Justification of the nonlinear Kirchhoff-Love theory of plates as the application of a new singular inverse method

R. Monneau^∗ October 10, 2002

Abstract In the framework of isotropic homogeneous nonlinear elasticity for a St.

Venant-Kirchhoff material, we consider a three-dimensional plate of thickness ε and periodic in the two other directions. Using a new method that we call Singular Inverse Method, we prove the existence of a rescaled solution uniformly in ε for small forces, and by the way we prove the rigorous convergence of this rescaled solution to the solution of the nonlinear Kirchhoff-Love plate model. We also state a 3d-2d error estimate.

1 Introduction

We consider solutions u to the system of three-dimensional nonlinear elasticity

A^ε(u) = F (1.1)

over a rescaled periodic plate

Ω = ω × (−1, 1) with ω = R^2/Z^2

Here u is the rescaled displacement of the plate, F are the rescaled exterior forces, and ε denotes the thickness of the unrescaled original plate. We will give the precise expressions of all these quantities in section 2. For ε > 0, equation (1.1) is a second order quasilinear elliptic system on the three components of the displacement u with three

∗CERMICS, Ecole Nationale des Ponts et Chaussées, 6 et 8 avenue Blaise Pascal, Cité Descartes Champs-sur-Marne, 77455-MARNE-LA-VALLEE Cedex 2

nonlinear boundary conditions. For ε = 0, this system degenerates in a system of equations which can be posed on ω, and which is called the nonlinear Kirchhoff-Love plate model. This limit system is composed of a semilinear elliptic system of order 2 on the first two components of the displacement u coupled with a semilinear elliptic equation of order 4 on the third component of the displacement. A special case of this model are the von Kármán plate equations. It is in particular known (see Ciarlet [5]) that the solutions for the problem with ε > 0 formally converges as ε → 0 to the solutions of the problem at ε = 0.

Let us cite P.G. Ciarlet [5]:

“A natural idea consists in trying to construct, for ε small enough, a three-dimensional solution u(ε) of problem P(ε) “close to”a two-dimensional solution u^0 of the limit problem P(0). (...) One further step would consists of comparing the three-dimensional and the two-dimensional solutions, thus generalizing to the nonlinear case the known convergence of the linear case.”

Following this idea we present here a study in the particular case of plates with periodic boundary conditions.

Let us recall that using the classical inverse function theorem in approriate Banach spaces it is possible to prove the existence of solutions in the following cases (see Ciarlet [6], Paumier [29]):

1) for ε = 0 and small data |F | ≤ R_0 2) for each ε ≠ 0 and corresponding small data |F | ≤ R_ε.

But the difficulty with this classical approach is that R_ε tends to zero as ε goes to zero. In particular it seems impossible to give a rigorous convergence result as ε goes to zero (see Fig. 1). In the present article we prove the following result (see theorem 2.2 for a precise statement of this result):

|F | R_0

0 ε_0 ε ε R_ε

Figure 1: The limit of the classical approach : the dark triangle

Theorem (Existence, uniqueness, 3d-2d error estimate) There exist some constants ε_0, R_0, M > 0 such that for each ε ∈ [0, ε_0], and |F | ≤ R_0, there exists a solution u of (1.1). Moreover if we denote by u^0 the solution for ε = 0, then we have the error estimate: ||u − u^0|| ≤ εM (1.2) Finally every solution satisfying (1.2) is unique.

This result is based on a new method that we call the Singular Inverse Method which allows to get existence results even in the case where the problem is too singular to apply the usual inverse function theorem. In our case we want to find a branch of solutions u to A^ε(u) = F as the parameter ε varies from ε = 0 for which we have the particular solution

A^0(u^0) = F

The fact that the operator A^ε has a behaviour like 1/ε as ε → 0 forbides the application of the usual inverse function theorem. Moreover it is well known that this problem presents some loss of derivatives in the limit ε → 0 which can be seen on the passage of equations of order 2 for ε > 0 to order 4 for ε = 0, even in the case of linear elasticity.

Techniques like the Nash-Moser inverse function theorem on the one hand (see the result of Paumier [28] with an additional assumption on the inversibility of the linearized operator) or singular perturbations theories like those in Lions [18] on the other hand seem unapplicable without additional assumptions. Finally a fixed point theorem even if it should exists in this context seems difficult to state.

Let us underline that our method gives an error estimate, only with assumptions on the forces, contrarily for instance to the fundamental work of F. John [12, 13, 14], where the strain were assumed bounded in L^∞. Moreover let us remark that the existence result of a three-dimensional solution proved by our method for positive ε, is not contained in the general and powerfull existence theory known for polyconvex energy (see J. Ball [2]), because our energy is not polyconvex, as it is well-known (see Le Dret, Raoult [16]). Before to continue, let us mention the work of Mielke [20] where a nonlinear model of beam has been justified by an original method, namely the Central Manifold theory.

Our Singular Inverse Method consists in a mixing between the requirement of a fixed point theorem and the flexibility of the classical inverse function theorem.

The Singular Inverse Method to solve A^ε(u) = F :

Step 1 : (Existence for ε = 0) For ε = 0, the solution u^0 of A^0(u^0) = F can be obtained by the usual inverse function theorem from the particular solution u^0 = 0 for F = 0 for every |F | ≤ R_0.

Step 2 : (Existence for ε > 0) For each ε > 0, the a priori solution u can be obtained for |F | ≤ R_ε by the usual inverse function theorem from the particular solution u = 0 for F = 0. (At this step, we have no control on R_ε as ε goes to 0.)

Step 3 : (Inversibility of the linearized operator) There exists a constant c_0 = c_0(R_0) > 0, such that for every M > 0, for every |F | ≤ R_0, there exists ε_0 = ε_0(M, R_0) > 0, such that for every function u of the set K^ε_M = { u, ||u − u^0|| ≤ εM } and for every ε ∈ (0, ε_0], we have (D_uA^ε(u) · w, w) ≥ c_0|w|^2 (1.3) which proves that D_uA^ε(u) is inversible.

Let us remark that the norm || · || on u is here stronger that the norm | · | on w.

Step 4 : (A priori estimate) Using (1.3), we prove the a priori estimate: ∃M = M(R_0) > 0,

∀ε ∈ (0, ε_0], ∀|F | ≤ R_0, (u ∈ K^ε_M and A^ε(u) = F ) =⇒ ( u ∈ K^εM_2 ) (1.4)

Step 5 : (Conclusion) With help of (1.3), we know that the linearized operator is inversible while u ∈ K^ε_M . But the solution u can not go outside K^ε_M , because u ∈ K^εM_2 by the a priori estimate (1.4) (see Fig. 2). We now conclude a posteriori, that the inverse function theorem applies in step 2, for every F satisfying |F | ≤ R_0, and for every ε ∈ (0, ε_0]. Finally, inequality (1.3) implies the uniqueness of every solution u belonging to K^ε_M .

This method seems applicable in a wide number of cases where the other approachs do not work (for an application of this method in an other context with boundary layers, see [3]).

1.1 Generalizations and perspectives

Using the approach developped in the present paper it is easy to prove the Theorem 1.1 (2d solutions as limit of 3d solutions) Every sufficiently smooth solution u^0 of A^0(u^0) = F which can be obtained by the local inverse function theorem from the particular solution u^0 = 0 is the limit of solutions u of A^ε(u) = F as ε tends to zero.

u^0

Barrier

K^εM_2

K^ε_M

Figure 2: The a priori estimate for the Singular Inverse Method

In the context of elasticity, it would be interesting to apply our approach to the general case of hyperelastic energy or even the case of nonlinear elasticity models which are not derived from an energy. This could be applied to rod, plate and shell models. An other interesting extension would be to deal with the boundaries of a plate that we have avoided here considering periodic plates.

1.2 A brief review of the literature

To better understand the nonlinear Kirchhoff-Love model, let us present a hierarchy of models depending on the assumptions you make on the energy and the displacements. We consider a general plate Ω^ε = ω × (−ε, ε), where each point x is transformed in Φ(x) = x + u(x) where u are the displacements. Let us consider the mean energy

E^ε(u) = 1 ε ∫ Ω^ε W(∇Φ) where W is the isotropic elastic energy density. Then (at least) for different limit models have been identified (see Fox, Raoult, Simo [9]):

i) E^ε(u) = O(1) and u = O(1) This gives a nonlinear pure membrane plate model which involves quasilinear elliptic partial differential equations. Both an asymptotic analysis (see Fox, Raoult, Simo [9], Pantz [25, 27]) and a Γ-convergence approach gives the same limit model (see Le Dret,

Raoult [17]).

ii) E^ε(u) = O(ε^2) and u = O(1) is inextensional This gives a nonlinear pure flexural plate model which involves quasilinear elliptic partial differential equations. This model has been recently justified by Γ-convergence by Friesecke, James, Müller [10], See also Pantz [26, 27] for a justification by asymptotic analysis.

iii) E^ε(u) = O(ε^4) and u = ε^2u_1 ε^2u_2 εu_3 This gives the nonlinear Kirchhoff-Love plate model (see Ciarlet [5] for a derivation by asymptotic analysis, and the original work of Ciarlet, Destuynder [8]) which involves semilinear elliptic partial differential equations. See also the Γ-convergence justificaton of this model by Friesecke, James, Müller [11]. This model contains both membrane and flexural effects. The famous von Kármán plate equations can be seen as a particular case of these equations. This model exhibits bifurcations phenomena.

iv) E^ε(u) = O(ε^{4+2δ}) and u = ε^{2+δ}u_1 ε^{2+δ}u_2 ε^{1+δ}u_3 for some δ > 0.

This gives the Kirchhoff-Love plate model which involves linear elliptic partial differential equations, and has been extensively studied (see the book of Ciarlet [7] and the references therein, see also Kirchhoff [15] and Love [19]). See also the work of Anzelloti, Baldo, Percivale [1] for a related approach by Γ-convergence.

From our point of view, in the reality the problem is really three-dimensional, the thickness of the plate is fixed, and the plate is submitted to given exterior forces. For these particular data, the equilibrium of the plate is given by certain displacements. Now, depending on the amplitude of the three-dimensional displacement, the threedimensional solution should be well approximated by one two-dimensional solution of a two-dimensional reduced model (and in good cases, we have in mind one of the previous models). In particular if the displacements are not two small, the linear Kirchhoff- Love theory is not sufficient, and a good two-dimensional approximation of the threedimensional solution requires the use of the nonlinear Kirchhoff-Love model.

