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Abstract
In this paper, we study the uniqueness of solutions for diagonal hyperbolic systems in one space dimen-
sion. We present two uniqueness results. The first one is a global existence and uniqueness result of a
continuous solution for strictly hyperbolic systems. The second one is a global existence and uniqueness
result of a Lipschitz solution for hyperbolic systems not necessarily strictly hyperbolic. An application
of these two results is shown in the case of one-dimensional isentropic gas dynamics.
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1 Introduction and main results

1.1 Setting of the problem

In this paper we are interested in continuous solutions to hyperbolic systems in dimension
one. Our work will focus on solutions u(t,z) = (u'(t,x));=1,. 4, where d > 1 is an integer, of
hyperbolic systems which are diagonal, i.e.

o' + N (u)d,u' =0 on  (0,400) x R, for i=1,....d, (1.1)

with the initial data:

u'(0,2) = ud(x), reR, for i=1,....d (1.2)

d
Here we use the notation 9; = — and 9, = e Such systems are (sometimes) called (d x d)
T

S

diagonal hyperbolic systems.
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For real numbers ! < 3%, let us consider the box
U =T, [, 5] (1.3)

We consider a given function \ = ()‘i)i:17---7d : U — R?, which satisfies the following regularity
assumption:

A€ [c=U),

there exists My > 0 such that for ¢=1,....d,
(H1) IN(u)| < My forall weU,

there exists Mj; >0 such that for ¢=1,....d,
IN(v) — A(u)| < My|v—wu| forall v, uelU,

where |w| = Z |w'|, for w = (w',...,w?). Given any Banach space (E,| - ||g), in the rest
i=1,.d
of the paper we consider the norm on E%:

[wllga = Y Nwille, for w=(w' ... w')eE
i=1,...,d

Then, we define

and we assume that

(H2) )\fi(u)ZO forall weU, and i=1,---,d.

In (1.2), the initial data ug = (ud, - - - ,ud) is assumed to satisfy the following property:
ol < ufp < B,
(H3) uf) is nondecreasing, | fori=1,--- ,d,

Oyul € Llog L(R),
where Llog L(R) is the following Zygmund space:

Llog L(R) = {f € L'(R) such that /len(e—i— If]) < —i—oo}.

This space is equipped by the following norm:

[ fllz10g L(r) = inf {u >0: /R%ln (1 T %) < 1},

This norm is due to Luxemburg (see Adams [1, (13), Page 234]).



In particular we will say that wg is nondecreasing if each component u%, fori =1,...,d, is

nondecreasing and we write it as d,ug > 0. Recall that nondecreasing solutions of the classical
2

scalar Burgers equation Oyu + 0, <%> =0, do not develop shocks. Notice that assumption

(H2) is a natural generalization of Burgers equation to systems.

For general (d x d) strictly hyperbolic systems, (including diagonal systems, like system (1.1)),
Bianchini and Bressan proved in [4] a striking result of global existence and uniqueness of
a solution assuming that the initial data has small total variation. Their existence result
is a generalization of Glimm’s result [12]|, proved in the case of conservation laws. Let us
mention that an existence result has also been obtained by LeFloch and Liu [18, 19] in the
non-conservative case. In this paper we are interested in existence and uniqueness result of a
continuous solution to system (1.1).

1.2 Main results

In El Hajj, Monneau [11], we left open the question of the uniqueness of continuous solutions
of system (1.1). In this subsection we present two uniqueness results for system (1.1) under
some particular assumptions. An application of these two main results is then presented in
Subsection 1.3 for the 1D gas dynamics equations.

Theorem 1.1 (Ezxistence and uniqueness of a continuous solution)
Assume (H1), (H2), (H3) and that system (1.1) is strictly hyperbolic, i.e.

N u) = X(u) > A >0, forall wuelU and i=1,...,d—1. (1.4)
Then, there exists a function u = (ui)i:17...,d which satisfies:
i) Existence of a continuous solution:

The function u is solution of (1.1)-(1.2), such that u(t,-) is nondecreasing in x for all t > 0,
u(t,z) € U for all (t,x), and u satisfies

u € [L®((0, +00) x R)]4 N [C([0, +00); Llog L(R))]? and 0,u € [L>°((0,+00); Llog L(R))].

Moreover u is continuous in time and in space and satisfies for all §, h > 0 and all (t,x) €
(0, T — &) x R, the following estimate:
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1 + )

|u(t + 6,z + h) —u(t,z)| < Cw(d,h) with w(d, h)= (1.5)

where C(T, d, Mo,Ml, HUQ”[Loo(R)]d, HagguOH[LlogL(R)]d,A).

Furthermore w, is a continuous vanishing viscosity solution of system (1.1)-(1.2), in the sense
of Definition 3.6.

i1) Uniqueness:
Under assumptions (H1), (H2), (H3) and (1.4) every continuous vanishing viscosity solution
of (1.1)-(1.2) in the sense of Definition 3.6 is unique.



iii) L'-stability estimate:

Let u (resp. v) be two solutions of system (1.1), constructed in (i). Assume moreover that
u(0,-) = ug(-) and v(0,-) = vo(-) such that up(£oo) = vo(+oo). Then there exists a constant
L > 0, such that for all t € [0,T], we have

[ut, ) — vt )z @ye < Llluo — volliz1 wyes (1.6)
where L only depends on T, Mo, My, d, A and bounds on |luollfreemya, [10xv0l(110g LR)es
lvollfree (myjas 19xv0ll[L 108 LR

Remark 1.2

(i) Notice that if ug € [WH(R)]? with Opug > 0 then dyug € (LY (R)NL®(R))? C [Llog L(R)]¢
and we can apply Theorem 1.1.

(ii) If we know moreover that the system is rich then by a result of Serre [26, Vol II], we know
that the solution is indeed Lipschitz. Therefore our Theorem 1.1 can be seen as a generalization
of the result of Serre to the case of diagonal non-rich systems.

(iii) The C*° regularity of the coefficients is convenient for the proofs, but can be weakened up
to the minimal reqularity, i.e. Lipschitz continuous coefficients \'.

Let us mention that a global existence result similar to Theorem 1.1 (but without uniqueness)
has been obtained in [11] for non strictly hyperbolic systems where assumptions (H2)-(1.4) are
simply replaced by the following assumption

forall weU, we have
(H2)'

Z §i§j)\fj(u) >0 forevery &= (&,...,&) € [0,4+00)%
ij=1,...,d

Notice that in the case of strictly hyperbolic systems, Theorem 1.1 only requires assumption
(H2) which is weaker than (H2)" and moreover guarantees the uniqueness of the solution. Our
method of proof is strongly inspired from Bianchini, Bressan [4]. First, we get an estimate

in [L>((0,T); Llog L(R))]¢ for d,u getting some control on the interactions between different
T

fields Dpuldyu? daxdt for i # j, using the strictly hyperbolic condition (1.4) similarly as

0o Jr
in Bianchini et al. [4].

A second key point is that our [L>°((0,T); Llog L(R))]¢ estimate on d,u implies the continuity
of the solution u with a controlled modulus of continuity. This implies that the solution is
locally in BV with small norm. Taking into account the finite speed propagation property it is
then possible to localize the argument developed in Bianchini et al. [4], and finally to extend
it to the case of large initial data (but monotone data).

Let us mention that, in the case d = 2 and under the same assumptions of Theorem 1.1, T.
T. Li proved in [20, pp. 35-41] an existence and uniqueness result for C! solutions. This
result is a generalization of Lax result [17], proved for Lipschitz solutions. Here, we prove a
similar result considering less regularity on the solution (continuous solutions) and for all d > 1.



Let us now introduce various assumptions on the matrix (Afj(u))i7j:17___7d which will guarantee
the existence and uniqueness of Lipschitz solutions.

(Non-negative sub-diagonal matrices)

(K1) XNj(u)>0 forall weU and j>i with 4,5€{l,....d}.

(Non-negative matrices with non-positive off-diagonal terms)
ANi(u) <0 forall weU and j#i with 4,j€{l,....d},
(K2)

Ajj = ()\Zj(u)) and Z Aij&i&; >0 for every &= (€1,...,&q) € [0,400)".

in{]
ue
ij=1,....d

(Diagonally dominant)

(K3) Ny(u) > (Nj(w)” forall weU and i=1,...,d,
i)

where we note = = max(0, —z).

