On the regularity of a free boundary for a nonlinear

obstacle problem arising in superconductor modelling.

REGIS MONNEAU *

Résumé
Nous étudions les frontieres libres asociées a des solutions d’une classe de problemes
de D'obstacle non linéaires. Cette classe de problemes contient un modele particulier
dérivé des équations de Ginzburg-Landau de la supraconductivité. Nous considérons des
solutions dans un ouvert borné €2 a bord Lipschitz, et nous prouvons que la frontiere libre
est réguliere lorsque celle-ci est suffisamment proche du bord fixe 0€2. Nous prouvons
aussi un résultat de stabilité de la frontiere libre et donnons une borne a priori sur la

mesure de Hausdorff de cette frontiere libre.

Abstract
We study the free boundary of solutions to a class of nonlinear obstacle problems.
This class of problems contains a particular model derived from the Ginzburg-Landau
equation of superconductivity. We consider solutions in a Lipschitz bounded open set
Q) and prove the regularity of the free boundary when it is close enough to the fixed
boundary 09). We also give a result of stability of the free boundary and give a bound

on the Hausdorff measure of the free boundary.
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1 Introduction

In this article we are interested in solutions to a nonlinear obstacle problem. This prob-
lem is motivated by a work of Chapman, Rubinstein, Schatzman [13] where a model is
formally derived from the Ginzburg-Landau theory for a superconductor with a density
of vortices in an interior region whose boundary is a free boundary. A rigorous derivation
of this model has been done by Sandier, Serfaty [23]. Se also [4, 12, 25, 24] for some
related works on the mathematical analysis of superconductivity. Here we will prove
rigorous results on the regularity of the free boundary contained in a Lipschitz domain.
The core of the technical part of this article is an adaptation in the framework of the
nonlinear obstacle problem on non-smooth domains of Caffarelli-type techniques [8, 9]

originally developed for linear obstacle problems on smooth domains.

The model that we consider in this paper is a nonlinear obstacle problem in a Lipschitz

bounded open set Q2 C R". We are interested in the minimization of the energy
BE(u) = / F(|Vul?) + u?
Q
on the convex set
Kx={ueH'(Q), u>X on Q wu=»X on 00}
where 0 < A < )¢ are two constants. We make the following assumption (which implies

that the energy F is strictly convex)

(A0) F is a C*° convex function satisfying F’(0) = 1 and lirf F'(q) < +oo0.
g—+oo



It is classical that for each A there exists a unique minimizer uy of the energy F on

K. For such a minimizer the coincidence set is

{u=2A}

and the free boundary is

H{u = A}

When the free boundary 9 {u = A} is smooth, the solution u satisfies the following Euler-

Lagrange equation
div (F’(|Vu|2)Vu) —u on O\ {u=A}
u=2>N on 0N

U=\
on Jd{u=A}

ou __
5. =0

Although there are two boundary conditions on the free boundary, the problem is not
overdeterminated. These two boundary conditions allow to characterize the free bound-
ary 0 {u = A} which is an unknown in this problem.

We refer the reader to the monographs [17, 14, 22] for a presentation of the classical

results on the free boundary of the obstacle problem.

1.1 Main results
Our main result (for a smooth open set and in the linear case) is the following :

Theorem 1.1 (Regularity transfer from the fixed boundary to the free bound-
ary)

Let us assume that the open set Q is smooth, and that F(q) = q, then the energy E has a
unique minimizer uy on Ky for all A € [0, \g]. Moreover there exists § > 0 such that for
all X € (Mg — 6, A\o), the free boundary 0 {uy = A} is a C° (n — 1)-dimensional manifold

homeomorphic to 052.



Although this result seems very natural, it was an open problem (even in this linear
case), that we solve here applying the approach of blow-ups developed by Caffarelli [8]
for the regularity of the free boundary of the obstacle problem. Under the assumption
that 9 € C*°, a nonlinear variant of theorem 1.1 was proved in [5] by A. Bonnet and
the author, using the Nash-Moser inverse function theorem in dimension 2. This Nash-
Moser approach could work in fact in any dimensions, but it can not be applied to a
fixed boundary 9€ less regular than C'*°. On the contrary the approach of Caffarelli [8]

allows to deal with non-smooth fixed boundaries 0.

