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A SOLUTION WITH FREE BOUNDARY FOR NON-NEWTONIAN
FLUIDS WITH DRUCKER-PRAGER PLASTICITY CRITERION

E. NTovoris®* AND M. REGIS?

Abstract. We study a free boundary problem which is motivated by a particular case of the flow
of a non-Newtonian fluid, with a pressure depending yield stress given by a Drucker—Prager plasticity
criterion. We focus on the steady case and reformulate the equation as a variational problem. The
resulting energy has a term with linear growth while we study the problem in an unbounded domain.
We derive an Euler-Lagrange equation and prove a comparison principle. We are then able to construct
a subsolution and a supersolution which quantify the natural and expected properties of the solution;
in particular, we show that the solution has in fact compact support, the boundary of which is the free
boundary.

The model describes the flow of a non-Newtonian material on an inclined plane with walls, driven
by gravity. We show that there is a critical angle for a non-zero solution to exist. Finally, using the
sub/supersolutions we give estimates of the free boundary.
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1. INTRODUCTION

Setting of the problem. We study non-negative solutions u(y, z) of the equation

(1.1)

{div(Vu+ 2lg) = =\ in (=1,1) x (—00,0),
q € 9(]- N(Vu),

with u(£1,2) =0, ¢ = q(y,2), A > 0 and for a function f: RN — R, N € N we define the subdifferential of f
at a point y € RY as

ON () =={zeRY: f(x) — f(y) 2 2 (z —y) Yz € RV}, (1.2)
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2 E. NTOVORIS AND M. REGIS

The variational formulation of (1.1) consists in minimizing the functional

2
Ba(u) = / Val® | 9] = A, (1.3)
0 2
in the space
X = X(0) = {u e WhA(Q), 2Vu e L* (Q,Rz)} , (1.4)

with
Woi2(2) == {u e W'(2) : u(£l,-) =0},

2:=(-1,1) x (—00,0). Note that by Remark 2.1 the functional E} is well defined in X. Before we explain the
physical interpretation of the mathematical model, we present some of the particularities of the problem. We
then state our main results in Section 2.

Since we study the equation (1.1) in an unbounded domain, the variational problem (1.3) is no longer trivial,
because it is not clear if the linear term — [, Au is lower semicontinuous or if the minimizing sequence obtained
by the direct method will have a converging subsequence in &'. Using Lemma 3.2, we show that the linear term
is lower semicontinuous and the well posedness of the problem is established in Theorem 2.2 (i). Also, despite
the fact that the energy E includes a term with linear growth (in the gradient variable), a comparison principle
still holds for equation (1.1). Using this comparison principle we construct sub/supersolutions and show that in
fact the solution of (1.1) is compactly supported.

For the construction of these barriers we use the “curvature like” equation

—div(]z]g) = A, (1.5)
which is the first variation of the energy [, [z||Vu| — Au, with ¢ = g—zl when Vu # 0 and |g| < 1; then the
vector % is the normal to the level sets of u. If we suppose that these level sets are given by —z = ¢(y) we

are led to study the first variation of the 1D functional

1
[ o) VIF TP + X6 (16)

We then use the minimizers of (1.6) to be level sets of the barrier functions, the values of which are chosen so
that we can control the sign and absolute value of their Laplacian.

Non-Newtonian fluids. The model (1.1) is motivated by the motion of non-Newtonian fluids. Let 2 C R?,
open and v : £2 — R? be the velocity of the fluid, assumed incompressible,

dive = 0. (1.7)

We also assume that the density is constant and by choosing the unit of specific mass, we may take it to be
equal to 1. Let f : 2 — R? be the external force, then the relevant equation reads as

dive + f = (V- v)v + 0w, (1.8)
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where o is the stress tensor and using the usual summation convention we write (V - v)v = (v;0;v;)1<i<3. Let
Odev be the stress deviator defined by tr(cgey) = 0 and

Odev := 0+ pl, (1.9)

where p is the pressure and [ is the unit matrix.

We are interested in the flow of rigid visco-plastic fluids, which unlike Newtonian fluids can sustain shear
stress. The stress tensor in this case is characterized by a flow/no flow condition, namely when the stress tensor
belongs to a certain convex set the fluid behaves like a rigid body, whereas outside this set the material flows

3
% Z bfj. Following
ij=1
[12] and [5], we limit our discussion to a subclass of (incompressible) visco-plastic fluids characterized by

like a regular Newtonian fluid. For a matrix B = (b;;)1<; j<3 we denote the norm ||B|| =

{Udev = 2wD(v) + k(p)ppedy i D(v) #0, (1.10)

||0'devH < k(p) if D(’U) = 07

where the viscosity v > 0 is constant, k(p) is the pressure-dependent yield stress and D(v) := (Vo + (Vo)7T)/2.
The above constitutive laws is a result of a superposition of the viscous contribution 2vD(v) and a contribution
related to plasticity effects k(p) %, which is independent of the norm of the strain rate ||D(v)]||. For constant
yield limit k(p) we retrieve the regular Bingham model, which is a generalized Newtonian problem, i.e. the
constitutive laws in this case are described by a dissipative potential, see [6], [8], chapter 3 and references

therein. In this paper, we will assume the Drucker—Prager plasticity criterion

k(p) = psp, (1.11)

where ps := tands, with Jd, the internal friction (static) angle. The existence of a dissipative potential in the
case of Bingham flows allows for a variational formulation of the problem which guarantees its well-posedness;
for quasi-static Bingham flows see for example [8]. The case of a Drucker—Prager criterion, however, falls in a
wider class of constitutive laws called “u(I)—rheology” which are in general ill-posed, see [1, 24]. The strong
geophysical interest in the model (1.11) supports however our study. A main result of the present work is that
for one-directional steady flows the model is well-posed.

Flow in one direction. We study the well-posedness and certain quantitative properties of quasi-static
solutions of (1.7)—(1.8), (1.10)—(1.11), for a material which flows on an inclined plane with sidewalls. Physically,
the walls are relevant to the flow of a material in a channel. We assume that the inclination angle is constant
0 and the material moves only in the direction x under the effect of gravity, see Figure la. In what follows, we
will assume that the velocity field is of the form v(z,y, z) = (u(y, 2),0,0) for (z,y,2) € {(z,y,2): 0 <z, =1 <
y<l, —A < z<h(y)} where A > 0, h(y) is the interface separating the fluid and the air and z = —A is the
surface of the inclined plane, the width of which is equal to 2[, Figure 1la.

We are interested in the properties of the material as we increase the inclination angle 6. We call solid
and liquid phases the sets {(y, z) : u(y,z) = 0} and {(y, z) : u(y, z) > 0}, respectively (often abbreviated as
{u = 0}, {u > 0} resp.), while their common boundary is the relevant free boundary. We note that usually in
the literature the set separating the two phases is considered to be d{Vu # 0}, but approximating this set would
require different methods and more regularity of the solution. However, there is still one more free boundary
remaining, i.e. the curve that separates the solid from the liquid phase.

For A small we expect that for a sufficiently large angle 6 all of the material will move due to the gravity,
namely there is no solid phase. Whereas, if A is large enough, even if the inclination is large we expect that
there will be a solid phase. In order to study the behavior and shape of the liquid/solid phases as we increase
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(a) Steady flow on an inclined plane. (b) 2-D cross section
FIGURE 1. Flow on an inclined plane.
the inclination angle, we consider the case where —A = —oo. In this case, since there is no bottom plane, the

angle 6 is the angle between the force —f and the (positive) z-axis. The axes x,y, z, and the vector f remain as
they were when A was finite. As we will see later in Theorem 2.3 the function u has actually compact support.
We can now consider again the problem where the distance of the bottom plane from the atmosphere is finite,
with zero boundary conditions at the bottom plane, Proposition 2.5. The solution of this problem is actually
independent of the depth of the bottom plane, as long as the plane is below the boundary of the support of the
solution w which was considered in the unbounded domain. The problem in the unbounded domain, Figure 1b,
is no longer trivial.

By the form of v, the incompressibility condition (1.7) is trivially satisfied and equation (1.8) with ;v = 0
becomes

divogey = —f + Vp, (1.12)
with ogev given by (1.10) and
f=1(gosinb,0, —gg cosb), (1.13)
with go the gravity acceleration. We also assume that p = p(y, z). We calculate

1 0 Oyu Ou
D(v) = B Oyu 0 0 (1.14)
o,u 0 0

and || Dul| = 3|Vul|, with Vu = (0,u, d.u). If we substitute (1.14) in (1.10), equation (1.12) become, for D(v) # 0
or equivalently Vu # 0,

vdiv(Vu) + psdiv (p|§Z|) = —gosinf (1.15)
0=0yp (1.16)

0=gocosf+ 0,p (1.17)
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where the divergence is taken for the coordinates (y,z). If we integrate equation (1.17) from z to h(y) we

get p(y,z) = (h(y) — z)go cos 8, since p(y, h(y)) = 0 near the atmosphere. But because of equation (1.16) and
because 0 € [O, g) we have h(y) = h = constant. For simplicity we take h = 0; then the pressure is given by

p(y, 2) = |z|go cosb. (1.18)

We are led to study the following equation

{I/div(Vu) + psgo cos 0 div(|z|q) = —gosinf in (—1,1) x (—o0,0), (1.19)

q €] -)(Vu),

where 9(| - |) is the subdifferential of the absolute value. If (u,q) is such that (1.19) holds, with ¢ = ¢(y,2) =
(q1(y,2),q2(y,2)), then |¢g| <1 and ¢ = % for Vu # 0. Then by the definition of g4e, and (1.10) we have

0 Jyu 0du 0 o1 @
Odev =V | Oyu 0 0 + psl|zlgocos@ [ ¢ 0 0 (1.20)
d,u 0 0 e 0 0

with v(z,y, 2) = (u(y, 2),0,0). Moreover, oqey solves equation (1.12) with f given by (1.13) and p by (1.18).

