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ABSTRACT. — We prove that the entropy solution to a scalar conservation law posed on
the real line with a flux that is discontinuous at one point (in the space variable) coincides
with the derivative of the solution to a Hamilton-Jacobi (HJ) equation whose Hamiltonian
is discontinuous. Flux functions (Hamiltonians) are not assumed to be convex in the state
(gradient) variable. The proof consists in proving the convergence of two numerical schemes.
We rely on the theory developed by B. Andreianov, K. H. Karlsen and N. H. Risebro (Arch.
Ration. Mech. Anal., 2011) for such scalar conservation laws and on the viscosity solution
theory developed by the authors (arziv, 2023) for the corresponding HJ equation. This study
allows us to characterise certain germs introduced in the AKR theory (namely maximal and
complete ones) and relaxation operators introduced in the viscosity solution framework.
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1. Introduction

We are interested in scalar conservation laws (SCL) with discontinuous flux posed
on the real line. The discontinuity arises at the origin in space variable, with a flux on
the left and a possible different flux on the right. As far as entropy solutions for such
equations are concerned, we adopt here the (AKR) point of view of B. Andreianov,
K. H. Karlsen and N. H. Risebro [4]. The condition imposed to the entropy solution
at the discontinuity concerns its strong traces from the right and the left. They
are imposed to belong to a set that is called a germ. Following the AKR theory,
uniqueness of the solution is known for maximal germs (in the sense of inclusion),
and existence of the solution is known for complete germs (for which the Riemann
problem can be solved). We also refer to [2] where they show that the solution, in
general, has unbounded total variation near the interface.

At least formally, we expect that the solution of a SCL is the derivative of the
solution of a Hamilton-Jacobi (HJ) equation whose Hamiltonian coincides with
the flux function of the conservation law. In our framework, this Hamiltonian is
discontinuous in the spatial variable. In the viscosity solution theory developed
for the corresponding HJ equations, conditions imposed at the discontinuity are in
correspondance with a family of monotone nonlinearities. The relaxation of such
nonlinearities creates naturally some G-Godunov fluxes for a certain germ G.

When flux functions / Hamiltonians are convex in the state / gradient variable, it
was recently proved by P. Cardaliaguet, T. Girard and the first and third authors [12]
that the spatial derivative of the viscosity solution is the entropy solution for a germ
associated with the boundary nonlinearity. We prove that this result still holds true
for general Hamiltonians, not necessarily convex, but coercive. The problem is sig-
nificantly more difficult because conditions at the discontinuity (for both equations)
are much richer. Indeed, the proof of the result consists in approximating solutions
of the two equations by numerical schemes and in proving their convergence. The
difficulty lies in identifying the germ selected by the numerical scheme associated
with the SCL.

It is one of the main contributions of this work to show that the desired condition at
the discontinuity of the limit of the SCL numerical scheme is necessarily relaxed. Such
a phenomena was exhibited by the authors at the level of HJ equations [25, 19]. Its
understanding is used to address the relaxation of the condition at the discontinuity
for the SCL.

Another contribution of this work is to show that the germs selected by this
approximation procedure coincide with maximal (in the sense of inclusion) and
complete (for which the Riemann problem can be solved) ones. The derivation of
this formula is based on a Hamilton-Jacobi point of view on the problem.
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Germs for scalar conservation laws 3

1.1. Scalar conservation laws and Hamilton-Jacobi equations

In this article, we consider a scalar conservation law of the form
v+ Hp(v), =0, t>0,2<0,
(1.1) v+ Hg(v), =0, t>0,2>0,
(v(t,0—),v(t,0+)) €G, t>0
where Hy, Hr: R — R satisfy,

H, are £,-Lipschitz continuous,

(1.2) H, is not constant on any open interval,
H,(pa) = +00  as |pa| = 400

with « € {L, R}.

It is necessary to supplement the equation with a condition at z = 0 (even if
H; = Hpg). For entropy solutions, the condition that we will work with in this article
was introduced by B. Andreianov, K. H. Karlsen and N. H. Risebro in [4]. This
condition amounts to impose that the couple of traces (v(t,04),v(¢,0—)) lie in a
given set G, called the germ.

In this work, we make precise the link between such entropy solutions of (1.1)
associated to a germ G and viscosity solutions of the following Hamilton-Jacobi
equation,

u + Hp(uz) =0, t>0,z <0,
(1.3) w + Hg(u,) =0, t>0,z>0,

up + Fo(ug(t,0—),us(¢,04)) =0, ¢t>0,2=0.
We assume that the function F{ satisfies

Fy is £o-Lipschitz continuous,
pr — Fo(pr, pr) is non-decreasing,
(1.4) . . .
pr — Fo(pr, pr) is non-increasing,
Fo(p) = +o0 as (pr)+ + (pr)- — +00

with (pa)+ = max(0,p,) and (pa)- = (—pa)+-
Both equations are supplemented with an initial condition,

(1.5) u =uy in {0} xR,
(1.6) v =wvg in {0} xR

In short, we say that v is a G-entropy solution to (1.1), while u is a Fy-viscosity
solution to (1.3).

1.2. Numerical schemes

We now describe the numerical scheme used to solve the Hamilton-Jacobi equation
(1.3). Given a time step At > 0 and a space step Az > 0, we consider the discrete
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4 N. FORCADEL, C. IMBERT & R. MONNEAU

time ¢, = nAt for n € N and the discrete point z; = jAz for j € Z. We denote
by u} the numerical approximation of u(t,, x;). In order to discretize (1.3), we will
use a Godunov approximation. More precisely, we introduce the following Godunov
numerical Hamiltonians, for « = L, R

e ) = [ o) 0 <"
1.7 “(p~,pt) = :
(1.7) g (p.p") max Ho(p) i pt < p

pElpt,p]

We remark that the functions g« are non-decreasing in the first variable and non-
increasing in the second one. Moreover, g*(p, p) = H,(p) for a = R, L. Given n > 1,
we define for all j € Z,

u o —u
n _ g+l J
The numerical scheme is then given by
’I'L+1 n
U —u”
? A 2 +gHL (v?_%,v;;%):O for j < —1,
n+1 n
u” — "
(1 9) J A J +QHR (U?_77U2+%) =0 for 7 =1,
[
J j n _ _
Al + Fy (vjfé,vﬁé) =0 for j =

completed with the initial condition
u) = ug(jAz) for j € Z.
Given ug, we consider vy := (ug), and its discretized version

ulpg — ) ug(wj41) —uolz;) 1 /Ij+1

0 R
(1.10) Y Ax Ax Ax

[N

The scheme for (1.1) is directly derived from the scheme (1.9). Indeed, recalling the

definition of v}/, , in (1.8), we can write

(111) 'Uj;_rél = Uj-l-% — E (fjJrl(UjJ'_%’,Uj_‘_%) — fj(vj—%’vj+%))
where
gHL(a7b) 1fj < -1
(1.12) fi(a,b) = < gHr(a,b) ifj>1
Fo(&, b) lf] = 0.
It is convenient to introduce the functions F; from the right-hand side of the above
scheme: for any n, j, we have

(119 = F g )
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We shed light on the fact that F;(v}_,, 07
T2

"
J—

el U + 3) is monotone with respect to
! and v” i only if Fy(a,d) satlsﬁes the monotomclty properties given in (1.4). A

condition of CFL type ensures that it is monotone with respect to v

At
Ar

+2

(1.14) < (22)7' = Cer

with

£= max £,
«€{0,L,R}

We recall that for a € {L, R}, £, denotes the Lipschitz constant of H, (and g~ in
both variables) and £y denotes the Lipschitz constant of Fyy (in both variables).

