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Abstract

We study how three-dimensional linearized elasticity for thin plates can be approx-
imated by a two-dimensional projection. The classical approach using formal asymp-
totic expansions in powers of the thickness in the Hellinger-Reissner formulation, only
provides error estimates in the H! norm for the displacements, assuming at least L?
regularity for the applied forces, plus additional regularity for some components. Here
we make use of elliptic regularity theory. We prove a 3d-2d interior error estimate
between the 3d displacement solution and its 2d projection. Moreover the constants
involved in our estimate are independent on the particular geometry of the plate. Our
approach yields an H? error estimate, assuming only L? regularity for the applied
forces, which is optimal from the point of view of elliptic regularity theory. We also
obtain interior W*? and C* error estimates.
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1 Introduction

1.1 Setting of the problem

Let us consider a linear elastic three-dimensional thin plate Q° = w x (—¢, &) where w C IR?
is a bounded open set. We will show a new error estimate in the limit of asymptotically small
thickness 2¢, between the three-dimensional displacement and a two-dimensional projection
of the three-dimensional displacement. In future works, we will apply the present error
estimate to more general linear and nonlinear beam, plate and shell theories.

In the present paper, we are interested in the displacements of the linearly elastic plate 2°
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under the action of exterior volumic forces f = (fi, fo, f3) and surface forces g = (g1, g2, g3)-
It is classical (cf. Ciarlet [7, 6]) to reformulate the problem, and to search for the rescaled

displacements u = (uq, ug, uz) on the rescaled plate
Q=wx1I, where [=(-1,1)

which are solutions of the rescaled equations of linear elasticity

Lfu=—f on wxlI
(1.1)

Bfu=g¢g on wxadl
where Lf is a second order elliptic operator, and B¢ is a first order operator. The coefficients
of these operators are constant and depend on . Since we are interested in interior error
estimates, we do not consider particular boundary conditions on (dw) x I.
We denote by 2’ = (x1, z3) a point of w and by x = (2, x3) a point of (2. We use greek indices
a, f3,... for values in {1,2}, and latin indices 1, j, ... for values in {1,2,3}. The quantity

1
Ou;

: _ 1 e _ €as  -€a3
Oyu; stands for 32, More precisely we set e;; = 3 (Ju; + Oju;), ef; = Lo, %633 ;
e €

¢ and

1
0ij = Aejy0ij + 2pues; for A, p > 0, and of; = ( Jaf  £0a3 ) Then (Lfu); = —0io5;

z0a3 2033
(Bfu); = 03;.

1.2 Why a new error estimate?

Our motivation is the fact that we are able to get a H? error estimate (at least for some
components) on the difference between the three-dimensional displacement and its two-
dimensional projection, and that we do not know how to get similar results for the Kirchhoff-

Love model.

Error estimates in H?2, only assuming the volumic forces f in L? (for instance for g = 0)
are natural from the point of view of the regularity theory for the solutions of elliptic equa-
tions. Nevertheless the only known results (to our knowledge) are the H! error estimates on
the difference between the three-dimensional displacements and the solution to the Kirchhoff-
Love model, assuming the volumic forces in L? (and even more for certain components). This
result due to Ciarlet, Destuynder [8] and Destuynder [12] is based on the Hellinger-Reissner
formulation which naturally requires different regularities for the x’ coordinates and the w3
coordinates. We also cite the work of Raoult [29] in this direction, and the pioneering work

of Shoikhet [30]. Furthermore we mention the work of Dauge, Gruais [9, 10] for interesting



estimates with high regularity on the displacements, but requiring more than natural elliptic
regularity on the forces. The reader will find additional results in the large litterature on the
subject (see for instance Destuynder [13, 14], Destyunder, Salaun [15], John [18], Paumier,
Raoult [28], Caillerie [5]). The derivation of the theory of plates can be seen as a dimensional
reduction from the three-dimensional elasticity. For the litterature on dimensional reduc-
tion see Anzelloti, Baldo, Percivale [4], Maz’ya, Nazarov, Plamenevskij [20, 21], Mielke [24],
Vogelius Babuska [31]. Let us mention that this question of dimension reduction for plates
has to be placed in the general framework of hierachical models (see the survey Chapter 8

of [17], Fox, Raoult, Simo [16], and Actis, Szabo, Schwab [1]).

Even if the 3d-2d limit is not strictly speaking a problem of singular perturbations,
the techniques used by the previous authors are close to the singular perturbation theory
developed since the sixties (see Lions [19]). In particular it is well known that singular per-
turbations exhibit a loss of derivative phenomenon.

