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ABSTRACT. This paper is concerned with a result of homogenization of an integro-differential equation
describing dislocation dynamics. Our model involves both an anisotropic Lévy operator of order 1 and
a potential depending periodically on u/e. The limit equation is a non-local Hamilton-Jacobi equation,
which is an effective plastic law for densities of dislocations moving in a single slip plane. In dimension
1, we are able to characterize the Hamiltonian of the limit equation close to the origin, recovering a
property known in physics as the Orowan’s law.

1. INTRODUCTION

In this paper we are interested in homogenization of the Peierls-Nabarro model, which is a phase field
model describing dislocations. This model leads to a non-local time dependent PDE with a first order
Lévy operator. After a proper rescaling, a macroscopic model describing the evolution of a density of
dislocations is obtained.

For a physical introduction to the Peierls-Nabarro model, see for instance [23]; for a recent reference,
see [43]; we also refer the reader to the paper of Nabarro [38] which presents an historical tour on the
Peierls-Nabarro model.

1.1. Setting of the problem. We investigate the limit as ¢ — 0 of the viscosity solution u° of the
following integro-differential equation (which is an evolution equation associated to the classical Peierls-
Nabarro model that has for instance been considered in [36] (see also [13] for a similar model)):

€ €’ e

deut = Tifu(t,)] = W' (%) +o (L %) in RF xRV
(L.1) {u€(07x) = ug(z) on RN,

where Z; is an anisotropic Lévy operator of order 1, defined on bounded C?- functions for » > 0 by

L)) = [ W)~ U - VU -2 (%)

2]
+ /|z|>T(U(x +2)— U(m))m%ﬂg (é') 2.

where the function g satisfies
(H1) g C(SN 1), g > 0,9 even.
On the functions W, o and ug we assume:
(H2) W € CHY(R) and W (v + 1) = W (v) for any v € R;
(H3) 0 € CUY (R x RN) and o(t + 1,2) = o(t, ), o(t,x + k) = o(t,z) for any k € Z and (¢,7) €
Rt x RV,
(H4) ug € W2(RN).

(1.2)



When g = Cy, with Cn a suitable constant depending on the dimension N, then (1.2) is the integral
representation of —(—A)2 for bounded real smooth functions defined on RV (see Theorem 1 in [26]). We
recall that (—A)? is the fractional operator defined for instance on the Schwartz class S(RN) by

(1.3) (=8)2v (&) = [¢] D(E),
where @ is the Fourier transform of w.
We prove that the limit u° of u€ as € — 0 exists and is the unique solution of the homogenized problem

{&gu = H(V,u,Ti[u(t,)]) in Rt xRN

(1.4) u(0, z) = ug(x) on RY,

for some continuous function H usually called effective Hamiltonian.

1.2. Main results. As usual in periodic homogenization, the limit equation is determined by a cell
problem. In our case, such a problem is for any p € RY and L € R the following:

{/\—F@TU:L[U(T,-)]+L—W'(v+)\7'—|—p-y)—|—a(r,y) in Rt xRN

1.5
( ) v(O,y) =0 on RN,

where A = A(p, L) is the unique number for which there exists a solution of (1.5) which is bounded on
Rt x RN. In order to solve (1.5), we show for any p € RY and L € R the existence of a unique solution
of

(1.6) {&w =Tw(r, )+ L-W(w+p-y)+o(r,y) in RF xRY

w(0,y) =0 on RY,
and we look for some A € R for which w — A7 is bounded. Precisely we have:

Theorem 1.1 (Ergodicity). Assume (H1)-(H4). For L € R and p € RY, there exists a unique viscosity
solution w € Cp(R* xRYN) of (1.6) and there exists a unique A € R such that w satisfies: M converges
towards X\ as T — 400, locally uniformly in y. The real number X is denoted by H(p,L). The function
H(p, L) is continuous on RY x R and non-decreasing in L.

Unfortunately, we cannot directly use the bounded solution of (1.5), usually called corrector, in order
to prove the convergence of the sequence u¢ to the solution of (1.4). Nevertheless we have the following
result:

Theorem 1.2 (Convergence). Assume (H1)-(H4). The solution u® of (1.1) converges towards the solu-
tion u® of (1.4) locally uniformly in (t,z), where H is defined in Theorem 1.1.

The effective Hamiltonian, defined by the cell problem, is usually unknown. We are able to characterize
it close to the origin, in dimension N = 1, when 7; is the half-Laplacian (i.e. ¢ = 1/7) and o = 0, assuming
moreover the following properties on the potential W:

W e C+P(R) for some 0 < B < 1
W(w+1)=W(w) foranyvelR

(1.7) W=0 on Z
W >0 on R\ Z
a=W"(0) > 0.

Under assumption (1.7), it is in particular known (see Cabré and Sola-Morales [9]) that there exists a
unique function ¢ solution of

Ti[¢] = W'(9) in R
(1.8) lim, oo (@) =0, limyjood(z) =1, ¢(0)=1
¢ >0 in R.

Indeed, in this special case we have
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Theorem 1.3 (Orowan’s law). Assume (1.7), N =1, g = 1/m, 0 =0 and let po, Lo € R. Then the
function H defined in Theorem 1.1 satisfies

-7 -1
% — colpolLo as & — 0T with co = </ (¢')2> .
R
This result is obtained by a fine comparison of the correctors of the cell problem to explicit solutions,
using the phase transition ¢ with some suitable corrections. Property (1.9) is known in physics as the
Orowan’s law (see for instance [42] or p. 3739 in [40]). This law states that the plastic strain velocity
is proportional to the product of the dislocation density |pg| by the effective stress L. It is interesting
to relate this result to other recent results. To this end, let us consider the following equation (which is
equation (1.1) with N =1, e = 1 and a constant prefactor § in front of ¢):

Ou =Ty [u(t,")] = W' (u)+6-0(t,z) in RT xR

6,8 - t X
u®’(t,x) = eu ((526’ Se

In the present paper, we consider first the homogenization problem as ¢ — 0, and in a second step look
at the Orowan’s law when 6 — 0 (only when ¢ = 0 and N = 1). The inverse procedure has also been
studied. In [22], the authors consider first the limit 6 — 0 in dimension N = 1 (for general o), and in
[16], the authors consider the second step, i.e. the limit ¢ — 0 (again for general o). Choosing again
o = 0 in the limit model, they also recover the Orowan’s law in this special case (see Theorem 2.6 (1.)
in [16]).

(1.9)

Let us set

1.3. Strategy for proof of the homogenization result. This non-local equation (1.1) is related to
the local equation

110) {aiue = F(2,%,Vu) in RT xRV
u®(0, ) = up(x) on RV,
that the first author studied in [31] under the assumption that F'(z,u, p) is periodic in (x, u) and coercive
in p. The homogenization problem (1.10) when F does not depend on u, has been completely solved
by Lions Papanicolaou and Varadhan [35]. After this seminal paper, homogenization of Hamilton-Jacobi
equations for coercive Hamiltonians has been treated for a wider class of periodic situations, c.f. Ishii [29],
for problems set on bounded domains, c.f. Alvarez [1], Horie and Ishii [24], for equations with different
structures, c.f. Alvarez and Ishii [4], for deterministic control problems in L, c.f. Alvarez and Barron
[2], for almost periodic Hamiltonians, c.f. Ishii [28], and for Hamiltonians with stochastic dependence, c.f.
Souganidis [41]. More recently, inspired by [31], Barles [6] gave an homogenization result for non-coercive
Hamiltonians and, as a by-product, obtained a simpler proof of the results [31] of Imbert and Monneau
but under slightly more restrictive assumptions on the Hamiltonians. Finally, Imbert, Monneau and
Rouy [32] studied homogenization of certain integro-differential equations depending explicitly on u€/e.
To overcome the additional difficulty raised by the dependence of F on the oscillating variable u/e,
and solve the homogenization problem (1.10), the authors in [31] imbed the original equations in a higher
dimensional space and introduce twisted correctors. Here we have to face a similar difficulty in the much
more involved framework of non-local equations and it does not seem possible to apply the approach of
Barles [6]. Therefore following the idea in [31], we consider the solution U€ of
{atUE =T [U(t, - xny1)] — W/ (UT) +0o (% £) in RT x RN+!

7€

(1.11)
U(0,2,2n+1) = uo(®) + PNr1ZN 11 on RN*L

where py41 # 0. We then consider the following ansatz:

tx UO Lx,x —AX—-p-x
US(t,z,xn41) 2 Utz 2n 1) + €V (’ z ( N+1) p )
€€ EDN+1

where U°(t,z,xn41) = u°(t,2) + pyy12n4+1. This ansatz turns out to be the good one, and plugging
Ut N g1)=At—p-@ |
PN+1€ :

(1.12) A+ 0.V =L+TV(r,yns1)] = WV +p-y+pnvi1yns1 + A7) + o(1,9),

this expression of U€ into (1.11), we find formally with 7 = E, Y=, Yny1 =



where
A=0U°t, x,2n11) = 0l (t,x), p=V Ut x,on41) = Veul(t,z)
and
L=T[0%, an1)] = Tu’(t, ).

This heuristic computation, that permits first of all to identify the cell problem in the higher dimensional
space, can be made rigorous through the perturbed test function method by Evans [15]. We will prove in
Section 4 the convergence of the functions U¢(¢,z, zx+1) to u®(t, 2) + pyr12n+1, where u® is the solution
of (1.4) and, as a consequence we get the proof of Theorem 1.2. In the proof of convergence, in order
to control the error terms in the equations, we will need correctors in the higher dimensional space, i.e.
bounded solutions of (1.12) in RT x RV*1 of class C1* with respect to the additional variable yy 1.
Since in (1.12), the quantity Z; [V (7, -, yn+1)] is computed only in the y variable, we cannot expect this
kind of regularity for the correctors. Nevertheless, we are able to construct regular approximated sub and
supercorrectors, i.e., sub and supersolutions of approximate N + 1-dimensional cell problems, and this is
enough to conclude. Recall that in [31], the regular approximate correctors where obtained using a kind
of truncation of the Hamiltonian. This is no longer possible to apply this method here because of the
problem is non local, and we had to introduce a different method to build such approximate correctors.
Finally, this construction works for any py11 # 0 and to simplify the presentation we take py41 = 1.

1.4. Strategy for proof of the Orowan’s law. Let us call p the space derivative of u°. Remark that if
p # 0, we do not need to increase the dimension in the proof of homogenization. Precisely, let us consider
the case N = 1. Then a good ansatz is the following

(1.13) u(t, @) = u(t,x) + ev (i “0(152”) o (u“’(ix)) |

where
(1.14) AT +py +o(1,y) = h(AT + py)

and v is a corrector solution of (1.5) (without the initial conditions). Here the function A is usually called
the hull function. For the precise definition of such a function we refer to [17] and references therein.

We will not prove the existence of the hull function, we just provide an ansatz of it, E, for small values
of p and L, and letting A = ¢g|p|L. We set (at least formally)

-t £ ()4 oot £ 0 (5.

i=—00 |p i=—00 |p|

with ¢, solution of

Je(8)?
W”(O) :

Ti[h1] — W (p)pr = &' +n(W"(¢) — W"(0)) with 5=
We will show that A is a good ansatz for p, L small, and then will deduce (1.9) after delicate comparisons.

1.5. Organization of the paper. The paper is organized as follows. In Section 2, we give more details
about the Peierls-Nabarro model yielding to the study of (1.1) and the mechanical interpretation of the
homogenization results. In Section 3, we state various comparison principles, existence and regularity
results for solutions of non-local Hamilton-Jacobi equations. In Section 4, we prove the convergence result
(Theorem 1.2) by assuming the existence of smooth approximate sub and supercorrectors (Proposition
4.4). In order to show their existence, in Section 5, we first construct Lipschitz continuous sub and
supercorrectors (Proposition 5.1). As a byproduct, we prove the ergodicity of the problem (Theorem
1.1) and some properties of the effective Hamiltonian (Proposition 4.3). Proposition 4.4 is then proved
in Section 6. Section 7 is devoted to the proof of the Orowan’s law (Theorem 1.3). Finally, we put in an
appendix (Section 8) the proofs of some technical results that we use in Section 7.
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1.6. Notations. We denote by B, (x) the ball of radius r centered at x. The cylinder (t —7,t+7) x B, (z)
is denoted by Q, (¢, x).

|2] and [z] denote respectively the floor and the ceil integer parts of a real number z.

It is convenient to introduce the singular measure defined on RY \ {0} by

1 z
pu(dz) = MTHQ (|z|) dz = po(2)dz,
and to denote

MU, 2] = /| V%)~ U(@) = VUG - p(d2),

220 = | =)~ U)ulde).

Sometimes when 7 = 1 we will omit 7 and we will write simply Z; and Z?.

For a function u defined on (0,7) x R, 0 < T < +o0, for 0 < a < 1 we denote by < u >% the
seminorm defined by
|u(t7 :]C) — u(tv ’I/)|

<u>pi= sup /a
(t,2), (t,2/)€(0,T) xRN |z — 2/
THT

and by C2((0,T) x RY) the space of continuous functions defined on (0,7') x RY that are bounded and
with bounded seminorm < u >§.

Finally, we denote by USCy(R*t x RY) (resp., LSCy(R* x RY)) the set of upper (resp., lower)
semicontinuous functions on R* x RY which are bounded on (0,7) x RY for any T > 0 and we set
Co(RT x RY) := USC,(RT x RY) N LSC,(RT x RY).

2. PHYSICAL MODELING AND MECHANICAL INTERPRETATION OF THE HOMOGENIZATION RESULTS

2.1. The Peierls-Nabarro model. Dislocations are line defects in crystals. Their typical length is of
the order of 10~%m and their thickness of order of 10~%m. When the material is submitted to shear stress,
these lines can move in the crystallographic planes and their dynamics is one of the main explanation of
the plastic behavior of metals.

The Peierls-Nabarro model is a phase field model for dislocation dynamics incorporating atomic fea-
tures into continuum framework. In a phase field approach, the dislocations are represented by transition
of a continuous field.

We briefly review the model (see [23] for a detailed presentation). As an example, consider an edge
dislocation in a crystal with simple cubic lattice. In a Cartesian system of coordinates x;x2x3, we assume
that the dislocation is located in the slip plane zyxe (where the dislocation can move) and that the
Burgers’ vector (i.e. a fixed vector associated to the dislocation) is in the direction of the x; axis. We
write this Burgers’ vector as be; for a real b. The disregistry of the upper half crystal {x3 > 0} relative to
the lower half {z3 < 0} in the direction of the Burgers’ vector is ¢(z1, x2), where ¢ is a phase parameter
between 0 and b. Then the dislocation loop can be for instance localized by the level set ¢ = b/2. For a
closed loop, we expect to have ¢ ~ b inside the loop and ¢ ~ 0 far outside the loop.

