Error estimate for the transition 3d-1d in anisotropic heterogeneous linearized elasticity

R. Monneau^∗, F. Murat^†and A. Sili^‡ 10 juillet 2002

1 Introduction

1.1 Notations

Let ω be a bounded and smooth enough open set of R^2 and I = (0, L). We assume that the origine and the axis are chosen such that ∫ ω x_1dx^′ = ∫ ω x_2dx^′ = ∫ ω x_1x_2dx^′

where we note x^′ = (x_1, x_2). We note x = (x^′, x_3) a point of R^3. We use the greek indices α, β, γ, δ, ..., to take the values 1, 2 (except for ε which will be used as a quantity converging to zero) and the latin indices i, j, k, l, ..., to take the values 1, 2, 3. We use the convention of summation on repeated indices. The notation x^R is used for the vector of R^3 defined by x^R = (−x_2, x_1, 0) and obtained from x by a rotation of the two first components and vanishing

∗CERMICS, Ecole Nationale des Ponts et Chaussées, 6 et 8 avenue Blaise Pascal, Cite Descartes Champs-sur-Marne, F-77455-MARNE-LA-VALLEE Cedex 2, France †Laboratoire d’Analyse Numérique, Université Pierre et Marie Curie, 175, rue du Chevaleret F - 75013 Paris, France

‡Laboratoire d’Analyse Non Linéaire Appliquée, Université de Toulon et du Var, BP 132, 83957 LaGarde Cedex, France

the last component.

We work on the cylinder Ω = ω ×I. We note Σ = ∂ω ×I the lateral boundary of Ω and Γ = ω × {0} ∪ ω × {L} the union of the top and bottom faces of the cylinder.

We define the spaces of real valued functions H^1_b (Ω) = { ϕ ∈ H^1(Ω) : ϕ = 0 on Γ }

H^1_b (I) = { ϕ ∈ H^1(I) : ϕ = 0 on ∂I }

H^2_b (I) = { ϕ ∈ H^2(I) : ϕ = dϕ dx_3 = 0 on ∂I }

H^1_m(ω) = { ψ ∈ H^1(ω) : ∫ ω ψ(x^′)dx^′ = 0 }

We also define the spaces of vectorial functions with values in R^3 BN_b(Ω) = {u : ∃ζ_α ∈ H^2_b (I), u_α(x) = ζ_α(x_3), α = 1, 2 ∃ζ_3 ∈ H^1_b (I), u_3(x) = ζ_3(x_3) − x_α^{dζα}_{dx3} (x_3) }

(where the notation BN is refered to the Bernouilli-Navier displacements), R_b(Ω) = {v : ∃c ∈ H^1_b (I), v_α(x) = c(x_3)x^R_α , α = 1, 2 v_3 ∈ L^2(I; H^1_m(ω))} (where the notation R is refered to the two-dimensional rotations), RD^⊥_2 (Ω) = {w : w_α ∈ L^2(I; H^1_m(ω)), α = 1, 2 ∫ ω (−x_2w_1(x^′, x_3) + x_1w_2(x^′, x_3)) dx^′ = 0 a.e. x_3 ∈ I, w_3(x) = 0} (where the notation RD_2 is refered to the rigid two-dimensional displacements).

Given a displacement ϕ ∈ (D^′(Ω))^3, we note e(ϕ) its symmetrized gradient, i.e. the symmetric tensor in (D^′(Ω))^{3×3}_s with the following components

e_{ij} (ϕ) = 1 2 ( ∂ϕ_j ∂x_i + ∂ϕ_i ∂x_j ) , i, j = 1, 2, 3 We define

E(Ω) = { e ∈ (L^2(Ω))^{3×3}_s : ∃(u, v, w) ∈ BN_b(Ω) × R_b(Ω) × RD^⊥_2 (Ω),

e = ( e_{αβ} (w) e_{α3}(v) e_{α3}(v) e_{33}(u) )}

where we have symbolically noted e_{αβ} (w) for the tensor {e_{αβ} (w) : α, β = 1, 2} of R^{2×2}_s and e_{α3}(v) for the vector {e_{α3}(v), α = 1, 2} of R^2. We can show (see [16]) that BN_b(Ω), R_b(Ω), RD^⊥_2 (Ω) are Hilbert spaces for the norms whose square are given by

||e_{33}(u)||^2_L2_{(Ω)}, ∑ α ||e_{α3}(v)||^2_L2_{(Ω)}, ∑ α,β ||e_{αβ}(w)||^2_L2_{(Ω)}

and that E(Ω), where the square of its norm is chosen equal to the sum of the square of these norms, is a Hilbert space. For ϕ ∈ (D^′(Ω))^3, we define the tensor e^ε(ϕ) by

e^ε(ϕ) = 1 ε^2 e_{αβ} (ϕ) 1 ε e_{α3}(ϕ) 1 ε e_{α3}(ϕ) e_{33}(ϕ)

1.2 Setting of the problem

Let A be a tensor of the forth order, strongly coercive and with L^∞(Ω) coefficients, i.e. which satisfies A_{ijkl} ∈ L^∞(Ω), i, j, k, l = 1, 2, 3

