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Content

• Feasibility of the calibration of a Ĺevy process with American put

options

• A forward problem (∼ Dupire’s equation for European put)

• Choice of a class of Ĺevy processes

• Variational inequalities for the previous problems (in possibly

fractional Sobolev spaces)

• Bounds and Sensitivity results for the previous problems

• Regularized least squares, optimality conditions
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Will not be discussed

• The regularization of the least square problem

• The corresponding numerical method (because not implemented yet)
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Description of the model
Consider a Ĺevy process(Xτ )τ>0 on a filtered probability space.

Lévy-Khintchine formula: there exists a functionχ : R → C s.t.

E(eiuXτ ) = eτχ(u),

χ(u) = −σ
2u2

2
+ iβu+

∫

|z|<1

(eiuz − 1 − iuz)ν(dz) +

∫

|z|>1

(eiuz − 1)ν(dz)

• σ ≥ 0: volatility.

• β ∈ R.

• ν is a positive measure onR\{0}, called the Ĺevy measure of(Xτ )τ>0

andν is s.t. ∫

R

min(1, z2)ν(dz) < +∞.
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We assume that the discounted price of the risky asset is a martingale

obtained as the exponential of the Lévy process:

e−rτSτ = S0e
Xτ .

The fact thate−rτSτ is a martingale is equivalent toE(eXτ ) = 1, i.e.
∫

|z|>1

ezν(dz) <∞, and β = −σ
2

2
−

∫

R

(ez − 1 − z1|z|≤1)ν(dz).

We also assume that ∫

|z|>1

e2zν(dz) <∞,

so the discounted price is a square integrable martingale.
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We assume furthermore that the Lévy measure has a density,

ν(dz) = k(z)dz,

wherek is possibly singular atz = 0.
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Integro-differential operators for option pricing

We noteB the integral operator

(Bv)(S) =

∫

R

(
v(Sez) − v(S) − S(ez − 1)

∂v

∂S
(S)

)
k(z)dz,

andL the integro-differential operator

Lv =
∂v

∂τ
+
σ2S2

2

∂2v

∂S2
+ rS

∂v

∂S
− rv +Bv.
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American options

The price of the American option with payoffP◦ and maturityt is

Pτ = P (τ, Sτ ),

where





LP (τ, S) ≤ 0, 0 ≤ τ < t, S > 0,

P (τ, S) ≥ P◦(S), 0 ≤ τ < t, S > 0,

LP (τ, S)
(
P (τ, S) − P◦(S)

)
= 0, 0 ≤ τ < t, S > 0,

P (t, S) = P◦(S), S > 0.
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Some references

• Maximum principle for elliptic equations associated with Lévy

processes: Bony, Courrège and Priouret (1968), Cancelier.

• Related variational inequality whenσ > 0 in suitably exponentially

weighted Sobolev spaces: Bensousan and Lions, Schwab et al.

• Viscosity solutions, cover the case whenσ = 0 and hyperbolic

problems: Pham, Cont et al, Arizawa.

• Numerical methods: Cont et al, Schwab and collaborators, YAand O.

Pironneau

• Calibration of Ĺevy processes with European options: Cont and

Tankov.

• Calibration of local volatility with American options: YA,YA and O.

Pironneau.

8



American options: a forward linear complementarity problem (1)
We aim at finding a forward LCP in the variables maturity/strike.

If P ◦(S) = (x−S)+ then P (τ, S, t, x) = xg(ξ, y), y = S/x, ξ = t−τ ,

where




L̃g(ξ, y) ≥ 0, 0 < ξ ≤ t, y > 0,

g(ξ, y) ≥ (1 − y)+, 0 < ξ ≤ t, y > 0,

L̃g(ξ, y)
(
g(ξ, y) − (1 − y)+

)
= 0, 0 < ξ ≤ t, y > 0,

g(0, y) = (1 − y)+, y > 0,

with

L̃g =
∂g

∂ξ
− σ2y2

2

∂2g

∂y2
− ry

∂g

∂y
+ rg + B̃g

and (B̃g)(y) = −
∫

R

(
v(yez) − v(y) − y(ez − 1)

∂v

∂y
(y)