We cite Jacques-Louis Lions on this subject ([19], p.92):

Les estimations données (...) sont dans l'espace H'. En fait en utilisant les résultats clas-
siques de régularité des probléemes aux limites elliptiques (...), les solutions u (...) sont dans
des espaces plus petits (de Sobolev, de Schauder, etc.). Quelles sont les estimations d’erreur
dans ces espaces?

One goal of this article is to give a possible answer to this question, not to singular pertur-
bations strictly speaking, but to a close problem, namely the 3d-2d limit in linear elastic

plate theory.

1.3 A two-dimensional projection

Given any function A = (hq, ..., h11) defined on w, we define its “three-dimensional extension”
by
2 3
x x
hl + x3h4 + —3h7 + —3h10

2! 3!
5, L T
Po(h) = | hg + ashs + Ehg + yhn

2

@+u%+%@

Let us denote by P the space of all such functions:

P ={Py(h), heH(w)}



We define the two-dimensional projection Proj ‘p(u), where Projp is any continuous projector
from L?*([—1,1]) on IR™, which is naturally extended to a projector from H?*(Q2) on P. We
will give some estimates on

w = u — Projp(u)

Let us give an example of such projection operator. To this end let us consider four functions

d; € L*([-1,1]),i = 0, ..., 3, satisfying for i,j =0, ..., 3:

| (2) 0 if i#j
/ dﬂfg dz<$3> 3 =

|
1 J: 1 if =

For uw € H?*(2), we then define

hi(z") = / drs ug(x', x3)do(z3) for k=1,2,3
1
hi(a') = / dry up—3(7',x3)di(23)  for k=4,56

1
hi(z") = / drs up_g(2', 23)ds(13) for k=17,8,9

1
hi(z") = / drs up_o(2', x3)d3(x3) for k=10,11

and then define
Projip(u) = Po(h)
1.4 Error estimates

We are then able to prove the following H? error estimate (at least for certain components),

which is a corollary of a more general result (theorem 2.3):

Theorem 1.1 (H? error estimate)

We asume that the open set wy is periodic of size €, i.e.
we =1~ (R2\ZQ)

and we define Qy = wy x (—1,1). To simplify we assume that the surfacic forces satisfy g = 0

and f € L*(Qy). For A\, > 0 fized, there exists a constant C' = C'(\, 1) > 0 such that every



solution u of (1.1) with w = wy, we have the following estimates on w = u — Projp(u):

€5 (w)‘m(m) \

|05 (€5; (w)) |L2(QZ) < Ce (Z | fal 200, + 5‘f3|L2(QZ)>

€ |5a (efj (w)) ’LQ(QE) J

In particular the constant C'is independent on the size ¢ of the open set €2,. Similarly

we get WkP OF estimates for the general case with g # 0.

As a corollary of a uniform W?%? version of this result (namely theorem 2.4), we have

Corollary 1.2 (L* bounds in the periodic case)
Consider a periodic plate (i.e. w = ((IR*\Z?), for some £ > 0) and g = 0. Then there
exists a constant C' > 0 only depending on A, p such that if f € L*(QQ), then the function

w = u — Projp(u) satisfies

|€fj(w)‘Loo(Q) < Ce (Z |fa’L°°(Q) te |f3|L°°(Q)>

This result gives a particularly interesting L> bound on the stress in the plate. This has to

be put in connection for instance with the work of Paumier [27] for periodic plates.

We give now a corollary of our approach (a particular case of theorem 2.3):

Theorem 1.3 (Interior H? error estimates)
Consider a plate Q = w x I where w is a bounded open set of IR?>. We define the following

nterior open set
Qu=wqx I, where wg={a'cR? dist(z', R*\w) >d}

To simplify we assume that g = 0 and f € L*(Q). Then there exist three constants C,c, dy >
0 only depending on \, . such that for every d > dy, for every solution u € H?(2) of (1.1)

on §2, we have the following estimates on w = u — Projip(u):

|€6(w)|L2<Qd)

)

€ (Z ‘fa|L2(Q) t+e |f3|L2(Q)>

[Os¢"(w)] (0,) < C

ed
+ e (’U3|L2(Q)+EZ|%’L2(9)>

€ |6ae€<w)|L2 (Qd)
g)



Remark 1.4 Let us remark that the prefactor € in the expression \8a65(w)]L2 (Q ) does
d

not allow to get a true error estimate in general. Nevertheless, in the particular case where
fa = 0 we recover a full H? error estimate which justifies the title H? interior error estimates.
This is due to the following equality 0;;wy, = O0ieji(w) + 0jeix(w) — Okesi(w), which allows to

recover all L? estimates on the second derivatives of w.