Theorem 1.3 (Existence and uniqueness of Lipschitz solutions)

Assume one of the following assumptions (K1), (K2) or (K3). Let uy € [WH*(R)]¢ be a

nondecreasing function satisfying ug(z) € U, for all x € R. Then, there exists a unique function

u € ﬂ [(Whee([0,T) x R)]d solution of (1.1)-(1.2), with u(t,x) € U for all (t,x). Moreover
T>0

we have for any t € (0,+00):

> N0t em < D 10wubllLomy, if (K2)  holds (1.7)
i=1,..,d i=1,..,d

and
Er%adeﬁwui(t,-)HLoo(R)Siirllaxdﬂaxué\\po(R), if (K3) holds. (1.8)

=1,...,

Notice that in Theorem 1.3, we do not assume that system (1.1) is strictly hyperbolic.
Theorem 1.3 is based on the fact that the solution satisfies d,u’ > 0, for i = 1,...,d, and
then we only have to bound the maximum of the gradient from one side. Assumptions (K1),
(K2) and (K3) are sufficient conditions to control the solution of the maximum of the gradient.
These a priori bounds are obtained considering a parabolic regularization of the system and
then writing some differential inequalities satisfied in the sense of viscosity by the maximum
of the gradient. The uniqueness of the solution is an independent result valid for Lipschitz
solutions.

In the case of (2 x 2) strictly hyperbolic systems, which corresponds in (1.1) to the case of
M(ub,u?) < A2(ut,u?), we refer the reader to the work of Lax [17], which has proved the



existence of Lipschitz solutions of (1.1)-(1.2) with the assumption )\’Z(u) > 0 for the diagonal
terms. As it was recalled in Remark 1.2 (ii), this result was also extended by Serre [26, Vol II]
to the case of (d x d) rich strictly hyperbolic systems. We also refer the reader to the work of
Poupaud [25], for a global existence and uniqueness result of a Lipschitz solution of a particular
quasi-linear hyperbolic system, considering large initial data.

In the framework of viscosity solutions, Ishii, Koike [15] and Ishii [14], have shown existence
and uniqueness of viscosity continuous solutions for Hamilton-Jacobi systems of the form:

o’ + Hi(u, Du') =0 with u = (u',...,u?) € R for x € RN, t € (0, 400),
(1.9)
u'(z,0) = uj(z) r € RN,

where the Hamiltonian H; is quasi-monotone in u (see the definition in Ishii, Koike [15, Th.4.7]).
Indeed system (1.1) belongs to this framework with N = 1 and d,u’ > 0 under the assumption
Ai(u) <0 for j # .

. . . . 1 -1 .
Let us also mention that in the case d = 2 with a matrix (X’;(u)); j=1,2 = < 11 ), it was
proved in El Hajj, Forcadel [10], the existence and uniqueness of a Lipschitz viscosity solution,

2
and in El Hajj [9], the existence and uniqueness of a strong solution in [VV;}?([O, +00) X R)] .

1.3 Application to 1D gas dynamics

Now, we present an application of the previous results to the following 1D system of isentropic
gas dynamics:

Op + Op(pu) =0

On(pu) + 0u(pu® + p(p) =0, with p(p) =7 | on (0,400) xR (L10)

U(O,JI) =wup and p(07x) =po > 0.

where p is the density, u is the speed and p(p) is the pressure given by a simple power law for

an exponent v > 1. First, we assume the following conditions, with 6 = WT_l:

(J1) g, pf € L®(R), and O,up >

(9:,3/)8‘.

(J2)  Oyuo, Oup} € Llog L(R).

(J2)'  wo, pf € Lip(R).

Applying Theorems 1.1 and 1.3, we will prove the following result.

Theorem 1.4 (Existence and uniqueness for isentropic gas dynamics)
Assume (J1), with pg > 0 and v > 1. Then we have



i) Existence and uniqueness of a continuous solution:
Under assumption (J2), system (1.10) has a continuous solution (p,u) on [0,+00) x R, where
p(t,-) and u(t,-) satisfy (J1) and (J2), for all t > 0. Moreover, if

ug + pg > A > Ay > ug— pg for some constants Ay, Ao,

then this solution is the unique continuous vanishing viscosity solution, in the sense of Defini-
tion 3.6.

i1) Existence and uniqueness of a Lipschitz solution:
Assume (J2). If 1 <~ < 3, then system (1.10) has a solution
(p,u) € [L%([0, +00) x R)J2, with

p>0 and p% ueWhHe([0,+00) x R). (1.11)

Reciprocally any solution (p,w) of (1.10) satisfying (1.11) is unique if we assume moreover that
p>A>0on0,+00) x R.

Remark 1.5 (Vacuum case)

Notice that if p =0 on a subset w C (0, 4+00) X R, then equation (1.10) is automatically satisfied
and the function u can be chosen locally arbitrarily in w. This shows that we can not expect
uniqueness of the solution when there is vacuum (i.e p=0).

The proof of Theorem 1.4 is an application of Theorems 1.1 and 1.3. We refer the reader to
Section 5 for the proof of Theorem 1.4. Let us recall that, in the case pg > 0, T. T. Li proved
in [20, pp. 35-41] an existence and uniqueness result for C' solutions. Notice that for the
existence results given in (i) (continuous solutions) and in (i) (Lipschitz solutions), we only
assume that pp > 0, which allows us to consider solutions with vacuum. In connection with
Theorem 1.4, let us mention the work of Lions et al. in [22] where the existence of a solution
was obtained for pg > 0 with any ug, po € L*°(R) and « > 1. This extended a previous result
of DiPerna [7, 8]. We also refer the reader to Mercier [23] for another result with vacuum.

1.4 Organization of the paper

This paper is organized as follows: in Section 2, we prove the existence of continuous solutions
(Theorem 1.1 (7)). In Section 3, we prove the uniqueness of continuous vanishing viscosity
solutions (Theorem 1.1 (44)) and the L'-stability estimate (Theorem 1.1 (744)). In Section 4,
we prove the existence and uniqueness of Lipschitz solutions (Theorem 1.3). Finally in Section
5, we give the proof of Theorem 1.4 as an application to the 1D isentropic gas dynamics.

2 Existence of continuous solutions

In this section we prove the existence of continuous solutions of system (1.1)-(1.2) (Theorem
1.1 (7)) adapting our existence proof developed in [11] and some ideas of Bianchini, Bressan [4].

To prove the existence of continuous solutions to system (1.1)-(1.2), we need to recall the
existence result proved by El Hajj et al. in [11] for the following parabolic regularization of
system (1.1)-(1.2):



82

Ou’ + )\’A(ua)@ggui’5 = e0,,ut® with 0<e<1 and 8, = 5>
Oz (2.1)

u(z,0) = ug(z), with wuf(x) :=up*n.(z),

where we have also regularized the initial data by convolution with a mollifier 7. defined by
ne(-) = 1n(2), for some non-negative function n € C°(R) satisfying [ 7 = 1.

We will need to use (and to prove later) the following assumption:

For all T >0, dC7r >0, such that
(4) ‘
o0

HL°°((O,T),L10gL(R)) S CT fOI‘ ’l - 17 PPN 7d.

In [11], we have proven the following result (see [11], Theorem 2.2, Proposition 3.1, Lemma 4.3
and Theorem 4.4).

Theorem 2.1 (Global existence for non strictly hyperbolic case)
Assume (H1) and (H3). Then we have:

i) Existence:

There ezists a function u® = (u>°);—1__q € [C°°(]0, +00) x R)]? solution of (2.1), such that the
function uf(t,-) is nondecreasing in x for allt > 0, u®(t,xz) € U for all (t,z), and u® satisfies
the following L™ estimate:

" oo (0,4 00)xR) < lUbllpoe®) — for i=1,....d. (2.2)

Moreover, we have u® € ﬂ [(W2e([0,T) x R)]d and we have for any t € [0,T] the following

T>0
gradient entropy estimate:

[

i=1,...,

t . . .
[ (Opub=(t, 2)) dx + / / Z N (uf)0pu (s, 2)0pu’ (s, ) do ds < Cy,
d 0 JR; iz1,..d
(2.3)
where (@) ) /
| zn(z) + < if x>1/e,
f(x)_{o if 0<z<1/e,

and C1(T, d, M, HUOH[LOO(]R)]d’ HaIUOH[LlogL(R)]d)'

(2.4)

i1) Convergence:

Assume moreover that u® satisfies (A) uniformly for ¢ € (0,1]. Then up to extract a
subsequence, the function u® converges locally uniformly, as € goes to zero, to a function
u € [L>([0, +00) x R)]%. Moreover u is a solution to (1.1)-(1.2) and satisfies u(t,-) is nonde-
creasing in x for all t > 0, u € [C([0,400) x R)|?, w(t,x) € U for all (t,z) and there ezists a
modulus of continuity w(d, h), such that for all 6, h > 0 and all (t,z) € (0,7 —0) xR, we have:

1 1

t+ 8,2 +h) —u(t,z)] < Cow(d,h) with w(d,h) =
[u(t + 0,2 +h) —u(t,z)| < Cow(d,h) with w(d,h) 1n(%+1)+ln(%+1)

(2.5)



where Co(Cr, My), with Cr is given in assumption (A).

