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<.>DCUC=9�C K�� > J G�C94 Q�J/� >�E K N

Ẋj = Fj(X1, ..., Xn), j = 1, . . . , n
hE�'GFOk

> K ��� C 'H�+$��<	+ JI���$��

Ẏi = Gi

(

∨
Yi

)

, i = 1, . . . , n
hE�'KE�k

$ � C=9�C ∨
Yi = (Y1, . . . , Yi−1, Yi+1, . . . , Yn)

>�N ��� C�$ � EFG�CkN�C � E/��0 J 9�> J/ G�C=N ���L����MH� Yi
'+7 � C Yi

J 9;CoE  -�;J > K C`<G��9�E � ��� C Xj
 � J ? ��JRK DHCoE/� 0 J 9;> J/ G�C=N9'	2�E3" ��� C K EF9 �kJ GK��EH9 � >@N�? J 9 J ? � CZ9;>1^=C=<
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m̃ = dY1 . . . dYn

QE�$%"�$�C@$ JRK��W� E  �Q >IG@< � C J N Q 9;C & > K 0 J 9;> JFK��!J G�DFEH9�> ���-� N9'M< K Co? JRK�K E � >@?�C ����J/� ��� CoN��.N � C �
h E-' E#kÉ>@N J <.>;0FC=9�DHC K ?ZC & ��9�C=C <�� K�J�� >@? J G0N��.N � C � 'ÊO JFK � $ J �.N � E  �Q >�G@< 0HEFG Q-� C & , 9�C`N�C=9�0�> K D

J G�DFEH9�> ���3� N���EF9 ��� >�N H > K <$E/�0<�� K�J/� >@?ZN J 9;C H�K E�$ K S�U/' ) K ��� >@N J 9 � >@?�G�C�"5$�C �¶J/H C J <-0 JFK��;J DHC
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, 9;E ,�J D J/� EF9¶N9'87 � >@N�DF>;0FC`N7N�> ��, GIC J GIDHEF9;> ���-� N  ��N Q ?=?�C`N�N�>10HC=N � 9 JRK N�G J�� >�E K N �

e∆t Leff =
∏

k

e
∆tp(k) Gp(k) ∂Yp(k)

7 � C kth E , C=9 J/� >�E K >@N J�� 9 JRK N�G J�� >�E K E K���� CW0 J 9;> J/ G�C Yp(k)
"#$ � CZ9;C p(k) >@N J N Q- N�?Z9�> ,�� > K [1, n]
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7 � >@N � 9 JFK N�G J/� >�E K�, 9;C=N�CZ9�0FC`N ��� C � C J N Q 9;C m̃ ".N�> K ?�C�> � 9�C J <�N Yp(k) → Yp(k) + ∆tp(k)Gp(k)
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� EG$�EF9 H E K3J N�> ��, GI>1>�C`<�CB? J/��, G�CyE�� ��� C=N�CYC94 Q�J�� >IE K N9'�2.EI$�CkN�> �dQ G J/� C J E K C & <.> � C K N�>�E K�J G
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q̇ =
p

m

ṗ = F (q) − pξ

Q
p

ṗξ =
p2

m
− kBT

h��-'GFOk

TC=9�C#" ��� C ,�J 9 � >@?�G�C , EHN�> � >IE K >@N q "2> � N0> �E,�Q G�N�>�E K >@N p " JFK <�> � N �kJ N;N�>@N m '7 � C � C ��, CZ9 J��;Q 9�C

>@N
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" JFK < kB

>�N ��� C![�EFG � ^ �kJRK�K ?�E K N �;JRK�� '�7 � C��EH9;?ZC=N J 9�C F (q) = −V ′(q)
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m1 = e
−β

�
p2

2m
+V (q)+

p2
ξ

2Q �
dq dp dpξ

��EF9
β = 1/(kBT )
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H ′ =
p2

2m
+ V (q) +

p2
ξ

2Q
+ ξ kBT



m0 = eξ dq dp dpξ dξ
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p̃ = eξ p
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q̇ =
p̃
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e−ξ

˙̃p = eξ F (q)

ṗξ =
p̃2

m
e−2ξ − kBT

ξ̇ =
pξ
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m̃ = dq dp̃ dpξ dξ
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JRK < Q N�> K D ��� C� J ? �W���'J�� [q̇ ∂q , ṗξ ∂pξ
] = 0

$!C�DHC �

L = L1 + L2 + L3
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L1 = ξ̇ ∂ξ

L2 = ˙̃p ∂p̃

L3 = q̇ ∂q + ṗξ ∂pξ

J,CË? JRK�K E�$�DFC K CZ9 J�� C 3!
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2 La e

∆t
2 Lb e∆tLc e
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2 La
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<.C`< Q ?�C �
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J�> ��� 0 J 9;> J� GIC`N (q, p̃, pξ, ξ)
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p̃2

2m
e−2ξ + V (q) +
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q → q + ∆t
p̃

m
e−ξ

pξ → pξ + ∆t

(

p̃2

m
e−2ξ − kBT
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2
∆t eξF (q)

(1) ξ → ξ +
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˙' i =
%
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(
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∑
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Rk

)
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i 1 ≤ i ≤ N

ṗξk
=

Sk
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− dN (kBT )

k
1 ≤ k ≤M
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7 � CË?ZE K N �;JFK#� N (Ck)k≥−1
J 9;C0DH>10HC KI �

C−1 =
1
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∏
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mi
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pξj

Qj
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1 ≤ k ≤M
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ξk
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%

i −
pξ1

Q1

'
i −
(
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'
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=
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=
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L1 = ξ̇1 ∂ξ1

L2 = ξ̇2 ∂ξ2

L3 = ˙̃p ∂p̃

L4 = q̇ ∂q + ṗξ1 ∂pξ1
+ ṗξ2 ∂pξ2
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e
∆t
2 La e