In the Peierls-Nabarro model, the total energy is given by

(2.1) £ =g 4 gmis,

In (2.1), £™ is the so called misfit energy due to the nonlinear atomic interaction across the slip plane

gmzs(¢) — g W(¢(I)) dr with z = (1'175172)a

where W (¢) is the interplanar potential. In the classical Peierls-Nabarro model [39, 37], W (¢) is approx-

imated by the sinusoidal potential
ub? 2r¢
W) = g (1 - cos (b !

where d is the lattice spacing perpendicular to the slip plane.




The elastic energy £ induced by the dislocation is (for X = (z,r3) with z = (21, 22))
(2.2)
! e(U) = 3 (VU +(VU)")
£, U) = 5/ e:AN:edX with e=e(U)— ¢(x)d(x3)e’ and 7
h =3 (e1®@es+es@e)

where U : R? — R3 is the displacement and A = {Aiji} are the elastic coefficients.
Given the field ¢, we minimize the energy £ (¢, U) with respect to the displacement U and define

£(¢) = inf £%(¢,U)

Following the proof of Proposition 6.1 (iii) in [3], we can see that (at least formally)

1
el@) =5 [ (o)
R2
where ¢ is a certain kernel. In the case of isotropic elasticity, we have
Nijii = M40kt + 1 (0ikdji + 0adjn)

where A, o are the Lamé coefficients. Then the kernel ¢y can be written (see Proposition 6.2 in [3],
translated in our framework):

co(x) = ﬁ (822& —&—7811';) with = % and v = ﬁ
where v € (—1,1/2) is called the Poisson ratio.

The equilibrium configuration of straight dislocations is obtained by minimizing the total energy with
respect to ¢, under the constraint that far from the dislocation core, the function ¢ tends to 0 in one
half plane and to b in the other half plane. In particular, the phase transition ¢ is then solution of the
following equation

(2.3) Ti[¢] = W'(¢) onR?,
where formally Z;[¢] = ¢y x ¢, which is the anisotropic Lévy operator defined in (1.2) for N = 2 and

g(z1,22) = £ ((2y —1)2% + (2—7)23). Let us now recall the expression of the kernel after a Fourier
transform (see paragraph 6.2.2.2 in [3])

&6 = -4

-~ 2l¢]

Then for vy =1 and u = 2, we see that~I1 = —(—A)%. In that special case, we recall that the solution ¢
of (2.3) satisfies ¢(x) = ¢(x,0) where ¢(X) is the solution of (see [34, 22])

Ajp=0 in  {r3>0}

(& +18)

¢ L~
5%:Ww> on {zs=0}

Moreover, we have in particular an explicit solution for b =1, d = 2 (with W'(¢) = ;- sin(27¢))

~ 1 1 Tq
X) == + — arct
#(X) 5+ —arc an<x3+l)

Then by rescaling, it is easy to check that we can recover the explicit solution found in Nabarro [37]

b b 2(1 —
o(z) = 3 + — arctan ((u)m) (edge dislocation)

™ d
(2.4)
b b 2
p(x) = 5 T arctan (?) (screw dislocation)
s

In a more general model, one can consider a potential W satisfying
(i) W(v+b) =W (u) for all v € R;
(if) W(bZ) =0 < W(a) for all a € R\ VZ.



The periodicity of W reflects the periodicity of the crystal, while the minimum property is consistent
with the fact that the perfect crystal is assumed to minimize the energy.

In the face cubic structured (FCC) observed in many metals and alloys, dislocations move at low
temperature on the slip plane. In the present paper we are interested in describing the effective dynamics
for a collection of dislocations curves with the same Burgers’ vector and all contained in a single slip
plane zjx2, and moving in a landscape with periodic obstacles (that can be for instance precipitates
in the material). These dislocations are represented by a single phase parameter u(t,z1,23) defined
on the slip plane x122. The dynamic of dislocations is then described by the evolutive version of the
Peierls-Nabarro model:

(2.5) Ou = Tiu(t, )] = W' (u) + o33 (t,x) in RT xRV

for z € RN with the physical dimension N = 2. In the model, the component o5’ of the stress (evaluated

on the slip plane) has been introduced to take into account the shear stress not created by the dislocations
themselves. This shear stress is created by the presence of the periodic obstacles and the possible external
applied stress on the material.
We want to identify at large scale an evolution model for the dynamics of a density of dislocations.
We consider the following rescaling
. _ t x
ut(t,z) = eu (e’ 6) ,

where € is the ratio between the typical length scale for dislocation (of the order of the micrometer) and
the typical macroscopic length scale in mechanics (milimeter or centimeter). With such a rescaling, we see
that the number of dislocations is typically of the order of 1/e per unit of macroscopic scale. Moreover,
assuming suitable initial data

(2.6) u(0,x) = %uo(ex) on RV,

(where ug is a regular bounded function), we see that the functions u® are solutions of (1.1). This
indicates that at the limit ¢ — 0, we will recover a model for the dynamics of (renormalized) densities of
dislocations.

Remark 2.1. Fractional reaction-diffusion equations of the form
(2.7) Ou = Th[u] + f(u) in RT xRN

where N > 2 and f is a bistable nonlinearity have been studied by Imbert and Souganidis [27]. In this
paper the authors show that solutions of (2.7), after properly rescaling them, exhibit the limit evolution
of an interface by (anisotropic) mean curvature motion.

Other results have been obtained by Gonzalez and Monneau [22] for a rescaling of the evolutive Peierls-
Nabarro model in dimension N = 1. In the one dimensional space, the limit moving interfaces are points
particles interacting with forces as 1/x. The dynamics of these particles corresponds to the classical
discrete dislocation dynamics, in the particular case of parallel straight edge dislocation lines in the same
slip plane with the same Burgers’ vector. In [16], considering another rescaling of the model of particles
obtained in [22], the authors identify at large scale an evolution model for the dynamics of a density
of dislocations, that is analoguous to (1.4). In the present paper, we directly deduce the model (1.4)
at larger scale from the Peierls-Nabarro model at smaller scale in any dimension N > 1. That way we
remove the limitation to the dimension N =1 that appears in [22].

Finally, let us mention that in [19] and [20] Garroni and Muller study a variational model for disloca-
tions that is the variational formulation of the stationary Peierls-Nabarro equation, where they derive a
line tension model.

2.2. Mechanical interpretation of the homogenization. Let us briefly explain the meaning of the
homogenization result. In the macroscopic model, the function u°(¢, x) can be interpreted as the plastic
strain (localized in the slip plane {x3 = 0}). Then the three-dimensional displacement U (¢, X) is obtained
as a minimizer of the elastic energy

U(ta ) = arg mjn Eel(uo(ta ')a U)
U



and the stress is
o=A:e with e=e(U)—u’(t,z)6(23)e’
Then the resolved shear stress is
T [u’] = 013
The homogenized equation (1.4), i.e.

Oy’ = H(V,u®, T [u’(t, )])

which is the evolution equation for u°, can be interpreted as the plastic flow rule in a model for macroscopic
crystal plasticity. This is the law giving the plastic strain velocity d;u® as a function of the resolved shear
stress 013 and the dislocation density Vu'.

The typical example of such a plastic flow rule is the Orowan’s law:

H(p,7) ~ 7|p|

This is also the law that we recover in dimension N = 1 in Theorem 1.3 in the case where there are

no obstacles (i.e. o$5°" = 0) and for small stress 7 and small density |p|. When o95"* # 0, we expect a

threshold phenomenon as in [32] (see also Norton’s law with threshold in [18)), i.e.
H(p,7) =0 if |7r| issmall enough.

This means more generally that our homogenization procedure describes correctly the mechanical be-
haviour of the stress at large scales, but keeps the memory of the microstructure in the plastic law with
possible threshold effects.

3. RESULTS ABOUT VISCOSITY SOLUTIONS FOR NON-LOCAL EQUATIONS

The classical notion of viscosity solution can be adapted for Hamilton-Jacobi equations involving non-
local operators, see for instance [5]. In this section we state comparison principles, existence and regularity
results for viscosity solutions of (1.1) and (1.4), that will be used later in the proofs.

3.1. Definition of viscosity solution. We first recall the definition of viscosity solution for a general
first order non-local equation with associated an initial condition:

(3.1) {Ut — F(t,o,u,Du,Ti[u]) in RF xRN

u(0,x) = up(x) on RN,
where F(t,z,u,p, L) is continuous and non-decreasing in L.

Definition 3.1 (r-viscosity solution). A function u € USCy(R* x RN) (resp., u € LSCy(RT x RY)) is
a r-viscosity subsolution (resp., supersolution) of (3.1) if u(0,z) < (ug)*(x) (resp., u(0,z) > (ug)«(x))

and for any (tg,z0) € RY x RN, any 7 € (0,t0) and any test function ¢ € C2(R* x RY) such that u — ¢
attains a local mazimum (resp., minimum) at the point (to,zo) on Q) (to, o), then we have

8yd(to, zo) — F(to, o, u(to, z0), Vad(to, o), Iy " [b(to, ), zo] + I1 " [ulto, ), zo]) < 0
(resp., >0).

A function u € Cy(RY x RN) is a r-viscosity solution of (3.1) if it is a r-viscosity sub and supersolution

of (3.1).

It is classical that the maximum in the above definition can be supposed to be global and this will be
used later. We have also the following property, see e.g. [5]:

Proposition 3.1 (Equivalence of the definitions). Assume F(t,z,u,p, L) continuous and non-decreasing
in L. Letr > 0 and v > 0. A function v € USC,(RT x RY) (resp., u € LSC,(R* x RY)) is a
r-viscosity subsolution (resp., supersolution) of (3.1) if and only if it is a r'-viscosity subsolution (resp.,
supersolution) of (3.1).

Because of this proposition, if we do not need to emphasize r, we will omit it when calling viscosity
sub and supersolutions.



3.2. Comparison principle and existence results. In this subsection, we successively give compari-
son principles and existence results for (1.1) and (1.4). The following comparison theorem is shown in
[33] for more general parabolic integro-PDEs.

Proposition 3.2 (Comparison Principle for (1.1)). Consider u € USCy(RT x RY) subsolution and
v € LSCy(RT x RN) supersolution of (1.1), then u < v on Rt x RV,

Following [33] it can also be proved the comparison principle for (1.1) in bounded domains. Since we
deal with a non-local equation, we need to compare the sub and the supersolution everywhere outside
the domain.

Proposition 3.3 (Comparison Principle on bounded domains for (1.1)). Let Q be a bounded domain of
Rt xRN and let u € USC,(RT x RY) and v € LSCy(RT x RY) be respectively a sub and a supersolution

of

Out = Thu(t, )] — W' (u:> +o
in Q. If u <wv outside €2, then u < v in €.
Proposition 3.4 (Existence for (1.1)). For e > 0 there exists u¢ € Co(RT x RY) (unique) viscosity

solution of (1.1). Moreover, there exists a constant C > 0 independent of € such that
(3.2) |uc(t, ) — uo(x)| < Ct.
Proof. Adapting the argument of [25], we can construct a solution by Perron’s method if we construct sub

and supersolutions of (1.1). Since ug € W2, the two functions u® (¢, z) := ug(x)£Ct are respectively a
super and a subsolution of (1.1) for any € > 0, if

C > Dn|luoll2,00 + [[W']loo + [|o]] 50>

with Dy depending on the dimension N. By comparison we also get the estimate (3.2). O

We next recall the comparison and the existence results for (1.4).

Proposition 3.5 ([32], Proposition 3). Let H : RN x R — R be continuous with H(p,-) non-decreasing
on R for any p € RN, If u € USCy(R*T x RYN) and v € LSCy(RT x RY) are respectively a sub and a
supersolution of (1.4), then u < v on RY x RN. Moreover there exists a (unique) viscosity solution of
(1.4).

In the next sections, we will embed the problem in the higher dimensional space Rt x RN*! by
adding a new variable zyy; in the equations. We will need the following proposition showing that
sub and supersolutions of the higher dimensional problem are also sub and supersolutions of the lower
dimensional one. This in particular implies that the comparison principle between sub and supersolutions
remains true increasing the dimension.

Proposition 3.6. Assume F(t,z,xn11,U,p, L) continuous and non-decreasing in L. Suppose that U €
LSCy(R* x RNT1) (resp., U € USC,(RT x RNTY) is a viscosity supersolution (resp., subsolution) of

Uy = F(t,x,xn41,U, D U LU, xny1)]) in RT x RNTH
then, for any xny11 € R, U is a viscosity supersolution (resp., subsolution) of
Uy = F(t,x,xn41,U, DU LUt xny1)]) in RY x RY,

Proof. We show the result for supersolutions. Fix :v(}w_l € R. Let us consider a point (tg, zg) € RT x RY
and a smooth function ¢ : RT x RY — R such that

Ut,z, 2%, 1) — o(t,z) > Ulto, 20, 2% 41) — ¢(to,z0) =0 for (t,z) € Qr,,(to, o),
with » = 1. We have to show that
drp(to, x0) > F(to,zo, 2% 11, Ulto, mo, 2X 1), Dap(to, x0), It [@(to, -), o]
T [U o, 2% 11), w0)).

Without loss of generality, we can assume that the minimum is strict. For € > 0 let ¢, : Rt x RV 1 — R
be defined by

1
e(t,z,xn41) = @(t,x) — g|$N+1 - fﬂ(z)v+1|2-
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Let (te, ¢, 2%, 1) be a minimum point of U — ¢, in QT7T(to,x0,x(J{,+1). Standard arguments show that
(te, Te, Ty 1) — (to,xo,x‘?\,H) as € — 0 and that lime o U(te, v, 25, 1) = U(to,xo,x?v+1). In particular,
(te, e, 2y, ) is internal to Q. ,(to, T, $9v+1) for € small enough, then we get

(33) atso(tm xe) Z F(tea Le, U<teu Le, $§V+1)a Dw@(tm xe)u:z-ll [So(tea ')7 xe} + Il2 [U(t67 B x§V+1)7 xe])

By the Dominate Convergence Theorem lim, o Z1[p(te, -), 2] = Zi[p(to, ), To]; by the Fatou’s Lemma
and the convergence of U (tc, zc, %) to Ul(to, To, J;?\,H), we deduce that

I%[U(to, '7x?V+1)a zo] < limiélfI%[U(tev '7$§v+1),$e]~
€e—
Then, passing to the limit in (3.3) and using the continuity and monotonicity of F, we get the desired
inequality. O
3.3. Holder regularity. In this subsection we state and prove a regularity result for sub and superso-
lutions of semilinear non-local equations.

