0 (defined in (1.5)), then

t
U‘S(t,x):v<ﬁ,§)%vo(t,x):;]{(x—xz Z (x —ax;i(t)—1) as 6 —0
z; >0 ; V<0
where H is the Heaviside function and with the dynamics

o = ¢y <_LO+;Z%—$J~>

J#

(2.2)

z;(0) = 2.

Moreover for the choice p = dpy with py > 0 and z¥ = i/p, that we extend formally for
all i € Z, we see (at least formally) that

[v(0,y) — dpoy| < Cs.
This suggests also that the infinite sum in (2.2) should vanish (by antisymmetry) and
then the mean velocity should be
dx;
dt

>~ —C()L()

i.e., after scaling back
v(7,y) ~ 0po(y — ¢17) + bounded
with the velocity

ie.,
v(T,y) ~ dpoy + AT +bounded with \ ~ §%copgLo.
We deduce that we should have
v(T,y)
T

— A~ (52cop0L0 as T — +o0.

We see that this A = H(dpg, L) is exactly the one we expect asymptotically in Theorem
1.2 when py > 0.

2.2. The ansatz used in the proofs.

In the spirit of [6], one may expect to find particular solutions v of (2.1) that we can
write

(T, y) = h(0poy + A7)
for some A € R and a function h (called hull function) satisfying
|h(z) — 2| < C.
This means that h solves



Then it is natural to introduce the non linear operator:
(2.3) NL} [h] := AW — 0Lo — 8|po|Zi[h] + W' (h)
and for the ansatz for \:

Xfo = 6%co|po| Lo

it is natural to look for an ansatz h§° for h. The answer is indicated by the heuristic of
subsection 2.1. Indeed we define (see Proposition 2.1)

hb () = Tim sk (2)

where for all pg # 0, Lo € R, § > 0 and n € N we define the sequence of functions
{s50(2)}n by

(2.4) sy (x) = % + En: {(ﬁ (%) + 6¢ (%ﬂ —n

=N

where a = W”(0) > 0, ¢ is the solution of (1.6) and the corrector ¢ is the solution of the
following problem

L[] = W"(9)v + wrig;(W"(9) = W"(0)) + ¢¢' in R

(2.5) lim,  + W(x) =0
. L
C= Tl

From [7], it is known that there exists a unique 1 solution of (2.5). Moreover this corrector
1) has been introduced naturally in [7] in order to perform part of the analysis presented
in the heuristic (subsection 2.1), and this is then natural to use it here in our ansatz. We
will prove later the following result which justifies that the ansatz is indeed a good ansatz
as expected.

Proposition 2.1. (Good ansatz)
Assume (1.5). For any L € R, 6 > 0 and x € R, there exists the finite limit

hh) = dim sk (2).

Moreover h% has the following properties:
(i) ht € C*(R) and satisfies

<L
N Ly [h§)(x) = 0(0),
where limg_, @ = 0, uniformly for x € R and locally uniformly in L € R; Here
~L
)\5 = (5260‘p0|L

and N L} is defined in (2.5).
(ii) There exists a constant C' > 0 such that |hf(z) — x| < C for any x € R.
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2.3. Proof of Theorem 1.2. We will show that Theorem 1.2 follows from Proposition
2.1, and the comparison principle.

Fix n > 0 and let L = Ly —n. By (i) of Proposition 2.1, there exists dp = do(n) > 0
such that for any § € (0,dy) we have

~L ~L

(2.6) NLY [hE] = NLY [hf] —on <0 inR.
Let us consider the function v(7,y), defined by

- ~L

(. y) = hy (6poy + A5 7).
By (ii) of Proposition 2.1, we have

~ ~L

(27) ‘/U(Ta y) - 5p0y - )‘57—‘ < [C—‘a
where [C'] is the ceil integer part of C. Moreover, by (2.6) and (2.7), v satisfies

;JT < (SL() +Il[’1ﬂ — W/(5> in Rt xR
0(0,y) < dpoy + [C] on R.