Before going into the proof of the existence result of continuous solutions introduced in Theorem
1.1 (i), we recall the following lemma (deduced from Lemma 7.1 in Bianchini et al. [4]).

Lemma 2.2 (Transversal wave interactions)
Let p, p € Cp((0,+00) x R) (two continuous bounded functions) and € > 0. Let moreover
z, 2 € L>®((0,4+00); L'(R)), be solutions of the two independent scalar equations
Oz + O0p(pt 2) = €0zzz  on (0,400) X R (2.6)
hz+ 0p(fi 2) = €0pz on  (0,400) x R (2.7)
with two initial data 2(0,-), 2(0,-) € LY(R), where the initial data of z is understood as follows

/z(t,x)i/)(x)dxH/Z(O,x)@b(x)dx as t— 0, forevery ¢ € CZ(R)
R R

and similarly for zZ. Assume that, for all T > 0

inf 4 — [t > A>0.
(tvm)El(r(l),T)xR['u( o) — it x)] = A >

/OT/R’Z(t,m)Hz(t,x)\dm dt< % </R ]z(O,x)]dx) (/R !Z(O,x)]dx> )

We remark that the proof of this lemma is based on the following estimate

dt [// W\!Z(ty!dxdy} /\ (t,2)||z(t, ) |dz.

For more details see Bianchini et al. [4, Lemma 7.1].

Then

Proof of Theorem 1.1 (i):
We will show that bound (A) holds for the solution u® given in Theorem 2.1 (i). To this end,
we bound from above the following quantity uniformly on &

// Z N (uf)Dpui (5, )0pu (5, ) da ds

/ / Z )\fj(ua)axus’i(s,a:)@xua’j(s,x) dx ds

i#j, 1,5=1,....d

<M1// Z |8u stGu’Jsx|dxds

i#7, 1,J=1,...,d



where to get the second line we have used (H2), and we have used (H1) in the third line. Now,
we use (1.4), Lemma 2.2 and the monotonicity of uf (as a consequence of (H3)), we obtain

I %Z </R I@Z‘(@(m)(/}g 57]’(9@)(@)

1#7,8,5=1,...d

IN

W

M,y

< = oo e

Then, by (2.3) we get

/ S J (@) de< G+ 0 2 gl e 1= Cr

i=1,...,d

which implies that d,us, for i = 1,...,d, are bounded in [L>°((0,T); Llog L(R))]¢ uniformly
on ¢ (with a constant only depending on Cr and on [[ug||[ze(r))-

The fact that u is a vanishing viscosity solution is a consequence of Theorem 3.7 that will be
proven later. This ends the proof of Theorem 1.1 (i). O

3 Local semigroup property and uniqueness of continuous van-
ishing viscosity solutions

In this section, we show that the solution of system (1.1)-(1.2), constructed in Theorem 1.1
(i), is the unique continuous vanishing viscosity solution (in the sense of Definition 3.6). In the
following subsection we show some useful estimates for the parabolic system (2.1). Then using
these estimates, we prove in Subsection 3.2 a kind of "finite propagation speed result” of this
parabolic system in the vanishing viscosity limit. Thanks to this result, we are able to localize
the argument developed in Bianchini et al. [4] and then to extend it for large and continuous
data.

3.1 Preliminary results

In this subsection we show some useful parabolic estimates. In Proposition 3.2, we prove that
the L' norm of the second space derivative u,, of the solution of parabolic system (2.1) decays
rapidly in space locally in time, which gives a L® bound on the space derivative u,. Then, using
this L* bound we prove in Lemma 3.4 a comparison principle result based on the maximum
principle for scalar parabolic equations.

Lemma 3.1 (Properties of the heat kernel)
12
Let G(t,x) = e~ 4 be the standard heat kernel. Then, for all t > 0, we have:

() |G )@ =1,

(i) 102G ()1 w) <

Sl -

10



For the proof of this lemma, we refer to Pazy [24, Th 5.2. Page 107].

Proposition 3.2 (Local in time L' bound on 9,,u%)
Let u® = (u®%);—1._q be the solution of system (2.1), given by Theorem 2.1 (i). Then for

1 2
Ty = (ﬁ) and Cp =2 <Hu0|][Loo(R)]d + My + MlHuoH[Loo(R)}d> ;

the following estimate holds for all t € [0,eTp]:

0met 8, )|y < f/_i_z for i=1,....d (3.1)
Proof of Proposition 3.2:

We prove the result in three steps. In the first step, we prove that the second space derivative
of the solution of (2.1) with e = 1 is bounded in L*((0,7); L'(R)) for some small T. In the
second step we prove estimate (3.1) in the case € = 1 and then in the third step we deduce the
result rescaling in time and in space.

Step 1. (Local L>((0,T); L' (R)) bound): Let v = (v');—1__4 be a solution of system (2.1),
with e = 1, given by Theorem 2.1 (i). Taking the derivative with respect to x the equation
(2.1) satisfied by v € [C((0,T) x R)]?, we get that w' = 9,v" satisfies the following equation

O’ + X (@)0sw' + 3 Nj(v)wlw' = O’ (3:2)
j=1,..d

The function w'(t) = w'(t,-), can be represented as

Wi (t) = G(t) + w (0) — /0 Gt —5)« | N + 3

)‘fj (v)ww'| ds (3.3)
j=1,.,d

where G is defined in Lemma 3.1. Taking the derivative with respect to x we deduce that

Dpw'(t) = G(t) * Dy’ (0) — /0 (.Gt — 5)) * | N (0)0pw' + Y Nj(wwiw'| ds.

j=1yd

Using Lemma 3.1, we obtain

t
. . 1 .
100w (1) |1y < 100 (0) |13y +Mo /0 =0 () e ds

t
1 .
+M1/0 Tl Ol @ ()l gy ds

where w = (w');—1__4. Using estimate (2.2) and the fact that w’ > 0, we obtain

11



t
4 . 1 A
o)1ty < 10 Ol ey +30 | 00 ()11 x

t
1
2M oo
+2Mi ||luollj, (R)]d/o\/m

By Sobolev injection and the fact that w!(¢,z) — 0 as |2| — +00, we can see that

[w (5)| oo Ry ds-

t
, . 1 ‘
[02w" (8) || L1 ) < [|02w"(0)]| L1 (R) +M0/0 ﬁ”axwz(S)HLl(R) ds

t
1
L e A er L DI P
This implies that
10z (8) ] 212y < 102" (0)]| L2y + £V T 00w || Lo (0,11 (2)) (3.4)

where r = 2(Mo + 2M ||Juol[fz (r))2). Using estimate (3.4), we can prove that for all 7' < 4%,
we have (lf H(?Iwi||Loo((07T);L1(R)) is ﬁnite)

020" oo ((0,7): 1 ®)) < 2/|0xw* (0)]| L1 (m) = 2/|0a (ut * 1)l 21 (m)
The remaining difficulty is to show that Hazwi||Loo((07T);Ll(R)) is finite. To this end, we multiply
w by a function ¢r(-) = ¢(3), where ¢ is a cut-off function satisfying ¢ € C.(R) and ¢ =1 on
[—1,1]. Then, we repeat the previous argument replacing w by ¢rw and at the end we take
the limit R — +oco to conclude.

Step 2. (Case ¢ =1): We now write the derivative of equation (3.3) with respect to z, as
follows

D () = (B, G(8)) % w (0) — /0 (0:G(t — ) | Nt + 3 N ds
Jj=1,....d

Using Lemma 3.1, we obtain

t
‘ 1 ‘
[0zw" (t)] L1.(r) \[”w( N ®) +Mo/0 ﬁ”axwz(s)hl(ﬂe) ds

t
1 %
My [ ) e ) e

Similarly as in Step 1, from estimate (2.2) and the fact that w’ > 0, we get

18 () 2 ) < fuuonm My / \/_uawl'(smmmds

+2 M1 ||uol[fz00 (m))a 102w ()] L2 () dis.