1.3 Organization of the article

In section 2 we give the precise statement of our main result which is proved in section 3. In section 4 we present a priori estimates and in section 5 we give the proof of the coercivity of the hessian of the energy. In an Appendix are given the proofs of two technical lemmata used in section 5.

2 Statement of the main result

We consider a periodic plate of thickness 2ε

Ω^ε = ω × (−ε, ε) with ω = R^2/Z^2

We consider exterior volumic forces f^ε and surfacic forces g^ε, and we note

F^ε = (f^ε, g^ε)

We recall the nonlinear elastic energy (for λ, μ > 0)

E_F ε (u^ε) = ∫ Ω^ε λ 2 (E_{kk}(u^ε))^2 +μ (E_{kl}(u^ε)E_{lk}(u^ε))−f^ε_i u^ε_i − ∫ ω×{+ε} g^ε_i u^ε_i + ∫ ω×{−ε} g^ε_i u^ε_i (2.1)

where E_{ij} (w) = 1 2 (∂_iw_j + ∂_j w_i + ∂_iw_k∂_j w_k) Here we have used the Einstein convention of sumation on repeated indices. We are interested in rescaled quantities defined on Ω = ω × (−1, 1) and we denote from now on by u, F = (f, g) the quantities defined on Ω related to the corresponding quantities u^ε, F^ε on Ω^ε and defined by u^ε_α = ε^2u_α f^ε_α = ε^2f_α g^ε_α = ε^3g_α

u^ε_3 = εu_3 f^ε_3 = ε^3f_3 g^ε_3 = ε^4g_3

(2.2)

where the quantities indexed by ε are evaluated at x^ε = (x_1, x_2, εx_3) ∈ Ω^ε and the quantities without index ε are evaluated at x = (x_1, x_2, x_3) ∈ Ω. The greek index takes the values 1, 2. We refer to the book of Ciarlet [5] for a physical justification of this choice of the scaling in ε.

We formally see that u^ε is a critical point of the energy E_F ε if and only if u satisfies the Euler-Lagrange equation that we note in a compact form: A^ε(u) = F on Ω (2.3) where A^ε is a quasilinear differential operator with nonlinear boundary conditions.

We recall the following formal asymptotics:

Theorem 2.1 (Ciarlet, Destuynder [8]; Ciarlet [5]; Formal asymptotics) Every solution of (2.3) formally converges to a function u^0 given by

u^0 = u^0_α = ζ_α(x^′) − x_3∂_αζ_3(x^′) u^0_3 = ζ_3(x^′)

(2.4)

where x^′ = (x_1, x_2) and ζ is a solution to the nonlinear Kirchhoff-Love plate equations on ω: −∂_β n_{αβ}(ζ) = h_α 8μ(λ + μ) 3(λ + 2μ)

Δ^2ζ_3 − ∂_β (n_{αβ} (ζ)∂_αζ_3) = h_3

where n_{αβ} (ζ) = 4λμ λ + 2μ E^0_{γγ} (ζ)δ_{αβ} + 4μE^0_{αβ}(ζ)

(2.5)

and E^0_{αβ}(ζ) = 1 2 (∂_αζ_β + ∂_β ζ_α + ∂_αζ_3∂_β ζ_3) h_α = IF_α, h_3 = IF_3 + ∂_αI(x_3F_α) where the operator I is defined by IF_i(x^′) =

∫_{+1} −1 f_i(x^′, x_3)dx_3 + [g_i(x^′, x_3)]^{x3=+1}_{x3=−1} Every function u^0 as defined in theorem 2.1 will be called a solution of the equation A^0(u^0) = F on Ω (2.6) where we have introduced the abstract notation A^0 to preserve an expression similar to A^ε in (2.3).

In particular the existence of a solution formally requires the equilibrium of exterior forces: ∫ Ω f + ∫ ∂Ω g = 0 (2.7) Moreover the solution u is defined up to addition of a constant on each components. We formally get a unique solution if we require the normalization condition: ∫ Ω u = 0 (2.8)

Here one need to impose (2.8) just because of the translation invariance of the original problem. A similar remark is true for the solution u^0 for ε = 0.

Notations For a function h we note D^lh the set of all partial derivatives with total order equal to l ∈ N: D^lh = { ∂^{l1}_1 ∂^{l2}_2 ∂^{l3}_3 h, l_i ≥ 0, i = 1, 2, 3, l_1 + l_2 + l_3 = l } and the tangential derivatives:

D^l_T h = { ∂^{l1}_1 ∂^{l2}_2 h, l_α ≥ 0, α = 1, 2, l_1 + l_2 = l }

For k ≥ 0, 1 ≤ p ≤ +∞, we say that F = (f, g) ∈ W^{k,p} if and only if f ∈ W^{k,p}(Ω) and g ∈ W^{k,p}(ω) and we define the corresponding norm |F |_{k,p} = k∑ l=0 |D^lf|_Lp_{(Ω)} + |D^l_T g|_Lp_{(ω)}

For k = 0, we note |F |_p := |F |_{0,p}. We define ∇^εu = ( e_{33}(u) ε^2 , e_{13}(u) ε , e_{23}(u) ε , e_{12}(u), e_{11}(u), e_{22}(u), e^−_{13}(u), e^−_{23}(u), e^−_{12}(u) )

where

e_{ij} (u) = 1 2 (∂_iu_j + ∂_j u_i) and e^−_{ij} (u) = 1 2 (∂_iu_j − ∂_j u_i) = −e^−_{ji}(u)

Moreover given a function u^0, we note u^2 = u^2[u^0] the function

u^2[u^0] = u^2_α = 0

u^2_3 = T z where z is given by: z = − ( E^2_{33}(u^0) + λ λ + 2μ E^0_{ββ}(u^0) ) (2.9)

E^0_{ij} (u) = 1 2 (∂_iu_j + ∂_j u_i + ∂_iu_3∂_j u_3), E^2_{ij} (u) = 1 2 ∂_iu_γ ∂_j u_γ and for a general function h: T h = ∫_{x3} 0 h(x^′, s)ds We are now in position to give the precise statement of our main result

Theorem 2.2 (Existence, uniqueness, 3d-2d error estimate) Let Ω = ( R^2/Z^2 ) × (−1, 1). There exists ε_0, R_0, M > 0 such that for all ε ∈ [0, ε_0] and all F satisfying the equilibrium equation (2.7) such that |F |_{4,2} ≤ R_0, there exists a solution u ∈ W^{3,2}(Ω) of A^ε(u) = F beyong the solutions satisfying the normalizing condition (2.8). Moreover if we denote by u^0 the solution for ε = 0 satisfying the normalizing condition (2.8), and v = u^0+ε^2u^2[u^0], then we have the error estimate

|∇^ε(u − v)|_{2,2} ≤ εM (2.10)

Finally every solution u satisfying (2.10)-(2.8) is unique.

The scaling in ε needed in the definition of ∇^ε, is just a reflection of the fact that we need a special attention to the terms e_{i3}(u), because for ε = 0, we have e_{i3}(u^0) = 0 for i = 1, 2, 3.

Estimate (2.10) is obtained following the Nirenberg’s translations method (see Brezis [4]) and is based on Korn’s inequality.

Remark 2.3 One bad drawbak of the application of the Singular Inverse Method in this particular case is the high level of regularity required on the forces F in comparison to the expected regularity of the solution u. To avoid technicalities, we have not tried to optimize this regularity, in particular with respect to x^′ and x_3.

An other way to avoid the loss of regularity would be to consider a limit model different from the nonlinear Kirchhoff-Love theory, in the spirit of Monneau [21].

3 Proof of the main result: theorem 2.2

On the one hand, let us remark that the classical inverse function theorem gives us a locally unique solution u^0 of A^0(u^0) = F for |F |_{4,2} ≤ R_0 for some R_0 small enough fixed from now on. On the other hand the classical inverse function theorem can be applied to equation A^ε(u) = F (3.1) while D_uA^ε is inversible. Let us recall that (3.1) is the Euler-Lagrange equation of the energy E^ε_F (u) := 1 ε^5

E_F ε (u^ε) where u, F are related to u^ε, F^ε by (2.2). As a consequence we have

(D_uA^ε(u) · w, w) = E^ε_0^{′′}(u) · (w, w) (3.2)

We see that the coercivity of the hessian of the energy gives a measure of the inversibility of the linearized operator of elasticity. Keeping this remark in mind, for |F |_{4,2} ≤ R_0 we introduce the set

K^ε_M (F ) = { u ∈ W^{3,2}(Ω), |∇^ε(u − v)|_{2,2} ≤ εM }

where v = u^0 + ε^2u^2[u^0]. For the radius R_0 that we have fixed previously, and using Korn’s inequality we will prove the Proposition 3.1 (Coercivity of the hessian) There exist c_0(R_0) > 0 and ε^′_0 = ε^′_0(M, R_0) > 0 such that for every |F |_{4,2} ≤ R_0, if u ∈ K^ε_M (F ) with ε ∈ (0, ε^′_0], then

∀w ∈ H^1(Ω), E^ε_0^{′′}(u) · (w, w) ≥ c_0|∇^εw|^2 (3.3)

To get this estimate, a L^∞ bound on ∇u is required, that is why we work with u ∈ W^{3,2}(Ω).

Remark 3.2 Let us remark that inequality (3.3) is false (see Monneau [22]) for u ∈ { u ∈ W^{3,2}(Ω), |∇u|_{2,2} ≤ εM } (case F = 0 = u^0 = v). This explains why we need to consider ∇^ε in place of ∇.

We will prove later the following a priori estimate

Proposition 3.3 (A priori estimate) There exist M = M(R_0) > 0 and ε_0 = ε_0(M, R_0) ≤ ε^′_0(M, R_0) such that if ε ∈ (0, ε_0] then for every |F |_{4,2} ≤ R_0:

(A^εu = F and u ∈ K^ε_M (F )) =⇒ ( u ∈ K^εM_2 (F ) )

Uniqueness Let u^1 and u^2 two solutions of (3.1) belonging to K^ε_M (F ). Taking the difference of the partial differential equations, multiplying by w = u^2 − u^1 and integrating by part we get 0 = ∫_1 0 dt E^ε_0^{′′}(u^1 + tw) · (w, w) ≥ c_0|∇^εw|^2

which ends the proof of the uniqueness of solutions satisfying the normalizing condition (2.8).

