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ABSTRACT. In this paper, we consider diagonal hyperbolic systems with mono-
tone continuous initial data. We propose a natural semi-explicit and upwind
first order scheme. Under a certain non-negativity condition on the Jacobian
matrix of the velocities of the system, there is a gradient entropy estimate for
the hyperbolic system. We show that our scheme enjoys a similar gradient
entropy estimate at the discrete level. This property allows us to prove the
convergence of the scheme.

1. INTRODUCTION

In this paper, we are interested in diagonal hyperbolic systems with monotone
continuous initial data, and in their discretization. In a first subsection, we present
our framework for such hyperbolic systems. In a second subsection, we propose
a natural semi-explicit scheme. In a third subsection we give our main results,
including the convergence of the scheme. In a fourth subsection, we recall the
related literature. Finally, in a fifth subsection, we give the organization of the

paper.

1.1. The continuous problem. Let us consider the following diagonal hyperbolic
system (in nonconservative form). Let u : R x [0, 7] — R? be a solution of:

ou ou

(1) a0 T AW, =0 D((0,400) xR)
with initial data
(2) w(0,) =uf, for a=1,..d

In order to specify our conditions on the initial data, it will be useful to recall
the definition of the Zygmund space:

Llog L(R) = {w € L*(R), /R|w|1n(e + |w]) < +oo}

which is a Banach space with the norm

WL 10g L(r) = Inf > 0, 7|w| In e—l——'w' <1
g L(R) H
R M [

Key words and phrases. Semi-explicit upwind scheme, diagonal hyperbolic systems, gradient
entropy estimate, monotone initial data.
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¥ (u§)e € Llog L(R) for a=1,..,d

In particular such initial data is continuous.

Then we will assume that the initial data satisfies
{ u§  is bounded and non-decreasing,

We equip from now on the vector space R? with the 1-norm |u| = Zi:l |u®].
We assume that

(4) X € CYR;R?Y)  with A globally Lipschitz continuous

with a Lipschitz constant Lip(A). In addition, the symmetric part of the jacobian
matrix of X is supposed to be non negative in the following sense:

«
(5) Z £afg%(u) >0 forevery &= (£1,...,&4) € [0,+00)4, ueR?
a,B=1,...,.d

where we notice that this inequality is required only for a subset of vectors & €
R? with non negative coordinates. When d = 1, this condition for Burgers type
equations ensures that solutions associated to non decreasing and continuous initial
data will stay continuous for all positive times. Under assumption (5) for d > 1,
we can recover a similar property: it is possible to show that the solutions formally
satisfy the following inequality

d
d
_ O(l « <
(6) ﬁégywmn_o

Indeed, we refer the reader to Theorem 1.1 and Remark 1.4 in [10], for a precise
statement. In some cases (in particular to ensure the uniqueness of the solution),
we will also assume that the system is strictly hyperbolic, i.e. )\ satisfies:

(7) A1) < \*THu) for a=1,..,d—1

We also define the total variation of u at time 7 on the open interval (a,b):

b
TV[u(r);(a,b)] = sup Z / —u® (1, x) 5 (x)dx
a=1,...,d" %

where the supremum is taken over the set of functions p® € C!(a,b) satisfying
lo*(z)] < 1 for x € (a,b) and o = 1,...,d. In the particular case where for each
a =1,...,d, the function u®(7, -) belongs to Wlf)cl (R) and is non decreasing in space,
then we simply have

b
TVu(r);(a,b)] = / |ug (7, z)|dx = |u(1,b) —u(r,a)]

a

In the special case where (a,b) = R, we will simply write TV [u(7)].

Definition 1.1 (Continuous vanishing viscosity solutions). A function u €
[C(]0,4+00) x R)]? is a continuous vanishing viscosity solution of system (1)-(2) if
u solves (1)-(2) and if the following integral estimate holds.

There exist constants C, v, n > 0 such that, for every T > 0 and a < £ < b, with
b—a <, one has the tame estimate

b—~h
) timsup [ u(r o he) - Uy (0)lds < C(2V]a(): a.0)
h—0+ a+~h
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where Uy(ry;r¢ s the solution of the linear hyperbolic Cauchy problem with frozen
constant coefficients:
ow* ow®

ot + A%(u(r, f))%

This definition is in El Hajj, Monneau [11] and is an adaptation of the definition
of Bianchini, Bressan [3] (see also in the book of Dafermos [8] and the tame oscil-
lation estimate for solutions constructed with the Front tracking method; this last
estimate is related but less precise than the tame estimate (8)).

We then recall the following result (see Theorem 1.1 and Remark 1.4 in [10],[11]).

=0, withw*(0,z)=u(t,x).

Theorem 1.2. (Existence, uniqueness)

Assume that initial data satisfies (3), and that X satisfies (4) and (5).

i) (Existence) Then there exists a function u € (C([0,400) x R))* with u, €
(L>((0,+00); Llog L(R))?, which is a continuous vanishing viscosity solution of
(1)-(2) in the sense of Definition 1.1.

ii) (Uniqueness) If moreover the system is strictly hyperbolic, i.e. X safisties (7),
then there is uniqueness of the continuous vanishing viscosity solution u of (1)-(2)
in the sense of definition 1.1.