Boundary conditions for (1.19). On the surface of the material z = 0 we assume a no stress condition,
i.e. 0 -(0,0,1) = 0; since the pressure is zero on the surface near the atmosphere, this condition becomes
Odev - (0,0,1) = 0, with 04ey as in (1.20). Then the stress free condition becomes (since z = 0)

d.u(y,0) = 0. (1.21)

For simplicity, on the lateral boundary y = £1 we assume the Dirichlet conditions « = 0 (no slip). As mentioned
in [13], no-slip conditions can be achieved by making the sidewalls rough by gluing one layer of beads on them.

Variational formulation. The variational formulation of equation (1.19) with boundary conditions (1.21)
and the homogeneous Dirichlet conditions on the lateral boundary constitutes in minimizing the energy

|Vu|? .
v + ps|z|go cos 8| Vu| — (go sin0)u (1.22)
(~Lhx(-s,0) 2

with zero lateral boundary conditions, i.e. u(£1,-) = 0. Despite the fact that the energy (1.22) is convex, the
unboundedness of the domain makes the application of the direct method non-trivial.
Let @ be a solution of (1.19)—(1.21), in order to simplify further the equation (1.19) we set

B v a(ly,lz) B -
) = 2 HBEL () € (1) x (00) (1.23)

we also define

~ tanf

, 1.24
[hs (1.24)
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then 9| - |(Vul(y, z)) = 9] - |(Va(ly,lz)) and therefore, u given by (1.23) solves the equation (1.1) if and only
if @ solves (1.19). In Theorem 2.3 we show that the minimizer has compact support, something which is not
clear since the domain is unbounded. We also show that the critical angle for an non-zero minimizer to exist is
arctan pis. Namely, for § > arctan us there exists a non-zero solution with a free boundary separating the two
phases, while for 0 < 6 < arctan us the solution is zero. The time dependent, one dimensional analogue of our
case is studied in [4]; the authors prove that for 6 > arctan ps there is no solution with solid phase while in
our case the solution always has a solid phase. The difference of course lies in our two dimensional setting of
the problem in which the existence of the walls where the velocity vanishes is crucial, not just for the physical
relevance of the problem. Indeed since we study minimizers of (1.3) in an unbounded domain we will often need
to apply Poincaré’s inequality, for this reason we need that the projection of the domain in one of the coordinate
axis is bounded. In [19] the authors also prove that for § < arctan us the flowing material stops moving in finite
time.

Review of the literature. For an extensive review of non-Newtonian fluids see [6], also [8] and references
therein and [21] for evolutionary problems. The flow of a viscoplastic material with “u(I)—rheology” is relatively
new in the literature, see for example [12].

In [16], the author studies a more general form of the Bingham problem, with a p-Dirichlet energy. He devel-
ops a similar theory of subsolutions and supersolutions as we do and proves a comparison principle. Then he
identifies the critical value of A in the functional [, %|Vu|p + |Vu| — Au, when the integral is computed over

a bounded domain with C'-boundary, with the Cheeger constant of this domain. The author also observes
the natural formation of flat regions, i.e. regions with positive measure where the solution is constant. Prop-
erties of these flat regions are also studied in [15]. It is in these flat regions that the non-local character of
singular equations like (1.1) is observed, because the ratio Vu/|Vu| is not defined. Other singular equations
with similar non-local character have been studied in [11] and have applications in crystal growth problems.
In the same paper the authors also develop a viscosity theory for these equations and prove a comparison
principle.

The inviscid case, i.e. for v = 0 is similar to another scalar model with applications in image processing,
the total variation flow, see for example [2, 25] and for a viscosity solution approach in [10]. Although the
total variation bears more similarities with the Bingham case, many of the tools used to study our problem are
similar. In fact the total variation is more difficult to study because of the lack of the quadratic term in the
energy which leads to lack of regularity of the solution. For the inviscid case our energy (1.3) falls into a wider
class, the “total variation functionals” see [3], Hypothesis 4.1. We refer to [20] for simulations of a regularized
Drucker—Prager model with application to granular collapse. Concerning the case of the inclined plane see
[13, 22].

Organization of the paper. In Section 2, we state our main results, Theorems 2.2 and 2.3. We also give
Proposition 2.5 which states the connection between the problems which are considered in an unbounded and
a bounded domain. In Section 3.1 we study the 1-dimensional analogue of (1.3) which we use in Lemma 3.2 in
Section 3.2; this lemma is the crucial step in order to prove that the linear term —A f ¢, uis lower semicontinuous.
The proof of Theorem 2.2 (i) is given at the end of Section 3.2. In Section 3.3 we study an approximate
problem of the minimizer of (1.3) which helps us to prove certain regularity properties of the solution. Using
the approximate minimizer we can also calculate the first variation of (1.3). We then prove Theorem 2.2 (ii)—(iv)
at the end of Section 3.3. Finally, in Lemma 4.4 we construct a solution of (1.5) which we use together with
the comparison principle from Section 4.1, in Sections 4.3 and 4.4 in order to construct a subsolution and a
supersolution respectively. The proof of the second main Theorem 2.3 is again split into two parts; the lower
bound is given in Section 4.3 while the upper bound at the end of Section 4.4. The Figures 2—6 have been made
with Mathematica.
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2. MAIN RESULTS
We begin with a technical remark.

Remark 2.1. We have X(£2) C W11(£2), which justifies the choice of the space X’ as a natural functional space
for the functional (1.3). Indeed,

/ vl g/ 12| V| < oo,
{|z|>1}n$2 {|z|>1}n$

from which get that v € L(£2) by Poincaré’s inequality, see [18], Theorem 12.17; note also that in our case the
proof of Poincaré’s inequality requires only that elements of the space W2(£2) are zero on the lateral boundary
of £2 (i.e. on {£1} x (0,00)). In fact, since the width of the walls is 2 we have [, [u[? < % Jo IVul?, for p=1,2.

Let

A:={q: qe L} (2,R?), |q| <la.e.}. (2.1)

loc

Let 2 := (L) xR, ue Wolf(ﬁ), we denote by 4 € Wolf (Q) the reflection of u with respect to the y-axis,

1.€e.

R July, 2) if (y,2) € 12,
Wy, 2) = {u(y, —2) ify,z) e 2\ (22)

Throughout the paper we will denote the space X'(§2) simply by X. Only in Lemma 3.3 we will use the explicit

notation, this time for the space X'(§2). The weak formulation of (1.1) is

/uVu-Vap+\z|q-V<p:)\/<p for all p € X
Q Q

(2.3)
q-Vu=|Vu| a.e.
for some A > 0, ¢ € A. We can now state our first main theorem.
Theorem 2.2. (Existence and uniqueness of minimizers of (1.3))
Let A\ > 0 and E\ be given by (1.3). Then
(i) there exists a unique 0 < uy € X such that
E = inf I 2.4
A(un) Inf A (v), (2.4)

moreover, uy =0 if A € [0,1] and ux £ 0 if A € (1,+00),
(i) there exists g € A such that (uy,q) solves (2.3),
(iii) uy € O () for all o € (0,1), in fact 4y € W27 (Q) and 0,ux(y,0) =0 fory € (—1,1),

loc
() if A > 1, the pair (ux,q) obtained in (ii) is unique in the sense that if (Ux,q) € X x A is another pair
satisfying (2.3) then
u=u in 2, and q=4q, ae.in {Vu#0}.
We set

I := inf E\(v).

veX
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Note that by the continuity of the non-negative function uy in Theorem 2.2 we can define the free boundary
as the common boundary 2N d{uy > 0} = 2N J{uy = 0}. Moreover, the critical value A = 1 in the previous
theorem is also a critical value of the physical solution by (1.23), (1.24) and it does not depend on the viscosity
constant v or the width of the walls.

We will give some notations in order to present our second result; the motivation for these notations will

become clear in the proofs of the relevant propositions. Let A > 1, for Z € [%, ﬁ} we define

[ p———— {Arcsin (02 = 1)Z = 2] = /1 - (2 1)Z>\)2}. (2.5)

(A —1)

As we will see in the proof of Lemma 4.4, the function f) is strictly increasing in the interval H, ﬁ], we can

therefore define the following function

ora) = KO (5 (527 + i) vE L (2.6)
where
1
K(\) = . (2.7)
NGRSy
Note that by the monotonicity of f) we have K () < 0. We also define the half cone
Cy = {(y,z) ER?: 0< |yl < ZK?/\)} (2.8)
and
Epi”(A) :={(y,2) € 2: 2> dr(y)} - (2.9)

In Lemma 4.4 we show that the sets in (2.9) are increasing in ) in the sense that Epi~(\) € Epi~(A) for A > A,
see Figure 3a. For A1 > \ we set

19>\7)\1 = A A 2N\ (210)
AL
2(1+ (o))
At
b(A A1) =1 2.11
(Adn) =Ty o (2.11)
_ —EKM) K(\)
IO A1) = =200 M) + 3= (2.12)

and

Epi_(\;) := {(y,z) €021 2> b\ A)dra, (b(Af/Al)) } . (2.13)
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K\
In Lemma 4.4 we see that min ¢x x(y) = ¢k, (0) = ()
lyl<i ™ ' A—1

is the distance between the projections on the z-axis of the epigraphs Epi~(\) and 2\ Epi_ (A1), respectively.
Using (2.7) we calculate

for all A > 1, and therefore, the function II in (2.12)

K(\) 200 + 1)/ A2 -1
Ar—1 2\/)\%—1+7r+2Arcsin(>\l—l)’

K(\ K\
then lim (\1) = 400, and similarly one can see that lim (A1)
A—+oo A\ — 1 A—+oo A

limits, one can check that for all A > 1,

= +o00; if we combine the above two

lim IT(\ \) = +o0. (2.14)
A1 —+o00
We also have
lim IT(A\, A1) = +o0. (2.15)
Al—)A

If we combine (2.14), (2.15) and the fact that IT is continuous we get that for every fixed A > 1 the function

II(A,-) attains a minimum for some A} > A. In fact, numerical simulations (see Fig. 6a) suggest the function

II(},-) attains the minimum at a unique A} > A, but the analytical calculations are too complicated to check.
In the following theorem we gather the main properties of the solution obtained in Theorem 2.2.

