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Sparse Deconvolution

solution (16). Fluorescence resonance energy transfer can
access the molecular length scale, but has a limited range of
distances over which it is sensitive and depends on a large
number of variables, including molecular orientation and
distance, dielectric constant, spectral overlap, and excited-
state lifetime (17–19). Other single-molecule methods can
resolve multiple fluorescent objects at distances longer than
those accessible to fluorescence resonance energy transfer and
closer than rR, but only in limited numbers, and only if a very
large number of photons is collected per object (e.g., 104

photons to resolve two objects separated by 10 nm) (20).
Thus, even the most advanced fluorescence microscopy and
spectroscopy methods continue to be limited in their range of
accessible length scales.
Fluorescent speckle microscopy (FSM) (21–24) provides

an additional means to image subdiffraction objects such as
actin and microtubules by localizing single molecules as they
intermittently emit fluorescence. FSM also exploits (typically
stochastic) intermittency of those single molecules, which
allows large numbers of molecules (.105) to be visualized,
but does not allow direct control over the number of fluo-
rescent molecules within the field of view. In FSM, the
number of visible particles must be controlled by changing
the concentration or density per unit area of the fluorophore-
labeled molecules themselves, which in the case of green
fluorescent protein (GFP)-transfected cells may not be a
trivial proposition, especially if the desired density is low.
Instead, in fluorescence photoactivation localization micros-
copy (FPALM), the number of active fluorophores, as will be
explained, can be increased or decreased photophysically by
changing the rates of photoactivation and photobleaching,
even if the density of fluorophore-labeled molecules is much
higher than one fluorophore per mm2.
We present a novel method by which fluorescence micros-

copy may be performed to obtain an image with greatly
enhanced ability to resolve large numbers of fluorescent

molecules. Unlike previous approaches, this method does

not suffer from the standard resolution limits because it does

not exclusively rely on resolution for visualization of mul-

tiple molecules. Rather, single molecules are localized in

modest numbers, allowing position localization, which is far

more precise than the resolution limit. We demonstrate this

principle using photoactivatable green fluorescent protein

(PA-GFP) molecules that are initially found in a dark (weakly

fluorescent) state, can be either reversibly or irreversibly ac-

tivated by one excitation wavelength, and then can be vi-

sualized by excitation with a second wavelength. A small

number of stochastically photoactivated molecules, which are

spatially separated from each other (on average) by several

times the resolution, are then localized using single-molecule

detection methods, in this case a high-quantum efficiency

charge-coupled device (see Fig. 1). After a (stochastically

determined) number of photons has been collected from the

molecule, the readout cycle ends by photobleaching of that

particular molecule, and the process is repeated until the total

number of localized molecules is very large. The positions of

readout (observed and localized) molecules are then tabulated

and plotted to construct a two-dimensional map (image). The

acquisition of this single-molecule information also permits

determination of the fluorescence brightness and mean molec-

ular velocity during the acquisition time.
In principle, this method can be used for any photoac-

tivatable molecular species whose photophysical properties

are sufficient under the following five photoactivation ex-

citation and detection conditions.

1. The spontaneous interconversion rates into and out of the
activated (fluorescent) state must be low compared to the
light-controlled activation rate.

2. For irreversible photoactivation, the photobleaching
quantum yield must be finite and, when multiplied by

FIGURE 1 Fluorescence photoactivation

localization microscopy (FPALM). An

area containing photoactivatable molecules
(here, PA-GFP) is illuminated simulta-

neously with two frequencies of light, one

for readout (here, an Ar1 ion laser, its

spatial illumination profile shown in A), and
a second one for activation (here, a 405-nm

diode laser, its profile superimposed in B).
Within the region illuminated by the acti-

vation beam, inactive PA-GFPs (small dark
blue circles) are activated (C) (small green
circles) and then localized (D). After some

time, the active PA-GFPs (E) photobleach
(red Xs) and (F) become irreversibly dark
(black circles). Additional molecules are

then activated, localized, and bleached until a sufficient number of molecules have been analyzed to construct an image. (G) The experimental geometry shows

the 405-nm activation laser (X405), which is reflected by a dichroic (DM1) to make it collinear with the Ar1 readout laser. A lens (L1) in the back port of an
inverted fluorescence microscope is used to focus the lasers, which are reflected upward by a second dichroic mirror (DM2), onto the back aperture of the

objective lens (OBJ). The sample, supported by a coverslip (CS), emits fluorescence which is collected by the objective, transmitted through DM2, filtered (F),
and focused by the tube lens (TL) to form an image on a camera (CCD).

Photoactivation Localization Microscopy 4259

Biophysical Journal 91(11) 4258–4272

S. Hess, T. Girirajan, M. Mason, Ultra-High Resolution Imaging by Fluorescence Photoactivation 
Localization Microscopy, Biophysical Journal (2004).
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Y. Li, S. Osher, R. Tsai, Heat Source Identification based on L1 Constrained Minimization, 
Inverse Problems and Imaging (2014).

210 Yingying Li, Stanley Osher and Richard Tsai

(a) Heat source u0 (b) Au0 = f (c) f + noise

(d) recovered u0

Figure 6. Recovery of the heat source u0 from 60 randomly
selected measurements with 1% noise on a 32⇥ 32 grid. Runtime:
24.6s.

We introduce G to be an N2
⇥ N2 matrix such that Gu0 is a finite di↵erence

approximation of u(x, y, T ),

(Gu0)k ⇡ u(xk, yk, T ).

The constraint matrix A is formed by selecting the rows of G corresponding to
the observation points (xm, ym). In other words, the observation vector f is a

downsampled solution on the whole grid f = S(Gu0), where S 2 RM⇥N2

is the
downsampling operator.

Figure (6) shows an experiment using the Bregman iteration algorithm from the
previous section to recover the sparse u0 by solving the problem:

(41) min
u

kuk1 subject to Au = f,

where A = SG.

3.5.2. Source identification with spatially varying conductivity. In case of a spatially
varying thermal conductivity a(x, y), we consider a parabolic equation

⇢
ut = div

�
a(x, y)ru

�
(x, y) 2 (0, 1), t > 0,

u=
P

k ck�(x� xk, y � yk) t = 0,

with Neumann boundary conditions. Similarly to the case of an ordinary heat
equation, we sample u at time T = 0.01 and try to recover the initial condition
using compressed sensing. In Figures 7 and 8 we show the results of source recovery
for smooth and piecewise constant thermal conductivities respectively.

Inverse Problems and Imaging Volume 8, No. 1 (2014), 199–221
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H. Pan, T. Blu, M. Vetterli, Towards Generalized FRI Sampling With an Application to Source 
Resolution in Radioastronomy, IEEE trans. on Signal Processing (2017).
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Towards Generalized FRI Sampling With an
Application to Source Resolution in Radioastronomy

Hanjie Pan, Student Member, IEEE, Thierry Blu, Fellow, IEEE, and Martin Vetterli, Fellow, IEEE

Abstract—It is a classic problem to estimate continuous-time
sparse signals, like point sources in a direction-of-arrival problem,
or pulses in a time-of-flight measurement. The earliest occurrence
is the estimation of sinusoids in time series using Prony’s method.
This is at the root of a substantial line of work on high resolution
spectral estimation. The estimation of continuous-time sparse sig-
nals from discrete-time samples is the goal of the sampling theory
for finite rate of innovation (FRI) signals. Both spectral estimation
and FRI sampling usually assume uniform sampling. But not all
measurements are obtained uniformly, as exemplified by a concrete
radioastronomy problem we set out to solve. Thus, we develop the
theory and algorithm to reconstruct sparse signals, typically sum of
sinusoids, from nonuniform samples. We achieve this by identifying
a linear transformation that relates the unknown uniform samples
of sinusoids to the given measurements. These uniform samples
are known to satisfy the annihilation equations. A valid solution
is then obtained by solving a constrained minimization such that
the reconstructed signal is consistent with the given measurements
and satisfies the annihilation constraint. Thanks to this new ap-
proach, we unify a variety of FRI-based methods. We demonstrate
the versatility and robustness of the proposed approach with five
FRI reconstruction problems, namely Dirac reconstructions with
irregular time or Fourier domain samples, FRI curve reconstruc-
tions, Dirac reconstructions on the sphere, and point source recon-
structions in radioastronomy. The proposed algorithm improves
substantially over state-of-the-art methods and is able to recon-
struct point sources accurately from irregularly sampled Fourier
measurements under severe noise conditions.