A_{ijkl} = A_{jikl} = A_{ijlk}, i, j, k, l = 1, 2, 3 A_{ijkl}(x)e_{kl}e_{ij} ≥ m ∑ i,j |e_{ij} |^2, p.p.x ∈ Ω, ∀e ∈ R^{3×3}_s for m > 0, and let h ∈ ( L^2(Ω) )_{3×3} s We study the variational problem ∫ Ω A(x)e^ε(u^ε)e^ε(ϕ)dx = ∫ Ω he^ε(ϕ)dx u^ε ∈ (H^1_b (Ω))^3 , ∀ϕ ∈ (H^1_b (Ω))^3

1.3 Main result

It is proved in [16] that the unique solution u^ε of the problem strongly converges in (H^1_b (Ω))^3 to a function u where u ∈ BN_b(Ω) is uniquely determined by the quantity e_{33}(u). Moreover e^ε(u^ε) strongly converges in (L^2(Ω))^{3×3}_s to e = ( e_{αβ} (w) e_{α3}(v) e_{α3}(v) e_{33}(u) ) with v ∈ R_b(Ω), w ∈ RD^⊥_2 (Ω) and where e ∈ E(Ω) is the unique solution of the problem ∫ Ω Aee dx = ∫ Ω he dx, ∀e ∈ E(Ω) Our main result is the following error estimate Theorem 1.1 We assume that v_3, w_α ∈ H^1_b (Ω) and that (h − Ae)_{33} ∈ H^2_b (I; L^2(ω)), (h − Ae)_{α3} ∈ H^1_b (I; L^2(ω)). There exists a constant C = C(m, |A|_L∞_{(Ω)}) > 0 such that | | | | | |e^ε ( u^ε − ( u + εv + ε^2w ))| | | | |_{L2(Ω)} ≤ εCM where

M = ||v||_{(H}1_{(Ω))}3 +||w||(_{H1b (Ω)})3 +||(h − Ae)_{33}||_H2_{b (I;L}2_{(ω))}+||(h − Ae)_{α3}||_H1_{b (I;L}2_{(ω))}

In particular we deduce ||u^ε − u||_H1_{(Ω)} ≤ εCM Remark 1.2 This result can be extended more easily to the case of a cylinder Ω = ω × I with a periodic interval I : I = R\LZ for some L > 0.

2 Proof of theorem 1.1

In what follows, it will be possible to state an error estimate, because we have made the had hoc assumptions to control the boundary layers (assumptions of theorem 1.1).

Let us recall that the problem for fixed ε > 0 ∫ Ω Ae^ε(u^ε)e^ε(ϕ) = ∫ Ω he^ε(ϕ), ∀ϕ ∈ ( H^1_b (Ω)

)_3

(2.1) degenerates as ε → 0 in ∫ Ω Aee = ∫ Ω he, ∀e ∈ E(Ω) Then we naturally introduce the quantity û^ε = u + εv + ε^2w which satisfies e^ε(û^ε) = e + ε ( 0 e_{α3}(w) e_{α3}(w) e_{33}(v) )

The last term is not in L^2(Ω) if we only assume v ∈ R_b(Ω) and w ∈ RD^⊥_2 (Ω). On the contrary if we assume more regularity (i.e. v_3, w_α ∈ H^1(I; L^2(ω)), the last term is then bounded by ε ( ||v_3||^2_H1_{(I;L}2_{(ω))} + ∑ α ||w_α||^2_H1_{(I;L}2_{(ω))}

) 1_2 . Now we have ∫ Ω Ae^ε(u^ε − û^ε)e^ε(ϕ) = ∫ Ω (h − Ae^ε(û^ε)) e^ε(ϕ)

Setting z^ε = u^ε − û^ε, ρ = h − Ae we can rewrite ∫ Ω Ae^ε(z^ε)e^ε(ϕ) = ∫ Ω ρe^ε(ϕ) − ∫ Ω A (e^ε(û^ε) − e) e^ε(ϕ)

Because we have assumed that v_3, w_α ∈ H^1_b (I; L^2(ω)), it is possible by a classical density argument to choose ϕ = z^ε, which gives ∫ Ω Ae^ε(z^ε)e^ε(z^ε) = ∫ Ω ρe^ε(z^ε) − ∫ Ω A (e^ε(û^ε) − e) e^ε(z^ε)

Then

||e^ε(z^ε)||_L2_{(Ω)} ≤ 1 m | ∫ Ω ρe^ε(z^ε)| ||e^ε(z^ε)||_L2_{(Ω)} + ε |A|_L∞_{(Ω)} ( ||v_3||^2_H1_{(I;L}2_{(ω))} + ∑ α ||w_α||^2_H1_{(I;L}2_{(ω))} ) 1_2

To finish the proof of theorem 1.1 we only have to estimate the term ∫ Ω ρe^ε(z^ε) This is a straightforward application of the following result, which will be proved in the rest of the article Proposition 2.1 Let z ∈ (H^1(Ω))^3 and ρ ∈ (L^2(Ω))^{3×3}_s with ρ_{α3} ∈ H^1_b (I; L^2(ω)), ρ_{33} ∈ H^2_b (I; L^2(ω)). There exists a constant C = C(Ω) such that if ∫ Ω ρe = 0, ∀e ∈ E(Ω) Then | | | ∫ Ω ρe^ε(z) | | | ≤ Cε ||e^ε(z)||_L2_{(Ω)} ( ||ρ_{33}||_H2_{b (I;L}2_{(ω))} + ||ρ_{α3}||_H1_{b (I;L}2_{(ω))} )

We can apply this proposition to z^ε which belongs to (H^1(Ω))^3 because of our assumptions on v_3, w_α in theorem 1.1. This ends the proof of theorem 1.1.