Theorem 2.3. (The support of the minimizer)
Let A > 1, X be defined in (1.4), (ux,q) € X x A be a solution of (2.3), A1 > A and Epi_(\1) be as in (2.13).
Then the function uy has compact support and its support can be estimated as follows

Epi~(A) C suppux C Epi_(A1). (2.16)

Moreover, we can optimize estimate (2.16) by choosing A\ = A}.
Remark 2.4. (Consequences of Theorem 2.3)

1. In Lemma 4.4, we show that the function ¢x » has a strictly negative maximum, therefore, estimate (2.16)
implies that the free boundary d{uy > 0} never reaches the surface of the atmosphere {z = 0}.

2. Notice that the sets Epi~(A) and Epi_(A;) can also estimate the support of the physical solution, by
(1.23) and they are independent of the viscosity v.

3. Since the minimizer in Theorem 2.2 is studied in the half stripe {2, the regularity which is stated in the
same theorem holds up to the free boundary.

Using the fact that the minimizer of (1.3) in X’ has compact support, we can get some results for the problem
of a material flowing on an inclined plane with finite distance from the atmosphere. Let

v 2
Ej{‘(u):/n %quw—m, (2.17)
A

where 24 = (—1,1) x (—A4,0), A > 0. The following proposition shows that the minimizer of (2.17) in the space

Xy = {ue W) : u(%1,:) =0, u(-, —A) = 0},
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coincides with the minimizer of (1.3) in X, and does not depend on A as long as A is large enough.

Proposition 2.5. (The case of the finite bottom)

Let uy,ux,a be the minimizers of Ex and E;\“ in the spaces X and X respectively. Then if A is large enough,
for example A > b(\, )\T)%, with A as in Theorem 2.3, we have uy = ux a, in £24.

The existence of the minimizer uy 4 is straightforward, since the domain {24 is bounded. As for the equality of
the two minimizers, it can be easily proved using similar arguments as in Step 3 of the proof of Theorem 2.2 (i)
and the fact that uy(-,z) =0 for z > A, for A large. We can choose the plane z = A to be outside the support

K(\
of uy, i.e. A > b(A\ ) min ¢ x(y) = b(A,AT)i( )
yl<t A-1

3. EXISTENCE AND UNIQUENESS OF MINIMIZERS OF (1.3)

3.1. A cross section variational problem

Let A > 0 and for w € W, *(—1,1) we consider the energy

eatw) = | 1 (“"2‘”' + Al )] ) (3.1)

-1

Using the direct method of calculus of variations it is not difficult to show that for A > 0 and m > 0 there
exists a unique function w solving

ea(w) =17,
where

IA = inf  eq(W). (3.2)
wEW, 2 (~1,1)
fil w=m

The uniqueness of the minimizer of €4 follows by the strict convexity of the functional or by using similar
arguments as in the proof of Step 3 of Theorem 2.2 (i).
We define the set theoretic sign function as

Proposition 3.1. (Characterization of the minimizer of e4(w))
Let A, m >0, Aa,m be the non-negative root in [A + m,+00) of

2N — 3A G (A +m) + A% =0, (3.3)
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P S T
-10 -0.5

FIGURE 2. L;, i = 1,2,3,4 are the graph of w for (m,A) = (0.5,0.5),(2,2),(3,0.5), (4,2),
respectively.

(a) (;51(7)\ for A = 1.2, 1.4, 1.6, 1.8. (b) ¢K,A(1)
FIGURE 3. Parametrized solutions.
A(-E+lyl+E-1) a<ll<t,
12
Al lyl < a,

and

Then (w, g, Aa,m) solves the equation
—w"(y) — Alq(y)) = Aam, forae. ye(-1,1), (3.6)

and fil w = m. In particular, w is the unique minimizer of (3.1) corresponding to the volume constraint m.
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Proof of Proposition 3.1
A simple calculation shows that the trinomial (3.3) has a unique non-negative root Aa ., > A + m. For a.e.
y € (—1,1) we have

-4 g4< ly| <1
"y)={ @ ’ 3.7
w'(y) {0 o (3.7

and

0 a<lyl <1

! 3y
q'(y) = (3-8)

{—}l lyl < a.

Using (3.7), (3.8) and (3.4) we deduce that (w, g, Aa m) solves (3.6).
A simple calculation together with equations (3.4) and (3.3) imply that
/1 A Aam — A (224 + A4)

B w= 3—a(1 —a)*(2+a) = 3 =m. (3.9)

It remains to show that w is the minimizer of €4 in WD1 2(=1,1) which corresponds to the constraint m. First
we notice that ¢(z) € sign(w’(x)) = 9(| - |)(w’(z)) for z € (—1,1). Let v € Wy'*(—1,1) with f_ll v=m. It is
1
ea(v) —ea(w) > / w'(v—w) + Ag(v — w)’

-1

> [ @A) = [ 0w =0,

-1 -1

where in the last equation we used (3.6). O

3.2. The direct method for E

The lower semicontinuity of the term — [, Au in (1.3) under the weak topology of W12 is not trivial since
the integral is not evaluated in a bounded domain. The following lemma shows that the L'-tails of a sequence
of functions will converge to zero if the respective values of the functional F are uniformly bounded.

Lemma 3.2. (Compensation of the mass)
Let {vg tren C X, and suppose that there exists a non-negative constant ¢ independent of k such that Ey(vy) < ¢

for all k € N. Then
+oo 1
lim <sup </ / ve(y, —A) dydA)) =0. (3.10)
Proof of Lemma 3.2

Step 1: An estimate for the minimum of €4.
Let A > 0, and define

m” ::/ v (y, —A) dy. (3.11)
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Let €4 be given by (3.1) and In“;k be the minimum of €4 corresponding to the constraint m%. Let A4 mk be the
k :
root of (3.3); then
(/\A,mxz —A)2(2x 4 + A)
324 '

=

Using (3.5) we calculate

A2 (2(1-a)? A — A)2(204 + A)
A N2 ) A _ ok
By Proposition 3.1 we have A, ;.. > A + m¥, hence equation (3.12) becomes
A > mh(A+mh) > Amf, (3.13)

Step 2: The tails of v; converge uniformly to O.
We argue by contradiction, suppose that

“+oo
sup (/ m” dA) - Qas | — 400,
k 1

then there are € > 0 and a sequence l; — +o00 as j — 400 such that

400
sup (/ mh dA) > €. (3.14)
k P

By Fubini’s lemma we have for I; > A

+oo 1 v 2
Ex(vk):/ / [Vl + A[Vug| — Ao dyd A
0 -1

2
+o00 1 2
> / / IUhl™ L 410, 0] — Avg dyd A
0 —1 2
+oo +oo
> / 1A, — Al dA > / mh (1, — \) dA, (3.15)
1 l

J 3J

where in the last inequality we used (3.11), (3.2) and (3.13). Taking the supremum over k € N we get, using
(3.14)

+oo
¢ > sup Ey(vg) > sup (/ mfﬁl(lj —-A) dA) > (l; —Ne = +o0o  as l; — +oo,
k k P
a contradiction. O

We have the following lemma.

Lemma 3.3. (Approzimation by smooth functions) -
Let v € X(Q) Then there is a sequence va € W012((A2) with compact support in 2 such that

vg — v in WH2(2) N LY(Q), (3.16)
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and
li — =0. 3.17
i [ Ve = 9o (317)

Proof of Lemma 3.3 R
First we note that v € L'({2) by Remark 2.1. Let A > 1, we define the cut off functions n4 € WH°°(R) by

1 if |2] < A,
na(z) ;= 1—%(lz —A) if A< || <24,
0 if 24 < |z|.
Then
2
Ina(2)] < e (3.18)

The functions va(y, z) := na(z)v(y,z) belong to I/Vl’z(f?)7 they have compact support in 24, with 24 =
(=1,1) x (—2A,2A) and zero trace on 8£24. Since the boundary of each 24 is Lipschitz and bounded we have
by [18], Theorem 15.29 that va € Wy>(£24). It is not difficult to see that va — v in WH2(2). We will show
that Agr_{_loo |z||Vva — Vo] = 0.

By (3.18) we have
/Q 12l Voa — Vo] < /Q (2/(n'4v] + Ina — 1[|V0])

< / 20| +/ 12| Vo
2N{A<|z|<2A} N{A<|z|}

then using the fact that |z||Vvl,|v| € L'(£2) the right hand side of the above estimate converges to zero as

A — +oo.

The convergence in L'(£2) in (3.16) follows by Remark 2.1. O
For two sets U, U’ C R?, by U CC U’ we mean that U is relatively compact in U’, i.e. U C U’ and U is

compact. Also, for a function u(y, z) we define the positive part u™(y, z) := max{u(y, z), 0}.

Proof of Theorem 2.2 (i)
Step 1. The minimizing sequence.

We focus on the case where A > 0, since for A = 0 the minimizer of E) is trivially the zero function. We fix
A > 0. Let u € X, using Poincaré’s inequality in {2 (Remark 2.1) we get

\V4 2
EA(U)/Q|;|+|Z||VU|)\/QU
\V4 2
> [T o - 201l
o 2

We split the last integral in the domains {|z| > 2A} N 2 and {|z| < 2A} N 2 and get

{lz1<2A}nQ2

> / —2X% > —c0.
{lz[<2a3n 02

2
[Vul® _ 2\ Vu|
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We may now find u; € X with kli:r_l Ey(ug) = inﬁ( E)(v). We will denote by ¢ a generic positive constant
— 400 veE

which does not depend on the parameter k. There is a positive constant ¢ such that sup F(ux) < c¢. Then as
keN
before we use Poincare’s inequality to get

Vug|? Vug|?
cz/ %przmvuku/ %
{|z1<223n 02 {|z1>22}n02

Vur|?  |Vug)? Vui|?
2/ | 5 _| 4| —(|Z|—2)\)2+/ | 2| ,
{lzI<2a3n02 {lz|z22}n02

where in the second inequality we used Young’s inequality(|a\|b| < % + aQ). It is easy now to see that

/ |Vur)? < c. (3.19)
Q

Then by Poincare’s inequality and compactness there is u € VVO1 iQ(Q) such that ur — u up to a subsequence as
k — +oo.