1.2. The semi-explicit discretization. To recover these properties on the dis-
crete level, we consider a time step At > 0 and a space step Az > 0 and consider
u;"™ as an approximation of u®(nAt,iAz). We propose the following semi-explicit
discretization of the system:

a,n+1 a,n a,n a,n
c —u us"r — ot
o A () <l+1A ! > =0 if A*(u) <0
x
Vo € {1, ey d}7 u?,nJrl - u;l,n e (un+1) uioz,n - u;l_,q o i )\a(un—i_l) -
At ¢ Az ¢ -

It is a first-order upwind formulation, with the velocity A(u) being implicit in time.
We denote

AP = (gt

A& as follows:

and we define its positive and negative parts ()\?""'H)Jr and (
1 1

s+l mtl n+1 ntl n+1 n+1

Py = SOPT ST, )= Z(Ae g

Both (A% ™), and (A" ™!)_ are positive real numbers. We can write the scheme
in a more compact form:

,n+1 s ) , , s
At ' - Az ¢ + Ax
In the sequel, we set:
(10) gy — U;S;’q - u?‘?”
ity Az

which is a discrete equivalent of ug.
For a fixed index ig and N € N, we denote

(11) In(ig) ={io — N,...,ig+ N},
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and we define TV [u™; Iy (io)] the total variation of u™ on the set of indices Iy (ip):

d
TVIu"; In(io)] = Z Z lugsh — ug™".

a=1iely(ig)
The total variation of u™ on Z is simply noted TV (u™).

n

1.3. Main results. We suppose that u®
M® < 400, and we denote

is bounded in space by m® > —oo and

d
U= H [m®, M“] and A% = sup|A¥(u)|.

a—1 ucld

We say that u™ € UZ if u! € U for all i € Z. We now introduce two CFL conditions:

(12) gLip(A)TV(u") <1
At 1
(13) E;A <3

We first prove that the semi-explicit scheme has a unique bounded solution at each
time-step.

Theorem 1.3. (Resolution of the semi-explicit scheme on one time step)
Assume that X satisfies (4). Let u™ € U%, and assume that the two CFL conditions
(12) and (13) are satisfied.

i) (Existence)

Then there exists a unique solution u™*t' € U” to the semi-explicit scheme (9).

ii) (Monotonicity)

Moreover if u™ is non-decreasing, i.e. satisfies

upG >u”® forall i€Z, a=1,..d.

+1

then u"™" is also non-decreasing.

Remark 1.4. The resolution of the nonlinear problem boils down to the resolution
of a local fixed point problem at each point x; = iAz. Note also that condition
(12) is satisfied for u™ € U% non decreasing if we have

—Lip(A MY —m* 1.
Lo [ 3 e —me )| <

a=1,...,d
Denoting f(z) = xIn(x), we then prove the following gradient entropy decay:

Theorem 1.5. (Gradient entropy decay) Assume that X satisfies assumptions
(4) and (5). Let us consider an initial data u® € U which is assumed to be non-
decreasing, i.e.

wit >l forall i€Z, a=1,..4d.
and let us consider the solution u™ of scheme (9), assuming the CFL conditions
(12) and (13) for alln > 0. Then 07" (defined in (10)) is non-negative for all
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n € N, and satisfies the following gradient entropy inequality for all ig € Z and
N e N:

d d d
At
I S SIS ED Db SV UATEE D Sl CHNNEL
a=14ieln(ig) a=1ieln(ig) a=1
where In(ig) is defined in (11) and with the entropy flux
(15) Fm = (AL F057) — ST (00
2 2

In particular, formally for N = 400, the flux terms on the boundary disappear
on the right hand side of (14), and we recover (6).

We remark that f can become negative. In order to ensure that every term of
the sum is nonnegative, we define f as follows:

1
(16) W20 J0)= (004 ) 161,(6)
f is continuous, convex and nonnegative. A technical entropy estimate similar to
(14) is obtained on f in Proposition 3.2, and will be used to estimate the Llog L
norm of u, at a discrete level.
Then we have the following

Theorem 1.6. (Convergence of the solution of the scheme)

Assume that initial data wg satisfies (3), and that A satisfies (4) and (5).

Then there ezists a bounded set U such that ug(z) € U for all x € R. Let us set the
initial condition for the scheme

u? = ug(iAz)

and let us consider the solution (u™),>o of the scheme (9) for time step At > 0
and space step Ax > 0 such that the CFL conditions (12) and (13) are satisfied for
alln > 0. Let us call e = (At, Az) and u® the function defined by

u®(nAt,iAz) =u} for neN, ie€Z

Then as € goes to zero, we have the following.

i) (Convergence for a subsequence)

Up to extraction of a subsequence, there exists a continuous vanishing viscosity
solution u of (1)-(2), such that for any compact K C [0,4+00) x R, we have

[u® — UL (kA x(Aez) ) — 0 as € —(0,0)

ii) (Convergence of the whole sequence)

If we assume moreover that X satisfies the strict hyperbolicity condition (7), then the
whole sequence u® converges to the unique continuous vanishing viscosity solution
u of (1)-(2), as € goes to zero.

Remark 1.7. It would be interesting to adapt and extend the theory to the case
where A also depends on (¢, ). At least for the scheme, this is an easy adaptation
to write it. It would also be interesting to extend the convergence of the solution of
the scheme under the assumption of strict hyperbolicity (7) without assuming (5)
as a discrete analogue of Theorem 1.1 in [11].