[t is convenient to define a function ua in continuous variables (¢, z) € (0, +00) xR
by linear interpolation: for ¢ > 0 and x € R,

N um” 1 — um
(1.15) ua(t,z) == > Ly tnn) O iz, 2,00 (@) |u] + ﬁTx](:ﬂ — ;)
neN

where A stands for (At, Azx). Similarly, we define va on (0, +00) X R by,
(]_]_6) VA = Z Z U 1 ]l [trnstnt1)X[zj,2541)"

neN jeZ

1.3. Main results

The first main result of this article asserts that the spatial derivative of the viscosity
solution of the Hamilton-Jacobi (HJ) equation coincides with the entropy solution of
the corresponding scalar conservation law (SCL). More precisely, if at the HJ level,
the junction condition is encoded by the nonlinearity Fjy, then at the SCL level, the
associated germ is Grp, that is represented by the “relaxed” nonlinearity RFp. The
definition of the relaxation operator is recalled in the next section.

THEOREM 1.1 (Link between HJ and SCL). — Let ug be Lipschitz continuous
and vg = (ug), be of bounded variation in R. Let u: (0,4+00) x R — R be the
unique Fy-viscosity solution of (1.3)-(1.5) and v be the unique G-entropy solution
of (1.1),(1.6) with the germ G := Gp defined by

(1.17) Gr = {(pr,pr) € R?: Hy(p) = Hr(pr) = F(pr.pr)}

where F := RFy (defined in (2.5)) is the relaxed junction condition at x = 0. Then
v = u, in L.

Remark 1.2. — Since we want to relate solutions for scalar conservation laws
with the ones for Hamilton-Jacobi equations, the functions H; and Hp are both
flux functions and Hamiltonians. We make assumptions on H; and Hp that are
convenient to work with for both equations. More precisely, the continuity and
coercivity of the H,’s is used in the HJ framework while the Lipschitz continuity
and the non-degeneracy (no open interval on which H,, is constant) is used at the
level of the conservation law.
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6 N. FORCADEL, C. IMBERT & R. MONNEAU

Remark 1.3. — The assumptions we make on ug are also necessary both for solving
the Hamilton-Jacobi equation and for solving the scalar conservation law (with the
initial data vy = (ug),). It is convenient to assume that wuy is globally Lipschitz so that
viscosity solutions are also globally Lipschitz and entropy solutions are essentially
bounded. The BV assumption on vy is convenient to prove the convergence of the
numerical scheme associated with the scalar conservation law.

This theorem derives from the convergence of the two numerical schemes associated
with each equation.

THEOREM 1.4 (Convergence of the numerical scheme for SCL). — Let At and Ax
satisfy the CFL condition (1.14). The function va weakly converges in Li. .((0, +00) x
R) as Az — 0 towards the unique Gp-entropy solution v of (1.1),(1.6), with F :=
RFy defined in (2.5).

Remark 1.5. — Let us point out that even if we put the desired junction condition
Fy in the numerical scheme, we recover at the limit Az — 0 the relaxed junction
condition Grp,.

THEOREM 1.6 (Convergence of the numerical scheme for HJ). — Let At and Ax
satisfy the CFL condition (1.14). The function ua converges locally uniformly as
Ax — 0 towards the unique Fy-viscosity solution u of (1.3),(1.5).

Remark 1.7. — Let us note that even if the results in Theorem 1.4 and Theorem
1.6 look different, they are not. Indeed, in the latter one, we recover an Fy-viscosity
solution and not an RFy-viscosity solution. But we know from [21] that u is an
Fy-viscosity solution if and only if u is an R F{-viscosity solution.

Open question. Theorem 1.4 is proved in the case where the junction condition
is not relaxed (i.e. Fy # RFy), using the result of Theorem 1.6. Is it possible to show
the result of Theorem 1.4 directly at the level of scalar conservation laws, without
using the HJ framework? Moreover, is it possible to get an error estimate on the
difference |va — v|p1?

The next theorem concerns germs. Roughly speaking, a germ is a collection of
admissible strong traces for entropy solutions of the conservation law (1.1). It is
maximal if it is not contained in a bigger germ and complete if the Riemman
problem can be solved for all admissible strong traces. Precise definitions are given
in the next section. We prove that a germ is maximal and complete if and only if
it is represented by a “self-relaxed nonlinearity”. By doing so, we enrich the AKR
theory from [4].

THEOREM 1.8 (Classification of maximal and complete germs). — Let G be a
germ for (1.1). The following properties are equivalent.

(i) There exists a function Fy satisfying (1.4) such that G = Grp,.
(ii)) The germ G is maximal and complete.

1.4. Brief review of literature

Scalar conservation laws with discontinuous flux. Contributions to the study
of scalar conservation laws with discontinuous flux are numerous. We can cite for
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instance the work by F. Bachmann and J. Vovelle [5] where the flux function is
only assumed to be C! and their uniqueness proof do not require the existence of
strong traces. The reader is referred to the introduction of this work for the reference
containing the model or for previous mathematical contributions under stronger
assumptions. The book by M. Garavello and B. Piccoli [22] was also influential: the
network geometrical setting leads to considering flux functions with discontinuities
at edges. B. Andreianov, K. H. Karlsen and N. H. Risebro in [4] developed a general
theory of semi-groups of entropy solutions associated with a scalar conservation law
on the real line with a discontinuity. In particular, they shed light on the fact that
several conditions can be imposed at the discontinuity and they can be characterized
in terms of a set that they refer to as a germ. The interested reader is referred to
recent survey articles such as [33, 3] for more references about this line of research.
We also refer to [35, 17] for the extension to junctions.

Hamilton-Jacobi equations with discontinuous Hamiltonians. The study
of Hamilton-Jacobi equations with discontinuous (in z) and convex (in p = u,)
Hamiltonians developed with the study of these equations on networks [1, 26]. These
first contributions are closely related to optimal control of trajectories in a two-
domain framework [7]. Many contributions followed these three articles and the
reader is referred to the book by G. Barles and E. Chasseigne [8] for an up-to-date
state of the art, including original contributions to the topic.

From HJ to SCL: equivalence. The fact that the derivative of a viscosity
solution posed on a monodimensional domain coincides with the entropy solution
of the corresponding scalar conservation law was proved by V. Caselles [13] in
the continuous (classical) case. The front tracking method is also used in [4] to
extend this result with time evolution. Such an equivalence was first proved in the
context of scalar conservation laws with convex flux functions and discontinuities
by C. Klingenberg and N. H. Risebro [31]. It also makes use of the front tracking
method.