Index Terms—Finite rate of innovation (FRI), approximation,
sparse reconstruction, irregular sampling, continuous-time spar-
sity, radio interferometry.

I. INTRODUCTION

CONSIDER a classic array signal processing problem in
radio interferometry. The electromagnetic (EM) waves

emitted by celestial sources in the sky are collected by an array
of antennas. The received signals at two antennas differ by a
phase shift, which depends on the relative distance of the an-
tennas and the point source locations in the sky (Fig. 1). It can
be shown that the cross-correlation of the received EM waves

Manuscript received May 12, 2016; revised August 25, 2016 and October
8, 2016; accepted October 24, 2016. Date of publication November 4, 2016;
date of current version December 5, 2016. The associate editor coordinating
the review of this manuscript and approving it for publication was Dr. Wenwu
Wang. This work was supported in part by Swiss National Science Foundation
under Grant SNF–20FP-1_151073 and in part by the General Research Fund
CUHK14600615 from the Hong Kong Research Grant Council.
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Switzerland (e-mail: hanjie.pan@epfl.ch; martin.vetterli@epfl.ch).

T. Blu is with the Department of Electronic Engineering, Chinese University
of Hong Kong, Hong Kong (e-mail: thierry.blu@m4x.org).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TSP.2016.2625274

Fig. 1. Schematic diagram of a radio interferometer. The cross-correlations
of the received signals at different antennas are related to the Fourier transform
of the sky image (see Table I) at certain non-uniform frequencies.

TABLE I
SUMMARY OF RADIO ASTRONOMY TERMS

is related to the Fourier transform of the underlying sky image
(see Table I) sampled at non-uniform frequencies [4]. The goal
is to reconstruct these point sources, which are modeled as a
weighted sum of Dirac delta distributions, from the irregularly
sampled Fourier measurements in continuous space.

The classic approach in radioastronomy is to assume that
the point sources are located on a discrete grid (i.e., griding).
The associated discretized sky image is then reconstructed by
taking the inverse discrete Fourier transform (see e.g. Fig. 2(a))
followed by an iterative deconvolution process [5]. Recently,
it has been shown that the conventional discretized approach
is related to compressed sensing, where the ℓ1 norm of the
discretized sky image is minimized subject to the data-fidelity
constraint [6]–[8]. Note that the reconstruction accuracy of the
sky image is inherently limited by the resolution of the grid: In
order to obtain a more accurate reconstruction, a denser grid has
to be used. Additionally, the measurement matrix, which relates
the sky image to the Fourier measurements, is determined by the

1053-587X © 2016 IEEE. Translations and content mining are permitted for academic research only. Personal use is also permitted, but republication/redistribution
requires IEEE permission. See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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Linear Conic with « Moments » Constraints
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Tractable Algorithm via « Lasserre’s hierarchies »



Yohann DE CASTRO

Robust Moment Problem
 : Robustness

SUPER RESOLUTION

x̄ 2 argmin
v

n1

2
||y � �(v)||22 + �||v||TV

o

<latexit sha1_base64="PGoF5aJAATg57JT9Bs8iAqC7Q+Q="></latexit><latexit sha1_base64="PGoF5aJAATg57JT9Bs8iAqC7Q+Q="></latexit><latexit sha1_base64="PGoF5aJAATg57JT9Bs8iAqC7Q+Q="></latexit><latexit sha1_base64="PGoF5aJAATg57JT9Bs8iAqC7Q+Q="></latexit>

y = �(x) + ⌘
<latexit sha1_base64="wN9oEnJY+4YijXouSL/KYNrpMaY="></latexit><latexit sha1_base64="wN9oEnJY+4YijXouSL/KYNrpMaY="></latexit><latexit sha1_base64="wN9oEnJY+4YijXouSL/KYNrpMaY="></latexit><latexit sha1_base64="wN9oEnJY+4YijXouSL/KYNrpMaY="></latexit>

• Analysis via « Dual Certificate » [DC, Gamboa; Candès, Tao; …]


• « Minimal Separation Condition » on the support of the spikes


• Optimal error bounds


• [DC, Gamboa, Henrion, Lasserre]  
Tractable Algorithm via « Lasserre’s hierarchies »

+ Support Recovery

[DC et al; Candès and Fernandez-Granda; Recht; …] Spike Detection



Yohann DE CASTRO

Robust Moment Problem
 : Robustness

SUPER RESOLUTION

x̄ 2 argmin
v

n1

2
||y � �(v)||22 + �||v||TV

o

<latexit sha1_base64="PGoF5aJAATg57JT9Bs8iAqC7Q+Q="></latexit><latexit sha1_base64="PGoF5aJAATg57JT9Bs8iAqC7Q+Q="></latexit><latexit sha1_base64="PGoF5aJAATg57JT9Bs8iAqC7Q+Q="></latexit><latexit sha1_base64="PGoF5aJAATg57JT9Bs8iAqC7Q+Q="></latexit>

y = �(x) + ⌘
<latexit sha1_base64="wN9oEnJY+4YijXouSL/KYNrpMaY="></latexit><latexit sha1_base64="wN9oEnJY+4YijXouSL/KYNrpMaY="></latexit><latexit sha1_base64="wN9oEnJY+4YijXouSL/KYNrpMaY="></latexit><latexit sha1_base64="wN9oEnJY+4YijXouSL/KYNrpMaY="></latexit>

• Analysis via « Dual Certificate » [DC, Gamboa; Candès, Tao; …]


• « Minimal Separation Condition » on the support of the spikes


• Optimal error bounds


• [DC, Gamboa, Henrion, Lasserre]  
Tractable Algorithm via « Lasserre’s hierarchies »

+ Support Recovery

[DC et al; Candès and Fernandez-Granda; Recht; …] Spike Detection



Yohann DE CASTRO

Robust Moment Problem
 

[DC; Candès and Fernandez-Granda; Recht; …] Spike Detection

: Robustness

SUPER RESOLUTION

x̄ 2 argmin
v

n1

2
||y � �(v)||22 + �||v||TV

o

<latexit sha1_base64="PGoF5aJAATg57JT9Bs8iAqC7Q+Q="></latexit><latexit sha1_base64="PGoF5aJAATg57JT9Bs8iAqC7Q+Q="></latexit><latexit sha1_base64="PGoF5aJAATg57JT9Bs8iAqC7Q+Q="></latexit><latexit sha1_base64="PGoF5aJAATg57JT9Bs8iAqC7Q+Q="></latexit>

y = �(x) + ⌘
<latexit sha1_base64="wN9oEnJY+4YijXouSL/KYNrpMaY="></latexit><latexit sha1_base64="wN9oEnJY+4YijXouSL/KYNrpMaY="></latexit><latexit sha1_base64="wN9oEnJY+4YijXouSL/KYNrpMaY="></latexit><latexit sha1_base64="wN9oEnJY+4YijXouSL/KYNrpMaY="></latexit>

• Analysis via « Dual Certificate » [DC, Gamboa; Candès, Tao; …]