This last result can be put in relation on the one hand with Naghdi model of plates (see
Destuynder [12]) and on the other hand with the director model as in Mielke [22], although
our approach is different. The exponential factor is also reminiscent of the Saint-Venant

Principle (see Mielke [23]).

1.5 Organization of the article

In section 2, we reduce the problem to the case ¢ = 1 and give some general 3d-2d interior
error estimates (for the comparison with the 2d projection) which are proved in section 3.

These results are based on some basic estimates which are proved in section 4.

2 Some general interior error estimates

2.1 Preliminaries

2.1.1 The scaling in ¢

First of all, let us remark that if we set ¥ = (%, %2, x3) and

U(T) = Cua(r)  Oa=ela  [o(@) =cfulr) Gu(@) = egal2)

U(T) = cus(z)  05=05  [3(@) = fix)  G4(T) = fgs(a)

then
Lfu=—f on wxlI

Bfu=g on wxodl
is equivalent to _

L'u=—f on ex1

B'u=73 on %x0I

This remark reduces the proofs to the particular case ¢ = 1.



2.1.2 Notation (case ¢ = 1)

We note
[ (N + 20)011uy + p(Oauy + Os3uy) + (A + p) (Or2uz + O13u3)
Lu = ¢ (A4 2u)00ug + p(O11us + O33us) + (A + p) (O21u1 + Gazus) on
[ (A + 2p)Os3u3 + p1(O11us + Oous) + (A 4 ) (Fs1ur + Osauz)
[ p(Osuy + Oyus)
Bu =< p(dsug + daug) on 0N
A(O1uy + Ogug) + (A + 2u)O3us

\

We recall that

e(u) = (eij(u));;, where e;;(u) = 5 (Ou; + dju;)

— N =

Given a function ((z') = ({1 (2'), &(2'), (3(2)) for 2/ =

2d approximation of a 3d displacement in the plate:

x1,Z2), we introduce the following

Com30aCs + (5 3 0udiv'C + alw3)0A'G, )

I2
G + ﬁ)‘zu <—5C3diV/C + 73A/C3)

where

' SA+4p\ o3 At
div'¢ = 011 + 01¢s, A’:@f—i—@;, a<x3):(/\—|—2u)3_?_2(>\+zﬂ "

We recall the expression of the Kirchhoff-Love operator:

3N+ 2 .
MO =p A !
% u( @+<A+M)aan

MY =
. 8#()\ + M) 2

TR

The interesting property of the reconstructed displacement U(€) is that it is useful to

build solutions in the kernel of the operator of elasticity:

Proposition 2.1 (On the kernel of the operator of elasticity, Dauge, Gruais,
Réssle [11]; Monneau [25])

If £ is a solution of the Kirchhoff-Love equations on w, i.e. satisfies
M°% =0 on w

7



then
LUE)=0 on wxlI

BU¢)=0 on wxdl

Reciprocically, if for the infinite slab we introduce the kernel
Poo ={veC*(R*x[-1,1]), Lv=DBv=0, 3C,p>0, Jv(z)|<C1+|z|)P},
then we have the following result:

Proposition 2.2 ([25])
If v € Pw, then there exists a (polynomial) solution & of

M°% =0 on IR?
such that v = U(§).

2.2 Global estimates

We can now state the following general result which implies theorem 1.3:

Theorem 2.3 (Global W*? interior error estimates, case ¢ = 1)
Let1 < p < 400, k € IN and the plate Q = w x I where w is a bounded open set of IR?>. We

define the interior open set
Qu=wqx I, where wg={2'€R? dist(z', R*\w) >d}

Then there exist three constants C,c,dy > 0 only depending on k,p, A\, i such that for every
d > dy and for every solution u € Wk2P(Q) of

Lu=—f on wxI
Bu=g on wxdl
for w =wu— Projip(u), we have

|f‘Wk,p(Q) + |g|Wk+1_%’p(wx8])
(2.2) [wlwrizr,y < C
e~ Jul oo



2.3 Uniform estimates

We also get some uniform a priori estimates, for which we need to introduce the following
notation.