)
k(z)dz.
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American options: a forward linear complementarity problem (2)
From this observation and the identities

x
∂g

∂ξ
= −∂P

∂t
, xy

∂g

∂y
= −x∂P

∂x
+ P, and xy2 ∂

2g

∂y2
= x2 ∂

2P

∂x2
,

we deduce thatP (0, S, t, x) satisfies the forward problem:




LP (t, x) ≥ 0, 0 < t, x > 0,

P (t, x) ≥ P◦(x), 0 < t, x > 0,

LP (t, x)
(
P (t, x) − P◦(x)

)
= 0, 0 < t, x > 0,

P (0, x) = P◦(x) = (S − x)+, x > 0,

where

Lu =
∂u

∂t
− σ2x2

2

∂2u

∂x2
+ rx

∂u

∂x
+Bu,

and (Bu)(x) = −
∫

R

k(z)

(
x(ez − 1)

∂u

∂x
(x) + ez(u(xe−z) − u(x))

)
dz.
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Interest of the previous problem

• Allows for computing the prices of a family of American put options on

the same underlying with different maturities and strikes.

• Especially useful for calibration:

in the context of a least square method for calibration, the evaluation of the

cost functional requires solving only one forward problem instead ofI

backward problems, ifI is the number of the observed prices.

• This program is not possible with local volatility BS models.

• Under some assumptions, the price can be found by solving a parabolic

variational inequality in suitable weighted (and possiblyfractional) Sobolev

spaces.
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Change of unknown function in the forward problem
In order to have a datum with a compact support inx, it is helpful to change

the unknown function: we set

u◦(x) = (S − x)+; u(t, x) = P (t, x) − x+ S.

We get




Lu(t, x) ≥ 0, 0 < t, x > 0,

u(t, x) ≥ u◦(x), 0 < t, x > 0,

Lu(t, x)
(
u(t, x) − u◦(x)

)
= 0, 0 < t, x > 0,

u(0, x) = u◦(x) x > 0,

We will restrict ourselves to the cases when this problem is parabolic.
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The chosen class of Ĺevy processes

ν(dz) = k(z)dz,

with
∫

R

min(1, z2)k(z)dz <∞ and
∫ +∞

1

e2zk(z)dz <∞. (1)

To get a parabolic problem, we assume (1) and

k(z) = ψ(z)|z|−(1+2α),

where




ψ is a nonnegative bounded function s.t.ψ ≥ ψ > 0 in [−z̄, z̄],




−1/2 ≤ α < 1 if σ > 0,

1/2 < α < 1 if σ = 0.
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The chosen parametrization covers the particular cases:
• Merton model:σ > 0 and the jumps in the log-price have a Gaussian

distribution.

• Some Kou models:σ > 0 and the density of jumps is an asymmetric

exponential with a fast enough decay at∞.

• Some variance gamma processes:σ > 0 and

k(z) =
1

µ|z|

(
e−

|z|
ηn 1z<0 + e

− |z|
ηp 1z>0

)
, ηn > 0, 1/2 > ηp > 0,

and normal inverse Gaussian processesσ > 0, α = 1/2, with a fast

enough decay of the jump density at∞.

• Some parabolic generalized CGMY models

k(z) = C|z|−(1+Y )
(
e−G|z|1z<0 + e−M |z|1z>0

)
, 0 < Y < 2, 0 < G, 2 < M.
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Weighted Sobolev spaces onR+ (1)
Introduce

V 1 =

{
v ∈ L2(R+), x

∂v

∂x
∈ L2(R+)

}
,

with the norm

‖v‖V 1 =

√
‖v‖2

L2(R+) + ‖x∂v
∂x

‖2
L2(R+).

It can be proved thatD(R+) is a dense subspace ofV 1, and that

‖v‖L2(R+) ≤ 2‖xdv
dx

‖L2(R+), ∀v ∈ V 1.

Therefore, the semi-norm

|v|V 1 = ‖xdv
dx

‖L2(R+)

is a norm equivalent to‖.‖V 1 .
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Weighted Sobolev spaces onR+ (2)
For a functionv defined onR+, call ṽ the function defined onR by

ṽ(y) = v(exp(y)) exp(y/2).