Existence Let us recall that (by the usual inverse function theorem) we have the existence of a solution u^0 for ε = 0 and for every force F satisfying |F |_{4,2} ≤ R_0. Now we work with a fixed ε ∈ (0, ε_0] and consider a fixed force F satisfying |F |_{4,2} ≤ R_0. Then we define the set

I = t ∈ [0, 1],

| | | | | | | | | |

∃u_t ∈ K^ε_M (tF ) A^ε(u_t) = tF

∂_uA^ε(u_t) is inversible

We have i) I ≠ ∅.

This is a consequence of the usual inverse function theorem which proves the existence of an interval [0, δ) ⊂ I for some δ > 0. ii) I is open.

Proposition 3.3 proves that if t_0 ∈ I, then u_{t0} ∈ K^ε_{M2} (t_0F ), and from the usual inverse function theorem, this proves the existence of u_t ∈ K^ε_M (tF ) for |t − t_0| small enough. iii)) I is closed.

If there exists a sequence of points t^n ∈ I such that t^n → t_0 ∈ [0, 1], then (up to extraction of a subsequence) u_tn weakly converges to a function u_{t0} ∈ K^ε_M (t_0F ) which satisfies A^ε(u_{t0} ) = t_0F . The delicate fact is that ∂_uA^ε(u_{t0} ) is inversible. This is a consequence of proposition 3.1 and (3.2).

The conclusion is that I = [0, 1] and that there exists a solution u of A^ε(u) = F with u = u_t for t = 1.

This ends the proof of theorem 2.2.

The following sections will be devoted to the proofs of propositions 3.1 and 3.3.

Remark 3.4 An other direction of research would be to find a direct proof that the energy E^ε_0 (u) has the shape of a locally strictly convex well in a neighborhood of u^0 in a norm strong enough, if the hessian E^0_0^{′′}(u^0) is positive for ε = 0.

4 A priori estimate on the displacement

4.1 Preliminary on Korn’s inequality

Let us recall that the classical Korn’s inequality

|∇v|^2 + |v|^2 ≤ C ( Σ_{i,j}|e_{ij} (v)|^2 + |v|^2 )

takes here the following particular form (see [6] proof of theorem 6.3-4, [24] p 240):

Lemma 4.1 (Korn’s inequality) ∃C > 0, ∀v ∈ H^1(Ω), |∇v|^2 + | | | |v − 1 |Ω| ∫ Ω v | | | | 2

2 ≤ C Σ_{i,j}|e_{ij} (v)|^2 4.2 Strategy of the proof of the a priori estimate

The main idea of the proof is the following. We consider solutions u of the equation

A^ε(u) = F (4.1)

For a function v (to chose later) we note

F_v = A^ε(v) (4.2)

Then computing the difference between (4.1) and (4.2), multiplying by w = u − v and integrating by part we get ∫ (F −F_v )·w = (E^ε_0^′(u)−E^ε_0^′(v))·w =

∫_1 0 dt E^ε_0^{′′}(v+tw)·(w, w) ≥ c_0|∇^εw|^2 On the other hand ∫ (F − F_v ) · w ≤ |F − F_v|_2|w|_2 ≤ C|F − F_v|_2|∇^εw|_2 where the last inequality comes from Korn’s inequality (lemma 4.1). Consequently: |∇^εw|_2 ≤ C c_0 |F − F_v|_2 If there would exist a function v such that |F − F_v| = o(1) as ε → 0, then we would have

|∇^εw|_2 = o(1) as ε → 0 (4.3)

The situation is more complicated, and it is impossible to find such a function v independent on ε to get (4.3). To avoid this difficulty we chose v = u^0 + ε^2u^2 which still satisfies |F − F_v | ≠ o(1) but has the advantage for a good choice of u^0, u^2 to imply | | | | ∫ (F − F_v) · w | | | | ≤ o(1) · |∇^εw|_2 which is sufficient to get (4.3). Moreover using the method of Nirenberg’s translations, we get a priori estimates on higher derivatives of w.

4.3 Notations

We use the generic notation C for constants which only depend on the Lamé coefficients λ, μ, and the bound R_0 on |F |_{4,2}. These constants satisfy in particular the following rules: C + C = C, C · C = C, 1 C = C.

For simplicity we will note U = ∇^εu, V = ∇^εv, W = ∇^εw for w = u − v, and U^2 − V^2 = (U − V, U ⊗ U − V ⊗ V ) is the row vector with components (U − V ) and (U ⊗ U − V ⊗ V ), and U^3 − V^3 = (U − V, U ⊗ U − V ⊗ V, U ⊗ U ⊗ U − V ⊗ V ⊗ V ) 4.4 Details of the a priori estimate

Let us recall that we assume u ∈ K^ε_M (F ) which implies by proposition 3.1: ∀v ∈ H^1(Ω), E^ε_0^{′′}(u) · (v, v) ≥ c_0|∇^εv|^2 To simplify the notations we first rewrite the energy as: E^ε_F (u) = ∫ Ω W̃^ε(∇u) − ∫ ω I(F_ju_j) where W̃^ε depends on ε (and we reserve the notation W^ε for W^ε(∇^εu) = W̃^ε(∇u)). The first variation of the energy is E^ε_F^′(u) · v = ∫ Ω ∂_iv_jA^ε_{ij} (u) − ∫ ω I(F_j v_j ) (4.4) where A^ε_{ij} (u) = ∂_{∇iuj} W̃^ε(∇u). A straightforward computation gives the following Euler- Lagrange equations of E^ε_F : ∂_iA^ε_{ij} (u) = −f_j on Ω A^ε_{3j} (u) = g_j on ∂Ω

(4.5) with ε^4A^ε_{33}(u) = (λ + 2μ)(1 + e_{33})E^0_{33} +ε^2 { (1 + e_{33})((λ + 2μ)E^2_{33} + λE^0_{γγ} ) + 2μ(∂_γ u_3)E^0_{3γ} }

+ε^4 { λ(1 + e_{33})E^2_{γγ} + 2μ(∂_γ u_3)E^2_{3γ} }

ε^2A^ε_{ρ3}(u) = 2μ(1 + e_{33})E^0_{3ρ} + λ(∂_ρu_3)E^0_{33} +ε^2 { 2μ(1 + e_{33})E^2_{3ρ} + (∂_γ u_3)(λ(E^2_{33} + E^0_{νν} )δ_{γρ} + 2μE^0_{γρ}) } + O(ε^4)

ε^2A^ε_{3α}(u) = 2μE^0_{3α} + (λ + 2μ)(∂_3u_α)E^0_{33} +ε^2 { 2μE^2_{3α} + (∂_3u_α) ( (λ + 2μ)E^2_{33} + λE^0_{γγ} ) + 2μ(∂_γ u_α)E^0_{3γ} } + O(ε^4)

ε^2A^ε_{ρα}(u) = λE^0_{33}δ_{αρ} +ε^2 { λ(E^2_{33} + E^0_{νν} )δ_{αρ} + 2μE^0_{αρ} + 2μ(∂_3u_α)E^0_{3ρ} + λ(∂_γ u_α)E^0_{33}δ_{γρ} } + O(ε^4) In particular we get ∂_i(A^ε_{ij} (u) − A^ε_{ij} (v)) = −f̃_j A^ε_{3j} (u) − A^ε_{3j} (v) = g̃_j

(4.6) where f̃_j = f_j + ∂_iA^ε_{ij}(v) g̃_j = g_j − A^ε_{3j} (v) We note τ = 0, α or αβ and ∂_0w = w. Then deriving equation (4.6) with respect to ∂_τ , multipying by ∂_τ w and integrating we get with F̃ = (f̃_j , g̃_j): ∫ Ω ∂_i(∂_τ w_j)∂_τ ( A^ε_{ij} (u) − A^ε_{ij}(v) ) = ∫ ω I ( (∂_τ F̃_j)(∂_τ w_j) ) (4.7) Let us note J_τ this quantity. We will estimate this quantity in two different ways.

The first way to estimate J_τ is the following:

Proposition 4.2 (Upper bound on J_τ using the PDE) With the previous notations we have

J_τ = ∫ ω d^2x^′

(∂_τ IF̃_α) (∂_τ w_α(x^′, 0)) + ( ∂_τ (IF̃_3 + ∂_αIx_3F̃_α) ) (∂_τ w_3(x^′, 0)) +I { (∂_τ ∂_αF̃_α)T [T (e_{33} (∂_τ w))] + (∂_τ F̃_3)T (e_{33}(∂_τ w)) + (∂_τ F̃_α)T (2e_{α3}(∂_τ w)) }

Moreover we have: | | |∂_τ IF̃_α | | |_2 + | | |∂_τ (IF̃_3 + ∂_αIx_3F̃_α) | | |_2 ≤ Cε^2, | | |∂_τ F̃ | | |_2 + | | |∂_τ ∂_αF̃_α | | |_2 ≤ C

and then |J_τ | ≤ Cε|∂_τ W |_2 Remark 4.3 Here the constant C depends on a bound on |F |_{4,2}. A bound on |F |_{3,2} would be not sufficient.

Remark 4.4 Choosing more carefully the function v such that w = u − v, we should get J_τ = O(ε^2).