Boundary conditions. The fact that the boundary condition can be lost by
solutions of first order equations is classical. Beyond the effect of a transport operator
and the fact that characteristics can exit the domain, an important contribution to
this subject is the work by C. Bardos, A.-Y. Le Roux and J. C. Nédélec about the
Dirichlet problem for a scalar conservation law [6]. They gave a weak formulation
of the problem by passing to the limit in the viscous approximation. As far as
Hamilton-Jacobi equations are concerned, the boundary condition that is effectively
obtained when imposing one that is compatible with the maximum principle were first
described for convex Hamiltonians [25]. In this case, any relaxed boundary condition
is characterized by a real number, amounting for the limitation of the “flux” at the
discontinuity (see also [27]). The non-convex case is much richer, the class of relaxed
boundary conditions is much larger. It was first studied by J. Guerand [23] and
recently revisited by the authors [19] (see also [21] for the case of junctions). As
observed in [19], it is remarkable that the relaxation operator can be described in
terms of Godunov fluxes appearing in the BLN condition.
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8 N. FORCADEL, C. IMBERT & R. MONNEAU

Comparison principles for Hamilton-Jacobi equations. In order to prove
that the HJ numerical scheme converges, it is important to prove a comparison
principle. The first results in this direction are contained in [32]. More recently, the
authors developed a new strategy to prove such a strong uniqueness result [18, 20].
See also [21] for the case of several branches.

Numerical schemes. A general theorem for numerical schemes for Hamilton-
Jacobi equation (and more generally second order nonlinear parabolic equations)
[9] asserts that they converge as soon as they are monotone, stable and consistent.
A numerical scheme for convex Hamilton-Jacobi equations on a junction was first
studied in [14]. It was motivated by applications to traffic flow. An error estimate was
obtained in [24]. As far as scalar conservation laws are concerned, the convergence
of finite difference numerical scheme is a classical theme and there are already
several contributions about scalar conservation laws with discontinous coefficients.
Among them, we can cite [29, 30, 37, 11, 10], where for instance [29] also includes
degenerate diffusion operators. In particular, discrete BV estimates were obtained in
[10, Lemma 4.1] and [11, Lemmas 5.3 & 5.4]. The convex case of the problem adressed
in the present article was recently treated in [12]. More generally, for examples of
numerical schemes on junctions with NV > 1 branches, we refer the reader to [35, 17].

1.5. About proofs

We already commented on the main contributions of this work. We would like to
briefly discuss their proofs.

About the criteria for entropy solutions. The proof of the criteria from
Section 3 relies on the notion of reduced set of test functions for viscosity solutions
of HJ equations. It first appeared in [25] and was then repeatedly used in subsequent
works.

Convergence of numerical schemes. As the reader can check it, the conver-
gence of the HJ scheme is short and elementary. The proof of the convergence of
the SCL scheme follows a classical path: we use the maximum principle to derive
discrete entropy inequalities and then derive the discrete L'-contraction.

Local BV estimates for entropy solutions. In order to get compactness in L!
of the discrete entropy solution, we classically establish local BV estimates (see above
for references from the literature). The BV estimate in time easily and classically
follows from the L'-contraction. The local BV estimates in space is more delicate
and less classical. Before deriving them in the discrete setting, we explain how to
get them at the continuous level.

1.6. Organisation of the article

The article is organised as follows. In Section 2, definitions of germs, solutions and
relaxation operators are recalled. We also show that germs Grp, are maximal. In
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Section 3, we recall a criterion for checking that a function is a viscosity solution
of the Hamilton-Jacobi equation (1.3) and we establish a similar criterion for en-
tropy solutions of the scalar conservation law (1.1). The numerical approximation of
Hamilton-Jacobi equations is addressed in Section 4, where the convergence of the
numerical solution is done (proof of Theorem 1.6). The numerical approximation
of the scalar conservation law is studied in Section 5, in particular, Theorem 1.4 is
proved. This section also contains the (short) proof of Theorem 1.1. The final (short)
Section 6 is devoted to the proof of Theorem 1.8.

Notation. For two real numbers a, b, the maximum of a and b is denoted by a Vb
while the minimum is denoted by a A b. The positive part of a is defined by a V 0
and is denoted by a,. The negative part a_ of a is defined by max(0, —a).

The Lipschitz constant of the Hamiltonian/flux function H, for o € {R, L} is
denoted by £, while £y denotes the Lipschitz constant of Fy (in all variables).

2. Germs, entropy solutions, viscosity solutions
2.1. Germs

In their study of scalar conservation laws with discontinous flux, B. Andreianov,
K. H. Karlsen and N. H. Riserbro introduced the notion of germs. In order to recall
their definition, we first recall the definition of the entropy flux functions ¢;, and ggr
associated with the fluxes (or nonlinearities) H; and Hg.

(2.1) Va,b € R, qu(a,b) =sgn(a —b)(Ha(a) — Hy(b)), a € {L,R}.

The definition of germs relies on the notion of dissipation. We recall that it is defined
as follows,

VP = (pr,pr), P' = (0}, pk) € R®, D(P,P') = qr(pr,p}) — qr(pr, P)-

DEFINITION 2.1 (Germs). — A set G C R? is a germ for (1.1) if it satisfies

e the Rankine-Hugoniot condition: for all (py,pr) € G, we have Hy(pr) =

Hr(pr)-
e the dissipation condition: for all P, P' € G, we have D(P, P") > 0.

Remark 2.2. — In [4], a set G is called an admissible germ if it only satisfies
the Rankine-Hugoniot condition and is called L!-dissipative if it also satisfies the
dissipation condition. We will simply call them germs.

Important examples of germs are the ones coming from a junction function F,
(2.2) Gro = {(pL,pr) € R* : Hi(pr) = Hr(pr) = Fo(pL,pr)}-

DEFINITION 2.3 (Maximal germs). — A germ G is maximal if any germ containing
G coincide with G.

In order to define complete germs, we recall what the Riemann problem associated
with (v_,vy) € R? is. It consists in solving (1.1) with the initial condition:
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10 N. FORCADEL, C. IMBERT & R. MONNEAU

T
(2.3) w(0,0) = { V- e <0
vy if x> 0.

Given (v_,v;) € R?, a solution of the G-Riemann problem with initial data (2.3)
consists, for some suitable data (pr,pr) € G, in a standard Kruzhkov self-similar
solution in x < 0 joining v_ at t =0,z < 0 and py, at t > 0,2 = 0—, with a jump at
x = 0,t > 0 from p;, to pg and a standard Kruzhkov self-similar solution in x > 0
joining pr at x = 0+,t > 0 and vy at x > 0,1 = 0.

DEFINITION 2.4 (Complete germs). — A germ G is complete if for all (v_,vy) €
R?, there exists a G-entropy solution v of (1.1) with initial data (2.3).

Remark 2.5. — 1In particular the traces (pr,pr) at © = 0—, 0+ of the solution v
of the G-Riemann problem lies in the germ G.

2.2. Entropy solutions

DEFINITION 2.6 (Strong traces). — Let T'> 0 and v: (0,7) x R — R be essen-
tially bounded. We say that v admits a strong trace at x = 0— (resp. x = 0+) if
the function x — v(-,z) € L'((0,T)) has an essential limit in L*((0,T)) as x — 0—
(resp. x — 0+).

