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We fix b and ¢ which do not depend on time. We use the notation P, P, to say that Xy = x
or Xy ~ .

1 Stationary distribution

1.1 Definition

A probability measure such that if Xy ~ 7 then X; ~ 7 for any ¢ > 0.
m is stationary iff it is a distributional solution to the stationary Fokker—Planck equation L*m =
0. As a consequence, if a smooth probability density is a classical solution to the PDE

0=— z_;(%b(bz(m)p(x)) + % Z Oz, z; (aij(z)p(x)).

ij=1

Application: check that N'(0,1/2)) is stationary for the Ornstein—Uhlenbeck process.

1.2 Reversibility

We say that the SDE is reversible with respect to 7 if Xy ~ « implies that for any 7" > 0, the
processes (X¢);e(o,7) and (X7—¢);e[o,) have the same law. Then 7 is stationary.

Proposition 1.1 (Characterisation of reversibility). The SDE is reversible with respect to m if and
only if for any f and g in C2,

/ Lf (@)g(x)m(dz) = / f(2) Lg(x)m(d).
reR" TeR™

An important application is the following. Let V : R — R and S > 0 such that
Zg = / e PV@)dz < 400,
TeR™

and define )
ng(de) = — V@ g,
Zg

The (overdamped) Langevin process is the solution to the SDE
dXt = —VV(Xt)dt + Qﬁ_ldBt.

Lemme 1.2 (Reversibility of the Langevin process). The differential operator associated with the
Langevin process writes

Lf =8ty . (e—BVVf) :

As a consequence, it is reversible with respect to Tg.
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1.3 Existence by the Krylov—Bogoliubov Theorem

We give an existence result which is very similar to the one for Markov chains with finite state
space. We first need to introduce some topological notions.

Definition 1.3 (Feller property). The semigroup (P;)¢>o has the Feller property if for any t > 0
and for any bounded and continuous function f : R" — R, the function P,f : R" — R is
continuous (and necessarily bounded).

Definition 1.4 (Tightness). A family of probability measures {j,t > 0} on R™ is tight if for any
€ > 0, there exist a compact set K. C R" such that for any t > 0, pu;(K¢) < e.

Theorem 1.5 (Prohorov). If {p,t > 0} is tight then it is relatively compact, namely any sequence
(fet,, )n>1 admits a subsequence weakly converging toward some probability measure (v on R™.

(The main reference is Billingsley — Convergence of Probability Measures).
We may now state the Krylov—Bogoliubov Theorem.

Theorem 1.6 (Krylov—Bogoliubov). Assume that the semigroup (P;)i>0 has the Feller property
and that there exists © € R"™ such that the family of probability measures {ji;,t > 0} defined by

1 t
VA€ BRY),  y(A) = ;/ Py(X, € A)du
u=0

is tight. Then the semigroup (P;);>o admits a stationary distribution.

Proof. By the tightness assumption and the Prohorov Theorem, there exist a sequence ¢,, — oo
and a probability measure 7 such that for any bounded and continuous function f : R™ — R,
w, f — mf. Now fix s > 0. By the Feller property, /i, Psf — mP,f. But on the other hand, by
the semigroup property,
I
//Ztnpsf = t_ Pu(Psf)(:L')du

n Ju=0

1 [
= s f(x)du
n Ju=0

1 S+tn
= t_/ P, f(z)dv

s S+itn
= S+ ti (—/u Py f(2)dv +/ Pvf(:n)dv> ,

n =0 u=tn,

and the term in parentheses is bounded by 2s|| f |- So fit, Psf — m f and therefore 7 is stationary.
]

To check the tightness condition one often uses a Lyapunov function.

Proposition 1.7 (Lyapunov condition). Assume that there is a C? function ® : R — [0, +-00)
such that ®(x) — +o0o when |z| — +00, and that for ¢ > 0, b > 0,

Vr € R", Lo(x) < —c®(z) + .

