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OUTLINE Yohann DE CASTRO

- « Off-The-Grid » Statistical Learning

- The Meta Algorithm: Lasserre’s Hierarchies
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SUPER RESOLUTION Yohann DE CASTRO

Sparse Deconvolution

X405
LASER CCD

» S. Hess, T. Girirajan, M. Mason, Ultra-High Resolution Imaging by Fluorescence Photoactivation
Localization Microscopy, Biophysical Journal (2004).
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SUPER RESOLUTION Yohann DE CASTRO

Sparse Deconvolution

(a) Heat source ug (b) Aug = f

» Y. Li, S. Osher, R. Tsai, Heat Source ldentification based on L1 Constrained Minimization,
Inverse Problems and Imaging (2014).
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Sparse Deconvolution
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Fourier transform I(w)

= H. Pan, T. Blu, M. Vetterli, Towards Generalized FRI Sampling With an Application to Source
Resolution in Radioastronomy, IEEE trans. on Signal Processing (2017).
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Sparse Deconvolution

|z||v = min /daz+ —I—/dx_
r=r4—x_ ,r4+ >0

L Y Perfect Recovery

y = ®(x) min |[z||rv

y=o(x)
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Sparse Deconvolution

|z||v = min /daz+ —I—/dx_
r=r4—x_ ,r4+ >0

L Yy Perfect Recovery
= O
y = ®(x) yniﬁ]&) |z||Tv
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Sparse Deconvolution

min ||x||Tv = min L,xy)+ (1, x_
y= <I>(:v)H Ir y= <1>($+)—<1>(w—),w120< #) T >
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Sparse Deconvolution

min ||x = min L,xy)+ (1, x_
SR Ty = B st b AL a)

- [Cone] Moments of Nonnegative Measures

- [Algorithms] Lasserre’s Hierarchies, Frank-Wolte
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Sparse Deconvolution

min ||x = min L,xy)+ (1, x_
SR Ty = B st b AL a)

Linear Conic with « Moments » Constraints

- [Cone] Moments of Nonnegative Measures

- [Algorithms] Lasserre’s Hierarchies, Frank-Wolfe
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Robust Moment Problem
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Robust Moment Problem
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Robust Moment Problem

*
& ° —€)Estimated signal with Blasso
% Qriginal signal
¥
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Constant 3

— Number of Moments
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Yohann DE CASTRO

Grid vs Off-the-grid [ADCM18]

STATISTICAL INFERENCE LIMITS
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Inference from the continuous process

Grid-less approach
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Inference from p grid points
Grid approach
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Grid vs Off-the-grid [ADCM18]
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Inference from the continuous process
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STATISTICAL INFERENCE LIMITS

0.9

Off-the-grid

0.8

Yohann DE CASTRO
Grid vs Off-the-grid [ADCM18]

0.7

eh . P
i 8 v ,
“ 0
@« ’ TN, e v
€ ¢ - a 2
N -~ e ! e, & ¢ 2 ¢ °
% «
- 4 9 (] L 4,
¢ 0 . \‘ LR, o SN ",‘ﬂ"'.‘ CLEN
¢ ¢ ¢ 4 Y SHA
N LY »ruq [ -
¢ (e, » e, ¢ ) b Ny °
' ‘ < / \; (‘ *‘ % (“ ‘\ 1( 8 ) 2 2 \“ » v
\ . A o Y °
’ s W AT . . A ¢ O\H'a
4 s 4 ¢ ¢ S \ y? ¢ ¢ ! “. b by 4 y v ) v 2
< N ¢ ‘; t (F ) Dt ¢ C v A ¢ N ) 0
‘ . AR [ « M ¢ ‘ . ” ¢ Ty
‘ N ! ‘% ) w o ¢ Sie Y A . o
¢ A B ¢ . Q ¢ - Yydy 2
W o W . =Y I y 8 3 b x vy o3
¢ » & ¢ . ) i L . \ . g
‘ v o ¢ N ool ,"“(‘ » v e \‘ » RN L W o a
y LY -
06 « 0 i $ 7 W e 1 W 8 PN, e
v 3 ¢ 4 » («l‘ » B N \ . ) B N
¢ b B ¢ v » oy Cale » v 0 N ¢« 6
¢ » /i Y ™ b DU NN “ e ¢ / A ¢ A
¢ . 4 e « ) a { ’ 5 < \0 N e . v
cw NN v W, 3 . L ‘ AN %
R . A ) ¢ 2 . v
L ¢ W LN ! Y R | o
D 5 . . : SRS ¢ ’ 3 "«"‘ o * %\ “ “ v e 3 N
— - -
- 4 9 L4 - /0 ‘ - 3 e ) | 4 P & K v \ A'
L 0% N ¢ vy \ ) [ ¢ " ;
! ‘ A et nt [ e e
¢ ) )y 0 ¢ ‘4o
G e A Wt ‘% »
3 & ¢ (‘ \“ N ¢ .".;’ \ ¢ ¢
¢ ) v
O 4 S W o 0. Yo S L “
. - v ',’ % «
2 y ¢ e
. ! ®
¢
7 > o :
’ 6
0-3 . 4 5
! 0 > 3
IAS 0 1
0.2 |
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Grid approach
Under one Sparse alternative
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- « Off-The-Grid » Statistical Learning