E. Yu. Panov [36] proved that classical entropy solutions in (0,7") x (0, +00) (resp.
(0,T) x (—00,0)) admit strong traces at x = 0+ (resp. z = 0—) as soon as there is
no open interval on which flux functions H, are constant.

DEFINITION 2.7 (G-entropy solutions — [4]). — Let G be a germ and T' > 0, let
v: (0,T) x R — R be essentially bounded and such that, for almost every t € (0,T),
the function v(t,-) has strong traces at x = 0, from the left v(t,0—) and from the
right v(t,0+). It is a G-entropy solution of (1.1)-(1.6) if

e it is a classical entropy solution in (0,7") x (—o0,0) and (0,7) x (0,400);
e for almost all t € (0,T'), we have (v(t,0—),v(¢t,0+)) € G;
e v(t,) = vy in Li,.(R) as t — 0+.

Remark 2.8. — G-entropy solutions are unique ([4, Theorem 3.11]) as soon as
the germ is definite. In our case, this reduces to impose that the germ is mazimal
since we only consider germs that are, following the terminology introduced in [4],
L'-dissipative.

2.3. Viscosity solutions

In order to define viscosity solutions for the Hamilton-Jacobi equation, we have to
specify the class of test functions we will work with. Following for instance [25], we
use the following class.
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DEFINITION 2.9 (Test functions). — A test function ¢: (0,7) x R — R is con-
tinuous and its restriction to (0,7) x [0, +00) and (0,7) x (—o0, 0] are continuously
differentiable. For such a function ¢ and Xy = (to,0), 0L¢(X,) and 0Ep(X,) denote

derivatives in x at X of the restrictions of ¢ to (0,7T) x (—o0, 0] and (0,7 x [0, +00)
respectively.

Let Qr denote (0,7) x R and C}(Qr) denote the set of test functions.

We also say that a test function ¢ touches a function u: Q7 — R from above (resp.
from below) at X, if u(Xy) = ¢(Xo) and it there exists a neighbourhood V such
that u < ¢ (resp. u > ¢) in V.

DEFINITION 2.10 (Fy-viscosity solutions). — Let T' > 0 and let u: (0,7) x R be

locally bounded.

e The function u is a sub-solution of (1.3) if it is upper semi-continuous on
(0,T) x R and if, for all test function ¢ € C}(Q7) touching u from above at
Xo = (to, o) € (0,T) x R, we have

8t<p + HL(ar(p) <0 at XO lf.l’[) < 0,
O + Hr(0pp) < 0 at Xq if zy > 0,
atQO + mln(HL((?chp), HR(afgo), F()(a:f(p, 65(10)) < 0 at XO lf.l’[) = O,

e The function w is a super-solution of (1.3) if it is lower semi-continuous on
(0,T) x R and if, for all test function ¢ € C)(Qr) touching u from below at
Xo = (to,x0) € (0,T) x R, we have

8,5@ + HL(8$QO> >0 at XO lffL‘O < 0,
8tg0 + HR((?x(p) >0 at Xy lfﬂfo > 0,
Ovp + max(Hy (9 ¢), Hr(D70), Fo(0y 0, 050)) = 0 at X if zg = 0,
e The function u is a solution of (1.3) if its upper semi-continuous envelope u*

is a sub-solution and its lower semi-continuous envelope u, is a super-solution.

Remark 2.11. — Since we will work with various nonlinearities Fy, it is convenient
to simply say that u is an Fy-sub-solution of the Hamilton-Jacobi equation if u is a
sub-solution of (1.3). The same remark applies to super-solutions and solutions.

Remark 2.12. — (Mapping the line onto the two half lines on the right)
Define

al(t, ) = u(t,z) for x>0, H(p)= Hg(p)
@2(15,:6) = u(t, —x) for x>0, Hy(p) = Hr(—p)
F(p1,p2) == F(p1, —p2)

Then HJ equation (1.3) is equivalent to

ul + H;(ul) =0, x>0, i=12
a'(t,0) = u?(t,0) =:a(t) x=0
uy + F(ul,u?) =0 r=0

which is the natural framework for HJ equations. This explains the signs that the
reader may find strange in the definitions below.
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2.4. Characteristic points

Characteristic points are first defined in the framework of HJ equations. They are
associated with the non-linearity Fy at the origin. They are first introduced in [25]
in the convex case and in [23] for non-convex Hamiltonians. See also in [19].

DEFINITION 2.13 (Characteristic points for germs). — Let G be a germ for (1.1).

e A point P = (pr,pr) lies in X(G) if P € G and if there exists ¢ > 0 such
that H,(qs) > Hp(pr) = Hgr(pgr) for a € {L, R} and q;, € (p, — ¢,pr) and

qr € (PR, PR+ €).
e A point P = (pr,pr) lies in x(G) if P € G and if there exists € > 0 such

that H,(q.) < Hr(pr) = Hgr(pr) for a € {L, R} and q;, € (p,pr + ¢€) and
qr € (PR — €,DR).
o We set x(G) = x(9) Ux(G).

DEFINITION 2.14 (Characteristic points for nonlinearities). — Let Fy: R x R
be such that (1.4) holds true. A point P = (pr,pr) lies in x(Fy) (resp. X(Fp)) if
P € x(Gr,) (resp. X(Gr,)) where we recall that Gp, is defined in (2.2).

2.5. The relaxation operator

We now define the relaxation operator R. It associates with any function Fj
satisfying (1.4) a new function RFp. In order to define it, it is convenient to define

H(pr,pr) == max{H 4(pr), Hr—(Pr)}
with
HL,+(pL) = 1Ilf HL(QL) and HR,*(pR) = mf HR(QR)
qL=>pL 4RSPR
If Fy > H, then it is possible to define the Godunov relaxation of Fy as the map
F,G : R? = R where

(2.4) (FoG)(pr,pr) = A s.t. there exists (g1, qr) € R? s.t.
9" (pr,q) = Folaw, qr) = 9" (qr, pr) =: A

where gf* are Godunov fluxes associated to each flux H, (see (1.7)). It is important
to notice that there may be several admissible values of @) = (qr,qr), but it is
possible to show that the value of A is uniquely defined. Following [21], we define for
any [y satisfying (1.4)

(2.5) RFy := (max {Hy, H})G.
We recall some properties of the relaxation operator.

PROPOSITION 2.15 (Properties of the relaxation operator, [21]). — Let Fy be

continuous, non-decreasing in the first variable et non-increasing in the second one.
Then RF, satisfies (1.4) and we have

(1) RF():FQ on {FOZHL:HR},
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(i) R? =R,
(i) RFy > H

Remark 2.16. — Notice that for F.(pr,pr) := e '(pr. — pr), we have RE. — F
as € — 0, where
Fo(pr,pr) := g (p1, 2) = ¢"%(2,pr) for some z € R?

which is exactly Diehl’s condition (see [15, p. 28]), obtained by vanishing viscosity.
This shows that the natural relaxation operator that we identified in (2.4), can be
seen as a sort of generalization of Diehl’s condition.

2.6. Maximality of germs associated to RFj

LEMMA 2.17 (Germs associated to RFy). — Assume that HY, HT satisfy (1.2)
and that Fy satisfies (1.4). Then the set G := Grp, defined in (1.17) is a maximal
germ in the sense of Definitions 2.1 and 2.3.