1. Foranyx € R"andt > 0, E,[®(X})] < e ®(z) + b(1 —e ) /c.
2. For any choice of © € R™, the family {ji;,t > 0} defined in the Krylov—Bogoliubov Theorem
is tight.



3. Any stationary distribution  given by the Krylov—Bogoliubov Theorem satisfies 7® < b/c.

Proof. Applying Ito’s formula and using the same localisation procedure as in the course on SDEs
with locally Lipschitz coefficients, we get the first point. For the second point, let M > 0 and set
K ={z € R": ®&(x) < M}. Then for any ¢t > 0,

A (K°) = % / _ Pu(0(X,) > M)du
LBl [®(Xy)]

L:o — du

1

< 57 (®(@) +b/e),

1
t

where we have used the Markov inequality at the second line and the first part of the proposition
at the third line. For fixed ¢, M can be chosen large enough for the right-hand side to be smaller
than e, which shows the second point. The third point is left as an exercise. O

1.4 Uniqueness, irreducibility and ergodicity

We give a rather strong irreducibility condition.

Proposition 1.8 (Irreducibility condition). Assume that there is to > 0 such that the transition
kernel py,(x,dy) has a continuous (in y) density py,(x,y), and that there is a nonempty open set
B C R" such that

Ve eR", VyeB, Pro(x,y) > 0.

Then (P;)¢>0 has at most one stationary distribution.

The irreducibility condition is typically true if b and o are smooth and a = oo " is uniformly

elliptic, that is to say that there exist A > 0 such that for any z,& € R™, ¢ - a(x)¢ > A|€|?. From a
probabilistic point of view this says that the Brownian motion can ‘diffuse in all directions’.

To understand why Proposition 1.8 holds true, assume that (P;):>( has the Feller property
and denote by 7 the set of stationary distributions for the SDE. This is a convex, closed subset
of the set of probability measures on R™ (endowed with the topology of weak convergence). The
extremal points of Z, that is to say the points which can not be written as convex combinations of
other points of Z, are called ergodic. Then we have the two statements:

1. Two distinct ergodic measures are mutually singular.

2. Birkhoff’s Ergodic Theorem: for any ergodic measure 7, for m-almost every x € R", for

any f € Li(n),
1t
lim - / f(Xs)ds =7f, P,.-almost surely. (D
t=+oo t [

Under the irreducibility condition of Proposition 1.8, we therefore deduce that any stationary

distribution 7 satisfies

7(B) = Py(X;, € B) = /

7T(d%)/ Pto (2, y)dy > 0.
zeR? yeDB

This implies that there is at most one ergodic measure, and then at most one stationary distribution.
See Section 3.1 in https://doi.org/10.1051/ps:2001106 for details and further references.


https://doi.org/10.1051/ps:2001106

2 LLNand CLT

If the conditions of Propositions 1.7 and 1.8 hold, then there is a unique stationary distribution
7. Besides, it may be shown (still Section 3.1 in https://doi.org/10.1051/ps:2001106) that the
convergence (1) actually holds for all initial conditions € R™. This is the continuous state space
equivalent of the notion of positive recurrence.

The next question is whether this LLN result may be complemented by a CLT: in other words,

does .
Vit (% f(Xs)ds — 7rf>

s=0
converge in distribution to some Gaussian measure?

2.1 CLT by Poisson equation

To study this question, let us assume that we can find a ‘nice’ solution to the Poisson equation

Lg=f—-nf 2)
on R™. The precise meaning of ‘nice’ will be clarified below. Formally, we should think of g as

“+00 “+00

o (f — mf)dt = — / (Pf — wf)dt,

t=0

L -nh=- [

=0
provided that the right-hand side makes sense in an appropriate functional space. By Ito’s formula
we thus have

t t

Lg(X.)ds + / oT(X)Vg(X,) - dB,,
s=0

9(X0) = g(Xo) + /

s=0

which rewrites

1 9(X) —g(Xo) 1 [
\/E<—/ de—w)z——— o (X,)Vg(X,)-dB
7 s:of( 5) f NG vt Joco (X5)Vg(Xs) s
by (2). Assume that g(X;)/+/t — 0 in probability, so we only have to care about the stochastic
integral. By the Dambis—Dubins—Schwartz Theorem, there is a (scalar) Brownian motion (5, ),>0

such that .
1 - 1
% o0 o (Xs)Vg(Xs) . st - Wﬁfst:o loT (Xs)Vg(Xs)2ds

A (a bit bold") application of the scale invariance of the Brownian motion then indicates that