3 Proof of proposition 2.1

3.1 Reexpression using cancellations

In the following we will prove the lemma Lemma 3.1 Let z ∈ (H^1(Ω))^3 and ρ ∈ (L^2(Ω))^{3×3}_s with ρ_{α3}, ρ_{33} ∈ H^1_b (I; L^2(ω)). If ∫ Ω ρe = 0, ∀e ∈ E(Ω) then ∫ Ω ρe^ε(z) = I + II where I = − 1 2 ε^{−1} ∫ Ω z^2_α (∂_3ρ_{α3}) , with z^2_α = z_α − ∫ ω z_α ∫ ω 1 − x^R_α ∫ ω < z_β , x^R_β > ∫ ω |x^R|^2 II = − ∫ Ω z^1_3 (∂_3ρ_{33}) , with z^1_3 = z_3 − ( ∫ ω z_3 ∫ ω 1 − x_α d dx_3 ( ∫ ω z_α ∫ ω 1 ))

3.1.1 Preliminary : functional decomposition

Lemma 3.2 If z ∈ (H^2_b (Ω))^3, then ∃!(z^0, z^1, z^2) ∈ BN_b(Ω)×R_b(Ω)×RD^⊥_2 (Ω) such that z = z^0 + z^1 + z^2

Proof of lemma 3.2 We only have to remark that z_α z_3 = ∫ ω z_α∫ ω 1 ∫ ω z_3∫ ω 1 − x_α^d_{dx3} ( ∫ ω z_α∫ ω 1 ) + x^R_α ∫ ω<z_β ,x^R_β > ∫ ω |x^R|^2 z_3 − ( ∫ ω z_3∫ ω 1 − x_α^d_{dx3} ( ∫ ω z_α∫ ω 1 )) + z^2_α 0 where z^2_α = z_α − ( ∫ ω z_α ∫ ω 1 + x^R_α ∫ ω < z_β , x^R_β > ∫ ω |x^R|^2 )

This shows the existence of a triplet (z^0, z^1, z^2) ∈ BN_b(Ω)×R_b(Ω)×RD^⊥_2 (Ω) such that z = z^0 +z^1 +z^2. The uniqueness comes from the unique decomposition of z_α. This one is a consequence of the orthogonality of the components z^0_α, z^1_α, z^2_α for the scalar product of L^2(Ω).

3.2 Proof of lemma 3.1

For a displacement z ∈ H^1(Ω), we formally write

z = z^0 + z^1 + z^2

and ∫ Ω ρe^ε(z) = ∑ ijk ∫ Ω ρ_{ij} e^ε_{ij} (z^k) where each term ∫ Ω ρ_{ij} e^ε_{ij}(z^k) is precisely defined as follows :

Terms in ρ_{αβ}

ε^2 ∫ Ω ρ_{αβ} e^ε_{αβ}(z^0) = ∫ Ω ρ_{αβ}^1_2 ( ∂_α ∫ ω z_β∫ ω 1 + ∂_β ∫ ω z_α∫ ω 1 ) = 0

ε^2 ∫ Ω ρ_{αβ} e^ε_{αβ}(z^1) = ∫ Ω ρ_{αβ} ∫ ω<z,x^R> ∫ ω |x^R|^2 1 2 ( ∂_α(x^R_β ) + ∂_β (x^R_α ) ) = 0 ε^2 ∫ Ω ρ_{αβ} e^ε_{αβ}(z^2) = 0 because e(z^2) ∈ E(Ω), because z^2 = z_α − ( ∫ ω z_α∫ ω 1 + x^R_α ∫ ω <z,x^R> ∫ ω |x^R|^2 )

0 is an

element of RD^⊥_2 (Ω) Terms in ρ_{α3}

ε ∫ Ω ρ_{α3}e^ε_{α3}(z^0) = ∫ Ω ρ_{α3}e_{α3} ∫ ω z_β∫ ω 1 ∫ ω z_3∫ ω 1 − x_β^d_{dx3} ( ∫ ω z_β∫ ω 1 ) = 0

ε ∫ Ω ρ_{α3}e^ε_{α3}(z^1) = 0

because z^1 = x^R_α ∫ ω <z,x^R> ∫ ω |x^R|^2 z_3 − ( ∫ ω z^ε_3∫ ω 1 − x_α^d_{dx3} ( ∫ ω z^ε_α∫ ω 1 )) = 0 z_3 − ∫ ω z^ε_3∫ ω 1 + x^R_α ∫ ω <z,x^R> ∫ ω |x^R|^2 −x_α^d_{dx3} ( ∫ ω z^ε_α∫ ω 1 ) where the first term is an element of R_b(Ω), and the second term vanishes e_{α3}.