=

12



If we note Co = 2([|uo || [poomye + Mo + Milluo||[poo(r)e), then we can deduce that

7 G ! 1 %
o Ollse) < o+ Co | 05y s

To prove (3.1), we shall argue by contradiction. First, we remark that from Step 1 we know
that [|0,w’ (t)[|L1(r) is finite. Assume that there exists a first time 7 < Tp such that the equality
in (3.1) (with e = 1) holds. Then, observing that
Lo
0 Vs(t—s)
we compute

. C T 1 2C
Haxwl(T)HLl(R) < —S_ +CO/ - =0 ds

reaching a contradiction. Hence,

1000 (8) | gy < 220 for all ¢ € [0,T). (3.5)

Vit

Step 3. (Case ¢ > 0): We remark that if v is solution of system (2.1), with e = 1, then

us(t,x) = v (£, £) is a solution of system (2.1), with & > 0. Applying (3.5), we get the result.
O
Corollary 3.3 (Global L' bound on 9,,u%)
Under the assumptions of Proposition 3.2, we have for all t > 0, and fori=1,...,d
2C)
— if t < el
' \/g f 0
€0
(| Oz (t, -)HLl(R) < o (3.6)
0 if t>eTy

vV ETQ

where Cy 1s defined in Proposition 5.2.

To prove this Corollary it suffices to apply Proposition 3.2 on the time interval [t — €Ty, t].

Lemma 3.4 (Exponential estimate)
Let u be the solution of system (2.1), with ¢ = 1, given by Theorem 2.1 (1). We consider a
solution z = (Zi)z‘:17...,d of the linearized system:

j=1,--.d

with initial data satisfying
|2(0,2)| <1 if ©>0
2(0,2) =0 if x<0.

13



Then, there exists two constants a, 3 > 0, such that for allt > 0

|2(t, z)| < ae® e,
where a, (3 only depend on d, My, My and HUOH[LOO(R)}CI

Proof of Lemma 3.4:
First we assume that z is a smooth function. We will show that z(¢, ) becomes exponentially
small on a domain of the form {4t + = < 0}. Indeed, any solution of (3.7) admits the integral

representation

2t x) = G(t) * 2(0) —/0 (0, G(t — 5)) * [\ (u)2%](s) ds

t
+/ G(t — s) * Z )\fj(u) (20,0 — 27 0,u']
0

j=1,...d

in terms of convolutions with standard heat kernel G(t) =G(t,z) = \/ifte at . Therefore

tm]</Gtw— 2(0,y)| dy —l—Mo//]BGt—sx— y)||z(s,y)| ds dy

t
oM, /0 /R Gt — 5,2 — )]|01(s) | g gypa (5, 9)] ds dy.

We know that there exists a function B satisfying B(t) < 2¢°* for every t > 0, for some constant
C depending only on My, such that

t
E(t,z) = B(t)exp <4M1/ [0z u(s) || {00 ()] ds) et
0

satisfies the following estimates (see Bianchini et al. [4] inequalities (12.8)-(12.9)-(12.10)):

/G 2(0,y)] dy < — / 7y) eV dy = e t*

t
[ / (@Gt~ 5,7~ 9))E(s,y) ds dy < LE(t,7) — 2™
0 JR

¢ 1 1
20y [ [ Gt~ 50— )0y Bl 0) ds dy < 5E(t,z) = 5
0 JR

Notice that this result can also be checked directly by computation.
Thanks to the previous bounds and similarly as in the proof of (3.5), we obtain

|z(t,z)| < E(t,x).

14



Then using Sobolev injection, we deduce that

t
|z(t,2)| < E(t,z) < 2eexp <4M1/ [|0zzu(s) |1 (m)) ds> et
0

Finally, using Corollary 3.3 (with e = 1), we deduce that

t
|2(t, )| < 2e“texp <8dM1C'0 <2ﬂ + —>> et
VI

We observe that this estimate only depends on d, Mo, My and [Jug||[ze(r)j¢- We can prove the
same bound for general z, not necessarily smooth, using again an approximation argument
joint to the continuity of the solution of (3.7) with respect to its initial data. O

3.2 Propagation speed

Consider two solutions u®, v° of the same viscous system (2.1), whose initial data coincide
inside a bounded interval [a,b]. Since the system is parabolic, at a given time ¢ > 0 one may
well have u®(t,x) # v°(t,x) for all z € R. Yet, we want to show that the difference |u® — v°|
remains small once it is confined within a bounded interval [a 4+ 8t,b — (t]. This result will
be useful in the Subsection 3.3, because it implies the uniqueness of the continuous vanishing
viscosity solutions and of the semigroup.

Lemma 3.5 (Propagation speed)

For some constants «, 3 > 0 independent of €, the following holds. Let u® = (us’i)izl,___7d and
v¢ = (v57);21,._a be the two solutions of system (2.1), given by Theorem 2.1 (i), whose initial
data satisfy, for all reals a < b:

u®(0,2) =v°(0,2) for x € [a,b]. (3.8)
Then for all x € R, t > 0 one has

Bt—(x—a) Bt+(x—b)
U (@) = o7 (1, 2)] < aflu(0,) = w50, )l pqmy (¢ ¢ e o).
Proof of Lemma 3.5: We prove this lemma in three Steps.

Step 1. As a first step we consider a solution z of system (3.7) (for € = 1), whose initial data

satisfies
|z(0,2)| <M if z>b
2(0,2) =0 if x<b.

By the linearity of system (3.7) and "translation invariance", an application of Lemma 3.4 to
the translated solution, yields
|2(t, )| < MaePtHE=b),

On the other hand, if
|2(0,z)| <M if z<a
2(0,2) =0 if x> a,

then (using translation and the symmetry x — —x)

15



|2(t, )| < Maelt=(@=a),

Step 2. (Case ¢ = 1): In this step we prove the result in the particular case ¢ = 1. Let u and
v be two solutions of system (2.1), with e = 1. We consider a third solution w of (2.1) with
initial data

[ u(0,x) if x<b
w(0, ) = { v(0, ) it x>b

For 0 < 6 < 1, we set

W (t=0,2) = uf(z) = 0u(0,z) + (1 — 0)w(0, z)

and we call v/ = (u®?);_; 4 the solution given by Theorem 2.1 (i), of (2.1), with e = 1 and
initial data uf. Using system (2.1), we can check that the tangent vector

; du?
G,Z - = 0 = —
(Z )2217---7d z da

is a solution of the following Cauchy problem:
9,20+ 9, (N (u?)297) 4 8,02 = Z )\fj(ug) [ze’iaxug’j — 299,45 for i=1,---.d
j=1,,d

22(0,2) = u(0,z) — w(0,z).
If (3.8) holds, then by previous analysis all functions 2% satisfy the following inequality

|2(t,2)| < allu(0,-) = (0, )| poo (g™ 0.
Therefore
1
u(t, z) — w(t, z)| < /O |2(t, 2)[d6 < al|u(0,-) = v(0,-)|| Lo rye™ Y. (3.9)
Similarly, we can prove that
[o(t, ) —w(t, x)] < al[u(0,-) = v(0, )| Lo mye™ . (3.10)
Collecting (3.9) with (3.10), we get
|U(t, 'I) - U(t, ,I)| < OZHU(O, ) - U(O? ')HLOO(]R) <eﬁt—($—a) + eﬁt+($_b)> .

Step 3. (Case ¢ > 0): Rescaling in time and in space, with u®(¢,z) = u (é, f) and v°(t,z) =

v (£,2), we obtain the result (for new a and b).

|
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3.3 Continuous vanishing viscosity solutions and L!-stability estimate

In this subsection we give the definition of continuous vanishing viscosity solutions and we
prove that the solution of system (1.1)-(1.2), constructed in Theorem 1.1 (i), is the unique
continuous vanishing viscosity solution (Theorem 1.1 (ii)). The proof of L!-stability estimate
(Theorem 1.1 (iii)) is done at the end of this subsection. The idea of the proof is the following:
our solution is continuous with a control on the modulus of continuity. This implies that the
total variation of the solution is locally small. Taking into account the finite propagation speed
property, it is then possible to localize the argument developed in Bianchini et al. [4], and
finally to extend it to the case of large initial data.

Definition 3.6 (Continuous vanishing viscosity solutions)

Let T > 0. A function u € C((0,400) x R) is a viscosity solution of system (1.1) if for any
small v > 0 there exists a constant n > 0 such that, for all t € [0,T] the function u(t,-) has a
total variation smaller than v on any interval [a,b] where b—a < n and moreover the following
integral estimate hold.