Let v(7,y) be the solution of (1.3), with p = dpy and L = 6Ly, whose existence is ensured
by Theorem 1.1. Then from the comparison principle and the periodicity of W, we deduce
that

o(r,y) <wv(ry) + [C].
By the previous inequality and (2.7), we get
A7 < (7, y) — dpoy +2[C].
and dividing by 7 and letting 7 go to +o00, we finally obtain
_L J—
6%colpol (Lo —n) = As < H(dpo, Lo).

Similarly, it is possible to show that

H(6po,dLo) < 6%colpol(Lo + ).

We have proved that for any n > 0 there exists §y = do(n) > 0 such that for any § € (0, do)
we have

ﬁ((Spo, (SL())
52

i.e. (1.7), as desired. O

— ¢co|po|Lo| < ¢olpoln,

3. PRELIMINARY ASYMPTOTICS

The main goal of this section is to show Lemma 3.3 which is a first result in the direction
of Proposition 2.1. We start with prelimary results in a first subsection and prove Lemma
3.3 in the second subsection.



3.1. Preliminary results.

On the function W, we assume (1.5). Then there exists a unique solution of (1.6) which
is of class C?#, as shown by Cabré and Sola-Morales in [2]. Under (1.5), the existence of
a solution of class C# of the problem (2.5) is proved by Gonzales and Monneau in [7].
Actually, the regularity of W implies, that ¢ € C*#(R) and ¢ € C*#(R), see Lemma 2.3
in [2].

To prove Proposition 2.1 we need several preliminary results. We first state the following
two lemmata about the behavior of the functions ¢ and ¢ at infinity. We denote by H(x)
the Heaviside function defined by

>
H(SL’):{l forz >0

0 forz <0.
Then we have

Lemma 3.1 (Behavior of ¢). Assume (1.5). Let ¢ be the solution of (1.6), then there
exist constants Ky, K1 > 0 such that

(3.1) o(x) — H(x) + % < %, for |x| > 1,
and for any v € R

(3.2) 0< - f’xQ < ¢(x) < 1522,

39 TR SIS

(3.4) —1f;2_¢”@)§1f;2

Lemma 3.2 (Behavior of ¢). Assume (1.5). Let 1) be the solution of (2.5), then for any
L € R there exist constants Ko and K3, with K3 > 0, depending on L such that

K K
(35) o) = 2| < B el 21,
and for any r € R
K3 , K3
. —— < <
(3.6) 1—#9172_¢(I)_1—|—x27
K3 7 K3
. - <
(3.7 T <) < 2

We postpone the proof of the two lemmata in the appendix (Section 5).
For simplicity of notation we denote (for the rest of the paper)
rT—1 ~

T T ¢(2) = ¢(2) — H(2), T[o,z] =T[](z:).
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Then we have the following five claims (whose proofs are also postponed in the appendix
(Section 5)).
Claim 1: Let x =ig+ v, with ig € Z and 7y € (—%, %}, then

n

1 = 1
Zx_i%—QV;m as n — +00,

o
10—1 1 —+o00 1
—_— — — —
;l =i ; (i+7)? as n — 409,

n

1 =1
ZW%ZW as n — +00.

i=ig+1 i=1

Claim 2: For any z € R the sequence {sj, ()}, converges asn — +oc.
Claim 3: The sequence {(s5,,) }n converges on R asn — oo, uniformly on compact sets.

Claim 4: The sequence {(sj,)"}n converges on R as n — —+oo, uniformly on compact
sets.

Claim 5: For any x € R the sequences y . Ti(¢,x;] and > Ti[1p,z;] converge as
n — +00.

3.2. First asymptotics.

In order to do the proof of Proposition 2.1, we first get the following result:

Lemma 3.3. (First asymptotics) We have

—C8* < lim NL}; [s5.,)(z) < C&2,

n—-+o0o
where C' is independent of x.

Proof of Lemma 3.3.

