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ABSTRACT. In this paper we study solutions to reaction-diffusion equations in
the bistable case, defined on the whole space in dimension N. The existence of
solutions with cylindric symmetry is already known. Here we prove the unique-
ness of these cylindric solutions whose level sets are curved Lipschitz graphs.
Using a centre manifold-like argument, we also give the precise asymptotics
of these level sets at infinity. In dimenion 2, we classify all solutions under
weak conditions at infinity. Finally, we also provide an alternative proof of the
existence of these solutions in dimension 2, based on a continuation argument.

1. Introduction and main results. The purpose of this paper is the study of
classical bounded solutions of the following elliptic equation:

Au—cOypu+ f(u) =0 in RY = {z = (2,y), v = (v1,--- ,oy_1) E RV y € R}.

(1)
The function f is of class C? and it is assumed to be of the ’bistable’ type. Namely,
there exists 6 € (0,1) such that

{ f(0)=f(0) = f(1)=0, f<0on (0,6)U(1,4+00), f>0on (—o0,0)U(6,1),
f'(0) <0, f/(1)<0, f'(6)>0.
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1
Assume / f > 0. It is well-known that there is a unique ¢y > 0 such that the

0
ordinary differential equation
U'—cU' + f({U)=0 inR, U(-0)=0, U(+x) =1 (2)

has a solution ([4], [9]). Moreover the profile U is unique (namely, U is unique up
to translation).

We deal with solutions of (1) converging to 1 and 0 respectively as y — +oo and
y — —o0, uniformly away from a Lipschitz graph in the direction y. This problem
is the natural extension of (2) in higher dimensions and it can also be interpreted
in terms of geometrical movements [1], [7].

More precisely, we are interested here in solutions u with cylindric symmetry,
i.e. such that u(z,y) = a(|z|,y), and satisfying the following condition at infinity:
there exists a globally Lipschitz-continuous function ¢ : R, — R such that

lim sup lu(z,y) —1 = 0,
A—+o0, y>A+¢(|z|) (3)
lim sup lu(z, y)| = 0.

A——o0, y<A+é(|z|)

The notation |z| stands for the euclidean norm of x. We also note & = x/|z| for
x # 0.

In [12], for given N > 2 and « € (0,7/2], we proved the existence of solutions
(c,u) = (co/ sina,u) of (1) satisfying the following properties (see also [15], [16] for
other proofs and relationship with the 2D mean curvature motion with drift) :

(P1)0<u<1inRN,

(P2) u(x,y) = u(|z],y), Oz @ > 0, Oyu > 0,

(P3) the function u satisfies (3) with ¢(|x|) = da(z), for all X € (0,1), where
{u(x,y) = >‘} = {y = d))\(m)v x e RN?I}»

(P4) & - Vor(x) — —cota as |z| — +oo, for all X € (0,1),

(P5) the function u is decreasing in any unit direction T = (7,,7,) € RN "1 x R
such that 7y, < —cos

(P6) for any unit direction e € RN™1, for any sequence r,, — +oo and for any
A€ (0,1), u(z+rpe,y+da(rne)) — U((x-€) cosa+ysina+U-L(N)) in CE (RY),

(P7) in dimension N = 2, we can choose ¢(|z]) = —|z|cota in (3), namely u
satisfies
lim sup lu(z,y) =1 = 0,
A—+o00, y>A—|z|cot v (4)
lim sup |u(z, y)| = 0,

A——o0, y<A—|z|cot o

and we can shift u so that u(z + xn,y — |x,|cota) — U(Lzcosa + ysina) in
C?%.(R?), for any sequence x, — £00.

In this paper, we first make explicitly the asymptotic behaviour of the level sets
of any solution u satisfying properties (P1)-(P6) above, and we distinguish the case
N = 2 from the case N > 3. With these new results, we then prove some uniqueness
and classification results in dimensions 2 and higher.

Theorem 1. (Asymptotics in dimension N = 2) Let N = 2, a € (0,7/2) and
u(z,y) = a(|z|,y) be a solution of (1) with ¢ = co/sina and satisfying properties
(P1)-(P6) above.
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Then there is exponential convergence of u(x,y) to the planar fronts U(+x cos a+
ysin ) in the directions (& sin «, — cos «t); moreover the slopes of the level lines of u
converge exponentially, in the same directions, to F cot a. More precisely, u satisfies

(P7) and if we set
X =zsina—ycosa, Y =xzcosa-+ysina (5)

and still denote u(zx,y) by w(X,Y) with an obvious abuse of notations, then the
level line {u(X,Y) = a} is described in the half-plane {x > 0}, by the equation
{Y = ¢o(X)}, and there is w = w(a, f) > 0 such that, for alla € (0,1) and X > 0,

[46(X)] < CoemIX] (6)
for some constant C, = Cy(a, , f,u). Also, for all' Y such that the point (X,Y +
Ya(X)) is in the half-plane {x > 0} then

[u(X,Y +14(X)) = U(Y + U (a))| < Coe X1,
The constant C,, degrades as a converges to 0 or 1.
Theorem 2. (Asymptotics in dimension N > 3) Let N > 3, a € (0,7/2) and
u(z,y) = w(|z|,y) be a solution of (1) with ¢ = ¢/ sina and satisfying the properties
(P1)-(P6) above. Then the the slopes of the level lines of u converge to — cot «v like
|z|~t as |z| — 400 : namely, if we set
X =|z|sina—ycosa, Y =|z|cosa+ysina

and still denote u(|x|,y) by w(X,Y) with an obvious abuse of notations, then the

level surface {u = a} is described by the equation {Y = 1,(X)}, and there is
k =k(N,a) > 0 such that, for all a € (0,1) and X > 0,

k C,
<

P (X) — << x2 (7)

and

u(X, Y + (X))~ U(Y + U~ (@) < 2

The constant C, = Cy(a, o, f,u) degrades as a converges to 0 or 1.