ε ∫ Ω ρ_{α3}e^ε_{α3}(z^2) = ∫ Ω ρ_{α3}^1_2 ∂_3z^2_α

because z^2 = z^ε_α − ( ∫ ω z^ε_α∫ ω 1 + x^R_α ∫ ω <z,x^R> ∫ ω |x^R|^2 ) 0 . Terms in ρ_{33}

Formally we would like to write ∫ Ω ρ_{33}e^ε_{33}(z^0) = ∫ Ω ρ_{33}∂_3 (∫ ω z_3 ∫ ω 1 − x_α d dx_3 ( ∫ ω z_α ∫ ω 1 ))

There is a difficulty from the regularity point of view because^{d2}_{dx23} ( ∫ ω z_α∫ ω 1 ) ∈ H^{−1}(I). This difficulty can be avoided, if we change the definition of the term

∫ Ω ρ_{33}e^ε_{33}(z^0). By assumptions we know that ρ_{33} ∈ H^2_b (I; L^2(ω)), but at this stage we only use the fact that ρ_{33} ∈ H^1_b (I; L^2(ω)) = H^1_0 (I; L^2(ω)) and define ∫ Ω ρ_{33}e^ε_{33}(z^0) = ∫ I (∫ ω ρ_{33} ) ∂_3 ( ∫ ω z_3 ∫ ω 1 ) − < (∫ ω x_αρ_{33} ) , d^2 dx^2_3 ( ∫ ω z_α ∫ ω 1 ) >_H1_{0 (I)×H}−1_{(I)}

Similarly we have formally ∫ Ω ρ_{33}e^ε_{33}(z^1) = ∫ Ω ρ_{33}∂_3 ( z^ε_3 − ( ∫ ω z^ε_3 ∫ ω 1 − x_α d dx_3 ( ∫ ω z^ε_α ∫ ω 1 )))

that we define as ∫ Ω ρ_{33}e^ε_{33}(z^1) = ∫ Ω ρ_{33}∂_3 ( z^ε_3 − ∫ ω z^ε_3∫ ω 1 ) + < ( ∫ ω x_αρ_{33}) ,^{d2}_{dx23} ( ∫ ω z^ε_α∫ ω 1 ) >_H1_{0 (I)×H}−1_{(I)}

Finally ∫ Ω ρ_{33}e^ε_{33}(z^2) = 0 because by definition z^2_3 = 0. More remarks on the case ρ_{33} We now show the Lemma 3.3 ∫ Ω ρ_{33}e^ε_{33}(z^0) = 0 Proof of lemma 3.3 By construction we have ∫ Ω ρ_{33}e_{33}(u) = 0, ∀u = { ζ_α(x_3) ζ_3(x_3) − x_α^d_{dx3} ζ_α(x_3) ∈ BN^b(Ω) i.e. ∫ I (∫ ω ρ_{33} ) d dx_3 ζ_3 + (∫ ω x_αρ_{33} ) d^2 dx^2_3 ζ_α = 0 for all ζ_3 ∈ H^1_b (I), ζ_α ∈ H^2_b (I). We can rewrite it as ∫ I (∫ ω ρ_{33} ) d dx_3 ζ_3+ < (∫ ω x_αρ_{33} ) , d^2 dx^2_3 ζ_α >_H1_{0 (I)×H}−1_{(I)}= 0 because ρ_{33} ∈ H^1_b (I; L^2(ω)) = H^1_0 (I; L^2(ω)). In particular we can choose

ζ_3(x_3) = ∫ ω z_3 ∫ ω 1 Now by density, it is possible to find a sequence of functions ζ^n_α ∈ H^2_b (I) which converges in H^1(I) to ( ∫ ω z^ε_α∫ ω 1 ) ∈ H^1_b (I). As a consequence^{d2}_{dx23} ( ∫ ω z^n_α∫ ω 1 )

converges in H^{−1}(I) to^{d2}_{dx23} ( ∫ ω z^ε_α∫ ω 1 ) ∈ H^{−1}(I). By continuity of the duality braket, we deduce that

0 =< (∫ ω x_αρ_{33} ) , d^2 dx^2_3 ζ^n_α >_H1_{0 (I)×H}−1_{(I)} −→ < (∫ ω x_αρ_{33} ) , d^2 dx^2_3 ( ∫ ω z^ε_α ∫ ω 1 ) >_H1_{0 (I)×H}−1_{(I)}

Therefore ∫ Ω ρ_{33}e^ε_{33}(z^0) = ∫ I ( ∫ ω ρ_{33}) ∂_3 ( ∫ ω z_3∫ ω 1 ) − < ( ∫ ω x_αρ_{33}) ,^{d2}_{dx23} ( ∫ ω z_α∫ ω 1 ) >_H1_{0 (I)×H}−1_{(I)}= 0

which ends the proof of lemma 3.3.