Step 1: First computation
Fix x € R, let ig € Z and v € (—%, %} be such that x = iy + v, let @ > 2 and n > |ig].
Then we have



— 5|);O| Z (@ (x;) + 6 (23)] — Z [T, [, ] + 0Ty [0, 4]
+W (%5 + ) (o) + 51&(@)]) — 5L

where we have used the definitions and the periodicity of W. Using the equation (1.6)
satisfied by ¢, we can rewrite it as

_L n
>\ / / /
A= ﬂde & (iy) + 00 (i) + Y [¢ () + 60/ ()] ZW (1)) — 6Tu [, i,
perig oy

—5211 b, ] + W (—+ > [ ;) + 0 xﬂ) — W'($(xi)) — 6L

i=—n

Using the definition of XI; and a Taylor expansion of W', we get

A= bcgL < ¢'(xi,) + o' (s, —I—Z () + 0 ()] p — W'(0 Zgba:z —5ZIlw ]

i=—n i=—n i=—n

i#iQ i#£iQ i#£iQ

— ST, i) + W (d(zi,)) | = —i— (x4 + Z [ T —|—5w(scl)} — 6L+ FE

i=—n

i
with the error term
2
E= Y 0@ +0 | 24 dua) + Y [3le) + 50w
P 7 o 10 £ 7 i
i#ig i#iQ

Simply reorganizing the terms, we get with ¢ = ¢oL:
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A= beoL { 00/ (x;, +Z (z:) + 00’ (;)] » — W"(0 Zqﬁxl 5izl[¢x

1?310 Z;ézo i

+ W (p(x4)) Z [&5(:1:0 +6w(:cz-)]

L
3 ( = Tl i) + W (6 i) + W (&) = L+ 6/ () ) + E
Using equation (2.5) satisfied by 1, we get

A= el {00/ (wig) + D (¢ () + 00 (21)] § + (W"(d(wi,)) = W(0)) Y b(xs)
i i
—5 Z Ty [, z] + W (p(4,))0 > t(a) + E
o o

Step 2: Bound on Z%f(? (¢ (x:) + 09" ()]

Let us bound the second term of the last equality, uniformly in z. From (3.2) and (3.6)
it follows that

n n 1
3 2
—0”|po| Kslzn ;[Cb (;) + 09/ (2:)] < 6*|pol? (K1+(5K3)i_z_n<x_—i)2>
i#£i( A4 iig
and then by Claim 1 we get
. _ 3 < : / . / X < 2’
(3.8) Co* < lim Z [0/ () + 60/ ()] < C§
i#ig

Here and henceforth, C' denotes various positive constants independent of x.

Step 3: Bound on (W”(¢(z4,)) — W"(0)) > = 5(%)

i#ig

Now, let us prove that

(3.9) —Co* < Tim (W(6(x5,)) — W(0)) Z o) < CO°.

By (3.1) we have

n n n

~ d|pol 1 1
(3.10) > o) + m‘; Z —| S Elpol* Y —— 7

(x

i=—n i=—n i=—n

i#i0 iig iig



If |y| > 6|po|, then again from (3.1), |G(z;,) + 22ol| < K, & |p°| which implies that

W (3(a1,)) — W(0)] < [W"(0)(azy)| + OB(ai,))? < c%' + c%.

By the previous inequality, (3.10) and Claim 1 we deduce that

0 52
lim (W (¢(z,)) — W0 ( —) S|+ 8%) < C8?,
i (1o Zzncﬁ 55 G+

i1

where C' is independent of ~.
Finally, if |y| < d|pol|, from (3.10) and Claim 1 we conclude that

dim (W (0(,)) = W(0)) Y dai)| < Cdly| + C8° < O,

1=—n

i1

and (3.9) is proved.