We extend theorem 1.1 to Lipschitz open set €2 and for general convex functions F'
satisfying assumption (A0). More precisely we make the following two assumptions on

the regularity of (:

(A1) Exterior sphere condition:
There exists rg > 0 such that for every point X of the boundary 052, there exists a point
X1 € R", such that the ball B;,(X1) is included in R™\ and is tangent to 90 at Xj.

(A2) Interior cone condition:
There exist 9 > 0 and an angle ag € (0, %) such that for every point Xy of the boundary

99, there exists a unit vector v € S"7!, such that Q contains the cone

X - X,

X € B, (X _
{ € To( 0)7 <|X—X0|

V> 2> cosao}

where < -,- > is the usual scalar product. Theorem 1.1 is a corollary of the following

more general result:

Theorem 1.2 (Regularity transfer from a Lipschitz fixed boundary)
Under assumptions (A0)-(A1)-(A2), the energy E has a unique minimizer uy on Ky for
all X € [0, Xo]. Moreover there exists 6 > 0 such that for all A € (Ao — 9, \o), the free

boundary 0 {uy = A} is a C*® (n — 1)-dimensional manifold homeomorphic to 0.



In the application that we have in mind, namely a nonlinear free boundary problem
arising in the description of superconductors in dimension two (see Bonnet, Monneau [5],
Berestycki, Bonnet, Chapman [2]), the function Fj is analytic convex but only defined
on [0, 55) by F}(0) =1 and

h=(1-v}v<=v=F}h*h

Using a L control on the gradient of the solution we deduce the following result in this

particular case:

Corollary 1.3 (Application to a superconducting model)

Under assumption (A1)-(A2), with F = Fy, there exists § > 0 such that VA € (Ag—0, Ao),
there exists a unique solution uy minimizer of E on Ky satisfying sup§|Vu>\|2 < 2;47;
moreover the free boundary 0{uy = A} is a C*®° (n — 1)-dimensional manifold homeo-

morphic to 0N).

Let us mention that part of the methods of [20] could be adapted to this model of

superconductivity to get informations on the singularities of the free boundary when

A<)\075

We also prove a result on the perturbation (locally in space) of the free boundary.

Theorem 1.4 (Local stability of the free boundary)

We assume (A0)-(A1)-(A2). Let \* € (0, o) be such that there exists a minimizer ux»
of the energy E on Ky« with a free boundary 0 {ux~ = \*} which is C*° in a compact set
K* of Q. Then for every smaller compact set K CC K* there exists € > 0 such that for
every \ satisfying |A — \*| < e, the unique solution uy has a free boundary 0 {uy = A}

which is C*° in K.

The proof of this result is based on a geometric criterion for the regularity of the free
boundary given by Caffarelli in [8] and on the continuity of the map A — u). We also

refer to the book of Rodrigues [22] for classical results on the global stability of the free



boundary.

Finally we give a bound on the Hausdorff measure of the free boundary, generalizing
to non-smooth fixed boundaries 99, a result of Brezis, Kinderlehrer [6] based on fine
estimates for variational inequalities. Here the proof is an adaptation of the work of

Caffarelli [9], developed for linear equations.

Theorem 1.5 (Bound on the Hausdorff measure of the free boundary)
Under assumptions (A0)-(A1)-(A2), there exists a constant C > 0 only depending on

Q, X, F' such that for any minimizer uy of E on Ky with XA € [0, o], we have

H L @{uy=A)) < C

2 Some known results on blow-up limits
2.1 The simple blow-up limit

To prove regularity results on the free boundary, the main tool (first introduced for the
obstacle problem by Caffarelli in [10]) is the notion of blow-up.
Let us consider a solution u to

Au=f>1 on {u>0}NQ
(2.1)

w>0 on Q and |D?u|peq) <M

with f € C%*(Q) and f(0) = 1. We assume that Xy is a point of the free boundary

O{u = 0}. Let us consider the following blow-up sequence of functions

ut(X) = U(XO;QF X)

By assumptions, u°(0) = Vu®(0) = 0 and the second derivatives |D?u¢| are bounded
by a constant independent on € > 0. By Ascoli-Arzela theorem, up to extraction of a

convergent subsequence (g’), we get

’
u® — u® uniformly on compact sets of R”



0

This function u” is called a blow-up limit of the function u at the point Xj.

In any dimensions, the main result for blow-up limits is the following

Theorem 2.1 (Caffarelli [10, 8, 11], Weiss [26]; Characterization of a Simple
Blow-up Limit)
The blow-up limit u® is unique and only depends on the point Xy on the free boundary.