Conclusion

From the previous computations we deduce that ∫ Ω ρe^ε(z) = ∫ Ω ρ_{α3}e^ε_{α3}(z^2) + ∫ Ω ρ_{33}e^ε_{33}(z^1) = I + II and I = ε^{−1} 2 ∫ Ω ρ_{α3}∂_3z^2_α = − ε^{−1} 2 ∫ Ω z^2_α (∂_3ρ_{α3}) where the boundary term of the integration by parts is zero because ρ_{α3} ∈ H^1_b (I; L^2(Ω)) ; II = ∫ Ω ρ_{33}∂_3 ( z^ε_3 − ∫ ω z^ε_3 ∫ ω 1 ) + < ∫ ω x_αρ_{33}, d^2 dx^2_3 ( ∫ ω z^ε_α ∫ ω 1 ) >_H1_{0 (I)×H}−1_{(I)}

Then II = − ∫ Ω (∂_3ρ_{33}) { z_3 − ( ∫ ω z_3 ∫ ω 1 − x_α d dx_3 ( ∫ ω z_α ∫ ω 1 ))}

where the boundary term of the integration by parts is zero because ρ_{33} ∈

H^1_b (Ω). This ends the proof of lemma 3.1.

3.3 Proof of proposition 2.1

Term I

Because z^2 ∈ RD^⊥_2 (Ω), and because ||e_{αβ} (z^2)||_L2_{(Ω)} is the norm of z^2 in

the Hilbert space RD^⊥_2 (Ω), we deduce that ∑ α | | | |z^2_α | | | |_{L2(Ω)} ≤ C | | | |e_{αβ} ( z^2 )| | | |_{(L2(Ω))2×2s}

From the relation e_{αβ} (_{z2} ε^2 ) = e^ε_{αβ}(z) we then deduce the following estimate

on I = −^{ε−1}_2 ∫ Ω z^2_α (∂_3ρ_{α3}) |I| ≤ Cε ||∂_3ρ_{α3}||_L2_{(Ω)} | | | | | |e^ε_{αβ} (z) | | | | | |_{L2(Ω)}

Term II

Because ρ_{33} ∈ H^2_b (Ω), we can rewrite

II = − < (∂_3ρ_{33}) , { z_3 − ( ∫ ω z_3 ∫ ω 1 − x_α d dx_3 (∫ ω z_α ∫ ω 1 ))} >_H1_{0 (I;L}2_{(ω))×H}−1_{(I;L}2_{(ω))}

We now apply a partial Korn’s inequality (remark 4.2), which gives |II| ≤ C ||∂_{33}ρ_{33}||_L2_{(Ω)} ( ||e_{αβ}(z)||_{L2(Ω)} + ||e_{α3}(z)||_L2_{(Ω)} ) ≤ C ||∂_{33}ρ_{33}||_L2_{(Ω)} ( ε^2 | | | | | |e^ε_{αβ} (z) | | | | | |_{L2(Ω)} + ε ||e^ε_{α3}(z)||_{L2(Ω)} ) ≤ Cε ||∂_{33}ρ_{33}||_L2_{(Ω)} ||e^ε(z)||_L2_{(Ω)}

This ends the proof of proposition 2.1.

4 A partial Korn’s inequality

We will prove the following result. Let us recall that Ω = ω × I where

I = (0, L).

Theorem 4.1 (A partial Korn’s inequality)

There exists a constant C = C(ω) > 0 such that if z ∈ (H^1(Ω))^2 then | | | | | | | |z_3 − (∫ ω z_3 ∫ ω 1 − x_α d dx_3 ( ∫ ω z_α ∫ ω 1 ))| | | | | | |_{H−1(I;H1(ω))} ≤ C ∑ α,β ||e_{αβ}(z)||_{L2(I;H−1(ω))} + ∑ α ||e_{α3}(z)||_H−1_{(I;L}2_{(ω))} (4.2)

Remark 4.2 The following inequality | | | | | | | |z_3 − (∫ ω z_3 ∫ ω 1 − x_α d dx_3 ( ∫ ω z_α ∫ ω 1 ))| | | | | | | |_{H−1(I;L2(ω))} ≤ C ∑ α,β ||e_{αβ} (z)||_{L2(Ω)} + ∑ α ||e_{α3}(z)||_L2_{(Ω)}

(4.3)

is a straightforward consequence of the partial Korn’s inequality (4.2). Mo-

reover this last inequality is easier to prove and sufficient to state the main

result of this article (theorem 1.1).

4.1 Preliminary remarks

A natural question is to ask if a similar inequality like the following is

true ? | | | | | | | |z_3 − (∫ ω z_3 ∫ ω 1 − x_α d dx_3 ( ∫ ω z_α ∫ ω 1 ))| | | | | | |_{L2(Ω)} ≤ C ∑ α,β ||e_{αβ} (z)||_{L2(Ω)} + ∑ α ||e_{α3}(z)||_L2_{(Ω)}

(4.4)

Althougth this last inequality can seem more natural at a first glance, in-

equality (4.4) is false because of the following counter-example.