Step 4: Bound on § ) - Z1[¢), 2]

i#£1Q
We have
(3.11)

11

T[] = W@+ = (W (@)~ W(0)+ef = W(O)+ =W (0)3+0(@)i+ O(5) +ed

Then by (3.11), (3.1), (3.2), (3.5) and Claim 1, we have

(3.12) lim 4 Z T, ]| < C82.

i=—n

i#i(Q

Step 5: Bound on W (¢(x;,))d Zz?n ()
Similarly ’

. I 2

(3.13) im W((i,))0 Z U(w;)| < O
i

Step 6: Bound on the remaining part F

Finally, still from (3.1), (3.5), and Claim 1 it follows that

n n

(3.14) lim Y (¢(x:)*+0 %‘5 +0v(zi) + Y [gg(xi) +ou(z)| | | < 08

n—+oo 4

i=—n i=—n

Step 7: Conclusion
Therefore, from (3.8), (3.9), (3.12), (3.13) and (3.14) we conclude that

—C4* < lim NL [ ] < 06

n——+00
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with C independent of x and Lemma 3.3 is proved.

4. PROOF OF PROPOSITION 2.1

In order to perform the proof of Proposition 2.1, we will use the following technical
result whose proof is postponed to the appendix.

Lemma 4.1. (Vanishing far away contribution)
We have

(4.1) lim lim [s5n( +y) — s5,(2)]pu(dy) = 0.

a—-+00 Nn—+00 \y|>a

We also need to introduce the notation
I[f.a] - /| 9 = 1) £ @uta)

and

22(f, 0] = /| ) = @),

Proof of Proposition 2.1

Step 1: proof of ii)

Let & = ig + v with ig € Z and v € (—3,1]. Let | o7 = 2 and n > [ig|, then by (3.1) and
(3.5) we get

shal@) =2 = 22 4 60) + 00(aig) —n—io — 7 + S olar) + ()

i=—n

i#£4(
Lé
= — +0(wiy) + 0W(wi) — 7+ Z () + 0ep(x;)]
LZ;;SL
L) 1 d|pol 6%|pol?
< = - _
+ = +5y|¢||oo+ Z { ( — 5K2) p— +(K1+5K3)(x—¢)2

i=—n

i1
Then, by Claim 1

Similarly we can prove that

which concludes the proof of ii).

Step 2: proof of i)
The function hg (z) = lim,_, 1« 5§, (x) is well defined for any 2 € R by Claim 2. Moreover,
by Claim 3 and 4 and classical analysis results, it is of class C? on R with

(hEY(x) = lim (sk,)(x) =

Jm (s3,)'(2) nwm@[ (5%)* ‘/’(cﬂpof)}




13
1 " T —1 T —1
REY'(z) = lim (st )'(z) = lim —— [”(—)4—5”(_)}7
(hF)'(@) = lim (s5.)"(@) = lim 57y Z ) R rw

and the convergence of {s§, }n, {(s§,)"}n and {(s§,,)"}» is uniform on compact sets.
Let us show that for any = € R

(4.2) Ii[hy, 2] = lim T4[s,, ]

n——+00

Step 2.1: term Z}[h%, ]
First, we prove that

(4.3) THhE 2] = lim T} [sgn, ).

n—-+o0o

Fix 2 € R, we know that for any y € [—-1,1], y # 0

5@ +y) — 55, (x) — (s5,) (2)y . hy(x +y) = hi(z) = (hy) (x)y
ly|? |y|?

as n — +oo.

By the uniform convergence of the sequence {(sj, )"}, we have

L o L _ L /
’86,n(x + y) S‘Svn(x) (35771) (x>y| < sup (Sén)//(z) < Ca

|y[? z€[z—1,241]
where C' is indipendent of n, and (4.3) follows from the dominate convergence Theorem.

Step 2.2: term Z7[h%, ]
Then, to prove (4.2) it suffices to show that

112 [hg, x] = nl_1)r_ir_100 112 [sén, xl.

From Claim 5 and (4.3), we know that for any = € R there exists lim, . Z7[s§,,, z]. For

a > 1, we have

T2k, o] = / k) = skl + / [sEa(x+ 1) — sb ()] u(dy).

yl>a

By the uniform convergence of {s§,}, on compact sets

i [ sk~ sh @) = [ () — bl
n——+00 1<|y|<a 1<]y|<a
then there exists the limit
lim [s5(z 4+ y) — 55, (z)]u(dy).
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Then, we finally get

Jm Tsj,, o) = lim | lim TH(sg,, 2]
= Jim _ Tim sal@ +y) — 55, (@)]u(dy
a—-+00 n—4-00 1§\y|§a[ 5, ( ) 4, ( )] ( )
+ lim lim [sgn(x +y) — Sgn(l‘)]u(dy)
a—+0on—+00 fi s, :
= Jim (75 (x +y) — 5 (2)](dy)
a——+00 1<|y|<a

= I{[hs 2],

as desired, where we have used Lemma 4.1.