• « Minimal Separation Condition » on the support of the spikes


• Optimal error bounds


• [DC, Gamboa, Henrion, Lasserre]  
Tractable Algorithm via « Lasserre’s hierarchies »

+ Support Recovery

 

 

Estimated signal with Blasso

Original signal

� Constant

Number of Moments
<latexit sha1_base64="tjPHPXadtt6oxYHWW323bfrlZc0="></latexit><latexit sha1_base64="tjPHPXadtt6oxYHWW323bfrlZc0="></latexit><latexit sha1_base64="tjPHPXadtt6oxYHWW323bfrlZc0="></latexit><latexit sha1_base64="tjPHPXadtt6oxYHWW323bfrlZc0="></latexit>



thin grids

Grid-less approach Grid approach

Inference from     grid pointsInference from the continuous process p

Yohann DE CASTROSTATISTICAL INFERENCE LIMITS

Grid vs Off-the-grid [ADCM18]



thin grids

Grid-less approach Grid approach

Inference from     grid pointsp

Yohann DE CASTROSTATISTICAL INFERENCE LIMITS

Grid vs Off-the-grid [ADCM18]

Inference from the continuous process



thin grids

Grid-less approach Grid approach

Inference from     grid pointsInference from the process X(·) p

Yohann DE CASTROSTATISTICAL INFERENCE LIMITS

Grid vs Off-the-grid [ADCM18]

Under one Sparse alternative

Grids

Off-the-grid



Yohann DE CASTROOUTLINE

« Off-The-Grid » Statistical Learning  

The Meta Algorithm: Lasserre’s Hierarchies 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Search through local optima


Well suited for convex functions


BUT simple non-convex function 
may have an exponential number 
of bad optima, e.g.
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Globally decompose the function 
into simple pieces


Lasserre’s hierarchy algorithm:  
find decomposition efficiently


Strongest provable guarantees 
for LOTS of ML problems
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min
t2⌦

X
f↵t

↵ = min
µ�0 , µ(⌦)=1

X
f↵

Z

⌦
t↵µ(dt) = min

(m↵)2M

X
f↵m↵

<latexit sha1_base64="+/PjDPfIHft2PuPPDQdWvWG/hI8="></latexit><latexit sha1_base64="+/PjDPfIHft2PuPPDQdWvWG/hI8="></latexit><latexit sha1_base64="+/PjDPfIHft2PuPPDQdWvWG/hI8="></latexit><latexit sha1_base64="+/PjDPfIHft2PuPPDQdWvWG/hI8="></latexit>



Yohann DE CASTROLASSERRE HIERARCHIES

M
<latexit sha1_base64="KBoRXA49gmW5btfdx71U7++O/Yc="></latexit><latexit sha1_base64="KBoRXA49gmW5btfdx71U7++O/Yc="></latexit><latexit sha1_base64="KBoRXA49gmW5btfdx71U7++O/Yc="></latexit><latexit sha1_base64="KBoRXA49gmW5btfdx71U7++O/Yc="></latexit>

M = lim inf
d
MSOS(d) ✓ . . . ✓ MSOS(d) ✓ MSOS(d�2) ✓ . . . ✓ MSOS(2)

<latexit sha1_base64="sdPHALlfSy+laZUymUEryDRBrCg=">AAADh3icnVHJbtswEB1FabN0iZIcexFiFHAPdaUgSHIp4KCXXpoFqRfAcg2Kom0i1BKSKhAI/rn+RNA/aP8iQ0ZJF8OoUQqS3ryZ98jhxIXgSgfBd2fFXX3ydG19Y/PZ8xcvt7ztna7KS0lZh+Yil/2YKCZ4xjqaa8H6hWQkjQXrxVcfTL73lUnF8+yzvinYMCWTjI85JRqpkfctSomeUiL8T+8jwdOIZ+NR8ov8Ulks0+ry7H LWTN7MIlXGiml27UciybV6jJcSLS56u/8/3igaeY2gFdjlz4OwBg2o13nu3UIECeRAoYQUGGSgEQsgoPAZQAgBFMgNoUJOIuI2z2AGm6gtsYphBUH2Cr8TjAY1m2FsPJVVU9xF4CtR6cNr1ORYJxGb3XybL62zYRd5V9bTnO0G/3HtlSKrYYrsv3QPlcvqTC8axnBse+DYU2EZ0x2tXUp7K+bk/m9daXQokDM4wbxETK3y4Z59q1G2d3O3xOZ/2ErDmpjWtSX8NKfEAYd/j3MedPdbYdAKLw4a7XY96nV4BXvQxHkeQRs+wjl0gDpN59TpOX13w33nHrrH96UrTq3ZhT+We3IHDarX+g==</latexit><latexit sha1_base64="sdPHALlfSy+laZUymUEryDRBrCg=">AAADh3icnVHJbtswEB1FabN0iZIcexFiFHAPdaUgSHIp4KCXXpoFqRfAcg2Kom0i1BKSKhAI/rn+RNA/aP8iQ0ZJF8OoUQqS3ryZ98jhxIXgSgfBd2fFXX3ydG19Y/PZ8xcvt7ztna7KS0lZh+Yil/2YKCZ4xjqaa8H6hWQkjQXrxVcfTL73lUnF8+yzvinYMCWTjI85JRqpkfctSomeUiL8T+8jwdOIZ+NR8ov8Ulks0+ry7H LWTN7MIlXGiml27UciybV6jJcSLS56u/8/3igaeY2gFdjlz4OwBg2o13nu3UIECeRAoYQUGGSgEQsgoPAZQAgBFMgNoUJOIuI2z2AGm6gtsYphBUH2Cr8TjAY1m2FsPJVVU9xF4CtR6cNr1ORYJxGb3XybL62zYRd5V9bTnO0G/3HtlSKrYYrsv3QPlcvqTC8axnBse+DYU2EZ0x2tXUp7K+bk/m9daXQokDM4wbxETK3y4Z59q1G2d3O3xOZ/2ErDmpjWtSX8NKfEAYd/j3MedPdbYdAKLw4a7XY96nV4BXvQxHkeQRs+wjl0gDpN59TpOX13w33nHrrH96UrTq3ZhT+We3IHDarX+g==</latexit><latexit sha1_base64="sdPHALlfSy+laZUymUEryDRBrCg=">AAADh3icnVHJbtswEB1FabN0iZIcexFiFHAPdaUgSHIp4KCXXpoFqRfAcg2Kom0i1BKSKhAI/rn+RNA/aP8iQ0ZJF8OoUQqS3ryZ98jhxIXgSgfBd2fFXX3ydG19Y/PZ8xcvt7ztna7KS0lZh+Yil/2YKCZ4xjqaa8H6hWQkjQXrxVcfTL73lUnF8+yzvinYMCWTjI85JRqpkfctSomeUiL8T+8jwdOIZ+NR8ov8Ulks0+ry7H LWTN7MIlXGiml27UciybV6jJcSLS56u/8/3igaeY2gFdjlz4OwBg2o13nu3UIECeRAoYQUGGSgEQsgoPAZQAgBFMgNoUJOIuI2z2AGm6gtsYphBUH2Cr8TjAY1m2FsPJVVU9xF4CtR6cNr1ORYJxGb3XybL62zYRd5V9bTnO0G/3HtlSKrYYrsv3QPlcvqTC8axnBse+DYU2EZ0x2tXUp7K+bk/m9daXQokDM4wbxETK3y4Z59q1G2d3O3xOZ/2ErDmpjWtSX8NKfEAYd/j3MedPdbYdAKLw4a7XY96nV4BXvQxHkeQRs+wjl0gDpN59TpOX13w33nHrrH96UrTq3ZhT+We3IHDarX+g==</latexit><latexit sha1_base64="sdPHALlfSy+laZUymUEryDRBrCg=">AAADh3icnVHJbtswEB1FabN0iZIcexFiFHAPdaUgSHIp4KCXXpoFqRfAcg2Kom0i1BKSKhAI/rn+RNA/aP8iQ0ZJF8OoUQqS3ryZ98jhxIXgSgfBd2fFXX3ydG19Y/PZ8xcvt7ztna7KS0lZh+Yil/2YKCZ4xjqaa8H6hWQkjQXrxVcfTL73lUnF8+yzvinYMCWTjI85JRqpkfctSomeUiL8T+8jwdOIZ+NR8ov8Ulks0+ry7H LWTN7MIlXGiml27UciybV6jJcSLS56u/8/3igaeY2gFdjlz4OwBg2o13nu3UIECeRAoYQUGGSgEQsgoPAZQAgBFMgNoUJOIuI2z2AGm6gtsYphBUH2Cr8TjAY1m2FsPJVVU9xF4CtR6cNr1ORYJxGb3XybL62zYRd5V9bTnO0G/3HtlSKrYYrsv3QPlcvqTC8axnBse+DYU2EZ0x2tXUp7K+bk/m9daXQokDM4wbxETK3y4Z59q1G2d3O3xOZ/2ErDmpjWtSX8NKfEAYd/j3MedPdbYdAKLw4a7XY96nV4BXvQxHkeQRs+wjl0gDpN59TpOX13w33nHrrH96UrTq3ZhT+We3IHDarX+g==</latexit>