These two asymptotics are obtained by a centre manifold-like argument.

As a consequence of these precise asymptotics we are able to prove the uniqueness
(up to translations in y) of the cylindrical solutions satisfying properties (P1)-(P6)
above. Actually, we can get uniqueness results under more general and weaker
assumptions, like:

Hypothesis 1. There exists a globally Lipschitz function ¢ defined in R* (there
exists k > 0 such that |¢(c) — ¢(0’)| < k|o — 0’| for all 0,0’ > 0) such that

lim inf u(z,y) >0,

A—+too, y>A+d(|z]) (8)
lim sup u(z,y) < 0,

A——oo, y<A+é(|z])

or

Hypothesis 2. The speed c is nonnegative, infgny u < 6, 9yu > 0 in RN, u(z,y) =
(|z|,y) and 3\z|a(|$|7y) >0 for all (z,y) € RN~ x R.

In dimension N > 2 with cylindrical symmetry we prove the following uniqueness
result:
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Theorem 3. (Uniqueness in dimension N > 3) Let N > 3 and let u(x,y) =
a(|z|,y) be a bounded nonconstant solution of (1), with some speed ¢, and assume
that Hypotheses 1 or 2 are satisfied. Then ¢ > cg. Furthermore, up to shift in y
variable, u is the solution mentionned above and satisfying properties (P1)-(P6) for
a = arcsin(cg/c) € (0,7/2].

In dimension N = 2, we can get a stronger classification result, without assuming
symmetry, and only under the following assumption:

Hypothesis 3. There exists a globally Lipschitz function ¢ : R — R such that

lim inf u(z,y) >0,
A— oo, y>A+p(x) ( y)

lim sup u(z,y) < 0. )
A——o0, y<A+¢(x)

Then we have

Theorem 4. (Classification and uniqueness in dimension N = 2) Let N = 2 and
let uw be a bounded nonconstant solution of (1), with some speed ¢, and assume that
Hypothesis 3 is satisfied. Then ¢ > c¢q. Furthermore, up to shift in (x,y) variables,
either u is a planar front U(+x cos a + ysin a) with a = arcsin(cg/c) € (0,7/2], or
u is the unique solution of (1) satisfying properties (P1)-(P7) above.

Notice that an immediate consequence of Theorems 3 and 4 is the non-existence
of solutions of (1) satisfying (P1)-(P6) with an angle & € (7/2,m) (see also Remark
1.7 in [12]). Also, notice that to look for solutions of equations of the type (1) with
the additional constraint of having globally Lipschitz level sets is a rather natural
one: other solutions to (1) that do not satisfy this assumption may exist; this will
be studied in the forthcoming paper [6]. Also note that this condition already ap-
pears in Barlow, Bass, Gui [2]: in this paper, in addition to a proof of the de Giorgi
Conjecture in spatial dimension 2, there is a Liouville theorem for the solutions
of the Allen-Cahn equation in all space dimensions; it is commonly conjectured -
although not at all proved yet - that nontrivial, truly multidimensional solutions to
this equation may exist when the spatial dimension becomes large.

The plan of the paper is the following. In Section 2 we give in the explicit con-
vergence rates along the level sets of the solutions: in the 2D case, the convergence
is exponential, one of the consequences being the exponential convergence of the
level sets to straight lines. In space dimensions N > 3 with cylindrical symmetry,
the level lines differ from straight lines by a logarithmic function of z: thus the be-
haviour is radically different from the 2D case. The estimates are sufficient to allow
the initialization of the sliding method, thus leading to the uniqueness Theorem 3,
and to the classification Theorem 4 which are proved in Section 3. In this particular
case, we are able to classify all the solutions of (1) whose level lines are Lipschitz
graphs. In Section 4 we give an alternative proof of the existence of solutions of (1)
satisfying properties (P1)-(P7) above in dimension N = 2. The proof is based on a
continuation method with respect to the angle a. In doing so, we use some results
on the linearized equation around a wave solution, that had also been discovered
in [11]. In the appendix (Section 5) we mention without proofs, some comparison
principles useful in dimension N > 2, which are easy adaptations of some results in
[10] and [12].
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2. Behaviour of the level sets at infinity. We prove Theorem 1 in dimension
N = 2 in the first subsection, and Theorem 2 in dimension N > 3 in the second
subsection.

2.1. Level sets in dimension 2. Here we deal with the case N = 2. Theorem 1
will not only help us to conclude to the uniqueness of nontrivial solutions of (1) up
to shifts; it will also be of use in the forthcoming continuation argument of Section 4.

Proof of Theorem 1. Define the rotated variables (X,Y) just as in Theorem 1.
It is enough to prove the desired result in the direction ex = (sin, —cos ). We
will note ey = (cosa,sina). The proof is really a centre manifold computation,
the time variable being here the variable X; it includes some preparation steps that
will transform the equation in an evolution problem in the variable X; then we will
apply a centre manifold-like argument.