Step 2.3: conclusion
Now we can conclude the proof of (i). Indeed, by Claim 2, Claim 3 and (4.2), for any
reR . .

NLy [h5)(x) = lim NLy [s5,](2),

and Lemma 3.3 implies that
<L
NLY [hE)(z) = 0(8), as 6 — 0,

where limgs_,q @ = 0, uniformly for x € R.

5. APPENDIX

In this appendix, we prove the following technical results used in the previous section:
Lemmata 3.1 and 3.2, the Claims 1-5 and Lemma 4.1.

5.1. Proof of Lemma 3.1. Properties (3.1) and (3.2) are proved in [7].
Let us show (3.3).
For a > 0, we denote by ¢/, (z) = ¢’ (£). Remark that ¢/, is a solution of

1
Lo, = - W"(6)¢, inR.

Since ¢" is bounded and of class C%*#, Z,[¢"] is well defined and by deriving twice the
equation in (1.6) we see that ¢” is a solution of

Li[¢"] = W"(¢)¢" + W"(¢)(¢)*.
Let ¢ = ¢" — C¢',, with C > 0, then ¢ satisfies

L6] — W(0)5 = Cef, (1W7(6) = TW"6n) ) + W7 (0)(6))

. / " . 1 1 1
- C(ba (W (¢) CLW <¢a> _'_ 0 1 + CL’2 )
as |z| — 400, by (3.2). Fix @ > 0 and R > 0 such that

(5.1) { W"(¢) — tW"(¢a) > 5W"(0) >0 on R\ [-R, R];
' W () > 0, on R\ [~ R, R].
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Then from (3.2), for C' large enough we get
Ti[¢] = W"(¢)¢ >0 onR\[-R,R].
Choosing C' such that moreover
¢<0 on|[-R R

we can ensure that ¢ < 0 on R. Indeed, assume by contradiction that there exists
xg € R\ [-R, R] such that

¢(0) = sup é > 0.
R

Then B
T,(6, o] < 0; -
L[, wo] — W"(9(w0))¢(20) > 0;
W"(¢(x0)) > 0,

from which

C_b(xo) <0,

a contradiction. Therefore ¢ < 0 on R and then, by renaming the constants, from (3.2)

we get ¢ < %

To prove that ¢” > —15;2, we look at the infimum of the function ¢” + C'¢/, to get
similarly that ¢"” + C¢! > 0 on R.
To show (3.4) we proceed as in the proof of (3.3). Indeed, the function ¢” which is

bounded and of class C'#, satisfies

Li[¢"] = W"(9)¢" + 3W" (9)¢'¢" + W'V ()(¢)° = W"(¢)¢" + 0 (1 j m2> !

as |z| — 400, by (3.2) and (3.3). Then, as before, for C' and a large enough ¢ —C¢! < 0
and ¢" + C¢/. > 0 on R, which implies (3.4). O

5.2. Proof of Lemma 3.2. Let us prove (3.5).
For a > 0 we denote by ¢,(z) = ¢ (%), which is solution of

ng;?mngnk

Let a and b be positive numbers, then making a Taylor expansion of the derivatives of
W, we get

L6~ (60 = )] = W/(0)u -+ ZOV(0) = W0) + il + ({10() = 27(61))

= W)W — (B — 1)) + WD) (ba — ) + (W) — W (0))

W)~ W)

«

S| =

+cd' + (
= W (8)( — (6 — 00) + W (0) 60 — ) + —W"(0)5+ 8
#7(0) (35— 10 ) + (00— )0 + O + 0G)* + O,
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and then the function 1) = 1) — (¢, — ¢s) satisfies
_ _ L - - -
L0] = W) = a0, — o) + SW0)5 + '+ (36~ 150