Proposition 3.7 (Holder regularity). Assume (H1) and let g1, go € R. Suppose that u € C(RT x RY)
and bounded on Rt x RN is a viscosity subsolution of

0w =Ti[u(t,’)]+ g1 in RT xRN
u(0,2) =0 on RN,

and a viscosity supersolution of

0w =Ty1[u(t,")]+ g2 in RT xRN
u(0,2) =0 on RN,

Then, for any 0 < a < 1, u € C¥(RT x RY) with < u >2< C, where C depends on ||u|s, g1 and ga.

Proof. Suppose by contradiction that u does not belong to C%(R* x RV). Let us® and Ue,er bE
respectively the double-parameters sup and inf convolution of v in Rt x RV, i.e.

66/ 1 1
Wit = s (ulsig) = gl oP - gl o7)

(s,5)ERT xRN 2¢
. 1 , 1 ,
ue,e’(tax) = (s,y)elﬁg‘erN U(S,y)+2*6‘$7y‘ +27€/(t75) :

Then u®¢ is semiconvex and is a subsolution of

ou =T u (t,)]+ g1 in (te,+00) x RN
and u. o is semiconcave and is a supersolution of

Otte.r = Tiueer (t, )] + g2 in  (te, +00) x RY,

where to — 0 as € — 0, see e.g. Proposition II1.2 in [5]. Let us consider smooth functions 1, (¢) and
Yo(x) with bounded first and second derivatives such that i1 (f) — 400 as t — +oo, ¥a(z) — +o0
as |r|] — 4oo and there exists Ky > 0 such that [a(x)] < Ko(1 + v/|z|). Then, for any K > 0
and ¢, € and (3 small enough, the supremum of the function u&¢ (t,x1) — Ue,er(t, x2) — P(t, 21, 22) oOn
Rt x R?N | where ¢(t, 21, 12) = K|x1 — x2|* + 1)1 (t) + B1p2 (1), is positive and is attained at some point
(t,71,T2) € (ter, +00) x R2N | with 7, # Ty (because u ¢ C2(R* x RY) and u = 0 at t = 0). Remark that

1
_ _ 2Sup z)ERT XRN |u(t,;1:)| «
|1‘1 —1‘2| < < (t,x)e I(X ) )

In order to apply the Jensen’s Lemma, see e.g. Lemma A.3 of [12], we have to transform (¢,T1,T2)
into a strict maximum point. To do so, we consider a smooth bounded function h : RT — R, with
bounded derivatives, such that h(0) = 0 and h(s) > 0 for s > 0 and we set 0(t,z1,22) = h((t —
1)?) + h(|z1 — 71)?) + h(Jza — T2|?). Next we consider a smooth function xy : RY — R such that
x(z) = 1if [z] < 1/2 and x(z) = 0 for |z| > 1. Clearly (¢,71,T2) is a strict maximum point of
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use (t, 1) — ueer (t, x2) — @(t, 21, 2) — O(¢, x1,22) and by Jensen’s Lemma, for every small and positive
§ there exist t° € R, ¢, ¢3 € RY with [t9], |¢2], |¢3| < § such that the function

(3.4) uS (t,21) — e, (t, w2) — Koy — 22| — @1(t,21) — p2(22),
where
r(t,w1) = Br(t) + Buoa(wr) + h((t = D)) + by = Taf*) + 7 + x(w1 — Ta)gi - a1,
2 (w2) = h(|za = T2f*) + x(22 — T2)g5 - w2,
has a maximum at (¢°, 29, 28) with |ts — |, |25 — Z1|, |23 — To| < & and u (¢, 21) — Ue o (1, 22) is twice
differentiable at (£2, 2%, 23). In particular u is twice differentiable w.r.t. z; at (£%,29) and Ue,e IS twice

differentiable w.r.t. x5 at (t°,23). For § small enough, we can assume z$ # z3. The fact that (0,29, z3)
is a maximum point implies that

Vo, u (1, 29) = Vi, o1 (8, 29) + aK |2} — 28|72 (2] — 23),
szue,e’(tévxg) = _VZ2<P2(33§) + O4[(|$(1$ - xg|o‘_2(x(f - xg),
and for any z € RN, r >0
ue (t°, 28 + 2) — us’el(t‘s, x9) — leu“/ (t°,29) - 215, (2)
e (10,25 4 2) — e o (1°,25) — Ve o (10, 23) - 215, (2)
+o1(t, 2] + 2) — 1, 27) = Vo, 01 (8, 27) - 215, (2)
+ @2(75 + 2) — p2(w5) — V0o (w3) - 21, (2),
where B, = B,.(0). The last inequality, in particular implies that
(3.6) P (), ) < T uee (1,), 23] + I0 " [oa (80, ), ] + 7 (102, ).

(3.5)

Since (#°, 23, 23) is a maximum point, we have in addition

ue’él(t‘s, 20+ 2) — ute (t°, ) — leue’el (t°,29) - 2
(37) < (pl(t5,$§+2) 7901(156"%(1;) 7V9€1901(t67x?) t 2

+ Kla] + 2z — 23] = Kla] —a3|* — aKl|a] —a3|* (2] - 23) - 2,
and

- (ue,e/(t(;vxg +2) = Ue,er (téa zg) — Vi, Ue,er (t§7xg) - z)
(3.8) < pa(5 + 2) — p2(25) — Vi, ip2(2) - 2

+ Kl2] -z — 23] = Kla] —a3|* + aKl|a] —a3|* (2] - 23) - 2.
In order to test, we need to double the time variables. Hence, for j > 0, let us consider the maximum
point (¢, 27,87, x3) of the function

' J
UE)E (tv xl) - ue,e’ (87 1’2) - \Il(tv Z1, 5L'Q) - E‘t - S|27
where
U(t,a1,2) = Koy — 22| + @1(t,21) + o (@) + [t — 0] + |21 — 29 + |22 — 25,
on Q55(t0,23) x Q5.5(t°, x3), for p > 0 sufficiently small. Standard arguments show that (¢/, o, st ad) —
(9, x‘lg,.t‘;, :cg) as j — +oo. Hence for j large enough there exists p > 0 such that Q. (7, 2]) x
Qp.p(87,70) C Qs7(t0,29) x Q5 5(t°,23) and x] # x7. Testing, we get
j(tj - Sj) + 2(tj - ta) + 3t<P1(tj» le) < Ill’p[\ll(tjv K l’%)7 le] + IIZ,p[u@e’ (tj7 ')7 x{] + 91,
j(tj - 8j> > _Ill7p[\ll(tj7 l‘{, ')7 CL’%] + 1127p[u6,6’(3j7 ')’ xJQ] + g2-

Subtracting the two last inequalities, and then letting j — +o00, we have

Opr (0, 0) < TP (W (-, ad), 28] + Ty (Wt 2], ), )

+ If’p[ue’el (téﬂ ')7 Ii] - If’p[ué,e’ (téﬂ ')7 Ig] + 91 — g2.
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Since u©¢ (£%,-) and wu, (1%, ) are twice differentiable respectively at 21 = 29 and x5 = 3, we can pass
to the limit as p — 0" and finally obtain

atgpl(t67 I’?) S Il [UE’E/ (t67 ')7 I(ls] - Il [ue,e’ (t67 ')7 1’3] + g1 — g2
Next, using (3.6), we get
at(Pl (téa xtls) < Ill,r[u676/ (t67 ')7 1‘(1;] - 1-11774[”676/ (t67 ')7 'Tg]

(3.9) ) !
+1-127 [@1(t67 )71:({] +Il27 [@ang] +gl — 9g2.

Now, let us estimate the term Z, " [u®¢ (t°,-), 28] = Z} " [uc. (£, -), 23] and show that it contains a main
negative part. For 0 < 1y < 1, let us denote

A i={z€B,(0), |z (] — 23)| > vo|z||2] — 23|} .
Then

IV s (), 28] = I e, (£, ), 23)
= / [woe (%, 29 + 2) — uo (t°,20) — Vi, u (10, 28) - 2
Ar
— (Ue,er (té, mg +2) — ue,e/(tév xg) = Vi, Ue,er (téa xd) - 2)|u(dz)

+ /BT\AT[LLL(dZ) = Tl + TQ.

From (3.5) we have
T, < C.

Here and henceforth C' denotes various positive constants independent of the parameters. Let us estimate
T;. From (3.7) and (3.8) it follows that

Tlé/ (K2} + 2 —a3|® = K29 — 23] — aK |2} — 25]**(a] — 23) - z]u(d2) + C
A

r

+ / (Ko} — 2 —23|* — K2} — 23|* + aK|2§ — 23]*72(2] — 23) - 2]u(d2)

T

= 2/ (K2} + 2 — 25| — K29 — 23| — aKla] — 25|* (2] — a3) - 2Ju(dz) + C

r

<aK sup {|x8 — 2§ + t2|* 4 (|28 — 25 + tz)?|2|?
Ar Jt|<1

— 2= a)[(@] - af + t2) - 2 Yuldz) + C.

Let us fix r = o|2 — 23|, 0 > 0, then for z € A,

o] —ap +t2] < (1+0)[a] — a3,

(@] — a5 +t2) - 2| = [(af —a3) - 2 = [2* = (o — o) |29 — x3]|z].
Let us choose vy and o such that
Coi=—(1+0)*+2—-a)(w—0)?>0,
then
T, < —CCoK |9 — xg|°‘_2/ 2|2 u(dz) + C.

A’V‘

By homogeneity

/ |22 u(dz) = Cr.

r

Then, we conclude

Ty < —CCoK|x§ — 25|72 + C < —CCoK |25 — z5|* 1 + C.
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Finally, from (3.9), we obtain
CCoK|a§ —28]° < =01 (£°,28) + g1 — g2 + C
+I12)T[§01(t67 )733(15] +112}T[9027$g]
<g1—92+C,

which is a contradiction for K large enough. Hence u € C2 (R x RY). O

4. THE PROOF OF CONVERGENCE

This section is dedicated to the proof of Theorem 1.2. Before presenting it, we first imbed the problem
in a higher dimensional one. Precisely, we consider U¢ solution of

(4.1) {@Uﬁ ZIl[Ue(t,',$N+1)] W’( ) —1—0'( ) in RT XRN—H

US(0,2,2n41) = uo(r) + Tn11 on RN*L

By Proposition 3.6 and Proposition 3.2, the comparison principle holds true for (4.1). Then, as in the
proof of Proposition 3.4, by Perron’s method we have:

Proposition 4.1 (Existence for (4.1)). For € > 0 there exists U¢ € Cp(R*T x RN+ (unique) viscosity
solution of (4.1). Moreover, there exists a constant C > 0 independent of € such that

(42) ‘Ue(t,l',xN+1) —UO(QJ) _xN+l| S Ct.
Let us exhibit the link between the problem in RY and the problem in RN+!.

Lemma 4.2 (Link between the problems on RY and on RN*1). If u¢ and U€ denote respectively the
solution of (1.1) and (4.1), then we have

Ut 2w ) — u(t2) — | T | <
€

(4.3) Ue (t,ac,xNH +e {%J) =U(t,z,xN11) + € {%J for any a € R.

This lemma is a consequence of comparison principle for (4.1), of invariance by e-translations w.r.t.
zn4+1 and the monotonicity of U w.r.t. xy41.

We need to make more precise the dependence of the real number A given by Theorem 1.1 on its
variables. The following properties will be shown in the next section.

Proposition 4.3 (Properties of the effective Hamiltonian). Let p € RN and L € R. Let H(p, L) be
the constant defined by Theorem 1.1, then H : RN x R — R is a continuous function with the following
properties:

(i) H(p, L) — +oc as L — oo for any p € RY;

(ii) H(p,-) is non-decreasing on R for any p € RY;

(i) If o(r,y) = o(7, —y) then

H(p,L) = H(-p )
(iv) If W' (—=s) = =W'(s) and o(r,—y) = —o (7, ) the

In the proof of convergence, we will use smooth approximate sub and super-correctors on RT x RN+,
More precisely, we consider for P = (p,1) € R¥*! and L € R:

(4.4) A+ 0. V=L+T[V(r,yni1)] =WV +P-Y + A1) +o(r,y) in RT x RV+!
V(0,Y)=0 on RV+L,

Here and in what follows, we denote Y = (y,yn+1). We will use also the notation X = (z,zn41).
Then, we have the following proposition.
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Proposition 4.4 (Smooth approximate correctors). Let A be the constant defined by Theorem 1.1. For
any fivred p € RN, P = (p,1), L € R and n > 0 small enough, there ewist real numbers )\,T(p, L),
A, (p, L), a constant C' > 0 (independent of 1, p and L) and bounded super and subcorrectors VnﬂVn*,
i.e. respectively a super and a subsolution of

)\,ﬂf + GTVni =L+1 [Vni(ﬂ SYN+1)]

(4.5) W' (VE+P-Y +XE7) +o(r,y)Foy(1) in R x RNVF!
VE0,Y) =0 on RN+

where 0 < 0,(1) — 0 as n — 0%, such that

. + _ . —_ _
(4'6> nlirg_*_ )‘77 (p7 L) - nli}I(I)l_F )‘n (p7 L) - )‘(p7 L)’
locally uniformly in (p, L), )\ﬁ satisfy (i) and (ii) of Proposition 4.3 and for any (7,Y) € RT x RN+1
(4.7) VE(rY) < C.
Moreover V,7jE are of class C? w.r.t. ynyi1, and for any 0 < a < 1

W// oo

(4.8) —1<0y,,,V;F < ”n”
(4.9) <Oy Vim0 102, ynia Vi lloo < Cy.

4.1. Proof of Theorem 1.2. By (4.2), we know that the family of functions {U¢}.~¢ is locally bounded,
then U := limsup,_,, U® is everywhere finite. Classically we prove that U™ is a subsolution of

(4.10) 0U = HV,UT[U(t,-,xn11)]) in R x RVNF!
’ U0,z,zn41) = up(z) + Tn41 on RN*L
Similarly, we can prove that U~ = liminf,,_,oU¢ is a supersolution of (4.10). Moreover U (0, z,zx11) =

U=(0,z,2n41) = uo(x) +xn+1. The comparison principle for (4.10), which is an immediate consequence

of Propositions 3.5 and 3.6, then implies that U+ < U~. Since the reverse inequality U~ < U™ always

holds true, we conclude that the two functions coincide with U, the unique viscosity solution of (4.10).
The link between problems (1.4) and (4.10) is given by the following lemma.