∆t
2 Lb e

∆t
2 Lc e∆tLd e

∆t
2 Lc e

∆t
2 Lb e

∆t
2 La = e∆tLeff

$7> ��� {a, b, c, d} = {1, 2, 3, 4} ' J�C
> ��, G�C � C K�� C=< ��� >�N J G�DFEH9�> ���-� $7> ��� (a, b, c, d) = (1, 2, 3, 4)
'

��� � ��� ��� ��� ����� !$����#�� � � ����� � � ��� ����� � ��� ����� ����� � ��� 4<46. �����������	�"! #

J�C@$ JFK���� E , 9;E�0FC ����J/����� C�C K CZ9;D���$79;> ��� C K > K h � ' �#k�>@N�?�E K N�C=9�0HC=<  � ��� C�<�� K�J�� >@?ZNh �3'KE�k &
h � ' ��k & h � ' � k�'87 �'JRK-H N � E ��� C�9;CZG J�� >IE K N ξ1 = χ1

"
ξk = e2(k−1)χk

��EH9
k ≥ 2

"�$�C�? JRK >�9;N � 9�C9$79�> � C

��� CoC K C=9�D#� J N

H̃ ′ =

N
∑

i=1

˜' 2
i

2mi
e−2χ + V ( & ) +

M
∑

k=1

p2
ξk

2Qk

+kBT

(

C0

C−1
χ1 +

C1

C0
χ2 +

C2

C1
χ3 + . . .+

CM−1

CM−2
χM

)

J,C H�K E�$ cC����J�� ��� C��EFG�G�E�$7> K DyC K CZ9;D��É>@N , 9;C=N�CZ9�0FC=< �

H ′ =

N
∑

i=1

˜' 2
i

2mi
e−2χ + V ( & ) +

M
∑

k=1

p2
ξk

2Qk
+ dN kBT

M
∑

k=1

ηk

$ � C=9�C ��� CË<�� K�J/� >@?ZN�E K ηk
>@N

η̇k =
pξk

Qk

1

dN

k
∑

j=1

(kBT )
k−j S

j−1

Cj−2



J,C ��� C K E K G;� ��J 0FC � EY? � C=? H�����J�� �

dN

M
∑

k=1

η̇k =

(

C0

C−1
χ̇1 +

C1

C0
χ̇2 +

C2

C1
χ̇3 + . . .+

CM−1

CM−2
χ̇M

) h ��'��/k

J,C ��J 0FC χ̇k =

M
∑

j=k

pξj

Qj
(kBT )

j−k S
k−1

Ck−1

'M2�E

χ̇1 =
pξ1

Q1
+

pξ2

Q2
(kBT ) +

pξ3

Q3
(kBT )

2
+ . . . +

pξM

QM
(kBT )

M−1

χ̇2 =
pξ2

Q2

S

C1
+

pξ3

Q3

S

C1
(kBT ) + . . . +

pξM

QM

S

C1
(kBT )M−2

χ̇M =
pξM

QM

SM−1

CM−1

$ � C=9�C J N

dN η̇1 =
1

C−1

pξ1

Q1

dN η̇2 =
1

C−1

pξ2

Q2
(kBT ) +

pξ2

Q2

S

C0

dN η̇3 =
1

C−1

pξ3

Q3
(kBT )

2
+

pξ3

Q3

S

C0
(kBT ) +

pξ3

Q3

S2

C1

dN η̇M =
1

C−1

pξM

QM
(kBT )

M−1
+

pξM

QM

S

C0
(kBT )

M−2
+

pξM

QM

S2

C1
(kBT )

M−3

+ . . . +
pξM

QM

SM−1

CM−2

2�E ��� CoC94 Q�J�� >IE K h ��'��/k!>@N � 9 Q C�'



�=� ��� � � ������!$������� #�� � � ��� � ��� ��� ����� �	� ��#���� � ����������� ��
 ����� � ����� @ � � � � ��
i������� ��� ��#�� �
�����74<46. � ��������� �"! #�� !���#�� ��� ����� ��� � ����� ��� �"! 
 �

J�CYN � E�$ � CZ9;C ���'J��@��� C J G�DFEH9�> ���-� , 9;E , EHN�C=<  ��A�> Q�JFK <j7 Q ? H C=9 �kJFK3c <.E�C=N K E � CB? J ? � G1�

, 9;C=N�CZ9�0FC ��� C � C J N Q 9;C JRK�J G1� � >�? J G�G1�#"�> K ��� CP0FC=9�� N , C=?Z> J G�? J N�C�E�� J ��9�C=C ,�J 9 � >�?ZGIC h J � EF9;C

DFC K CZ9 J G"? J N�Cx>�N�N ��Q <�>IC`< > Kj��� C K C�? � N�C`? � >�E K k�'!T�E�$!C90FCZ9O":$!CE$7>IG�G�N�C=C ����J�� "(��EF9�N�E � Cx> K > � > J G

?�E K <.> � >�E K N9" ��� C , 9;C=N�CZ9�0 J�� >�E K "7> � K E � CB? J ? � "7>�N=0FCZ9�� DFE�E.<(' 7 � >@N �kJ � C�? , G J > K ��� C�DFE�E.<

K�Q-� CZ9;>�? J G , 9;E , CZ9 � >�C=N ����J�� A�> Q�JRK < 7 Q ? H C=9 �kJFK K E � >@?�C=<K'

J�CR$!EH9 H > K ��� C,? J N�C M = 2
h � $�E ��� CZ9 � E�N �¶J�� N�k�" N = 1 JFK < d = 1

h�E K C ,�J 9 � >@?�G�C

> K J E K C & <.> � C K N�>IE K�K�J GN ,�J ?�COk�" JFK < $7> ��� ��� C 0 J 9;> J/ G�C=N Q N�C=<  � ��� C JRQ���� EF9¶N9"
>6' C#' X =

(q, p, pξ1 , pξ2 , η1, η2)
'5J,C Q N�CoOjV �
A � � EYDFC � CB? , GI>@?�> � ��EF9 �dQ G J N�$ � C KÓK CZC`<.C=<K'