Moreover either Xy is a singular point and then u° is a quadratic form, i.e.
0 Ly
u(X):§ X -Qx,- X >0

where Qx, s a symmetric matriz n X n such that tr Qx, = 1.

Or Xy is a regular point and then there erists a unit vector vy, € S*~1 such that
0 1 2
u(X) = 3 (max (< X, vx, >,0))
and the free boundary is a C* (n — 1)-dimensional manifold in a neighbourhood of Xo.

The regularity C! can then be improved by Kinderlehrer, Nirenberg results [16],
and gives C'° regularity for an obstacle problem where the elliptic operator has C'*
coefficients. It is also possible to get similar results with analyticity of the solutions

when the coefficients are analytic.

2.2 More general blow-up limits

We now recall a result which characterizes the limits of some more general blow-up

sequences where the origin moves with the scaling.

Lemma 2.2 (General Blow-up Limits, [8])

Let

X, X
uE(X):us( 2;6 )

where ue 18 a sequence of solutions to

Auc=fe>1 on {uc>0}NQ

ue >0 on Q. and |D*uc|peoy) <M
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5
e — 0. Then up to extraction of a convergent subsequence ('), we get

with |fo|co.a.y < M. We assume that uc(X:) = 0 and that —d(X.,0Q:) >r >0 as

’
u® — u®  wniformly on compact sets of Q°

0

for some open set Q° and where u° is convex and satisfies

Au® = fo(0)>1 on {u®>0}NQ°
u>0 on Q° and |D*u|peqoy <M

Moreover either

i) the interior of the coincidence set of the blow-up limit is empty:

{u’=0}"=90

Or

it) the interior of the coincidence set of the blow-up limit satisfies
{u® =0}"#0
and 0 is a regular point for u° and also for all u® with &' small enough.

Another useful result is the following nondegeneracy property of the solution:

Lemma 2.3 (Nondegeneracy, [8])
Let u be a solution to problem (2.1) and 0 € {u > 0}. If B,-(0) C Q, then
2

Béu(lg) (u(X) —u(0)) >

Sl

Proof of lemma 2.3. Apply the maximum principle to w(X) = u(X) — u(0) — 5| X |?

in B,(0) N {u > 0}.



3 A bound on the second derivatives
In this section we will prove the following result

Proposition 3.1 (Control near the fixed boundary 9f)
Under the assumptions of theorem 1.2, let us define € = /2 (%) Then there exist

constants C,c > 0 such that for all X € [0, Xo] we have
ux(X) =X > e on {Xe€Q, dist(X,00)<ce} (3.1)
[Vur(X)] < Ce on (3.2)
and for all § € (0,1]
|D*ur(X)| < C/6* on {Xe€Q, dist(X,00)> ced} (3.3)
Moreover we have
div (F'([Vux[*)Vuy) = ux 1u,say on Q

where for the function uy > X we define

. 1 if ’U,,\(X) > A
1{“*>A}(X)_{ 0 if un(X)=A

Remark 3.2 For a smooth ), some L bounds on the second derivatives are given in
[6] for fized \. Here we need to precise the dependence of the constants as A goes to Ag.
The exterior sphere condition gives a control (3.1) from below on uy, and with the help of
Harnack inequality we get the L bounds (3.3) on the second derivatives up to the case
A = X\g. Because the fized boundary 0 is not smooth here, the bound (3.3) on the second

derivatives goes to infinity when the point reaches the fized boundary 02 (case 6 = 0).

We consider the minimizer u of the convex energy

E(u) = /QF(|VU|2) + u?



on the convex set
Ka={ueH'(Q), u>X on Q, u=2X on 90}
We first prove that the minimizer u) satisfies the following Euler-Lagrange equation
Lemma 3.3 (Euler-Lagrange equation)
div (F'([Vux[*)Vuy) = ux 1u,say on

Although this result seems natural, we do not know any references where it is proved
(except in the linear case). We give a complete proof below.
Proof of lemma 3.3

Let
s if s>0

()" =
0 if s<0

Then the minimization of E on K is equivalent to the minimization of the convex energy

Ek(u):/ﬂF(|Vu|2)+((u—)\)++)\)2

on the convex set

K={ueH'(Q), u=X on 99}
Because uy is the minimizer of Ey on K, we have for every ¢ € C§°(Q2) and t € [0, 1]:
Ex(ux +tp) > Ex(uy)