Lemma 4.5. Let u® and U° be respectively the solutions of (1.4) and (4.10). Then, we have
U(t,z,xn41) = u'(t,z) + o1,
Ut,z,xn1 +a) = Ut z,on41) + a.

Lemma 4.5 is a consequence of comparison principle for (4.10) and the invariance by translations w.r.t.

YN+1-
By Lemmata 4.2 and 4.5, the convergence of U¢ to U proves in particular that u€ converges towards

u® viscosity solution of (1.4).

We argue by contradiction. We consider a test function ¢ such that U™ — ¢ attains a zero maximum at
(to, Xo) with tg > 0 and Xo = (z9, 2% +1)- Without loss of generality we may assume that the maximum
is strict and global. Suppose that there exists 6 > 0 such that

di9(to, Xo) = H(Vy¢(to, Xo), Lo) + 0,
where
LO :/ (¢(t0a ZTo + , x?\’+1) - ¢(t07 XO) - vx¢(t07 XO) ! $)M(d1’)
(4.11) i=t
" /| U oo bl — U o, X)),
x|>1

By Proposition 4.3, we know that there exists L; > 0 such that

H(V,¢(to, Xo), Lo) + 0 = H(V,¢(to, Xo), Lo + L1).
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By Propositions 4.4 and 4.3, we can consider a sequence L,, — Ly asn — 07, such that )\j{(vqu(to, Xo), Lo+
L,) = AM(Vzé(to, Xo), Lo+ L1). We choose n so small that L, —o0,(1) > Ly /2 > 0, where 0,(1) is defined
in Proposition 4.4. Let V,f be the approximate supercorrector given by Proposition 4.4 with

p = Vao(to,Xo), L=Lo+ Ly
and
AF = X5 (p, Lo + Ly) = di¢(to, Xo)-
For simplicity of notations, in the following we denote V = Vn+' We consider the function F(t,X) =

¢(t,X) —p-x— At, and as in [31] and [32] we introduce the "z y;-twisted perturbed test function” ¢©
defined by:

ot X) +ev (4,2, 20 ek i (4,2t) x By(Xo)

€ e

U<(t, X) outside,

1
2

(4.12) o (t, X) := {
where k. € Z will be chosen later. We are going to prove that ¢€ is a supersolution of (4.1) in Q, »(t0, Xo)
for some r < % properly chosen and such that Q. ,(to, Xo) C (%’, 2tp) % B% (Xo). First, remark that since
Ut — ¢ attains a strict maximum at (tg, Xo) with UT — ¢ = 0 at (tg, Xo) and V is bounded, we can
ensure that there exists €9 = €y(r) > 0 such that for € < ¢

@in) v <ol X+ (LEEEE) o i (st ) x Balen) \ Qurlin,o0)

€ € €
for some 7, = 0,(1) > 0. Hence choosing k. = [=2=] we get U < ¢° outside Q.. (to, Xo).

Let us next study the equation. From (4.3), we deduce that UT(t,z,2y41 +a) = U (t,z,2n41) + a
for any a € R, from which we derive that 0, F'(to, Xo) = Oz, ¢(to, Xo) = 1. Then, there exists ro > 0
such that the map

Id X F: Qryr(to,Xo) — Ur,
(t7x7xN+1) [ (t7x,F(t,x,fL‘N+1))

is a C'-diffeomorphism from Q,, ., (to, Xo) onto its range U,.,. Let G : U, — R be the map such that

Id x G : Z/{TO — Qroﬂ“o (t()7X0)
(t7x7€N+1) — (t,.’L‘,G(t,LU,fN+1)>

is the inverse of Id x F. Let us introduce the variables 7 = t/e, Y = (y,yn+1) with y = x/e and
yn+1 = F(t,X)/e. Let us consider a test function ¢ such that ¢ — 1) attains a global zero minimum at
(f, X) S QTO,'FU (to, X()) and define
1
Fe(Ta Y) = E W(GT’ €Y, G(GTv €y, 6yNJrl)) - ¢(€Ta €Y, G(GT’ €Y, eyN+1))] — ke.
Then
(4.14) I‘(7,Y)=V(7,Y) and T(7,Y)<V(r,Y) forall (e7,€Y) € Qryr,(to, Xo),

where 7 = t/e, § = T/e, Y41 = F(,X)/e, Y = (§,Yn,1). From Proposition 4.4, we know that V is
Lipschitz continuous w.r.t. yy41 with Lipschitz constant M, depending on 7. This implies that

(4.15) |3yN+1F6(?,?)| < M.
Simple computations yield with P = (p,1) € RV *1:

(P,
X+ 0.T4(7,Y) = 0 (1, X) + (1+ 9y, T(7,Y)) (D16h(t0, Xo) — at¢>(% X)),
(4.16) p+V,LTY) = Vop (1, X) + (14 9yp, , [(7,Y)) (Va(to, Xo) — Vao(t, X)),
NT+P-Y+V(F7,Y) =205 g

Using (4.16) and (4.15), Equation (4.5) yields for any p > 0
Ob(tX) +0p(1) = Lo + Ly + Ty D7, U0, 1) + TV (T ) 7

() o (12) o0

We now use the following lemma whose proof is postponed:
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Lemma 4.6. For e < ¢y(r) <r <1y, we have

Ot X) > I [Y(E, - Tni1), 7] + I3 [6°(F, -, Tnga), T)
W (d’e(t’X)) o (L) - o) +or(1) 4 Ly

€ € €

Let r < 7o be so small that 0,(1) > —L;/4. Then, recalling that L, — 0,(1) > L1/2, for € < ey(r) we
have

Ol X) 2 Ty [Y(Tvan), 7] + I [0 Tn), 7] = W (MZX))

N t T N Ly
P 1
€ e 4’
and therefore ¢° is a supersolution of (4.1) in Q. ,(to, Xo). Since U¢ < ¢° outside Q. (to, Xo), by the

comparison principle, Proposition 3.3, we conclude that U¢(¢t, X) < ¢(t, X) + €V ( z F, X)) + €k, in

€’ e’
Qrr(to, Xo) and we obtain the desired contradiction by passing to the upper limit as e — 0 at (¢o, Xo)
using the fact that Ut (tg, Xo) = é(to, Xo): 0 < —,.

Proof of Lemma 4.6. We call

L(l) B /l ‘<1(¢(t05m0 + Ivl’?\f-‘rl) - ¢(t07X0) - V(ﬁ(to,Xo) ! I)/L(dl’),

L= / ‘ (Ut (to, w0 + 2, 2% 1) — U (to, Xo))pu(dz).
|z|>1
Then

Keep in mind that 7, = £ fY . Since ¥(t, X) = ¢(t, X) + el© (f, Z, F(te’X)) + €k, we have

(4.19) 7! [V, Tns1),T] =1 + I,

where

—— Fiz _ B o
11:/ €<F6 (t,$+x’ (t,$+I7xN+1)> _Fe(?7y)_vy1—\€(?7y)£
€ €

€

I, = /I - (66, + 2, Zn41) — ¢(8, X) — Vo(t, X) - z) p(dz).

To show the result, we proceed in several steps. In what follows, we denote by C' various positive constants
independent of e.
Step 1: We can choose €y so small that for any € < ¢y and any p > 0 small enough

L < TPPC(F o Tng) T+ 2L [V F - Tng)s T + 0n(1) + Cep.

Take p > 0, 6 > p small and R > 0 large and such that eR < 1. Since g is even, we can write

L=1+1I+1?+13,

where

t T F(t,x T — —
I?:/ e<FE <’9c+x7 (’erz’xNH))—FE(T,Y)—VyFe(T,Y)-x
|z|<ep € € €

€

(7 V)V F(EX) - 2 ) plda),
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111:/ e(re(

ep<|z|<es

I7 :/ € (rﬁ (
ed<|z|<eR

and
If’p[V(?, 'ayN—&-l))y] = Jl + J2 + Jg,

where

L=/’ (VET+20n 1) - VET)u(dz),

p<|z|<8

h=/ (VT + 2Tn11) — VET))ulde),
0<|z|<R

h=/|<wanwmn—wamwn
z|>R
STEP 1.1: Estimate of I and Z,""[T°(%, -, Tn11),T)-
Since I'¢ is of class C?, we have
(420) |I§)|a |1117P[F6(?7 '7?N+1)7y]| < Cepa

where C, depends on the second derivatives of I'.
STEP 1.2 Estimate of I} — J;.
Using (4.14) and the fact that g is even, we can estimate I7 — J; as follows

M= < / [V <T,y+ o FBTH 62’”*”) v <T,y+ 2, F(t’x)ﬂ u(dz)
p<|z|<8

€

F(E,T+ ez, F(t,7
:/ {[V(agﬁz, (t’x+ez’xN+1)>—V(r,y+z, (’x)>
p<|z|<s € €

_8’yN+1 Vv <Ta Y+ z,

+ [0y s V@ T+ 2,0n41) — Oy s V(T Y)] Vo F(£,X) - 2} p(d2).
Next, using (4.8) and (4.9), we get

(4.21) Il -J <C (12)% + |2|*T*) u(dz) < C6°.

|2I<6

STEP 1.3 Estimate of I3 — Js.
If M,, is the Lipschitz constant of V' w.r.t. yn41, then

FEF+ 2,7 FEX
IffJQS/ <V<T,y+z, (’HGZ’ZN“))VG,MZ, G )>)u(d2)
6<|z|<R

€

F(t,z T Ft X
SMn/ ( ,$+€Z,$N+1) _ (t7 )'/J(d2>
§<|z|<R € €
< Mn/ sup |V, F(®t, T+ ez, Tn+1)||2|p(dz).
6<|z|<R |z|<R
Then
(4.22) I} —Jy, <C sup |V.F(t,T+ ez, Tni1)|log(R/)
[z|<R

STEP 1.4: Estimate of I} and Js.
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Since V is uniformly bounded on Rt x R¥*! we have

F(t,z T -
< / (V (T,y+ o FHT+ GZ’xN“)) ~V( Y)) p(dz)
R<\z\§%

€

(4.23) o
<[ 2lentaz) < &
/z>R R
Similarly
C
(4.24) <

Now, from (4.20), (4.21), (4.22), (4.23) and (4.24), we infer that
L < TP Tna) U+ T V(R ), B + 2Cep + C5°

n R C
+ C sup |V, F(t, T+ ez, Tni1)|log () + =,
[2|<R 1) R

We choose R = R(r) such R — 400 as 7 — 0T, €9 = €o(r) such that Reg(r) < r and § = §(r) > 0 such
that § — 0 as r — 07 and rlog(R/J) — 0 as r — 0F. With this choice, for any € < ¢y and any p < §

C6* + C sup |V, F(t, T+ €z, Tn11)|log (R) + c_ o-(1) asr—0F,
2I<R 6/ R

and Step 1 is proved.
Step 2: Iy < L} + 0,.(1).
For 0 < v < 1 we can split Iy and L} as follows

L= / (ST + 2, Fx ) — S(EX) — V(EX) - 2)ulda)

+ / (06,7 + 2,Tn11) — o(F, X)) pu(de) = I3 + I3,
v<|z|<1

ho= /l < (6(to, xo +x, 2 11) — $(to, Xo) — V(to, Xo) - x)p(dx)

+/ (¢(to, o + 34 1) — B(to, Xo))pu(dx) = Ty + T.
v<|z[<1
Since ¢ is of class C? we have
I, Ty <Cv.
Using the Lipschitz continuity of ¢ we get

IZ—Ty, = / Cru(dz) < o
v<lz|<1 v

Hence, Step 2 follows choosing v = v(r) such that v — 0 and r/v — 0 as r — 0.
Step 3: 7. [6°(, -, Tny1), T| < LE+ o0,(1).
Remark that

Ut T+ 2,Tn41) — 0 X) — V(T Y) — eke <UT (to, w0 + 2, 2%41) — ¢(to, Xo) + 0e(1) + o,(1).
Then, recalling that ¢(tg, Xo) = U™ (tg, Xo), for € < €y we get
1-1271 [(be(i '7EN+1)7§} - L(2) < 07‘(1)

and Step 3 is proved.
Finally (4.18), (7.19), Steps 1, 2 and 3 give

IV [, Tngn), 7] + I [0°F, - Tna), T) < TP Ungn )y T+ 20 V(T ) U]
+ L() + Or(l) + Oep.
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from which, using inequality (4.17) and letting p — 0T, we get for € < ¢
I X 7 - ‘X [
8tw(tﬂX) > 1-1171 [’l/}(t, '7§N+1);E:| +If,1 [¢6<t7 '7EN+1)afj| -w <¢(€)> +o (67 E)
—oy(1) +0r(1) + Ly,

and this concludes the proof of the lemma. O

5. BUILDING OF LIPSCHITZ SUB AND SUPERCORRECTORS

In this section we construct sub and supersolutions of (4.4) that are Lipschitz w.r.t. yn+1. As a
byproduct, we will prove Theorem 1.1 and Proposition 4.3.

Proposition 5.1 (Lipschitz continuous sub and supercorrectors). Let A be the quantity defined by Theo-
rem 1.1. Then, for any fixedp € RN, P = (p,1), L € R and n > 0 small enough, there exist real numbers
)\j(p, L), A, (p, L), a constant C > 0 (independent of n, p and L) and bounded super and subcorrectors

W,;“, W, i.e. respectively a super and a subsolution of (4.4) (with respectively )\j]' and A, in place of \)

such that

Jim A7 (p, L) = lim Ay (p, L) = Alp, L),
AE satisfy (i) and (i) of Proposition 4.3 and for any (1,Y) € RT x RN+1
(5.1) (W E(r,Y)| < C.

Moreover Wf are Lipschitz continuous w.r.t. yny41 and a-Holder continuous w.r.t. y for any 0 < a < 1,
with

"
(5'2) -1 < ({9?JN-¢—1VV77i < ”VVn”oo’
+ o
(5.3) < W >y<C.