Proof. — The proof proceeds in two steps.
STEP 1: G 1S A GERM. From Proposition 2.15, recall that F' := RF} satisfies (1.4).
We then notice that by definition, the set G satisfies Rankine-Hugoniot relation, and
that the monotonicity of F' implies the dissipation D > 0 on G x G. Therefore G is
a germ.

STEP 2: G IS MAXIMAL. Assume by contradiction that G is not maximal. Then
there exists P = (pz, pr) € R?\G such that

(2.6) G:=GuU {]5} is a germ.
Hence

5\ e HL(ﬁL) = HR(]ap) 7& F(P) = A\"

From Proposition 2.15, recall that F' = RF > H. Hence by construction there exists
Q = (qr,qr) € R? such that

F(pr,pr)= N = ¢"*(pr,qr) = F(qr, qr) = 9""(qr, Pr)-

We first assume that A > \*. Then g% (pg,pr) =Hgr(pr) = A > \* = F(P) =
"% (Gr, pr), which implies that gr < pg. Similarly, we get q;, > pr. Since F(pr, pr) =
F(qr,qr), the monotonicities of F' imply that

F =const=X" on [pr,qL] X [Gr,Pr]

In particular, the expressions of the Godunov fluxes ¢« implies that there exists a
unique

Q"= (a5 k) € (L, el x[Gr. Pr) - such that { Hy > \o=Hi(g;) on [pr.q})
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Hence Q* € G C ,C’;, and then
D(P,Q")
=sign(pr, —qr) - {Hr(pr) — He(qy)} — sign(pr — qz) - {Hr(pr) — Hr(qR)}
= —2(A =\
< 0.
Assume now that A < \*. We can argue as in the previous case and get a contra-

diction too.
Hence we conclude that (2.6) is false, and then G is maximal. U

3. Criteria for viscosity and entropy solutions

We begin by defining the reduced set of test functions.

DEFINITION 3.1 (Reduced set of test functions). — Let Fyy be such that (1.4) holds
true. The reduced set of test functions associated to Fy for subsolutions (resp. super-
solutions) is made of test functions ¢ € C}(Q7) such that (0k¢(to,0),0%p(ty,0)) €
X(Fo) (resp. (0kp(to,0), 0% p(to,0)) € X(Fp)) for all ty € (0,T). It is denoted by
O/l\(QT, P’o7 SUB) (I'GSp. Cl (QT: Fo, SUP))

We now recall that for viscosity solutions, we have the following criterion.

PROPOSITION 3.2 (A criterion for Fy-sub- and Fy-super-solutions). — Letu: Qr —
R.

e Ifu is upper-semi continuous, and u is a (classical) viscosity sub-solution of
(1.3) away from x = 0, and for all t, € (0,7,

(3.1) u(to,0) = limsup wu(t,x),
(t,x)—(t0,0)
and for all p € C}(Qr, Fy, SUB) touching u from above, we have
Orp + Fo(0kp,050) <0 at (t,0).

Then u is an Fy-sub-solution.

e If u is lower-semi continuous and u is a (classical) viscosity super-solution
of (1.3) away from z = 0, and for all p € C}(Qr, Fy, SUP) touching u from
below, we have

dip + Fo(0Fp,00) = 0 at (ty,0).
Then u is an Fy-super-solution.
Remark 3.3. — Notice the dissymmetry between subsolutions and supersolutions
in the result of Proposition 3.2, with assumption (3.1) only for subsolutions. This

comes from the fact that the Hamiltonians H%, H® are assumed to be coercive (last
line of condition (1.2)).

PROPOSITION 3.4 (Germs from characteristic points). — Let Gr be a germ asso-
ciated with a junction function F = RF, and consider P = (pr, pr) € R? satisfying
Hi(pr) = Hgr(pg). If for all Q € x(Gr), we have D(P,Q) > 0, then P € Gp.
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Remark 3.5. — Later we will use this result, by assuming more, namely assuming

that D(P,Q) > 0 for all Q € Gp.

Proof. — We consider the function u: (0,+00) X R defined by

(t,2) —At+ppx  if x>0,
u(t,x) =
’ —At+prr ifx <O

with A = Hp(pr) = Hg(pr). The function u is a viscosity solution of (1.3) in
(0, +00) x R\ {0}. We claim that the assumption ensures that it is also a viscosity
solution at z = 0, i.e.

A= F(pL,pr)-

This precisely means that P € Gp.

We are thus left with checking that u is a viscosity solution at x = 0. We only
prove that it is a sub-solution, the other case being similar. It is enough to consider
a test-function ¢ of the form

qrr if z <0,
t ) = U(t) +
el ) (t) {qu if x>0

with (qr,qr) € X(F). We assume that © < ¢ in (0, +00) x R and u(ty,0) = ¢(to,0)
for some ¢y, > 0. In particular, we have

U'(ty) ==X, qr <pL, qr = Pr

The assumption of the proposition ensures that

sgn(pr —qr)(He(pr) — Hi(qr)) = sgn(pr — qr)(Hr(pr) — Hr(qr)).

Keeping in mind that Hy(pr) = Hg(pr) = A and Hy(qr) = Hr(qr) = F(qr,qr), if
pL, > qr or pr < qgr, then we get

(A= Flqr,qr)) = 0.

The result is also true if p;, = ¢ and pr = qg since A = F(pg, pgr). Since V' (t5) = — A,
we finally get the desired viscosity inequality: ¥'(to) + F(qr, qr) < 0. O

4. The numerical scheme for the Hamilton-Jacobi equation

Before proving the convergence of the numerical scheme for the scalar conservation
law, we study the one associated with the Hamilton-Jacobi equation. It is necessary
to study it first, since we will use it to prove the convergence of the numerical scheme
for the scalar conservation law in the case where the nonlinearity Fj is not necessarily

relaxed (i.e. Fy # REp).
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4.1. Stability

LEMMA 4.1 (Stability of the numerical scheme). — For all t > 0 and z €
R, we have |ua(t,x) — ua(0,2)| < Cot for Cy = max(Cr,Cg,Cg,) with C, =
MAXo|< uo v, [Ha(@)] and Cr, = maxia) pisjus v [F0(a; D).

In particular, the function ua is locally bounded in L*°, uniformly in A.

Proof. — Since ua is constant in time on intervals [t,, t,11), it is enough to prove
that |ua(t,, ) —ua(0,z)| < Cot,. We prove it by induction on n.

We only prove ua (t,, ) < ua(0, z) + Cot,, since the other inequality can be proved
in the same way. It is true for n = 0. We assume it is true for n > 0 and we
prove it for n + 1. In order to do so, we combine the induction assumption with the
monotonicity of the scheme. Recalling the definition of f;, see (1.12), we have

uajm—l-l — u? + (At)fj (U?_%, U;L+%)

= M(uf g, v, ufyy)
< H;(u)_y + Cotn, u + Coty, ulyy + Cotn)
= (u) + Coty) + (A) f; (v?_%, v?+%)
< (u) + ConAt) + Co(Ab).
where in the third line, we have used the fact that the numerical scheme H; for HJ

equation is monotone under our CFL condition. We conclude that ua(t,.1,2) <
UA(O, [E) + OOtn—i-l' O

4.2. Consistency

The following lemma is very classical and straightforward. We skip the proof.