Then Lebesgue’s dominated convergence theorem gives

0 < lim (E/\(U)\ +tp) E)\(U)\))
t—0 t
= / 2F' <|Vu)\|2) VuaVe + 2 uy (¢ sgnt(un — A) + o1 (1 —sgn®(ur — N)))
Q
where
1 if s>0
sgnt(s) =
0 if s<0

10



Considering ¢ and —¢ we get that div (F'(|[Vux|?)Vuy) € L>(Q). Using the regular-
ity theory for elliptic equations (see [21]) we deduce that u € Cllo’f(ﬂ). Consequently
{ux > A} is an open set and the Euler-Lagrange equation is satisfied on this open set.
Furthermore a classical argument using the nondegeneracy lemma 2.3 proves that the

Lebesgue measure of the free boundary 0 {ux = A} is zero. This implies the full Euler-

Lagrange equation. This ends the proof of lemma 3.3.

Let us recall that when Q is smooth, there exists a constant Cy > 0 such that for

each A\ € [0, \g] we have the following properties (see Brézis, Kinderlehrer [6]):

(H1)
[Vur(X)[<Co on Q
(H2)
u€ Cpe()

In a first case we will prove proposition 3.1 assuming (H1)-(H2), and in a second case

we will justify these assumptions.

Case A: we assume (H1)-(H2) and that 0f2 is smooth.

Step 1: proof of (3.1)

We will build a subsolution ug such that (for some point X, which will be precised below)

X) =\ X-X X-X
M+ > (|€78|) for |578| € [ro, 70 + 0] (3.4)

with e = /2 (2272).

11



X1

Xo

Figure 1: Construction of a subsolution outside the ball Bx,_x_|(X:)

For some 75 > 0, we consider a solution ug of

Aug = p>1 on BToJr‘Fo (0)\BT0(0)
up =13 on 9B, (0)

wp=0 on 9By 1r(0)
By symmetry we have ug(X) = uo(|X]). Let us recall that for each point Xy € 99, there
exists X7 € R", such that B,,(X7) is included in R™"\Q and is tangent to 92 at Xj.
Now considering the function uy at a scale close to the fixed boundary 052 we introduce
the point X, = X + ¢ (X1 — Xo) and the following function (see figure 1)

ux(Xe +eX)— A

w(X) = o

which satisfies on Q*%:
1
0 S ’LUE S 5
where the quasilinear elliptic partial differential operator A. is defined in (4.1).
Moreover for a good choice of u > 1,79 > 0, we have on B, -, (0)\B,,(0):

AE(U0> Z 1
0<uy <

1
2

12



Then by the Maximum Principle (see Berestycki, Nirenberg [3]), we can slide ug below
w® and we get

wsZuO on BTUJrTU(O)\BTo(O)

This is equivalent to (3.4) whose we deduce (3.1). This ends the proof of step 1.

Step 2: proof of (3.2): estimate on the gradient : |Vuy| < Ae|ug(ro)|

We first remark that a straightforward consequence of step 1 is that

. )\0 — U) /
1 —_— < A
mow (Gcam) < Aol
From the fact that u = constant = \g on 012, we deduce that |Vu| < Ae|uj(ro)| on OS2
Now the estimate on the gradient comes from the fact that the gradient is maximal on

the boundary 9f2. For the convenience of the reader we recall this classical argument.

For u = uy, we have
a;j (Vu)u;; =u on Q\{u=A\}
where a;j(p) = F'(|p|*)di; + 2F" (|p|*)pip;. Let us take v = deu where £ € S"~ . Then

aijvi; +bgvy =v on Q\{u= A}

where b, = (aij);k -uij. The Maximum Principle implies that v = Jcu is maximal on
9Q U 0 {u = A}. Taking all directions & € S"~! we deduce that |Vu| is maximal on 99,
because Vu =0 on 0 {u = A}.

This ends the proof of step 2.