Remark 1.8. Indeed, we show a slightly better estimate than (8) without the “lim-
sup”, with explicit constants.
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1.4. Literature. For references on hyperbolic systems in non-conservative form,
we refer to the references cited in [10, 11]. Numerical schemes for hyperbolic systems
are mainly written for systems in conservative form which enable to recover the
correct Rankine-Hugoniot shock relations. We refer to [14] for a review of the main
classes of existing schemes. Among these schemes, convergence results are seldom
found for hyperbolic systems.

The Lax-Wendroff theorem [13] shows that if a consistent and conservative nu-
merical scheme converges (in L' with bounded total variation), its limit is a weak
solution to the hyperbolic system. However, in order to obtain convergence of the
scheme, stability is needed, in general in the form of TV-stability. For the scalar
Godunov scheme, convergence is obtained due to its total variation diminishing
(TVD) property. This is no longer the case for systems [14]. Stability can still
be proved for certain special systems of two equations, for instance in [17, 18, 15].
Similar results can be obtained for a class of nonlinear systems with straight-line
fields [5, pp. 102-103]. Nonlinear stability can also be assessed through the use of
invariant domains and entropy inequalities [4], for HLL, HLLC and kinetic solvers
for Euler equations of gas dynamics.

In the case of conservative systems where the initial data has sufficiently small
total variation, Glimm’s random choice method [12] is provably convergent. A
deterministic variant (replacing random with equidistributed sampling) has also
been proved to converge under the same assumptions [16]. We are not aware of
convergence results of numerical schemes for non-conservative hyperbolic systems
with large initial data.

1.5. Outline of the article. This paper is organized as follows. In Section 2,
we prove some preliminary results on the existence of a solution to the scheme
(Theorem 1.3), on the monotonicity and boundedness of the solution, and a discrete
analogue of the tame estimate given in Definition 1.1. We then prove the decrease
of the discrete entropy (Theorem 1.5) in Section 3. In addition, we establish a
similar entropic estimate for the scheme. Finally, in Section 4, we sum up all the
results and prove the convergence of the scheme (Theorem 1.6).

2. PRELIMINARY RESULTS ON THE SCHEME

2.1. Existence and uniqueness of the solution of the semi-explicit scheme.
PROOF OF THEOREM 1.3, PART 1) We define the truncature TA* of A* by A*:

A() i A% (u)] < Ae
TA*(u) = A i A%(u) > A”
CAY i A%(u) < —A®
T is also Lipschitz and Lip(TA) < Lip(A). For v € R%, let us define the function
such that, for all @ € {1,...,d},

Fu’? ul> o ul
17 i—17"i41
o a,n At a a,n a,n a a,n a,n
Fuy,uggl,uyﬂ(v) = JFE ((TA (V))—(ui-m — ;") = (TAY(v)) 4 (ug " = ui—l))

Then the scheme (9) can be written (if u® € U%) as

(17) uTH_l = Fuzl’unil’u?#l (u?“)

7 i
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We observe that, for all u and v in R¢, for all a € {1,...,d},

At

[F up (W) = Fi o, up, (VIS 1A (W) = TA V)] (Judfy = ui™ ] + ™

10

A
e ™ u —
< AxLlp()‘)TV(u Yu—v|

So that F“?vulluu?;l is contractive on R? thanks to CFL condition (12) and Banach
fixed point theorem yields the existence and uniqueness of a solution u of (17) on
R

In addition, due to the CFL condition (13), F,

up, 1( u) is a convex combina-
tion of the u?’, ui’ ; and u?, ; contained in the convex U, so that u = Fg?,u?,l,u;‘*ﬂ (u)
is also in U. Ab TA = X on U, we can conclude that the unique fixed point of equa-

tion (17) is the solution u""’1 of the scheme (9). O

’!'L’Vl
u,u

2.2. Expression of "1, We derive an equation for the evolution of 0 1 in time.

2

Lemma 2.1. (Evolution of 0) Let u;"" be the solution of the semi-explicit scheme
(9). Then H?Jﬁﬂ satisfies the following relation:
2

At

an+l a,n+1 a,n+1 a,n

(18) o2 = (1= ToOEE e+ 0070 ) 0y
At At
+ ?(A?+q+l) 90( : + A7()\@ rH—l) 0;)(_71
PrROOF  With the definition of 8 +1, we observe:
eoz n+l —pon L 20 At U?ﬁﬂ — uf‘jﬁ -~ ﬁu?m—i_l - uiam
+3 | Az At Ax At

Inserting (9) at points x; and x;41, we get equation (18). O

2.3. u" is non-decreasing if u’ is non-decreasing.

Lemma 2.2. (Monotonicity) Let u® € U% be non-decreasing. Assume that A
satisfies (4) and assume the two CFL conditions (12) and (18). Then u™*! is
non-decreasing.