For 1 < p < 400, we define the following norms

[1lg, ) = SUR [l o (5,0
and more generally

[l = 5P [l 5, o)

We also define the semi-norms
Nty (@) =sup il fu—U(©)hwes (s @ine)
where
E(2') ={£ € C®(Bsy(z)), M%°% =0 on By(z)}

Then we have

Theorem 2.4 (Uniform W*? interior error estimates, case ¢ = 1)
Let 1 < p < 400, k € IN and the plate Q = w x I where w is a (possibly unbounded) open
set of IR?. We define the interior open set

Qu=wqx I, where wg={a'eR? dist(z', R*\w) >d}

Then there exist three constants C,c,dy > 0 only depending on k,p, A\, u such that for every
d > dy, for every solution u € WTP(Q) of

Lu=—f on wxI

Bu=g on wxdl
we have

|f|Wf£f(Q) + |g|Wk+17;7,p

wnif (wx0I)

(2.3) ka+2,p(gd)(u) S C

unif

+eed Niprsza g (1)

unif

This implies the

Corollary 2.5 (L* Error estimate for a periodic plate, case ¢ = 1)
For Q = w x I with w periodic, there exists a constant C' = C(\, ) > 0 such that (in the

special case g = 0) the function w = u — Projip(u) satisfies

le(w)|ze@ < COlf|oe)



Similarly for a general function v defined on €2 we note the Holder seminorm for o € (0, 1)

More generally we recall the norms

k
[Vlksan = 3 [D70lao with  [v]a0 = [vlo + [Vae  and  |v]oe = sup |v(z)]

=0 el

We also introduce the following seminorm

Nita:o = su inf |u—U .
ko0 Ieg feE(w’)| (€)|k+a,B1(ac)ﬂQ

Then we can also state the C*+ version of theorem 2.4, whose proof is similar and will

be dropped (see Monneau [25] for similar estimates):

Theorem 2.6 (Uniform C*** interior error estimates, case ¢ = 1)
Let a € (0,1), k € IN and the plate 2 = w x I where w is a (possibly unbounded) open set
of IR2. We define the interior open set

Qu=wax I, where wg={a'€R? dist(z', R*\w) > d}
Then there exist three constants C,c,dy > 0 only depending on k, o, A\, i such that for every

d > dy, for every solution u € C*2+(Q) of

Lu=—f on wxI

Bu=g on wxdl

we have

|f|k+a;Q + |g|k+1+a;w><81
Nit2raso,(u) < C

+€_Cd/\/l~c+2+a;ﬂ (u)

3 Proofs of a basic error estimate

Here we will prove the following basic error estimate, which will be used in the proof of the

general interior error estimate.

Lemma 3.1 (Basic error estimate)

For x = (2, x3), we note C,(x) = B.(2') x [-1,1]. Then we define

10



and for some ro > 0 we define

N(x) = ‘f’LP(CTD(oc)) + |9|W1*%VP(BTO(1/)x81)

Then for every 6 € (0,1) there exists C > 0,79 > 1 such that for every x:

M(z) <CN(z)+60 sup M(z)

2€Ch (z)

3.1 Preliminaries on the symmetry

For a scalar function v defined on Q, let us define the symmetric and antisymmetric parts

with respect to zj:

v¥(x) = (v(z1, 2, 23) — V(21, T2, —73))

N | —

(v(x1, 9, x3) + (21, T2, —x3)) and v (z) =

N | —

For a vector function u = (u, us, u3) we define the following symmetric and antisymmetric

parts:
S _ s s ,.a A __ a ,a , 8
u” = (uj,u3,ug)  and  u” = (uf,u3,uj)
In particular we can easily check that
L(u®) = —f*° L(u?) = —f4
and
B(u®) = g* B(u?) = ¢°

To prove the basic estimates, we need the following proposition

Proposition 3.2 (Polynomial control on the solution)
Let 1 <p < +oo and Q =wx 1. There exists § € (0,1) and a constant C' > 0 only depending
on p, \, ju, such that for every function u € W2P(Q), there exists € € C™(w) solution of

loc

M% =0 on w

such that for R > 1

B S < 240 2.p
W=V, 0 S CR Nz @
— A < 4+6 2,p
‘W () ‘Lﬁmf(BRmQ) s CR qu;wif'(ﬂ)(u>

The proof of proposition 3.2 is a simple adaptation of the proof of proposition 6.2 of [25].

11



3.2 Proof of the basic error estimate: lemma 3.1

We introduce the set of polynomials:

[v%(z)] < C(1 + |2])?