There exist constants C,y > 0 (depending on 1) such that, for every 7 > 0 and a < & < b, with
b—a <mn, one has

1 b—vh
lim sup — / lu(T + h,z) — Ué’u,T ¢)(h,z)|dz < C(TV]u(7); (a, b)])> (3.11)
h—0+ a++yh Y

where TV [u(7); (a,b)] is the total variation of u(r,-) on the interval (a,b) and U’

s the
solution of the linear hyperbolic Cauchy problem with constant coefficients:

o' + Ne(u(r,€))0,w' =0, with w'(0,z) = u'(r, x).
Now, we prove that our solution constructed in Theorem 1.1 (i) is a continuous vanishing

viscosity solutions in the sense of this definition.

Theorem 3.7 (Existence of continuous vanishing viscosity solutions)
The solution of system (1.1), given by Theorem 1.1 (i), is a continuous vanishing viscosity
solutions, in the sense of Definition 3.6.

To prove this Theorem, we need to recall the following Lemma.

Lemma 3.8 (Solution with small total variation)
For all £ € R, let v* = (vg’i)i:L__.,d, w® = (w™")j=1,..q be respectively the two solutions of the
viscous systems

Gtv” + )\i(va)axve,i = 583&$U87i7 (3.12)
&ewa’i + )\z(ws(o’ 5))8110872 = 5a:v:vw6’i (313)

with the same initial data v¢(0,2) = w®(0,z) = u(zx), where @ is a function with total variation
smaller than v > 0. If v is small enough, then for all h > 0, there exists a positive constant C
independent of €, such that

[v° () = w®(hy )z e < CR(TV[a]).
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For the proof of this Lemma see Bianchini et al. [4, Lemma 15.2] (Necessity).

Proof of Theorem 3.7:
Because the solution u given by Theorem 1.1 (i) has a modulus of continuity controlled by
(1.5), we can choose a constant 7 > 0 such that for a < b with b —a <1, we have

TV{u(r); (a,b)] < 6

(i.e. u(r,-) has small total variation on (a,b)). To prove estimate (3.11), first, we fix 7 and
¢ € (a,b) and we define the following truncate function

uf(1,a) if z<a,
u(r)(z) = u(r,2) = ¢ w(r,x) if a<z <D, (3.14)
us(1,b) if b<u,
where u® is the solution of (2.1), constructed in Theorem 2.1 (i). Call v* = (ve’i)i:17...,d,

w® = (w%);—1,_q respectively the solutions of (3.12) and (3.13) with the same initial data

ve(0,2) = w®(0,z) = u*(r,x). Let U(bE o= <U(bu€:,5)>i:1 ., be the solution of the parabolic

Cauchy problem (3.13) with U(bz’f,T 5)(O,JI:) = u®(1,z). Let 8 be the positive constant defined in
Lemma 3.5. Then by definition of u and Ué’u,T ¢)» We can see that

1 [b-ph 1 [b-ph
—/ |u(T + h,z) — Ué)u-rg)(h x)|dx< lim — |u® (T + h,z) — U(u rg)(h x)|dz.
h a+pBh Y e—0 a+pBh

This implies that

1 [b-ph 1 [b-ph
—/ lu(t + h,x) = U, (h,x)|de < lim — |u® (T + h,z) — v°(h,x)|dx
h a+Bh (u;T,€) e—0 h a+Bh

I

b—Bh
13
—1—21_)1% . /a+ﬁh —w®(h,x)|dx
5

b—Bh .
15
+glir(l]h /a+6h |we (h, x) — Ui (h,ﬂ:)|d$.

/

I3

Using Lemma 3.5 on the finite propagation speed and estimate (2.2), we obtain, for h small
enough, that lin%) I7 + IS = 0. Moreover, by Lemma 3.8, we know that,
E—

limsup I5 < limsup C(TV [ (7)])* < C(TV[u(7); (a,b)])?

e—0 e—0
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which ends the proof of Theorem 3.7.

O
Before going into the proof of Theorem 1.1 (ii) and (iii), we first recall in Lemma 3.9 the
continuous L' estimate, proved by Bianchini et al. in [4]. Then we prove Proposition 3.10
that claims that our solution coincides locally with the semigroup vanishing viscosity solutions
defined by Bianchini et al. in [4]. Let us underline that the semigroup of Bianchini-Bressan is
defined for initial data which are not necessarily continuous, but with small total variation.

Lemma 3.9 (L' estimate for initial data with small total variation)

Let S; be the semigroup of vanishing viscosity solutions, constructed by Bianchini et al. in
[4] as the limit in L} _(R) of a sequence S° (see [{, (13.9)]). Consider any interval [a,b] and
two initial data u, v € L], (R) with small total variation. Then, the following continuous L'

estimate holds.

b—pt - - b - - b—a
/Mt 1(S,) (2) — (Si9) ()] da < Lo/a ae) o) o forall 0<t< It (@15)

1(S;u)(z) = (S70) (@)l 1@y < Lo lla(@) — ()1 gye  for all >0, (3.16)
where (3 is the constant defined in Lemma 3.5 and Ly is a positive constant independent of €.
For the proof of this lemma see Bianchini et al. [4, (13.13), (13.5)].

Now we prove the following proposition, which shows that our solution is locally a semigroup.

Proposition 3.10 (Semigroup for continuous vanishing viscosity solutions)

Let u be a solution of system (1.1), given by Theorem 1.1 (i). Then, for all T > 0, there exists
n > 0 only depending on T, d, Mo, My, A and bounds on [[ug||[pec(myje and [|0zuoll(f 10g (r) 45
such that for all0 <b—a <n and T € [0,T], we have

b—pt h—
/ lulr +,2) — (Sya(r))(@)|de =0, forall 0<t< =2 (3.17)
a+p3t 43
where [ is the constant defined in Lemma 3.5, Sy is the semigroup of vanishing viscosity solution

defined by Bianchini et al. in [}] and @ is the following truncate function

u(r, a) if x<a,
u(r)(z) = ¢ u(r,x) if a<x<b,
u(T,b) if b<uw.

Proof of Proposition 3.10:

First we remark that the solution u, given by Theorem 1.1 (i) satisfies (1.5), and then we can
choose a constant > 0 such that for all b — a <7 the function @(7) has small total variation
on (a,b). Then, adopting the semigroup notation, we can write the vanishing viscosity solution
defined by Bianchini et al. in [4] as S¢(u(7)). The fact that S; is a semigroup is a consequence
of the theory of Bianchini-Bressan developed in [4]. By construction of the solutions, we can
write
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b—t b— Bt
/ lu(r 4+ t,2) — Si(a(r))(x)| dx < lir% |u® (1 +t,x) — Sj(a(r))(z)| dx (3.18)
a+3t e~V a+pt

where u® is the solution of (2.1), constructed in Theorem 2.1 (i). Here Sf(u(7)) is the semigroup
solution of (3.12) with initial data @, constructed by Bianchini-Bressan in [4]. Now, we add
and we subtract in (3.18) the function Sj(u®(7)), where u®(7) is the truncate function of u®
defined in (3.14), we deduce that, there exists two positive constants C' and Lg independent of
e such that

b— Bt b— Bt
/ lu(r +t,z) — Sy(u(r))(z)| de < lim |u® (1 + t,x) — S;(a®(7))(z)| dx

+8t =0 Jatpt
b—Bt
+ lim 1S5 (@ (7)) (x) — 5S¢ (u(7)) ()| d
e—0 a+ﬁt
b—pt —(z—a z—
<limC (eﬁt (s : —{—eﬁtHs b)) dz
e—0 a+pt

+Tim Loa(r) = 8°(7)l| i oy

where we have used in the second inequality the finite propagation speed Lemma 3.5 with
estimate (2.2) and estimate (3.16). Using the fact that u® converges, as ¢ — 0, to u in
Le ([0, 4+00) x R) and

loc

lim C <eﬁt_(sx_a) + eﬁt+(sx_b)> =0 on [a+ ftb— [t

e—0
we obtain the result.
O
Now, we prove that the solution w constructed in Theorem 1.1 (i), is the unique continuous
vanishing viscosity solution of system (1.1)-(1.2), in the sense of Definition 3.6.

Proof of Theorem 1.1 (ii):

Step 1. (Short time): Let w = w(t, ) be a continuous vanishing viscosity solution of (1.1)
and u be a solution of (1.1) constructed in Theorem 1.1 (i). Assume w(0,z) = u(0,z). By
Definition 3.6, we know that there exists two constants v and 7 such that w satisfies (3.11).
Let us call (1, ) the parameters given by Proposition 3.10. Then up to decreasing 7y and
increasing (3, we can assume that 9 = 7 and § = v. Given any interval [a,b], such that
b — a = n, thanks to identity (3.17) (with 7 = 0) and w(0,z) = u(0,z) we have

b—tf3 b—tp 7
/ lw(t,z) — u(t,z)|de = / |w(t,z) — (Spw(0))(x)|dz, forall t< —
a+tB a+t3 4p

where
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w(t,a) if z<a,
w(t)(x) =w(t,z) =< w(t,x) if a<z<b,
w(t,b) if b<u.