PROOF  In equation (18), the coefficients K% (Afﬂ“), and %(A?’"H)Jr are pos-
itive by definition, Theorem 1.3, part i) ylelds that u™*! is in &/ and using the CFL
condition (13), we obtain that:

(1- Zr@ e+ 08m0) 20

As ui"" is non-decreasing, for all i € Nand 1 < a < d, 9;1"1 > 0, and therefore
2

gt antl

L is non-negative too. This is equivalent to u; non-decreasing. O
2

PROOF OF THEOREM 1.3, PART 11) We simply apply a recursion on n > 0, using
Lemma 2.2. (I
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2.4. u has a non-increasing total variation.

Lemma 2.3. (Total variation decay) Let u™ € U%. Assume that X satisfies (4)
and assume the two CFL conditions (12) and (13). Letig € Z be a fized index and
N € N\{0}. Then:

TV In_1(io)] < TV[u"; In(ig)]
and
(19) TV (") < TV (u") if TV (u™) < +o0

PrROOF  CFL condition (13) allows us to write u{"""

a,n a,n .
w; " and w7y, so that:

as a convex sum of u;"],

At
1 1 e+l 1 :
eyt = e < (1 SR + OB e - )
At +1 At +1
+ Az (Aza-‘rri ) |uz+2 7,+1| + 7(}\04 " )+|u"ix’n - uza—’q

Summing these terms for i € In_1 (i) gives a sum for i € In_1(ig) of |ug; —ui™"|,

and the remaining terms are for ¢ € In(ig)\In_1(ip) with coefficients inferior to 1
due to CFL condition (13). O

2.5. A tame estimate for the scheme. In this subsection, we prove a discrete
analogue to the continuous vanishing viscosity solution given in Definition 1.1 for
the discrete solution u}'.

Proposition 2.4. (Discrete tame estimate) Let u™ € U%. Assume that X sat-
isfies (4) and assume the two CFL conditions (12) and (13). Then the following
holds. Let (ig,no) Z x N be a fized. Let (v™")n>n, be the solution of the explicit dis-
cretization of the linear hyperbolic Cauchy problem with frozen constant coefficients
forn >ng:

v et gy — o afon v " — v
(20) St ) (R ) o (M) =0
with v =u™. Then, for all k € N\{0} such that k < N,
1 d
@) Zl EIZ(' | ufmo R @m0 tR Ag < OLip(A) (TV[u™; In(ig)]) .
a=lieln_k(io

PrROOF Let:

d
a n0+k: a,no+k
E — U5

N('LO)
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Using the schemes (9) and (20), we obtain:
d At
Qg n a,no+k a,no+k
T S D R R L R

a=licln_k_1(io)

d
>0 %(Aa(ug))_u

a=1lieln_;_1(i0)

d
Y o), fu

a=lieln_j-1(io)

a,no+k a,no+k
i+1 S

ano+k | a,notk
i—1 Vi1

d
D DR DR e VR e I B e

a=1licln_r_1(io)

d
At n o no a,noTk T
D DI DN et (O (e e O (IR R T

a=lieln_k_1(io)

CFL condition (13) gives us that 1 — %\)\O‘(uzj")\ is positive. In the right hand
side of the inequality, the first three terms can then be controlled by

d
a,no+k a,no+k| _ 7k
E E : ‘“z Y =In—k

a=1lieln_g(io)
We note that, for all u,v € R%, [(A%(u))_ — (A%(v))_| < [A¥(u) — A\¥(v)| and
[(A%(w))+ — (A%(v)) 4] < |A%(u) — A*(v)]|, and we recall that:
A% (upo ) — A% (uo)| < Lip(A)ufo o — upe
Using the same convexity argument as in Lemma 2.2, it is easy to see that if, for
some K € N\{0}, we have

me(Ix(ip)) <u®™ < M¥(Ik(ig)), forall i€ Ik(ig)
then we have
m& (I (ig)) < u®™tt < M*(Ik(ig)), forall i€ Ix_1(ip)
A straightforward recursion yields that u®motk+l 4s hounded on In—r-1(i0) by
the bounds of u®™ on In(io), my, (In(io)) and My (In(io)). As a result, for all
i€ In—r—1(lo),
A% (o) — A% (uji0)| < Lip(A) M, (In (i0)) — m, (In (i)
< Lip(AN)TV[u"; Iy (io)]
In the end, using Lemma 2.3, we deduce that

TN < TE_, + 2AtLip(A) (TV[u"; In (o))

The result is then obtained through a straightforward recursion on k.

3. THE GRADIENT ENTROPY

In this section, we define f : R™ — R the convex function f(x) = zIn(z).
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3.1. Preparatory lemma.

Lemma 3.1. (Convexity inequality for f) Let ax and 0y be two finite sequences
of non-negative real numbers such that 0 < ), ap < +00. Define:

0= Zakek
k

Then the following inequality holds:

0) <> apf(0r)+0In (Z ak>
k k

PrROOF  As ), ap >0,

Zkaka_ZZlal

is a convex sum of the 6, > 0. Using the convexity of f on R*,

(sm?) <3

Using the expression of f(z) = xIn(x),

Hea) - sa (f(e)‘““ @‘“))

which proves the result. O

3.2. Proof of Theorem 1.5. PROOF For ¢, a and n fixed, Lemma 2.1 gives us

the expression (18) for 67"} "1, Let us remark that the coefficients a; = £¢ (Af‘ﬁ“),
2

and as = £L(A® e

yields:

4 are non-negative by definition, and that CFL condition (13)

