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The model equation

[Kolmogorov] (1934)

07 u+ 210z,u = Opu (z,t) € R* x R

Applications: Geometric average Asian Options

0%V )%
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+ log(S) = 5

— —g%8%
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(change of variable S = e%)
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Kolmogorov equations

oducion
e The model equation (:C, t) c RN < R

e Kolmogorov equations

e Constant coefficients-1
e Constant coefficients-2

N N
Holder continuity Lu — § a/’],] (:I;, t)axzxj U _|_ § bZ]:'U’LaQZJ u — atu

Fundamental solution

i,j=1 i,j=1
Schauder estimates

richiet problem Az, t) = (aij($7t))i,j:1,...,N Az, t) = AV (2, t) >0

Harnack inequality

B =

e bt (bij); ;1.  constant matrix

Uniqueness

Weak theory
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i,j=1 i,j=1
Schauder estimates

richiet problem Az, t) = (aij($7t))i,j:1,...,N Az, t) = AV (2, t) >0

Harnack inequality

Lower bound of I" B — (bz‘]>Z,]:1,,N ConStant matrIX
qkh Uniform ellipticity in R™:
Weak theory
m m m
—1 2 5
P8 <Y a6 < py &
gj=1 i,j=1 j=1
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Constant coefficients-1

Introduction N

e The model equation

e Kol Vv equati -« — .. N
Lo := ) ijOsu, + (Bz,V) — 0,

e Constant coefficients-2 ’L ] — 1
\]=

Holder continuity

The following statements are equivalent:
= Kalman condition: rank (A1/2, BAY2 ... BN-1A1/2) = N

Fundamental solution

Schauder estimates

Dirichlet problem [ |

t
Harnack inequalit T
o C(t):/ e 5B Ae™*P ds>0
0

Lower bound of I

Uniqueness

in this case

Weak theory

—N/2
Fo(at) = D7 et @

-~ /detC(1)

Is the fundamental solution of L
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Constant coefficients-2

N
LO = Z az-j(?xixj + <B£IZ,V> - 875,

i,j=1
= The process X;

dX, = BX,dt + ocdW,.
XO — 07

IS “non singular” and I is its density

= [, satisfies the H6rmarder condition

1

A= 500*,
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Lie group

Introduction

w(z,t) = — / / Po(w — e =DB¢, ¢ — 7)f(€,7) dE dr+

e Invariance

e Homogeneous norm

Fundamental solution / FO (CI;' — eth, t) QO(S) dg

Schauder estimates

Dirichiet problem IS a solution to the Cauchy problem

Harnack inequality

Lower bound of I" Lou — f, t > 0
Uniqueness u = 907 t — O

Weak theory
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Lie group

Introduction

w(z,t) = — / / Polw — e =DB¢ ¢ — 7)€, 7) d dr+

e Invariance

e Homogeneous norm

Fundamental solution / FO (CI;' — eth, t)g@(f) d€

Schauder estimates

Dirchlet problem IS a solution to the Cauchy problem
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Lower bound of " Lou — f, t > 0
Uniqueness u = 907 t — O

Weak theory

NON-EUCLIDEAN CHANGE OF VARIABLE!
(€7) 0 (21) = (z + e P b4 7)
(z,t)1 = (—e'Pa, —t),

(&, 7)o (x,t) = (x—el"TBE t — 7).

-p. 6/21




Introduction

Holder continuity

e Lie group

e Invariance

e Homogeneous norm

Fundamental solution

Schauder estimates

Dirichlet problem

Harnack inequality

Lower bound of I

Uniqueness

Weak theory

Invariance

Kolmogorov equation:

0 0 s 1 0
1 0 —t 1

(€1,&2,7) o (z1,22,t) = (&1 + 1,8 + 2 — t&1,t +T)
Translations:

Let ’U(Q?l,ilfg,t) = U(fl —1—5131,52 + X9 — tfl,t—l— ’7'). Then

Ugq 2, —+ T1Ug, = Uyt & Ve xy —+ L1V, = Vg

-p. 7/21




Introduction

Holder continuity

e Lie group

e Invariance

e Homogeneous norm

Fundamental solution

Schauder estimates

Dirichlet problem

Harnack inequality

Lower bound of I

Uniqueness

Weak theory

Invariance

Kolmogorov equation:

0 0 s 1 0
1 0 —t 1

(€1,&2,7) o (z1,22,t) = (&1 + 1,8 + 2 — t&1,t +T)
Translations:

Let ’U(ZIZl,ZIZQ,t) = U(fl —1-5131,52 + X9 — tfl,t—l— ’7'). Then

Ugq 2, —+ T1Ug, = Uyt & Ve xy —+ L1V, = Vg

Dilations:

Let w(xy, x9,t) = u(Ax1, 322, \%t). Then

Uy, xq —+ T1Ug, = Ut = Wy xq —+ T1Wyy = Wy
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Homogeneous norm

voductor Homogeneous norm

::_rija%ir::fe ‘($1,$2,t)‘L — ‘xl‘ —|— ‘CI:2|1/3 —|— ‘t‘l/z

Fundamental solution HOIder Contlnwty

u(@1, w2, 1) — u(€r, &2, 7)| < C|(&1, &2, 7) " o (21,22, 1)|§

Schauder estimates

Dirichlet problem

Harnack inequality

Lower bound of I

Uniqueness

Weak theory
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Homogeneous norm

intoducton Homogeneous norm

::_rlja%ir::fe ‘($1,$2,t)‘L — ‘xl‘ —|— ‘CI:2|1/3 —|— ‘t‘l/z

Fundamental solution HOIder Contlnwty

u(@1, w2, 1) — u(€r, &2, 7)| < C|(&1, &2, 7) " o (21,22, 1)|§

Schauder estimates

Dirichlet problem

Harnack inequality

REMARK: HOlder continuity in x:

Lower bound of I

[u(ar, @2, 1) —u(ér, &, 1)) < O(lzr — &1| + |2 — &'7)"

Weak theory
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Homogeneous norm

Homogeneous norm

‘(x17x27t)‘L — ‘xl‘ -+ ‘$2|1/3 + ‘t‘l/z

HOolder continuity:

u(xy, w2, t) — u(&r, &2, 7)] < Cl(&1, &2, 7)™ o (21,22, 1)[7
REMARK: HOlder continuity in x:

u(zy, 9, t) — u(&r, €0,8)] < Oz — &u| + oo — &|/3)°

Holder continuity in (x,t):
|U(x1,x2,t) o U(€1,£2,7')‘ S C (‘371 — ‘51|+

22— & — (r = & | + |t — 7[1/2)
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Fundamental solution
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Fundamental solution

Theorem [P.] (1994), [Di Francesco, Pascucci] (2005)

m N
Lu = Z az-j(x,t)({?xixju — Z bijTiOp,;u — Osu
i,j=1 t,7=1

a;; Holder continuous, uniform ellipticity in R™, Ly hypoelliptic.

Then there exists a fundamental solution of L, and

T —1
[(z,t) < ¢ €—c+<C (t)z,z)
det C(t)

= Previous results:
[Weber] (1951), [II'In] (1964), [Sonin] (1967),
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Schauder estimates

Proposition [Manfredini] (1997), [Di Francesco, P.] (2006)
Let u be a solution of Lu = f, in Q c RY x R.
Ifa;;, f € CF, then u, ug,, vy, € CF (fori,j =1,...,m) and

‘Uazia:j (Qf,t) — Ug, (€77)| < Ck ‘(gﬂ_)_l © (:C’t”z

for every (x,t)(£, 7) in a compact set K C €.

Also the directional derivative (Bx, Vu) — 0,u belongs to C¥.

= Related results for the Cauchy problem:
[Lunardi] (1997), [Lorenzi] (2005), [Priola] (2007).
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e Dirichlet problem
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Dirichlet problem

= [Picone], [Fichera] (1956),
= [Oleinik, Radkevic] (1973),

= [Manfredini] (1997),

Elliptic regularization:

e2Au. + Lu. = finQ, e — 0.

Barriers at the boundary.
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Boundary condition
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Smoothing effect
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Lower bound of I"

Uniqueness
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Harnack inequality

THeoreM [P.] (1995) [Di Francesco, P.] (2006) Let u be a
non-negative solution to Lu = 0 (with a;; Holder continuous).
Then

(0,0)
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Harnack inequality

Introduction THeEOREM [P.] (1995) [Di Francesco, P.] (2006) Let « be a

Holder continuiy non-negative solution to Lu = 0 (with a;; Holder continuous).
Fundamental solution Then

Schauder estimates (0,0) (0, o)

Dirichlet problem 9
r
Harnack inequality
e Harnack inequality

Lower bound of I" (5, 7_) (57 T)

Uniqueness

\
\
\
\

Weak theory
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Harnack chain

Invoducin L uniformly parabolic operator. Then

B [(z,t) > ct~2e© = [Moser] (1964) [Aronson & Serrin]
(1967)

Fundamental solution

Schauder estimates

Dirichlet problem (3307 tO)

Harnack inequality

Lower bound of I

e Optimal control
e Lower bound

Uniqueness

Weak theory

(z,1)

u(é, ) < Culzg, to)
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u(wy,t1) < Cu(wo,to)
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Harnack chain

L uniformly parabolic operator. Then
['(x,t) > ct—Fe—C [Moser] (1964) [Aronson & Serrin]

(1967)

(zo,to0)

u(z,t) < C*%u(zo, to)

AP (to —1) <k <|AP(to —t) +1
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Optimal control

invoduction = [—admissible path:

Holder continuity

Fundamental solution ’y/ — B’y —|_ A)\
Schauder estimates f}/(O) — a’/" f}/(t) — O

Dirichlet problem

Harmack inequaliy (an L—admissible v exists, by the Kalman condition).

e Harnack chain

e Optimal control

e Lower bound

Uniqueness

Weak theory
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Optimal control

invoduction = [—admissible path:

Holder continuity

Fundamental solution ’y/ — B’y —|_ A)\
Schauder estimates f}/(O) — a’/" f}/(t) — O

Dirichlet problem

Harmack inequaliy (an L—admissible v exists, by the Kalman condition).
Lower bound of I" t 2

_ —C [Y|A(s)|%d
e Harnack chain [ | F(CE, t) Z tQC/Q e fo | (3)| S

e Optimal control

e Lower bound

Uniqueness

Weak theory
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Optimal control

= [—admissible path:

~' = By + A\
v(0) =z,  ~(t)=0

(an L—admissible v exists, by the Kalman condition).

» I'(z,t) > a7 e=C Jo M) ds

= the Pontryagin M. P. gives the optimal cost

min /0 A(s)[2ds = (C\(t)z, )

Y
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e Harnack chain

e Optimal control

Uniqueness

Weak theory

Lower bound

Theorem [P.] (1997), [Di Francesco, P.] (2006)

There exist two positive constants C'—, ¢~ such that

[(x,t) >

C

det C(t)

€

—C— (Y (t)x,x) .
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Lower bound of I"

Uniqueness

e Unigueness

Weak theory

Uniqueness

Let u be a solution to the Cauchy problem

Lu=0 t>0
u=0 t=0

Theorem [Di Francesco, Pascucci] (2005)

// ]u(x,t)|e_c|$|2dx dt <400 = u=0
RN x]0,T]

Theorem [Di Francesco, P.] (2006)

u(x,t) >0 = u=0
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Uniqueness

Weak theory
e Moser iteration
e Upper bound for I"

Pointwise bounds

Divergence form operators:

Z Or; (aij(z,4)05,u) + (Bz, Vu) — dyu

i,j=1
a;; measurable, uniform ellipticity in R™, Ly hypoelliptic.

We say that « is a weak solution if

/ —(A(z,t)Vu, Vo) + ((Bz, Vu) — du)p = 0

= Theorem [Pascucci, P] (2004) [Cinti, Pascucci, P] (2008):

. /
|| 1,00 < w(x,t) dx dt
el < Gg—ya /@0
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Moser Iteration

Introduction

Caccioppoli inequality: use v» = up? as a test function:

Holder continuity

Schauder estimates / <Avu, vu> ¢2d./1; dt S C(R, /r, 90) / Ude dt
Hy.

Hpr

Dirichlet problem

Harnack inequality

Lower bound of I"

Uniqueness

Weak theory
e Pointwise bounds

e Moser iteration

e Upper bound for I"
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Holder continuity

Schauder estimates / <Avu, vu> ¢2dx dt S C(R, /r, 90) / Ude dt
Hy.

Hpr

Dirichlet problem

Harnack inequality

Sobolev inequality:

Lower bound of I"

Uniqueness Lou p— le ((AO — A(ﬂj, t))VU) —|_ L’LL

Weak theory

e Pointwise bounds

u(wt) = [ Tofa.t. € 1)lv (4o — A6, 7)) V(g 7)) d€ dr =

e Upper bound for I"

—/V£P0($,t,f,7) ((Ag — A&, 7))Vu(&, 7)) dE dr
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Moser Iteration
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Caccioppoli inequality: use v» = up? as a test function:

Holder continuity

Schauder estimates / <Avu, vu> ¢2dx dt S C(R, /r, 90) / Ude dt
Hy.

Hpr

Dirichlet problem

Harnack inequality

Sobolev inequality:

Lower bound of I"

Uniqueness Lou p— le ((AO — A(ﬂj, t))VU) —|_ L’LL

Weak theory

e Pointwise bounds

u(wt) = [ Tofa.t. € 1)lv (4o — A6, 7)) V(g 7)) d€ dr =

e Upper bound for I"

—/V£P0($,t,f,7) ((Ag — A&, 7))Vu(&, 7)) dE dr

Then HUHL2+%(H ) < CRr,

[Vl L2 (#g)
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Upper bound for T

Introduction

Holder continuity CoRroLLARY: [Pascucci, P] (2003)

Fundamental solution

_ +
Schauder estimates F (:L” t) < C €_C+ <C_ ! (t)33733> .
Dirichlet problem o det C (t)

Harnack inequality

Lower bound of I"

RemARK: NO Poincare inequality.

Uniqueness

Weak theory
e Pointwise bounds
e Moser iteration

e Upper bound for I"
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