LEMMA 4.2 (Consistency of the numerical scheme). — Let (1.14) hold true. Let
(t,z) € (0,T) x R and ¢ € C(Qr) for some T > (0. Assume that there exists
(ta,za) = (nAt, jAz) — (t,x) as Ax — 0 such that

¢(tA + At7 iEA) — ¢(tA, QZA)
At
L <¢(tA, xp) — d(ta, wa — Ax) d(ta, xa + Ax) — qb(tA,:cA))
J Az ’ Ax

(4.1)

<0

where f; is defined in (1.12).
o If x>0, then ¢ + Hr(¢,) <0 at (t,x).
o Ifx <0, then ¢, + Hr(¢,) < 0 at (¢, z).
o Ifx =0, then ¢, + min(Hg(¢f), H(¢L), Fo(dL, ¢F) < 0 at (¢, z).

T

4.3. Convergence of the scheme

We checked that the numerical scheme is monotone (thanks to the CFL condi-
tion (1.14)), stable (by Lemma 4.1) and consistent (Lemma 4.2). It is then known [9]
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that it converges towards the unique solution of (1.3)-(1.5). Let us give some details
for the reader’s convenience.

Proof of Theorem 1.6. — Let u™ denote the upper relaxed limit of ua as Ax — 0
(recall (1.14)). Thanks to the stability of the scheme (Lemma 4.1), we know that u™
is finite and u*(0,2) < uo(x). Let us prove that it is a Fy-sub-solution of (1.3) in
(0,7) x R for all T > 0. In order to do so, let T'> 0 and ¢ € C'}(Qr) touching u™
from above at (¢, ). We can assume without loss of generality that the contact is
strict. We thus know that there exists (ta, ) such that

ua —ua(ta, za) < ¢ — d(ta, za).

Let 1) = ¢+ Ca with Ca = ua(ta, za) — ¢(ta, za). The monotonicity of the scheme
implies that (4.1) holds true for v, and thus for ¢. Then Lemma 4.2 allows us to get
the viscosity inequality.

Analogously, we can prove that the lower relaxed limit u_ of ua as Az — 0 is
a Fy-super-solution of (1.3) and u_(0,z) > wuo(z). The comparison principle (see
[21]) then implies that uy < u_ and this implies that ua converges locally uniformly
towards u. OJ

5. The numerical scheme for the scalar conservation law
5.1. Maximum principle

It is classical that a monotone scheme enjoys a maximum principle.
LEMMA 5.1 (Maximum principle). — We have: ||[va||zoo((0,400)xR) < [|V0 || L0 (R)-

Proof. — Let My = [Jvg|| (). The monotonicity of the scheme implies that |v7| <
My by arguing by induction on n. ([l

5.2. Discrete entropy inequalities and L!-contraction

An immediate consequence of the monotonicity of the scheme is the fact that the
maximum of two discrete sub-solutions is still a discrete sub-solution.

LEMMA 5.2 (Maximum of discrete sub-solutions). — Let vl and W be two
2 2
discrete sub-solutions, i.e. satisfying

M < Fj(o7 1,07 1,07 )
Jt3

and similarly for w’ ., where F; denotes the monotone scheme, see (1.13). Then
2

V]i ;= max(v” satisfies the same inequality.
2

i W

?%)

Similarly, the minimum of discrete super-solutions is a discrete super-solutions.
Combining these two facts, we get the following discrete version of entropy inequali-
ties (using |[a — bl =aVb—aAb).
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LEMMA 5.3 (Discrete entropy inequalities). — Let v;‘Jrl and w;ll be two solutions
2 2
of the numerical scheme, i.e. satisfying
n+1 __
and similarly for w1, where F; denotes the monotone scheme, see (1.13). Then
2

n J— n _
Vj% = |vj+ w? 1| satisfies

n+1 n
Vit = Vit N Q. — 9 <0
At Az

where
QJ( j—19 J+1 w %wﬁ)
with Q;(a,b;c,d) = fj(a\/c, bV d) —fj(a/\c,b/\d) and f; is given by formula (1.12).

We now state the L!-contraction property of the scheme.

LEMMA 5.4 (Discrete L'-contraction). — Let vl 1 and w1 be two bounded
2 2
solutions of the numerical scheme (5.1), and assume that |va(0,-) — wa(0,-)| is

integrable.
Then for all t = nAt with n > 1, we have

/R foa(t,2) — wa(t,2)| dr < / 10a(0,2) — wa (0, 2)| dz.

Proof. — We first assume that |va(0,z) — wa (0, x)| has compact support. In this
case, there exists J > 1 such that for all s € [0,t], |va(s,z) — wa(s,x)] = 0 for
|z| > x,. In particular,

Q](v;’i%,vﬁ%w;’i%?wﬁ%) = O
for |j] > J + 1.
We write the discrete entropy inequalities from Lemma 5.3 at time m € {0,...,n—

1} and sum over j € {—J —1,...,J + 1},

g
(5.2) s S L ] <0.
je—J—1 At
This yields the result if |va(0,x) — wa(0, z)| has compact support.

We can now consider the sequence of numerical solutions associated with va (0, x)
supported in the interval [-NAz, NAz| for N > 1. We can then easily pass to the
limit in the inequality that we obtained in the first case. U

5.3. Continuous BV estimates

In order to prove that the numerical solution associated with the scalar conservation
law converges towards the entropy solution, we derive discrete BV estimates in the
time and the space variables. The computations at the discrete level follow their
continuous counterpart closely. This is the reason why we first explain how to derive
BV estimates at the continuous level without justification.

Let v be an entropy solution of (1.1).
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BV estimate in time. Given a time increment h, the function w(t, z) = v(t+h, x)
is also an entropy solution of (1.1) and the L'-contraction property (with finite speed
of propagation) implies that

/|Ut+ha: v(t,z)|dz < /|vhx v(0,z)| da.

Dividing by A and letting h — 0, we obtain

/|8tv(t,a:)|dx < / |0;v(0, )| dz.
R R
We now use that dyv = —0,(H,(v)) = —H/ (v)v, and in particular,
100(0, 2)] < Lf(vo)a]
We conclude that
/ |0wv(t, )| dz < Lijvo gy
R

Local BV estimate in space. Given a spatial increment h, since v is an entropy
solution of (1.1), we know that it satisfies for ¢ > 0 and x > 0,

Olv(t,x + h) — v(t,z)| + Opqr(v(t, z),v(t,x + h) < 0.

Integrating this inequality on [t1,ts] X [ag, br] With 0 < ¢; < t3 and 0 < ap < bgr, we
get

/ |v(t2,x+h)—v(t2,x)\dx</ l(t1, & + h) — v(ts, 2)| da
[ar,bR]

[ar,bR]

+ ) ’CIR t,c),v(t,c+ h))|dt.

c=aR,br

We now estimate the right hand side of the previous inequality. Recalling the defini-
tion of gg, see (2.1), we have

/2 gr(v(t, ¢), v(t, ¢ + h))|dt < / Hp(u(t, ¢)) — Ha(u(t, c + h))| dt

t1 t1
/ O (t,x)dzx| dt
[c,c+h]

tg
</
t1

< / o, 2)Imvigen e
[c,c+h]

We thus get,

/ |v(te, x + h) — v(te, x)| da é/ lv(t1, x4+ h) — v(ty, x)| de
[ar,br]

[O‘szR]

+ > [v(-, ) | BV ([t 2) dT-

c=ag,br v [c.ct+h]
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Dividing by h — 0, we formally get

/ B,0(ta, )| do < / et de+ Y NG llsvia
[aszR]

[aR:bR] c=aRr,br

5.4. Discrete BV estimates

We first show that discrete solutions of the scalar conservation law have bounded
variation in the time variable. This is a classical consequence of the L!-contraction
property.