Step 1. Choose a € (0,1) once and for all, and translate the planar front U in
order to have U~!(a) = 0. We may start with the following statements, which are
consequences of properties (P1)-(P6) stated in Section 1:

im0 =0, (10)

and
Xlim w(X,Y +1,(X)) =U(Y) uniformly in {x >0,Y € R}. (11)
— 400
Furthermore, the uniform limits also hold for the derivatives in Y up to the second
order. With an abuse of notations, we use the same name u for the function u in

both variables (z,y) and (X,Y).

Step 2: reduction to an evolution problem. Let v(x) be a smooth function satisfying
v€C®MR), +'(z)>0, ~(x)=0 in (—oo,1], ~(z)=1 in [2,+00).
For any Xy > 0 large enough (to be chosen later), let us define the function
W(z,y) = (1 = v(X = Xo))U(Y = ¢a(Xo)) + (X = Xo)y(x)u(z,y) (12)
in {X > 0}. With an abuse of notations, we will denote @(z,y) by @(X,Y"). Then
we define
UX,Y) = a(X + Xo,Y + va(X0)).

This function @ satisfies

WX,Y)=U(Y —ta(Xg)) for 0<X <1, and @y >0 in {X >0}. (13)

The monotonicity property follows from the definition of 4 and the fact that the
function w is nondecreasing in both directions x and y in the half-plane {z > 0}.
We obtain the following partial differential equation for the function :
At +ccosa Ux —csina 4y + f(u) = g(X,Y) (X >0, Y eR) (14)
where
9(X — X0, Y —a(Xo)) = f(IU +Tou) —T1f(U) —T2f(u)
+(ATY)U +2VTy - VU
+U (—coey +cpcota ex) - VI
+(AT2)u+2VI'y - Vu
+u (—coey +cpcotaex) - VIg

and U = U(Y — a(Xo)), u = u(z,y), T1 =1 —y(X — X;), Ty = v(X — Xo)7v(2).
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In the set {X > 2}, the support of g is contained in the strip S = {1 <z <2} N
{X > 2}. On the other hand, the function u(x,y) = U((y — ¢(x)) sin o) with

1
= — In (2 h \
o(x) P n (2 cosh (xco cos av))

is a supersolution in {w < #}. Comparing u and u, and using the fact that u is
nonincreasing in any unit direction 7 = (7, 7,) such that 7, < —cos«, we get that

for {u =0} = {y = do(x)}:
(@, y) gU((y—¢9(x)+ )sina) in {u<0).

But we know that there exists a constant C > 0 such that

/2_4/
Uly)<Ce" in {U<6} for u:CO+ 802 f(0)>co

In2
Cp Sin a

and then for some constant C’ > 0 we have
u(z,y) < Clersinau=¢e@) iy £y < g}, (15)

Then from (11) and (15), we deduce that for wy = ptan o and for every € > 0, there
exists X large enough such that

(X, V)] +[Vg(X. V)| <ee X in {X >0}, and g(0,)=0.

Step 3: choosing a level curve. This is directly inspired from Fife-McLeod [9].
Define, for every couple (X, 1) € Ry x R, the function

IX) = [ @KLY + ) - U (V)aY,
R
This integral is well defined because of the asymptotic behaviour of U’(Y) in —oco
(U (Y) ~ ke'Y as Y — —oo, with > ¢y > 0 and & > 0). For every X > 0 we wish
to find a zero of J(X,.) in a neighbourhood of 1), (X + Xo) — ¥4(Xo). We have, for
every X > 0:
0,J(X,0) = [ Wiy (XY + wU'(Y) a,
R

a strictly positive quantity because of (13). Moreover we have 0 < £J (X, +o0) <
00; hence J(X,.) has a unique zero: call it )(X). On the other hand,

XliIJIrl J(X, (X +X0)—1a(X0)) = 0 and ;i(mJirnf Oy J (X, e (X+X0)—10e(Xo)) >0

because of (11). Therefore,

m [h(X) = (Ya(X + Xo) — ¥a(Xo))| = 0. (16)
Setting
v(X,Y) = a(X,Y + (X)) - U(Y), (17)
we have:
/ e~ Yy(X,V)U'(Y) dY :=< e*,v(X,.) >= 0, (18)
R

which is an orthogonality relation. By the Implicit Functions Theorem, v is C2.

Step 4: the centre manifold setting. Introduce the linear operator

L=A —cody +ccosadx + f'(U). (19)
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In what follows, only the derivative of ¢ (i.e. the slope of the “level curve of u”)
appears; therefore set

P(X) = ¢'(X). (20)
Equation (14) then becomes (for v(X,Y"), o(X),U(Y))
Lv— (¢ +ccosa o) (U +vy) = —(U"+vyy)p?+ 20vxy
+Q(Y,v) + g(X,Y) inR, xR
<e'w(X,)> = 0 in{X >0} (21)
QD(O) = 07 U(O;-) = 0
Jim o) = T (X, )l =0

where
—Q(Y,v) = f(v+U(Y)) = f(UY)) —vf' (UY))

satisfies Q € C1(R?) with Q(Y,0) = 0, D,Q(Y,0) = 0. The norm of the function
v(X,-) is the norm of the function Y — v(X,Y"). As usual, equation (21) splits into
two equations projecting on e* and on its orthogonal.