The second way is the following:

Proposition 4.5 (Lower bound on J_τ using coercivity) We have:

J_0 ≥ c_0|W |^2

J_α ≥ c_0|∂_αW |^2 − C|∂_αW |_2|U^2 − V^2|_2

J_{αβ} ≥ c_0|∂_{αβ}W |^2 − C|∂_{αβ}W |_2{|U^2 − V^2|_2 + |U|_∞| (D_T U)^2 − (D_T V )^2 |_2} We deduce the

Corollary 4.6 (Bound on the tangential derivatives of W ) |W |_2 ≤ Cε |∂_αW |_2 ≤ C{ε + |U^2 − V^2|_2}

|∂_{αβ}W |_2 ≤ C{ε + |U^2 − V^2|_2 + |U|_∞| (D_T U)^2 − (D_T V )^2 |_2}

Proof of proposition 4.2 Here we perform the proof for τ = 0. The proof is similar for τ ≠ 0. Using the definition of the operator I and the fact that w(x) = w(x^′, 0) + T (∂_3w), we get:

J_0 = ∫ ω { w_j(x^′, 0)IF̃_j + I ( F̃_j T (∂_3w_j) )}

= ∫ ω { w_3(x^′, 0)IF̃_3 + I ( F̃_3T (e_{33}(w) ) + w_α(x^′, 0)IF̃_α + I ( F̃_αT (2e_{α3}(w)) − F̃_αT (∂_αw_3) )}

= ∫ ω { w_3(x^′, 0)IF̃_3 + I ( F̃_3T (e_{33}(w) ) + w_α(x^′, 0)IF̃_α + I ( F̃_αT (2e_{α3}(w) )

+ I (( ∂_αF̃_α)T (w_3(x^′, 0) + T (e_{33}(w)) ))}

= ∫ ω { (IF̃_α)w_α(x^′, 0) + ( IF̃_3 + ∂_αIx_3F̃_α ) w_3(x^′, 0) + I ( (∂_αF̃_α)T T (e_{33}(w)) + F̃_3T (e_{33}(w)) + F̃_αT (2e_{α3}(w)) )}

Using again the fact that w(x^′, 0) = w(x) − T (∂_3w) and the fact that |w|_2 ≤ C|∇^εw|_2 we deduce that |J_0| ≤ C|∇^εw|_2 { Σ_α|IF̃_α|_2 + |IF̃_3 + ∂_β Ix_3F̃_β|_2 + ε^2 ( |∂_βF̃_β|_2 + |F̃_3|_2 ) + εΣ_α|F̃_α|_2 }

But we have |F̃ |_2 + |∂_αF̃_α|_2 ≤ C and the

Lemma 4.7 (A bound using the 2d solution)

|IF̃_α|_2 + |IF̃_3 + ∂_βIx_3F̃_β|_2 ≤ Cε^2

This proves proposition 4.2. Proof of lemma 4.7 A tedious but straightforward computation allows to check that for the special cloice v = u^0 + ε^2u^2[u^0] we have A^ε_{ij} (v) = Ã^0_{ij} + ε^2Ã^{2,ε}_{ij} with Ã^{2,ε}_{ij} = O(1). Denoting by n_{αβ} (u^0) = 4λμ λ + 2μ E^0_{νν} (u^0)δ_{ρα} + 4μE^0_{ρα}(u^0), we have:

Ã0_{33} = λ + 2μ 2 ( e_{33}(u^2)

)_2

+ λE^2_{γγ} (u^0) + 2μ(∂_γ u^0_3)Ã^0_{3γ}

+(λ + 2μ)(∂_3u^0_γ )(∂_3u^2_γ ) + λ ( e_{γγ} (u^2) + (∂_γ u^0_3)(∂_γ u^2_3) )

Ã0_{ρ3} = Ã^0_{3ρ} + 1 2 (∂_γ u^0_3)n_{γρ}(u^0)

Ã0_{3α} = 2μ { e_{3α}(u^2) + E^2_{3α}(u^0) + e_{33}(u^2)∂_αu^0_3 2 }

Ã0_{ρα} = 1 2 n_{ρα}(u^0) Then we can compute with h_β = IF_β:

IF̃_β = h_β + ∂_α

∫_1 −1 A^ε_{αβ}(v)

= h_β + ∂_α

∫_1 −1 1 2 n_{αβ} (u^0) + ε^2∂_α

∫_1 −1 Ã^{2,ε}_{αβ}

= ε^2∂_α

∫_1 −1 Ã^{2,ε}_{αβ} where for the last line we have used equation (2.5) whose u^0 is a solution. Similarly we compute with h_3 = IF_3 + ∂_αIx_3F_α:

IF̃_3 + ∂_αIx_3F̃_α = h_3 + ∂_α

∫_1 −1 A^ε_{α3}(v) + ∂_α {∫_1 −1 x_3∂_iA^ε_{iα}(v) + [−x_3A^ε_{3α}(v)]^1_{−1} }

= h_3 + ∂_{αβ}

∫_1 −1 x_3A^ε_{βα}(v) + ∂_α

∫_1 −1 [A^ε_{α3}(v) − A^ε_{3α}(v)]

= h_3 + ∂_{αβ}

∫_1 −1 x_3 1 2 n_{βα}(u^0) + ∂_α

∫_1 −1 1 2 (∂_γ u^0_3)n_{γα}(ζ)

+ ε^2 { ∂_{αβ} ∫_1 −1 x_3Ã^{2,ε}_{βα} + ∂_α

∫_1 −1 [Ã^{2,ε}_{α3} − Ã^{2,ε}_{3α} ] }

= ε^2 { ∂_{αβ} ∫_1 −1 x_3Ã^{2,ε}_{βα} + ∂_α

∫_1 −1 [Ã^{2,ε}_{α3} − Ã^{2,ε}_{3α} ] }

where for the last line we have also used equation (2.5). This ends the proof of lemma 4.7.

Proof of proposition 4.5 Let us define W^ε by W^ε(U) = W̃^ε(∇u), where U = ∇^εu Then E^ε_0 (u) = ∫ Ω W^ε(U) and W^ε(U) = U_I U_J W^ε_{IJ} (U) with W^ε_{IJ} (U) = W^ε_{IJ,0} + W^ε_{IJ,K} U_K + W^ε_{IJ,KL}U_K U_L and W^ε_{IJ} = (W^ε_{IJ,0}, W^ε_{IJ,K}, W^ε_{IJ,KL}) is a polynomial in ε with constant coefficients. Consequently: E^ε_0^′(u) · v = ∫ Ω ∂_U W^ε(U) · V where V = ∇^εv. From (4.7) and (4.4) we deduce that J_τ = ∫ Ω ∂_τ (U − V ) · ∂_τ [∂_U W^ε(U) − ∂_U W^ε(V )] case τ = 0 J_0 = ∫ Ω W · {∫_1 0 dt ∂_{UU} W^ε(V + tW ) · W }

= ∫_1 0 dt {∫ Ω ∂_{UU} W^ε(V + tW ) · (W, W ) }

= ∫_1 0 dt E^ε_0^{′′}(v + tw) · (w, w) ≥ c_0|W |^2

case ∂_τ = ∂_α J_α = ∫ Ω ∂_αW · (∂_{UU} W^ε(U) · ∂_αU − ∂_{UU} W^ε(V ) · ∂_αV ) = ∫ Ω ∂_{UU} W^ε(U) · (∂_αW, ∂_αW ) + (∂_{UU} W^ε(U) − ∂_{UU} W^ε(V )) · (∂_αW, ∂_αV ) ≥ c_0|∂_αW |^2 − C|∂_αW |_2|U^2 − V^2|_2 case ∂_τ = ∂_{αβ} J_{αβ} = ∫ Ω ∂_{αβ} W · ∂_α (∂_{UU} W^ε(U) · ∂_β U − ∂_{UU} W^ε(V ) · ∂_β V ) = ∫ Ω ∂_{αβ} W · {∂_{UU} W^ε(U) · ∂_{αβ} U − ∂_{UU} W^ε(V ) · ∂_{αβ} V +∂_{UUU} W^ε(U) · ∂_βU · ∂_αU − ∂_{UUU} W^ε(V ) · ∂_β V · ∂_αV } = ∫ Ω ∂_{αβ} W · {∂_{UU} W^ε(U) · ∂_{αβ} W + (∂_{UU} W^ε(U) − ∂_{UU} W^ε(V )) · ∂_{αβ} V +∂_{UUU} W^ε(U) · (∂_αU ⊗ ∂_β U − ∂_αV ⊗ ∂_β V ) + (∂_{UUU} W^ε(U) − ∂_{UUU} W^ε(V )) · ∂_αV · ∂_β V } ≥ c_0|∂_{αβ} W |^2 − C|∂_{αβ} W |_2 { |U^2 − V^2|_2 + |U|_∞| (D_T U)^2 − (D_T V )^2 |_2 }

This ends the proof of proposition 4.5.

Estimates on the x_3-derivatives

We start with the

Lemma 4.8 (Bounds on all the derivatives of W )

|DW |_2 ≤ C { |D_T W |_2 + Σ_α | | | |∂_3 ( e_{α3}(w) ε )| | | 2 + | | | |∂_3 ( e_{33}(w)

ε^2 )| | | 2 }

|D^2W |_2 ≤ C { |D^2_T W |_2 + Σ_{j,α} | | | |∂_{3j} ( e_{α3}(w) ε )| | |_2 + Σ^j | | | |∂_{3j} ( e_{33}(w)

ε^2 )| | |_2 }

Proof of lemma 4.8

We only need to search for estimates on ∂_3W, ∂_3D_T W, ∂_{33}W . The first inequality comes

from the fact that |∂_3W |_2 = |∇^ε∂_3w|_2 ≤ C { Σ_α | | | | | e_{α3}(∂_3w) ε | | | | |_2 + | | | | | e_{33}(∂_3w)

ε^2 | | | | |_2 + Σ^{α,β} |e^{αβ} (∂^3w)|^2 } , and |e_{αβ}(∂_3w)|_2 ≤ C|D_T ∇^εw|_2 = C|D_T W |_2. The second inequality is proved similarly.