LEMMA 5.5 (Discrete BV estimate in time). — Let vl 1 be a solution of the
2
discrete numerical scheme such that (1.10) holds true for some vy € BV(R). Then

/ ’UA(t + Ata l’) — UA<t7 $)‘
o At

d[L’ < 22||U0||BV(R)

where £ = max,eo,1,r} La-

Proof. — We first use the formula for v;

; and the fact that f; is £-Lipschitz
2
continuous in order to get,

+

We now use the formula for v?, see (1.10), and we get,

1 Tj+1
0 0
)l < / oy + A) — woly)| d.
I73 Az J,,

This shows that va(At, z) —va(0, ) is integrable.

Then the discrete L'-contraction (Lemma 5.4) applied to U]’.‘Jr% and w;?Jr% =7 i
Az) —
yields the result for all n > 0, using the fact that / va(e + Ax) vo(x) dr <
R T
[[vol| BV (r)- O

We now turn to BV estimates in the spatial variable. Such estimates are less
classical but known, see for instance [10, Lemma 4.2]. We provide an alternative
proof following the reasoning at the continuous level presented above.

LEMMA 5.6 (Discrete local BV estimate in space). — Let vl 1 be a solution of
2
the discrete numerical scheme. Let jr, Jr > 1 and j,J;, < —2 with J;, < j; and
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jr < Jg. Then for any integers ni,ny such that 1 < ny < ny, we have,
1
Jr |02 1 o =
ZR ”U]q_%_}_l j+ ‘ < Z ’U_A,_ 1y ’—|—C nZZ JR+% ]R-‘r%
< CFL
i=ir Az i=in Az n=ny At
n+1 _n
LC "22_:1 Vipt1+1 ~ Va4l
CFL
n=ni At ’
™2 n+1 n
1 |v —v
L |UJ+%+1 j+ | |U]+ 1y | na— 1 Jo+i Jo+i
Az S Ap T Cem 2 Al
= =1 n=n1
n+1 o
2l |Yipeed T Yitaed
+ Ccrr Z At .
n=ni
Remark 5.7. — 1In order to use the BV estimate in time from Lemma 5.5, it is

necessary to consider a mean (i.e. to integrate) in the x variable in the right hand
side, that is to say in jr and Jg.

Proof. — We only do the proof at the right hand side of the origin since the

estimate on the other side is identical. Considering who =t and integrating
2

in the discrete variables n and j the estimate from Lemma 5.3 yields the following
discrete BV estimate away from z = 0.

Z|U++1 Z|U++1 '§|
J=ir J=ir
m2—1 At
R
+’)’Lz7;1Q ]Rii’ JRJrl”U]RJr ’/U,;I/R+2)Ax
nz—1 At

R
- Z Q UJ +1-1 UJR+1+1 UJR+1+1 UJR+1+ >A:v'
n=ni

where Q%(a,b;c,d) = g"*(aV ¢,bV d) — g"'*(a A ¢,b A d). Thanks to the technical
lemma 5.8, we get,

Z |Uj+ 1y Z |UJ+ Ly |

J=ir J=Jir
no—1 At
HR Hgr(,n n
T Z ‘g JR**’UJRJrQ) g (UJ'R+%’UJ'R+%) Az
n=nq
el At
Hp(,m n _ Hp( n n
+ > ‘9 (UJR+1—%7UJR+1+%> g (UJR+1+%7UJR+1+%) ‘
n=ni

Recalling the definition of the scheme, see (1.11), and the CFL condition, see (1.14),
we obtain the desired estimate. O

We used the following technical lemma in the proof of the spatial BV estimates. It
can be viewed as the discrete counterpart of the elementary inequality |g.(a,c)| <
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|H,(a) — Hu(c)| at the continuous level. Recall that ¢,(-,b) is the flux function
associated with the entropy function |- —b|, see (2.1).

LEMMA 5.8. — Foralla,b,c € R, we have: |Q*(a, b; b, ¢)| < ‘gHa(a, b) — gt (b, c)‘
Proof. — We want to study
Dg = Q%(a,b;b,c) = g™ (aVb,bVc)— g™ (anbbAc).
We distinguish cases by examining the values taken by g (a V b,b V ¢).
If g (aVb,bVe) = gf=(a,b), then a > b and ¢ < b. In particular, g (aAb,bAc) =
gH(b,c) and we get the desired estimate.

)
If g (aVb,bVe) = gf(a,c), then b < a and b < c. In particular, g (aAb,bAc) =
g"(b,b). In this case, we have

Dg = g™ (a,c) — g™ (b,b) < g™ (a,b) — g™ (b, c),
‘DQ = gHa ((l, C) - gHa (bu b) > gHa (bu C) - gHa (CL, b)
These inequalities also imply the desired result.
If g (a Vb, bV c) = gf=(b,c), then a < band b < c. In particular, g7« (aAb,bAc) =
g"(a,b) and Dg = g"=(b,c) — g"*(a,b) and we conclude in this case too.

Finally if g (a V b,b V ¢) = g (b,b), then a < b and ¢ < b. In particular,
gHe(a ANb,b A c) = gf(a,c) and we have

‘DQ :gHa(b7b) _gHa( ) )

a,¢) < g"*(b,c) — g™ (a,0),
Do = g"(0,b) — g™ (a,c) >

g )
g™ (a,b) — g™ (b, c).
The proof of the lemma is now complete. 0J

5.5. Proof of convergence

We prove simultaneously Theorems 1.4 and 1.1.

Proof of Theorems 1.4 and 1.1. — We first consider any Fj.