Using similar arguments we get ¢ > [,,(|z| — 2X)|Vuy|, while by splitting the integral in the domains {|z| >
AN} N2 ={]z] = 2X > |z|/2} N 2 and {|z] < 42} N 2 we get

1
- ||| Vug| < (lz] = 2N)|Vug| < c— (Iz| = 2X)|Vugl, (3.20)
2

{lzl-223 212300 {lsl>ax}n02 {lsl<2x}n 02

since f{2A§|z|§4)\}ﬂQ(|Z| —2))|Vuyg| > 0. We can now bound the right hand side of (3.20) using Hélder’s inequal-
ity and (3.19) and get eventually that f{IZI>4>\}ﬁQ |2||Vug| < c¢. Using Hélder’s inequality and (3.19), one can
also bound the quantity f{\z\<4>\}mrz |z||Vug| uniformly in k. We can therefore conclude that

/ 2| Vug| <c, (3.21)
(9

where again c is a positive constant independent of k.

Step 2. Lower semicontinuity.
We will show that

Vul? V|2
/' ul +|z||Vu|§liminf/| | + ||| Vul, (3.22)

and

- )\/ u < liminf (A/ uk> . (3.23)

Equations (3.19), (3.21) and (3.22) imply that u € X and then u € L(£2) by Remark 2.1. Also, equations (3.22)
and (3.23) together imply that Ey(u) < 1kim_|irnf E)(ug), which shows that u is a minimizer of E) in X. Since
— 400

the integrand in (3.22) is non-negative, convex in the gradient variable and measurable in the z variable, the
inequality (3.22) follows from [9], Chapter I, Theorem 2.5.



16 E. NTOVORIS AND M. REGIS

For [ > 0 fixed, we have

/uk—/+oo/ ug(y dydA+// up(y, —A)dydA (3.24)
< sup </+OO/ ug(y dydA> / / ug(y, —A) dyd A. (3.25)

Since E)(ug) is uniformly bounded we can apply Lemma 3.2 and get that (3.10) holds for the sequence uy.
Using (3.10) and the fact that u € L'(£2), we can take the limsup in (3.24), as k — +oo and then [ — +o00 and

get limsup | up < u, i.e. (3.23). This completes the proof of the lower semi-continuity of F) and hence the
k—+oo J Q
existence of a minimizer u € X.

Step 3. Uniqueness of a non-negative minimizer.
Let u, % € X be two minimizers, then using similar arguments as in [6], Section 3.5.4, page 36 one can show

that
/Vu'(VfoVu)+/ |z||Vﬂ|f/ |z||Vu|2)\/ i—u, (3.26)
(%} (%} (9] (9]

/Vﬂ~(Vu7VfL)+/ |z||Vu|f/ |z||Val 2)\/ U — U. (3.27)
2 2 2 Q

If we add equations (3.26) and (3.27) we get
/ |Vu — Vil? <0,
Q

hence u = @ in {2, since they also have the same lateral boundary conditions.

We have by [26], Corollary 2.1.8, page 47, that Vut = (Vu) - X{u>0}, Where by X(u>0; we denote the
characteristic function of the set {(y, z) : u(y, z) > 0}. Since also =X [, u™ < =X [, u we have Ex(u™) < Ex(u),
hence v = u* by the uniqueness of minimizers.

Step 4. Case A € [0, 1].
In this step we assume that A € [0,1]. Our goal is to show that

Ex(u) >0, foralwued, (3.28)

then because 0 € X and FE)(0) = 0 we get that the unique minimizer of E) is the zero function. In view of

Lemma 3.3, it is enough to prove (3.28) for functions u with 4 € WO1 2(£2) and have compact support in 0. Let
u be such a function, then as in Step 3 we have

Ex(u") < Bx(w). (3.29)

Suppose that the compact support of 4" is contained in [—1,1] x (—A, A) where A is large enough, then we
have
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1 A
[revai= [ [
2 —-1J0
1 A +
2/ / z—au dzdy
—1Jo 62’
(9]

in the last equality we used integration by parts. This estimate together with (3.29) and the fact that A <1
gives

ou™

Ex(u) > By(ut) > (1—)\)/ﬂu+ > 0.

Step 5. Case X € (1,+00).
In this step we assume that A € (1,+00). Our goal is to prove that there is v € X with E)(u) < 0. Let

p e C™(-1,1), ¢ > 0 with p(—1) =0 = ¢(1) and f_ll ¢ =1 (for example ¢(y) = 3 (1 — y?)). We define

u(y, z) == k=" p(y),

where k > 0 is large enough, to be chosen later. We have u € X and

ul? ! ’
/Q |V2| _ %[1 (k720 )2 + ()] dy/, (](261@,3)2 dz (3.30)
A
= Tk 5,

where we set Ay := f_ll [E72(¢'(y))* + ¥%(y)] dy. Also

0

1
z||Vu| = —2(¢ 2|k ™2k dz .
L1alval = [ VTR Ry [ el a (331)

— 00

0
= Bk/ |z|k~2eR* dz,

— 00

where By, := fil VE2(¢' ()2 + ¢2(y) dy. If we integrate by parts the second product component of the right
hand side of (3.31) we get

0 0 0 1
/ |z|k ™2k dz :/ k=3eM :/ kigekz/ @ :/ u,
— o0 —o00 —o00 -1 [0}
/ 12|Vl :Bk/ " (3.32)
Q 2

We also have [, u =k, then we can write E(u) using (3.30) and (3.32) as

then (3.31) becomes

Ex(u) = %k—f’ + (B — Nk~ (3.33)
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Next we note that By > 1, is decreasing in k (and so is Ag) and Bx — 1 as k — +o00. Since A > 1 we can find
ko large enough such that By, < A, then (3.33) becomes

Apy o s
Ex(u) < %w + (B, — Ak,

for all k > ky. We can now conclude if we choose k > kg large enough, since the function k=5 decreases faster

than k~*, for example k > max {ko, 4(/\’37’};’”}. 0
0

3.3. Approximation of E) by a smooth energy

Let A > 0, uy be the minimizer of E) given by Theorem 2.2 (i). For A > 0 we define Q4 :={(y,2) e 2:
|z| < A}, 24 := 2N 24 and

Ha = {v e W' (024), v =uy,on 924 \ {z = 0}},

We are interested in approximate minimizers of (1.3), for this we study the minimizers in H 4 of the approximate
functional

v 2
EQA(U) = / | 2u| + |2|v/e? + |Vul]? — Au, (3.34)
24

where € > 0.

Since we have mixed boundary conditions, an easy way to describe the space of test functions for the weak
formulation of the first variation of (3.34) is to use reflection in the domain £24. We will simply write ¢ €
W, 2(£24) for the test functions. We have the following proposition.

Proposition 3.4. (Wlif regularity of approximate problem)
Let A,e, A > 0. Then there exists a unique minimizer u. 4 € Ha of ng Moreover, tic o € Wlif(fZA) and the
following equation holds

Vued Vo 3 [ o forall g € WE2(024), (3.35)

\/62+|VUE,A|2 N 4

/ Vuea-Vo+ |2
24

and Oyue 4(y,0) =0 fory € (—1,1).

The existence of a minimizer is a consequence of the direct method in the bounded domain {24, while the
regularity results are standard. We give a sketch of the Proof of Proposition 3.4 in Appendix A.

Proof of Theorem 2.2 (i1)—(iv)
Step 1. Solutions of the E-L equation are minimizers of (1.3).

First we will show that for any pair (u,q) € X x A which satisfies equation (2.3), u is a minimizer of E}. Let
v € X, using (2.3) and the fact that |¢| <1 it is easy to check that ¢ € 9] - |(Vu) in 2. By the definition of the
subdifferential we have

E,\(v)—E,\(u)2/QVU,~V(U—u)—|—|z|q~V(v—u)—/\/Q(v—u):O, (3.36)

where we used (2.3) with test function p =v —u € X.
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Step 2. Approximating solutions.
As usual we will focus in the case A > 0. Let u = uy be the minimizer of Ey given by Theorem 2.2 (i).
For € > 0 let u. 4 be the minimizer of Eé‘}/\ given by Proposition 3.4, then for all A > 0 we will show that

ue, 4 — u strongly as e — 0, in W12(£24) up to a subsequence. Extending u. 4 by u, outside 24, we can write
the following variational inequalities as in the Step 3 of the proof of Theorem 2.2 (i)

/ Vu - (Vue 4 — Vu) Jr/ 12| Ve Al 7/ |z||Vu| > )\/ Ue, A — U (3.37)
Qa 24 24 2a
and

/ qu,A.(vufwaAH/ |z\«/62+|Vu|2—/ |z|1/€2+|VUE,A|22)\/ W—ea (338)
24 24 24 24

Adding inequalities (3.37) and (3.38), we get

| 1Viea=Vu < [l (90eal = 224 Fucal?) + 1o (VEF T - 9
.QA -QA
< [ LWEF VAR - va)
a4

2
:/ 2] c < A|Q2ale.
24 €2 4+ |Vu|? + |Vu|

Then using also Poincare’s inequality we get for all A > 0 and up to a subsequence

Ve a4 = VU, s a4 — v a.e. in 24as € — 0. (3.39)

Vue a

Also, for g. 4 := ———=2—— we have ¢. 4 - Vue a4 < [Vue a|. Then using (3.39) it is not difficult to see that

Ge.a - Vue a — |Vu| a.e. in 24as8 € — 0. (3.40)

Since e 4 € L?(£24,R?) with |g. 4| < 1, there exists g4 € L?(£24,R?) with |g4| < 1 and such that g. 4 converges
weakly to g4 as € — 0. Then using also (3.39) we have lir%/ Ge. A VUc a = / qa - Vu for all U CC 24 and by
E— U U

(3.40) we get that g4 - Vu = |Vul a.e. in 24. Extending g4 by zero outside 24 we may write g4 € L2 (2, R?).

loc

As before we can find ¢ € L2 _(£2,R?), with |g| < 1, such that g4 converges weakly to ¢ in L2 _(£2,R?), as

loc loc

A — 400, hence ¢ - Vu = |Vu| a.e.