At a,m o,
az = (1 - E(()\ZHHM + (A +1)—)) >0

Defining ,uo‘ "t — 1 — (a1 + az + as), let us note that CFL condition (12) joined to
(19) also glves:

At

(22) 1- u“fﬁl =a1+ay+az = (1 ~ Az

1 41
AT = AT )) >0
Using Lemma 3.1 on the convex sum, we obtain:

A
PO < (1= SHO e+ 07 )) 0

At a,n o,n At a,m a,T
+ - FO) + 8T F67)
0> n(1 — jf%“)
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Arranging terms, the expression exhibits a discrete divergence form:
23) FO) < ) + e (8T - 00 s e)
ity S Az \Pif1 irg) T AT I
At a,n+1 a,n a,n+1 a,n
-5 ((Am ) F73) = (O™ )4 p (6 1>)

« n+1 a,n+1
+6.1" In(1 M )

Summing (23) over i € Iy(ip) and over «, the second and third terms cancel and
we obtain:

(24)
d d
D MNULEES S S TIES Sl S NIl
a=1lieln(ip) a=1ieln(ip) a=14ieln(ig)
d
T Ax O; (FiU+N+1 - Fig/—N)

with F"" defined in (15). We observe that In(1 — u) < —p for all 4 < 1, we note
that ua "+ <1 due to (22) and we recall that 92’_@‘1 is non-negative, so that
2

d
SIDSINCEIED SIS SINIIUIED i SIS

a= 1’L€1N 20) Oé:liEIN(io) a= 1Z€IN(’LO

Now by definition:

o, At (03 n (0% n
pe = A () = A (upth)

z-‘r—
a/\a n—i—l n+1 n+1 Bn+1 ﬁ,n—i—l d
Z 5u,6 +r(ul] —uh) - (uT —w )dr

So that, summing over o and using the definition of ' +" :
2

1
«@ n+1 « n+1 n+1 n+1 n+1 . n+1 >
(25) § :u 02 At/o (VA( +7Az07}) 9i+%) 07t dr >0

where we have used assumption (5). In the end, we obtain the gradient entropy
decay:

d
2 2 SO S

a=14ieln(ig)

HM&

d
) = 5 Y i F)
z+2 Azx 10+N+1 io—N

elyn a=1
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3.3. Gradient entropy estimate. As f is negative for # € (0,1), we use the
following similar result on f as defined in (16) in order to have a discrete estimate
on u, in the Llog L norm:

Proposition 3.2. (Gradient entropy estimate for the scheme) Under the
assumptions of Theorem 1.5, we have

d d
SN f(el.“f;“)A:c <> FO77) Az + Ot
a=1 i€z a=1i€Z
if the right hand side is finite, with C = CodLip(A)TV (u°) where Cy = ﬁ

In order to prove this result, we first need two technical lemmata on f , analogous
to Lemma 3.1.

Lemma 3.3. (Technical estimate) Let ~,, > 1. There exists a non-negative
function g(8,7) and a constant C,,, > 0 (depending only on v,,) such that, for all
0 >0 and vy € (0,vm),

- (0 1- 1
(26) F(2) 2 20) - L. nmo)
and:
TYm — 1
‘079(0’7)|<Cm eln(’ym)

Proor We detail the four cases:
Case A: %Z%andQE%.
We have for v # 1:

m%w <f<o> —F (j)) o1 Yn@;
We then set for any v > 0:
(27) 9(6,7) = (9 B iYn(_VDJr

This implies (26) for v > 1. As v € (0,7vm), and % is non-negative
increasing, we get

1y, —1
_ < Z
0~ 9(6.7)] < 2 15—
Now for v < 1, we have
1v—1 1
—0— -l >40,1)=60— - >
9(6,7) =10 61n(v)_g(&) 0--20

This shows that (26) still holds for 0 < vy < 1.
CaseB:%Z%and9<%.
Then we have 0 < v < 1 and
e 1= 1 1 1
f()—f(‘)z&lng—ﬁln’y—k
2) = 27(0) = Z0m(®) - ~0m(n) +
1 1y—1 1
>——0ln(y)+ ——=——g(0,v) In(y
“0n() + 1 = —2g(0.9) ()
for ¢g(0,) defined in (27).
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Case C: %adﬁz

Q\»—A

0~
Y
~(0 1 1
f<> ~2F0) > ——6m
5 7() 5 ()
We take g(6,v) = 6 > 0 in this case.

Case D: %<éand9<%.
- /0 1~
f<) ~Lio)=0
v v

We take g(6,v) = 0 in this case, and we check that:
0 —g(6,7)]=0<
O

Lemma 3.4. (Convexity inequality for f) Let ay, and 0 be two finite sequences
of non-negative real numbers such that 0 < )", ap < 2. Define:

0= Zakek
k

Then the following inequality holds:

0) < Zakf(ﬁk) +g <0,Zak> In <Zak>
k k k

where g(0,7) is given by Lemma 3.3 for v, = 2.

PRrROOF  The proof is an adaptation of the proof of Lemma 3.1 with v = )", ax,
using Lemma 3.3 in the convexity inequality for f. ([l

PROOF OF PROPOSITION 3.2  The proof can be directly adapted from the proof
of Theorem 1.5. We observe that due to CFL condition (12), 1 — u" "H € (0,2).