Step 3: proof of (3.3)
Let

- ’LL)\(EX) - A
wiX)=—ma

Then
Ac(w)=1 on {w >0}

0<w<

N[

13



where the operator A, is defined in (4.1). Let Yj € % such that dist (Yo, %) > c. We
will prove a bound on |D?w(Yp)|. To this end we will apply the method of Alt and
Phillips [1], using the following Harnack inequality of Krylov, Safonov for non-divergence

operator (a similar Harnack inequality for divergence operator is also applicable, see

Gilbarg, Trudinger [15]):

Theorem 3.4 (Harnack inequality for non-divergence operators; [7])

If

A;;Vij = f on B C R"

v>0 on B
and for the matriz a = (ai;)

0<cp<a<Cy

then there exists a constant C = C(n,Cyg,co) > 0 such that

supv < C (infv—i— |f|Ln(Bl)>

B B
2

Nl

We will also use the following interior estimate:

Theorem 3.5 (Interior estimate,[15])
Let us assume that

a;jvij+ev=f on B, CR"

and for the matriz a = (ai;)

0<cp<a

If for some « € (0,1) there exists a constant Cy > 0 such that
laij | B,y + 1 [aislass, + 1°lel(p,) + s, < Co

where [|o;p,. s defined by

[g]a;BT = sup (M)

z,yEB,,x#y |:E - y|a

14



Then

r?|D%0| 1B, < C (lvle=(s,) +7°|f| ) + 77 flas,)
for some constant C = C(n, a, Cy, o) > 0.

Let w,(X) = w(Yy + rX). Applying Harnack inequality theorem 3.4 to w, we get

sup w<C|( inf w+r? (3.5)
By (Yo) Bz (Yo)
Let
_Jw(¥)
P=V ac

i) Case p < cd.
Then Yj is close to {w = 0} and p can be arbitrarily small. We apply Harnack inequality

(3.5) with r = p and we get

0<wlp) < sup w<2C inf w
By (Yo) By (Yo)

Let us remark that we have (see theorem 6.1, p. 281 of Ladyshenskaya, Ural’tseva [18])
[w]a;p, <C

where the constant C' has the following dependence C' = C(n, a, |w| = (B,), F, Ao, 70) > 0.

Then applying theorem 3.5, we deduce that
21 2 < . 2
PPl (g ) S € (Wl a0 +77)
With the choice r = p, this implies
|D2’LU(Y0)| S C

il) case p > cd.
We apply the previous interior estimate with r = ¢d. Using the fact that |w| < %, we
find

|D*w(Yy)| < C/6°

15



iii) Conclusion :
|D?uy| < C/6% on {X €Q, dist(X,00) > ced)}

i.e. (3.3) is proved.

Case B: justification of (H1)-(H2).

Here we consider a general Lipschitz bounded open set 2 satisfying assumptions (A1),
(A2) of theorem 1.2. We can mollify this open set {2 such that it gives a bigger and
smooth open set 27 where 7 is the mollification parameter such that 27 = Q for n = 0.
This smooth open set Q" still satisfies assumptions (Al), (A2) uniformly in 7 small

enough. We can in particular consider the minimizer u} of the energy
E"(u) :/ F (|Vul?) +u?)
Qn
on the convex set
Kl ={ue H'(Q"), u>X on Q7 wu=JX on 007}

This minimizer u} satisfies (H1)-(H2), and then (3.1),(3.2),(3.3).
Taking the limit n — 0, we can extract (by Ascoli-Arzela theorem) a convergent subse-
quence u}j — u such that w still satisfies (3.1),(3.2),(3.3).

We have the
Lemma 3.6 The limit u is the minimizer uy of the energy E on K.

This ends the proof of proposition 3.1.

Proof of lemma 3.6

Let us recall that by (3.2), u] is bounded in W' uniformly in 7 small enough. Let

Ao on QN\Q
Uy =

uy on

16



By construction, we have

At the limit n = 0, we get

E(uy) > E(u)

The uniqueness of the minimizer uy proves that v = wuy. This ends the proof of the

lemma 3.6.

4 Regularity of the free boundary near 0{2: proof of

theorem 1.2

We will prove theorem 1.2, thanks to Caffarelli result (lemma 2.2) applied to a particular

blow-up sequence.