Lasserre’s hierarchies give

a sequence of nested OUTER  

SDP approximations  
of the cone of moments 


of nonnegative measures

min
t2⌦

X
f↵t

↵ = min
µ�0 , µ(⌦)=1

X
f↵

Z

⌦
t↵µ(dt) = min

(m↵)2M

X
f↵m↵

<latexit sha1_base64="+/PjDPfIHft2PuPPDQdWvWG/hI8="></latexit><latexit sha1_base64="+/PjDPfIHft2PuPPDQdWvWG/hI8="></latexit><latexit sha1_base64="+/PjDPfIHft2PuPPDQdWvWG/hI8="></latexit><latexit sha1_base64="+/PjDPfIHft2PuPPDQdWvWG/hI8="></latexit>

SDPs

Non SDP



Yohann DE CASTROKHOT’S CONJECTURE

Optimality of Lasserre’s hierarchies? 
Under Khot’s Unique Game Conjecture: 


NP-hard to achieve better approximation guarantees than Lasserre’s 
hierarchies for class of worst-case discrete optimization problems 
[Khot’02, Raghavendra’08]

• Max Cut problem


• Stable Set problem 


• Planted Clique problem

• Deg. 4 on the Sphere


• Tensor PCA 


• LOTS of problems
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Yohann DE CASTROKHOT’S CONJECTURE

Optimality of Lasserre’s hierarchies? 

• Max Cut problem


• Stable Set problem 


• Planted Clique problem

• Deg. 4 on the Sphere


• Tensor PCA 


• LOTS of problems

In Theoretical Computer Science  
 

Lasserre = Computational Limit

Under Khot’s Unique Game Conjecture: 


NP-hard to achieve better approximation guarantees than Lasserre’s 
hierarchies for class of worst-case discrete optimization problems 
[Khot’02, Raghavendra’08]



ML Applications
LASSERRE HIERARCHIES
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Combinatorial Optimization on Graphs


Tensor Decompositions


Sparse Deconvolution [DCGHL16, ADCG14, DCG13]


Gaussian Mixtures [DCGMM18+]


Optimal Designs [DCGHHL18]

Yohann DE CASTRO



CONVEX DUALITY Yohann DE CASTRO

Step by Step  
Sketch of Proof  

 in Convex Duality



CONVEX DUALITY Yohann DE CASTRO

Convex Objective

inf
(m↵)2M

s�1X

↵=0

f↵m↵

<latexit sha1_base64="gMjn+pzsyf317jyjeOcE7Dkj0g0="></latexit><latexit sha1_base64="gMjn+pzsyf317jyjeOcE7Dkj0g0="></latexit><latexit sha1_base64="gMjn+pzsyf317jyjeOcE7Dkj0g0="></latexit><latexit sha1_base64="gMjn+pzsyf317jyjeOcE7Dkj0g0="></latexit>

inf
(m↵)2M

F (
s�1X

↵=0

m↵H↵)
<latexit sha1_base64="0UGu2/bvxwu5Z1zuLOLCgWfQP0c="></latexit><latexit sha1_base64="0UGu2/bvxwu5Z1zuLOLCgWfQP0c="></latexit><latexit sha1_base64="0UGu2/bvxwu5Z1zuLOLCgWfQP0c="></latexit><latexit sha1_base64="0UGu2/bvxwu5Z1zuLOLCgWfQP0c="></latexit>

Convex objective:


Symmetric matrices:


Moment matrix:

F
<latexit sha1_base64="yNzr3sjH3uZAOlx/XwOw3O4OWh0="></latexit><latexit sha1_base64="yNzr3sjH3uZAOlx/XwOw3O4OWh0="></latexit><latexit sha1_base64="yNzr3sjH3uZAOlx/XwOw3O4OWh0="></latexit><latexit sha1_base64="yNzr3sjH3uZAOlx/XwOw3O4OWh0="></latexit>

H0, . . . , Hs�1
<latexit sha1_base64="zLcD9M76pgDcv01ZNB41ppKTIsU="></latexit><latexit sha1_base64="zLcD9M76pgDcv01ZNB41ppKTIsU="></latexit><latexit sha1_base64="zLcD9M76pgDcv01ZNB41ppKTIsU="></latexit><latexit sha1_base64="zLcD9M76pgDcv01ZNB41ppKTIsU="></latexit>

Ms(m↵) : (m↵) 7!
s�1X

↵=0

m↵H↵

<latexit sha1_base64="TqvxfdxsVJ3rySWZ9KaD/fwGTFk="></latexit><latexit sha1_base64="TqvxfdxsVJ3rySWZ9KaD/fwGTFk="></latexit><latexit sha1_base64="TqvxfdxsVJ3rySWZ9KaD/fwGTFk="></latexit><latexit sha1_base64="TqvxfdxsVJ3rySWZ9KaD/fwGTFk="></latexit>
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Convex objective:


Symmetric matrices:


Moment matrix:

F
<latexit sha1_base64="yNzr3sjH3uZAOlx/XwOw3O4OWh0="></latexit><latexit sha1_base64="yNzr3sjH3uZAOlx/XwOw3O4OWh0="></latexit><latexit sha1_base64="yNzr3sjH3uZAOlx/XwOw3O4OWh0="></latexit><latexit sha1_base64="yNzr3sjH3uZAOlx/XwOw3O4OWh0="></latexit>

H0, . . . , Hs�1
<latexit sha1_base64="zLcD9M76pgDcv01ZNB41ppKTIsU="></latexit><latexit sha1_base64="zLcD9M76pgDcv01ZNB41ppKTIsU="></latexit><latexit sha1_base64="zLcD9M76pgDcv01ZNB41ppKTIsU="></latexit><latexit sha1_base64="zLcD9M76pgDcv01ZNB41ppKTIsU="></latexit>
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Convex Objective
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<latexit sha1_base64="0UGu2/bvxwu5Z1zuLOLCgWfQP0c="></latexit><latexit sha1_base64="0UGu2/bvxwu5Z1zuLOLCgWfQP0c="></latexit><latexit sha1_base64="0UGu2/bvxwu5Z1zuLOLCgWfQP0c="></latexit><latexit sha1_base64="0UGu2/bvxwu5Z1zuLOLCgWfQP0c="></latexit>