Step 3. Passing to the limit ¢ — 0, A — +o0.

Let ¢ with ¢ € W012(f2) and compact support in 0. Then equation (3.35) with A large enough holds for this
test function and since g. 4 is bounded we can pass to the limit as e = 0 and get

/Vu-V<,0+|z|qA-Vgpz)\/ ©.
fo) fo)

We can now pass to the limit as A — 400 and using also Lemma 3.3 we get (2.3).
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Step 4. Uniqueness.

Let (u,q), (@,q) be two solutions of (2.3) then by Step 1 we have u = 4, since minimizers of (1.3) in X are
unique by Theorem 2.2 (i). In the set {Vu # 0} the vectors ¢, q are parallel to Vu and so is ¢ — g, but since
(g—q)-Vu=0 by (2.3) we have ¢ = 7 a.e. in {Vu # 0}.

Step 5. Neumann condition.

We denote by 0s,, i = 1, 2 respectively the derivatives 0y, 0,. Let 4,5 € {1,2}, U cC 4. By Proposition 3.4
we have that 4. 4 € VVI?)C?(U), by Lemma A.1 the second derivatives of #. 4 are uniformly bounded in LQ(U),
hence for ¢ € Wy?(U) we have (up to a subsequence)

/ Op, W0, p = lim [ Oy, lic 40,0 = —lim [ 0y, 0,1 Ap = —/ g,
U =0 g U U

e—0

for some function g € L2(U). We have proved that @ € Wlicz (£2), then applying a Sobolev embedding theorem
([7], Sect. 5.6.3) we get that @ € C2*(£2) for all a € (0,1). As in the proof of Proposition 3.4 we can now define

loc

the trace of the derivative of w on {z = 0} and d,u(y,0) =0 for y € (—1,1). O

4. PROPERTIES OF THE SOLUTION
4.1. Comparison Principle

In view of Theorem 2.2 (i) we will assume that A > 1 for the rest of the paper.

Definition 4.1. Sub/supersolution.
Let u € X be a non-negative function and ¢ € A, with A as in (2.1). We call the pair (u, q) a subsolution (resp.
a supersolution) of (2.3) if

. . < > >
{fQVu Vo+|zlg- Vo <X [, 0 (resp. > A [,0) forallpe X, 0 >0, (41)

q-Vu=|Vu| a.e. in 2.

Proposition 4.2. Comparison principle.
Letu,v € X, qu, gy € A with (u,qu), (v,q,) a subsolution and a supersolution respectively of (2.3), with0 = u <wv
on {—1,1} x (—00,0) in the sense of traces, then

u<wv, in 2.

Proof of Proposition 4.2
Let ¢ = (u — v)4, then ¢ € X. If we write the inequality in (4.1) for v and v with ¢ as a test function, and
subtract one from the other we get

) V(u=0) V(u—v) +[2[(qu — @) - V(u—v); <0,

and if we use [26], Corollary 2.1.8, page 47, we can write it as

/ V(u = )X (u-vz0} < */ 12 [(qu = qv) - V(u = 0)] Xu—v>0}- (4.2)
9] 9]
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Next we calculate, using the properties of gy, ¢, in Definition 4.1

(qu — @) - (Vu — Vv) = |Vu| — gy - Vo — ¢, - Vu+ |V
> |Vu| — |Vu| + |Vu| — |Vv] =0, a.e.

then (4.2) implies
V(u—-v)=0, ae in{u—v>0}

which means V(u — v)y = 0 almost everywhere. Using the boundary conditions we can conclude that
(u—wv)+ =0 and hence u < v a.e. in {2. O

Remark 4.3. (Monotonicity in A)

Let uy be the minimizer of Ey in X and m()) := |, o ux the volume rate. Using the comparison principle from
Proposition 4.2 it is not difficult to see that m(A) is an increasing function. Unfortunately, the physical volume
rate is given, using the rescaling (1.23), by mg := (I2usgo cos 8)m, which does not allow us to directly study the
monotonicity with respect to the angle 6 (cos @ is decreasing for 6 € [0,7/2) and A(f) is increasing by (1.24)).

4.2. Solving equation (1.5)

As we explained in the introduction, we study the first variation of the functional (1.6), i.e.

¢)¢II 1 +
L+ P32 1+]¢
Lemma 4.4. (An explicit solution of 4.3)

Let A > 1, K()) be given by (2.7) and ¢k » defined in (2.6). Then the function ¢px » € C(—1,1)NC([-1,1])
is a non-positive solution of (4.3) and

A=0, ye(-11). (4.3)

lim g \(y) = —00,  lim ¢ () = +oo. (4.4)
y——1 y—1

Moreover the function ¢ x is convex with minimum ¢x 1(0) = %, mazimum ¢ A (£1) = %A) and if A > A

then ¢x 5(y) < dra(y), fory € [-1,1].

Proof of Lemma 4.4
Step 1. The inverse function.

Let A>1, Z € [% ﬁ] and f\(Z) be given by (2.5). Notice that f) is smooth in (%, ﬁ) and that it has

been chosen so that

(A\Z — DV — 1

A2 = VI (X2 -DZ A2

(4.5)

We set

—~

—

o 1 1\ T 1 Arcsin %)
Ay = fia ()\_1>fA <)\>2(>\2_1)3/2+)\2_1 <1+ e ) (4.6)
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By the monotonicity of f we can define the positive function ¢, implicitly in the intervals [—Ay, 0] and [0, A,]
as follows

o) = f (527) <l ve -l (1.7

from which we get that ¢, is an even function thanks to the monotonicity of fy. Also, by (4.7) we have
@2(0) = 1/(A — 1) and using (4.5) we can calculate the limit h%l+ #®\(y) = 0. Since ¢, is even and smooth in
y—r

the intervals [—A,0) and (0, A)] we eventually get ¢} (0) = 0. We have concluded that ¢ € C1(—A,, Ay).
Relation (4.7) gives also for y € [—Ay, A)]

L/A = ga(£A45) < da(y) < oa(0) =1/(A—1) (4.8)
and by (4.5)
PA(=Ax) = +00, ¢)(A) = —oo. (4.9)
Step 2. ¢, satisfies (4.3).
Using (4.5) we can differentiate (4.7) and taking the squares in both sides of the equation, we get after a few

simplifications that

1

h—2)

|\ = -1, ye (—AxAy).

Noting that ¢ > 1/A > 0, the above equation can be rewritten as

1
[ -

Let Ky < 0, we define
ProN(Y) == Ko(bA(Klo)v y € [AxKo, —A\Ko]. (4.11)
By (4.10), the negative function ¢, » satisfies

1
¢K0,)\(y) A— =Ky, yE€ (A)\Ko, —A)\KO). (4.12)

L+ |9k, A (W)

In particular, if K(\) is given by (2.7), differentiating (4.12) with respect to y we get

& PR AP _ 1 +A] =0, ye(-1,00U(0,1). (4.13)

LA+ 0P T, 2
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Using equation (4.13) we calculate for y € (—1,0) U (0, 1)

L+ ¢ AN /1+ [0 52 = 1
N Y )(m )>0, (4.14)

O = —Pr A

where we also used equation (4.12) in order to get the sign of the second derivative. Since ¢x » € C1(—1,1) we
get from (4.14) that in fact ¢x » € C?((—1,1)). Differentiating further (4.14) and using (4.8) we get by iteration

drx € C®(—-1,1).

Step 3. Extrema.
By (4.8) and (4.11) we have

min = _ K(X) _ 1
min ¢xa = Pxa(0) = 575 = 52 (AL = A (4.15)
= 1) = _ KO _ 1 :
i oren = oAl = oeall) = 57 = S T R )
We have
i(ﬁK,,\(l) _ _4(2)\2 + 1)Arcsin (%) VAZ — T+ 27m(2)02 + 1)m2+ AN —1)(A2+2) o )
d)\ A2 (%/ﬁ + 7 + 2Arcsin (%))
and
bral0) == (A= 3) A= DVAZ T (n + 2Aresin (5)) +40° - D [A-D2H2R] (0,0

(A=1)2 (2 A2 =1 + 7 + 2Arcsin (%))2
Figure 3b is the graph of the function ¢k (1) in terms of the variable A.
Step 4. Monotonicity of the graphs in A.

Let A > A we will show that ¢ x(y) < dx (), for y € [~1,1]. Since the functions are even and we already

have the monotonicity of the boundary points by Step 3, we will focus in the interval (0,1). If we use equation
(4.13), we get that the function w(y) = ¢k x(y) — ¢ a(y) satisfies the elliptic equation

—ay(y)w” (y) + az(y)w'(y) + az(y)w(y) = A = A,

with

— oY)
E

o ';/(,\(y)
AN e

a1(y) = ( W,

and

1

1
aa(y) == / G (p(t, )t + S (9 b () / Ga(p(t,y))dt,
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with p(t,y) = ¢ \(Y) + U 5(¥) = Ok n (1), G1(p) = (p e and Ga(p) = gy B It is a5 € O(0,1),
i=1,2,3 with a;,az > 0 in (0,1) and w € C?((0,1)) N C([0,1]) with w(0),w(1) < 0 by (4.16) and (4.17). We
can now conclude that w < 0 by a maximum principle. O

The rescalings of the function ¢ » which was constructed in Lemma 4.4, will be level sets upon which we
will build our three dimensional subsolution and supersolution. For this reason it will be more convenient to
parametrize the cone Cy N {2, with C as in (2.8), using these rescalings instead of the Cartesian coordinates.
Let L € (0,+00), we define

oL,k A(Y) = Lok (%) , ye[-L,L]. (4.18)

The following lemma guarantees a smooth change of coordinate systems, from the Cartesian (y, z) to (y, L).