Using Lemma 3.3, we obtain the analogue of (24):
d d
D FOTh <> > Fe)+ 3 S ORI
a=1 i€Z a=1 1€Z a=1i€Z
As g is non-negative, and In(1 — ) < —p for all p < 1,

d d d
DDA ED ) DFCAAED DO WU B i it

a=1i€L a=1 i€z a=1 i€z
Using Lemma 3.3, we have [0 — g(0,7)| < Cb, for all § > 0 and v € (0,2) with
Ym = 2. Using equation (25),

d d
DI BHUADED DD BT +CzZZ| |
a=11i€Z a=11i€Z a=11i€Z
As M?-i-?_l & (>\?_£+1 A& we get

d
SO S I < A LTV ()

a=1i€Z
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Using Lemma 2.3, we deduce

d
SN < 30 ST F05) + Cad R LTV ().
i€ZL

a=11i€Z a=1

4. CONVERGENCE
4.1. Preliminaries. We recall the following result (see Lemma 3.2 in [10])

Lemma 4.1. (Llog L estimate) )
If w € LY*(R) is a non negative function, then Jg fw) < 400 if and only if w €
Llog L(R). Moreover we have the following estimates

(28) / flw) <1+ W[z 10 L&) + W] L1 @) In (1 + WL 10g L(R))
R

(20) \wm“®s1+muwmu+ﬁ+/fm>
R

Remark 4.2. (Idea of the proof of Lemma 4.1)
Recall that the proof follows from the following inequalities (for p € (0,1] and
w > 0)
fw) <wln(e + pw) +w|np| with 1/p =1+ [|w]|L10g L
and
win(e +w) <1+ win(l + %) + f(w)

We can easily check the following result:

Lemma 4.3. (Trivial estimate)
For any v > 1 and 0 > 0, we have

(30) F(y0) <7 f(8) + 6 (v)
We recall the following result (see Lemma 4.3 in [10])

Lemma 4.4. (Modulus of continuity)
Let T > 0. Assume that v € L*((0,+00) x R) such that

|Ve| oo ((0,7): L 1og L(R)) T+ Vel Loo ((0,7):L 10g L(R)) < C1
Then for all 6,h >0, and all (t,z) € (0,7 — h) x R, we have

1 1
t4hox+0) —o(t,z)| < 6C
[t + b2+ 6) — vt 2)] < 1<mu+;)+mu+§0

We will state a convergence result in the linear case which will be used later
to establish the tame estimate (8) (see Step 4 of the proof of Theorem 1.6). We
consider a scalar function v solution of a linear transport equation

(31) v+ A, =0 on (0,+00) xR
where A0 is a real constant and with initial data

(32) v(0,+) =g
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We then consider a solution v™ of an upwind scheme

(33)
ntl _ n no_qgn no_ gn
%,()\E)_ <U’+1Axvl)+()\6)+ <U’A;1—1>0’ for i€Z, n>0
where \¢ is a real constant with initial data
(34) v} =vf

Proposition 4.5. (Convergence for the linear scheme)

We consider a solution v of (31)-(32) with vg € BUC(R) (the space of bounded and
uniformly continuous functions). We set € = (At, Ax) and consider the solution
v™ to the scheme (33)-(34) for the CFL condition

Az
27 S e
At = X
We set t,, = nAt, x; = iAx and assume that
IA° =A% =0 and sup|vi —wvo(zi)] =0 as €—0
i€z

Then for any compact set K C [0,4+00) x R, we have with v¢(t,,z;) = v}

?

[V — | Lo (kAN x (Azz)) — 0 as € —0

PROOF OF PROPOSITION 4.5  For a viscosity solution v, this is an easy adaptation
of the general convergence result of Barles, Souganidis [2]. It is also easy to check
that the limit of the scheme (or directly that v) is also a solution in the sense of
distributions. ]

Proposition 4.6. (Weak-+ compactness)
We consider a sequence of functions 0° satisfying for some T > 0

10°(t, )21 (r) +/]Rf(9€(t,-)) < My forae te(0,T)

with M7 a constant independent of €. Then there exists a function 6 and a constant
Cr = C(Mr) such that

(35) 16t,) 12y + /R fO) < Cr forae. te(0,T)

such that for any function ¢ € C.((0,+00) xR) (space of continuous functions with
compact support), we have

(36) / 0° p — 0o as e—0.
(0,400) xR (0,400)xR

FIRST PROOF OF PROPOSITION 4.6  We follow here the lines of the proofs given
in [9]. We consider ¢ with support in (0,7) x I with I a bounded interval. We
recall that Llog L(I) is defined as Llog L(R) with R replaced by the interval I. It
is known that Llog L(I) is the dual of Ee.p,(I) C L*(I) (see Thm 8.16, 8.18, 8.20
in Adams [1]). Therefore L>((0,T); Llog L(I)) is the dual of L'((0,T); Eeyp(I))
(see Thm 1.4.19 page 17 in Cazenave, Haraux [7]). Moreover L' ((0,T); Eeyp(I)) C
LY((0,T); L>=(1)). From (29), we deduce that