In order to prove the proposition, for n > 0, L € R, p € RY and P = (p, 1), we introduce the problem

O:U=L+L[U(r, ynt1)] =W (U + P-Y) +o(r,y)
(5.4) +nlag + infy: U(7,Y") = U(7,Y)]|0yn ., U + 1] in Rt x RNV+!
U,Y)=0 on RN+,

5.1. Comparison principle.

Proposition 5.2 (Comparison principle for (5.4)). Let Uy € USCy(RT x RN*1) and Uy € LSC,(RT x
RN*L) be respectively a viscosity subsolution and supersolution of (5.4), then Uy < Uy on R x RN+L,

Proof. Let us define the functions Vi(7,Y) := e *"Uy(7,Y) and Va(7,Y) := e *Uy(7,Y), where

k= |[W"||s + 1. Tt is easy to see that V; and V5 are respectively sub and supersolution of
8TV = Le_kT + Il [V(Ta E yN+1>] + g(Ta }/7 V)

(5.5) +nlao + e (infy V(7,Y') = V(1,Y)]|0yn., V + e *7| in RT x RNF!
V(0,Y)=0 on RN+1,

where g(7,Y, V) = —e ¥ W'(e*"V + P-Y) — kV + e % 0(7,y). Remark that, by the choice of k,
(5.6) 9(1, Y, V1) = g(7, Z,Va) < =(Vi = Vo) + e M (I[W” ||| P| + [|0”[|o) [Y = Z].

To prove the comparison between U; and Us, it suffices to show that Vi (7,Y) < Va(7,Y) for all (7,Y) €
(0,7) x RN*1 and for any T > 0.

Suppose by contradiction that M = sup(, y)e(o,7)xry+1 (Vi(7,Y) = Va(7,Y)) > 0 for some 7' > 0.
Define for small vq,v2, 3,0 > 0 the function ¢ € C?((R* x RVN*T1)?) by

1)
T—-71’

1 1
Y,s,2)= —|r—s]?P+—|Y — Z|? Y
O(r.Yos,2) = 5 |r = sl 4 5 IV = ZP 4 Bu(Y) +



20

where ¢ Is defined as the function ¢ in the proof of Proposition 3.7. The supremum of (nY) —
Vo(s, Z) — ¢(1,Y, s, Z) is attained at some point (7,Y,5,Z) € ((0,T) x R¥+1)2, Standard arguments
show that, because U; and Uy are assumed bounded

(?,?,5,7)—7(7/}7?,?72) as V1_>07
Vi(7,Y) = Vi(7,Y), Va(5,Z) — Va(7,Z) as vy — 0,
where (7,Y, Z) is a maximum point of Vi(r,Y) — Va(7, Z) — i|Y — Z|* = p(Y) — 7. Moreover, it
is easy to see that

lim sup 1}1/1/f Vi(T,Y') < 1}r}lf Vi(7,Y’), liminf 1}1/1lf Vo(5,Y') > 1}r}lf Vo(7,Y").

v1—0 v1—0

Since V; and V3 are respectively sub and supersolution of (5.5), for any r > 0 we have

1) n T—3S8
T-72 "
—kF Cnr r _ _ r —_ _ — — T
(57) S Le k + T]\; + ﬁIIL W(',?JNH)’?J} +Il2, [‘/1(7-7 '7yN+1)7y] +g<TaY7‘/1<TaY))
_ - |y _z — .
oo + ViR ) - V)] [P I g, () 4 et
and
. . -
T2 s Le ™ = 2N L 275, Zn ), 2] + 9(5, Z, Va5, )
(5.8) " "2

)

Salon + G V(e V) — VoG5, Z)) | LIy
2

where O is a constant depending on the dimension N. Since (7,Y,3, Z) is a maximum point, we have
Vl(?ay""_ xayNJrl) - Vl(?,?) < V2(§7E+ x’2N+1) - ‘/2(577) + ﬁ[w<y+ $,§N+1) - "/}(?)]7
for any « € RN, which implies that for any r > 0

If)T[Vl(?7 '7?N+1)=y] S I12,T[‘/2(§7 '7§N+1)7E] + ﬁIf)T[w('vyN+1)7§]'
Then, subtracting (5.7) with (5.8) and letting » — 07, we get

g —kF _ —ks - — -V U (=V =7 V(s 7
m < L(e M € ¥ ) + ﬁz-l[q/}('7yN+l)7y] + g(T7Ya Vl(T,Y)) - g(S, Z,‘/Q(S,Z))
_ _ 7 -z _ _
ol + ViR Y) < V)] [P EE g, et
oo + G Vol ¥') — Vafs,2))) [Ny o,
2
Next, letting 1 — 0 and using (5.6), we obtain
_0
(T —7)2
(5.9 <BLECTN)T— (VFEY) = Va7 2) + e (IW || Pl + [0 0)Y — Z| + O

+ e lf Vi(7,Y') - inf Va(7,Y') = (Vi(7,7) = Va(7, 2))] ‘”*;”* +e Tt
2

It is easy to prove that

5.10 liminf (Vi(7,Y) = Va(7, 2)) > M
(5.10) (mﬁ(o,o)( 1(7,Y) = Va(7, 2))
and L
Y - ZJ?
Vo

<C,
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where C' is independent of 8 and §. Up to subsequence, 7 — 79 € [0,T] as (8,0) — (0,0) and by (5.10),
we have

limsup [inf V4 (7,Y’) —inf Vo(7,Y") — (V4(7, }A/) — Va(7, 2))]

(8,8)=(0,0) ¥ Y’

< I}I}/f V(TO7 YI) - i}I}/f‘/Q(TOa YI) - Sup(‘/l (T07 Y/) - ‘/2(7-07 Y/))
Y/

<0.

Then, passing to the limit first as (5,0) — (0,0) and then as vo — 0 in (5.9) we finally get the
contradiction:

M <0,

and this concludes the proof of the comparison theorem. O

5.2. Lipschitz regularity.

Proposition 5.3 (Lipschitz continuity in yn41). Supposen > 0. Let U, € C,(RT xRN T1) be the viscosity
solution of (5.4). Then U, is Lipschitz continuous w.r.t. yn+1 and for almost every (1,Y) € Rt x RNF1

W
n
Proof. Let us define U(7,Y) = U(r,Y) + yn41, then U satisfies

(5.11) 1< By, Un(r,Y) <

YN+1

0.0 = L+T[U(r, yn1)] = WU +p-y) + o(r,y) R
(5.12) R +nlag + infy (U(7,Y") = yyy1) — (U7 Y) = yn+1)]|0yn Ul in RT x RNFL

U0,Y) =yni1 on RN+,

We are going to prove that U is Lipschitz continuous w.r.t. yy41 with

R Wl
OgayNHU(T,Y) < 1+||77||.

By comparison, [Af(t,y,yNH) < ﬁ(t,y,yNH + h) for h > 0, from which immediately follows that
0 U in (5.12).

vy U 2> 0. In particular we can replace |8,9N+1I{J\| by Oyx 1
U<1+ % We argue by contradiction by assuming that for some

Let us now show that dy,_,
T > 0 the supremum of the function U(7,y, yn+1) — U (7, 4, 2n+1) — Klyns1 — 2y+1] on [0,T] x RN+ is

strictly positive as soon as K > 1+ % Then for 9§, 8 > 0 small enough, M defined by

. . s
M= max <U(7—7yayN+1) —U(7,y,2nv+1) — Klyn+1 — 2n41| = BY(Y) — ) ,
(r.w)€l0, T xeN T—71
YN+1:2N+1€R

where 1 is defined as the function 5 in the proof of Proposition 3.7, is positive. For j > 0 let

M; = max (U(T,:% yn+1) — Ul(s, Z,ZN+1) - K|yN+1 - ZN+1| - 5¢(Y)
7,8€[0,T],y,z€RN
YN4+1:2N+1€R

1) ) .
T, —jlr —s|? —j|y—z|2) )
and let (Tj,yj,y§;,+1,sj7zj,zf§+1) € ([OTT] X RN+1)2 be a point where M; is attained. Classical ar-
guments show that M; — M, (77,47, yn.1,57, 27, 2501) — (T, 0, Un41, 75U EZN11) as j — +oo, where
(7,7, §N+1»EN+1) is a point where M is attained.

Remark that 0 < 7 < T, moreover, since U(7T,%,Yn,1) > U(T,¥,Zn+1) and U is nondecreasing in
YN+1, it is

(5.13) YN41 > ENA+1-
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In particular y{w_l #* ng+1 and 0 < s;, 7; < T for j large enough. Hence, for » > 0, we obtain the
following viscosity inequalities

L + '(t- _ S)
(T —m2 1T
< L+ Cnjr+ BIY (o vk ) w7 + T U (7, yhs), o)
(5.14) ~ WU,y yhn) +0-97) + (17, 97) +nlag + i{}f(ﬁ(Tja Y') = yni1)

J J
~ . . . . yN 1 —ZN 1 . .
— (U, 9 yng1) — Y] (KW + B0yn V(Y y§v+1)> :
N+1 "~ *N+1
and
it — s5)
(5.15) > L— Cnjr+I27[U(s, -,zf;,+1),zj] - W’(ﬁ(sj,zj,zf\,ﬂ) +p-2d)+o(s?, )
’ J J
o7 Sodo i i j IYN+1 T AN+l
+ nlao + 111/1,f(U(5j7 V') =) — (U, 27, Z?\H—l) - Z;v-y-l)]K%’
|yN+1 - ZN+1|
where Cy is a constant depending on N. Since (77,7, yf\,ﬂ, s7, 29, zg\,ﬂ) is a maximum point, we have
U(Tj7yj + xyy']jv+1) - U(ijyju yngrl) < U(Sjv 2 + z, Z{\/’{»l) - U(Sj7 Zja Z?Qﬂ)
+ B[ + 2, yN) — (W N )]
for any x € RN, which implies that for any r > 0
2,7 177 j j j 27177/ .7 j j 2,r j j
h o, y§v+1)7 Y] < Ay (s, 23\/4.1)7 2]+ BI; [¥(, y?\/+1)> y’].
Hence, subtracting (5.14) with (5.15), sending r — 0" and then j — +oo, we get
) _ _ ~ _ ~ _
T < B Yn), 9+ W (U TG, Zv41) +p-9) = W(U(T, 9, Tn11) +P-7)

e~ =~ _ _ Y —ZN+1
U7 7, In+1) —UT 0, 28+1) — Uns1 — Zy)| K S
|yN+1 — ZN41]

+ B0yn (@, Ung1)nlao + i{}/f(U(?a Y') = yni1) = (U0, Tn41) = Uni)]
S ||W//||W|U(?7yviN+l) - ﬁ<?aya2N+1)|
)0 ) LNEL T ENHL | g

U(T,7,28+1) — Un41 — Zn41)] = —
|Z/N+1 - ZN+1|

— Kn[U(T, 9, Un11

Then, using (5.13) and that K|yy,; — Zy41| < U(7,7, Un41) — U(7,7,Zn41), for B small enough, we
finally obtain
(W llso +n = nK) (U3, n11) = U7, 2n41)) 2 0,

which is a contradiction for K > 1+ % O

5.3. Ergodicity.

Proposition 5.4 (Ergodic properties). There exists a unique N\, = X\,(p, L) such that the viscosity
solution U, € C,(RT x RV*1) of (5.4) satisfies:

(5.16) Uy (1,Y) = N\y7| < C5 for allT>0,Y € RN
with Cs independent of n. Moreover
(5.17) L= [[Wle = llollee +nao < Ay < L+ [Wloo + llolloc + nao-
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Proof. For simplicity of notations, in what follows we denote U = U,, and A = A,,.
To prove the proposition we follow the proof of the analogue result in [32]. We proceed in three steps.

Step 1: existence The functions W (7,Y) = C*r and W (7,Y) = C~ 7, where
C* = L+ ||[W||ls £ |lo]loo + 100,

are respectively sub and supersolution of (5.4). Then the existence of a unique solution of (5.4) follows
from Perron’s method.

Step 2: control of the oscillations w.r.t. space.

We want to prove that there exists C; > 0 such that

(5.18) |U(r,Y)-U(r,Z)| <C; forall 7>0,Y,Z ¢ RVFL
STEP 2.1. For a given k € ZN*! weset P-k =1+ a, with [ € Z and a € [0,1). The function
U(r,Y)=U(7,Y 4+ k) + « is still a solution of (5.4), with U(0,Y") = a Moreover

U0, Y)=0<U(0,Y)=a<1=U(0,Y) +1.

Then from the comparison principle for (5.4) and invariance by integer translations we deduce for all
T>0:

STEP 2.2. We proceed as in [32] by considering the functions

M(7) := S Ur.Y), m(r):= Inf U(rY),
q(1) := M(7) —m(7r) = osc U(r,-).

Let us assume that the extrema defining these functions are attained: M(7) = U(7,Y7"), m(r) =
U(r,Z7).
It is easy to see that M (1) and m(7) satisfy in the viscosity sense

0-M < L+ Z{[U(1,, Y1)y | = W/(M + P-Y7) + o(r,y") + nlag +m(r) — M(7)],

Orm > L+ I7[U(1,, 25 41): 27 = W/ (m+ P - Z7) + o(7,27) + nao.
Then ¢ satisfies in the viscosity sense
0rq S TF[U(,, yR41) ¥ = LR [U (7, 2554), 27 = W/ (M + P YT)
+W' m+P-Z7)+o(r,y") —o(r,27)
ST, yRa),y ] = U7, 2R 41)s 271+ 2 W oo + 2]0 oo
Let us estimate the quantity £(7) := ZE[U(7, -, yy41), 47| —ZE[U(T, -, 2§ 41), 27] from above by a function

of q. Let us define k™ € ZN*1 such that Y™ — (Z7 + k™) € [0,1)N*! and let Z7 := Z7 4+ k™. Using
successively (5.19) and the first inequality in (5.11), we obtain:

() < /| VY )~ U YD)

- (U(Tv ZT+ 2, 5‘]-I;Url) - U(Tv ZT))M(dZ) +

|z|>1

/ Uy + 2 5%) — Uln, Y7) ()

|z|>1

U
- 1(U(T, 2T+ z,yn ) — U, 27))uldz) + 27,
z|>

IN
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where 7i = ||pol|L1@®~\ B, (0))- Now, let us introduce ¢ = yT;ET and §7 = yT;ET € [0,4)" so that
y"=¢c"+6" and z7 = ¢” — §". Hence

Lr) <2+ / (U e + 246y s1) — Ulr Y7)u(dz)
|z|>1

- / W ) Ul 2 ()
z|>1
<om+ / (U + 255 1) — U(r Yoz — 67)dz
[z—07|>1
- / (U ¢ + 255 1) — Ulr, 27 oz + 67)dz
|z467|>1

<2n— / U(nYT)=U(r,Z7)) min{po(z — 67), o(z + 07) }dz
{lz=67|>1}N{|z+67|>1}

< 27 — coq(7)
where ¢y > 0. We conclude that ¢ satisfies in the viscosity sense
07q(7) < 2[W'|los + 2]l0ll0 + 271 — coa(T),

with ¢(0) = 0, from which we obtain (5.18).