�
	 � ������� � & ���� ���������

8�EF9 ��� C , 9�C`N�C K��C� E � C K�� ":$�Co9�C`? J G�G ��� C�f%f�Oj7 CO4 Q�J�� >IE K N JRK < ��� C J G�DFEF9;> ���-� , 9�E , E�N�C`<

 � A�> Q�JRK <I7 Q ? H C=9 �kJRK "�$7> ��� E Q��JFK � J N;N Q-��,�� >IE K E KI��� C@��EF9¶?�C#' 7 � C�C94 Q�J/� >�E K N J 9�C

q̇ =
p

m

ṗ = F (q) − pξ1

Q1
p− pξ2

Q2

(

(kBT )p+
p3

3m

)

η̇1 =
pξ1

Q1

η̇2 =

(

kBT +
p2

m

)

pξ2

Q2

ṗξ1 =
p2

m
− kBT

ṗξ2 =
p4

3m2
− (kBT )2

7 � C9� , 9;C=N�CZ9�0FC ��� C��EHGIG�E�$7> K D � C J N Q 9�C

m0 = eη1+η2 dp dq dpξ1 dpξ2 dη1 dη2
h ��' �#k



7 � C J GIDHEF9;> ���-� , 9;E , EHN�C=<  ��A�> Q�JFK <G7 Q ? H CZ9 �kJRK >@N ��� C��EFG�GIE�$7> K D

e∆t Leff = e
∆t
2 LGGMT e

∆t
2 F (q) ∂p e∆t p

m
∂q e

∆t
2 F (q) ∂p e

∆t
2 LGGMT

h ��' �#k

7 � CÉ?ZC K�� 9 J G ,�J 9 � E�� ��� >�NË<�C=?�E ��, E�N�> � >�E K ?�EH9�9;C=N , E K <�N � E ��� CÉN�> ��, G�C<��CZG�E�?Z> � � ��CZ9;GIC �dJ G�DFE &
9;> ���-� ' 7 � CoC�? � C=9 K'J G2E , CZ9 J�� EF9�>�N

exp

(

∆t

2
LGGMT

)

= A(∆t) B(∆t) C(∆t) B(∆t) A(∆t)

7 � CoE , C=9 J/� EF9¶N A(∆t)
"
B(∆t) JFK < C(∆t) J 9;C�<�C�> K C`<  �

A(∆t) = exp

(

∆t

4
G1(p) ∂pξ1

)

exp

(

∆t

4
G2(p) ∂pξ2

)

B(∆t) = exp

(

−∆t

8
λ p ∂p

)

exp

(

−∆t

4

pξ2

Q2

p3

3m
∂p

)

exp

(

−∆t

8
λ p ∂p

)

C(∆t) = exp

(

∆t

2

pξ1

Q1
∂η1

)

exp

(

∆t

2
g(p)

pξ2

Q2
∂η2

)

J,CËN�C �

λ(X) =
pξ1

Q1
+ kBT

pξ2

Q2

g(p) = kBT +
p2

m

G1(p) =
p2

m
− kBT

G2(p) =
p4

3m2
− (kBT )2

G(p) =
G1(p)

Q1
+ kBT

G2(p)

Q2

U(X) = η1 + η2



) � ��� C!0HC=? � EF9 X ′ >@N J � Q�K ? � >�E K E/� ��� C!0HC=? � EF9 X " ��� C�� J ?�E  > JFKG�YJ/� 9;> ?�>@N K E � C`< ∂X ′

∂X

'@7 � C

� J ?�E  > JRK E�� ��� C � 9 JRK Ng��EF9 �kJ�� >IE K >@N�� J ?
(

∂X ′

∂X

) '

) � ��� C�?�E �E, GIC � C J GIDHEF9;> ���-� h ��' �#k , 9;C=N�CZ9�0FC=N ��� C � C J N Q 9;C m0
<.CB> K C=<  ���M4:' h �-' ��k�"]$!C

��J 0HC

m0 [X ′(X)] = m0 [X ]

��N�> K D ��� C�� J ?�E  > JFK E/� ��� CE� Q�K ? � >�E K X ′(X)
" JRK < ��� C�� Q�K ? � >�E K U(X) J GI9;C J <���<.C�> K C=<(" $!C

DFC �

� J ?
(

∂X ′

∂X

)

= eU(X)−U(X′) h ��'GF���k

�  ����� ���  	 �
	 � � �
F (q) = 0

�

7 � C CO4 Q'J�� >�E K h ��'GF���k �dQ N �� C � 9 Q C���EF9 J G�G ,�J 9 J�� C � C=9;N m " Q1
"
Q2

"
T
"
∆t
" JRK <D��EH9 J GIG

> K > � > J G�?�E K <.> � >�E K N X '"A�C �Q N K E�$�? � E�EHN�CoN�E � C0N , C`?�>1>'?0 J G Q C=N ��EH9N�E � C ,'J 9 J/� C � CZ9¶N �

m = 1.0, Q1 = 1.0, Q2 = 8/3, kBT = 1.0

7 � C K G(p) =
p4

8
+ p2 − 11

8

'&A�C � µ  C ��� Co9�C J G , EHN�> � >10HC�9�E�E � E�� G � µ =
√

−4 + 3
√

3
'

J�C J G@N�EÉ? � E�E�N�CdN�E � CdN , C=?�>1>'?o> K > � > J G"?�E K <.> � >�E K N X = (q, p, pξ1(p), pξ2(p), η1, η2)
'�2�E3"U> K



X
" ��� CZ9;C J 9;C0E K G;� �E��9�C=C%0 J 9�> J/ GIC`NB" JRK <=$�Co? � E�EHN�C pξ1

JRK < pξ2
J ?Z?�EH9;<�> K D � E

pξ2(p) = 3mQ2
p2 − µ2

∆t µ2p2
− ∆t

4
G2(p)

= 8
p2 − µ2

∆t µ2p2
− ∆t

4

(

p4

3
− 1.0

)

JRK < pξ1(p) = −Q1

(

kBT

Q2
pξ2(p) +

∆t

4
G(p)

)