Convex objective:


Symmetric matrices:


Moment matrix:

F
<latexit sha1_base64="yNzr3sjH3uZAOlx/XwOw3O4OWh0="></latexit><latexit sha1_base64="yNzr3sjH3uZAOlx/XwOw3O4OWh0="></latexit><latexit sha1_base64="yNzr3sjH3uZAOlx/XwOw3O4OWh0="></latexit><latexit sha1_base64="yNzr3sjH3uZAOlx/XwOw3O4OWh0="></latexit>

H0, . . . , Hs�1
<latexit sha1_base64="zLcD9M76pgDcv01ZNB41ppKTIsU="></latexit><latexit sha1_base64="zLcD9M76pgDcv01ZNB41ppKTIsU="></latexit><latexit sha1_base64="zLcD9M76pgDcv01ZNB41ppKTIsU="></latexit><latexit sha1_base64="zLcD9M76pgDcv01ZNB41ppKTIsU="></latexit>

Ms(m↵) : (m↵) 7!
s�1X

↵=0

m↵H↵

<latexit sha1_base64="TqvxfdxsVJ3rySWZ9KaD/fwGTFk="></latexit><latexit sha1_base64="TqvxfdxsVJ3rySWZ9KaD/fwGTFk="></latexit><latexit sha1_base64="TqvxfdxsVJ3rySWZ9KaD/fwGTFk="></latexit><latexit sha1_base64="TqvxfdxsVJ3rySWZ9KaD/fwGTFk="></latexit>

inf
(m↵)

�
F (Ms(m↵)) : m = (m↵) 2 M, Am = b

 
.

<latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit>

Primal
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Fenchel Dual

8W , 9XW s.t. rF (XW ) = W , F ?(W ) = hXW ,W i � F (XW )
<latexit sha1_base64="HCSjbi26o4hXozwXJT4otwKOgZU="></latexit><latexit sha1_base64="HCSjbi26o4hXozwXJT4otwKOgZU="></latexit><latexit sha1_base64="HCSjbi26o4hXozwXJT4otwKOgZU="></latexit><latexit sha1_base64="HCSjbi26o4hXozwXJT4otwKOgZU="></latexit>

F ?(W ) := sup
X2Sd

�
hX,W i � F (X)

 

<latexit sha1_base64="ooEoGszwBhM+qN6hh9a8NMT3mZ0="></latexit><latexit sha1_base64="ooEoGszwBhM+qN6hh9a8NMT3mZ0="></latexit><latexit sha1_base64="ooEoGszwBhM+qN6hh9a8NMT3mZ0="></latexit><latexit sha1_base64="ooEoGszwBhM+qN6hh9a8NMT3mZ0="></latexit>

8X , 9WX s.t. rF ?(WX) = X , F (X) = hX,WXi � F ?(W )
<latexit sha1_base64="tEedp0KjwetFSeyS5KaZa6v9EM4="></latexit><latexit sha1_base64="tEedp0KjwetFSeyS5KaZa6v9EM4="></latexit><latexit sha1_base64="tEedp0KjwetFSeyS5KaZa6v9EM4="></latexit><latexit sha1_base64="tEedp0KjwetFSeyS5KaZa6v9EM4="></latexit>

Key Property 1



8X , 9WX s.t. rF ?(WX) = X , F (X) = hX,WXi � F ?(WX)
<latexit sha1_base64="EM7EVx4q0YdaT2V/w7mV0OD/S6U="></latexit><latexit sha1_base64="EM7EVx4q0YdaT2V/w7mV0OD/S6U="></latexit><latexit sha1_base64="EM7EVx4q0YdaT2V/w7mV0OD/S6U="></latexit><latexit sha1_base64="EM7EVx4q0YdaT2V/w7mV0OD/S6U="></latexit>
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Fenchel Dual

8W , 9XW s.t. rF (XW ) = W , F ?(W ) = hXW ,W i � F (XW )
<latexit sha1_base64="HCSjbi26o4hXozwXJT4otwKOgZU="></latexit><latexit sha1_base64="HCSjbi26o4hXozwXJT4otwKOgZU="></latexit><latexit sha1_base64="HCSjbi26o4hXozwXJT4otwKOgZU="></latexit><latexit sha1_base64="HCSjbi26o4hXozwXJT4otwKOgZU="></latexit>

F ?(W ) := sup
X2Sd

�
hX,W i � F (X)

 

<latexit sha1_base64="ooEoGszwBhM+qN6hh9a8NMT3mZ0="></latexit><latexit sha1_base64="ooEoGszwBhM+qN6hh9a8NMT3mZ0="></latexit><latexit sha1_base64="ooEoGszwBhM+qN6hh9a8NMT3mZ0="></latexit><latexit sha1_base64="ooEoGszwBhM+qN6hh9a8NMT3mZ0="></latexit>

Key Property 1
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Dual Cone

Key Property 2

M? :=
n
c 2 Rs : 8m = (m↵)

s�1
↵=0 2 M , hm, ci � 0

o

<latexit sha1_base64="BlxT1HjkiGRlUOVvO2PbDBi7f5Q="></latexit><latexit sha1_base64="BlxT1HjkiGRlUOVvO2PbDBi7f5Q="></latexit><latexit sha1_base64="BlxT1HjkiGRlUOVvO2PbDBi7f5Q="></latexit><latexit sha1_base64="BlxT1HjkiGRlUOVvO2PbDBi7f5Q="></latexit>

INNER SDP approximations 
of nonnegative polynomials

M? = lim sup
d

M?,SOS(d) ◆ . . . ◆ M?,SOS(d) ◆ . . . ◆ M?,SOS(2)

<latexit sha1_base64="aF4+g5ajO+ISexsEfJy/xxS8oiQ="></latexit><latexit sha1_base64="aF4+g5ajO+ISexsEfJy/xxS8oiQ="></latexit><latexit sha1_base64="aF4+g5ajO+ISexsEfJy/xxS8oiQ="></latexit><latexit sha1_base64="aF4+g5ajO+ISexsEfJy/xxS8oiQ="></latexit>

c 2 M? ,
X

↵

c↵t
↵ � 0 on ⌦

<latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ckq1Rko+XXQ31X/CSxoRMYwiC7g="></latexit><latexit sha1_base64="ckq1Rko+XXQ31X/CSxoRMYwiC7g="></latexit><latexit sha1_base64="l67PSLu+dTVpDP1c7brupEzxpig="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit>



CONVEX DUALITY Yohann DE CASTRO

Dual Cone

Key Property 2

M? :=
n
c 2 Rs : 8m = (m↵)

s�1
↵=0 2 M , hm, ci � 0

o

<latexit sha1_base64="BlxT1HjkiGRlUOVvO2PbDBi7f5Q="></latexit><latexit sha1_base64="BlxT1HjkiGRlUOVvO2PbDBi7f5Q="></latexit><latexit sha1_base64="BlxT1HjkiGRlUOVvO2PbDBi7f5Q="></latexit><latexit sha1_base64="BlxT1HjkiGRlUOVvO2PbDBi7f5Q="></latexit>

INNER SDP approximations 
of nonnegative polynomials

M? = lim sup
d

M?,SOS(d) ◆ . . . ◆ M?,SOS(d) ◆ . . . ◆ M?,SOS(2)

<latexit sha1_base64="aF4+g5ajO+ISexsEfJy/xxS8oiQ="></latexit><latexit sha1_base64="aF4+g5ajO+ISexsEfJy/xxS8oiQ="></latexit><latexit sha1_base64="aF4+g5ajO+ISexsEfJy/xxS8oiQ="></latexit><latexit sha1_base64="aF4+g5ajO+ISexsEfJy/xxS8oiQ="></latexit>

hm, ci =
Z

⌦
(
X

c↵t
↵)dµ(t)