Lemma 4.5. (A diffeomorphism defining a new set of coordinates).
Let ¢ be as in (2.6). Then for (y,z) € CAx N 2\ {(0,0)} there is a unique L = L(y, z) € (0,+00) implicitly
defined by

2= Lo (%) , (4.19)

and L € C*(CxNN)NC (Cx N2\ {(0,0)}).

Proof of Lemma 4.5

Since the family of curves {(y,¢r xx(¥))}Lec(0,+00) are obtained as a rescaling of the function ¢\ we
have that the mapping (y,L) — (y,2) is a surjection; it is also an injection since the family of curves
{(y, é, kA (¥))} Le(0,+00) do not intersect. On the other hand the same bijective correspondence can be estab-
lished locally by the implicit function theorem since ¥ ¢’ (£) —dx.x (£) > 0 (since ¢k » is even and negative),
from which we also get the smoothness of L(y, z) in Cx N §2 because ¢k is smooth. The continuity of L up to
the boundary follows from the definition and the continuity of ¢x . O

Using the diffeomorphism from Lemma 4.5 we can define ¢ (y, 2) € C=(Cx N 2,R?)NC(Cx N 2\ {(0,0)},R?)
as follows
(*¢’L(y7z)7K7A(y), 1)

q/\(yv Z) = ’ (y7 Z) € C)\ Ny \ {<07 0)}7 (420)
VI 1900 0P

where d)’L(y DK AY) = Pk (ﬁ) Note that the boundary values of ¢, make sense because of the boundary

values of (b’K s by Lemma 4.4. We have the following lemma.

Lemma 4.6. (The function ¢, (y, z) solves (1.5)).
Let A > 1, qx as in (4.20) then

—div(|z|gr(y, 2)) = A, for (y,2) € (Cx N £2). (4.21)

Proof of Lemma 4.6
All the equations in this proof hold for (y, z) € Cx N 2. Having in mind the diffeomorphism (y, z) — (g, L(y, 2)),

with g(y) =Y from Lemma 457 we can write ax\ = Q)\(g, L(y7 Z)) = ((h (ga L(ya Z))v q2(g7 L(ya Z)))
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In order to simplify the notation we set ¢ := ¢k . Then using (4.18) we can write ¢; =

1

©= e

from which we can calculate

Differentiating (4.19) in y and z we get

THOETI0)
Using (4.22), (4.23) we get Or(q1)0yL + 0r.(g2)0-L = 0 and hence we get

dive, ogn = Oy = d —97 kA (Y) B =07 k()
72 - ] 1 - 7_ - Tl ’
PR A e @ L @PF

Using the fact that § =y, z < 0, (4.18), (4.19) and (4.24), we get

L.k AY)P] A (Y) 1
L+ 0% xa@)[?)3/2 1+ M)/LK)\(y)'Q’

_diV(y,Z) (|Z|CI>\) = - (

25

—'(y/L)

YW/ g
i @me

(4.22)

(4.23)

(4.24)

and finally using the above equation together with (4.13) and the definition of ¢, k x we conclude

—divi, o (Jzlgn) = A, (y,2) €Can 2.

Note also that by (4.23) and the boundary conditions of ¢ , we can extend L € C' (Cx N 2\ {(0,0)}).

Lemma 4.7. (Bound on the Laplacian AL)
Let L be as in (4.19). Then there are positive constants Cy,Cs such that for

e+ (2o1)

we have

(0yL(y,2))*> + (0.L(y,2))* < C(\) for (y,2) € CAN 1,
L(y,2) Ay, L(y,z) < C1+Cy for (y,z) € CxN 12,

i particular we have

0< A(y,z)(L(yaZ))2 S 2(0()‘) + Ol + CQ)a (y,Z) € C)\ N £.

(4.25)
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Proof of Lemma 4.7
As in the proof of Lemma 4.6 we simplify the notation by setting ¢ := ¢x .

Step 1. Bound on 0.L and 9,L.

Let (y,z) € Cx N 2, by the diffecomorphism in Lemma 4.5 we have % 1. By (4.14) we have ¢ > 0 in
(—1,1), then, using also (4.15) and formula (4.23) we can estimate |0,L(y, z)| < K_l)\)
Similarly for 0,L given by (4.23) we have [0,L(y,z)] < 1 for (y,z) € Cx N {2, since the function

/
V' (y)/(yy' (y) — ¥(y)) is strictly increasing in (—1,1) and lim V) 1. Combining the bounds of
Yy—r

Lyd(y) — o)
0.L and 0, L we get (4.26).

Step 2. Bound on second derivatives.
If we differentiate (4.19) twice in z and y respectively and use (4.23) we get

m(yY ()2
Lo L = v (E) (£) . (4.29)
(20 (3) — ¢ (4))
and
Lo;,L = v vt (3) (4.30)

We estimate in Cy N 2

LO?,L < max{ max LO?,L, sup LO> L

\U\<1 |y
lcltla

Using the fact that yi’(y) > 0 and the maximum of ¢ by (4.15) we estimate

2 1 A ’ "
< — | ——— . .
max LOZ,L ey Igllgé " (y) (4.31)

(1) . (4.32)

@l (1t 2)’

V(1)

By equation (4.14) we calculate in (1/2,1) the term v /[)'|3 and using properties of ¢ and the monotonicity
of 1)’ we eventually get the bound

3/2

2)\2 1
sup Lo L < +1 : 4.33
P KW(W(%)IQ ) 3

1_lyl
§<T<1
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Finally, by (4.33) and (4.31) we get sup L9?,L < C4, with C; a positive constant. Similarly, one can show that
CaN§2

sup L@gyL < C9 with
CaN§2 .

) 3/2
A . AN o
Covmmax § iy ma o8 (25 ) (O <\w’ Bl “)

4.3. A subsolution
Remark 4.8. Let o : £ U 2y — R?, with 21, {25 C R2, two bounded domains with Lipschitz boundary and
2

a common smooth boundary 0f2, with surface measure dS. Suppose that o € ﬂ(Cl(QZ-,RQ) N C(92;,R?)),
i=1

dive € L2(£21) N L?(£2;). We denote by Tr |g, o, i = 1,2, the limit value of o from the sides §2; respectively.

Then for ¢ € Wy (21 U £25) with supp(p) N 92 # 0, it is

/ o-Vo = —/ div(o)e +/ n-(Tr |o, 0 — Tr |, 0)pdS, (4.34)
2,082, 2,082 a0

where n is the normal to 92 pointing at the direction of £25. We will also call the second integral in the right
hand side of (4.34) the concentration of div(c) on 012.

We can now construct a subsolution. We will first give the main idea of the construction. The vector field
gx defined in (4.20) solves (1.5) in Cy and is the normal to the family of rescaled curves (4.18), which will be
level sets of the subsolution. All that remains to do in C) is to assign a value to each level set, in such a way
that the sign and absolute value of the Laplacian of the subsolution can be controlled. To do that, we choose
the subsolution to be a small enough inverse parabola in the set 2\ Cy (Eq. (4.35)). There is now only one
way to assign a value on the level sets inside the cone Cy so that the subsolution is continuous, see Figure 4.
The choice of the inverse parabola has also served on creating a concave function, thus fixing the sign of the
Laplacian. One can now choose the value of the constructed function (Eq. (4.35), in fact the parameter ¢) to
be small enough so that the subsolution inequalities are satisfied.

In what follows we will favor intuition over mathematical elegance, as far as the notation is concerned, and we
will instead denote the set Epi~(\) defined in (2.9), simply by {z > ¢k 1}. Let ¢ > 0, using the diffeomorphism
from Lemma 4.5 we can define the continuous function (see Fig. 4)

—Cy?+¢ in 2\ Cy,
uc Ay, z) = —CL3(y,2) + ¢ inCanN{z > dr .}, (4.35)
0 n {Z < ¢K,/\}7

and for ¢y as in (4.20) we define

(—ﬁo) in 2\ Cy,

(4.36)
ax(y, 2) in Cy N 2.

At (y, z) = {

Then we have that ucy € X with d,uc A(y,0) =0 for y € (—1,1) and d** € A. In the set Cx N {z > ¢} we
have Vu¢ y = —2(L(0yL,0,L). Then using also (4.23), (4.35), (4.36), definition (4.20) and the properties of
¢K » from Lemma 4.4 we have that d$** - Vue y = |Vue a| a.e. in 2.
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0i5 1o

Jy

J3

(a) Curves with normal d$** (b) uc,x

FIGURE 4. Subsolution.

Proposition 4.9. (Subsolution) Let A\ > 1. Then for all Ao € (1,\) and (o € (owjﬁcﬁ) with
C(XN),C1,Co given by Lemma 4.7, the pair (uCO,,\O,di’;‘“) given by (4.35)—(4.36), is a subsolution of the
equation (2.3).

Proof of Proposition 4.9
Step 1. The subsolution inequalities.
We will first show the subsolution inequalities in the set

DU U2s = (Q\a) U (C)\O N {Z > ¢K,)\0}) U (C)\O \{Z > ¢K()\0)})

where the functions u¢, x,, d5:" are smooth. Using (4.21) and (4.36) we calculate

— div ([2[dSS' (v, 2)) = {())\0 12 ZO\ rng (4.37)
Also
— Augyng = {ico 12 g%%; b ). (4.38)
and using Lemma 4.7 we get in C, 1 {2 > dx ,}
— Augy ng = GOAL? <2(C(No) + C1 + Cs) (4.39)

If we now combine (4.37)—(4.39), use the fact that the positive constant 2(C(Ag) + C1 + C2) depends only on
Ao, we can choose (p < W(< A/2 since C(XAg) + C1 + C2 > 1 by (4.25)) and get

- Au(ov\o —div (|Z|d§§t) <A infUU s (4.40)

It remains to show that inequality (4.40) holds in the rest of £2. We will use Remark 4.8 for o := Vg, x, + [2|d5<".
Note that o is not defined at (0,0) but we still have that it is bounded near z = 0 by Lemma 4.7.