Let Ly be the Lipschitz constant of the semigroup Sy, defined in (3.15). Using estimate (3.15)
(and the fact that S;(w(0)) is continuous in ¢ with values in L!(R)), we get the following error
estimate

b—t3
/ 0t ) — (Syw(0)) (x)|de

+13
(3.19)

t 1 b*(T‘Fh)IB
< LO/ lim sup — / |w(T + h,z) — Sp(w(T))(x)|dz| dr
0 h—ot N a+(17+h)B

as in Bianchini et al. [4, (15.9)]. Now, to prove the uniqueness it thus suffices to show that the
integrand on the right hand side of (3.19) vanishes for 7 € [0,¢]. Fix any 7 € [0,¢] and let ¢ > 0
be given. We can choose finitely many points
a+Tl=w0<T1 < - <xTN=b—T0,

such that, for every j=1,..., N,

TV]w(r,-); (xj—1,x;)] <e. (3.20)
By Theorem 3.7 and Proposition 3.10, the function ¢ +— Sy w(7) is itself a continuous vanishing
viscosity solution and hence it also satisfies estimate (3.11). We now consider the mid point

Y = L;x] Using the estimate (3.11) with £ = y; on each interval (z;_1,;), we compute

b—(7+h)g
lim sup %/ |w(T + h,x) — Sp(w(7))(x)|dx

h—0t

al | s b
< limsup—/ ‘w(T +h,x)—Ulg. (h,x)‘ dx
; h—ot o np (@:7y;)

N 1 x;—hp )
+3 limsup - / (U(Myj)(h, ) — sh(w(f))(x)( dz.
j= z;_1+hs

Using (3.20), we obtain

. 1 b-(+h)B N )
lim sup - / (@ (r + h,2) = Sp(@(n)(@)lde < C1 S (TVIw(r,); (@j-1,;))
h—0+ a+(7+h)B

j=1
< CLeTViw(r, ); (a+78,b— 70)]

< (i,
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because TV [w(r,-); (a + 76,0 — 75)] < v <1 (for a suitable choice of v in Definition 3.6).
Since € > 0 was arbitrary, the integrand on the right hand side of (3.19) must vanish at time

. n
€ [0,¢ th ¢t < —.
re 0, with e < L
Step 2. (Long time): Since the constants Lo and C; are uniform on (0,7, for all 7' > 0 we
can find ng € N, such that ”OTHZ% > T. We repeat the same argument, for alln =1,...,n9 on
the interval [%%, "T“%} , we prove the uniqueness for all ¢ € [0, 7]. This completes the proof.
O

In the following we prove the L!-stability estimate announced in Theorem 1.1 (iii).

Proof of Theorem 1.1 (iii):

Step 1. (Local estimate): From Proposition 3.10, we know that, there exist two posi-
tive constants 3 and 7 depending only on T', My, Mi, d, A and bounds on |ug||[ze(myje
10zu0lL10g L) [1V0llzo0 )45 10200l[L 10g £(R)je» SUCh that, for all 0 <t < {h, we have

a+n—pBt a+n—pFt
/ lu(t,z) —v(t,x)|de = / |Setig () — Spvo(x)|dx
a+[t a+pt

where ug and vy are the following truncate functions

up(a) if z<a, vo(a) if x<a,
uo(x) = ¢ wo(x) if a<z<a+mn and vo(z)=4q vo(z) it a<z<a+n,
w(a+n) if a+n<cz vola+n) if a+n<uwz.

Using the continuous L' estimate (3.15), we get

a+n—pt a+n a+n
/ L It ot e < LO/ o (&) — ()| dar = LO/ o () — v ()| da
a+3t a a

This leads to the following local estimate:

|lu(h,-) —v(h, -)H[Ll(n&’)]d < Lo||lug — ’UOH[LI([S)}d forall 0<t< %, (3.21)

where I}, = [a + Bt,a +n — (t].

Step 2. (Global estimate): For all k € Z, we note [}, = [%77, k—‘QLQn] and J, = [%n, %n].
We apply the local estimate (3.21), we obtain

n
Ju(t, ) = vt )iy < Lolluo — vollfpi(gye  forall 0 <t < —.

4p

Taking the sum over k € Z, we deduce that

Hu(t, ) - U(t, ')H[LI(R)]d < 2L0Hu0 — UOH[LI(R)]d forall 0<t < %

Now for all 7' > 0, we know that there exists ng € N, where ""THZ% > T. We repeat the
previous estimate, for all n = 1,...,n¢ on the interval [%%, "TH%], we obtain that there

exists L = L(n, 3,np) such that
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Hu(t, ) - U(t, ')”[LI(R)}CI < LHUQ — UOH[LI(R)]d forall 0<t¢ < T

which proves the result. O

4 Existence and uniqueness of Lipschitz solution

This section is devoted to the proof of Theorem 1.3. We study Lipschitz solutions of system
(1.1)-(1.2) and we show some uniqueness results for some particular matrices ()\fj (w))ij=1,..d
with d > 2. In the following subsection, we first recall the definition of viscosity solutions
(different from Definition 3.6 for continuous vanishing viscosity solutions) and some well-known
results in this framework. The proof of Theorem 1.3 is done in Subsection 4.2.

4.1 Some useful results for viscosity solutions

The notion of viscosity solutions has been introduced by Crandall and Lions [6] in 1980, to
solve first-order Hamilton-Jacobi equations. Let us mention that this theory has also been
extended to the second order equations (see for instance the work of Jensen [16] and Ishii [13]).
For a good introduction to this theory, we refer the reader for instance to Barles [3] and Bardi,
Capuzzo-Dolcetta [2].

Now, we recall the definition of the viscosity solution for the following problem for all 0 < e <1
satisfied by a real function v(t, z):

O+ H(t,x,v,0,v) —edp,v =0 for xR, te (0,400). (4.1)
where H : (0,+00) x R? —— R is the Hamiltonian and is supposed to be continuous. We
introduce the following set of functions, for a set Q C R¥:

USC(Q) ={f:Q+— R, with f upper semicontinuous},
LSC(Q) ={f:Q+— R, with f lower semicontinuous}.
Definition 4.1 (Viscosity subsolution, supersolution and solution)
A function v € USC((0,400) x R) is a viscosity subsolution of (4.1) if for every (to,xo) €

(0,4+00) x R and for every test function ¢ € C%((0,+00) x R), that is tangent from above to v
at (to,xg), the following holds:

¢ (to, o) + H (o, o, v(to, o), Oxd(to, o)) — €0zx0(to, zo) < 0.

A function v € LSC((0,+00) X R) is a viscosity supersolution of (4.1) if for every (to,zq) €
(0,7) x R and for every test function ¢ € C%((0,+00) x R), that is tangent from below to v at
(to, o), the following holds:

¢ (to, o) + H (o, o, v(to, o), Oxp(to, o)) — €0zx0(to, zo) > 0.

A continuous function v is a viscosity solution of (4.1) if, and only if, it is a sub and a super-
solution of (4.1).
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Remark 4.2 When v is a subsolution (resp. supersolution) of (4.1), we write

O+ H(t,x,v,0,v) — 0,0 <0 (resp. 0w + H(t,x,v,0,v) — €0yyv > 0).

Let us now recall some well-known results.

Remark 4.3 (Classical solution-viscosity solution)
If v is a C? solution of (4.1), then v is a viscosity solution of (4.1).

We now consider solutions of the following ODFE for a € R:

d
d—::av on (0,+00). (4.2)

A function v : (0,400) — R is said to be viscosity subsolution (resp. supersolution) if
v(t,x) = v(t) is a viscosity subsolution (resp. supersolution) of (4.1) with H = —av, ¢ =0 in
the sense of Definition 4.1.

Lemma 4.4 (Gronwall lemma for viscosity solution)
Let us consider a function v € USC|[0,400), which is a viscosity subsolution of (4.2). Assume
that v(0) < vg then v(t) < vy e* for all t > 0.

The proof of this Lemma is a direct application of the comparison principle, (see Barles [3, Th
2.4]).

4.2 Uniqueness results for W1 solutions

In this subsection we prove Theorem 1.3. Before going on, we recall below in Theorem 4.5 a
well-known uniqueness result for W solutions of (1.1).