Case F(q) =¢q
If theorem 1.2 is false, then there exist a sequence of reals €, = /2 ()“);—n)‘n) — 0 and
a sequence of singular points Xyn» € 9 {uy» = A"}. Because of proposition 3.1, we have

dist(Xxn, 9Q) > ce,. Then we define

Uxn (X)\n + EnX) — A"

wan (X) = )\nEQ

We have
Awsr =1+ e2w on {w™ >0}

0<w™n <4

Now from proposition 3.1 we have the following L> bound on the second derivatives:
|D2w€” (X)| <C for dist(Xxn +e,X,00) > cep

Consequently from lemma 2.2, there exists a subsequence which converges to a convex

function w® defined on g, where g is the limit of the sets Ei (@ — Xn) (for an extracted

17



subsequence). Moreover w® satisfies

Auw®=1 on {wo >0}

0<w’<i and |D*(X)|<C for dist(X,00) >c

2
Because ) satisfies an interior cone condition (A2), €y inherits the same property.

Moreover because we have made a blow-up close to the fixed boundary 92, we deduce

that Qg contains an infinite cone Cy with a non-empty interior. Now we have two cases

(see lemma 2.2):

i) the interior of the coincidence set of the blow-up limit is empty, and then the closure

{w® > 0} contains the cone Cy. It is then sufficient to take a ball B, C Co with r large

enough such that (by the nondegeneracy lemma 2.3)

2

0 r
supw- > —
B, 2n

which is in contradiction with 0 < w? < %
ii) the interior of the coincidence set of the blow-up limit is not empty, and then 0 is a

regular point for w?, and also a regular point for we» for ! small enough. This means

that X » are regular points for uy~. Contradiction.

Case F general

In this case we introduce the operator (for € = /2 (%))

A (w)=a ((1 ioi> 5Vw> D?w — *w (4.1)

where a(p) = F'(p?)Id + 2F" (p?)p ® p. Then we have

A, (w™)=1 on {w*™ >0}

0<w™ <4

A generalization of previous Caffarelli results to more general linear elliptic operators
L = ;;0i + 8:0; +

18



is available in [8]. This allows to get similar results in the same way for our general case.

This ends the proof of theorem 1.2.

5 Stability: proof of theorem 1.4

In this section we will prove theorem 1.4 on stability. A similar result is already known in
the linear case (see for instance the book of Rodrigues [22] for general results of stability).

In our case we use the approach of Caffarelli [8].

Proof of theorem 1.4
Let us assume that the theorem is false. Then for a compact set  CC K* we can find a
sequence (A\"),, such that A — A\* and a sequence of singular points (Xxn), of the free

boundaries 9 {uyxn = A"} N K. Up to extract a subsequence we can assume
Xy — Xow € {ur- =X }NK
where we have used the continuity of the map
A — Uy

The continuity of this map is a consequence of the L> bound on the gradient of uy
uniformly in A (see (3.2)). This continuity easily follows by a classical argument from
Ascoli-Arzela theorem, and the uniqueness of the solutions u) for each .

Let us recall that for ¢ = 1/2 (25=2) we have (the operator A. is defined in (4.1))

Ac(wy)=1 on {wy >0}

where for some point X, € :

ux(Xn+eX)—A
wA(X) = : Ae? )

Using the adaptation of the nondegeneracy lemma 2.3 (see Caffarelli [8]) for general linear

elliptic operators, we get the existence of a constant c¢g > 0 such that

sup  (upn(X) = A") > cor?
BT(X)\”)

19



Then at the limit we get

sup  (ua-(X) — A*) > cor?
BT(X)\*)

which proves that Xy« € 9 {uy- = A*}. In particular because X~ is a regular point for

ux~, i.e. 0 is a regular point for wy~, we get that the blow-up sequence

converges (up to extraction of a subsequence) to a blow-up limit of regular type (see

theorem 2.1; for an extension to general linear elliptic operators, see Caffarelli [8]):
0 1 2
wy«(X) = 3 (max (< X, vx,. >,0))

We realize that the origin 0 is obviously a regular point of w9.. Finally we can consider

the other blow-up sequence:
wWyn (5"X)

wfe (X) =

Because for 6" = § fixed and A™ — A\*, this sequence of functions converges to wi*, we

see that we can choose a sequence (6™),, slowly decreasing to zero such that

o .

Then applying an adaptation of lemma 2.2 (see Caffarelli [8]) still true for general linear
elliptic operators, we deduce from the fact that 0 is a regular point for the blow-up limit
of w‘)s\:, that 0 is also a regular point for wiz for n large enough. This means that Xn

is a regular point for uy». Contradiction. This ends the proof of theorem 1.4.