10| Lo ((0,7):L 108 L(1)) < CT.1
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By general weak-* compactness (see Brezis [6]), we deduce that for a subsequence,
there exists a limit 6 (which a priori depends on the compact [0, 7] x I, but can be
chosen independent a posteriori by a classical diagonal extraction argument) such
that (36) holds. Finally, (35) follows from Lemma 4.1. O

SECOND PROOF OF PROPOSITION 4.6  We follow the lines of the proofs given in
[10]. We recall that from (29), we have
10| Loo ((0,1);L 108 L(1)) < C11
and then using the analogue of Lemma 4.1 on
A:=(0,T)x1I
(see Remark 4.2 for its justification), we have
05 L10g L(a) < Cr
for some new constant C7; > 0. It is known (see page 234 in Adams [1]), that
there is a Holder inequality for the Orlicz space Llog L(A) (with a constant C
independent on A):
[luv|| 1 ay < CllullL1og Lyl IVl Ex P(a)
with
[[vl|Expa) = inf{)\ >0, /(@‘LAI -1 < 1}
A
Applying this to u = 6° and v = 1, we get that for any measurable set B C A
O//
0°|| <
1%l < 177
This shows that the sequence 6° is uniformly integrable on A, and we can then

apply the Dunford-Pettis theorem (see Brezis [6]), which shows that (6°). is weakly
compact in L*(A), i.e. for any ¢ € L>°(A), we have

/F)Egaﬁ/é)go
A A

for some function § € L'(A). In particular this proves Proposition 4.6. O

with " = CCh;

4.2. Proof of Theorem 1.6.
PrROOF  We define S” the discrete entropy estimate:

d
EE WA
a=11i€Z

Step 1: estimate on SO
Using the convexity of f, we have with z; = iAx

Forey = (5 [ ) < 52 [ A

This implies that
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where we have used (28) to estimate

Co = Z {1+ 1(ud)alL10g L) + 1(Wd)z| @) In (14 |(u§)alr10g L)) }
a=1,...,d

Step 2: Estimates on the Q' extension u®
We set z; = iAx and t,, = nAt. Now for e = (At, Az), we define the Q! extension
of the function defined on the grid, for any (¢,x) € [tn, tnt1] X [T, Zit1], by

. [t —1n T — T n+l T ntl
n 1_t—tn T — T w4 1_x—a:i "
At Ax 1 Ax ‘

Step 2.1: Estimate on u;
We have for (¢, ) € [tn, tny1] X (T4, Tit1)

5 _ t— n+1 t— tn n
(38) u (t,x) = ( A7 )9 1t ( At )OH—;
and then using the convexity of f
FYSoNGY L=1n n+10¢ L=ty Frpn,a
AT — ’

and then for t € [t,, t,11], we get
tn n+1 t—1n Qn Q0
— <
(39) E /f ( t)S +<1 t)S S+ Ct

where we have used Proposition 3.2 for the last inequality.
Step 2.2: Estimate on uj
Let us define

T
’ At
We have for (t,2) € (tn, tnt1) X [Ti; Tit1]

(40)

- — T n+3 T — X m% < T — T
fuzl = ‘( Az ) 1+1+< Az )T’ —\ Az
Then using the monotonicity and convexity of f , we get
1 E,a < T —T; "( ) 1_x_33i *( ﬁ+%,a
Feeh < (“52) £ (1= 225 i (|
We recall that from the scheme we have with A\ = \(u*)

n+3,o n [e% mn,0 n [e% mn,o
(41) T = ()L "+ O they 0

n+2
z+1

) <7 (-

and also recall the bound (Theorem 1.3 shows that u?*! € )
IAPTLY) < M with M = max (A%, 1)
Therefore applying (30), and using the monotonicity of f , we get

Flre)) = o {mfory) + o fon
+

3

n+ T —T;
z+12’+( N ) T
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This implies for ¢ € [tn, tny1]

/ > F(uptl) < 4aMS + Af(M > oo Ax

a=1,...,d a:l, . d €L
We also recall the bound (u? € U)
d
(42) | < Mo/(2d) with My =2d Y max (jm®|,[M*])
a=1

which implies (using the monotonicity in z of u®)

(43) Z [ug | Lo ((0,1);21 (R)) < Mo
a=1,...,d
and
(44) [ X Fupm) < amE+ oo+ afon,
Ro=1,..d
Moreover, using (40), (4 ) and (43) we deduce that
(45) Z [ug ™| Lo ((0,1),01 (R)) < M M.
a=1,...,d

Step 3: Extraction of a convergent subsequence of u®
From (43), (45), (39), (44) and the bound on S° given in step 1, we see that for
any T > 0, we get the existence of a constant C1 such that

> Al = omyzios @) + Uy |0,y 108 L@ } < Or
a=1,...,d

where we have used (29) to estimate the Llog L norm with moreover (43). We also

notice that
Z \ue’o‘| < M0/2
a=1,...,d

We can then apply Lemma 4.4 to get that for any (¢,z) € (0,7 — h) x R, we have

1 1
|[us*(t + h,x + ) —u™*(t,x)| < 6Cr ( + )
a:;.7d In(1 + %) In(1 + %)

Therefore by Ascoli-Arzela theorem, we can extract a subsequence (still denoted by
u®) which converges to a limit function u on every compact set K of [0, +00) x R.
In particular, we see that the limit function u satisfies the initial condition:

u(0,-) = ug

Moreover the limit u still satisfies

1 1
|“a(t+h,$+5)—ua(t,x)|§6CT< i )
a=;.,d In(1+4) In(1+4%)