First, for every X > 0, we project (21) onto U’; hence we get
<e, QX)) +9(X,.) >

e U tn(X,)> T (22)

¢’ (X) + (ccosa+ K(v, 9))p(X) =

p(0) = p(+o0) = 0,
where .
IC(U 4,0) — <e, _(U () + UYY(X7 ))@(X) + 2'UXY()(a ) >
’ <e’, U'()+oy(X,:) >
is well-defined if X is chosen large enough in Step 2.
We define the projection 7 by

<ef,w >

—w— Ty, 23
=T e*, U’ > (23)
Applying 7 to (21), we get
Lo — 7<,027T(U” +oyy) + 20mvxy + 7Q(Y,v) + g + M(v, )0V, (24)
v(0,.) = wv(+o0,.) = 0.

< et —=(U" +uyy)p® + 2uxy e + Q(Y,v) +9(X, ) >

<e*, U +vy >
Our goal is to prove that (22), (24), with unknown (p,v), has a unique solution.
To this end we will apply the Implicit Functions Theorem, and the cornerstone of
the argument is the following step.

_M(Uv @) =

Step 5. Properties of the operator L. For any [ chosen in (0,1), let E denote the
space
E={veC’{X >0}), v(0,.) =v(+00,.) =0, VX >0, <e*,v(X,.) >=0}.

where the space CP({X > 0}) = CP({(X,Y) € R?, X > 0}) has to be understood
as the closure of smooth functions with compact support in {X > 0}, for the Holder

norm.
We wish to prove that L is an isomorphism from C?**A({(X,Y) € R?, X >
0})NE. For f € E, let us first prove the existence of a solution u to

Lu=f, f€E. (25)
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Set
Lip :8yy—608y+f/(U); EOZ{UZU(Y) ECO(R) : <€*,U >= 0} (26)

The operator L;p is sectorial in C°(R) and its spectrum lies in a cone of the left
complex half-plane, bounded away from 0; see Sattinger [17]. Hence we may define
- see, for instance, [14], Chap. 1 - the operator

B— \/_LlD N c%cot2al;
4
it is an isomorphism from D(B)NEy = D(I — L}g) to Ey, and its spectrum lies in
a cone of the right half-plane which is once again bounded away from 0. A solution
to (25) is readily given by (for A = ¢g cot /2 and the function f(X') denoting, for
notational simplicity, the function ¥ — f(X’,Y))

1 X , ,
u()(7 ) — _ie—AXB—l( /O e—(X—X )Be)\X f(X/) dXI
+oo
+ €(X7X/)B€)\le(X/) dx’ (27)

X
+oo
_/ e—(X—‘rX/)Be)\X,f(X/) dX,);
0

and the mapping f +— wu is continuous, due to elliptic estimates. Therefore we only
have to prove the uniqueness. To this end, set f = 0 in (25); let u be a solution.
First, notice that we have the existence of 3 > ¢¢/2 such that

[u(X, V)| < Ce™?;
this simply comes from the maximum principle applied to w in a set of the type
{X >0, [Y]| > A}. If A is large enough we then have indeed f'(U) < 0. Now, the
change of unknown u(X,Y) = e Yv(X,Y) symmetrizes (26) into

2

vxx +ccosa vx + Lipv=0; Lip=dyy + %0 + f(U).

We have now v(X,.) € E, where
E={veCP{X >0}), v(0,.) =v(+00,.) =0, VX >0, <é&*,v(X,.) >=0}
and
e (Y) = eY/2e*(Y).
The space FE, has a similar definition as Fy with e* replaced by €*. Finally, take
p > 0 small and set w(X,Y) = e*Xv(X,Y); the equation for w is

wXX—l—(ccosoz—Qu)wX+(i1D+u2)w=O. (28)

The function w is in every LP, as well as all its derivatives: we may therefore
multiply (28) by w and integrate by parts; taking into account the existence of
k>0 - [17] once again - such that

vw € Fo N HY(R), / ~Lipw w dY > klwlZa ),

we obtain
/ <w§( + (k — /ﬂ)uﬂ) dXdY =0,
X>0

which proves w = 0.
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Step 6. Conclusion. If h(X) € C?(R,) with h(0) = h(+0c0) = 0, then problem
¢ +ccosap="h, ¢0)=p(H+oo)=0

has a unique solution in C'*#(R,), and the mapping h —— ¢ is continuous. As
a consequence, the implicit functions theorem is applicable to (22), (24) - at this
stage it is standard to check that its assumptions hold - to yield a unique small
solution (¢p1,v1) in a ball B of 0 in C**A(R,) x C**P (RT x R). Now, notice that
the size of B does not depend on the translation of the origin that we have chosen,
i.e. the value of Xp; on the other hand, if u is the solution of (1) with “level curve”
{Y = ¢(X)}, Step 1 implies that (', 7(4(X,.+ (X)) —U) € B as long as X is
large enough. Hence

V=1, (X, + (X)) - U) =1

Now, we may also construct a small solution to (22), (24) that decays exponentially
in X: to this end, simply look for a solution (¢,v) under the form (with w small

enough)

X (7).

The effect of this change of variables is simply to modify the coefficients of the linear
part by an amount of w, to replace Q by e “X(Q, and to remove an exponential
decay of order w to the function g. Steps 1 to 5 apply integrally, and yield a small
solution (,7); then once again by uniqueness: (¢1,v1) = e~“X(5,v). Using the
fact that u, is bounded from below on the level set {u = a}, we can estimate the
difference between v and v,, which is exponential. Finally using elliptic estimates
on u, we control the derivatives of u, and we get the exponential estimate on 7.
The estimate for u as stated in Theorem 1 is then a consequence.