Let us consider a scalar function ϕ(x) defined on Ω. Then we set

z_α = ∂_αϕ, z_3 = −∂_3ϕ

We have in particular

e_{α3}(z) = 0, e_{αβ} (z) = ∂_{αβ} ϕ

Moreover for z^1_3 = z_3 − ( ∫ ω z_3∫ ω 1 − x_α^d_{dx3} ( ∫ ω z_α∫ ω 1 )) , we have

z^1_3 = ∂_3ϕ − ( ∫ ω ∂_3ϕ ∫ ω 1 − x_α ∫ ω ∂_{α3}ϕ ∫ ω 1 )

= ∂_3 ( ϕ − ( ∫ ω ϕ∫ ω 1 − x_α ∫ ω ∂_αϕ ∫ ω 1 ))

In particular we deduce that ||z^1_3 ||_L2_{(Ω)} is not bounded by ||e_{αβ}(z)||_{L2(Ω)} + ||e_{α3}(z)||_L2_{(Ω)}.

More generally this counter-example shows that ||e_{αβ}(z)||_{L2(Ω)} +||e_{α3}(z)||_L2_{(Ω)} can not bound the difference between z_3 and a projection z̃_3 of z_3, except in the trivial case where z_3 − z̃_3 = 0.

4.2 Proof of theorem 4.1

Let us recall that we note

z^2_α = z_α − d_α(x_3) − x^R_α c(x_3)

where d_α(x_3) = ∫ ω z_α ∫ ω 1 , c(x_3) = ∫ ω < x^R_β , z_β > ∫ ω |x^R|^2 Now we compute ∂_αz_3 = −∂_3z_α + 2e_{α3}(z) = −∂_3 ( z^2_α + d_α(x_3) + x^R_α c(x_3) ) + 2e_{α3}(z)

This implies

∂_α (z_3 + x_β ∂_3d_β(x_3)) + x^R_α ∂_3c(x_3) = −∂_3z^2_α + 2e_{α3}(z)

We then take the two-dimensional curl and get

2∂_3c(x_3) = −∂_3 ( ∂_1z^2 − ∂_2z^2_1 ) + 2 (∂_1e_{23}(z) − ∂_2e_{13}(z))

In particular we deduce that

||∂_3c(x_3)||_H−1_{(I;H}−1_{(ω))} ≤^1_2 ||∂_3 (∂_1z^2 − ∂_2z^2_1 )||_H−1_{(I;H}−1_{(ω))}

+ ||∂_1e_{23}(z) − ∂_2e_{13}(z)||_H−1_{(I;H}−1_{(ω))}

≤^1_2 ∑ α ||∂_3z^2_α||_H−1_{(I;L}2_{(ω))} + ∑ α ||e_{α3}(z)||_H−1_{(I;L}2_{(ω))} Now we remark that for each α = 1, 2 we have | | | | | |x^R_α ∂_3c(x_3) | | | | | |_{H−1(I;L2(ω))} ≤ a_0 ||∂_3c(x_3)||_{H−1(I;H−1(ω))}

where a_0 = sup_α ||x^Rα ||_{L2(ω)} ||1||_{H−1(ω)} , because c(x3) only depends on x3.

Finally from the relation

∂_α (z_3 + x_β ∂_3d_β(x_3)) = −x^R_α ∂_3c(x_3) − ∂_3z^2_α + 2e_{α3}(z)

and the Poincaré-Wirtinger inequality for a general function ϕ ∈ H^1(ω) | | | | | | | |ϕ − ∫ ω ϕ ∫ ω 1 | | | | | | | | 2

H^1(ω) ≤ C_{P W} ||∇ϕ||^2_L2_{(ω)} we deduce that

J := | | | | | |z_3 + x_β∂_3d_β(x_3) − ∫ ω z_3∫ ω 1 | | | | | |^2 H^{−1}(I;H^1(ω)) ≤ C_{P W} ∑ α (| | | | | |x^R_α ∂_3c(x_3) | | | | | |_{H−1(I;L2(ω))} + ||∂_3z^2_α||_{H−1(I;L2(ω))} + 2 ||e_{α3}(z)||_{H−1(I;L2(ω))} )_2

≤ C_{P W} ∑ α ( a_0 ||∂_3c(x_3)||_H−1_{(I;H}−1_{(ω))} + ||∂_3z^2_α||_H−1_{(I;L}2_{(ω))} + 2 ||e_{α3}(z)||_H−1_{(I;L}2_{(ω))}

)_2

≤ C_{P W} (a_0 + 2)^2 ∑ α (_1

2 ||∂_3z^2_α||_H−1_{(I;L}2_{(ω))} + ||e_{α3}(z)||_H−1_{(I;L}2_{(ω))}

)_2

≤ C_{P W} (a_0 + 2)^2 ∑ α (_1

2 ||z^2_α||_L2_{(I;L}2_{(ω))} + ||e_{α3}(z)||_H−1_{(I;L}2_{(ω))}

)_2

≤ 2C_{P W} (a_0 + 2)^2 ∑ α (_1

4 ||z^2_α||^2_L2_{(I;L}2_{(ω))} + ||e_{α3}(z)||^2_H−1_{(I;L}2_{(ω))} ) where we have used the general inequality (x + y)^2 ≤ 2x^2 + 2y^2. At this stage

we can apply the classical Korn’s inequality for a general two-dimensional

displacement ψ ∈ (H^1(ω))^2 with ψ^2_α = ψ_α − ∫ ω ψ_α∫ ω 1 − x^R_α ∫ ω<x^R_β ,ψ_β > ∫ ω |x^R|^2 : ∑ α | | | |ψ^2_α | | | |^2_{L2(ω)} ≤ C_K ∑ α,β ||e_{αβ}(ψ)||^2_{L2(ω)} which gives

J ≤ 2C_{P W} (a_0 + 2)^2 C_K 1 4 ∑ α,β ||e_{αβ} (z)||^2_{L2(Ω)} + ∑ α ||e_{α3}(z)||^2_H−1_{(I;L}2_{(ω))}

This obviously implies inequality (4.3) and proves remark 4.2.