Por=3veC* R x[-1,1]), Lv=DBv=0 3C >0,

()] < C(1 +|z])”

To simplify the notations, let us consider the case ¢ = 0. The general case is similar.
Moreover, from the invariance by translations we can take x = 0, and we note C, = C,.(0) =
B,(0) x [~1,1] where B,(0) C IR
We will prove the following inequality which implies lemma 3.1:

V0 € (0,1), Jrg>1, 3IC >0,

(3.4)
inf665($/) ‘U - U(é)'wzp(cl(x)) S C |f’Lﬁnif(CT0 (I)) + 9 NW2,P

unif

(Cro(@))) (u)

Let us assume that inequality (3.4) is false. Then we can find a 6 € (0,1) and a sequence

of solutions (u"), on C,» with sequences
ry, Cpn — +00
such that

inf |u" =U©)|wenicy > Cn ’fn’Lﬁnif(Cr(")L) + ON 20

£€2(0) anit(Cr) (u")

4
Up to multiply the solutions by a constant we can assume that the left hand side is equal

to 1:

(3:5) seirzlfo) [u" = U(&)lwrcy) = 1

In particular we deduce that
| fn | Lﬁni
./\/’WQ»P

unif

(Cp) 0

e < 67

With help of proposition 3.2 we can find a sequence (h"),, with bounds on v" = u™ — U(h™).
This proves that v — v™> locally on compact sets where v* satisfies Lv* = Bv*™ = 0 and
the bounds given by proposition 3.2. In particular we deduce that v>° € Poysars = Paa
(from Proposition 2.2) and then there exists a polynomial k such that v>*° = U(k). As a

consequence, up to substract U(h™ + k) to u", we can assume that
u" — 0 locally in L” on compact sets

12



Now let us recall that we have the classical “interior” elliptic estimate (see Morrey [26];

Agmon, Douglis, Nirenberg [2, 3])

W weney < C <|fn|Lp(Cz) + ‘un|m(02)>
which proves that

(3.6) u” — 0 locally in W*? on compact sets

We finally realize that strong convergences (3.6) on u™ is in contradiction with equality

(3.5) on u”. This ends the proof of inequality (3.4), and consequenlty of lemma 3.1.

4 Proof of the general interior error estimate

4.1 Preliminary change of notations

In the first part of the article, it was more convenient to present our interior estimates
denoting by wy, {24 some interior open sets. Here, in the proofs of the theorems, it is more

convenient to change these notations, defining some surrounding open sets:
Qi=wgx I, where wy={2' € R* dist(z',w)<d}

4.2 Proof of theorem 2.3

We will prove theorem 2.3 in the case £ = 0. More generally the case k > 0 is similar.

Using several times lemma 3.1, we get

M(z) < CN(z)4+6 sup M(z)

2€Cy (z)

< CN(z)+6 sup (C’N(Z)+9 sup M(ZI)>

ZECT'O (2?) ZIECT'O (Z)

< CN(z)+CO sup N(z2)+6> sup M(z)

2€Cr () 2€Car (z)

IN

K
C (Zek_l sup . N(z)) + 0% sup  M(z2)

k=1 zec(k—l)ro ZGCK’V‘O (JC)

13



In particular we deduce that
K
> M@ < C (Z 0" 10" (1 + k;2)> > N
eeZ’x{0}nQ k=1 x622x{0}m9m0

+05C'(1 + K?) > M (z)

2’ < {0} Qcr,

IN

C > N(z) + e <Ko > M ()

er2x{0}mQKm x622x{0}mQK,«0

for some constant ¢ > 0 small enough. This implies with d = Krq + 1:

|f|LP(Qd) + |9|W1

1
75’p(wd><8[)

lu— Projm(u)‘Wlp(Q) < C

+€_Cd <ZmEZ2X{0}OQKTO (infgeg(ﬂﬂ') ‘u - U(f)’wlﬂc&(:::))))

where we have used the additivity of the Sobolev norms, and

lu — Pr0j|7>(u)|W2,p(Cl @) = Cgeiél(fx/) u— U(§)|W2,p(cl(x))

This last inequality follows from the fact that U(§) = Projp(U(§)) for any £ = £(2').
We recover the full inequality, replacing on the right hand side the W?2? norm on v by a L?
one. This is possible because of the following general interior estimate for elliptic systems

(see Morrey [26]):

|f’Lp(Cg(:v)) ™ |g|W1_%’p(Bz(:c’)><8])
(47) inf/) |u - U(f)’wz,p(cl(x» <C

¢es(z N ' B
+§€1é1({;) |u U(§)|Lp(cg(:v))

We get
[ lon + ‘Q‘Wl

1
75’p(wd><8[)

|w|W2,p(Q) < C
+e=* ([ulir(@n)
which is exactly inequality (2.2), up to the change of notations for 4, wy (see subsection

4.1). This ends the proof of the inequality (2.2) of theorem 2.3.

14



4.3 Proof of theorem 2.4

The proof of inequality (2.3) of theorem 2.4, easily follows (in a very elementar way) from

basic error estimates lemma 3.1, by a recurrency on €2, Q... Q2,,, Q3r, ---

This ends the proof of theorem 2.4.
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