This ends the proof of Theorem 1. O

e

2.2. Level sets in dimension N > 3. Let us now turn to the case N > 3, with
cylindrical symmetry. Theorem 2 shows that the behaviour is radically different,
and explains why the level sets of cylindrical solutions of (1) are not asymptotic to
a cone at infinity, but have a logarithmic behaviour. Also, it will be crucial in the
uniqueness proof.

Equation (1) is best expressed in terms of the variables (r = |z|, y); it becomes

Au+ ur—cuy = —f(u), r>0,yeR (29)
Oru(0,y) 0.

Define the rotated variables (X,Y) as

X =rsina—ycosa, Y =rcosa-+ ysina.

Proof of Theorem 2. It goes along the lines of Theorem 1; therefore we will
follow the main steps of the latter and only indicate what changes.
Step 1. In the rotated coordinates, equation (29) becomes
N N -2
u
Xsina+Y cosa

A (sina ux +cosa uy) —c(—cosa ux +sina uy )+ f(u) = 0.

(30)
The definition of 1,(X), as well as equations (10) and (11), remain unchanged.

Step 2. The exponential decay of w in the vertical direction is still valid, as well as
the exponential decays of w, in both directions r and y. Consequently we introduce
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the same function @(r,y) as in the equation following (12); the equation for @ has
the form
At +ccosa iy — csina Uy
N -2

t XXy a1 v, (G coma i ux +eosa uy) + /(@) = g(X.Y)

valid for X > 0 and Y € R. The function ¢ is modified by the addition of the
curvature terms; they do not, however, modify the exponentially small character of

9

In what follows, Xy will be assumed to be large enough so that the function
g(X,Y) is small.

Step 3. Identical to Section 2.1. We retrieve a function 1(X) satisfying (16) and
(18).

Step 4. Same change of coordinates leading to expressions (17) and (19). Also we
use the notation (20): ¢ := 1’; note that

P(X) =0(X) as X — +o0.

As will be clear in the sequel, the function @ will be treated as a datum, whereas
its derivative ¢ will be the real unknown. We may afford to do that because 9(X)
only comes up in expressions of the form aX + ¢¥(X), a > 0; hence it is only a
perturbation. The new system derived from (30) is the following:

(N —2)U’
(X + Xo)sina + (Y + 1a(Xo) + Io(X)) cos o
—(U" + vyy)e? + 2pvxy
+Q(X,p,v) +g(X,Y) inRy xR

Lv — (¢’ + ccosap)U’ =

<e*u(X,)> = 0 in{X >0}
90(0) = 0, U(Ov ) =0
Jm X)) = lim (X, ]| =0,
(31)
where, in order to emphasize the fact that the main unknown is ¢:
X
Io(X) =w(0) + [ o) ax’
0
and
lol + lvllcr m
QX el = O g + el + ol ey
(32)

1+ X

Once again, equation (32) splits into two equations: first, for every X > 0, the
projection onto U’ yields

1
1Dy QX0 len = O — 4 10| + v||c1<R)).

<e*,Qv) + g(X, ) >

/ —
¢+ (ccosa+K(v, 0)p)p = pa(X) + U > (33)
p(0) = ¢(+o0) = 0
where the function p,(X) has the expression

~ (N-2) / e Y (U'(Y))?
<er U > Jp (X + Xo)sina+ (Y + Ip(X)) cosa

Pa(X) = ay; — (34)
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one may check the existence of a universal constant k, > 0 such that
ko 1
pa(X):*erO(X) as X — +oo. (35)

Furthermore, K linear in v, C'! in ¢, and for some small w > 0:
K o) <€+ [ M loyy av) (36)
R

Then, if 7w has the expression (23) we have

Lv = W(Xsinaijfz/}({)())wsa)

—m(U" + vyy)¢? + 2pmoxy + 7Q(v) + g,
still with the condition v(0,.) = v(4o00,.) = 0.

(37)

Step 5. Identical to the step 5 of the proof of Theorem 1.

Step 6. First, one proves the existence of a unique couple (¢,v) in the space of
all bounded, Holder-continuous functions (g, v) such that X (¢o(X),v(X,.)) is also
Holder-continuous. This is done just as in Step 6 of the above proposition, and what
really is of interest to us is (i) the exact decay of p(X), (ii) an estimate ||v(X,.)] oo

1
as O(f) To do this, the only additional step is to set

P(X) = —2 1 1),

ko o . . .
the function X being an asymptotic solution of (33) when K has been set to 0.

It only then suffices to write down system (33-37) in terms of ¢; and v, and
to argue as in the preceding Step 6, but this time in the space of functions (¢, v)

1 1
behaving respectively like O(Y) and O(Y) as X — +o0o. The details from then on

are tedious, but standard and left to the reader. Simply notice that the expression
(27) is especially suited to this purpose. O

3. Uniqueness and classification.

3.1. Uniqueness in dimension N > 3 with cylindrical symmetry. The goal
of this subsection is to prove Theorem 3.

Proof of Theorem 3. At that point we not only have all the benefits of Theorem
2, but from Theorem 1.6 in [12] on general qualitative properties of the solutions,
we know that every bounded, nonconstant and cylindrically symmetric solution
v(z,y) of (1) for some ¢ € R, and satisfying moreover either Hypothesis 1 or 2 is
a solution satisfying the properties (P1)-(P6) stated in Section 1 with ¢ > ¢¢ and
a = arcsin(cg/c) € (0,7/2].