Following the Nirenberg’s translations method, to estimate the x_3-derivatives we will use the Euler-Lagrange equations (4.5). Let us recall that A^ε_{ij} (u) = A^ε_{ij,I} U_I + A^ε_{ij,IJ} U_I U_J + A^ε_{ij,IJK}U_I U_J U_K where the coefficients A^ε_{ij} = (A^ε_{ij,I} , A^ε_{ij,IJ} , A^ε_{ij,IJK}) are rational fractions in ε^2 such that A^ε_{ij} = A^{−,ε}_{ij} + A^{0,ε}_{ij} where A^{0,ε}_{ij} are polynomials in ε^2 and

A^{−,ε}_{33} (u) = 1 ε^2 { (λ + 2μ) e_{33}(u) ε^2

+ (λ + 2μ)E^2_{33}(u) + λE^0_{γγ} (u) + 2μ(∂_γ u_3)e_{3γ} (u) }

A^{−,ε}_{ρ3} (u) = 2μ e_{ρ3}(u) ε^2 A^{−,ε}_{3α} (u) = 2μ e_{3α}(u) ε^2 A^{−,ε}_{ρα} (u) = 0 Then we have

∂_3(A^{−,ε}_{3j} (u) − A^{−,ε}_{3j} (v)) + ∂_β(A^{−,ε}_{βj} (u) − A^{−,ε}_{βj} (v)) = −f̃_j − ∂_i(A^{0,ε}_{ij} (u) − A^{0,ε}_{ij} (v)) (4.8)

We deduce that for j = α: | | | |∂_3 ( e_{3α}(w) ε^2 )| | | |_2 ≤ C{1 + |D(U 3 − V^3)|_2} | | | |∂_{k3}( e_{3α}(w) ε^2 ) | | | |_2 ≤ C{1 + |D 2(U^3 − V^3)|_2}

Similarly, if we multiply A^ε_{ij} (u) by ε, and call B^ε_{ij}(u) = εA^ε_{ij}(u) we have B^ε_{ij} (u) = B^ε_{ij,I} U_I + B^ε_{ij,IJ} U_I U_J + B^ε_{ij,IJK}U_I U_J U_K where the coefficients B^ε_{ij} = (B^ε_{ij,I} , B^ε_{ij,IJ} , B^ε_{ij,IJK}) are rational fractions in ε such that

B^ε_{ij} = B^{−,ε}_{ij} + B^{0,ε}_{ij} where B^{0,ε}_{ij} are polynomials in ε and

B^{−,ε}_{33} (u) = 1 ε { (λ + 2μ) e_{33}(u) ε^2

+ (λ + 2μ)E^2_{33}(u) + λE^0_{γγ} (u) + 2μ(∂_γ u_3)e_{3γ} (u) }

= 1 ε (λ + 2μ) e_{33}(u) ε^2

+ λ∂_γ u_γ + (λ + μ)(∂_γ u_3)(∂_γ u_3)

+2(λ + 2μ)(e_{3γ} (u))(e_{3γ} (u)) − 2(λ + μ)e_{3γ} (u)∂_γ u_3 B^{−,ε}_{ρ3} (u) = 2μ e_{ρ3}(u) ε B^{−,ε}_{3α} (u) = 2μ e_{3α}(u) ε B^{−,ε}_{ρα} (u) = 0 Because the term U = ∇^εu contains the term^{eρ3(u)}_ε , up to redefine B^{−,ε}_{ij} , B^{0,ε}_{ij} in B̃^{−,ε}_{ij} , B̃^{0,ε}_{ij} we can always put the term 2μ^{eρ3(u)}_ε in B̃^{0,ε}_{ρ3} , the term 2μ^{e3α(u)}_ε in B̃^{0,ε}_{3α} and the terms 2(λ + 2μ)(e_{3γ} (u))(e_{3γ} (u)) − 2(λ + μ)e_{3γ} (u)∂_γ u_3 in B̃^{0,ε}_{33} . Therefore we get B^ε_{ij} = B̃^{−,ε}_{ij} + B̃^{0,ε}_{ij} where B̃^{0,ε}_{ij} are polynomials in ε and

B̃^{−,ε}_{33} (u) = 1 ε { (λ + 2μ) e_{33}(u)

ε^2

+ λ∂_γ u_γ + (λ + μ)(∂_γ u_3)(∂_γ u_3) }

B̃^{−,ε}_{ρ3} (u) = B̃^{−,ε}_{3α} (u) = 2μe^{3α}(u) ε = B̃^{−,ε}_{ρα} (u) = 0

Similarly to (4.8), we have

∂_3(B̃^{−,ε}_{3j} (u) − B̃^{−,ε}_{3j} (v)) + ∂_β (B̃^{−,ε}_{βj} (u) − B̃^{−,ε}_{βj} (v)) = −εf̃_j − ∂_i(B̃^{0,ε}_{ij} (u) − B̃^{0,ε}_{ij} (v)) (4.9)

Now because ∂_3 ((∂_γ u_3)(∂_γ u_3)) = 2ε^2 [ ∂_γ ( e_{33}(u)

ε^2 )] ∂_γ u_3, we get: | | | |∂_3 ( e_{33}(w) ε^2 + λ λ + 2μ ∂_γ w_γ )| | | |_2 ≤ C{ε 2 + ε|D(U^3 − V^3)|_2 + ε^2|U ⊗ D_T U − V ⊗ D_T V |_2} | | | |∂_{j3} ( e_{33}(w) ε^2 + λ λ + 2μ ∂_γ w_γ )| | | 2 ≤ C{ε^2 +ε|D^2(U^3 −V^3)|_2 +ε^2|D(U ⊗D_T U −V ⊗D_T V )|_2} which implies | | | |∂_3 ( e_{33}(w)

ε^2 )| | | |_2 ≤ C{|D^T W |^2 + ε

2 + ε|D(U^3 − V^3)|_2 + ε^2|U ⊗ D_T U − V ⊗ D_T V |_2}

and then |DW |_2 ≤ C { ε + |U^2 − V^2|_2 + ε|D(U^3 − V^3)|_2 + ε^2|U ⊗ D_T U − V ⊗ D_T V |_2 }

Moreover for j = α, we have ∂_{α3}(∂_γ w_γ ) = ∂_{αγ} (∂_3w_γ ), and then |∂_{α3}(∂_γ w_γ )|_2 ≤ C|D^2_T W |_2. For j = 3, we have ∂_{33}(∂_γ w_γ ) = ∂_{γ3}(2e_{3γ} (w) − ∂_γ w_3) = −∂_{γγ} (e_{33}(w)) + 2∂_{γ3}e_{3γ} (w), and then |∂_{33}(∂_γ w_γ )|_2 ≤ C ( |D^2_T W |_2 + ε | | | | |∂_{γ3} ( e_{3γ} (w) ε )| | | |_2 )

Therefore | | | |∂_{j3} ( e_{33}(w)

ε^2 )| | | |_2 ≤ C ε | | |∂_{γ3} (_{e3γ (w)} ε )| |_2 + |D^2_T W |_2

+ε^2 + ε|D^2(U^3 − V^3)|_2 + ε^2|D(U ⊗ D_T U − V ⊗ D_T V )|_2

and then

|D^2W |_2 ≤ C ε + |U^2 − V^2|_2 + |U|_∞| (D_T U)^2 − (D_T V )^2 |_2

+ε|D^2(U^3 − V^3)|_2 + ε^2|D(U ⊗ D_T U − V ⊗ D_T V )|_2

We will use the fact that formally for U^{⊗n} = U ⊗ U ⊗ . . . ⊗ U : D(U^{⊗n}−V^{⊗n}) = n(U^{⊗(n−1)}DU−V^{⊗(n−1)}DV ) = n(U^{⊗(n−1)}DW +(U^{⊗(n−1)}−V^{⊗(n−1)})DV )

D^2(U^{⊗n}−V^{⊗n}) = n

U^{⊗(n−1)}D^2W + (U^{⊗(n−1)} − V^{⊗(n−1)})D^2V

+(n − 1){U^{⊗(n−2)}((DU)^{⊗2} − (DV )^{⊗2}) + (U^{⊗(n−2)} − V^{⊗(n−2)})(DV )^{⊗2}} Of course, rigorously we should write D(U ⊗ U) = DU ⊗ U + U ⊗ DU, but for the computation of an upper bound it is sufficient to write formally D(U ⊗ U) = 2U ⊗ DU like in the previous formal computations of the derivatives. On the other hand we have

|U^2 − V^2|_2 ≤ C(1 + |W |_∞)|W |_2

| (DU)^2 − (DV )^2 |_2 ≤ C (|DW |_2 + |DW |_4|DW |_4)

So we deduce the

Proposition 4.9 (A priori estimate on W ) If ε (1 + |W |_∞)^2 ≤ C, then |W |_2 ≤ Cε |DW |_2 ≤ Cε (1 + |W |_∞) |D^2W |_2 ≤ Cε (1 + |W |_∞)^2 (1 + |DW |^2_4) Using Gagliardo-Nirenberg inequality [23]: |W |_∞, |DW |_4 ≤ C|W |_{2,2}, it is easy to check that proposition 3.3 is a corollary of proposition 4.9.

5 Proof of the coercivity of the hessian of the energy

We will prove the coercivity of the hessian:

∃c_0(R_0) > 0, ∀|F |_{4,2} ≤ R_0, ∀M > 0, ∃ε^′_0(M, R_0) > 0, ∀ε ∈ (0, ε^′_0], ∀u ∈ K^ε_M (F ), ∀v ∈ H^1(Ω), E^{ε′′}(u) · (v, v) ≥ c_0|∇^εv|^2 Let us recall that the radius R_0 is every radius which guarantees the existence of solutions u^0 by the application of the inverse function theorem in the case ε = 0. This means that the radius R_0 guarantees the inversibility of D_u0 A^0(u^0) which has to be understood as the linearization of system (2.5). We will show that the coercivity of E^ε_0^{′′} is a consequence of the coercivity of the hessian E^0_0^{′′} for ε = 0:

Lemma 5.1 (Coercivity of the hessian for ε = 0) Let the space of Kirchhoff-Love displacements

V^{KL} = { v^0 ∈ H^1(Ω), ∃(η_α, η_3), v^0 = | | | | v^0_α = η_α(x^′) − x_3∂_αη_3(x^′) v^0_3 = η_3(x^′) }

Let E^0_F (u^0) := ∫ Ω λμ λ + 2μ (E^0_{ββ})^2 + μE^0_{αβ}E^0_{βα} − ∫ ω I(F_iu^0_i ) where E^0_{ij} = E^0_{ij} (u^0). Equation (2.5) (i.e. A^0(u^0) = F ) is the Euler-Lagrange equation of E^0_F and moreover there exists c^′_0 > 0 such that

∀v^0 ∈ V^{KL}, E^0_0^{′′}(u^0) · (v^0, v^0) ≥ c^′_0|∇v^0|^2 (5.1)

for every solution u^0 found for |F |_{4,2} ≤ R_0.

Proof of lemma 5.1 The only thing to prove is to check the coercivity of E^0_0^{′′}(u^0) on the space V^{KL}. But this is a straightforward consequence of the coercivity of E^0_0^{′′}(0) and of the inversibility of D_u0 A^0(u^0) for each u^0 given for a |F |_{4,2} ≤ R_0. This ends the proof of the lemma.