+ (da — $)0(d) + O(9)* + O(9a)* + Ol

We want to estimate the right-hand side of the last equality. By Lemma 3.1, for |z| >
max{1, |al,|b|} we have

a(pa — ) + gw’”(O)gZ > L (a—0)+ éW”’(O)} — % ((12 + b+ H\W”’(O)]) :

T a2
Choose a,b > 0 such that (a — b) + LW (0) = 0, then

L ~ C
. — ZW"0)d > =
(¢ ¢b)+a 0)¢ > =
for |x| > max{1,|al,|b|}. Here and in what follows, as usual C' denotes various positive
constants. From Lemma 3.1 we also derive that

1~ 1~ C
e} (E¢b — E%) > o

, C
V=TT
and c
(60 — 35)O(8) + O(0)* + O(da)* + O()? > T

for |z| > max{1, |al,|b|}. Then we conclude that there exists R > 0 such that for |z| > R
we have

A " A O
L) - W) >~

Now, let us consider the function ¢/;(z) = ¢’ (%), d > 0, which is solution of

L) = W' (66 in R,

and denote _
with C > 0. Then, for |z| > R we have

= _ C C = - 1 C
T3 2 W05 W 06 1z = W00+ Gl (W6) = W' (60 )~ 1z

Let us choose d > 0 and Ry > R such that

{ W"(¢) — GW"(¢a) > 3W"(0) > 0 on R\ [=Ry, Ry);
W"(¢) >0 on R\ [ Rz, Ry,

then from (3.2), for C large enough we get

T[] = W"(¢)d > 0 on R\ [=Ry, Ry,

and _
1 <0 on [—Ry, Ryl
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As in the proof of Lemma 3.1, we deduce that E < 0 on R and then
Ky, K
1p<—2+—3 for |z| > 1,
for some Ky € R and K3 > 0. B
Looking at the function ¢ — (¢, — ¢) + C¢;, we conclude similarly that

K. K.
2/1>—2——23 for |z| > 1,
r x

and (3.5) is proved.
Now let us turn to (3.6). By deriving the first equation in (2.5), we see that the function
1’ which is bounded and of class C*#, is a solution of

L[] =W"(o)) + W"(¢)¢'v + — W’”(¢>)¢’ +c¢” inR.

Then the function El = — C¢., satisfies

L) WO = Cef, (W) = LW (00) ) + W00 + S (0)6 + e

=04, (W”(¢> - éW”@a)) o (1 : x2> |

by (3.2), (3.3) and (3.5), and as in the proof of Lemma 3.1, we deduce that for C' and a

large enough E, < 0 on R, which implies that ¢’ < 1532 The inequality ' > —1522 is

obtained similarly by proving that El +C¢., > 0onR.
Finally, with the same proof as before, using (3.2)-(3.6), we can prove the estimate
(3.7) for the function " which is a bounded C'* solution of

Ilw)//] — W”(qb)’l/}” + 2W”/(¢)§b,¢, + WIV(¢)(¢/)2,¢ + W”/(Qb)QS”@/J + = W//,(¢)¢
+ gWIV<¢)(¢/)2 +C¢///
— W) + O ( ! 2) .

1+ 2
O
5.3. Proof of Claims 1-5.
Proof of Claim 1.
We have for n > |ig|
n i0—1 n n-+ig n—1ig

Zx—z_zzo+’y—z Zﬂzo—l—’y—z_zz—l—fy_zz—
1=—n =10
i#ig

i To=0

= ZZL 1@@ 12—272 + ZZLJZO 041 ZM, ifig>0 — 272 > as n — +00.
n+ig — n—i 1
Ziilo i2—2'32 - Zzzn?i-’bo-l—l z—l'y’ lf o < 0 ,Y
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Let us prove the second limit of the claim.