We will compare this solution v to the cylindrical solution u of (1) for the same
angle «, satisfying properties (P1)-(P6) of Section 1: the existence of such a solution
was recalled in Section 1 and proved in [12].

Let us immediately adopt the (r = |z|,y) coordinates; both functions u and v
are solutions of (1) with ¢ = ¢o/sina. We wish to prove the existence of yo € R
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such that u(r,y) = v(r,y + yo). To this end, we use the sliding method (see [5]).
Consider a small 6, € (0,60) such that

36>0: Vse[0,0,] U [1—01,1: f'(s)<—d.
Denote by {(r, ¢(r)), r > 0} (resp. {(r,¥(r)), r > 0}) the level sets {v = 01} (resp.
{v=1-101}). We first claim the existence of a large yo > 0 such that
V(T, y) € R-l— X Rv U(T,y - yO) < ’U(T, y) (38)
Indeed, Theorem 2 being valid for v and v, and the constant k being universal, we
have for some yy € R,
Vr € RJF? (b(’l’) < Y < QZ}(T) = U(T,y - yO) < ’U(Ta y) (39)

Lemmata 1 and 2 in the appendix are then valid and yield (38).

We may now consider the smallest y  such that (38) holds for every yo > Yo
Still from Theorem 2, there is ¢, < t, such that we have the following uniform
convergence results:

I
Q
—
—_
~—

[u(r.y = y,) = Ulrcosa+ysina — klogr + fu)} (40)

[o(r,y) —U(rcosa+ysina — klogr + t,)] = o(1).

Two cases are to be considered.

Case 1. We have t,, < t,. Then there is a small constant d > 0 such that we
have u(r,y —y,) < v(z,y) —d in {¢(r) <y < (r)}. Consequently there is a small
to > 0 such that (39) holds for all yo > Yy, — to- Lemmata 1 and 2 imply that in
fact (38) holds for all yo >y, — to, contradicting the minimality of y,.

Case 2. We have t,, = t,. Arguing as above, we claim the existence of a minimal
Yo such that

VyO 2 gOa V(T‘, y) € R+ X ]Ru u(ny + yO) 2 U(’I’7 y)

At that point, a statement similar to (40) holds, but this time ¢,, < ¢, being replaced
by two different constants s, > s,. If s, > s,, then argue as in Case 1 above. If
Sy = Sy, We have by construction: ¢, =t, = s, = s, and gy = —Yo- This implies in
turn w(r,y + go) = v(r,y). O

3.2. Classification in space dimension N = 2. This subsection is devoted to
the proof of Theorem 4. First, let us recall that we have the following result proved
in Section 2.2 of [12]:

Proposition 1. ([12]) Let v be a bounded and nonconstant solution of (1) on R?
satisfying Hypothesis 3. Then 0 < v < 1 in R?, ¢ > ¢ and each level set {v = \}
(for A € (0,1)) is a graph of a globally Lipschitz function ¢ whose Lipschitz norm
is equal to cot o with oo = arcsin(cg/c) € (0,7/2]. Moreover v is decreasing in any
unit direction (75,7,) € R? such that T, < —cosa, and

lim sup lu(z,y) —1 = 0,
A—+o0, y>A+éi(x)
lim sup lu(z, )] = 0.

A——o00, y<A+¢i(z)
for any éx(x) with X € (0,1) (the same property also holds with ¢ ).

Proof of Theorem 4. Let N = 2, let v be a bounded nonconstant solution of (1)
and assume that Hypothesis 3 is satisfied.



BISTABLE FRONTS WITH LIPSCHITZ GRAPHS 13

Proposition 1 applies and in particular we get that then v(0,y) — 0 as y — —oo.
Since v is nonincreasing in the cone of unit directions 7 with 7, < —cosa, we get
that

lim sup v(z,y) =0.
A——o0, y<A—|z| cot v

Call now u(z,y) = u(—=z,y) the solution of (1) for N = 2 with the same angle
«, satisfying properties (P1)-(P7) stated in Section 1. The existence of such a
solution is proved in [12] (see also an alternative proof in Section 4). The comparison
principle Theorem 1.4 in [10] can then be applied to u = v and @ = u. Therefore,
there exists to € R such that v(x,y) < u(z,y +to) for all (x,y) € R? and

inf (u(z,y+to) —v(z,y)) =0 (41)

y=B—|z|cot a
for all B € R. But

u(x, B —|z|cota+ty) — U((B+tg)sina) >0
{ o(@, B — |z|cota) — vi(B) as x — +oo. (42)
where the limits vy (B) exist because v is nonincreasing in both directions (+ sin «,— cos )
and satisfy vy (B) € [0,1) because v(0, B) < 1. From now on, let us fix B € R, and
define v4 = vy (B). According to the values of v, four cases may occur:

Case 1: v_ = vy = 0. It follows from (41) and (42) that v(zg, yo+to) = u(xo, o)
for some (g, o) € R2. Since both functions v(-,-+t) and u are ordered and satisfy
the same equation (1), the strong maximum principle then yields v(x,y + tg) =
u(z,y) for all (x,y) € R2. This is impossible because of (42).