We will write E^ε_0^{′′}(u) · (v, v) = G^ε_u0 (v) + O^ε and we will prove later the following coercivity property for G^ε_u0 (v):

Proposition 5.2 (Coercivity of the hessian for ε > 0 at u^0) For a given function u^0 ∈ V^{KL} smooth enough, let

G^ε_u0 (v) = ∫ Ω λ ( e_{33} ε^2

+ e_{αα} + 2e^−_{α3}∂_αv_3

)_2

+2μ {( e_{33} ε^2

+ e^−_{α3}∂_αv_3

)_2

+ 2Σ ( e_{α3} ε )_2 + Σ ( e_{αβ} + 1 2 (e^−_{β3}∂_αv_3 + e^−_{α3}∂_β v_3)

)_2}

+2μE^0_{αβ}∂_αv_3∂_β v_3 where e^−_{α3} = e^−_{α3}(u^0), E^0_{αβ} = E^0_{αβ} (u^0). If u^0 satisfies property (5.1), then there exists c^{′′}_0 > 0 and ε^{′′}_0 > 0 (which only depend on c^′_0 and a bound on u^0) such that for every ε ∈ (0, ε^{′′}_0] :

∀v ∈ H^1(Ω), G^ε_u0 (v) ≥ c^{′′}_0 |∇^εv|^2

Remark 5.3 (Formal asymptotics) We have formally E^ε_F (u^0 + ε^2u^2) → E^0_F (u^0, e_{33}(u^2)), where the new energy E^0_F (u^0, z) is defined by

E^0_F (u^0, z) = ∫ Ω λ/2 { z + E^2_{33} + E^0_{ββ}

}_2 + μ { (z + E^2_{33})^2 + E^0_{αβ} E^0_{αβ} } − ∫ ω I(F_iu^0_i )

where E^k_{ij} = E^k_{ij} (u^0). This energy is minimum for the particular choice

z^∗ = − ( E^2_{33} + λ/(λ + 2μ)E^0_{ββ} )

which corresponds to the choice u^2 = u^2[u^0]. Then it is possible to compute and see that

E^0_F (u^0, e_{33}(u^2[u^0])) = E^0_F (u^0)

Similarly G^ε_u0 (v^0 + ε^2v^2 {v^0}) → E^0_0^{′′}(u^0) · (v^0, v^0). Here v^2 {v^0} is defined by v^2 = { v_α = 0 v_3 = T (e_{33}(v^2)) and e^{33}(v^2) satisfies the linearized of equation (2.9) defining e^{33}(u^2):

e_{33}(v^2) = − ( e^−_{α3}∂_αv^0_3 + λ λ + 2μ e_{αα}(v^0) )

Proof of proposition 3.1 We show how we can bound the term O^ε = E^ε_0^{′′}(u) · (v, v) − G^ε_u0 (v), and then get an estimate on E^ε_0^{′′}(u) using proposition 5.2. Let us remark that with U = ∇^εu

E^ε_0^{′′}(u) · (v, v) = ∫ Ω (∇^εv)_I (∇^εv)_J G^ε_{IJ} (U)

where we can split G^ε_{IJ} (U) in G^ε_{IJ} (U) = G^{0,ε}_{IJ} (U) + εG^{1,ε}_{IJ} (U) such that G^ε_u0 (v) = ∫ Ω (∇^εv)_I (∇^εv)_J G^{0,ε}_{IJ} (U^0) with U^0 = (e_{33}(u^2), 0, e_{αβ}(u^0), e^−_{α3}(u^0)). Moreover for each i = 0, 1 we have G^{i,ε}_{IJ} (U) = G^{i,ε}_{IJ,0} + G^{i,ε}_{IJ,K} U_K + G^{i,ε}_{IJ,KL}U_K U_L and G^{i,ε}_{IJ} = (G^{i,ε}_{IJ,0}, G^{i,ε}_{IJ,K}, G^{i,ε}_{IJ,KL}) are polynomials in ε with constant coefficients. In particular we get

E^ε_0^{′′}(u) · (v, v) = G^ε_u0 (v) + ∫ Ω (∇^εv)_I (∇^εv)_J { εG^{1,ε}_{IJ} (U) + (G^{0,ε}_{IJ} (U) − G^{0,ε}_{IJ} (U^0)) }

Using the fact that |G^{1,ε}_{IJ} (A)|_∞ ≤ C(1 + |A|_∞)^2, |G^{0,ε}_{IJ} (A) − G^{0,ε}_{IJ} (B)|_∞ ≤ C|A − B|_∞(1 + |B|_∞ + |A − B|_∞), and U = U^0 + εV^1 with |V^1|_∞ ≤ C ( 1 +^{|W |∞}_ε ) , we deduce that |O^ε| ≤ Cε|∇^εv|^2 ( 1 + |W |_∞ ε )_2

Because u ∈ K^ε_M (F ) and |W |_∞ ≤ C|W |_{2,2} (by Gagliardo-Nirenberg inequality), this proves that E^ε_0^{′′}(u) · (v, v) ≥ c_0|∇^εv|^2 for ε small enough. This ends the proof of proposition 3.1.

Proof of proposition 5.2 To prove the coercivity of G^ε_u0 , we split it in two terms:

G^ε_u0 = ηG^ε_c + (1 − η)G^{ε,η} (5.2)

where G^ε_c is coercive, G^{ε,η} will be bounded from below and η ∈ (0,^1_2 ) will be fixed later. We choose:

G^ε_c (v) = ∫ Ω λ (e_{33} ε^2

+ e_{αα} + 2e^−_{α3}∂_αv_3

)_2

+2μ {( e_{33} ε^2

+ e^−_{α3}∂_αv_3

)_2

+ 2Σ ( e_{α3} ε )_2 + Σ ( e_{αβ} + 1 2 (e^−_{β3}∂_αv_3 + e^−_{α3}∂_βv_3)

)_2}

+2μB_{αβ}∂_αv_3∂_βv_3

where B_{αβ}∂_αv_3∂_βv_3 = (e^−_{β3}∂_αv_3 + e^−_{α3}∂_β v_3)^2 and then B_{αβ} = B_{αβρσ}e^−_{ρ3}e^−_{σ3}. It is then easy to prove by contradiction that there exists a constant C > 0 such that G^ε_c (v) ≥ C {| | | | e_{33} ε^2 | | | | 2 2 + Σ_α | | | | e_{α3} ε | | | | 2 2 + Σ_{α,β} |e_{αβ}|^2 } which implies from lemma 4.1 that there exists a constant C > 0 such that G^ε_c (v) ≥ C|∇^εv|^2 From our choice of G^ε_c , we deduce that G^{ε,η}(v) = ∫ Ω λ (e_{33} ε^2

+ e_{αα} + 2e^−_{α3}∂_αv_3

)_2

+2μ {( e_{33} ε^2

+ e^−_{α3}∂_αv_3

)_2

+ 2Σ ( e_{α3} ε )_2 + Σ ( e_{αβ} + 1 2 (e^−_{β3}∂_αv_3 + e^−_{α3}∂_β v_3)

)_2}

+2μE^{0,η}_{αβ} ∂_αv_3∂_β v_3

where E^{0,η}_{αβ} =^1_{1−η} (E^0_{αβ} −ηB_{αβ}). To bound G^{ε,η} from below, we consider the minimization

θ^{ε,η} = inf

|v|^2=1,v∈H^1(Ω)

G^{ε,η}(v) (5.3)

and we prove the following

Lemma 5.4 (Lower bound on the second term G^{ε,η}) The infimum in (5.3) is reached in a function v^{ε,η} ∈ H^1(Ω) which satisfies G^{ε,η}(v^{ε,η}) ≥ G^{0,η}(v^{0,ε,η}) − Cε where G^{0,η} is defined by G^{0,η}(v) = ∫ Ω 2λμ λ + 2μ ( e_{αα} + e^−_{α3}∂_αv_3

)_2

+2μ { Σ ( e_{αβ} + 1 2 (e^−_{β3}∂_αv_3 + e^−_{α3}∂_βv_3)

)_2}

+2μE^{0,η}_{αβ} ∂_αv_3∂_βv_3 for e^−_{α3} = e^−_{α3}(u^0) and E^{0,η}_{αβ} = E^{0,η}_{αβ} (u^0) and v^{0,ε,η} = P^{KL}(v^{ε,η}) with P^{KL} : H^1(Ω) → V^{KL} is the projector defined by

P^{KL}(v) = ( ξ_α − x_3∂_αξ_3 ξ_3 ) where ξ(x^′) = 1 2 ∫_1 −1 v(x^′, x_3)dx_3 Moreover | | |∇ ( v^{ε,η} − v^{0,ε,η} )| |^2 ≤ Cε (5.4)

Because G^{0,η}(v) = G^{0,0}(v) + η 1 − η ∫ Ω 2μ(E^0_{αβ} − B_{αβ} )∂_αv_3∂_β v_3 with G^{0,0}(v) = E^0_0^{′′}(u^0)· (v, v), we deduce from the coercivity (5.1) that for every v ∈ V^{KL}: G^{0,η}(v) ≥ c^′_0|∇v|^2 − Cη|∇v|^2 ≥ C|∇v|^2 for η ≤ C We deduce that θ^{ε,η} = G^{ε,η}(v^{ε,η}) ≥ C|∇v^{0,ε,η}|^2 − Cε ≥ C|∇v^{ε,η}|^2 − Cε ≥ C for ε ≤ C The second line is a consequence of (5.4), the third line comes from Poincaré inequality |∇v^{ε,η}|^2 ≥ C|v^{ε,η}|^2 with |v^{ε,η}|^2 = 1. Then G^ε_u0 (v) ≥ Cη|∇^εv|^2 + (1 − η)|v|^2θ^{ε,η} ≥ C|∇^εv|^2 which ends the proof of proposition 5.2.