Now using the following refined Korn’s inequality :

Proposition 4.3 (Refined Korn’s inequality)

For any function ψ ∈ (H^1(ω))^2, with ψ^2_α = ψ_α − ∫ ω ψ_α∫ ω 1 − x^R_α ∫ ω<x^R_β ,ψ_β > ∫ ω |x^R|^2 , we

have ∑ α | | | |ψ^2_α | | | |^2 L^2(ω) + ∑ α | | | |∇ψ^2_α | | | |^2 H^{−1}(ω) ≤ C ′ K ∑ α,β ||e_{αβ} (ψ)||^2_{H−1(ω)} we deduce that

J ≤ 2C_{P W} (a_0 + 2)^2 C^′_K 1 4 ∑ α,β ||e_{αβ} (z)||^2_{L2(I;H−1(ω))} + ∑ α ||e_{α3}(z)||^2_H−1_{(I;L}2_{(ω))}

This ends the proof of the theorem 4.1.

5 Appendix : a refined Korn’s inequality

In this appendix we will prove proposition 4.3.

More generally, in any dimension n, this proposition can be stated as follows :

Proposition 5.1 (Refined Korn’s inequality in dimension n) Let ω ∈ R^n be a bounded Lipschitz-continuous domain. Let us define the set R of rigid motions as the following finite-dimensional vector subspace of (L^2(ω))^n :

R := u ∈ ( L^2(ω) )_n , ∃c ∈ R^n, ∃A ∈ R^{n×n}_{antisymmetric}, u_i(x) = c_i + ∑ j A_{ij}x_j For u ∈ (L^2(ω))^n, we define u_R as the orthogonal projection of u on R for the scalar product of (L^2(ω))^n). Then there exists a constant C^′_K > 0 which only depends on n and ω such that for any u ∈ (L^2(ω))^n we have the following inequality on v = u − u_R : ||v||^2_{(L}2_{(ω))}n + ||Dv||^2_{(H}−1_{(ω))}n ≤ C^′_K ||e(v)||^2_{(H−1(ω))}n×n_s (5.5) The proof of the classical Korn’s inequality for functions in H^1 (see Ciarlet [5], and the references therein), is based on the following lemma of J.-L. Lions :

Lemma 5.2 (Lemma of J.L. Lions) Let ω ∈ R^n a bounded Lipschitz-continuous domain. Then { v ∈ H^{−1}(ω) and Dv ∈ ( H^{−1}(ω) )_n} =⇒ v ∈ L^2(ω)

and there exists a constant c_L > 0 such that ||v||^2_L2_{(ω)} ≤ c_L ( ||v||^2_H−1_{(ω)} + ||Dv||^2_{(H}−1_{(ω))}n )

Here to prove the refined Korn’s inequality, we need a generalization of the lemma of J.-L. Lions, which can be found in [1] as a consequence of Nečas’ theorem (see [17]) :

Lemma 5.3 (Generalization of the lemma of J.-L. Lions) Let ω ∈ R^n be a bounded Lipschitz-continuous domain, and m ∈ Z, 1 < r < +∞. Then { v ∈ D^′(ω) and Dv ∈ ( W^{m−1,r}(ω) )_n} =⇒ v ∈ W^{m,r}(ω) and there exists a constant C_N > 0, depending only on ω,m,r such that ||v||_W m,r_{(ω)} ≤ C_N ( ||v||_W m−1,r_{(ω)} + ||Dv||_{(W} m−1,r_{(ω))}^n )

In the particular case of interest, here m = −1, r = 2, we will prefer to write the inequality with the square of the norms, and with the constant C_N replaced by C_L > 0 : ||v||^2_H−1_{(ω)} ≤ C_L ( ||v||^2_H−2_{(ω)} + ||Dv||^2_{(H}−2_{(ω))}n ) (5.6)

Proof of proposition 5.1 Step 1 : ||u||^2_{(L}2_{(ω))}n ≤ 9c_L(1+C_L) ( ||u||^2_{(H}−1_{(ω))}n + ||e(u)||^2_{H−1(ω)}n×n_s ) , for every u ∈ (L^2(ω))^n

Applying first the generalization of the lemma of J.L. Lions 5.3 with (5.6), we get that ||Du||^2_{(H−1(ω))}n×n ≤ C_L ( ||Du||^2_{(H−2(ω))}n×n + ||D^2u||^2_{(H−2(ω))}n×n×n )

Now using the general relation between the second derivatives of the displacement and the first derivatives of the deformations ∂_i∂_ku_i = {∂_j e_{ik}(u) + ∂_ke_{ij} (u) − ∂_ie_{jk}(u)} and the general inequality ||Dv||_{(H}−2_{(ω))}^n ≤ ||v||_H−1_{(ω)} for every function v ∈ L^2(ω), we get ||Du||^2_{(H−1(ω))}n×n ≤ C_L ( ||u||^2_{(H}−1_{(ω))}n + 9||e(u)||^2_{(H−1(ω))}n×n_s )