= −
(

3

8
pξ2(p) +

∆t

4
G(p)

)

h ��'GFJFYk

$ � C=9�C µ >@N ��� Ck9�C J G , E�N�> � >;0FCY9;E�E � E/� G(p)
h $�C J N;N Q-� C`< ����J�� ∆t > 0

k�'YLC J N�E K N � E �YJ�H C

��� >�N7? � EH>�?ZC0? JRK  C@��E Q�K < > K ��� C K CB? � N�C=? � >�E K ".> K $ � >�? � $!C0DF>;0FC J DFC K CZ9 J G , 9�E�E���E/� ��� C K E K

, 9;C=N�CZ9�0 J�� >�E K E/� ��� C � C J N Q 9�C#'

��N�> K DkOjV �
A �C"3$�C�?ZE ��,�Q�� C η1(∆t) JRK < η2(∆t) '5J,EF9 H > K DYE K G1�=$7> ��� p ≥ 0
"�$�C ��J 0FC

η1(∆t) = −1

4

16 η1 p
2 − 12 η1 p

2
√

3 + 12 p2 + 48 − 36
√

3 − 47 ∆t2 p2 + 27 ∆t2 p2
√

3

(−4 + 3
√

3) p2

JRK <

η1 + η2 − η1(∆t) − η2(∆t)

= 6
p2
(

−36 p2
√

3 + 249 ∆t2 p2
√

3 − 288
√

3 − 431 ∆t2 p2 + 48 p2 + 516
)

(−4 + 3
√

3) (−4 + 3
√

3 + p2) (18 p2 + 24− 18
√

3 − 47 ∆t2 p2 + 27 ∆t2 p2
√

3)

$ � C=9�C η1 N �;JFK <�N ��EF9 η1(0) JRK < η2
��EH9

η2(0)
'

J�CË? JRKÓJ G@N�Ek?�E ��,�Q�� C

� J ?
(

∂X ′

∂X

)

= 6

(

−4 + 3
√

3
)3/2 √

3
√

2
(

12 p2 + 24 − 18
√

3 − 47 ∆t2 p2 + 27 ∆t2 p2
√

3
)3/2

) �
∆t = 0

"�$!Co? � E�EHN�C p = µ
"�N�Ey> K > � > J GK0 J G Q C=N���EH9 pξ1

JRK < pξ2
J 9�C@$�CZG�G2<�C�> K C`<('5J�> ���I��� C`N�C

0 J G Q C=N9".E K C�? JRK ? � C`? H�����J/� η1 + η2 − η1(∆t) − η2(∆t) = 0 JFK < ����J/� � J ?
(

∂X′

∂X

)

= 1
'



QE�$ $!C ��J 0HC � EÉ? � C=? H $ � C ��� CZ9 � J ? (∂X′

∂X

) >@N7C94 Q�J G � E eη1+η2−η1(∆t)−η2(∆t) '�J�C K E � >@?�C

���'J��W��� C`N�C � $�E!� Q�K ? � >IE K N7<.C , C K < E K G1�kE K p JFK < ∆t
" JRK < K E � E K q " η1 EF9 η2 '5) K 8¿>ID ' �-" $!C

, G�E ����� C�9 J/� >�E � J ?
(

∂X ′

∂X

)

/eη1+η2−η1(∆t)−η2(∆t) ��EH9 ∆t = 0.001 JRK <���EH9 p ∈ [2.0; 5.0]
" JRK <

$�C�?ZE ��,�J 9�C0> � $7> ��� F#'

%��������	� �

J�CY?�G�C J 9�G;��N�C=C ����J�� " ��EF9�N�E � CE0 J G Q C=N�E/� ��� CY> �E,�Q G�N�>�E K p " ��� Cy9 J�� >�E >@N�<.>DCUC=9�C K#� ��9;E � F�'

TE�$�CB0HCZ9O"R> K 8¿>ID ' �3"#$�C , GIE �M��� C�N J/� C�9 J�� >IE��EH9 p ∈ [0.9; 1.1]
h $7> ���+��� C�N J/� C	0 J G Q C	��EH9 ∆t k �

%��������	���

8 Q�K ? � >�E K N J 9;Co?�G�EHN�C � EkC J ? � E ��� CZ9O'MJ,Cd? JFK ? � C=? H+����J�� ��� CZ>�9C0 J G Q C`NW��EF9 p = 1 J 9;C09;C J GIG;�

?�G�EHN�C �

� J ?
(

∂X ′

∂X

)

(p = 1) = 1.81517

eη1+η2−η1(∆t)−η2(∆t)(p = 1) = 1.81153

J � C K p = 1
" ��� Co> K > � > J G�?�E K <.> � >�E K >�N X = (q, 1, 491.96,−1311.89, η1, η2)

'

2�E3"���EH9N�E � C0> K > � > J G¿?�E K <.> � >IE K N9" ��� C � C J N Q 9�C�>@N 0FC=9��+$�CZG�G , 9;C=N�CZ9�0FC`<('5TE�$�CB0FC=99"���EH9�N�E � C

E ��� CZ97> K > � > J G�?ZE K <�> � >IE K NB".> � >@N K E ��J/�7J GIG , 9�C`N�C=9�0HC=<('

0C� ��� � � ������!$������� #�� � � ��� � ��� ��� ����� �	� ��#���� � ����������� ��
 ����� � ����� @ � � � � ��
i������� ��� ��#�� �
�����<4746. ����������� �"!$#�� � � ����� ������� ����
!$��#��

) K%��� C , 9;CB0�>�E Q N�N�C=? � >�E K "Y$�C!N ��Q <-� ��� C 0FCZ9���N , C=?�> J G�? J N�C
E/� J ��9;CZC ,�J 9 � >@?�G�C�" F (q) = 0
'*QE�$%"

$�C ��J 0HC J G�E�E H�J��0J+� EH9�CdDFC K CZ9 J G�? J N�C � $�CxN Q-,-, EHN�C ����J/����� C���EH9;?ZC F (q)
>�N J+, EFG;� K E � > J G

� Q�K ? � >�E K E�� q " $ � >@? � <.C=DF9;CZCË>@NE.<�< h ��EF9�> K N �;JFK ?�C#" ��� >�N�>�N ��� C%��EF9¶?�CËDH>10HC KG � ��� C �'J 9 � E K >@?