Step 2. Concentration on curves.
Note that since d,u¢, x,(y,0) = 0 and therefore o(y,0) =0, for y € (—1,1) \ {(0,0)} in view of (4.34), we
do not need to take into account the boundary {z = 0}. We denote by J := J; U Jo U J3 the three parts of the
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boundary of £7 U {25 U 25 as in Figure 4a. We will show the subsolution inequalities on J. We need to estimate
for (i,7) € {(1,2),(2,3)}, the terms

nj-(TI"|QiO'—TI“Qj 0’), (441)

where n; is the normal of the common boundary pointing in the direction of §2;. For Ji, the right common
boundary of £2; and {25 we have n; = (%ﬁ‘o), —1). Using (4.4) and (4.20) one can see that that d$** is continuous
in 2. Then using (4.35) we get

Tr |, 0 —Tr |0, 0 = (—2{oy, 0) + 2¢oL(0,L,0.L) =0, (y,z) € J1, (4.42)

where we used the fact that y = L on J; and (0yL,0,L) = (1,0) by the Neumann conditions in (4.4). In a
similar way we can write (4.41) on J5 as

—ng-(Tr |, 0 = Tr |p, 0) =0, (4.43)

where ny = (#(0’\0), —1). On J3 we simplify the notation and set ¢ = ¢k »,. Then (4.41) becomes

Y’ ~1
VAR ViT |w'|2> (oL (By L, 0:1)

o VI[P
=20 - <0, (4.44)

We can now conclude from estimates (4.42)—(4.44). O

n3 - (Tr [, 0 — Tr |0, cr):(

Proof of Theorem 2.3 (lower bound)
If we compare the subsolution u¢, », by Proposition 4.9 with the solution uy of (2.3) using Proposition 4.2, we
get 0 < ug,n, < uy in 2 for all \g € (1, A). Then by definitions (4.35) and (2.9) we get

{tco.ro >0} =4{2> b} =Epi~(Ao) C {uxn >0}, forall \g € (1,A). (4.45)

We set ¥(y, \) := ¢r x(y) for (y,A) € [0,1] x (1,+00). By definition (2.6) we have that 1 satisfies the equation

F: {(y,&z): y€(0,1), A€ (1,+0), z € <§((/\i,K§\)\))} =R

given by

FlnA2) = KOO (55 ) = KOO (527 ) - o

Using the formulas (2.5), (2.7) and (4.6) one can check that F' is smooth in the domain of its definition. Since

1A (1@?{3)) > 0 for (y,A) € (0,1) x (1,400), we have by the implicit function theorem that ¢» € C*°((0,1) x

(1,400)). Since ¢k » is even, we get that for fixed y € (—1,0) U (0,1) the function ¢k 1(y) is continuous in A in

(1,400). By the formulas of ¢x 1 (£1), ¢k 1(0) by Lemma 4.4 and the continuity of the function K (\) we get

that ){HTn)\ P2 () = ¢ A (y) for all y € [—1,1]. We can now pass to the limit in (4.45) and conclude. O
0
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FIGURE 5. U7,

4.4. A supersolution

The idea behind the construction of the supersolution is similar to that of the subsolution. Near z = 0 we
take an inverse parabola (Eq. (4.46)) which doesn’t have to be very small this time. We assign to the level
sets, i.e. the rescaled functions in (4.18) the values of an increasing quadratic function (Eq. (4.47)), using the
diffeomorphism from Lemma 4.5. This time, one has to be careful to rescale further the functions in (4.18)
(L > 1), so that enough space is given to the quadratic function, in order for it to increase enough and intersect
the parabola in the domain 2. This particular rescaling is also necessary so that the Laplacian of the resulting
solution will have the correct sign. The final supersolution will be the minimum of the two supersolutions and
the concentration of the second derivatives on the intersection mentioned above will have the correct sign.

Let A > 1, Ay > X and 9,b,IT given by (2.10), (2.11), (2.12) respectively. Using the diffeomorphism from
Lemma 4.5 with ¢k », in (4.19), we can consider sets of the form {(y,z) € CxN 2 : 1 < L(y, z) < b}, where the
level set {(y,z) € CAx N2 : L(y,z) = 1} is the graph {z = ¢k x, }; we will simply denote by {1 < L(y,z) < b}
these sets. We define

ui' (y, 2) == %(1 -9, (y,2) € 2, (4.46)
“+00 in {Z > ¢K,)\1}a
up’(y,2) = ¢ W(L(y, z) —b)? in {1 < L(y,2) < b}, (4.47)
0 in {b < L(y,2)},

where we simply write ¢ for ¥y x,. Also, we define
UM .= min {ui\l , u;w} . in 0. (4.48)

We note that the intersection of the graphs of the functions ug‘l’ﬂ and u}"! lies in the domain 2N {L(y, z) < b}
and is given by the equation

I(L(y, 2) — b)? = % (1-9?), (5,2) € 2 {Ly=2) <b}, (4.49)



GRANULAR FLOWS, A SOLUTION WITH FREE BOUNDARY 31

and since L < b

N, M
=0 — - — >b— —_— =
R P Sy L

by the definition of b. Also, since 9,L < 0 in Cx N 2 the curve defined by the contour (4.49) is the graph of
a function which lies in fact in the set {1 < L(y,z) < b}, and therefore, the function U1 is continuous, see
Figure 5. For gy, as in (4.20) we define for a.e. y € £2 the vector field

Y

o (Y, 2) in {b—\/;;(l—yz)<L(y,z)}.

We have the following proposition.

(_y|70) in ({1§L(y,z)<b— ;;(l—y2)}u{z>¢z(,>\1}>ﬂ{y#o}

ext

@ (Y, 2) = (4.50)

Proposition 4.10. (Supersolution)
Let A > 1. Then the function UMY defined in (4.48) is a supersolution of (2.3).

Proof of Proposition 4.10
A straightforward calculation shows that VU7 . g5t = |[VUM?|, a.e. in £2. We also have 9.U " (y,0) =
d.u (y,0) = 0.

Step 1. Supersolution inequalities.

It is

M in {13L<y,z><b— ;§<1—y2>}u{z>¢m}

I 20((0yL)* + (9.L)?)

20
0 in {b< Ly, 2)},

+20(b—L)(0;,L+092.L) in {b— ﬁu—y?) < L(y,2) <b}

and as in (4.37) we have

0 in ({1§L(y,z)<b— ;;(l—yQ)}U{z>¢K7A1}>ﬂ{y#O}
—div (|2]¢5") = 5
A in {b— 2119(1—y2)<L(y,z)}.

Therefore, if C'(\) is as in (4.25) we have 9 = 72)‘57)\)3 and

—AUMY —div (|2[g5)") = A, inrz\({fz(y,z)b w<1y2>}u{0}x(i(ff,0)>~
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FIGURE 6. Distance of supports.

Note that the solution of the equation L(0,z) =11is z = I)i(ill). We also note that by (4.29), (4.30) and Step 2

of the proof of Lemma 4.7 we have that AU is bounded.

Step 2. Concentration on curves.
The discontinuities of the vector fields VUy, y and ¢§** lie on the intersection given by the contour (4.49)

and on {0} x (I;(ill),O). For the second set only the vector field qi’f is discontinuous and the concentration
which it creates is

|21(1,0) - ((1,0) = (=1,0)) = 0.

For the intersection, equation (4.49), we suppress the indices A1, and we write the concentration as

Vu Vu
n- [(Vul — Vu) + 7| (Wuj' - Wujﬂ , (4.51)

where n is the normal to the intersection pointing at the direction of {L(y, z) >b— ;‘—119(1 — yz)} Then the

z-component of n is negative, and since L, < 0 by (4.23) we have

- Vu1 — VUQ
N \Vul - Vu2|'

n

Clearly, we have n - (Vu; — Vug) > 0. The second term of (4.51) is

2|

|V | + [Vug|
— | |V \Y% —Vu -Vug———— ] >0
|[Vup — Vug| (' wl + Vel v -

2 V|| V|
by the Cauchy-Schwartz inequality. This concludes the proof. (|

Proof of Theorem 2.3 (upper bound)
We will estimate supp « above. By Propositions 4.10 and 4.2 we get 0 < uy < Uy, ¢ in {2 and since supp Uy, 9 =
Epi_ (A1) we get the desired estimate. O
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Let AT = A7(A) > A be a minimizer of IT(), ) — see discussion before Theorem 2.3. In Figure 6a we give the
graph of IT(A, A1) for different values of A and in Figure 6b we see that the optimal value IT(\, A]) increases as
we increase the angle 6, or similarly, as we increase A, at least for a small range of values.

5. CONCLUSION

We have studied the minimizer of the non-smooth functional E) in an unbounded domain and have derived
its generalized Euler-Lagrange equation in the form of a singular equation. The regularity of the solution of this
equation is another interesting problem. Regularity properties for the two-dimensional Bingham problem have
been proved in [23] (see also [8]). In this paper, we have proved Holder continuity but we expect more regularity
at least away from the boundary z = 0. Once higher regularity is proved we can also use Steiner symmetrization
techniques to show monotonicity and symmetry properties of the solution.