Finally applying the lemma of J.L. Lions 5.2, we get the expected inequality which ends the proof of step 1. Step 2 : Proof of inequality (5.5) We prove inequality (5.5) by contradiction. If inequality (5.5) is false, then we can find a sequence of functions v^k ∈ (L^2(ω))^n such that v^k_R = 0,

||v^k||^2_{(L}2_{(ω))}n + ||Dv^k||^2_{(H}−1_{(ω))}n = 1 (5.7) and ||e(v^k)||_{(H}−1_{(ω))}n×n_s → 0 Because the sequence (v^k)_k is bounded in (L^2(ω))^n, we can extract a subsequence (v^{k′} )_k′ which converges to a function v ∈ (L^2(ω))^n, weakly in (L^2(ω))^n, and strongly in (H^{−1}(ω))^n (by compactness of the injection of L^2(ω) in H^{−1}(ω), see [13]). In particular the limit v satisfies e(v) = 0, and then v ∈ R. Moreover the limit satisfies v_R = 0, because v^{k′}_R = 0. Consequently v = 0. Now we apply the inequality of step 1 to v^{k′} :

||v^{k′} ||^2_{(L}2_{(ω))}n ≤ 9c_L(1 + C_L) ( ||v^{k′} ||^2_{(H}−1_{(ω))}n + ||e(v^{k′} )||^2_{(H−1(ω))}n×n_s ) (5.8)

Because v^{k′} strongly converges to its limit v = 0 in (H^{−1}(ω))^n, we deduce that the right hand side of (5.8) tends to zero. This implies that ||v^{k′} ||^2_{(L}2_{(ω))}n and ||Dv^{k′} ||^2_{(H}−1_{(ω))}n ≤ ||v^{k′} ||^2_{(L}2_{(ω))}n tend to zero, which is in contradiction with (5.7).

This ends the proof of proposition 5.1.

Références

[1] C. Amrouche, V. Girault, Decomposition of vector spaces and applications to the Stokes problem in arbitrary dimension, Czech. Math. J. 44, 109-140 (1994).

[2] H. Brezis, Analyse fonctionnelle, edition Masson, 1993. [3] D. Caillerie, Homogénéisation des équations de la diffusion stationnaire dans les cylindres aplatis, RAIRO Analyse Numérique, 15, 1981, 295-319.

[4] Casado, J., personal comunication.

[5] P.G. Ciarlet, Mathematical Elasticity, Volume II : Theory of Plates, Studies in Mathematics and its Applications, 27, North-Holland, Amsterdam, 1998.

[6] D. Cioranescu, J. Saint Jean Paulin, Conductivity problems for thin tall structure depending on several small parameters, Adv. Math. Sci. Appl., 5, 1995, 287-320.

[7] A. Damlamian, M. Vogelius, Homogenization limits of the equations of elasticity in thin domains, Siam J. Math. Anal., 18 1987, 435-451.

[8] M. Dauge, I. Gruais, Asymptotics of arbitrary order for a thin elastic clamped plate, I : Optimal error estimates., Asymptot. Anal., 13, 1996, 167-197.

[9] P. Destuynder, Comparaison entre les modèles tridimensionnels et bidimensionnels de plaques en élasticité., RAIRO Analyse Numérique, 15, 1981, 331-369.

[10] G. Geymonat, F. Krasucki, J.-J. Marigo, Stress distribution in anisotropic elastic composite beams., In Applications of Multiple Scalings in Mechanics, P.G. Ciarlet and E. Sanchez Palencia eds., Masson, Paris, 1987, 118-133.

[11] H. Le Dret, Convergence of displacements and stress in linearly elastic slender rods as the thickness goes to zero., Asympt. Anal., 10, 1995, 367- 402.

[12] V.A. Kozlov, V.G. Ma’zya, A.B. Movchan, Asymptotic representation of elastic fields in a multi-structure., Asympt. Anal., 11, 1995, 343-415.

[13] J.-L. Lions, E. Magenes, Non-homogeneous boundary value problems and applications. Vol. I. Die Grundlehren der mathematischen Wissenschaften, 181. Berlin-Heidelberg-New York : Springer-Verlag, (1972).

[14] F. Murat, A. Sili, Problèmes monotones dans les cylindres de faible diamètre, C. R. Acad. Sci. Paris, 319, Série I, 1994, 567-572.

[15] F. Murat, A. Sili, Problèmes monotones dans les cylindres de faible diamètre formés de matériaux hétérogènes, C. R. Acad. Sci. Paris, 320, Série I, 1995, 1199-1204.

[16] F. Murat, A. Sili, Anisotropic, heterogeneous, linearized elasticity problems in thin cylinders, à paraitre.

[17] J. Nečas, Equations aux Dérivées Partielles, Presses de l’Univ. de Montréal, (1966).

[18] L. Trabucho, J.M., Viano, Mathematical modelling of rods, Handbook of Numerical Analysis, Volume IV, North-Holland, Amsterdam, 1996.