<latexit sha1_base64="rK4IrMi1a3yUYQ4MOCNJ3RpjGX0="></latexit><latexit sha1_base64="rK4IrMi1a3yUYQ4MOCNJ3RpjGX0="></latexit><latexit sha1_base64="rK4IrMi1a3yUYQ4MOCNJ3RpjGX0="></latexit><latexit sha1_base64="rK4IrMi1a3yUYQ4MOCNJ3RpjGX0="></latexit>
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X

↵

c↵t
↵ � 0 on ⌦

<latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ckq1Rko+XXQ31X/CSxoRMYwiC7g="></latexit><latexit sha1_base64="ckq1Rko+XXQ31X/CSxoRMYwiC7g="></latexit><latexit sha1_base64="l67PSLu+dTVpDP1c7brupEzxpig="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit>



CONVEX DUALITY Yohann DE CASTRO

Dual Cone

Key Property 2

M? :=
n
c 2 Rs : 8m = (m↵)

s�1
↵=0 2 M , hm, ci � 0

o

<latexit sha1_base64="BlxT1HjkiGRlUOVvO2PbDBi7f5Q="></latexit><latexit sha1_base64="BlxT1HjkiGRlUOVvO2PbDBi7f5Q="></latexit><latexit sha1_base64="BlxT1HjkiGRlUOVvO2PbDBi7f5Q="></latexit><latexit sha1_base64="BlxT1HjkiGRlUOVvO2PbDBi7f5Q="></latexit>

INNER SDP approximations 
of nonnegative polynomials

M? = lim sup
d

M?,SOS(d) ◆ . . . ◆ M?,SOS(d) ◆ . . . ◆ M?,SOS(2)

<latexit sha1_base64="aF4+g5ajO+ISexsEfJy/xxS8oiQ="></latexit><latexit sha1_base64="aF4+g5ajO+ISexsEfJy/xxS8oiQ="></latexit><latexit sha1_base64="aF4+g5ajO+ISexsEfJy/xxS8oiQ="></latexit><latexit sha1_base64="aF4+g5ajO+ISexsEfJy/xxS8oiQ="></latexit>

hm, ci =
Z

⌦
(
X

c↵t
↵)dµ(t)

<latexit sha1_base64="rK4IrMi1a3yUYQ4MOCNJ3RpjGX0="></latexit><latexit sha1_base64="rK4IrMi1a3yUYQ4MOCNJ3RpjGX0="></latexit><latexit sha1_base64="rK4IrMi1a3yUYQ4MOCNJ3RpjGX0="></latexit><latexit sha1_base64="rK4IrMi1a3yUYQ4MOCNJ3RpjGX0="></latexit>

c 2 M? ,
X

↵

c↵t
↵ � 0 on ⌦

<latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ckq1Rko+XXQ31X/CSxoRMYwiC7g="></latexit><latexit sha1_base64="ckq1Rko+XXQ31X/CSxoRMYwiC7g="></latexit><latexit sha1_base64="l67PSLu+dTVpDP1c7brupEzxpig="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit><latexit sha1_base64="yCs3MsItr3bfNTa3k8ntp1ARJ8k="></latexit>



CONVEX DUALITY Yohann DE CASTRO

Lagrangian Analysis
Primal

inf
(m↵)

�
F (Ms(m↵)) : m = (m↵) 2 M, Am = b

 
.

<latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit>

L = F (X)� hW,X �Ms(m)i+ hz,Am� bi � hm, ci
<latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="AxAD11sfsFEKzsivi7vEuUIG7gY="></latexit><latexit sha1_base64="AxAD11sfsFEKzsivi7vEuUIG7gY="></latexit><latexit sha1_base64="lG4WfCISAKFC2FVs0k979Hza/XQ="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit>

= F (X)� hW,Xi � hz, bi+
s�1X

↵=0

m↵

�
hW,H↵i+ (A>

z)↵ � c↵

�

<latexit sha1_base64="3dT1X2CZ01CYV4O/q27328ZR2DI="></latexit><latexit sha1_base64="3dT1X2CZ01CYV4O/q27328ZR2DI="></latexit><latexit sha1_base64="3dT1X2CZ01CYV4O/q27328ZR2DI="></latexit><latexit sha1_base64="3dT1X2CZ01CYV4O/q27328ZR2DI="></latexit>

inf
X,m

sup
W,c,z

L =
<latexit sha1_base64="KD7lidw83Kpzi7Mm/F4iMAkIJIo="></latexit><latexit sha1_base64="KD7lidw83Kpzi7Mm/F4iMAkIJIo="></latexit><latexit sha1_base64="KD7lidw83Kpzi7Mm/F4iMAkIJIo="></latexit><latexit sha1_base64="KD7lidw83Kpzi7Mm/F4iMAkIJIo="></latexit>

Primal

(1)
<latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit>

(2)
<latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit><latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit><latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit><latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit>

(1)
<latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit>



CONVEX DUALITY Yohann DE CASTRO

Lagrangian Analysis
Primal

inf
(m↵)

�
F (Ms(m↵)) : m = (m↵) 2 M, Am = b

 
.

<latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit>
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<latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="AxAD11sfsFEKzsivi7vEuUIG7gY="></latexit><latexit sha1_base64="AxAD11sfsFEKzsivi7vEuUIG7gY="></latexit><latexit sha1_base64="lG4WfCISAKFC2FVs0k979Hza/XQ="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit>

= F (X)� hW,Xi � hz, bi+
s�1X

↵=0

m↵

�
hW,H↵i+ (A>

z)↵ � c↵

�

<latexit sha1_base64="3dT1X2CZ01CYV4O/q27328ZR2DI="></latexit><latexit sha1_base64="3dT1X2CZ01CYV4O/q27328ZR2DI="></latexit><latexit sha1_base64="3dT1X2CZ01CYV4O/q27328ZR2DI="></latexit><latexit sha1_base64="3dT1X2CZ01CYV4O/q27328ZR2DI="></latexit>

inf
X,m

sup
W,c,z

L =
<latexit sha1_base64="KD7lidw83Kpzi7Mm/F4iMAkIJIo="></latexit><latexit sha1_base64="KD7lidw83Kpzi7Mm/F4iMAkIJIo="></latexit><latexit sha1_base64="KD7lidw83Kpzi7Mm/F4iMAkIJIo="></latexit><latexit sha1_base64="KD7lidw83Kpzi7Mm/F4iMAkIJIo="></latexit>

Primal

(1)
<latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit>

(2)
<latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit><latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit><latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit><latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit>

(1)
<latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit>



sup
W,c,z

inf
X,m

L =
<latexit sha1_base64="let2dGKQIRCdDFQmNuuFw4XSRPU="></latexit><latexit sha1_base64="let2dGKQIRCdDFQmNuuFw4XSRPU="></latexit><latexit sha1_base64="let2dGKQIRCdDFQmNuuFw4XSRPU="></latexit><latexit sha1_base64="let2dGKQIRCdDFQmNuuFw4XSRPU="></latexit>

(2)
<latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit><latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit><latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit><latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit>

CONVEX DUALITY Yohann DE CASTRO

Lagrangian Analysis
Dual

L = F (X)� hW,X �Ms(m)i+ hz,Am� bi � hm, ci
<latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="AxAD11sfsFEKzsivi7vEuUIG7gY="></latexit><latexit sha1_base64="AxAD11sfsFEKzsivi7vEuUIG7gY="></latexit><latexit sha1_base64="lG4WfCISAKFC2FVs0k979Hza/XQ="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit><latexit sha1_base64="Jw0+lkp6PZfvkK+NGCHGYXoj8o0="></latexit>

= F (X)� hW,Xi � hz, bi+
s�1X

↵=0

m↵

�
hW,H↵i+ (A>

z)↵ � c↵

�

<latexit sha1_base64="3dT1X2CZ01CYV4O/q27328ZR2DI="></latexit><latexit sha1_base64="3dT1X2CZ01CYV4O/q27328ZR2DI="></latexit><latexit sha1_base64="3dT1X2CZ01CYV4O/q27328ZR2DI="></latexit><latexit sha1_base64="3dT1X2CZ01CYV4O/q27328ZR2DI="></latexit>

Dual

(1)
<latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit><latexit sha1_base64="QZo+vz1Dun0R+jiTO+iQuwzSwCk="></latexit>

(2)
<latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit><latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit><latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit><latexit sha1_base64="wCyI/bQo+qUHwFAFVt2hAvzzc+w="></latexit>

sup
W2Sd,z2Rm

�
hz, bi � F

?(W ) : (hW,H↵i)↵ +A
>
z 2 M?