1

5 t T 2 éﬁl t T 2ds?
NG Jo—o lo T (Xs)Vg(Xs)|?ds i Joolo T (Xs)Va(Xs)|2ds

and since by the ergodic theorem,

1 t
lim —/ 0T (X,)Vg(Xs)|2ds = / o (2)Vg(z)|*n(dz) =: o*(f), almost surely,
t=toot Je—o z€R™

we conclude that

t
lim \/E <% / f(XS)dS — 7Tf> = 502(” ~ N(()’ 02(]"))’ in distribution.
s=0

t——+o0

So in the end, a ‘nice’ solution g to (2) should:

I'This step is more conventionally handled by martingale convergence theorems.

4
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* be C? (for the Ito formula to be applied),

* be such that g(X;)/+/t — 0 in probability,

* be such that } fst:O lo T (X,)Vg(X,)|?ds — Jrern lo T (2)Vg(x)]?r(dz) < +oo.
Under these conditions, we get the expected CLT.

2.2 Alternative formula for o2( f)
To get a more explicit formula for o2(f) we first introduce the carré du champ operator T

Definition 2.1 (Carré du champ). For any C functions f, g : R™ — R, let us define

D(f,0)(x) = 30" @VF(@) - (o7 (1) Vg(a))
When f and g are C? this operator satisfies
I(f.9) = % (L(fg) — fLg—gLf).

It is called the carré du champ.

The asymptotic variance in the CLT then rewrites

a%n=2/r@gw.

Using the expression of I'(g, ¢g) in terms of L, we get

o*(f) = / (Lg* — 2gLg)m.

Since L*m = 0, the first term vanishes, while using the Poisson equation and the expression of g
in terms of f,

o2(f) = 2 / gLg)n

=2 [([Cns=mnar) 7 - wp)m

oo

=2 | Covelf(Xo), F(Xi))dt

3 Convergence to equilibrium

For the expressions of the asymptotic variance in the CLT derived above to make sense, it is nec-
essary that P, f converges to 7 f fast enough. Recalling that P, f(z) = E,[f(X})], this basically
means that X; must converge to 7 in distribution. So our goal here is either to quantify the conver-
gence of Law(X;) to 7 for a given distance on the set of probability measures, or of the function
P, f toward the constant 7 f in a given functional space.



3.1 Probabilistic construction and couplings
3.1.1 Total variation estimate

We start with a construction which relies on the Lyapunov condition of Proposition 1.7 combined
with a quantitative version of the irreducibility condition of Proposition 1.8: we assume that for
any compact subset K C R", there exist g > 0, ¢ > 0 and a probability measure v on R" such
that

VA € B(R"), VzeK, P, (Xt € A) > ev(A).

This condition is sometimes called the Doeblin, or minorisation condition. Then, given two prob-
ability measures p and v on R", it is possible to construct a pair of processes (X¢, Y:)¢>0 such
that Xo ~ p, Yo ~ v, both (X;);>0 and (Y;);>0 are solution to the SDE (with different driving
Brownian motions), and:

* the time for (X}, Y;) to enter K x K is controlled by the Lyapunov condition;

o if (X;,Y;) € K x K, then Xy, = Y;44, with probability at least e.
Once the coupling has succeeded, we let X; and Y; evolve together. Denoting by 7 the coupling
time, we therefore have that 7 is dominated by a random variable of the form 7', with x a geo-
metric variable with parameter €. Let us then introduce the fotal variation between two probability
measures i and v by any of the three equivalent formulas:

I = vllry = max |u(A) —v(A)|

AEB(R™)

= sup |uf —vf|
lfllo<1

= Xwﬁif/NVP(X #Y),

where in the last line, the infimum is taken over all pairs of random variables (X, Y") with marginal
distributions p and v. Denoting by p; the law of X, and by v, the law of Y}, we deduce from the
third expression that

e = villoy < P(r > t) < Ce™™

for some C' > 0 and 3 > 0 which depend on 7" and e. In particular, if » = 7 then vy = 7 for any
t, and therefore we get exponential convergence to 7.
Details on this approach can be found in the lecture notes http://www.hairer.org/notes/Convergence.pdf.

3.1.2 Wasserstein estimate

The previous approach aims at constructing a coupling of two solutions to the SDE which coincide
after an almost surely finite time. One may be slightly less ambitious and only try to construct two
solutions which ‘get closer’ to each other. In this case, the appropriate notion of distance to
measure how far y; and 1, are is the Wasserstein distance defined, for p > 1, by

Wilpv) = inf  E[LX = Y.

Consider for instance two solutions (X¢);>0 and (Y%)¢>0 driven by the same Brownian motion
(Bt)¢>0 (this coupling is called synchronous):

dX; = b(Xt)dt + O'(Xt)dBt, Xo ~ W,
dY; = b(Y)dt + o(Y))dB,, Yy~ v


http://www.hairer.org/notes/Convergence.pdf

By Ito’s formula,
d|X; = Yil* = 2(X; = Y7) - (0(X4) — b(Y2))dt + (0(X;) — o(Y2))dBy) + |o(Xe) — o (V) [*dt,

so that assuming that the stochastic integral vanishes when taking the expectation, we get

%E [[X: = Vi’] = E[2(X; — Yy) - (b(Xy) — b(V2)) + |o(X) — o (V)] -

As a conclusion, if b and ¢ satisfy the condition that there exists ¢ > 0 such that
Vz,y €RY,  2(z —y)- (b(x) —by)) + |o(z) — o(y)|* < —2cx -y, 3)

we deduce that
E [|X: — ¥i]!] < e"E[|Xo — Yo|?].

The left-hand side is larger than Wa(uy,¢)?, and then taking the infimum over all couplings
(Xo, Yo) of u, v, we deduce that

W2(:ut7 Vt) < e_CtW2(:u7 V)'

Once again, if we take v = 7 we get exponential convergence to 7.

The condition (3) may look rather ‘ad hoc’. It holds in particular for the Langevin pro-
cess dX; = —VV(Xy)dt + /25~-1dB; when the potential function V' is uniformly convex.
Beyond this convex case, other couplings may be employed, such as reflection couplings (see
http://www.numdam.org/articles/10.1016/j.crma.2011.09.003/).

3.2 Spectral approach and functional inequalities

Since Law(X;) and P, f are solutions to linear evolutionary PDE, their long time behaviour can
also be studied by PDE/analytic techniques. At least in the reversible case, where L and P; are
symmetric in L2(7), functional analysis allows to study the convergence of P;f = e'lf to 7 f
in a rather abstract setting (see Section 3.2 of https://doi.org/10.1051/proc/201444006). We first
present the idea of this approach in a simplified setting, and then explain how functional inequali-
ties may be used as a substitute to this abstract setting.

3.2.1 Spectral approach in a caricatural setting

In the reversible case, the basic remark is that the operator L (which is symmetric in L2(7))
has eigenvalue 0, with associated eigenspace the space of constant functions R® — R, and it is
nonpositive — indeed, for any smooth f,

/ @) Lf (@)n(dz) = - / I(f, f)()r(dz) < 0.
z€R™ reR”

So let us transpose these properties in a finite-dimensional setting: let £ be a finite space with
cardinality m, 7 be a probability measure on E (with 7w(z) > 0 for all z € E). We denote by
¢2(7) the set of functions £ — R equipped with the scalar product

(Foghe = 3 F@)g(@)m(@).