The mappingv 7→ ṽ is a topological isomorphism fromL2(R+) onto
L2(R), and fromV 1 ontoH1(R).

This leads to defining the spaceV s, for s ∈ R, by

V s = {v : ṽ ∈ Hs(R)},

which is a Hilbert space with the norm‖v‖V s = ‖ṽ‖Hs(R), where

‖w‖Hs(R) =

√∫

R

(1 + ξ2)s|ŵ(ξ)|2dξ.

Fors > 0, the spaceV −s is the topological dual ofV s.
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Lemma
For all s, 1/2 < s ≤ 1,

V s ⊂ C(0,∞),

and there existsC > 0 such that∀v ∈ V s,

√
x|v(x)| ≤ C‖v‖V s , ∀x ∈ [1,+∞).
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Properties of the integral operatorB

(Bu)(x) = −
∫

R

ψ(z)|z|−(1+2α)

(
x(ez − 1)

∂u

∂x
(x) + ez(u(xe−z) − u(x))

)
dz.

Lemma Let (α, ψ) satisfy the assumptions above. For eachs ∈ R,

• if α > 1/2, then the operatorB is continuous fromV s to V s−2α

• if α < 1/2, then the operatorB is continuous fromV s to V s−1

• if α = 1/2, then the operatorB is continuous fromV s to V s−1−ǫ,

∀ǫ > 0.

Corollary If (α, ψ) satisfy the assumptions above and if1/2 < α < 1, then

the operatorB is continuous fromV α to V −α.
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Adjoint of B If (α, ψ) satisfy the assumptions, the operatorBT :

(BTu)(x) =

∫

R

k(z)

(
x(ez − 1)

∂u

∂x
(x) − e2zu(xez) + (2ez − 1)u(x)

)
dz

• is a continuous operator fromV s to V s−2α, if α > 1/2,

• is a continuous operator fromV s to V s−1, if α < 1/2,

• is a continuous operator fromV s to V s−1−ǫ, for anyǫ > 0, if α = 1/2.

If α > 1/2, then for allu, v ∈ V α,

〈BTu, v〉 = 〈Bv, u〉.

If α ≤ 1/2, this identity holds for allu, v ∈ V s with s > 1/2.
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Gårding inequality

Fors > 0, we introduce the semi-norm|v|V s = |ṽ|Hs(R).

Proposition

• If 1/2 < α < 1, there exist two constantsC > 0 andλ ≥ 0 such that,

〈Bv, v〉 ≥ C|v|2V α − λ‖v‖2
L2(R+), ∀v ∈ V α.

• If α ≤ 1/2, then

〈Bv, v〉 ≥ C|v|2V α − λ‖v‖2
L2(R+), ∀v ∈ V s, s > 1/2 .

with C = 0 if α < 0.
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The integro-differential operator Av = −σ2x2

2
∂2v
∂x2 + rx ∂v∂x +Bv

If σ > 0, and if0 ≤ α < 1, then

• A is a continuous operator fromV 1 to V −1,

• There is a G̊arding inequality:〈Av, v〉 ≥ c|v|2V 1 − λ‖v‖2
L2(R+).

• weak maximum principle since〈Av, v+〉 ≥ c|v+|
2
V 1 − λ‖v+‖

2
L2(R+).

• A + λI is continuous and invertible fromV 2 ontoL2(R+).

If σ = 0, and if 1
2

< α < 1, then

• A is a continuous operator fromV α to V −α,

• There is a G̊arding inequality:〈Av, v〉 ≥ c|v|2V α − λ‖v‖2
L2(R+).

• weak maximum principle since〈Av, v+〉 ≥ c|v+|
2
V α − λ‖v+‖

2
L2(R+).

• A + λI is continuous and invertible fromV 2α ontoL2(R+).
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The variational problem (VI)
Take

{
V = V 1 if σ > 0, and V = V α if σ = 0 andα > 1/2,

K = {v ∈ V, v(x) ≥ u◦(x) in R+}.

u satisfies (VI) if

1. u ∈ L2(0, T ;V ) ∩ C0([0, T ];L2(R+)), with ∂u
∂t ∈ L2((0, T ) × R+),

2. there exists a constantXT > S s.t.

u(t, x) = 0, ∀t ∈ [0, T ], ∀x ≥ XT .