EHN;?�>�G�G J/� EF9�k�' J�C3N � >�GIG$�EF9 H $7> ��� M = 2
h � $�E ��� CZ9 � EHN �;J�� N�k�" N = 1 JFK < d = 1

h�E K C



,�J 9 � >�?ZGICk> K J E K C & <.> � C K N�>�E K�K�J G&N ,'J ?�CYk�" JRK <D$7> ���D��� C=0 J 9�> J/ GIC`N Q N�C`<  � ��� C JFQ���� EF9¶NB"�>i' C�'

X = (q, p, pξ1 , pξ2 , η1, η2)
'G7 � C f%f�Oj7�C94 Q�J/� >�E K N JFK < ��� C J G�DFEH9�> ���-� � E�> K#� CZDH9 J/� C ��� C �

J 9;C ��� CËN J/� C J N�> KI��� C , 9;CB0�>�E Q N7N�C=? � >�E K '

�
	 ��� � � � � � ��� �

�&9�C90�>IE Q N�G;��" ���'JRK-H N � E ��� CPN�> ��, GIC�? � EF>@?�C �kJ <.C���EF9 ��� C���EH9;?ZC�"*$!C Q N�C`< OjV��
A � � E DFC �
C�? , G�>@?�> � ��EF9 �dQ G J NB'*TCZ9;C�"�$�C�<.E K E �
Q N�C�OjV �
A �C"  �Q-� $�C9 J/��� C=9
DH>10HC J%� EF9;CDFC K CZ9 J G , 9�E�E/� '

) � $7>�GIG�C K G�>ID �#� C K ��� CË? � EF>@?�C�E/� ��� C� Q�K ? � >�E K N pξ1(p)
JFK < pξ2(p)

�kJ <.C�> K �M4:'	h ��'GFJFYk�'

< Q 9 , 9�E�E��
>�N  'J N�C=<BE KP��� Ck?�E K ?�C ,�� E/� J GIDHC  9 J >@?�> � ��S�b�'�J�C�$7>�G�G Q N�C ��� C���EHGIG�E�$7> K D=� J ? � NB'

V , EFG;� K E � > J G]� Q�K ? � >�E K >@N J G�DFC  9 J >�?�'�V K �j� Q�K ? � >�E K E  -�;J > K C`<  � J <�<.> � >�E K " �dQ G � > , G�>�? J�� >IE K
EF9P?�E ��, EHN�> � >IE K E/� J > K > � C K�Q-�! CZ9PE/� J G�DFC  9 J >�? � Q�K ? � >�E K NÉ>@N J G�DFC  9 J >@?/' V K �-9;E�E � E�� J

, EFG;� K E � > J G]� Q�K ? � >�E K >@N JRK J G�DFC  9 J >@?�� Q�K ? � >�E K E�� ��� C ?�E�CBFk?Z>IC K�� N9'=TE�$�CB0HCZ9O" ��� C�� Q�K ? � >IE K

x 7→ ex "K$7> ��� x 9;C J G6"�>@N K E �ËJ G�DFC  9 J >@?/'%J,CÉN Q-,3, E�N�C ����J/���� C J G�DFEH9�> ���3� h ��' �#k�>@N � C J N Q 9;C

> K 0 J 9�> JRK�� " JFK <I$!C�G�E�E H ��EF9 J ?ZE K�� 9 J <.>@? � >IE K '

A�C �ÉQ NkN�C � Xa = A(∆t)X
' ) � ? JFK  CB? � C=? H C=< ����J/����� C 0HC=? � EF9 Xa >@N JD, EHG1� K E � > J G

� Q�K ? � >�E K E�� X " JRK < ����Q N J 9�C J G J GIDHC  9 J >@? J G(� Q�K ? � >�E K E�� X '�A�C ��Q N�N Q-,-, EHN�C%��EF9 J�� E � C K#�

���'J�� X ′ = e∆t Leff X
>�N JRK-J G�DFC  9 J >�? J G � Q�K ? � >IE K E/� X 'DJ,C J N;N Q-� C ����J��E��� C�?ZE ��, G�C � C

J G�DFEH9�> ���3� h ��' �#k , 9�C`N�C=9�0HC=N ��� C � C J N Q 9�C m0
<�C�> K C`<  � �M4:'Ch �-' ��k�' 2�E�$�C �'J 0FC

� J ?
(

∂X ′

∂X

)

= eU(X)−U(X′)

J,C H�K E�$ ����J/� X ′(X) JRK < U(X) J 9;C J G�DFC  9 J >�? J G�� Q�K ? � >�E K N�E�� X '�8 Q 9 ��� CZ9 � EF9;C�" ��� C9� J 9�C K E �
?�E K N �;JRK�� '*2�E%$�C7?�E K ?�G Q <.C ����J/�5��� C7CB? , E K C K�� > J G.E�� JFKyJ GIDHC  9 J >@? J G�� Q�K ? � >IE K >�N JFKyJ GIDHC  9 J >@? J G

� Q�K ? � >�E K "3$ � >�? � >@N K E � � 9 Q C�']J�Co9;C J ? �=��� CË?�E K�� 9 J <.>@? � >IE K '

�
	 � ����� 	 ���  � � � � 	 ���  � � ����	 � �  �



7 � C , 9;CB0�>IE Q N , 9;E�E/�">�N7> K ?ZEF9;9�C`? � "'N�> K ?�C X ′ >�N J ? �;Q�J G�G;� K E �0JRK�J G�DFC  9 J >�? J G:� Q�K ? � >�E K E/� X '