zel

Let L be an m X m matrix which is symmetric in 02 (m), with eigenvalues 0 = Ay > =Xy > -+ >
—Am, and eigenvectors eq, ..., ey, which form an orthonormal basis of 02 (), with e; = 1 (the


http://www.numdam.org/articles/10.1016/j.crma.2011.09.003/
https://doi.org/10.1051/proc/201444006

vector with all entries equal to 1). The assumption that Ay > 0, and therefore that 0 is a simple
eigenvalue, corresponds to 7 being the only stationary distribution. We then define

erez(ﬂ'), Vtz 0, Ptf_eth Ze f 6z>7r €;-

=1

Remark 3.1. This setting is, in fact, not artificial at all. If we let P be a stochastic matrix on E
(irreducible, with unique stationary distribution 7, and reversible with respect to ), let ()N(n)nzo
be a (discrete time) Markov chain with transition matrix P, consider an independent sequence of
random times (T,)n>0 with Ty = 0 and (T,,—T),—1)n>1 independent with Exponential distribution
with parameter 1, and finally set X; = )Z'n on [T, Tp+1), then it turns out that (X;)i>0 is a
continuous time Markov process, with infinitesimal generator L and semigroup (P;)i>0. So what
we are describing here is exactly the spectral theory of its long time convergence.

The constant function 7 f is exactly (f, e1)re1, so we have

Pf—7f= Ze “f,ei)mei,

=2

and therefore

m

IPf = 7fl2 =D e ?|{f,e0)x)

=2

m
= e_2)\2t Z |<f7 ei>7r|2
=2
e M f —mfI2.

This shows that the decay of P, f — 7 f is governed by Ay, the smallest nonzero eigenvalue of —L,
which is called the spectral gap of L. Our goal is now to give a characterisation of this quantity
which does not involve the spectrum of L, so as to be generalised to the SDE case without heavy
functional analysis. To proceed, let us introduce the Dirichlet form

vfe (),  E(f)=—f,Lf)x Z/\If,ez

Since \; = 0, it is clear that we have

: £(f)
Ag = £ —
2 Var}r?f)>0 Varﬂ(f)
where we have introduced the notation Var,(f) = ||f — 7f||2. So let us summarise: with the

spectral gap Ay defined in terms of the functionals £ and Var,, we have the exponential decay

vt >0, Var, (P, f) < e_2’\2tVar7r(f). 4

3.2.2 Poincaré inequality

We now aim at formulating the same statement coming back to the SDE case, and without speaking
of the spectrum of L — in fact, without even assuming the reversibility of the process. Let us first



define the functionals
Vare(f) = [ (@) = mf)Pe(a)
e == [ _ 1L = [ 105,

and then the spectral gap A\ > 0 by

£(f)

Ay = e
2 Var, (f)>0 Var,(f)

Notice that any ¢ > 1/, satisfies

Vi, Vara(f) < cE(f),

which rewrites explicitly

W[ U@ e [ ol @V Pran).

z€R™

Seeing the left-hand side as an L? norm and the right-hand side as an H! norm, we recognise a
Poincaré inequality. Then the convergence statement (4) may be recovered as follows.

Proposition 3.2 (Exponential convergence under Poincaré inequality). Assume that the Poincaré
inequality is satisfied with a constant c. Then, for any f,

Vit > 0, Var, (P.f) < e 2/¢ Var,(f).

Proof. We just compute

d d
GYanPf) = 5 [ (@) g )
d
=2 SRI@PSG) ()
=2 LRJ@)PRS@) = f)mda)
reR?
~ 9 / T(Pf, Puf)(2)n(dz) = —26(P.f),
T€R™
and we conclude using the Poincaré inequality. U

An important remark here is that this computation does not require reversibility, nor spectral
analysis of L.

The Poincaré inequality is just an example of the use of functional inequalities to study the
long time behaviour of stochastic processes. To learn more about this topic and its applications to
numerical methods in statistical physics, you are strongly encouraged to take the course Compu-
tational Statistical Physics next semester!
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