i9—1 1 n+ig 1 400 1

— = —_— D — as n — +oo.
PBY s AR DY D D
Finally
R R R
—5 = — —— asn 00,
D T D 2 (TP Y ()
and the claim is proved. 4
By Claim 1 > -1, St (I_li)Q and D 0. ﬁ are Cauchy sequences and then
i#iQ
for k > m > |ig| we have
—m—1 1 k 1
(5.2) Zx—i+,z x—i_>0 as m, k — +00,
i=— i=m+1
—m—1 1
(53) Z_z:k m —0 asm, k — +00,
and
- 1
xr—1
i=m-+1

Proof of Claim 2.
We show that {sj, ()}, is a Cauchy sequence. Fix z € R and let 4y € Z be the closest

integer to z such that z = io +~, with v € (=3, 3] and |z —i| > % for i # io. Let 6 be so

small that % > 2, then % > 1 for i # ip. Let k > m > |iy|, using (3.1) and (3.5) we
get

she) = k@) = (k= m)+ 3 [olw) +6utz)] + 3 (o) +6v(a)

= 3" 16w~ )+ B+ Y [9le) + (e

< (o -0 ) alnl Y o (K Y

- (% - 5K2> d|pol Z % + (K1 + 0K3)6%(pol? Z Fli)y

and
—m—1 k
Sgk(l') - S§m<x> > — (O[—l7T — 5K2) d|pol < Z i + Z . 1_ z)

i=—k i=m+1

— k
— (K + 6K3)6%|po* ( Z ﬁ + Z ﬁ) '

i=—k i=m+1
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Then from (5.2), (5.3), (5.4), we conclude that

lsék(x) — sgm(a:)] —0 asm,k — +oo,
as desired.
Proof of Claim 3.

To prove the uniform convergence, it suffices to show that {(s},)'(z)}, is a Cauchy se-
quence uniformly on compact sets. Let us consider a bounded interval [a,b] and let

x € [a,b]. For | 1= 2and k> m > 1/2+ max{|al, [b]}, by (3.2) and (3.6) we have
—m—1 1 k
(50 @) = (sh) () = 5 D 2 W+ s+ g 3 16 + 80/
[—m—1 1 k 1
< (K + 6K3)0]pol ,Z_k T +; o

—m—1 1 k 1
< (K7 4 0K3)d|po Z m—l— Z m] )

Li=—k i=m+1

and

(5 (0) — () (0) 2 K] | Y L <b_12->2]-

Then by (5.3) and (5.4)

sup |(s54)'(2) — (55,)' ()] = 0 as k,m — +oo,
z€la,b]

and Claim 3 is proved.

Proof of Claim 4.
Claim 4 can be proved like Claim 3. Indeed

1 n
(s5)" () = pEIme Z [0 (:) + 00" ()]
and using (3.3) and (3.7), it is easy to show that {(sj,,)"}» is a Cauchy sequence uniformly
on compact sets.

Proof of Claim 5.
We have B _ B
Li[g] = W'(¢) = W'(¢) = W"(0)¢ + O(¢).
Let z = io +v with v € (=3, 1], and k& > m > [ip|. From (3.1), (5.2), (5.3) and (5.4) we
get

S Bl - Y. Tlgnl = Y ladle) + 0@+ Y l0d(r) + OB

5o 1 1 1 1
< - ﬂ_o ZZE—Z+Z$—Z —f-OZm—FCZm—)O,

i=—k i=m+1 i=—k i=m-+1
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as m, k — 400, for some constant C' > 0, and

Y Lilbx) - Y Tilg,xl]

i=—k i=—m

5|p0’ —m—1 1 k 1 —m—1 1 k 1
> 2 — Y —— Y —— 0,
N T i;cm_i—l—i:%;rlzv_i z:z:k (z —1i)? izzm;i-l(x_i)2

as m,k — +oo. Then > 7,[¢, ;] is a Cauchy sequence, i.e. it converges.