Proof of lemma 5.4 We prove here the lemma in the particular case η = 0. For η > 0 the proof is similar. In case η = 0, we simply drop the index η and use the notations G^ε = G^{ε,0}, G^0 = G^{0,0} θ^ε = θ^{ε,0}, v^ε = v^{ε,0}, v^{0,ε} = v^{0,ε,0}. We perform the proof in two steps: Step 1: |θ^ε| ≤ C Using the general inequality 2ab ≤ κ^2a^2 +^{b2}_{κ2} , we get G^ε(v) ≥ C {| | | | e_{33} ε^2 | | | | 2 2 + Σ_α | | | | e_{α3} ε | | | | 2 2 + Σ_{α,β} |e_{αβ}|^2 } − C(Σ_{ρσ}(|e^−_{ρ3}e^−_{σ3}|_∞ + |E^0_{ρσ}|_∞)(Σ_α|∂_αv_3|^2)

Because of the following result (whose proof is rejected in the Appendix): Lemma 5.5 (An adapted Korn’s inequality) There exists C > 0, such that for every κ > 0 we have:

Σ|∂_αv_3|^2 ≤ C { sup ( ε^2, κ^2, ε^4 κ^2 ) {| | |e_{33} ε^2 | | |^2 2 + Σ_α | | | e_{α3} ε | | |^2 2 + Σ_{α,β} |e_{αβ}|^2 } + sup ( 1, 1 κ^2 ) |v|^2 }

we deduce for a choice of κ small enough and ε^2 ≤ C that (using as previously lemma 4.1):

G^ε(v) ≥ C|∇^εv|^2 − C|v|^2 (5.5) We can now prove that the infimum in the definition of θ^ε = inf_{v∈H}1_{(Ω),|v|}2_{=1} G^ε(v) is reached in some function v^ε. It is sufficient to minimize the convex energy G^ε(v) + C|v|^2 under the constraint |v|^2 = 1 (whose minimum is then θ^ε + C). We get a lower bound on θ^ε from (5.5), and an upper bound taking the particular function v = (0, 0, C sin(2πx_1)). This proves |θ^ε| ≤ C (5.6) Step 2 Minimizing the quadratic functional G^ε(v) under the constraint ∫ Ω(v)^2 = 1, makes appear a Lagrange multiplier in the Euler-Lagrange equations:

∀w ∈ H^1(Ω), G^{ε′}(v^ε) · w = θ^ε ∫ Ω 2v^ε · w (5.7)

Taking w = v^ε, it is easy to check that this Lagrange multiplier is nothing else than θ^ε. The variational equation (5.7) is equivalent to the following PDE

L^εv^ε = ( −θ^εv^ε 0 )

where L^ε is a linear differential operator with coefficients which only depend on u^0. Using the Nirenberg’s translations method, we prove in the Appendix the Lemma 5.6 (Bounds on the eigenfunction) Let v^{0,ε} = P^{KL}(v^ε) and v^{2,ε} = v^{2,ε} {v^{0,ε}} where v^{2,ε} = { v_α = 0 v_3 = T (e_{33}(v^{2,ε})) and e^{33}(v^{2,ε}) satisfies the linearized of equation (2.9) defining e_{33}(u^0): e_{33}(v^{2,ε}) = − ( e^−_{α3}∂_αv^{0,ε}_3 + λ λ + 2μ e_{αα}(v^{0,ε}) )

Then for w^ε = v^ε − (v^{0,ε} + ε^2v^{2,ε}) we have: |∇^εw^ε|^2 ≤ Cε^2 (5.8) |∇^εv^ε|^2 + |∇^ε∂_αv^ε|^2 + |∇^ε∂_{αβ} v^ε|^2 ≤ C (5.9) Let us remark that G^ε(v) = ∫ Ω 4μΣ ( e_{α3}(v) ε )_2 + G^′_{IJ} (∇^{′ε}v)_I (∇^{′ε}v)_J where |G^′_{IJ} |_∞ ≤ C and ∇^{′ε}v = ( e_{33}(v)

ε^2 , ∂_αv ) . Using v^ε = v^{0,ε} + ε^2v^{2,ε} + w^ε with v^{0,ε} ∈ V^{KL} and v^{2,ε} = v^{2,ε} {v^{0,ε}}, we compute ∇^{′ε}v^ε = W^{′0,ε} + εW^{′1,ε} with W^{′0,ε} = (e_{33}(v^{2,ε}), ∂_αv^{0,ε}). Because ∫ Ω G^′_{IJ} (∇^{′ε}v^ε)_I (∇^{′ε}v^ε)_J = ∫ Ω G^′_{IJ} (W^{′0,ε}_I W^{′0,ε}_J + 2εW^{′0,ε}_I W^{′1,ε}_J + ε^2W^{′1,ε}_I W^{′1,ε}_J ) and G^0(v^{0,ε}) = ∫ Ω G^′_{IJ} W^{′0,ε}_I W^{′0,ε}_J we see that G^ε(v^ε) ≥ G^0(v^{0,ε}) − Cε (5.10) is a consequence of |W^{′1,ε}|^2 ≤ C. The following inequalities prove it |εW^{′1,ε}|^2 ≤ | e_{33}(w^ε)

ε^2

|^2 + Σ|ε^2∂_αv^{2,ε} + ∂_αw^ε)|^2 ≤ C(ε^4Σ|∂_αv^{2,ε}|^2 + |∇^εw^ε|^2) ≤ Cε^2 where we have used the bounds given in lemma 5.6. This ends the proof of lemma 5.4.

6 Appendix: proofs of two lemmata

6.1 Proof of lemma 5.5

We use a function ψ_+ ∈ C^∞(] − ∞, 1]), supp (ψ_+) ⊂ [−2, 1], ψ_+ > 0 on (−1, 1), and ψ^2_+ + ψ^2_− = 1 on [−1, 1] for ψ_−(x_3) = ψ_+(−x_3). We set w = ψv with ψ(x) = ψ_+(x_3) or ψ(x) = ψ_−(x_3). Then we have (where the extension w̃ of w is taken as the linear combination of two dilated reflexions):

Lemma 6.1 (Nitsche [24], p 240; An extension result) For the previous ψ, there exists an extension w̃ of w = ψv on D = ω × R such that w̃ = w on Ω = ω × (−1, 1), and for all i, j ∈ {1, 2, 3} we have 1 C |e_{ij} (w)|^2_L2_{(Ω)} ≤ |e_{ij} (w̃)|^2_L2_{(D)} ≤ C|e_{ij}(w)|^2_L2_{(Ω)}

Then we have: ∫ Ω (∂_αw_3)^2 ≤ ∫ D (∂_αw̃_3)^2 ≤ ∫ D (2e_{α3}(w̃))^2 − 2∂_αw̃_3∂_3w̃_α = ∫ D (2e_{α3}(w̃))^2 − 2∂_αw̃_α∂_3w̃_3 where the second line comes from (2e_{α3}(w̃))^2 = (∂_αw̃_3)^2 + (∂_3w̃_α)^2 + 2∂_αw̃_3∂_3w̃_α, and the third is obtained by an integration by part. Using the general fact that 2ab ≤ κ^2a^2 +^{b2}_{κ2} , we get ∫ D |∂_αw̃_α∂_3w̃_3| ≤ ∫ D C(κ^2(∂_αw̃_α)^2 + 1 κ^2

(∂_3w̃_3)^2. From lemma 6.1 we deduce that ∫ Ω (∂_αw_3)^2 ≤ C ∫ Ω (2e_{α3}(ψv))^2 + κ^2 (∂_α(ψv_α))^2 + 1 κ^2

(∂_3(ψv_3))^2

≤ C ∫ Ω ψ^2 4ε^2 ( e_{α3}(v) ε )_2

+ κ^2(∂_αv_α)^2 + ε^4 κ^2 ( ∂_3v_3 ε^2 )_2

+(∂_3ψ)^2(v_α)^2 + 1 κ^2

(∂_3ψ)^2(v_3)^2

Then ∫ Ω (∂_αv_3)^2 = ∫ Ω Σ_±ψ^2_±(∂_αv_3)^2 = ∫ Ω Σ_±(∂_α(ψ_±v_3))^2

≤ C ( sup ( ε^2, κ^2, ε^4 κ^2 ) |∇^εv|^2 + C sup ( 1, 1 κ^2 ) |v|^2 )

This ends the proof of lemma 5.5.

6.2 Proof of lemma 5.6

Let us remark that from (5.5)-(5.6) we have:

|∇^εv^ε|^2 ≤ C (6.1)

Let us first assume that we have more, i.e.

|∇^εv^ε|^2 + |∇^ε∂_ρv^ε|^2 + |∇^ε∂_{ρσ} v^ε|^2 ≤ C (6.2)

Asumming (6.2) (which will be proved later) we now prove that |∇^εw^ε|^2 ≤ Cε^2. Estimates on e_{α3} ε and e_{33} ε^2 . To simplify the notations let us note v = v^ε. To estimate e_{α3} and e_{33} we use equations

L^εv = ( −θ^εv 0 ) which we write explicitly:

2μ∂_3 { e_{α3} ε^2 }

+∂_β { δ_{αβ}λ ( e_{33}

ε^2

+ e_{γγ} + 2∂_αv_3e^−_{α3} ) + 2μ ( e_{αβ} + 1 2 (∂_αv_3e^−_{β3} + ∂_βv_3e^−_{α3}) )} = −θ^εv_α

1 ε^2

∂_3 { (λ + 2μ) e_{33}

ε^2

+ λe_{γγ} + 2(λ + μ)∂_γ v_3e^−_{γ3} }

+∂_α δ_{αβ} ( 2μ e_{β3} ε^2

+ 2e^−_{β3}((λ + μ) e_{33}

ε^2

+ λe_{γγ} + (2λ + μ)∂_γ v_3e^−_{γ3}) )

+2μ ( e^−_{β3}(e_{αβ} +^1_2 (∂_αv_3e^−_{β3} + ∂_β v_3e^−_{α3})) + E^0_{αβ} ∂_βv_3 ) = −θ^εv_3

| | | | | | | | | | | | | | | | | | | | | | | | | |

on Ω

2μ e_{α3} ε^2 = 0

1 ε^2 { (λ + 2μ) e_{33}

ε^2

+ λe_{γγ} + 2(λ + μ)∂_γ v_3e^−_{γ3} } = 0

| | | | | | | | | | on ∂Ω

(6.3)

We have e_{α3} ε^2 = ∫_{x3} −1 ∂_3( e_{α3} ε^2

) because e_{α3} ε^2 |x_3=−1

= 0. And from (6.3), we can estimate

|∂_3(^{eα3}_{ε2} )|^2 ≤ C(|∇^ε∂_ρv|^2 + |∇^εv|^2), so we conclude that: | | | | e_{α3} ε^2 | | | | 2 2 ≤ C (6.4)

Deriving the first and the third equation of (6.3), we get similarly | | | |∂_α ( e_{β3} ε^2 )| | | 2 2 ≤ C ( |∇^ε∂_{αβ} v|^2 + |∇^ε∂_αv|^2 + |∇^εv|^2 ) ≤ C From equations (6.3) we can also estimate: | | | | 1 ε^2 ( (λ + 2μ) e_{33}

ε^2

+ λe_{γγ} + 2(λ + μ)∂_γ v_3e^−_{γ3} )| | | 2 2 ≤ C ( |∇^ε∂_αv|^2 + Σ | | | |∂_α ( e_{β3} ε^2 )| | | 2 2 ) ≤ C (6.5)

Estimates on ∂_αw^ε.