If the extrema are not attained, it suffices to consider for 8 > 0, Mg(7) := supycpn+1 (U(7,Y)—50(Y)),
mg(7) := infy cpn+1(U(7,Y) + B(Y)), and qa(7) := Mp(1) — mg(7), where ¢ is defined as the function
19 in the proof of Proposition 3.7. By the properties of ¥, Mg(7) and mg(7) are attained. Then, the
previous argument shows that

qs S Cl + C/Ba

and passing to the limit as 8 — 07 we get (5.18).

Step 3: control of the oscillations in time. We follow [32] by introducing the two quantities:

MHT) 1= sup U(r+T,0)—U(r,0) and A~ (T) = inf U(TJFT,O)*U(T,O)?
>0 T 7>0 T

and proving that they have a common limit as 7' — +o0. First let us estimate A™(T") from above. The
function UT(¢,Y) := U(7,0) + Cy + C"t, is a supersolution of (5.4) if CT = L+ [|[W/||oc + ||o]|cc + nao-
Since U1 (0,Y) > U(r,Y) if C is as in (5.18), by the comparison principle for (5.4) in the time interval
[T, T + 7o), for any 79 > 0 and ¢ € [0, 79] we get

(5.20) U(T+t,Y)<U(,0)+C, +CTt.
Similarly
(5.21) Ulr+t,Y)>U(r,0)—C, + C ¢,

where C~ = L — ||[W/||s — ||0]lco + nag. We then obtain for 7 = ¢ =T and y = 0:

C _ C
(5:22) L= Wl — llolloo +na0 = T+ < A7(T) S A(T) < L+ [[W oo + llolloe + a0 + .

By definition of A*(T), for any ¢ > 0, there exist 7= > 0 such that
U(t* +T,0) - U(t%,0)
T

Let us consider o, 8 € [0,1) such that 7+ =7~ — 3=k € Z, and U(r",0) = U(r" — k,0) + € Z. From
(5.18) we have

Urt,Y)<U((FTH,0)+C, <U(T =k Y)+2C, + (U(TT,0) - U(rH — k,0))
<U@TY =k Y)+2[C1+ UGET,0) - U(rT —k,0) + ).

ME(T) - <.

Since o(+,y) and W'(-) are Z-periodic, the comparison principle for (5.4) on the time interval [77, 77 + T
implies that:

Urt+T,Y)<U@Ft —k+T,Y)+2[Cy]+U(T,0) - U(rT —k,0) + 1



25

Choosing Y = 0 in the previous inequality we get
Ut +T,0) —=U(rT,0) <UrT —k+T,0) - U(rt —k,0) +2[C,] +1
=U(r~ +B8+T,0)—U(t™ 4+ 3,0) +2[C1] + 1,
and setting t = f and 7 =7~ + T in (5.20) and 7 = 7~ in (5.21) we finally obtain:
TAT(T) STA(T) +4[C1] + 1+ 2| W' |loo + 2|00 + 20T

Since this is true for any § > 0, we conclude that:
A[C1 T +1 4+ 2| W'l +2[|oloo

T .
Now arguing as in [31] and [32], we conclude that there exist limz_, | o A*(T) =: A and
A[C1] +1 4 2[[Woo + 2|0l

T ;

IAT(T) = A7 (D)| <

INE(T) = Al <

which implies that

[U(T,0) = AT| < 4[C1] + 1+ 2[W']lc + 2l|o o,
and then, using (5.18) we get (5.16). The uniqueness of A follows from (5.16). Finally, (5.17) is obtained
from (5.22) as T — +o0. O

5.4. Proof of Theorem 1.1. Let us consider the viscosity solution of (5.4) for n = 0. By Proposition
5.4 we know that there exists a unique A such that U(7,Y)/T converges to A as 7 goes to +oo for any
Y € RV*+L. Moreover, by Proposition 3.6, U(7,y,0) is viscosity solution of (1.6). Hence, the theorem
follows immediately from the uniqueness of the viscosity solution of (1.6).

5.5. Proof of Proposition 5.1. Let us denote by U, the solution of (5.4) with a9 = C1, where C;
+ T
is defined as in (5.18), and by U, the solution of (5.4) with ap = 0. Let A} = lim, o U0V and

A, = limr oo Uy (TT’Y); the existence of )\,‘;‘ and A, is guaranteed by Proposition 5.4. By stability (see

e.g. [8]), for n — 0F the sequence (U,f), converges to U solution of (5.4) with n = 0. Moreover by

(5.17) the sequence (\,}), is bounded. Take a subsequence 7, — 0 as n — +o0o such that A} — A as
U(r,Y)

T

n — 4+o0o0. We want to show that Ao = A, where A = lim, 4 » . By the proof of Theorem 1.1, we
know that A is the same quantity defined in Theorem 1.1. Using (5.16), we get

Ut (7,0 Ut (7,0
)\—AOO|<‘)\—U(T’O)‘+’U(T’O)_ T(r )‘+ +(r )_A; NIV
T T T T mn n
UF (1,0
g‘AU(T’O)‘+ U(r,0) Uy (7 )‘+03+|A$nkoo|
T T T

where C3 does not depend on n. Then, passing to the limit first as n — +oo and then as 7 — 400, we
obtain that A = As. This implies that )‘ﬁ —Xasn—0.
The same argument shows that A" — A as n — 0.
Now, we set
W;(T, Y):= U;(T, Y)-— )\;T
and
W, (r,Y):= UJ(T, Y)— A, T
Then, T/Vn+ and W, are respectively the desired super and subsolution.
Indeed, since by (5.18), Co + infys U, (7,Y’) = U,f(7,Y) > 0, W, is supersolution of (4.4) with
A = A}, Moreover, by (5.16), W,f is bounded on R x RN*! uniformly w.r.t. n: [W,F(7,Y)| < Cs for all
(1,Y) € Rt x RN+,

By (5.11), W, is Lipschitz continuous w.r.t. yn41 and —1 < 9y, W," < IW"lloe  This implies that

n

N+1
Wn+ is also a viscosity subsolution of

M +0V =L+TV(r,ynt)] =WV + X7+ P-Y) +0(r,9)
(5.23) +CL([W" ||lso + 1) in Rt x RN+!
V(0,Y)=0 on RN+,
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By Proposition 3.6, W;r is supersolution of (4.4) and subsolution of (5.23) in R* x R¥ for any
yn+1 € R. Then by Proposition 3.7, W;r is of class C* w.r.t. y uniformly in yy41 and 7, for any
0<a<l

Similar arguments show that W~ is subsolution of (4.4) with A = A, is bounded on RT x RN+

Lipschitz continuous w.r.t. yy11 with —1 < 5'yN+1WT;F < % and Holder continuous w.r.t. y. This
concludes the proof of Proposition 5.1.

5.6. Proof of Proposition 4.3. The continuity of H(p, L) follows from stability of viscosity solutions of
(1.6) (see e.g. [8]) and from (5.16). Indeed, let (p,, Ly) be a sequence converging to (po, Lg) as n — 400
and set A, = A(pn, L), n > 0. By (5.16), we have for any 7 > 0

- wn(ﬂy)’ <G
T T

Stability of viscosity solutions of (1.6) implies that w,, converges locally uniformly in (7,y) to a function
wo which is a solution of (1.6) with (p, L) = (po, Lo). This implies that limsup,, . [An — Xo| < @ for
any 7 > 0. Hence, we conclude that lim, 4., A, = Ag-

Property (i) is an immediate consequence of (5.17).

The monotonicity in L of H(p, L) comes from the comparison principle.

Let us show (iii). Let v be the solution of (1.5) and A = A(p, L). Set v(7,y) := v(7, —y). Remark that
I [o(r, ),y = Zi[v(r, ), —y]. If o(7,") is even then ¥ satisfies

A+ 0.0 =Ti[0(r,-),y] + L—=W' @+ M—p-y)+o(r,y) in Rt xRN
v(0,y) =0 on RY,

By the uniqueness of A\ we deduce that A(L,p) = A(L, —p), i.e. (iii).
Finally let us turn to (iv). Define v(r,y) := —v(r,—y). If W/(:) and o(r,-) are odd functions, ¥
satisfies
AN+ 0,0 =Ty[0(r,"),y] =L —W' @ - M+p-y) +o(r,y) in Rt xRN
v(0,y) =0 on RV,

As before, we conclude that A\(—L,p) = —A(L, p), i.e. (iv).

6. SMOOTH APPROXIMATE CORRECTORS

In this section, we prove the existence of approximate correctors that are smooth w.r.t. yy41, namely
Proposition 4.4. We first need the following lemma:

Lemma 6.1. Let uj,us € Cp(RT x RY) be viscosity subsolutions (resp. supersolutions) of (4.4) in
Rt x RN then uy + uq is viscosity subsolution (resp., supersolution) of

22X+ 0;v =2L+T1[v] = W/'(u1 + P-Y + A1)
—W'(ug + P-Y + A1) + 20(7,y) in Rt x RN
v(0,y) =0 on RN,

For the proof see Lemma 5.8 in [11].

Next, let us consider a positive smooth function p : R — R, with support in B;(0) and mass 1. We
define a sequence of mollifiers (ps)s by ps(s) = %p (%), s € R. Let W; (resp. W,") be the Lipschitz
supersolution (resp. subsolution) of (4.4) with A = A} (resp. A = \,’), whose existence is guaranteed by
Proposition 5.1. We define

(6.1) Vn:t:é(t7yayN+l) = Wni(taya ) *ps(s) = / Wni(tvyaz)pts(yN+l —z)dz.
R

Lemma 6.2. The functions ané and ané are respectively super and subsolution of

Ay 0:Vis = L DV (rsynan)) + o (7y)
(6.2) — kW (WE(Ty,2)+p-y+ 24+ XE7)ps(yns1 — 2)dz  in R x RNH!

+ _ N+1
V,E(0,Y) =0 on RN*L
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Proof. We prove the lemma for supersolutions. Let Qf = e+ [—-h/2,h/2), ps(e, h) = fQ,e ps(y)dy and

In(7,y,yn+1) = Z WS (7,9, yn 1 — e)ps(e, h).
echZ

The function I}, is a discretization of the convolution integral and by classical results, converges uniformly

to Vn—f& as h — 0. By Proposition 3.6, W, is a viscosity supersolution of (4.4) also in R x RY. Then,
by Lemma 6.1, for any yn11 € R, I (7,y,yn+1) is a supersolution of

/\7-;_ +0,V=L+1, [V(T7 Y yN+1)] + U(T7 y) Zeehz 55(6, h)

- ZeGhZ WI(W;_ (Ta Y, YN+1 — 6)

+p-y+ (ynvs1 —e) + A 7)ps(e, ) in R x RV
V(0,y)=0 on RV,

Using the stability result for viscosity solution of non-local equations, see [8], we conclude that Vn—fé is
supersolution of (6.2) in R* x RY and hence also in RT x RV*+1, O

6.1. Proof of Proposition 4.4. We first show that the functions Vn+6 and V.5, defined in (6.1), are
respectively super and subsolution of

)\ﬁ + 87‘/;7%5 =L+ Il[Vn:‘,:g(Ta ) yN+1)] - W,(Vn:t:é +P-Y+ )\"j]z’r)

(6.3) +0o(7,y)FCy.s in RT x RV+1
Vni(O,Y) =0 on ]RN'H,

where Cy 5 = W | oo (20||W"|lo /1 + §). Using (5.2) and the properties of the mollifiers, we get
‘W/(Vnﬁs(ﬂ Y, YN+1) + DY+ Ynt1 + /\iT)

- /R W/'(WE(T,y,2) +p-y+ 2+ X, 7)ps(yn 41 — 2)dz

é/’W'(fog(ﬂy,yzvu)+p-y+yzv+1+A$7)
R

— W (WETy,2) +p-y+2+A7)| pslynsr — 2)dz

< ||W“||oo/ [
A

< Wl / / \W;E(r,y,r)—W,%(T,y,z)\pg(ym—r>dr+|yN+1—z|} ps(ynsn — 2)dz

V(T y ung1) — WiE(T,, 2)‘ + lyn+1 — ZI} ps(Yn1 — 2)dz

W
<l [ | ] W 0o 1 psunvas — )+ lysan — 21| polynas — 2)d=
R | J|ynv+1—7[<6 n

WI/ oo
< ||W”||oo/ l:(|yN+1 — 2| +6) + lyns1 — ZI} ps(Yns1 — 2)dz
lyn41—2|<d n

"
< 1 (20 )
n

From this estimate and Lemma 6.2, we deduce that ané and an(s are respectively super and subsolution
of (6.3). Now, we choose d = §(n) such that ||W" || (28|W"||sc/n+ ) = 0,(1) as  — 0 and define

Vni<T,Y) = ny5 (r,Y).

()
Then the functions Vni are the desired super and subcorrectors. Indeed, we have already shown that they
are super and subsolution of (4.5) with A} and A, satisfying (4.6). Properties (i) and (ii) of Proposition
4.3 can be shown as in the proof of the proposition. Finally, (4.7), (4.8) and (4.9) easily follow from (5.1),
(5.2), (5.3) and the properties of the mollifiers. O
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7. THE OROWAN’S LAW

In this section we want to prove (1.9) in Theorem 1.3. In order to prove it, let us introduce the so
called hull function. For p # 0 and L € R, let w be the solution of (1.6) without assuming the initial
condition and let u(7,y) = w(r,y) + py. Let h(x) be such that u(r,y) = h(Ar + py). We see that h is
formally a solution of

(7.1) AR = |p|T1[h] — W/ (h) + L in R.
Moreover, we also expect that h satisfies
(7.2) |h(z) — x| < C5 for any z € R.