Let us consider now > " T;[1, z;]. By (3.11), (3.1), (3.2) and (3.5) we get

Z Il[w,xi] - Z Il[i/%l'i]

i:_i —-m—1 1 o k —m—1 1 k 1
<C Z_k — +1;+11’—1 +C Z_ CEnE +CZ;1 CEGE
and
k m
Z Il[w;xz] - Z Il[%%]
i=—k i=—m

1 1
Zz_k (x —1) Z (x — 1)

i=—k i=m-+1 i=m-+1

—-m—1 k ] —m—1 k

for some C' € R and C' > 0, which ensures the convergence of S>7 Ty [i), z;].

i=—n

Proof of Lemma 4.1 ‘
Let — > 2. We first remark that if z > n + %, then z; = &% > 1 for i = —n,...,n and

dlpo| = dlpo|l =
by (3.1) and (3.5) we have
Lj u
L(2)="2= 1 § N —1 ;
Sé,n(z) a +n+ +i:_n[¢<zl> + 5¢<Z’L>]
Lé ~[ (1 8|pol 82|pol* |
< = =
< a+n+1+i§_n_ (M 5K2)Z_i+(K1+6K3)(2_Z,>2_,
and
Lo —~[ (1 S|pol 6*|pol® |
L
> E — == - :
857,’1(2’) < +TL+1+ <aﬂ_ 5K2> > (K1+5K3)(Z—Z)2_

i=—n -

By Claim 1, the quantities >~ -1 and Y7 — are uniformly bounded on R by a

i=—n z—i (z—1)?
constant independent of n. Hence, we get

1
(5.5) n—C<si(z)<n+C ifz>n—|—§.

The same argument shows that

1
(5.6) —n—C<sf(z) <—n+C ifz<—n—§.
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If |z <n— %, then n > |jo|, where jy is the closest integer to z, and as in the proof of
(ii) of Proposition 2.1 (see Step 1 there), we get

Ly 3 - 1 3ol 0%|po|*
L
. 242 I
sin(2) =2 < — 4+ 5+ 0[[Y oo + _Z [ (M 51@) — TG +(5K3)(z —
i#0
and
Ls 1 - 1 3|pol 0%|po|®
L
> B — .
ha() =22 = Gl Y |- (oK) 2 - (s T
1#750
Then, again by Claim 1
L : 1
(5.7) —C <s5,(2)—2<C if [zl <n— 7

Now, let iy € Z be the closest integer to z, let us assume n > |ig| + 1 4+ a. We have

/ b 0) = sk () = / (sh(@ + ) — sk (@)la(dy)

a<|yl<n—1—lio|

pu(d p(dy).
+/”1|io|§y|§n+1+|io|[ Jp(y) +/|y|>n+1+io[ Ju(dy)

If |[y| <n —1—[ig|, then |z +y| <n — 3 and by (5.7)

/<| eni (550 (% +y) = 5 (@)]n(dy) < / (y +2C) p(dy)

a<|y|<n—1—[io|

20
= / 2Cu(dy) < —,
a<|y|<n—1—[io| a

and
2C
/ (o +9) = shu(@nldy) =~
a<|y|<n—1—lio| a
Then
(5.8) lim lim [sén(m +y) — sgn(m)]u(dy) =0.

Next, since |s5,,(z)| < Cn for any z € R, we have

/ Ish (@ + ) — sk ()] uldy)
n—1—|io|<|y|<n+1+|io|

5.9
>9) - ol + 1)
<Cn p(dy) = C— , 5 — 0 asn— +oo.
n—1—io|<|y|<n+1+]ig| n®— (|ZO| + 1)
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Finally, if y > n + 1 + [ig|, then 2 + y > n + L, while if y < —n — 1 — |ig|, then

x +

and

We

2’
y < —n-— % Hence, using (5.5) and (5.6), we obtain

/|> 1+ I[SéL’n(x +y) = 85 ()] n(dy)

= [ Sale ) @it + [ o) sl
< B+ [k €= oot

- /|> +1+[d I[C - Sgn(x)]u(dy)’

/ (s + 1) — s (@)]uldy) > / [—C — sb ()] u(dy).
ly|>n+1+]io| ly|>n+1+]io|
deduce that

im (55 (% +y) = 55, () u(dy) = 0.

ly|>n+1+]io|

Hence, by the previous limit, (5.8) and (5.9), we derive (4.1). This ends the proof of
Lemma 4.1.
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