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Sensor Network Localization (SNL), also closely related to Data Dimension Reduction, Molecular Con-
firmation, Graph Realization, is one of major topics in Data Science. The SNL problem is: Given possible
anchors a; € R4, distance information dij € Ny, and cikj € N,, find x; € R? for all i such that

Ixi — x> = di;, V¥ (i,5) € Nay i < j,

o (1)
la =1 = di;, ¥ (k. 5) € Na,

where (ij) € N, ((kj) € N,) connects points x; and x; (a; and x;) with an edge whose Euclidean length is
dij (dj)-
We establishes in class an SOCP relaxation for solving solve (1):: Find a symmetric matrix x;s such
that
min ), 07x;
st i = xl* < dfy, V(i) € Now i <, (2)
law =% < di;, ¥ (k. ) € Na.
We also establishes in class an SDP relaxation for solving solve (1):: Find a symmetric matrix Z € S+

such that
min Qe
st.  Zigia=1,
(O;ei—ej)(O;ei—ej)ToZ:d?j, Vi, j€N,, 1<]j, (3)
(ar; —e;)(ag; —e;)T o Z = dij, YV k,j€ Ng,
Z = 0.

Note that Z1.41.a = I € S? can be realized through d(d + 1)/2 linear equations.

There is a simple nonlinear least squares approach to solve (1):

. 2 2
min Z(ij)GNI (||Xi - Xj||2 - d?j) + Z(kj)eNa (Hak - XJ‘HQ - d%j) (4)

which is an unconstrained nonlinear minimization problem.



Question 1: Consider the problem on plane R? with one sensor and three anchors a; = (1;0),
ap = (—1;0) and a3 = (0;2). Suppose the Euclidean distances from the sensor to the three anchors are dj,
ds and d3 respectively and known to us.Then, from the anchor and distance information, we can locate the
sensor by finding x € R? such that

I — aq* = df, i =1,2,3.
Do the following numerical experimentations:

e Generate any sensor point in the convex hull of the three anchors, compute its distances to three

anchors d;, i = 1,2, 3, respectively. Then solve the SOCP relaxation problem, that is,
|x —a;||*> <d?, i=1,2,3.
Did you find the correct location? What happen if the sensor point is outside of the convex hull?

e Now try the SDP relaxation, that is, let

I x 3
Z = € S,
XT
and solve
(1;0;0)(1;0;0)" ¢ Z =1,
(0;1;0)(0; 1,007 e Z =1,
(L10)(1; 1,007 ez =2,
(a;;—1)(a;;—1)TeZ =d?, i=1,23,
Z =0 e 93

Did you find the correct location everywhere on the plane?

You can download CVX or MOSEK directly to solve these numerical problems.

Question 2: Furthermore, run some randomly generated problems (in 1D and 2D) with (2 and 3)
anchors with a few sensors, where we assume that the Euclidean distance is exactly known when any two

points is closer than a given range.

e Compare the three approaches for localization quality?

e Use the SOCP or SDP solution X = [X;, X3, ..., X,] as the initial solution for approach (4) and apply
the Steepest Descent Method for a number of steps.



In practical problems, there are often noises in the distance information. To deal with possible noises,

the SDP relaxation approach (3) can be modified to minimize the L; norm of the errors:

min = Y ey, (07 +675) + D pien, (Or; +01;)
s.t. Zl:d,l:d = Iv

(0;e; —e;)(0;e; —e;)T @ Z 40— 0y =d3, Vi, j € Ny, i < j, (5)
(ag; *ej)(akQ *ej)T o7+ g;gj - SZJ = Ciija Vk,j € Ng,
Z = 0.

The SDP solution from the relaxation
I X
XT v

Z:

often may not be rank d so that X € R**™ cannot be the best possible localization of the n sensors.

Question 3: Generate noise distance data and use the SDP solution X = [X;, X2, ...., X,] as the

initial solution for approach (4) and apply the Steepest Descent Method for a number of steps.

e How is the final solution come out after steepest descent?

e What about if you start the Steepest Descent with a random initial solution?
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