Theorem 4.5 (Existence and uniqueness of W1 solution)
Assume (H1). Let up € [WV®°(R)]?, such that O,ug > 0.

i) Then, for any 0 < ¢ < 1, there exists a function u® € ﬂ ([W2’°°([O,T) X R)]d N[C>([0,T) x ]R)]d)
T>0
solution of (2.1), such that for every fized t € [0,4+00) the function u®(t,-) is nondecreasing.

i1) If the solution u® of (2.1) satisfies (for all T > 0)
[t ) wroemye < Cr forall t €[0,T] (4.3)

with Cr independent on e, then u® converges locally uniformly, as € — 0, to a function u with

u e ﬂ [Wl’oo([O,T) X ]R)]d. Moreover, this function u is the unique solution of system (1.1)
7>0

in the sense of distributions, assuming the solutions in ﬂ [(Whe([0,T) x R)]d.
>0

The lines of the proof of this theorem are very standard (see for instance Cannone et al. [5] for
a similar problem). For this reason, we skip the details of the proof, and notice that Theorem
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4.5 follows from Remark 1.2 (i) and Theorem 2.1.

Proof of Theorem 1.3:

Using Theorem 4.5, it is enough to show that system (1.1)-(1.2) admits a solution satisfying
(4.3). Indeed, we then get the same property for d,u, where u is the limit of u® as ¢ — 0.
Moreover, from system (1.1) satisfied by u and the fact that

u € [L®((0,400) x R)]Y and  8,u € [L=((0,+00) x R)]%,
we deduce that dyu € [L°((0, +00) x R)]? which shows that u € [(Whee ([0, +o00) x R)]d.
To simplify, we set w® = d,u®. Moreover, by Theorem 4.5 (i), we know that, w®' > 0 and there
exists a positive constant C7,, such that for all (¢t,z) € (0,7) x R and fori =1,...,d

] 4+ 0,5 + 9] + D] + D] + O] < 5, (4.4)

which implies in particular that

/ |wi(t, )| de < 2C5.
R
We are interested in the quantity

my(t) = supw(t, ).
zeR

which also satisfies |0ym;| < CF. This supremum is reached at least at some point z;(t), be-
cause w™' € WL([0,T) x R) N L'([0,T) x R) and then for each ¢t € [0,T), w(t,z) — 0 as
|x| — 400.

In the following we prove that m; is bounded uniformly in ¢ for all ¢ = 1,...,d which will imply
the first point of the Theorem.

First, taking the derivative with respect to z, equation (2.1) satisfied by u® €
[C((0,T) x R)]¢, we can see that w® satisfies the following equation

Opw™ + XN (w)0pw™ + N (u)ww = O™ (4.5)
joLd

Now, we prove that m; is a viscosity subsolution of the following equation

%mi(t) b3 N m ) (s () 1 (1) = 0. (4.6)
j=1,....d
Indeed, let ¢ € C%(0,T) be a test function, such that ¢ > m; and ¢(tg) = m;(to) for some
to € (0,T). From the definition of m;, we can easily check that ¢(t) > w®'(t,z) for all
(t,z) € [0,7) x R and ¢(tg) = w™(to, xi(tp)). From the fact that w®’ € C>((0,T) x R), by
Remark 4.3 we know that w®’ is a viscosity solution of (4.5). We apply Definition 4.1, and
using the fact that 0,¢ = J.,¢ = 0, we get

25



—¢ (to) + Z XL (WS (to, i(to)))w™ (to, (o) )w™ (to, 24(t)) < 0.
This proves that m; is a Vlscosnty subsolution of (4.6).

Notice that in the case d = 1 each assumption (K1), (K2) or (K3) reduces to A (u) > 0 which
corresponds to the well-known case of scalar Burgers equation with non shocks when the initial
data is non-decreasing. For this reason in the following we consider the case d > 2. We will
establish estimates on m,; at the level e, and the result for ¢ = 0 is then a straightforward
consequence passing to the limit in . Three cases may occur:

1- The case where (K1) holds: We see that m;, satisfies (in the viscosity sense)

d .
() 12 dAl (t, 21 () w™ (¢, 21 ())w™ (¢, 21 (1)) <0,
] k) k)

where we have used the fact that, for j = 1,...,d, A}j(ue) > 0 and w®/ > 0. This proves by
Lemma 4.4 (with a = 0) that,

mi(t) < m1(0) = w'(0,21(0)) < [0y ooy < [0ud | Lo (my=: Ch(1)-

By recurrence, we assume that m;(t) < Cj(t) for all j < i, where C; is a positive function
independent of e, and we prove that m;;1 is bounded uniformly in €. Indeed, we know that

d i ' i
Emi-i-l(t) < - Z NP (i () w™ (8 @i (8)w™ (8 i1 (1)),
j=1,.d

< — ZAZH (t, i1 ()™ (8 i1 (8)w ™ (8, 2441 (8))

1<t

S N wa () (i () w2 ().

i+1<j<d

We use that )\?Ll(ua) >0, for i+ 1 < j < d and we obtain that

d . . 4

Smit(t) < - D N (i (8)w (8 i (8)w™ T (8 @iy (1),
J<i

S dMlm/L'+1(t)C/L'(t).
where we have used the assumption m; < C; for all j < 4. This implies by Lemma 4.4, with
o = dMl, that

mis1(t) < misr(0)e)o Cils)ds

3 L C.(s)ds
< ||axu6+1||L°°(R)eafO Cil)ds.— 0y (1).

This proves that, for all i = 1,...,d, m; is bounded uniformly in €, on each time interval [0, 7.
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2- The case where (K2) holds: From (4.6), we obtain that,

imz(t) <= Y NG () w (b wi())w (1 wi(t)

dt ey
<= Y AwI(t () w (t xi(t))

j=1,...,d
<= D0 Ayt (6)w (¢ zi()

Jj=1,...d

where we have used the fact that )\fj < 0 for i # j. Applying the comparison principle (see
Barles [3, Th 2.4]), we deduce that

mi(t / > Aimi(s)yma(s) ds. (4.7)

Jj=1,...,d

Taking the sum over the index i, from (4.7) we get that the quantity m(t) = m;(t)

satisfies the following

mt) / S Agmy(s)ma(s) ds,

1,j=1,....d
<m(0)= Y 100ug ey < D N0l m),
i=1,...,d i=1,....d
where we have used assumption (K2) and w®? > 0, for i = 1,...,d. This proves (1.7).

3- The case where (K3) holds: We are interested in the following quantity:

m(t) =  max m;(t)=m;,(t) for some ig=1ig(t).

We remark that m € USC(0,T") and that m is a viscosity subsolution of (4.6), which implies
(in the viscosity sense) that

%m(t) <= > NSt i (8)))w (¢, i (1)) (1)
j=1,....d
<N (U (i (1)) (mag () = Y N (£ a0 ()™ (8, 2 (£) Y (8).

j:17"'7d7 ]#7/0

By definition of m;,, we deduce that
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Somlt) <N a D)0me (02 4 3 [N ()] may(my (1)

j:17"'7d7 ]#7/0

< (mig(0)* | N5 (L)) + D (St 240(1)) | <0,
j=1,..d, jio

where we have used (K3) and the fact that w®® > 0. Finally, we integrate in time and obtain
that

m(t) < m(0) = ,gllaxduaggugviumm) < max_ 10| oo () -

=1,...,

This proves (1.8). O

Remark 4.6 (Miscellaneous extensions)
In Theorem 1.3 we have considered the study of a particular system only to simplify the pre-
sentation. This result could be generalized to the following system

o’ 4+ No(u, z,t)0pu’ = hi(u,z,t) on (0,+00) xR for i=1,...d, (4.8)

with \', bt € WH°(R? x R x (0,400)), .h' > 0 and hfj > 0 for i # j and with moreover one
of the following conditions:

/\fj(u,z,t) >0 and hfj(u,:c,t) >0
(K1Y

for all (u,z,t) €RT xR x [0,+00) and j>i with i,j€{1,...,d}.

i d . . . .o
N(u,z,t) <0 forall (u,z,t) €RT X R x [0,+00) and j#i with i,j€{l,...,d},

K2 / . i
(K2) A = E]Rgllf . (N (u,z,t))  and Aii&& >0 for €= (&,..,&q) €0, +00)4.
t“ZO v ij=1,....d

(K3)" Ny(u,z,t) =Y (N(u,2,8)) " forall (u,z,t) €R* xR x [0,+00) and i=1,...,d.

i#]

3

5 Application to the 1D system of isentropic gas dynamics

In this section we present an application of the results proved previously. More precisely, we
study the system of isentropic gas dynamics, defined as follows

Op + Ox(pu) =0

—1)2
De(pu) + Oa(pu® +p(p)) =0, with p(p) = L p0 (5.1)

U(07.%') =wup and p(Oa‘T) =po=0
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where v > 1 and respecting the usual notation for the physical quantities: p represents the
density of the fluid, u is the velocity of the fluid and p the pressure. In what follows, we present
an application of Theorem 1.1 and 1.3 (proved in the present paper) on system (5.1).