3. u(t) ∈ K for almost everyt ∈ (0, T ), andu(t = 0) = u◦,

4. for a.e.t ∈ (0, T ), for anyv ∈ K with bounded support,
〈
∂u

∂t
+ Au+ rx, v − u

〉
≥ 0.
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The caseσ > 0

Theorem Under the assumptions above and ifσ > 0,

• there exists a unique solution of (VI) inL2(0, T, V 2).

• ∃ a nondecreasingand LSC functionγ : (0, T ] → (S,XT ) s.t.

∀t ∈ (0, T ), {x > 0 s.t.u(t, x) = u◦(x)} = [γ(t),+∞).

• Calling

µ =
∂u

∂t
+ Au+ rx,

we have a.e.

0 ≤ µ = 1{u=0}

(
rx−

∫

R

k(z)ezu(t, xe−z)dz

)
≤ rx1{x≥γ(t)}.

• The functionµ is nondecreasing w.r.t.x and nonincreasing w.r.t.t.

• µ > 0 a.e. in the set{(t, x) : u(t, x) = 0}.
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γx=  (t)

P=PP > Po o

t

x x

P
P
Po

x= (t)γ
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Scheme of the proof

1. forX > S, approximate (VI) by a similar problem (VIX ) posed in

[0, T ] × [0, X ] with a Dirichlet condition onx = X ;

2. solve first a penalized version of (VIX ) by introducing a semilinear

monotone operator. Pass to the limit as the penalty parameter tends to

zero;

3. prove that the free boundary of (VIX ) stays in a bounded domain asX

tends to infinity: this will show that forX large enough a solution of

(VIX ) is actually a solution of (VI);
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The penalized problem in[0, X ] (1)

• ∀v ∈ L2(0, X), EX(v) ∈ L2(R+) is the extension ofv by 0:




EX(v)(x) = v(x), if 0 < x < X,

EX(v)(x) = 0, if x > X.

•
VX =

{
v ∈ L2(0, X), EX(v) ∈ V

} (
↔ H1

0

)

•
AX : VX → V ′

X ,

〈AXv, w〉 = 〈AEX(v), EX(w)〉.
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The penalized problem in[0, X ] (2)
FinduX,ǫ s.t.




∂uX,ǫ
∂t

+AXuX,ǫ + rx(1 − 1{x>S}Vǫ(uX,ǫ)) = 0, t ∈ (0, T ], 0 < x < X,

uX,ǫ(t = 0, x) = u◦(x), 0 < x < X,

uX,ǫ(t,X) = 0, t ∈ (0, T ],

where
Vǫ(u) = V(

u

ǫ
)

andV is a smooth nonincreasing convex function:

1

1
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Ingredient: a regularity result for the Dirichlet problem
Introduce the function spaces

W 1
X =

{
v ∈ L2(0, X), x

∂v

∂x
∈ L2(0, X)

} (
↔ H1

)
,

W 2
X =

{
v ∈W 1

X , x
2 ∂

2v

∂x2
∈ L2(0, X)

} (
↔ H2

)
.

For0 < β < 1,W β
X is the space obtained by real interpolation betweenW 1

X

andL2(0, X) with parameterν = 1/2 − β

and

W 1+β
X =

{
v ∈W 1

X , x
∂v

∂x
∈W β

X

} (
↔ H1+β

)
.
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The domain ofAX is

DX =
{
v ∈ VX : AXv ∈ L2(0, X)

}
.

Proposition
σ > 0

• If v ∈ DX , then v|(0,X′) ∈W 2
X′ , ∀X ′ < X .

• For0 < α < 3/4, DX = W 2
X ∩ VX .

• For3/4 ≤ α < 1, ∃ǫ > 0 s.t. DX ⊂W
3/2+ǫ
X ∩ VX .

• If v ∈ DX , then ∂v
∂x ∈ C0((0, X ]).