As we have already pointed out in the introduction, we will not prove the existence of the hull function,
we will just give an ansatz of it for small values of p and L. Precisely, let us fix py € R\ {0}, Lo € R and
let p = 0po and L = §Lg, where ¢ is a small parameter. The main idea to prove (1.9) is to approximate
h, for such p and L, by the following ansatz

(7.3) h(m)ﬁ?inij)O {gb (§| |> ]+6z_z_:oow(5lpol)

where a = W”(0) > 0 (defined in (1.7)) and the functions ¢ and v are respectively the solutions of the
following problems

Ti[o] = W'(9) in R
(7.4) lim,—— oo (@) =0, limyjood(z) =1, ¢(0) =1
¢ >0 in R,
and
T[] = W ()0 + yrttgy (W (¢) = W"(0)) + ¢4/ in R
(7.5) hmmH V(@) =0

€= .IR(¢'>2'

Here and in what follows, Z; denotes the half-Laplacian in dimension 1, i.e., u(dy) = dy/(r|y|?). On the
function W, we assume (1.7). Then there exists a unique solution of (7.4) which is of class C%#, as shown
by Cabré and Sola-Morales in [9]. Under (1.7), the existence of a solution of class C*# of the problem
(7.5) is proved by Gonzdles and Monneau in [22]. Actually, the regularity of W implies, that ¢ € C*+#(R)
and 1 € C*A(R), see Lemma 2.3 in [9].

We will show that the ansatz defined in (7.3) satisfies, up to small errors, the equation (7.1) with
A = ¢o|0po|0 Lo, where ¢g = ([5(¢')?)~", and has the ergodic property (7.2). This implies, by comparison,
that H(6po,6Lg) ~ co|épo|6Lg as 6 — 0%, and then will show Theorem 1.3.

7.1. Proof of Theorem 1.3.

Suppose pg # 0. For L € R, § > 0 and n € N we define the sequence {sén(x)}n by

s§n<x>=—n+2¢<5| ) Zw(ﬁ?o)

=—nN i=—n

where ¢ is a solution of (7.4) and 1t is a solution of (7.5) with Ly replaced by L. We consider the
~L

differential operator N Lé“ , defined on smooth functions as follows
. B
NLY? 0] = X5 b = dlpo| T2 [A] + W () - oL,
where
—L
)\6 = 5200‘p0‘[/.

Then we have
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Proposition 7.1. Assume (1.7). For any x € R there exists the finite limit
hE(z) = lirf sgn(x)
Moreover hg has the following properties:
(i) h¥ e C?(R) and satisfies
XL
NLy? [h§)(z) = o(8),
where limg_,q @ =0, uniformly for x € R and locally uniformly in L € R;
(ii) There exists a constant C > 0 such that |h¥(z) — 2| < C for any x € R.
The proof of Proposition 7.1 is postponed.
Remark 7.2. From (ii) of Proposition 7.1, we see that the function ht(z) goes to infinity like the power

. Then the integral Z;"" [hk, z] = ﬁy|>T(h§(x +vy) — h¥(x))u(dy), r > 0, is not well defined in the sense

of the Lesbegue integration. By If’r[hg, x], we mean

IY"(h§ 2] = lim (h5 (x +y) = hi (@) u(dy),

a—+oo r<ly|<a

~L
and this allows us to define N Lz‘s [hE] in Proposition 7.1. This definition coincides with the standard
Lesbegue integral for integrable functions. In what follows we will consider the function
. ~L
(7.6) w(T,y) = h¥ (Spoy + Ns7) — dpoy
which belongs to C,(RT x R) and then for which Z? is well defined and
~ . — — r ~L
Zi[@(r, ),y = lim . (@(7,y + 2) —W(r,y))u(dz) = 6lpol T3 [h§, Spoy + X5 7],
a7 J1<]z|<a
with r = 0|po].

Fix n > 0 and let L = Ly — n. By (i) of Proposition 7.1, there exists 6y = do(n) > 0 such that for any
d € (0,400) we have

X5 L 5L .
(7.7) NLy [h¥] = NLY [h¥] =60 <0 inR.
Let us consider the function w(7,y), defined by (7.6). By (ii) of Proposition 7.1
_ ~L
(7.8) [w(r,y) = As 7| < [CT,

then, w € Cy(RT x R). Moreover, by (7.7) and (7.8) w satisfies

”U’j.,- < Il [’[17} — W/(@ + 5poy) + 5L0 in Rt xR
w(0,y) < [C] on R.

Let w(7,y) be the solution of (1.6) with N =1, p =dpg, L = §L¢ and o = 0, whose existence is ensured
by Theorem 1.1, then from the comparison principle and the periodicity of W, we deduce that

w(r,y) <w(ry) +[C].
By the previous inequality and (7.8), we get

AT < w(ry) +2[C],
and dividing by 7 and letting 7 go to +o00, we finally obtain

—L —
8%colpol(Lo —n) = As < H(dpo,dLo).
Similarly, it is possible to show that
H(6po,6Lo) < 6%colpol(Lo + 1)

We have proved that for any 1 > 0 there exists 6y = do(n) > 0 such that for any ¢ € (0, o) we have

H(6po, 6L
% —colpolLo| < colpoln,

i.e. (1.9), as desired. O
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7.2. Preliminary results.

To prove Proposition 7.1 we need several preliminary results. We first state the following two lemmas
about the behavior of the functions ¢ and + at infinity. We denote by H(z) the Heaviside function

defined by
>
H(x) = 1 forxz>0
0 forz <O.

Then we have

Lemma 7.3 (Behavior of ¢). Assume (1.7). Let ¢ be the solution of (7.4), then there exist constants
Ky, K1 > 0 such that

(7.9) ba) — H() + ——| <L forfe] > 1,
and for any v € R

(7.10) 0< 1?252 < ¢(x) < 1?}32,
(.11) S s

Lemma 7.4 (Behavior of ¢). Assume (1.7). Let ¢ be the solution of (7.5), then for any L € R there
exist constants Ko and K3, with K3 > 0, depending on L such that

K, K3

(713) w(x) - z < 72 ) fOT |J)| > 17
and for any r € R
K3 K3
14 - "(z) <
) i v < T
K3 " K3
1 —— < < .
(715) S <

We postpone the proof of the two lemmas in the appendix (Section 8).
For simplicity of notation we denote (for the rest of the paper)
rT—1 -~

= mv ¢(2) = ¢(z) — H(2).

Then we have the following five claims (whose proofs are also postponed in the appendix (Section 8)).
Claim 1: Let x =19+, with o € Z and v € (—1 1}, then

Ly

272
- — =2y ) ——— asn— +oo,
l;_.nx—z rari e
iig
ﬁ—’ T 2 as n — +00,
2 @2 (it
n 1 +oo 1
—_— — =  asn — +oo.
PR i P

Claim 2: For any x € R the sequence {sgn(:r)}n converges as n — +00.

Claim 3: The sequence {(sin)’}n converges on R as n — +o0, uniformly on compact sets.



Claim 4: The sequence {(

)"} converges on R as n — 400, uniformly on compact sets
Claim 5: For any x € R the sequences

1o z] and Y1 Th[, x;] converge as n — 400
In order to do the proof of Proposition 7.1, we finally state and prove the following result
<L
Lemma 7.5. —C§? < lim,,_, ;o NL?‘S [sén x
Proof of Lemma 7.5

1(z) < C6%, where C is independent of

L [Sé,n] (‘T)

Fix z € R, let zOEZandve( % %] be such that x = ig + 7, let 5‘ " > 2 and n > |ip|. Then we have
NLX‘? L

N maz

(i) + 60 ()] = Y [Talo, i) + 0Ta 1), 4]
+w«?+ wm+wm@—ﬂ
~L

_ >‘6 I (o /

= bl @' (i) + 59'(

Tiy) + Z T j

= dcoLQ ¢ (wiy) + 0V (z4) +

)
(0%
# i0

+ZO

1#@0

31
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= 0coL § 69! (wig) + D [0 () + 60 (20)] p + (W (d(ig)) = W(0) D (i)
o o
=5 > T, m) + W (B(ws,))6 Z Y(xi) + Y O(b(x))?
o i o
2

n

+O| 24 60(ei) + Y [Bwn) + b0t

i#iQ

Let us bound the second term of the last equality, uniformly in z. From (7.10) and (7.14) it follows
that

—0%|po’Ks > @oi2 < D (¢ (@) + 50 ()] < 6[pol* (Ko + 6K3) D @i
i iy iio
and then by Claim 1 we get
. _ 3 < : s '] < 2'
(7.16) C6° < lim Z (¢ (25) + 60/ ()] < C6
iig

Here and henceforth, C' denotes various positive constants independent of x.
Now, let us prove that

(7.17) —C5? < i (W7 (6(i,)) = W(0 Z b(a;) < C62.

i=—n

i#iQ

By (7.9) we have

n

5|p0| - 1 20, 12 1

i=—n i=—n i=—n

i#ig i#ig i#ig

If |y| > 8|pol, then again from (7.9), |¢(xs, ) + 5|p0|| < K m which implies that

amy

~ ~ ~ 2
(W (9(xi)) = W(0)] < [W"(0)p(xs,)| + O((wi,))* < Cm + C%

By the previous inequality, (7.18) and Claim 1 we deduce that

n

i (W"(6(x,)) — W0) S dan)| < C (| | 52)(M|+52)<052

n—-—+o00

where C' is independent of ~.
Finally, if |y| < d|po|, from (7.18) and Claim 1 we conclude that

: " 1" < 2 < 2
Jim (W7 (i) — W Z B(x:)| < Coly| + €82 < €42,

i=—n

i#iQg

and (7.17) is proved.
Now, let us consider 5217—71 T [¢, ;). We have

i#iQ

(7.19) T[] = W" (@) + = (W”(@ W(0)) + ¢’ = W (0)y + §W”’(0>€s +0(0) + 0()* + cd.
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Then by (7.19), (7.9), (7.10), (7.13) and Claim 1, we have

(7.20) dim o _Z Ty, x| < C62.
1,;;0”
Similarly
. 73 2
(7.21) dim W (6 (i) ; W(x)| < CH2.
i#ig

Finally, still from (7.9), (7.13), and Claim 1 it follows that

oL~ LS I
(7.22) Jim :Z (B(w:)* + 0 | =+ dub(ai) + ; [0w:) + )] | | < co2,
iig i#ig

Therefore, from (7.16), (7.17), (7.20), (7.21) and (7.22) we conclude that

L
—C# < lim NLy [sk,] < C?

~ n—+4oo

with C independent of £ and Lemma 7.5 is proved.

7.3. Proof of Proposition 7.1.

Step 1: proof of ii)
Let @ = io + with ip € Z and v € (—3,%]. Let n > |ig|, then by (7.9) and (7.13) we get

@) 2 = 20 4 () + 00w) —m o~y + S () + ()]
g
L
=+ iy + 0p(zi,) — v + Z (2i) + 6 ()]
i
2 2
< L76+ 3+5||’l/)||00 1Zn |: <5K2) .ihD—O|Z+(K1+§K3)(i i)Oi)Q
i#ig

Then, by Claim 1
h¥(z) —x = lim s(;n( )—ax < C.

n—-+oo
Similarly we can prove that
hk(z) — x> —C,

which concludes the proof of ii).

Step 2: proof of i)
The function h¥(z) = lim,— 4 sgn(x) is well defined for any x € R by Claim 2. Moreover, by Claim 3

and 4 and classical analysis results, it is of class C? on R with

(h5) (x) = nﬂrfoo(sén)l(x) - nHJrOO 5|po| Z [ <5p0|> o (5|p0|i>}

i=—n

L\n T L \nm _ i nfT—1
(h5)'(@) = lim (s5,)'(x) = lim ol 52|p0|2 Z [ ( 5lpo|) iy ( 5|p0|)},

and the convergence of {sﬁn}n, {(saL’n)’}n and {(sé’n)”}n is uniform on compact sets.
Let us show that for any x € R
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(7.23) Lbk,al = tim Ti[sh, a]
First, we prove that
(7.24) Li[hs, ) = lim Ti[s5,, ).

Fix € R, we know that for any y € [-1,1], y # 0

$En(0 ) — ska(0) — )@y h(a+y) — (@) — (W) @y
ly[? ly[?
By the uniform convergence of the sequence {(s§,,)""}» we have
|55n(@ +9) = 55(x) = (s5.)" @)yl _ L

2 = sup (Sé,n)”(z) < C7
|y| z€[z—1,z+1]

as n — 4o0.

where C is indipendent of n, and (7.24) follows from the dominate convergence Theorem.
Then, to prove (7.23) it suffices to show that

112 [hé, x] = nEr—iI-looI% [séL)n, x).

From Claim 5 and (7.24), we know that for any = € R there exists lim,,_ o Z7 [s(’;"n, z]. For a > 1, we
have

2[5k, ] = / sk sh @l + /yl>a[s§,n<x +y) — sb o (@)]u(dy).

By the uniform convergence of {s§, }, on compact sets

lim [sE (@ +y) — sE, (0)]u(dy) = / ) k@),

=400 J1<|y|<a

then there exists the limit

lim [s5.0 (2 +y) — 55, ()| (dy).
0 Jly|>a
Let us show that
(7.25) lim  lim (550 (2 +y) = s§,(2)]u(dy) = 0.
a—+00 n——+00 ly|>a ’ ’

We first remark that if z > n, by (7.9) and (7.13) we have

L() L—5+n—|—1+z B(2i) — 1+ 09 ()]

Lé =~ [ 1 5|P0| 52|P0|2 ]
< _ P
< a+n+1+i;n_ (Om JK) +(K1+5K3)(Z_i)2_,

and

2 ~ [ (1 |pol 32[pol* ]
s5n(2) > - tntlt Z - (M—5K2> P - (K1 +5K3)W

Zii and > (Z_li)2 are uniformly bounded on R by a constant

i=—n -

By Claim 1, the quantities >
independent of n. Hence, we get

(7.26) n—CSsén(z)Sn—i—C if z>n.

The same argument shows that

(7.27) -n—C< sgn(z) <-n+C ifz<-—n.
Moreover, by the computations of Claim 7

(7.28) -C< Sén(z) —z<C if|z] <n.
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Let ig € Z be the closest integer to z, let us assume n > |ig] + 1+ a > |ig| + 1. We have

[ bt ) = sk lntan) = | ko +9) = sk (@)lutdy)

a<|y|<n—1—lio|

’ /"1io|<|y<n+l+i0| et /y|>n+1+|i0| - Juldy).