Case 2: 0 < v_ < 1 and vy = 0. Choose any real number py and call w(z,y) =
u(zx + po, y + po cot ). With the same arguments as previously, there exists then a
real number ¢ = t(pg) such that v(x,y) < w(z,y +t) for all (x,y) € R? and such
that (41) holds, with w instead of u. Since v(z,y) #Z w(x,y + t) and because of the
different asymptotic limits in the direction (sin «, — cos ), it then follows that

v(z, B —|z|cota) —w(x, B — |x|cota+t) — 0 as x — —o0,

whence U((B +t)sina) = v_ = U((B + tg) sina), i.e. t = to.
As a consequence, t =ty does not depend on pg and

v(z,y) < u(x + po,y + pocot a+ ty)

for all (z,y) € R? and py € R. Passing to the limit as pg — —oo implies, that
v(z,y) < U(—zcosa + ysina) for all (z,y) € R?.

On the other hand, since u is nonincreasing in the direction (—sin«, — cosa),
one gets that

v(z,y) > lim v(x+r,,y— |ra|cota) = V(—zcosa + ysina).

v
Because V satisfies V" — coV' + f(V) = 0, V(4+00) = 1,V (—o00) = 0, we deduce
that V(—zcosa + ysina) = U(—zcosa + ysina + t_) for some t_ € R. We then
redefine the coordinates Y = —zcosa + ysina and X = —zsina — ycosa, and
denoting v(z,y) by v(X,Y) (with a slight abuse of notations), we remark that v

satisfies

limsup [|v(X,Y)—-1] = 0,
A—+4oo, Y>A o
limsup |v(X,Y)] = 0

A——oco, Y<A
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and v satisfies in coordinates (X,Y) an equation similar to (1) with different first
order terms. Then from Theorem 2 in [3], we get that v(X,Y) only depends on Y,
and then one concludes that

Y(z,y) € R?, w(z,y) =U(—zcosa+ysina+1t_).

Case 30 v— = 0, 0 < vy < 1. The same arguments as in Case 2 yield the
existence of t; € R such that v(z,y) = U(zcosa + ysina +t,) for all (z,y) € R?
and some ¢4 € R.

Case 4: 0 < vy < 1. It then follows that

sup | (z) + |x| cot af < o0
z€eR

for all A € (0,1). Hence from Proposition 1, the function v satisfies (3) with

¢(x) = —|z|cot o, namely v satisfies (4). Then from Theorem 1.1 of [12], one
concludes that v is unique, and then equal (up to a shift) to the solution w.
That completes the proof of Theorem 4. O

4. An existence result in dimension N = 2 via a continuation method.
In this section, we give an alternative proof of the existence of solutions of (1)
satisfying properties (P1)-(P7) stated in Section 1, in dimension N = 2.

Proposition 2. There exists € > 0 such that, for all o« € [n/2—¢e,7/2], problem (1),
(4) has a solution (c,u), where ¢ = ¢o/sina and u satisfies all properties (P1)-(P7)
stated in Section 1.

Proof. This is one of the simplest cases of a paper by Haragus and Scheel [13]; see
also Fife [8]. Let us give a brief account of what happens: Theorem 1 of [13] yields,
for & < m/2 close enough to m/2, the existence of a solution u(z,y) = a(|x|,y) of
(1) of the form
w(@,y) = Uy +&(x)) + v(z,y)
with -
1€ + ol = OCF @), _lim_€(a) = Feota

From the results in Section 2 in [12] and from Theorem 1, one has ¢ = ¢/ sina
and wu satisfies all properties (P1)-(P7) stated in Section 1. Proposition 2.1 in [12]
implies that w is therefore the unique (up to shift) solution of (1), (4) with the
reference angle a. |

Proposition 3. Let . € (0,7/2) be given and assume that there exists a solution
(co/sinax,u) of (1), (4), satisfying properties (P1)-(P7) stated in Section 1 with
angle o*. Then there exists 69 > 0 such that, for all a € [ — o, s + o], problem
(1), (4) has a solution (c,u) = (co/sina, u) satisfying properties (P1)-(P7).

Proof. For the sake of simplicity, set
co
NLy(u) = Au— ——0 .
(w) = B~ = du+ f(u)

Let us give ourselves some «, € (0,7/2) for which there exists a nontrivial
solution wu,(x,y) of NL,, (u) = 0 with the conical boundary conditions (4) at o =
.. Let us consider a function h(z), smooth and nondecreasing, such that h(0) = 0,
h=-1in (—oo,—1] and h =1 in [1,+00). Consider some small |§] with § € R.

We define the transformation T = (11, T3) of the plane R? as follows:

T (z,y) = xcosd + yh(x)sind
Tr(x,y) = —=zh(x)sind + ycosd



BISTABLE FRONTS WITH LIPSCHITZ GRAPHS 15

and we look for a solution under the form
u(z,y) = u(T(z,y)) +v(z,y) = Az, y) + v(z,y) with [v(z,y)| = O(e IV

for some small w > 0. Notice that the function @ has the right conical conditions
(4) with angle a, + 0 at infinity: the transformation 7" brings the level lines of
asymptotic slopes =+ cot(au + J) to level lines of asymptotic slope =+ cot .