Step 4: Tame estimate for u
We want to prove (8). To this end, we consider a big compact K such that the set

T={z>a+~yt-71)}n{z<b—ryt—-—71)}N{t>71}

is in the interior of K. For any ¢ = (At, Ax), we consider ig € Z and N € N such
that

[Tig—(N—2), Tig+(N—2)] C [a,b] C [2i—N, Tig+N]
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We consider ng € N and k € N\ {0} such that for 7, = 7 + h we have
T E [tno’tno-‘rl) and 7, € [tno-ﬁ-kvtno-‘rk-‘rl}
We recall from (21) that we have

no+k,a no+k,a
km Z Do e =y

di€In_k (o)

ip(A) (TV[u"; I (io)])*

We recall that from Step 3, we have for (¢, ) € [tno+k, tng+k+1] X (T4, Tit1]

1 1
uf ot —u (t, )| < 6Cy ( + )+ |5 = Lo (ren((amm) x (Aaz
:1Zd TSRS :lzd (KN((AHN)x (AaZ))

Using Proposition 4.5, this implies in particular that as ¢ — (0,0)

b'yh

ﬁ Z Z |un0+k a_ n0+k‘ YAz - Z / *(14h, z)—v*(T+h, x)|dx

a=1,...,di€ln_(io) +rh
with (at least for a subsequence)
kAt — h, kAx — vh

where 7 can be choosen bounded in order to satisfy the CFL conditions (notice
that + is also bounded from below, also because of the CFL conditions). On the
other hand, we have

TVu";In(ig)] = Z w1 — Ui N
a=1,...,d
and for the same reasons as previously, we get in particular that
TV[u"; In(ig)] — Z |u®(7,0) —u(1,a)| = TV[u(r,-); (a,b)]
a=1,...,.d

Finally we get

1 b*’yh
B2 [ e i) o 4 a)lds < 2Lip )TVl )i a0, )
a+~vh

which implies (8).

Step 5: Passing to the limit in the PDE

Step 5.1: Preliminaries

From (37) and (41), we have for (t,z) € (tn,tn+1) X (@i, Ti11) with A = X(u(t, z))

xr —x; xr —x;
da, = )by =(1-— !
and a ( Ax ) ( Ax )
wi =, {0+ 0,
b, {—(A?“’“)w?_"i + -6 |
2 2
=2 {wtl 0.0 )

(46) £ {amajf; + b 0™ } + eSOt z)
2

z+1
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with
€, _ _ n+1l,« Y« n,o n+1l,«x _ha n,o
e (t,z) = az{ [O‘i-ﬂ )+ >‘+} 9i+17% + [(Ai-i,-l )- A*] 9i+1+%}
0

= [0 - 5] + [0y -]
]

_1
2

In particular, for any test function ¢ with compact support in K := [0,7] x Br(0),
we have

So[ e <l sup sup A = Au(r,y)
i=1,...,a |7/ [0, +00) xR (TyY)EK \[tny1—T|<AL, |z —y|<Az

where we have used (42). From the uniform convergence of u® on compact sets, we
deduce in particular that

e 50 in D'((0,4+00) x R)

Step 5.2: Introduction of 6
We define the function 6°¢ as

o°(t,x) = 0?+% for (t,x) € [tn,tnt1) X @i, Tit1)

From Proposition 4.6, we know that there exists a limit 0 such that for any test
function ¢ (smooth with compact support in (0,7) x I), we have

/ 6°-p— 0-p
(0,400) xR (0,400) xR

From (46), we also have with a, = & — LéJ, by =1—a,
up — 5% = AT {an 05 + 0,07 (-, - — Ax) 4+ A2 {ax05% (-, - + Ax) + 0,605}
Then

A _/ (u&a _ es,a) o
- t
(0,400) xR

can be computed as follows

AT = /( - 05 {~a;(A\9) = be(AT9) (-, + Az) + ac (A2 9) (-, — Az) + b (A2 ) }
0,400) X

Let us define

B — / 0= { —a, (M%) — ba(AT ) + an(A% ) + by (A% p) } = A\ g
(0,400) xR (0,400) xR
Then we have
45° — Bee| < (sup (A2 + Aa) <Aiw>|wo,mm) JRGEY
+ (0,T)xR

On the other hand, we have

B5% — —A%p 0
(0,+00) xR
This finally shows that

(47) Va e {1,...,d}, uf + X\*0* =0 in D'((0,+00) x R)
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Step 5.3: Consequence
Starting from (38), we deduce similarly (as in Step 5.2) that

uy* — 0% in D'((0,+00) x R)
Therefore
0=nu,
and from (47), we deduce that
Va e {1,...,d}, uf + \*u% =0 in D'((0,+00) x R)
with u, € L ([0, +00); Llog L(R))%.

loc
Step 6: Convergence of the whole sequence when the limit is unique

When we have moreover condition (7) for strictly hyperbolic systems, we know
that the solution u is unique (among continuous vanishing viscosity solutions).
Therefore, the whole sequence u® converges locally uniformly to its unique limit u.
This ends the proof of the Theorem. O
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