If ly| <n—1—lig|, then |z + y| < n and by (7.28)

Lo sk = sh @l < | (4 +20)u(dy)

a<ly|<n—1—|ig|

20
= / 2Cu(dy) < —,
a<|y|<n—1—]io| a

and
2C
/ ko +9) — skt > =22
a<ly|<n—1-[io| a
Then
(7.29) lim  Tim [s5, (2 +y) — 8§, (x)]u(dy) = 0.

a<|y|<n—1-lio|

Next, since |s§n(z)\ < Cn for any z € R, we have

/ sk oo +9) = sk (e)lldy
n—1—|io|<|y|<n+1+]io|

(7.30)

=~ n(lio] +1)
§C’n/ wldy) =C———+—= —0 asn— +oo.
n—1—lio|<|y|<n+1+lio| n? — (Jio +1)2

Finally, if y > n+ 1+ |ig|, then x +y > n, if y < —n — 1 — |ig|, then £ + y < —n. Hence, using (7.26)
and (7.27), we obtain

[ skt - skl
[y|>n+1+]iol

= / [s5n (@ +y) — s (@)]p(dy) + / [s5n(x+y) = 55, (@) p(dy)
y>n+1+]io] y<—n—1—|ig|
— sk (x -n — 55 (x
<[ rosh @+ [ O sk @l

= [ o= skt
ly|>n+1+]io|

and

/ (sE (2 + ) — sk (2)]u(dy) > / [-C — s (@) u(dy).
ly|>n+1+]io| ly|>n+1+]io|
We deduce that

lim [s5n (2 +y) — 8§, (x)]u(dy) = 0.
T Sy >n41+]io|

Hence, by the previous limit, (7.29) and (7.30), we derive (7.25).
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Then, we finally get

. or I _ . . 271 . L
nEr—Poo h [86’7“ J}] - aEI-&I-loo nBr-iI-lOO Li [Sé’n’ .T}
= lim lim (55 (2 + ) — 55, ()] (dy)
a=toon=+oc Ji<|y|<a
+ lim lim [s5n(x +y) — 55,(x)]u(dy)
a—toon—+oo fl 15,
— lim [h§ (z +y) — h§ (z)]u(dy)
a=+00 J1<]y|<a

=I{[h5 @),

as desired.
Now we can conclude the proof of (i). Indeed, by Claim 2, Claim 3 and (7.23), for any = € R

As 1L o . XSL L
NL7 [hy,x] = hr_{l NL7 [85., 2],
and Lemma 7.5 implies that
~L
NLi‘s [hE,z] = 0(8), asd — 0,

where lims_.q OT‘S) = 0, uniformly for z € R. O

8. APPENDIX

In this appendix, we prove the following technical results used in the previous section: Lemmata 7.3
and 7.4, and the Claims 1-5.

8.1. Proof of Lemma 7.3. Properties (7.9) and (7.10) are proved in [22].
Let us show (7.11).
For a > 0, we denote by ¢/, (z) = ¢/ (£). Remark that ¢/, is a solution of
1
Tlg) = ;W"(6a)0), inR.
Since ¢ is bounded and of class C>#, T;[¢"] is well defined and by deriving twice the equation in
(7.4) we see that ¢” is a solution of

L¢") = W(8)¢" + W (@)(6)*.
Let ¢ = ¢/ — C¢/,, with C > 0, then ¢ satisfies

TG - W (013 = €0l (W716) — 10" (60)) + W (0
= oo, (o) - 6] +o (1542 )

as |z| — +oo, by (7.10). Fix a > 0 and R > 0 such that

[ W)= 400> W0 >0 o R\LR R
R, R

(8.1) W"(¢) > 0, on R\ [-R,

Then from (7.10), for C large enough we get
T, [¢] - W"(¢)¢ 20 on R\ [-R, R].
Choosing C' such that moreover
¢ <0 on[-R,R],

we can ensure that ¢ < 0 on R. Indeed, assume by contradiction that there exists g € R \ [~ R, R] such
that

é(z0) = sup¢ > 0.
R
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Then

I [%7 .’Eo] <0 B
L1[¢, wo] — W ((x0))@(20) = 0
W (¢(z0)) > 0,

from which

#(x0) <0,
a contradiction. Therefore & < 0 on R and then, by renaming the constants, from (7.10) we get ¢ < 1512
To prove that ¢” > fﬁ, we look at the infimum of the function ¢” + C¢/, to get similarly that
¢+ C¢l, >0 on R.

To show (7.12) we proceed as in the proof of (7.11). Indeed, the function ¢ which is bounded and of
class O, satisfies

Il[(bm] — W//(¢)¢/// + 3WW(¢)¢)/¢N + ij(d))(d)/)g — W”(d})gb”/ +o <1+1x2) ,

as |z| — 400, by (7.10) and (7.11). Then, as before, for C' and a large enough ¢ — C¢!, < 0 and
¢" + C¢!, > 0 on R, which implies (7.12). O

8.2. Proof of Lemma 7.4. Let us prove (7.13).
For a > 0 we denote by ¢4(z) = ¢ (%), which is solution of

Llgd = -W'(0) R
Let a and b be positive numbers, then making a Taylor expansion of the derivatives of W, we get
Tl = (60— 00)] = W/(0)6+ Z(V"(6) = W)+ 0’ + (5177 n) — 2W'(60))

= W)~ (b — d0)) + W (B)(60 — ) + (W) - W(0))

+eg' + (2 () — fW (%))

= WG~ (f0 — 60)) + W (O) (60— 63) + LW (0)3 +cof

W7 0) (330 360) + (60 = 9)0@) + 0@ + OGn)* + O
and then the function P = 3 — (¢ — ) satisfies

L] W(6)5 = (6, — én) + TW" O + o6 +a (5~ 23 )

+ (da = 65)0(9) + O(6)” + O(a)* + O(6)”.
We want to estimate the right-hand side of the last equality. By Lemma 7.3, for |z| > max{1, |a|, |b|} we
have

L s 1 L m Ko 2 2 |L| "
- = >—— |(a— = S = .
(g0 = 68) + =W (0)6 = —— |(a—b) + SW"(0)| = =~ (a® + 62+ S W"(0)]
Choose a,b > 0 such that (a — b) + ZW”'(0) = 0, then

I -
0(du — ) + TW0)F >~

for |z| > max{1, |al,|b|}. Here and in what follows, as usual C' denotes various positive constants. From

Lemma 7.3 we also derive that
1~ 1~ C
(o 13)2-C
T

C
/
> -
¢’ = 1+ a2’
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and
= \2 T \2 TN\2 C
(¢a = 6)0(@) + O(9)" + O(¢a)” + O(?r)” 2 — 77—,
for |z| > max{1, |al, |b|}. Then we conclude that there exists R > 0 such that for |z| > R we have
L) - WP > -1
' 142

Now, let us consider the function ¢/;(z) = ¢’ (%), d > 0, which is solution of

Tl = 30" (6o R,

and denote B
with C' > 0. Then, for |z| > R we have
— "eoNT é " / C " = A 1" 1 " C
Lily] =2 W (o) — i (¢a)da — To a2 W"(¢)y + Cgj (W (¢) — - (¢d)> St

Let us choose d > 0 and Ry > R such that

{ W”(¢) = IW"(¢a) > sW"(0) >0 on R\ [~Ra, Raj;
W”((b) >0 on R\ [7R2, RQ],

then from (7.10), for C large enough we get

T[] = W"(@)¢ 20 on R\ [~Ry, Ra),
and
P <0 on [~Ry, Ryl
As in the proof of Lemma 7.3, we deduce that E < 0 on R and then

K, K
1/1§—2+—23 for |z| > 1,
x oz

for some K5 € R and K3 > 0. B
Looking at the function ¥ — (¢q — @) + C'¢};, we conclude similarly that

K. K
> =222 for [z > 1,
X xr

and (7.13) is proved.
Now let us turn to (7.14). By deriving the first equation in (7.5), we see that the function ¢’ which is
bounded and of class C%#, is a solution of

L) = W/ () + W ()6 + W ()6 +co” in R
Then the function 9 = 9’ — C'¢/,, satisfies
L[] - W' ()4 = Cd, (W”(czS) - iW”(%)) + W ($)¢'v + §W”’(¢)¢’ +co”
= e, (W0~ 270 ) +0 (15 ).

by (7.10), (7.11) and (7.13), and as in the proof of Lemma 7.3, we deduce that for C and a large enough
@/ < 0 on R, which implies that 1’ < 1522. The inequality ' > — 15:;2 is obtained similarly by proving
that El +C¢,, > 0onR.
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Finally, with the same proof as before, using (7.10)-(7.14), we can prove the estimate (7.15) for the
function v” which is a bounded C'# solution of

L
Il [w//] _ W//((b)w// + QWW((b)(b/wl 4 WIV(¢)(¢/)2w + W///(¢)¢//w + EWW(¢)¢”
+ gwIV(¢)(¢I)2 +C¢HI

=W”<¢>w”+0< : )

1+ 22
O
8.3. Proof of Claims 1-5.
Proof of Claim 1.
We have for n > [ig]
n i0—1 n n+1ig n—ig
1 1 1 1 1
)il Dl el DI D) O
i;—_nxﬁl P R e
itio
Z?:lv %7 ) if 10 =10 400
=1 T et Ui iy Ti0 >0 = =2y ) Fo oz Mmoo
v+io _—2 L —1 1 e = o
Z?:lm i2_;/2 - Z?:yij—io-fl = if 70 < 0 i=1
Let us prove the second limit of the claim.
ip—1 1 n—+ig 1 —+o0 1
— = —_— —— asn — +00.
PN D DN cru L Y
Finally
n n—ig “+00
1 1 1
Y = e A n— o,
S =i H (i) H (=)

and the claim is proved. ‘
By Claim 1 Z%é__n Lyl 1 and Dot ﬁ are Cauchy sequences and then for k >
o

T—1’ i=—n (z—1i)2

m > |ig| we have

—m—1 1 k 1
8.2 .
(8.2) Z x—i+,z m_i—>0 as m,k — 400,
1=—k i=m-+1
—m—1 1
(83) izz_k W — 0 as m, k — ‘f'OO7
and
. 1
(84) i:%;rl m — 0 as m, k— +00.

Proof of Claim 2.
We show that {sén(:ﬁ)}n is a Cauchy sequence. Fix x € R and let ¢y € Z be the closest integer to = such

that z = ip + 7, with v € (-3, 3] and |z —i| > § for i # ig. Let § be so small that 5‘11)(]' > 2, then
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lz=il > 1 for # ig. Let k > m > |ig|, using (7.9) and (7.13) we get

dpol
—m—1 k
skr(@) = sEm(@) = —(k =m) + Y [$(@i) + 6] + D [dla) + ()]
i=—k i=m-+1
—m—1 k
= Z [(p(:) — 1) + 60(s)] + Z [P(xi) + 6 (w4)]
i=—k i=m-+1
< (L sk, 0 J"’ZALHK + 6K, |27§51#
= e 2 | 9|Po R — 1 3)0"1Po e (1)
(L 5K, ) 6ol Xk: (K + 6K3)5 o2 Xk: !
ar 2 Po K T — i 1 3 Po g (.’L' — ’L)2 )
1=m-+1 i=m-+1
and
. . 1 —m—1 1 k 1
e S L DY T M
—m—1 1 k 1
2(,, |2
_ (Kl + (SKJ)(S ‘p(]‘ <i_§:k m + i:%l (],‘—Z)2> .

Then from (8.2), (8.3), (8.4), we conclude that
\Sék(a:) — sgm(x)| — 0 asm,k — +oo,
as desired.

Proof of Claim 3.
To prove the uniform convergence, it suffices to show that {(sgn)’ (z)}n is a Cauchy sequence uniformly

on compact sets. Let us consider a bounded interval [a,b] and let = € [a,b]. For =+ > 2 and k > m >
d|pol
1/2 + max{|a|, |b|}, by (7.10) and (7.14) we have

—m—1 k

L —SL /Z‘ZL "o uey L /(s ey
(Sé,k) (Z‘) ( 5,m) ( ) 5|p0| Z:z_:k [d) ( z) + CW ( z)] + 5|p0‘ i:;_l M) ( l) + CW ( z)]
—m—1 1 k 1
i=—k (z 1) i=m—+1 (z 1)
< (K; 4+ 6K3)d Eal y 1
< (K1 +0K3)dpol Z;k eri:;rlm .
and
—m—1 1 k 1
(s51)' (@) = (s5,) (@) 2 =Kalpol | D ——=54+ > ——=3|-
I le—r o am (0—4)
Then by (8.3) and (8.4)
sup [(s5)"(2) = (85,,) ()] = 0 as k,m — 400,

z€la,b]

and Claim 3 is proved.

Proof of Claim 4.
Claim 4 can be proved like Claim 3. Indeed

(sh)(@) = s D 160+ 00" (a0

1=—"n
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and using (7.11) and (7.15), it is easy to show that {(s(ﬁn)”}n is a Cauchy sequence uniformly on compact
sets.

Proof of Claim 5.
We have

Tifg] = W'(¢) = W'(§) = W"(0) + O(¢)*.
Let © = io +~ with v € (=3, 3], and k& > m > |ig|. From (7.9), (8.2), (8.3) and (8.4) we get

k m —m—1 k
Yo Tilgwl— Y Tilgwl = Y ad(@) +0(6(z:)* 1+ Y [ad(z:) + O((:))’]
i=—k i=—m i=—k i=m+1
(5|p0| —m—1 1 k 1 —m—1 k 1
< —— —_— —_— —
- o Z x—i+,z T —i +CZ (x —1) C,Z (z —1i)2 0.
1=—k 1=m-+1 i=m-+1
as m, k — +oo, for some constant C' > 0, and
k m
Z Il[¢7xi] - Z Il[‘f% 931]
i=—k i=—m
5|p | —m—1 1 k 1 —m—1
0
> —— _— —_— —
= 7r i;kx—i+i:;_lx—i CZ (x —1) Cﬁ%l (z —1) 0,

as m,k — +oo. Then Y1 T[¢, ;] is a Cauchy sequence, i.e. it converges.
Let us consider now Y " Zi[¢,z;]. By (7.19), (7.9), (7.10) and (7.13) we get

k m
Z Ty, z:] — Z Ty, x]
i=—k i=—m

_ —m—1 1 k 1 —m—1 k 1
<Cc|>Y —+ > — | +C Z ——+C ) T
1=—k 1=m-+1 i=m-+1

and

k m
S nilwi] - Y iy,
1=—k i=—m
—m—1 k —m—1

~ 1 1
= Zx—iJr Z T —1 CZ (x —1) 702 (x —1)

i=—k 1=m-+1 i=m-+1

for some C € R and C > 0, which ensures the convergence of S T, ).
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