Let ξ =^1_2

∫_1

−1 v(x^′, x_3)dx_3. Then v(x) = v(x^′, 0) + ∫_{x3} 0 ∂_3v and ξ = v(x^′, 0) +^1_2

∫_1 −1 ∫_{x3} 0 ∂_3v, which gives: v = ξ + ∫_{x3} 0 ∂_3v − 1 2 ∫_1 −1 ∫_{x3} 0 ∂_3v

In particular using the fact that ∂_α∂_3v_3 = ε^2 ( e_{33}(∂_αv) ε^2 ) we see that

|∂_α (v_3 − ξ_3) |^2 ≤ Cε^4|∇^ε∂_αv|^2 ≤ Cε^4 (6.6) and |∂_{βα} (v_3 − ξ_3) |^2 ≤ Cε^4|∇^ε∂_{βα}v|^2 ≤ Cε^4

Now ∂_3v_α = (∂_3v_α + ∂_αξ_3) − ∂_αξ_3, and we get

v_α = ξ_α − x_3∂_αξ_3 + ∫_{x3} 0 (∂_3v_α + ∂_αξ_3) − 1 2 ∫_1 −1 ∫_{x3} 0 (∂_3v_α + ∂_αξ_3)

Using ∂_3v_α + ∂_αξ_3 = 2e_{α3} − ∂_α (v_3 − ξ_3), we get

|∂_β(v_α − (ξ_α − x_3∂_αξ_3))|^2 ≤ Cε^4 Σ | | |∂_β ( e_{α3} ε^2 )| | | 2 2 + | | | | ∂_{βα} (v_3 − ξ_3) ε^2 | | | | 2

2 ≤ Cε^4 (6.7)

Then (6.4)-(6.5)-(6.6)-(6.7) give |∇^εw^ε|^2 ≤ Cε^2.

Proof of (6.2) We apply the method of Nirenberg’s translations. Let us derive equation L^εv = ( −θ^εv 0 ) , we get

L^ε(∂_ρv) + R^ε_ρ(v) = ( −θ^ε∂_ρv 0 )

where R^ε_ρ is a linear differential operator. Multiplying by ∂_ρv and integrating by part we get:

G^ε(∂_ρv) = θ^ε|∂_ρv|^2 + ∫ Ω R^ε_ρ(v)∂_ρv where

− ∫ Ω R^ε_ρ(v)∂_ρv = ∫ Ω

(∂_{βρ}v_α) ( δ_{αβ} 2λ(∂_ρe^−_{γ3})∂_γ v_3 + μ((∂_ρe^−_{β3})∂_αv_3 + (∂_ρe^−_{α3})∂_β v_3) )

+ 1 ε^2

(∂_{3ρ}v_3)2(λ + μ)(∂_ρe^−_{γ3})∂_γ v_3

+(∂_{αρ}v_3) δ_{αβ} 2(∂_ρe^−_{β3})((λ + μ)^{e33}_{ε2} + λe_{γγ} )

+2(2λ + μ)(∂_ρ(e^−_{β3}e^−_{γ3}))∂_γ v_3

+2μ (∂_ρe^−_{β3})e_{αβ} + (∂_ρE^0_{αβ} )∂_βv_3

+^1_2 ( (∂_ρ(e^−_{β3}e^−_{β3}))∂_αv_3 + (∂_ρ(e^−_{β3}e^−_{α3}))∂_βv_3 )

Using the fact that 2ab ≤ κ^2a^2 +^{b2}_{κ2} we get | | | | ∫ Ω R^ε_ρ(v)∂_ρv | | | | ≤ C(κ^2|∇^ε∂_ρv|^2 + 1 κ^2

|∇^εv|^2), and then for κ small enough, we get from (5.5)-(5.6) and (6.1):

|∇^ε∂_ρv|^2 ≤ C (6.8)

Deriving once more, we get with obvious notations L^ε(∂_{ρσ}v) + R^ε_σ(∂_ρv) + R^ε_ρ(∂_σv) + R^ε_{ρσ}(v) = ( −θ^ε∂_{ρσ}v 0 ) , which gives as previously

|∇^ε∂_{ρσ} v|^2 ≤ C (6.9)

This ends the proof of (6.2) and of lemma 5.6.

Aknowledgement The author would like to thank J. Ball, F. Bourquin, P.G. Ciarlet, A. Ehrlacher, R.V. Kohn, H. Le Dret, F. Murat and A. Roult for stimulating discussions and indications on the literature, and also thank S. Müller and the referee for several remarks improving the presentation of the paper.

References

[1] G. Anzelloti, S. Baldo, D. Percivale, Dimension reduction in variational problems, asymptotic development in Γ-convergence and thin structures in elasticity, Asymptotic Analysis 9 (1), 61-100, (1994).

[2] J. Ball, Convexity conditions and existence theorems in nonlinear elasticity, Arch.

Rational Mech. Anal. 63, 337-403, (1977).

[3] A. Bonnet, S.J. Chapman, R. Monneau, Convergence of Meissner minimisers of the Ginzburg-Landau energy of superconductivity as kappa tends to infinity, SIAM Journal of Mathematical Analysis, 31 (6), 1374-1395 (2000).

[4] H. Brezis, Analyse fonctionnelle. Théorie et apllications, Ed. Masson (1993).

[5] P.G. Ciarlet, Plates and Junctions in Elastic Multi-Structures: An Asymptotic Analysis., R.M.A. 14, Masson and Springer-Verlag, Paris and Heidelberg, (1990).

[6] P.G. Ciarlet, Mathematical Elasticity, Vol I: Three-Dimensional Elasticity, North-Holland, Amsterdam.

[7] P.G. Ciarlet, Mathematical Elasticity, Vol II: Theory of Plates, North-Holland, Amsterdam, (1997).

[8] P.G. Ciarlet, P. Destuynder, A justification of a nonlinear model in plate theory, Comput. Methods Appl. Mech. Engrg. 17/18, 227-258, (1979).

[9] D. Fox, A. Raoult, J.C. Simo, A justification of Nonlinear Properly Invariant Plate Theories, Arch. Rational Mech. Anal. 124 (1993), 157-199.

[10] G. Friesecke, R.D. James, S. Müller, A theorem on geometric rigidity and the derivation of nonlinear plate theory from three dimensional elasticity, preprint.

[11] G. Friesecke, R.D. James, S. Müller, The Föppl-von Kármán plate theory as a low energy Gamma limit of nonlinear elasticity, preprint.

[12] F. John, Estimates for the Derivatives of the Stress in a Thin Shell and Interior Shell Equations, Comm. Pure Appl. Math. 18, 235-267, (1965).

[13] F. John, Refined Interior Equations For Thin Elastic Shells, Comm. Pure Appl.

Math. 24, 583-615, (1971).

[14] F. John, Estimates for the error in the equations of non-linear plate theory, New York Univ., Courant Inst. Math. Sci. , Res. Rep. IMM-NYU 308, (1963).

[15] G. Kirchhoff, Über das Gleichgewicht und die Bewegung einer elastischen Schribe, J. Reine Angew. Math. 40, 51-58, (1850).

[16] H. Le Dret, A. Raoult, The quasiconvex envelope of the Saint Venant-Kirchhoff stored energy function, Proceedings of the Royal Society of Edimburgh, 125A, 1179- 1192, (1995).

[17] H. Le Dret, A. Raoult, The nonlinear membrane model as variational limit of nonlinear three-dimensional elasticity, J. Math. Pures Appl. 74, (1995), 549-578.

[18] J.-L. Lions, Perturbations Singulières dans les Problèmes aux Limites et en Contrôle Optimal, Lecture Notes in Math. 323, Springer-Verlag, Berlin, Heidelberg, New York, (1973).

[19] A.E.H. Love, A treatise on the Mathematical Theory of Elasticity, Fourth Edition, Cambridge University Press, Cambridge. Reprinted by Dover Publications, New York, (1944).

[20] A. Mielke, Saint-Venant’s Problem and Semi-Inverse Solutions in Nonlinear Elasticity, Arch. Ration. Mech. Anal. 102 (3), 205-229 (1988).

[21] M. Monneau, Arguments mathématiques pour un nouveau modèle de plaque en élasticité linéaire, in preparation.

[22] M. Monneau, Some Remarks on the Asymptotic Inversibility of the Linearized Operator of Nonlinear Elasticity, in preparation.

[23] L. Nirenberg, On elliptic partial differential equations, Ann. Scuola Norm. Sup.

Pisa, Sci. fis. mat., III. Ser. 123, 115-162 (1959).

[24] J.A. Nitsche, On Korn’s second inequality, RAIRO Numerical Analysis, 15 (3), 237-248, (1981).

[25] O. Pantz, Dérivation des modèles de plaques non linéaires à partir de l’élasticité tridimensionnelle, C.R. Acad. Sci. Paris, t. 331, Série I, 171-174, (2000).

[26] O. Pantz, Une justification partielle du modèle de plaques en flexion par Γconvergence, C.R. Acad. Sci. Paris, t. 332, Série I, 587-592, (2001).

[27] O. Pantz, Quelques problèmes de modélisation en élasticité non linéaire, Thèse de l’Université Pierre et Marie Curie, Paris 6, (2001).

[28] J.-C. Paumier, Analyse de certains problèmes non linéaires: modèles de plaques et de coques, Thèse de Doctorat d’Etat, Université Pierre et Marie Curie, (1985).

[29] J.-C. Paumier, Existence theorems for nonlinear elastic plates with periodic boundary conditions, J. Elasticity 23, (1990), 233-252.