 
.

<latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit>



CONVEX DUALITY Yohann DE CASTRO

Dual

sup
W2Sd,z2Rm

�
hz, bi � F

?(W ) : (hW,H↵i)↵ +A
>
z 2 M?

 
.

<latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit>

inf
(m↵)

�
F (Ms(m↵)) : m = (m↵) 2 M, Am = b

 
.

<latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit>

Primal

When no duality gap: hz?, bi � F ?(W ?) = F (Ms(m
?))

<latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit><latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit><latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit><latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit>

Complementarity leads to:

hW ?
,Ms(m

?)i � hz?, bi =
s�1X

↵=0

m
?
↵(hW ?

, H↵i+ (A>
z
?)↵) = 0

<latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit><latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit><latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit><latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit>

hW ?,Ms(m
?)i = hz?, bi = F (Ms(m

?)) + F ?(W ?) and W ? = rF (Ms(m
?)) .

<latexit sha1_base64="MW8eBvMqjuUf/kBogLZDrLIXQc8="></latexit><latexit sha1_base64="MW8eBvMqjuUf/kBogLZDrLIXQc8="></latexit><latexit sha1_base64="MW8eBvMqjuUf/kBogLZDrLIXQc8="></latexit><latexit sha1_base64="MW8eBvMqjuUf/kBogLZDrLIXQc8="></latexit>



CONVEX DUALITY Yohann DE CASTRO

Dual

sup
W2Sd,z2Rm

�
hz, bi � F

?(W ) : (hW,H↵i)↵ +A
>
z 2 M?

 
.

<latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit>

inf
(m↵)

�
F (Ms(m↵)) : m = (m↵) 2 M, Am = b

 
.

<latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit>

Primal

When no duality gap: hz?, bi � F ?(W ?) = F (Ms(m
?))

<latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit><latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit><latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit><latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit>

Complementarity leads to:

hW ?
,Ms(m

?)i � hz?, bi =
s�1X

↵=0

m
?
↵(hW ?

, H↵i+ (A>
z
?)↵) = 0

<latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit><latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit><latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit><latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit>

hW ?,Ms(m
?)i = hz?, bi = F (Ms(m

?)) + F ?(W ?) and W ? = rF (Ms(m
?)) .

<latexit sha1_base64="MW8eBvMqjuUf/kBogLZDrLIXQc8="></latexit><latexit sha1_base64="MW8eBvMqjuUf/kBogLZDrLIXQc8="></latexit><latexit sha1_base64="MW8eBvMqjuUf/kBogLZDrLIXQc8="></latexit><latexit sha1_base64="MW8eBvMqjuUf/kBogLZDrLIXQc8="></latexit>



CONVEX DUALITY Yohann DE CASTRO

Dual

sup
W2Sd,z2Rm

�
hz, bi � F

?(W ) : (hW,H↵i)↵ +A
>
z 2 M?

 
.

<latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit>

inf
(m↵)

�
F (Ms(m↵)) : m = (m↵) 2 M, Am = b

 
.

<latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit>

Primal

When no duality gap: hz?, bi � F ?(W ?) = F (Ms(m
?))

<latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit><latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit><latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit><latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit>

Complementarity leads to:

hW ?
,Ms(m

?)i � hz?, bi =
s�1X

↵=0

m
?
↵(hW ?

, H↵i+ (A>
z
?)↵) = 0

<latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit><latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit><latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit><latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit>

hW ?,Ms(m
?)i = hz?, bi = F (Ms(m

?)) + F ?(W ?) and W ? = rF (Ms(m
?)) .

<latexit sha1_base64="MW8eBvMqjuUf/kBogLZDrLIXQc8="></latexit><latexit sha1_base64="MW8eBvMqjuUf/kBogLZDrLIXQc8="></latexit><latexit sha1_base64="MW8eBvMqjuUf/kBogLZDrLIXQc8="></latexit><latexit sha1_base64="MW8eBvMqjuUf/kBogLZDrLIXQc8="></latexit>

Key Property 1



CONVEX DUALITY Yohann DE CASTRO

Dual

sup
W2Sd,z2Rm

�
hz, bi � F

?(W ) : (hW,H↵i)↵ +A
>
z 2 M?

 
.

<latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit><latexit sha1_base64="c6k3soe3mUs8JN7TSm9JqksVioA="></latexit>

inf
(m↵)

�
F (Ms(m↵)) : m = (m↵) 2 M, Am = b

 
.

<latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit><latexit sha1_base64="T4LSG29D2KL4OekO3l1aWlmIjLM="></latexit>

Primal

When no duality gap: hz?, bi � F ?(W ?) = F (Ms(m
?))

<latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit><latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit><latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit><latexit sha1_base64="jqvckFlknF/TagBzOozjkj5hO1w="></latexit>

Complementarity leads to:

hW ?
,Ms(m

?)i � hz?, bi =
s�1X

↵=0

m
?
↵(hW ?

, H↵i+ (A>
z
?)↵) = 0

<latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit><latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit><latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit><latexit sha1_base64="c7Wvwg6gOyuIwRab7k6ID+OquH0="></latexit>

P (t)
<latexit sha1_base64="XXIViMKzD7Nl3JEQomy2Wis4NqQ="></latexit><latexit sha1_base64="XXIViMKzD7Nl3JEQomy2Wis4NqQ="></latexit><latexit sha1_base64="XXIViMKzD7Nl3JEQomy2Wis4NqQ="></latexit><latexit sha1_base64="XXIViMKzD7Nl3JEQomy2Wis4NqQ="></latexit>

dµ(t)
<latexit sha1_base64="7WeL3LZSU3fcWQkJRL3uvn0oTO0="></latexit><latexit sha1_base64="7WeL3LZSU3fcWQkJRL3uvn0oTO0="></latexit><latexit sha1_base64="7WeL3LZSU3fcWQkJRL3uvn0oTO0="></latexit><latexit sha1_base64="7WeL3LZSU3fcWQkJRL3uvn0oTO0="></latexit>

Z

⌦
<latexit sha1_base64="hI+xS/E1pWubjST0bbiaO7HslDE="></latexit><latexit sha1_base64="hI+xS/E1pWubjST0bbiaO7HslDE="></latexit><latexit sha1_base64="hI+xS/E1pWubjST0bbiaO7HslDE="></latexit><latexit sha1_base64="hI+xS/E1pWubjST0bbiaO7HslDE="></latexit>