ConsequenceFor anyǫ > 0,

S < X < X ′ ⇒ EX(uX,ǫ) ≤ EX′(uX′,ǫ).
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Bounds on the solution of (VI)

Fix 0 < σ ≤ σ̄, 0 < α < 1/2, b1 > 1, b2 > 1, ψ̄ ≥ ψ > 0 andz̄ > 0

and define

F = [σ, σ̄]×[−1/2, 1−α]×



ψ :

∣∣∣∣∣∣
‖max(e2b1z, |z|b2 , 1)ψ‖L∞(R) ≤ ψ̄;

ψ ≥ 0, ψ ≥ ψ a.e. in[−z̄, z̄]



 .

Proposition
The functionγ is bounded in[0, T ] by some constant̄X independent of

(σ, α, ψ) in F .

The quantities‖u‖L∞(0,T ;V ), ‖u‖L2(0,T ;V 2) and‖∂u∂t ‖L2((0,T )×R+) are

bounded independently of(σ, α, ψ) in F .
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The caseσ = 0

F2 = [1/2 + α, 1 − α] ×



ψ :

∣∣∣∣∣∣
‖max(e2b1z, |z|b2 , 1)ψ‖L∞(R) ≤ ψ̄;

ψ ≥ 0, ψ ≥ ψ a.e. in[−z̄, z̄]



 .

Fix (α, ψ) ∈ F2 and calluσ the solution of (VI) when the volatility isσ.

Lemma
The quantities‖uσ‖L∞(0,T ;V α) and‖uσ‖L2(0,T ;V 2α) are bounded
independently ofσ, and the free boundary associated touσ stays in
[0, T ] × [0, X̃], whereX̃ does not depend onσ.

One may apply the theorems of J.L. Lions on singularly perturbed problems
and pass to the limit asσ → 0.
⇒ existence and uniqueness for (VI) whenσ = 0 and bounds on the free
boundary and the solution.
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Sensitivity (1) (caseσ > 0)

∃C > 0 such that ∀(σ, α, ψ), (σ̃, α̃, ψ̃) in F ,





‖u− ũ‖L2(0,T ;V ) + ‖u− ũ‖L∞(0,T ;L2(R+)) ≤ C
(
|σ − σ̃| + |α− α̃| + ‖ψ − ψ̃‖B

)
,

∫ T

0

∫

R

(µ(ũ− u◦) + µ̃(u− u◦)) ≤ C
(
|σ − σ̃| + |α− α̃| + ‖ψ − ψ̃‖B

)2

,

where {
u = u(σ, α, ψ), µ = µ(σ, α, ψ),

ũ = u(σ̃, α̃, ψ̃), µ̃ = µ(σ̃, α̃, ψ̃).
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Sensitivity (2) (caseσ > 0)

Let (σn, αn, ψn)n∈N be a sequence of coefficients inF such that

lim
n→∞

(|σ − σn| + |α− αn| + ‖ψ − ψn‖B) = 0.

With the notationsun = u(σn, αn, ψn) andµn = µ(σn, αn, ψn),





‖un − u‖L∞((0,T )×R+) → 0,

‖µn − µ‖Lp((0,T )×R+) → 0, ∀1 < p < +∞,

‖un − u‖L∞(0,T ;V ) + ‖un − u‖L2(0,T ;V 2) + ‖∂un
∂t

− ∂u

∂t
‖L2((0,T )×R+) → 0.
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Calibration of the L évy process

Goal: try to calibrate the Ĺevy process in order to recover the prices of a
family of put options on the asset of interest, which are available on the
market.

The observable American puts are characterized by(ti, xi)i∈I .

A typical set of data : observed prices for a family(ti, xi)i∈I

35



Least squares (LS)

• Observe the options’ prices(P̄i)i∈I , the spotS◦ (τ = 0) and define

ūi = xi − S◦ − P̄i J(u) =
∑

i

ωi
(
u(ti, xi) − ūi

)2
.

• Take a convexH ⊂ F and a convex funct.JR : H → R+,

H = [σ, σ̄] × [−1/2, 1 − α] ×Hψ,

s.t. for all sequence(σn, αn, ψn) ∈ H with JR(σn, αn, ψn) bounded,
one can extract(σn′ , αn′ , ψn′) converging inF to (σ, α, ψ) ∈ H with

JR(σ, α, ψ) ≤ lim inf JR(σn′ , αn′ , ψn′).