7 � C�>@N�N Q C0>�N�E K+��� CoE , CZ9 J�� EH9 B(∆t)
"-$ � >�? � E K G;� � E.<.> >'C=N ��� C@0 J G Q C0E/� ��� C�> ��,�Q G@N�>�E K '&A�C �

Q NoN�C � Xb = B(∆t)X
'+7 � CY> ��,�Q G�N�>IE K > K X JFK < Xb J 9;Cy9�C`N , C=? � >;0FCZG;� p JRK < pb " JRK < ��� C

N�C=?�E K < ��� C=9 � EHN �;J/� > ��,�Q G@N�>IE K > K X >@N pξ2

'M2�C ��� > K D α =
pξ2

3mQ2

JFK < λ = λ(X)
"-$�C ��J 0FC

pb =
p e−λ ∆t

4

√

1 + α ∆t
2 p2 e−λ ∆t

4

� J ?
(

∂Xb

∂X

)

(X) =
∂pb

∂p
(p) =

e−λ ∆t
4

(

1 + α ∆t
2 p2 e−λ ∆t

4

)3/2

[�C=? JRQ N�C pb <.C , C K <�N�E K λ(X)  � JRK C�? , E K C K#� > J G � Q�K ? � >IE K " ��� CE0FC`? � EF9 Xb >�N K E �oJRK�J G�DFC &

 9 J >@? J G � Q�K ? � >IE K E�� X '

QE�$%"RG�C �&Q N
N Q-,3, E�N�C ���'J�� "H> K N � C J <yE��:$�EF9 H > K D�$7> ��� X "/$�CW$!EH9 H $7> ��� X̃ = (q, p, pξ2)
']J�C

<.CB> K C X J N J � Q�K ? � >�E K E/� X̃  � X(X̃) = (q, p,−Q1 kBT pξ2/Q2, pξ2 , 0, 0)
'"A�C �7Q N K E�$�N�C �

Xb = B(∆t)X(X̃)
'CV�N

λ(X) = 0
" $�Cd? � C`? H " ����JFK-H N � E ��� C!��EF9 �dQ G J N , 9�C90�>�E Q N�G;�=$79;> ��� C K "

���'J��

• Xb >�N JFK�J G�DFC  9 J >�? J G � Q�K ? � >IE K E/� X̃

• � J ?
(

∂Xb

∂X

)

(X(X̃))
>@N J G@N�E JFK�J G�DFC  9 J >@? J G:� Q�K ? � >�E K E�� X̃ '

2�E�$�C�N�EFG;0FC`< E Q 97>@N�N Q C�'

�
	 � � � ���  ����� ���  	 � � 	 ��� � � ��� � �	�  	 � �

) K=��� C J G�DFEH9�> ���-� h ��' �#k�" ��� C�E , CZ9 J�� EF9 B(∆t) J�,-, C J 9¶N���E Q 9 � > � C=N9' TE�$�CB0HCZ9O"  C � $!C=C K ��� C

>�9¶N ��JRK < ��� CYN�C`?�E K < � > � C�" JRK <  C � $�CZC Kj��� C ��� >�9¶< JRK < ��� C���E Q 9 ���j� > � C#" ��� CE0 J G Q CdE�� λ >�N

K E ��� E.<.> >'C=<('PV�GIG $�C K CZC`< � E C K N Q 9;CÉ>�N ���'J�� λ = 0 .�Q N �E C���EH9�C ��� C+>'9;N �xJ/,3, GI>@? J/� >�E K E��



B(∆t)
" JFK < J G�N�E .�Q N �� CB��EF9;C ��� C ��� >I9¶< J/,-, G�>@? J�� >IE K ']J�CËN�C �

X
A(∆t)−→ Xa B(∆t)−→ Xb C(∆t)−→ Xc B(∆t)−→ Xd A(∆t)−→ Xe

Xe Lp(∆t/2)−→ Xf Lq(∆t)−→ Xg Lp(∆t/2)−→ Xh

Xh A(∆t)−→ X i B(∆t)−→ Xj C(∆t)−→ Xk B(∆t)−→ X l A(∆t)−→ Xm

$7> ��� X = (q, p, pξ1 , pξ2 , η1, η2)
"
Xa = (qa, pa, pa

ξ1
, pa

ξ2
, ηa

1 , η
a
2 )
" JRK <�N�E�E K 'E2�E $�C K CZC`< � E

C K N Q 9;C ����J/� λ(Xa) = λ(X i) = 0
'

� � ' � � � � � � � ���  	 � 	������  � � � �  � �

J�CË?ZE ��,�Q�� C

λ(Xa) =
1

Q1

(

pξ1 +
∆t

4
G1(p)

)

+
kBT

Q2

(

pξ2 +
∆t

4
G2(p)

)

JRK <

λ(X i) = λ(Xh) +
∆t

4

(

G1(p
h)

Q1
+ kBT

G2(p
h)

Q2

)

= λ(Xe) +
∆t

4
G(ph)

= λ(Xd) +
∆t

4
G(pd) +

∆t

4
G(ph)

= λ(Xa) +
∆t

4
G(pd) +

∆t

4
G(ph)

J,CÉN�C � Φ(pd, q) = pd +
∆t

2

[

F (q) + F

(

q + ∆t pd +
∆t2

2
F (q)

)] "�N�E ����J/� ph = Φ(pd, q)
'



J,C%$ JFK#�W� EY? � E�E�N�C X N�E ���'J��

1

Q1

(

pξ1 +
∆t

4
G1(p)

)

+
kBT

Q2

(

pξ2 +
∆t

4
G2(p)

)

= 0
h ��'GF�E�k

G
(

Φ(pd, q)
)

+ G(pd) = 0
h ��'GF �#k


 	 � � � ������� �

7 � C�DFE J GYE/� ��� >@N ,�J 9 � >@N � E N � E�$ � E�$ � E ? � E�E�N�C X > K EF9¶<.C=9R��EH9 ��� C � $�E , 9;CB0�> &
E Q NÉ?�E K N � 9 J > K�� N � E  C � Q G1>�G�GIC`<(' 7 � Cj0 J 9;> J� GIC q $7>�GIG  C ��9;CZC#" JRK < $�C $7>IG�G�<�C�> K C X  �

X = (q, p = ψ(q,∆t), pξ1 = ψ1(q,∆t), pξ2 = ψ2(q,∆t), η1 = 0, η2 = 0)
'

A�C ��Q N >�9¶N � N � E�$ ����J��	��� CZ9;CËCB?�>@N � N J 0 J G Q CdE/� pd " $ � >�? � >@N θ(q,∆t) "�N�E ����J��C��� CyN�C`?�E K <

?�E K N � 9 J > K#� h �-'DF �#k!>@NW� Q G�G >�G�G�C=<('
A�C �0Q N�N Q-,-, EHN�C ����J�� q = 0

'C2�> K ?�C F >�N J E.<�<B<.C=DF9;CZC , EFG;� K E � > J G(� Q�K ? � >�E K " $�CdN�CZC ����J��

lim|pd|→∞ G
(

Φ(pd, q = 0)
)

= +∞ '@2�E ��� C!� Q�K ? � >�E K pd 7→ G
(

Φ(pd, q = 0)
)

+ G
(

pd
) DFE�C=N

� E +∞ $ � C K | pd | DFE�C`N � E +∞ " JRK < �'J N JÉK CZD J�� >;0FC!0 J G Q C�$ � C K pd = 0
'�2�E ��� CZ9;CËCB?�>@N � N

θ(q = 0,∆t) > 0
N�E ����J�� (pd, q) = (θ(0,∆t), 0)

� Q G >'GIG@N ��� CyN�C`?�E K <B?�E K N � 9 J > K�� 'CJ � C K q >�N

N �YJ GIG"C K E Q D � "($�Cy? JRK <.E ��� CyN J/� C#'�2�EI$!CY<.C�> K C J � Q�K ? � >�E K θ(q,∆t) $ � >@? � >�N J G�DFC  9 J >@?

> K q " , EHN�> � >10HC�" JFK <G$ � >@? � N J/� >@N >�C`N G (Φ(θ(q,∆t), q)) + G (θ(q,∆t)) = 0
'�A�C ��Q N? J GIG µ ��� C

N � 9;>�? � G;� , E�N�> � >;0FC�9�E�E � E/� G ' J�CÓ? JFK ? � C`? HD����J/� lim∆t→0 θ(q,∆t) = µ > 0
" $ � C=9�C µ >@N

> K <.C , C K <.C K�� E/� q '

A�C �Q N7N�C �

τ(q,∆t) =
3mQ2

∆t+ q2 + 1

1

[θ(q,∆t)]
2

+ 1

h ��'GF � k

J,CËN Q-,3, E�N�C ���'J�� $�C�? JRK ? � E�EHN�C X N�E ����J/� pa
ξ2

= pc
ξ2

= τ(q,∆t) JRK < λ(Xa) = 0
' 2�E

pd =
pc

√

1 + τ(q,∆t) ∆t
6mQ2

(pc)2
, pc = pb , pb =

p
√

1 + τ(q,∆t) ∆t
6mQ2

p2



7 � C�� Q�K ? � >�E K p 7→ pd(p, q,∆t)
>@N JFK > K ?�9;C J N�> K D�� Q�K ? � >IE K " JRK <B> � N0GI> � > � $ � C K p → ±∞ >@N

±
√

3 m Q2

∆t τ(q,∆t)

' 7 ��JFK-H N � E ��� CË? � EF>@?�C0E/� τ " ��� CoCO4 Q�J�� >IE K

pd(p, q,∆t) = θ(q,∆t)

$ � C=9�C p >@N ��� C Q�K-H�K E�$ K " ��J N JYQ�K > 4 Q CdN�EFG Q�� >�E K " p = ψ(q,∆t)
'W7 � >�NW� Q�K ? � >IE K >�N J G�DFC  9 J >�?

> K q ' ��N�> K D ��� CyG�> � > � E�� θ "UE K Cx? JRK ? � C=? HI����J/� lim∆t→0 ψ(q,∆t) = µ > 0
'�A�C ��Q N K E � >�?ZC

���'J���YJFK ��E ��� CZ90C�? , 9;C=N;N�>�E K NC��EF9 ��� C�� Q�K ? � >IE K τ J 9�C , E�N�N�>  GIC#'�7 � C �YJ > K ?�E K N � 9 J > K�� >�N � E

C K N Q 9;C ����J��	��� C , 9�C90�>�E Q N7C94 Q�J/� >�E K h $ � CZ9;C p >@N ��� C Q�K-H�K E�$ K k ��J N JkQ�K > 4 Q CdN�EFG Q�� >�E K " JRK <

���'J�� lim∆t→0 τ(q,∆t)
C�?.>@N � N JRK <Ó<.C , C K <�N7E K q '

QE�$ $�CË<.CB> K C ψ2(q,∆t) = τ(q,∆t) − ∆t
4 G2 (ψ(q,∆t))

" JRK <I$�CË? � E�EHN�C�> K X ��� C%0 J G Q C

pξ2 = ψ2(q,∆t)
' < K ?�C J D J > K " ��� >�N!� Q�K ? � >�E K >@N J GIDHC  9 J >@?Y> K q " JFK < lim∆t→0 ψ2(q,∆t) =

τ(q, 0)
'

A�C ��Q NN Q-� Q3, $ ��J�� $�C ��J 0HC�<�E K C Q�K#� >IG K E�$%'MJ,CdN � E�$ ����J/� > � >�N , EHN;N�>  G�C � EP? � E�EHN�C p
JRK < pξ2

J N J G�DFC  9 J >@?M� Q�K ? � >IE K N
E�� q "�N�E ���'J��M��� C�N�C=?ZE K <Y?ZE K�� 9 J > K�� >�NM� Q G1>�GIG�C=<K'"8 Q 9 ��� C=9 � EF9;C�"