Let us evaluate N L,, 5(@); for that we consider the cases 0 <z <1 and = > 1;
the remaining cases following from symmetry of u, with respect to the y axis.
1. 0 < x < 1. By elementary algebra, we have

NLo, 150 = 0 [ki1(2, )02, us + k12(2,y) 02, us + k2 2(2,y)0), s
+k1 (Z‘, y)axu* + kQ (Z’, y)ayu*]7

where u, = u.(T(z,9)), kij and k; belong to C1([0, 1] x R,R) and satisfy |k;;(z,y)],
|ki(z,y)| < C1 + Caly| in [0,1] x R for some constants C; and Cy. From standard
elliptic estimates and Lemmata 2.16 and 2.17 in [12], the following exponential
bounds hold:

IN Ly, stz y)| < Clole™ W < ¢'|8le=2*I@W] in [0,1] x R (43)

for some small w > 0 and for some constants C' and C".
2. x > 1. Then h(z) = 1 and it is straightforward to check that

cosind

NLa u = — i *y *) " * T s
ool S, sin(a, £ 0) (sin o, — cos o) - Vui (T'(z, y))
copsind
= - * T ) )
sin a, sin(a, + 0) Oxux(T(,y))

where the rotated variables (X,Y") are defined as in (5) with «,. It follows from
Theorem 1 that, for a possibly smaller w > 0:

INLa, 45| < |6]Ce X < ¢7|5le2l )

as long as X remains outside a cone of axis the Y axis with small aperture. However,
for such a cone, estimate (43) is valid because of Lemmata 2.16 and 2.17 in [12].
Let L be the linearized operator around u.:

Co

L=A—-cdy+ f'(uy) =A— Oy + [ (us).

SIN vy
Equation NL,,, +s(u) = 0 with the conical asymptotic conditions (4) at « = o, + 6
reduces to

Lv = q(w,y,0)0* +6f.(z,y),  v(w,y) = O™V} as |(2,y)| — +oo.  (44)

Here the function ¢ is C'*, bounded as well as its derivatives on R? x [—1,1] and the
function f, belongs to the space

E = {w e BUC(R?), e*I@¥ly e BUC(R?)},

where BUC stands for the set of bounded uniformly continuous functions. From the
arguments used in [11], L is an isomorphism from its domain D(L) N E to E. This
allows the application of the implicit functions theorem to equation (44). Hence,
there exists dg € (0,7/2 — ) such that for all |§| < §p, there is a solution u of
NL,, +s(u) = 0 with the conical conditions (4) with angle o = av + 9 (this solution
then satisfies all properties (P1)-(P7) stated in Section 1, from Proposition 2.1 in
[12]). O
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Proposition 4. Let (an)nen be a sequence in (0,7/2) such that oy, — o € (0,7/2)
as n — +4oo. Assume that, for each n € N, problem (1), (4) has a solution
(co/sin g, uy) satisfying all properties (P1)-(P7) stated in Section 1 with angle ou,.
Then problem (1), (4) has a solution (co/sina,w) satisfying properties (P1)-(P7)
with angle o.

Proof. Remember that each function u, is even in x, and is such that d,u, (x,y) >
0 for all z > 0 and y € R. Furthermore, each u,, is decreasing in any unit direction
(T2, Ty) such that 7, < — cos ay,. One can also assume up to shift in y that v, (0,0) =
0/2.

Up to extraction of some subsequence, the functions u,, converge in C? (R?) to
a solution 0 < u < 1 of (1) with the speed ¢ = ¢y/ sin a. Furthermore, 4(0,0) = 6/2
(the strong maximum principle then implies that 0 < u < 1 in R?), u is even in ,
Ozu(z,y) > 0 for all y € R and « > 0, and w is nonincreasing in any unit direction
(Tz,Ty) such that 7, < —cosa. It then follows that Hypothesis 2 is satisfied and
Theorems 1.6 in [12] and 1 above imply that u solves problem (1) and all properties
(P1)-(P7) stated in Section 1. 0

Let us now turn to the
Proof of the existence of solutions of (1) satisfying (P1)-(P7). Call

a, = inf {« € (0,7/2], problem (1), (4) has a solution (c,u) for all o’ € [, 7/2]}.

From Proposition 2.1 in [12], any solution (¢, u) of (1), (4) with an angle a € (0, 7/2]
satisfies all properties (P1)-(P7) stated in Section 1, up to shift in variables (z,y).
It then follows from Propositions 2, 3 and 4 that a, = 0. More precisely, for each
« € (0,7/2], problem (1), (4) has a solution (¢, u) with 0 < v < 1 and Proposition
2.1 in [12] implies that ¢ = ¢/ sin o, and that w is unique up to a shift in the (z,y)
variables and satisfies all properties (P1)-(P7). O

5. Appendix: some comparison results. Trivial adaptations from dimension
N =2 to dimension N > 2 of Lemmata 2.6 and 2.7 in [12] (see also Lemmata 5.1
and 5.2 in [10]) allow us to get the following results:

Lemma 1. Let u and @ be two bounded C*P functions (with 8 > 0) in the set Q,
where Q = {y > ¢(x)} for some globally Lipschitz-continuous function ¢, satisfying

Au — cOyu+ g(u) > Au — cdyu+ g(u) in €,

u < on 0 and iminf o, o y>a4¢() (W(T,y) —u(x,y)) > 0. Furthermore, as-
sume that there exists p € R such that g is Lipschitz continuous on R, nonincreasing
on [p,+00), andw > p in Q. Then u <@ in .

Lemma 2. Let u and u be two bounded C*P functions (with 3 > 0) in the set Q,
where Q = {y < ¢(x)} for some globally Lipschitz-continuous function ¢, satisfying

Au — cOyu+ g(u) > Au — coyu+ g(u) in Q,

u <@ on I and imsupy_,_ o ,<atez) (W(®,y) —U(z,y)) < 0. Furthermore,
one assumes that there exists p € R such that g is Lipschitz continuous on R,
nonincreasing on (—oo, p], and u < p in Q. Then u <7u in Q.
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