First of all, we remark that system (5.1) is a diagonalizable hyperbolic system. Indeed, in the
case where p > 0 and (p,u) is a smooth solution, we can check easily that the following two
variables

2 2 —1
r1 —u+—_ and rgzu——c, where c¢= /2 = (v )\/p’Y*1,
v—1 v—1 P 2

satisfy the following diagonal system:
Oy + A (r1,79)0,m1 =0

Oyra + N2(r1,79)0p12 = 0 (5.2)

with initial data r?, 7’8

where A\! and A2 are defined as follows

r+r —1
)\1(7“1,7“2): 12 2_}_74 (

ritr -1

)\2(7“1,7“2) = 9 4

(ri—re) =u—c.

Moreover, we have

(Afj(rl’ﬁ))i,j:l,z =

\G]
N
DO | =
+
N

In the case v > 1, this matrix satisfies the assumptions, (H2), (K3) and (H2)', of Theorems
1.1, 1.3 and 2.1. In the following, we show some existence and uniqueness results for system
(5.1) applying Theorems 1.1, 1.3 and 2.1.

Firstly, we start with the study of system (5.2) and we consider the following assumptions
(A1) 79, rQ € L®(R) and 9,79, 9,79 > 0.

(A2) 9,1, 0,7 € Llog L(R).

(A2) 79, rd € Lip(R).

The following existence and uniqueness results for the diagonal system (5.2) hold.
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Theorem 5.1 (Diagonal isentropic gas dynamics system)
Assume (A1) and v > 1. Then, we have

i) Existence and uniqueness of a continuous solution:

Ezistence: Under assumption (A2), system (5.2) has a continuous solution (r1,r2) on [0, +00) X
R satisfying (A1) and (A2) for all t > 0. Moreover, if ry —r3 > 0, then r' —r% > 0 for all
t>0.

Uniqueness: Furthermore, if we assume (A2) and

T?ZA1>A22T8

then the previous solution (r1,72) is the unique continuous vanishing viscosity solution (in the
sense of Definition 3.6).

ii) Existence and uniqueness of W1 solution:

Assume (A2)', then system (5.2) has a unique solution (ry,r2) € [W1([0,400) x R)]? sat-
isfying (A1) and (A2) for all t > 0. Moreover, if 1§ —r3 > 0, then v — 12 > 0 for all
t > 0.

Proof of Theorem 5.1:
Proof of i): We apply Theorem 2.1, which proves that, under the assumptions (A1) and (A2),

system (5.2) admits a solution (r1,79) € [C([0, +00) xR)]? satisfying (A1) and (A2) for all ¢ > 0.

We now want to prove that, if 7’? — 7“8 >0, then r; — 79 > 0 for all ¢t > 0. To this end, we recall
that by Theorem 2.1, we know that r1 = lim r{ and ry = liH(l] r5, where (rf,75) is the solution
e—

e—0

of the following regularized parabolic system

8157“5 + )\/L’(T‘i’ Tg)ax’l"ie’ = 68:)3:)37‘;:, for 7/ — 1’ 2

with regular initial data r, 79 (see Theorem 2.1). To simplify, we set 7 = r¢ — 5, using the

regularized parabolic system, we can see that ¢ satisfies the following equation

£ € 1
Oprt = — (L —;—@) Opr® — i 1 10 (r{ +75) + €027

Using the maximum principle theorem for parabolic equations (see Lieberman [21, Th 2.10]),
we know that the following property holds:

If 7¢(0,z) >0, then r°(t,z)>0 forall ¢>0. (5.3)

We pass to the limit ¢ — 0 and obtain that r(¢,2) > 0. This proves the existence result
announced in i). The proof of the uniqueness result is direct application of Theorem 1.1.

Proof of ii): The proof of ii) is similar to the proof of i). Indeed, we apply Theorem 1.3 (with
assumption (K3)), which proves that, under the assumptions (A1) and (A2)’, system (5.2)

admits a solution (r1,r2) € [Wh([0, +00) x IR{)]2 satisfying (A1) and (A2) for all ¢ > 0.
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Moreover, we can prove as in the proof of i) that if r{ — 79 > 0, then r; — 75 > 0 for all ¢ > 0.
Let us mention that in the case of Lipschitz solutions, we can also prove the following result:

-1
if 70 —7) > A >0, then 7 —ry > Ae™® > 0 for all t > 0, with o = VTmfliéHﬁwrioHLoo(R). 0
=1,
Before going into the proof of Theorem 1.4, we need the following technical lemma.

Lemma 5.2 (From Diagonal system to nondiagonal)
Let us consider two functions r1, ro € C(]0,+00) XR)OVV;’;([O, +00) X R) satisfying ri1—re > 0

on [0, +00) x R, with (r1,r2) solution of (5.2). Then the following functions

u=—-—-= and p’=-"""2 where 0=-"1—- (5.4)

solve the following system

0 (p?) + ude(p”) + 0p?0pu = 0
(5.5)
Opu + udpu + 0p%0,(p%) = 0.

Reciprocally, if p°, u € C([0,+00) x R) N Wllo’cl([O, +00) x R) (with p? > 0) is solution of (5.5)
then r1, ro defined in (5.4), solve (5.2).

With a simple computation we can check the result (see also Serre [26, Vol II]).

Proof of Theorem 1.4:
Firstly we prove the existence and uniqueness of a Lipschitz solution announced in Theorem
1.4 ii).

Proof of ii): We prove the result three steps.

Step 1. (Existence and uniqueness of (r1,72)): We remark that, if ug and pf) satisfy as-
sumptions (J1) and (J2)', then the functions r{ = ug + pf and r9 = ug — pf, where 6 = 77_1,
satisfy assumptions (A1) and (A2)’. Now, we consider system (5.2) with the following initial
data 9 = ug + pf and r9 = ug — p§. We apply Theorem 5.1 ii), which proves that system (5.2)

admits a unique solution (ry,72) in W1°([0, +00) x R).

Using the condition r{ — 7 = 2p8 > 0, we can also prove, by Theorem 5.1 ii), that 7y —r9 > 0

for all ¢ > 0.

Step 2. (From (r1,72) toward (p,u)): By Lemma 5.2, it is equivalent to say that u = %
and p? = 572 > 0 are in W1°°([0, +-00) x R) and solution of system (5.5).

We can also see that in the case 1 < v < 3 the functions u and p defined above belong to
W122([0, +00) x R), and moreover solve the following system

P71 [0sp + ubpp + pOyu) = 0

(5.6)
pOru + pudyu + 6%p*°0,p = 0

31



Using the following result:

If f € WP for some p € [1,+00], then Df = 0 a.e. on the set {f =0},

we can rewrite (5.6) as follows

Op + Op(up) =0,
(5.7)
pOru + pudyu + 02(p(p)) = 0.

This shows that (p,u) is a solution of system (5.1).

Step 3. (Uniqueness of (p,u)): Reciprocally, if (p,u) € [W1°(]0, +00) x R)]? solves (5.7),
with p > A > 0, we want to show that (p,u) is unique. From Step 1, it is sufficient to show
that 71 = u 4+ p? and 79 = u — p? is solution of (5.2). This is easy to see that this is true by
reversing the arguments of Step 2.

Now, we prove the existence and uniqueness of a continuous solution announced in Theorem
1.41).

Proof of i): We proceed as in the proof of ii). We consider system (5.2) with the follow-
ing initial data r{ = ug + pf and rJ = ug — pf. We apply Theorem 5.1 i) (Existence), we
prove that, under the assumption (J1) and (J2), system (5.2) admits a continuous solution
(r1,72) on [0, +00) x R satisfying (A1) and (A2). Since r¥ — rQ = 2pf > 0, we know also that
1 —1ro =2p >0, for all t > 0.

Moreover, if we assume the condition r{ > A; > As > rJ then in particular we have that
2p% > Ay — Ay > 0. This proves that system (5.5) is equivalent to system (5.7). By Lemma 5.2,
we deduce that it is equivalent to write that u = % and p? = H1572 are continuous solution
of system (5.5) satisfying (J1) and (J2) for all ¢ > 0. We use Theorem 5.1 i) (Uniqueness),
which proves that (p,u) is the unique continuous vanishing viscosity solution (in the sense of
Definition 3.6).

O
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