$�C0>@<.C K#� > >'C=< ��� CoG�> � > � $ � C K ∆t→ 0
E/� ��� C`N�C� Q�K ? � >�E K NB'

QE�$%" $!C Q N�C ��� C@>�9;N � ?�E K N � 9 J > K�� h ��'GF�E#k JRK < <.CB> K C ψ1(q,∆t) = −∆t
4 Q1G1 (ψ(q,∆t))−

kBT
Q1

Q2

[

ψ2(q,∆t) + ∆t
4 G2 (ψ(q,∆t))

] " JRK <D$�CY? � E�E�N�Cy> K X ��� C�0 J G Q C pξ1 = ψ1(q,∆t)
'

< K ?ZC J D J > K " ��� >@N � Q�K ? � >IE K >�N J GIDHC  9 J >@?�> K q " JRK < lim∆t→0 ψ1(q,∆t) = −kBT
Q1

Q2
τ(q, 0)

'

J�C , 9;E�0FC`<+$ ��J/� $!C JFK�K E Q�K ?�C`< J/� ��� C  CZDF> K�K > K DYE/� ��� >�N ,'J 9 � '


 � � 	 ����� � � � �

) K���� C , 9;CB0�>IE Q N ,'J 9 � "�$!C�N � E�$ > � $ J N , EHN;N�>  G�C � Ex<.CB> K C JFK J G�DFC  9 J >@? � Q�K ? � >IE K q 7→ X(q)

N�E ����J�� �

• X ′(X(q))
>@N JFK�J GIDHC  9 J >@? J G3� Q�K ? � >�E K E�� q

• � J ?
(

∂X′

∂X

)

(X(q))
>@N J G@N�E JFK�J GIDHC  9 J >@? J G3� Q�K ? � >IE K E�� q '



$ � C=9�C X ′ = e∆t Leff X
'�) � ��� C J GIDHEF9;> ���-� h ��' �#k�>�N � C J N Q 9;Cy> K 0 J 9;> JFK#� " ��� C K $!C �'J 0FC ��� C

9;CZG J�� >�E K h �-'DF �#k�'+J�C .�Q N �xK CZC`< � E , 9;E�0FC ����J/� U(X ′(X(q))) − U(X(q))
>@N K E �dJ ?�E K N �¶JRK��

� Q�K ? � >�E K � EY9;C J ? ��J ?ZE K�� 9 J <�>�? � >�E K '*) K EH9;<�CZ9 � EY<.EkN�E " $!C �kJ/H C J 7 J ��G�EF9�C�? ,�JFK N�>�E K E K ��� C

0 J 9;> J� G�C ∆t
" JRK <=$!C0? � C=? HE���'J�� ��� C�>�9¶N � � C=9 � 9;C J GIG;�y<�C , C K <�N�E K q ']J�Co? JFK <.EyN�E  C`? JFQ N�C

$�C ��J 0HC�? � C`? H C=< ����J/��J GIG ��� CC� Q�K ? � >�E K NW$!C0<.C�> K C=< � E  �Q >IG@< ��� C�� Q�K ? � >�E K q 7→ X(q) ��J 0HC J
> K > � CoG�> � > � $ � C K ∆t→ 0

'

U(X ′(X(q))) − U(X(q)) = η′1 + η′2 − η1 − η2

=
∆t

2

(

1

Q1
pb

ξ1
+

1

Q1
pj

ξ1
+

1

Q2
g(pb) pb

ξ2
+

1

Q2
g(pj) pj

ξ2

)

= ∆t

(

1

Q1
ψ1(q, 0) +

1

Q2
g (ψ(q, 0))ψ2(q, 0) + o(1)

)

= ∆t

(

−kBT

Q2
τ(q, 0) +

1

Q2
g(µ)τ(q, 0) + o(1)

)

= ∆t

(

µ2

mQ2
τ(q, 0) + o(1)

)

< K Cx? JRK ? � C=? H ����J/� τ(q, 0)
<.C , C K <�N0E K q h ����JFK-H N � E ��� C ,�J 9 � >@? Q G J 9�? � EH>�?ZCdE/� τ > K �M4:'

h �-'DF ��k�k�'57 � Co9;C J G µ >�N J N � 9;>@? � G;� , EHN�> � >10HCo?�E K N �¶JRK�� ' 2�E�$�C�9�C J ? �+��� CË?�E K�� 9 J <.>@? � >IE K '

��� ½�Ô�£`ª�¦F½ ��½�ÂY¡�´�¸�¤H£¶¨�ª���±lÄH¸¶½HÏ�£;¢(¢�½ ®��	�
� ª�����Y���������~�½
� ÂP½ ��½.¾U§HÃ�Õ`£;´�°Ë¡=¨�ªHÔ�½ ¦F½�ÂY¡Z´(¢zÄF¨�¡Fª�¦H½
��±lÄF¸¶½��¿±�£¶°Y½��!ª ����� ª�� ���Y��«=¬`¬=¬~�½
!#" ½�Ñ!²`¸(Ò`ª�¦H½
�¿±�£¶°Y½���±RÄF¸¶½�$ � ª
�=©��Ë�������%�`�½
& Ð ½ Ô�½�Æ�²l²�¹~£;´�ª���±lÄH¸¶½�'
£¶¹.½ ®(��� ª���©����y�������%�`�½
) Ô�½ ¦H½.ÂY¡Z´(¢zÄH¨�¡Fª�ÂP½ Ï�½
*7ºw£¶·w¨�ª.ÂP½ ��½.¾U§HÃ�Õ~£�´�°Ë¡=¨'ªF¦F½��¿±H£¶°Y½���±lÄF¸¶½�+
,�ª.«Z©���y�������`«`�½



� ÂP½ ��½.¾U§HÃ�Õ`£;´�°Ë¡=¨�ª	�!½ ¦H½��¿£�´�¨�£`ª.Ô�½ ¦F½�ÂY¡Z´(¢zÄF¨�¡Fª�¦H½
�¿±�£¶°Y½���±lÄH¸¶½
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