We have also studied the role of the values of A in the existence of a non-trivial solution. Physically, this is
a natural result since the inclination of the plane upon which a non-Newtonian fluid rests, needs to be large
enough for the fluid to start moving due to the gravity. In general, identifying the transition from a static to
a flowing regime of a material is important for the applications; for example, the start of an avalanche of a
granular material. In [16], the author has identified the critical value of A (which appears in the energy for
the Bingham case) with the Cheeger constant of the bounded domain of integration, when this domain has a
C'-boundary. In [14], Theorem 3.1 (ii), — see also [17], Theorem 3.2 — the authors have shown that the Cheeger
constant of infinite strips of width 2a is 1/a. We note that because of the Neumann condition on z = 0, our
problem can be studied on the whole strip (—1,1) x R by a reflection argument. But in our case, the critical
value A = 1 remains the same for the different widths of a wall, and only when the width is 2 this critical value
coincides with the Cheeger constant of the strip.

We have given a notion of subsolutions and supersolutions for our problem in terms of a pair of a function
and a vector field, which is in general normal to the level sets of the function. The vector field is needed because
several vector fields can be chosen when the gradient of the function is 0. We have proved a comparison principle,
and with it we are able to construct an explicit subsolution and a supersolution with compact support. We do
this by parametrizing a subset of the strip using curves whose normal solves a curvature like equation. Then we
deduce that the solution of our problem will have compact support, the boundary of which is the free boundary
and its existence is natural since the equation (1.1) has the equivalent formulation of a variational inequality.
The two supports of the subsolution and supersolution respectively give an estimate for the free boundary, and
their monotonicity in A shows that the fluid region increases when we increase the inclination angle. We have
optimized the estimate of the free boundary by minimizing the function IT(}A,-) in (2.12). The simulation in
Figure 6b shows that the gap between the boundaries of the subsolution and the supersolution widens as we
increase )\, at least for small values of .

Another interesting and open problem is the regularity of the free boundary but also of the level sets of the
solutions of singular equations like (1.1). An interesting property of these solutions is that they have levels sets
with positive measure. In [16], the author has studied properties of the set where the solution of his problem
achieves its maximum value. He shows that this set has positive measure and compared it with the Cheeger set.
For our problem it is still not clear whether or not our solution has other level sets with positive measure apart
from the zero level set.

One particularity of our problem which is studied in an unbounded domain, is the fact that we impose a
certain angle # and the volume rate |, o u follows as an increasing function of the angle. The unboundedness
of the domain allows also the support of the solution to increase boundlessly. The solution coincides with the
solution of the similar problem for which the distance between the bottom plane and the atmosphere is finite,
with zero boundary conditions at the bottom, as long as this distance is big enough. In fact this solution in
the bounded domain, does not depend on the depth of the bottom plain, as long as the plane lies outside the
support of the initial solution which was considered in the unbounded domain. In the case where the volume
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rate of the material is fixed and so is the depth of the walls, we expect that a large inclination angle will force
all of the material to be in a flowing state.

As far as the boundary conditions are concerned, one could study the problem with friction both on a finite
bottom of the inclined plane and on the walls. Moreover, it would be more realistic to include more general
constitutive relations. But even the more general case of the p(I)-rheology, mentioned in the introduction
presents instabilities, which suggests that there are physics missing in the model, as observed in [1]. Nevertheless,
we hope that our rigorous and analytical study of our problem with Drucker—Prager plasticity, will facilitate
the study of more complicated models.

APPENDIX A. REGULARITY OF MINIMIZERS OF E%,

In what follows we will denote by ¢ a generic constant which does not depend on the ¢ mentioned in
Proposition 3.4.

Proof of Proposition 3.4
Step 1. Existence/Uniqueness.

The uniqueness of the minimizer follows by the strict convexity of the functional or using similar arguments
as in the proof of Step 3 of Theorem 2.2 (i). The existence is also similar, in fact the lower semicontinuity of
the linear term —A\ f o, U is trivial since the domain 24 is bounded. We set

2

Flep) =2 e/ p, (A1)
for (z,p) € 24 x R Tt is

0’°F

EIR i Jy A2

for £ = (£1,&) € R?, and
0’°F A
< 14+ =), forallij 1,2 A.

we set co ::c(1+ f)

Step 2. Regularity.

Since the proof of regularity is standard we are only going to emphasize the particularities of the problem, i.e.
the fact that F is only Lipschitz continuous in the z variable. We will simply write F(z, Vu) for F(z, Vu(y, 2)).
Let o with ¢ € W, ?(£24), then equation (3.35) holds as the first variation of the functional EZ,. Moreover,
using a change of variables one can see that the function w := 4. 4 satisfies

Vw -V
Vw- - Vo + |zl ————= = A . A4
/f)A | | 52+ ‘V'LU|2 QA ( )

We study the regularity properties of (A.4). Let |h| < dist(supp ¢, d24), we define @i 4 (y, 2) == o((y,2) —
hey), k = 1,2, with ey, k = 1,2 the unit vectors on the axes y and z respectively. We use ¢y, 5, as a test function
in (A.4) and estimate the derivative of the difference quotient

wily,2) + hew) = wly, 2)

A =
hUJ(y,Z) h

(A.5)
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Since the proof is similar we will only present the estimate for es. Using @2, = ¢y, as a test function in (A.4)
and after changing the variables in the integral we get

) Op; F(z 4+ h, (Vw)p) 0z, p = A/ ®, (A.6)
.QA QA

where 0, F = g—;, (Vw)p(y, z) = Vw(y, 2+ h) and 9,9, i = 1,2 is the partial derivative of ¢ in the directions
y, z respectively. As usual, subtracting (A.4) from (A.6) we get after a few calculations

/ l(%F(z + h, (Vw)p) — 0, F(2 4+ h, V)0, 0 = — / 1

(Op; F(z+ h,Vw) — 0p, F(2,Vw))0y, 0. (A7)
oah oa

The right hand side of (A.7) can be estimated using the Lipschitz continuity of V,F in the z variable, we have

1 [Vw| [z +h| = [2]]
VoF(z+ h,Vw) — V,F(z,Vw)| = <1.
|h|| p ( ) p ( )| /62 |V’U_}|2 |h|

It is now a standard process to use (A.2) and (A.3) in order to bound the quantity [|VA,w|? uniformly in A,
we have

/ VA w? §203(1+202)/ |Vwl|?, (A.8)
Q' 24

with c3 a constant independent of h and 2 CC 2" CC 4. We then have w € W22(2") by standard arguments.

Step 3. Neumann condition.
Since 1. € VV@:(QA) we can define 0,u.(y,0) for a.e. y € (—1,1) and since @ is symmetric with respect to

{z =0}, it is in fact Bouc(y, 2) = —O.uc(y, —z) for (y,z) € 24; setting z = 0 we get the desired result. O

The constant c; in the estimate (A.8) depends on e. Using an argument similar to the proof of [§],
Theorem 3.3.4, we can show that the second derivative of u. is bounded in L2, uniformly in e. We have the
following lemma.

Lemma A.1. (Uniform bound on |VZu,|) R
Let A > 0, u. be as in Proposition 3.4 and 2" CcC f24. Then there exists a positive constant C =
C(A,dist(£2,0624)) such that

/ |V, 0. < C (1 +[ |axia5|2) , i=1,2. (A.9)
Q' 2a

Proof of Lemma A.1

Since the proof is similar to the proof of Proposition 3.4, we will only give a sketch of it. We will only show the
proof of the estimate (A.9) for |V0,i.| because the term with the partial derivative in the y variable is easier
to estimate, since the integrand F' from (A.1) does not depend on y. Let ¢ be a smooth function with compact
support in 27, with ' CC 2" CC {2; using 0,¢ as a test function in (A.4) and integrating by parts we can
write, using the usual summation convention and the same notation as in the proof of Proposition 3.4

0p; 0. F (2,Ve)0y,p = 0. (A.10)
Q//
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Noticing that 0. (F(z,Vi.(y,2))) = 0:F(Z,Vi(y, 2)) |z== +0p, F(2, Vi (y,2))0z;0-1c(y,2) and 0.|z| =
X(0,400) — X(—o0,0); We may rewrite (A.10) as

Oz, U
Oz ——2te g ou [ (8,8, F(z,Vi.)dy, 0.0 0,0 = 0. A1l
[, 0 e tuet [ (000, PG Vo, 00i) 0 (A1)

As usual, we choose a function n € C3(£2”) with n=11in ', 0<n <1, |Vy| < Teranyy and V27| <

@ amae - We set ¢ = 730,14, in (A.11), use the convexity property (A.2) and the fact that

VEe2+ |V |?

%@J@V@%@%z&@m+4@<&w€>

we get as in the proof of Proposition 3.4

/ 773|vaz'aa|2 S _/ 8a;i8zﬁsaa:i (773) az'aa - 3Z\Z|3m, (773) %aza
1 Q//

o2 2+ Va2
awLUE . awlftg 3 .
/ AR =1 |Vu |281i82u5 _/// |210. (\/W) Oz, (77 )6zu5.(A.12)

The first three terms of the right hand side of (A.12) can be estimated as in the proof of Proposition 3.4 using

|0, G |

/2 |vu5‘2 -

the estimate of the last term of (A.12), which we denote by J. Integrating by parts J we get

Young’s inequality, the fact that 9,|z| < 1 and <1, for ¢ = 1,2 uniformly in €. We will only show

— awzua 3 ~ 811”8 3 ~
J = /// 8z| |m&h (7] )8,2”5 +/” |Z‘\/W8Z8IL (77 >8z'u€

aa?ius ~
o |Z|maz (773) azazus~ (A].S)

It is a standard process now to estimate the right hand side of the above equality using Young’s inequality with
weight v > 0, for example the last term of (A.13) can be estimated from above by

. 1 .
c/ 7)1/2773/2|V8zﬁ5| <eé (’y +’y/Q 7]3|V827152) .

Finally, putting all the estimates together and choosing v small enough we can absorb the terms v || o n3| VO, i |?
on the right hand side of (A.12) by its left hand side and by noticing that 7 = 1 on {2 we end up with the
desired estimate. 0
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