= 0
<latexit sha1_base64="6ZsA/diFpDuns6kwgTzMlv9+sKM="></latexit><latexit sha1_base64="6ZsA/diFpDuns6kwgTzMlv9+sKM="></latexit><latexit sha1_base64="6ZsA/diFpDuns6kwgTzMlv9+sKM="></latexit><latexit sha1_base64="6ZsA/diFpDuns6kwgTzMlv9+sKM="></latexit>

Key Property 2

Key Property 3
� 0

<latexit sha1_base64="JL8oPnEleHmkFqtUz+AjJWmsZPU="></latexit><latexit sha1_base64="JL8oPnEleHmkFqtUz+AjJWmsZPU="></latexit><latexit sha1_base64="JL8oPnEleHmkFqtUz+AjJWmsZPU="></latexit><latexit sha1_base64="JL8oPnEleHmkFqtUz+AjJWmsZPU="></latexit>

� 0
<latexit sha1_base64="JL8oPnEleHmkFqtUz+AjJWmsZPU="></latexit><latexit sha1_base64="JL8oPnEleHmkFqtUz+AjJWmsZPU="></latexit><latexit sha1_base64="JL8oPnEleHmkFqtUz+AjJWmsZPU="></latexit><latexit sha1_base64="JL8oPnEleHmkFqtUz+AjJWmsZPU="></latexit>



OPTIMAL EXPERIMENTAL DESIGN Yohann DE CASTRO

An Example: Optimal Designs
inf
(m↵)

�
� log det(Ms(m↵)) : m = (m↵) 2 M, m0 = 1

 
.

<latexit sha1_base64="BWKk9kfvAVZuLFfb4fv2kbwwt5M="></latexit><latexit sha1_base64="BWKk9kfvAVZuLFfb4fv2kbwwt5M="></latexit><latexit sha1_base64="BWKk9kfvAVZuLFfb4fv2kbwwt5M="></latexit><latexit sha1_base64="BWKk9kfvAVZuLFfb4fv2kbwwt5M="></latexit>

F ?(W ) = �s� log det(�W ) and rF (X) = �X�1
<latexit sha1_base64="4ptbwU5G+yd1BYJ9fDZfMJWr5UM="></latexit><latexit sha1_base64="4ptbwU5G+yd1BYJ9fDZfMJWr5UM="></latexit><latexit sha1_base64="4ptbwU5G+yd1BYJ9fDZfMJWr5UM="></latexit><latexit sha1_base64="4ptbwU5G+yd1BYJ9fDZfMJWr5UM="></latexit>

 


 
 


 
 


W ? = �Ms(m
?)�1

<latexit sha1_base64="J0szJDCpL4A64/uJWaJrnVAdIIs="></latexit><latexit sha1_base64="J0szJDCpL4A64/uJWaJrnVAdIIs="></latexit><latexit sha1_base64="J0szJDCpL4A64/uJWaJrnVAdIIs="></latexit><latexit sha1_base64="J0szJDCpL4A64/uJWaJrnVAdIIs="></latexit>

Z

⌦
(s� p?(t))dµ?(t) = 0

<latexit sha1_base64="TXVc3KZC8IYJ+dMtf49vzhwqepA="></latexit><latexit sha1_base64="TXVc3KZC8IYJ+dMtf49vzhwqepA="></latexit><latexit sha1_base64="TXVc3KZC8IYJ+dMtf49vzhwqepA="></latexit><latexit sha1_base64="TXVc3KZC8IYJ+dMtf49vzhwqepA="></latexit>

p
?(t) =

s�1X

↵=0

hMs(m
?)�1

, H↵it↵
<latexit sha1_base64="5jFo+XNshBUNuKl69yo2ukFw0io="></latexit><latexit sha1_base64="5jFo+XNshBUNuKl69yo2ukFw0io="></latexit><latexit sha1_base64="5jFo+XNshBUNuKl69yo2ukFw0io="></latexit><latexit sha1_base64="5jFo+XNshBUNuKl69yo2ukFw0io="></latexit>

-5

0.8

-4

0.6

0.4

-3

x
2

0.2

-2

0.50

x
1

-0.2 0

-1

-0.4
-0.5

0



OPTIMAL EXPERIMENTAL DESIGN Yohann DE CASTRO

An Example: Optimal Designs
inf
(m↵)

�
� log det(Ms(m↵)) : m = (m↵) 2 M, m0 = 1

 
.

<latexit sha1_base64="BWKk9kfvAVZuLFfb4fv2kbwwt5M="></latexit><latexit sha1_base64="BWKk9kfvAVZuLFfb4fv2kbwwt5M="></latexit><latexit sha1_base64="BWKk9kfvAVZuLFfb4fv2kbwwt5M="></latexit><latexit sha1_base64="BWKk9kfvAVZuLFfb4fv2kbwwt5M="></latexit>

F ?(W ) = �s� log det(�W ) and rF (X) = �X�1
<latexit sha1_base64="4ptbwU5G+yd1BYJ9fDZfMJWr5UM="></latexit><latexit sha1_base64="4ptbwU5G+yd1BYJ9fDZfMJWr5UM="></latexit><latexit sha1_base64="4ptbwU5G+yd1BYJ9fDZfMJWr5UM="></latexit><latexit sha1_base64="4ptbwU5G+yd1BYJ9fDZfMJWr5UM="></latexit>

 


 
 


 
 


W ? = �Ms(m
?)�1

<latexit sha1_base64="J0szJDCpL4A64/uJWaJrnVAdIIs="></latexit><latexit sha1_base64="J0szJDCpL4A64/uJWaJrnVAdIIs="></latexit><latexit sha1_base64="J0szJDCpL4A64/uJWaJrnVAdIIs="></latexit><latexit sha1_base64="J0szJDCpL4A64/uJWaJrnVAdIIs="></latexit>

Z

⌦
(s� p?(t))dµ?(t) = 0

<latexit sha1_base64="TXVc3KZC8IYJ+dMtf49vzhwqepA="></latexit><latexit sha1_base64="TXVc3KZC8IYJ+dMtf49vzhwqepA="></latexit><latexit sha1_base64="TXVc3KZC8IYJ+dMtf49vzhwqepA="></latexit><latexit sha1_base64="TXVc3KZC8IYJ+dMtf49vzhwqepA="></latexit>
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0.8

-4

0.6

0.4

-3

x
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x
1

-0.2 0

-1

-0.4
-0.5

0

p
?(t) =

X

↵

hMs(m
?)�1

, H↵it↵
<latexit sha1_base64="sRufnI6ykDMDrtf4lI1sLac6Okg="></latexit><latexit sha1_base64="sRufnI6ykDMDrtf4lI1sLac6Okg="></latexit><latexit sha1_base64="sRufnI6ykDMDrtf4lI1sLac6Okg="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="7a88E1QiK3rxdf5dHj8mfHI6F4k="></latexit><latexit sha1_base64="7a88E1QiK3rxdf5dHj8mfHI6F4k="></latexit><latexit sha1_base64="q2IlA2giz6wXN4DYmnAFUZFIXn8="></latexit><latexit sha1_base64="sRufnI6ykDMDrtf4lI1sLac6Okg="></latexit><latexit sha1_base64="sRufnI6ykDMDrtf4lI1sLac6Okg="></latexit><latexit sha1_base64="sRufnI6ykDMDrtf4lI1sLac6Okg="></latexit><latexit sha1_base64="sRufnI6ykDMDrtf4lI1sLac6Okg="></latexit><latexit sha1_base64="sRufnI6ykDMDrtf4lI1sLac6Okg="></latexit><latexit sha1_base64="sRufnI6ykDMDrtf4lI1sLac6Okg="></latexit>



CONVEX DUALITY Yohann DE CASTRO

• Generic proof 
• Rich duality interplay 
• Applies to LOTS of problems  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