6 Hausdorff measure of the free boundary: proof of

theorem 1.5

In this section we give the proof of theorem 1.5, which is an adaptation of a method of

Caffarelli presented in the linear case in [9, 19]. We perform the proof in two steps.
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Step 1

For the function u = uy, let
O"={X€Q, |VuX)<n and u(X)> A}

For a function u > A, we note

1 if w(X)> A
1{u>>\}(X){ 0 if UEX;:)\

Lemma 6.1 (Estimate in a neighbourhood of the free boundary)

If
V- (F'(|Vul?)Vu) = u Liusay on Q

u>A>0 on 0N

|D*u(X)| < M on {XeQ, dist(X,00)>ce}
then for all compact K C {X € Q, dist(X,0Q) > ce} such that OK is C', there is a
constant C' = C(M), such that

0T N K| < nCAT2(|K| + H" 1 (0K))

where |K| is the volume of K and H™~(9K) is the (n—1) dimensional Hausdorff measure

of its perimeter.

Remark 6.2 (The Hausdorff measure)
Let us recall the definition of the Hausdorff measure. If U is a set, let
diam (U) = sup |X'— X]|
X,X'€U
Then for s > 0 and a set A let

HI(A) = ¢, inf diam U%)*
$(A) {{U?};, Acu;Ui,diam Ui<s} Z( )

%

which is a nondecreasing function of §. Then the s-dimensional Hausdorff measure is

M (A) = lim H5(4)
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The constant ¢, must be chosen such that

Lebesgue measure of R® if s € N.

Proof of lemma 6.1
Because F’' € CY!, we have h; € C%! where
-n

hi F’-Vz-u

n

We note X; the vector field defined by X; =

the Hausdorff measure coincides with the

if F'Viu < —n
if |[F'Vul <n (6.1)

if F'Viu>n
Vi(F'Vu) € L. Then the Stokes formula

gives :
/Vh X, = / (X ) / ha(V - X) (6.2)
oK
But V- X; =V,;(V-(F'Vu)) = Vsuon {u> A}, and h; =0 on {u = A}. Then
/ V(F'Viu)-Vi(F'Vu) < M)(IK| +H"1(0K)) (6.3)
onnK
But
V(F'Vu) - Vi(F'Vu) = [Vi(F'Viu))® + > [F'Djul’ + O(|Vul?)
k#i
and
[ otvup)| < acani]
oK
Making the sum )., we get
/ S (ViF'Va)? < nC(M)(K|+H"HOK)) (6.4)
onnK
But
, 5 V- (F'Vu)\? u? A2
: , > - > = > =
S = (T > vy 2
and then we get the expected result.
Step 2
The Hausdorff measure is bounded from above by:
HHT) < lim inf Z | By, (Y; (6.5)

=0 {B,(¥:)} 1)
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where I' = 0 {u = A} is the free boundary, and where {B,(Y;)}, is a recovering of I' by
balls of center Y; on I' and of radius 7.

From proposition 3.1, we know that

Ao— A
u(X) = A >ce? while dist(X,09Q) < ce where &= 4/2 ( O)\ )
which in particular implies
dist {u=A},0Q) > ce

Now starting from a point Y; on 0 {u = A} we have from (3.3)

1
wX)-A < SOIX- Y[ while dist(X,0Q) > ce
Therefore we get
1
dist(B,(Y;),0Q) > ce  while 50772 < ce?
i.e. for n small enough.

Then for such n we have
B,(Y)Nn{u>\} < B,(Y)n{u>\ |Vu<Cp} <C B,(Y;)noo"
From the nondegeneracy lemma 2.3, we deduce the existence of a real v € (0,1) such

that

1By (Yi) N{u> A} = [By(Yi)|
As a consequence we get

|Bn(Yi)| < '771 |Bn(Yi) N OCn|

Thus
N By (Yl < ot By(Y) N0
< 7ty o 2 e, vy loon
< 7Yy hsup(3; 1, v) Jo Loen
< oty tsup(X g, vy) |07
< ATICLCA2 (|| + HPL(OKL))
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where we have used the fact that we can always use locally finite recovering {B,,(Y;)}:
such that ). 1 B, (v;) < Cn where the constant only depends on the dimension n. On the

other hand we have applied lemma 6.1 introducing a smooth compact set /. such that
Ke C© {X€Q, 2ce>dist(X,00) > ce}
In fact o can be seen as a smooth approximation of 02. Consequently we get
H D) < C

where the constant C' only depends on €2, \g and F, and is uniform with respect to
A € [0, Ao]. This proves theorem 1.5.

Acknowledgements

The author would like to thank A. Bonnet, S.J. Chapman and J.F. Rodrigues for stim-

ulating discussions and helpful comments.