- The Meta Algorithm: Lasserre’s Hierarchies

UNIVERSITE
S PARIS -
U3 &zua,-



LASSERRE HIERARCHIES Yohann DE CASTRO

S PARIS
y 4
P &zua/-
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Newton’s approach

Search through local optima
Well suited for convex functions

BUT simple non-convex function
may have an exponential number
of bad optima, e.qg.
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Newton’s approach

Search through local optima
Well suited for convex functions

BUT simple non-convex function
may have an exponential number
of bad optima, e.qg.

fltr) ...+ f(tn)

Yohann DE CASTRO

Hilbert’s approach

Globally decompose the function
iInto simple pieces

Lasserre’s hierarchy algorithm:
find decomposition efficiently

Strongest provable guarantees
for LOTS of ML problems
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Yohann DE CASTRO

Global Optimization

min f (¢ min
tel f() >0, p(2)=1
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Global Optimization

min f(t) =  min / F()(dt)

tel >0, p(2)=1

Framework

Q:{tERD:Zga,mtO‘ZO,lgmgM} -
- o
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Global Optimization
min fl) = omin / f(H)uld?)

Framework

Q:{tERD : Zga,mt“zo, 1§m§M}

pin S fot” = i, S o [ eonat) =

Q)
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Global Optimization

min f(t) =  min / F()(dt)

tel >0, p(2)=1

Framework

(2} (1o Nowe =015} S
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LASSERRE HIERARCHIES

Yohann DE CASTRO

M = liminf M5O C . C

d

minz fat® = min

p>0, p(2)=1

te()
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M = liminf M595(@) c . C MS08(d) ¢ p\808(d=2) ¢  c AMBOS(2)
1 C L O - C L O

~de eg 2 2
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Lasserre’s hierarchies give [ " degb
a sequence of nested OUTER [/ ,dgg_ d
SDP approximations |

of the cone of moments \f\(\

of nonnegative measures \
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KHOT'S CONJECTURE Yohann DE CASTRO

Optimality of Lasserre’s hierarchies?

e Max Cut problem ® Deg. 4 on the Sphere
e Stable Set problem ® Tensor PCA
e Planted Clique problem e LOTS of problems
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KHOT'S CONJECTURE Yohann DE CASTRO

Optimality of Lasserre’s hierarchies?

e Max Cut problem ® Deg. 4 on the Sphere

e Stable Set proble nsor PCA

e Planted Clique problem "Vp\ \‘ ® LOTS of problems
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ML Applications

Combinatorial Optimization on Graphs

(

(

Tensor Decompositions

- Sparse Deconvolution [DCGHL16, ADCG14, DCG13]
o ‘ \\‘\“\‘“““W
: iz e
-~ Gaussian Mixtures [DCGMM18+] 5 \‘|||||\\\'\'\‘\\\‘\\\\ \\\\\\\,/,,,,:\\\\ "’ll/////mr«,
St
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- Optimal Designs [DCGHHL18] 0 /. W
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Step by Step

Sketch of Proof
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Convex Objective

inf alllo
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CONVEX DUALITY Yohann DE CASTRO

Convex Objective

—_— inf F(Z meaH

(ma)EM
- Convex objective: F
- Symmetric matrices: Ho, ..., Hs_1
- Moment matrix: My(my) : (mg) — Z me, H
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Convex Objective

- Convex objective: F
~ Symmetric matrices: Ho, ..., Hs_1
- Moment matrix: My(mg) : (ma) — Z me, H
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Fenchel Dual
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Fenchel Dual

\V/W, ElXW S.t. VF(Xw) — W, F*(W) — <Xw,W> — F(Xw)

\V/X, HWX S.t. VF*(W)() — X, F(X) — <X, Wx> — F*(Wx)
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Dual Cone
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Dual Cone (m, ¢) = / (3 cat®)dp(t)

cGM*<:>antO‘2()onQ
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Dual Cone (m, ¢) = / (3 cat®)dp(t)

cEM*<:>antO‘ZOonQ

M* = lim Sup M*,SOS(d) D...D M*,SOS(d) O...D M*’SOS(Z)
d

INNER SDP approximations
of nonnegative polynomials
L — T —————— SPARIS&z’Z&Ia/—
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Lagrangian Analysis

TR netnes o

L=FX)—- (W, X—-M,m))+ (z, Am — b) — (m, c) (1)
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Lagrangian Analysis

TR i
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Lagrangian Analysis

e o rm s,

L=FX)—- (W, X—-M,m))+ (z, Am — b) — (m, c) (1)
= F(X)— (W, X)—{(z,b) + 2_: Mo (W, Hy) + (A" 2)0 —ca)  (2)
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When no duality gap: (z*,b) — F*(W™) = F(Ms(m™))
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When no duality gap: (z*,b) — F*(W™) = F(Ms(m™))

Complementarity leads to:

(W*, Mg(m™)) Zm +(A"2%),) =0
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When no duality gap: (z*,b) — F*(W™) = F(Ms(m™))
Complementarity leads to:

(W* M (m*)) — (%6 = S mA(W*, Ha) + (AT2%)a) = 0
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An Example: Optimal Designs
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An Example: Optimal Designs
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CONVEX DUALITY Yohann DE CASTRO

® Generic proof
® Rich duality interplay

® Applies to LOTS of problems
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THANK YOU Yohann DE CASTRO

Thank You
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