In order to prove that va converges towards the entropy solution v of (1.1) in
L' locally in time and space, we use the maximum principle (Lemma 5.1) and the
discrete BV estimates in time and space from Lemmas 5.5 and 5.6 (see Remark 5.7).
These estimates give

Vo € (0,1), VI'>0, |valpvsr) < Csr

with Qs := (=671, =) U (6,671)) x (0,T) where the constant Cs7 is independent
on A small. Because v, is also bounded in L, this implies that va is compact in
LY(K) for any compact set K C [0,+00) x R (see for instance [16, Theorem 5.5]).
Consequently, we can extract a subsequence (still denoted by A) such that va
converges in L] . and almost everywhere as A — 0. We are going to prove that the
limit v is the unique entropy solution of (1.1) submitted to the initial condition

(1.6).
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DERIVING THE ENTROPY INEQUALITIES AWAY FROM THE ORIGIN. Let k € R.
Using Lemma 5.3 with w}ﬂrl = Kk, we know that we have for all x > Az,
2
|UA(t + Ata ZL‘) — K’| — |UA(t7 I’) — ’l{|
At

(QR(UA(t, z),va(t, x + Ax); K, k) — Q% (va(t, v — Az), va(t, 7); K, Ii)) <0

N

where we recall that
Q% (a,b;k, k) = g"(aV K, bV K) — g"R(a A K,b A K).
In particular,
Q% (va(t,r — Ax),va(t,z); K, k) — Hr(v(t,2)V k) — Hr(v(t,2) AK) = qr(v(t, 7), K)

almost everywhere. Integrating against a non-negative test function ¢ € C2°(]0, +00) x
(0,+00)) and using the dominated convergence theorem then implies that for all
k€ R,

/ ([0 — k|56 + qr(v, £)0u0) dt dz + / 6(0, 2)[vo(x) — k| dz > 0.
R2 R

Similarly, we have for all £ € R and all non-negative test function ¢ € C2°([0, +00) x
(_007 0))7

/ (|v — k|0 + qr(v, k)0 @) dt dz + / (0, z)|vo(z) — k| dz > 0.
R? R

Then it is classical (using the finite speed of propagation and localized L' contraction)
that this implies that the essential limit of v(¢,-) is vg in L{ (0, 4+00) as t — 0+.
The same argument for the left side allows us to conclude that v has initial data vg
in the sense of Definition 2.7.

WEAK FORMULATION IN THE SPECIAL CASE Fy = RFj,. Since v is an entropy
solution of a scalar conservation law away from x = 0, we can apply Panov’s theorem
[36] and deduce that v admits strong traces on both sides (see Definition 2.6).

If v(t,0+) denotes the strong traces of v(t, -) at the discontinuity x = 0, we are left
with checking that P = (v(t,0—),v(¢,0+)) is in the germ G = Grp,. It is convenient
to write P = (pr, pr)-

In order to do so, we prove that

(5.3) VK € Gr,,  D(P,K) > 0.
Let K = (kr,kr), let ¢ € C°((0,+00) x R) be non-negative and let

Ky, if$<0,
kr if x> 0.

wa(t,z) = ka(x) = {

It is a solution of the numerical scheme for the scalar conservation law if and only if
K € gpo.
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We now integrate the discrete entropy inequality from Lemma 5.3 with wa = ka
against ¢,

— t+ At — — t
/ |,UA K’Al( + 71;) |vA ’%A|( ,ZL‘) ¢(t,x) dt dx
(0,4+00) xR

At

/ Oa(t,z + Azx) — Qa(t, )
_|_
(0,400) xR Az

o(t,x)dtde <0

where
Oa(t,x) = QF for (t,x) € [tm, tmy1) X [15,2541)

with Q;” defined in the statement of Lemma 5.3.
For Az (and then At) small enough so that ¢ is supported in [t;, +00), we get
after integrating by parts,

(b(t: 33) _ (b(t _ Ata 3:)
va — kal(t, o dtdx
/(O,Jroo)x]R [oa altt @) At
— - A
+/ On(ta) 2L =02 Z AT) 4y 5
(0,4-00) xR Az

We examine the function Qa (¢, z). We have,

Qf(va(t,x — Ax),va(t,2); kR, kp) if x> Az,
Oa(t,z) = QF(va(t,x — Ax),va(t,x); K, k) if 2 <0,
Qo(va(t,x — Ax),va(t,z); Kk, kr)  if0<ax < Ax.

We thus can write

/ Ox(t, ) (W’x) _d)(t’x_Am)) dtdz = Dy + Dy + Dy
(0,4c0) xR

Az
with
_ _A

Dr :/ Q% (va(t,r — Ax),va(t, 2); KR, KR) <q§(t,x) otz a:)) dt dz
(0,400) X [Az,+00) Ax

Dr = / Q (va(t,x — Ax),va(t,x); kL, K1) <¢(t’ ) = olhw = Aaz)) dt dzx
(0,--00) x (—00,0] Ax

Dy = / Q" (va(t,r — Az),va(t, 2); K, kL) (gb(t,x) —olhr - Ax)) dt dx.
(0,400) x[0,Az] Az

We now pass to the limit in the resulting inequality,

t — o(t — At
/ |@A—w(t,x)<¢("”) il ’“"”>> dt dz + Dy + Dy, + Dy = 0.
(0,400) xR At
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It is easy to pass to the limit in the first three terms. As far as Dy is concerned, it
goes to 0 as Az — 0. We finally get,

/ ([ = kaldr + qr(v, £r)ds) dt do
(0,400) x(0,400)

+/ (lv = krlope + qu(v, kL) @,) dt dz > 0.
(0,400) X (—00,0)

Now choosing a test function of the form ¢(t, x) = ¢.(t, z) = ¥(t)-max{0,1 — e |z},
which focuses on the interface z = 0 as ¢ — 0, we get a boundary term, which is
well defined from the existence of strong traces. This gives an inequality for all
0 < ¢ € CH0,T), which implies that

D(P,K) > 0.

We thus proved (5.3) and we can apply Proposition 3.4 (recall that Fy = RF, and
see Remark 3.5) and obtain that P = (v(t,0—),v(t,0+)) € Gp,. Therefore v is a
Gr,-entropy solution (1.1) with initial data vo. The uniqueness of v follows from the
maximality of the germ G, (see Lemma 2.17).

GENERAL CASE WHEN Fj # RFy. We now treat the general case, that is to say
we do not assume anymore that Fy = RF{. In this case, we consider the numerical
solution u for the HJ equation associated with RFy and the numerical solution va
of the conservation law associated with RFy. We have in particular vao = 0,ua. We
know that ua converges towards the unique R Fy-viscosity solution w of (1.3)-(1.5)
and va converges towards the unique Ggrp,-entropy solution v of (1.1),(1.6) and
(), = v. We now also consider ua and va the numerical schemes associated with Fj.
We know that ua converges towards the unique Fy-viscosity solution u of (1.3),(1.5),
which is also the unique R Fy-viscosity solution (by [21]). Hence u = u. Moreover,
va converges in Li ([0,T) x R) towards u, = (i), = v. We thus proved that va

loc
converges towards the unique Ggr g -entropy solution of (1.1),(1.6). O

6. Classification of maximal complete germs: proof of
Theorem 1.8

We start with the following independent result (whose proof is quite long and then
can not be reproduced here)

THEOREM 6.1 (Complete germs are classified, [34]). — Assume (1.2). Let G C R?
be a complete germ in the sense of Definitions 2.1 and 2.4. Then G is maximal in
the sense of Definition 2.3. Moreover, there exists a function I’ satisfying (1.4) such

that F' = RF and G = Gp with Gp defined in (2.2).

Proof of Theorem 1.8. — We set F' := RFj.
STEP 1: G IS A MAXIMAL AND COMPLETE GERM. From Lemma 2.17, we already
know hat Gr is a maximal germ. Now Theorem 1.4 shows the existence of a Gp-
entropy solution for any suitable initial data, including the ones for the Riemann
problem. This shows the completeness of the germ Gp.
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STEP 2: IDENTIFICATION OF ANY (MAXIMAL) COMPLETE GERM G. If G is a
complete germ, then G = Gr with ' = RF follows from Theorem 6.1. 0]
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