References

[1] H.W. Alt, D. Phillips, A free boundary problem for semilinear elliptic equations, J.
Reine Angew. Math. 368 (1986), 63-107.

[2] H. Berestycki, A. Bonnet, S.J. Chapman, A Semi-elliptic System Arising in the

Theory of type-IT Superconductivity, Comm. Appl. Nonlinear Anal. 1 (1994), 1-21.

[3] H. Berestycki, L. Nirenberg, On the method of moving planes and the sliding method,
Bol. Soc. Braseleira Mat. (N.S.) 22 (1991), 1-37.

[4] A. Bonnet, S.J. Chapman, R. Monneau, Convergence of Meissner minimisers of the
Ginzburg-Landau energy of superconductivity as kappa tends to infinity, STAM J.
Math. Anal. 31 (6) (2000), 1374-1395.

[5] A. Bonnet, R. Monneau, Distribution of vortices in a type II superconductor as a
free boundary problem: Existence and regularity via Nash-Moser theory, Interfaces

and Free Boundaries, 2 (2000), 181-200.

24



(6]

H. Brézis, D. Kinderlehrer, The Smoothness of Solutions to Nonlinear Variational

Inequalities, Indiana Univ. Math. J. 23 (9) (1974), 831-844.

X. Cabré, L.A. Caffarelli, Fully Nonlinear Elliptic Equations, Colloquium Publica-

tions. Amer. Math. Soc. 43 (1995).

L.A. Caffarelli, Compactness Methods in Free Boundary Problems, Comm. Partial

Differential Equations 5(4) (1980), 427-448.

L.A. Caffarelli, A remark on the Hausdorff measure of a free boundary, and the

convergence of coincidence sets, Boll. Un. Mat. Ital. A 18 (5) (1981), 109-113.

L.A. Caffarelli, Free boundary problem in higher dimensions, Acta Math. 139

(1977), 155-184.

L.A. Caffarelli, The Obstacle Problem revisited, J. Fourier Anal. Appl. 4 (1998),
383-402.

L.A. Caffarelli, J. Salazar, H. Shahgholian, Free Boundary Regularity for a Problem

Arising in Superconductivity, preprint (2003).

S.J. Chapman, J. Rubinstein, M. Schatzman, A Mean-field Model of Superconduct-
ing vortices, European J. Appl. Math. 7 (1996), 97-111.

A. Friedman, Variational Principles and Free Boundary Problems, Pure and applied

mathematics, ISSN 0079-8185, a Wiley-Interscience publication, (1982).

D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order,

Springer-Verlag (1997).

D. Kinderlehrer, L. Nirenberg, Regularity in free boundary problems, Ann. Scuola
Norm. Sup. Pisa Cl. Sci 4 (1977), 373-391.

D. Kinderlehrer, G. Stampacchia, An Introduction to Variational Inequalities and

Their Applications, Academic Press, New York, (1980).

25



18]

[19]

[20]

21]

[26]

O.A. Ladyshenskaya, N.N. Ural’tseva, Linear and Quasilinear Elliptic Equations,

New York: Academic Press, (1968).

F.H. Lin, an unpublished course at Courant Institute of Mathematical Sciences,

(1990).

R. Monneau, On the Number of Singularities for the Obstacle Problem in Two

Dimensions, J. of Geometric Analysis 13 (2), (2003), 359-389.

C.B. Morrey, Multiple Integrals in the Caculus of Variations, Springer-Verlag,
Berlin-Heidelberg-New York, (1966).

J.F. Rodrigues, Obstacle Problems in Mathematical Physics, North-Holland, (1987).

E. Sandier, S. Serfaty, A Rigorous Derivation of a Free-Boundary Problem Arising
in Superconductivity, Annales Scientifiques de 'ENS, 4e Ser, 33, (2000), 561-592.

E. Sandier, S. Serfaty, On the Energy of Type-II Superconductors in the Mixed
Phase, Reviews in Mathematical Physics 12, No 9, (2000), 1219-1257.

S. Serfaty, Stable Configurations in Superconductivity: Uniqueness, Multiplicity
and Vortex-Nucleation, Archive for Rational Mechanics and Analysis 149, (1999),

329-365.

G.S. Weiss, A homogeneity improvement approach to the obstacle problem, Invent.

math. 138 (1999), 23-50.

26