• The least square problem is to

Minimize J(u)+JR(σ, α, ψ)

∣∣∣∣ (σ, α, ψ) ∈ H, u = u(σ, α, ψ) satisfies (VI).
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Advantage: to evaluate the cost function, one needs to solve only one

parabolic partial integrodifferential variational inequality, instead of#I

backward problems.

Difficulty for finding the optimality conditions The differentiability ofu

w.r.t. (σ, α, ψ) is not clear.

Program Find first the optimality conditions for a modified LS problem

where the state satisfies the penalized nonlinear pb and passto the limit.
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Sinceγ(t) ≤ X, withX independent of(σ, α, ψ) ∈ H, the LS problem is
equivalent to

Minimize J(uX)+JR(σ, α, ψ)

∣∣∣∣ (σ, α, ψ) ∈ H, uX = uX(σ, α, ψ) satisfies (VIX ) .

with X > X.

Approximate by the LS problem corresponding to the penalized version

Minimize J(uX,ǫ) + JR(σ, α, ψ)

∣∣∣∣ (σ, α, ψ) ∈ H, and





∂uX,ǫ
∂t

+AXuX,ǫ + rx(1 − 1{x>S}Vǫ(uX,ǫ)) = 0, t ∈ (0, T ], 0 < x < X,

uX,ǫ(t = 0, x) = u◦(x), 0 < x < X,

uX,ǫ(t,X) = 0, t ∈ (0, T ].

38



Necessary optimality condition(1): the adjoint problem
Assume that̄ui > u◦(ti, xi), ∀i. For each optimal triplet(σ∗, α∗, ψ∗),
(which can be obtained as the limit of optimal triplets for a least square
problems with the penalized problem),
we call(u∗, µ∗) the state related to(σ∗, α∗, ψ∗).

There exist a functionq∗ ∈ Z and a Radon measureξ∗, s.t. for all regular
test-functionv with bounded support inx,

∫ T

0

∫

R

(
∂v

∂t
+Av

)
q∗+ < ξ∗, v > = 2

∑

i∈I

ωi(u
∗(ti, xi) − ūi)v((ti, xi)),

µ∗|q∗| = 0, |u∗|ξ∗ = 0.

where

Z =

{
v ∈ L2(0, T ;VX);

∂v

∂t
+AXv ∈ L2((0, T ) × (0, X)), v(t = 0) = 0

}
,
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We have

∂q∗

∂t
−ATXq

∗ = −2
∑

i∈I

ωi(u
∗(ti, xi) − ūi)δt=ti ⊗ δx=xi

in the sense of distributions and

q∗ vanishes in the coincidence set.
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Necessary optimality conditions (2)

and for all(σ, η, ψ) ∈ H,

(σ − σ∗)
(
DσJR(σ∗, α∗, ψ∗) + σ∗G(σ)(u∗, q∗)

)
≥ 0,

where

G(σ)(u∗, q∗) ≃
∫ T

0

〈
x2 ∂

2u∗

∂x2
, q∗

〉
,
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Necessary optimality conditions (3)
and

(α− α∗)
(
DαJR(σ∗

ǫ , α
∗
ǫ , ψ

∗
ǫ ) + 2G(α)(u∗, q∗)

)
≥ 0,

〈DψJR(σ∗
ǫ , α

∗
ǫ , ψ

∗
ǫ ), ψ − ψ∗〉 +

〈
G(ψ)(u∗, q∗), ψ − ψ∗

〉
≥ 0,

with

G(α)(u∗, q∗) ≃
∫ T

0

〈
B

(α)
X u∗, q∗

〉
,

〈
G(ψ)(u∗, q∗), κ

〉
≃

∫ T

0

〈
B

(ψ,κ)
X u∗, q∗

〉

and

B
(α)
X v(x) = −

Z

R

k
∗(z) log(|z|)

„

x(ez − 1)
∂v

∂x
(x) + e

z(1{z>− log( X
x

)}v(xe
−z) − v(x))

«

,

B
(ψ,κ)
X v(x) =

Z

R

κ(z)

|z|1+2α∗

„

x(ez − 1)
∂v

∂x
(x) + e

z(1{z>− log( X
x

)}v(xe
−z) − v(x))

«

dz.
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