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MOTIVATIONS

SCOPE:
o Oil engineering.
o Carbon dioxide storage.

o Nuclear waste repository management.

MODELS CONSTRAINTS:
o Degenerate parabolic systems of equations.
o Possibly highly anisotropic.

o Meshes prescribed by geological data.

EXISTING NUMERICAL METHODS:

@ Isotropic tensor with Delaunay meshes: monotonicity arguments
~ Decay of the physical energy, Maximum principle, - - -

@ Anisotropic tensor or general grids: loss of monotonicity
~» Use of Kirchhoff transform.



SPECIFICATIONS FOR THE NUMERICAL METHOD

EFFICIENT NUMERICAL METHOD:
o easy to implement;
o affordable computational cost;
o convergence reasonably fast.
ROBUST W.R.T. TO THE DATA:
o degenerate diffusion operators;
o (strong) anisotropys;
o general grids.
PRESERVATION AT THE DISCRETE LEVEL OF CRUCIAL FEATURES:
o conservation of mass;

o decay of non-quadratic energy.

NO KIRCHHOFF TRANSFORM IN THE SCHEME

= Nonlinear numerical method
(Canceés, Guichard, JFoCM, ’16),(Cancés, Chainais-Hillairet, Krell, CMAM, ’17)



THE NONLINEAR FOKKER PLANCK EQUATION

NONLINEAR DEGENERATE PARABOLIC EQUATION:
o Contains the main difficulties arising in porous media flows:

o anisotropic diffusion tensor,
o degeneracy,
o general meshes.

o Keystone for the approximation of more complex problem.

Tue stupied proBLEM: Find w @ (0,t¢) X © — R such that

Oru — div ((u)AV (p(u) + ¥)) =0 in (0,t¢) X Q,
N(u)AV(p(u) +¥) -n=0 on (0,t) x 0,

Ujp—p = u® in Q,

where
o n(u) > 0 such that n(0) = 0, typically n(u) = u;
o p increasing, p may be singular (p(u) = log(u));
o A a symmetric tensor field;

o U a given potential.



THE NONLINEAR FOKKER PLANCK EQUATION

NONLINEAR DEGENERATE PARABOLIC EQUATION:
o Contains the main difficulties arising in porous media flows:

o anisotropic diffusion tensor,
o degeneracy,
o general meshes.

o Keystone for the approximation of more complex problem.

Tue sTubDIED PROBLEM: Find w : (0,¢) X € — R such that d=2ord=3

dru — div (n(w) AV (p(u) + ) = finj — 1(u™) four in (0,2) x 2,
WAV (p(u) + ) -n =0 on (0,t) x Sx,
p(u) =pp on (0,4) x Ep,
Ujp=0 = u® in Q,
where

o n(u) > 0 such that n(0) = 0, typically n(u) = u;

o p increasing, p may be singular (p(u) = log(u));

o A a symmetric tensor field;

o U a given potential.



THE DISCRETE SPACE SETTING

SPACE DISCRETIZATION: Py Finite-Element with mass lumping

o T: triangles mesh, T € T
o V: vertices, a € V

o hr: mesh size

o Vj: usual P; FE space
o FE P; basis: (¢a)acy

PIECEWISE LINEAR RECONSTRUCTION: Yu € C(Q),

miu(x) = Zvu(xa)¢a(x) =  up=mu€ V.
ac

PIECEWISE CONSTANT RECONSTRUCTION: Yu € C(Q),

mou(x) = Y, u(Xa)ls,(x) and mwoup = up, Yup € Vi
acV



THE FULLY DISCRETE SCHEME

TIME DISCRETIZATION:
o Discretization of [0,¢]: 0 =1to < t1 < -+ <IN = 5.
o Time step 7 = 1§H:La§XNTn with 7, =tp —tp—1 for 1 <n < N.
o up = (ug)acy unknown at time t".

P; FINITE-ELEMENT SCHEME

Let uz_l € Vi, we look for uj € V3, such that for any v, € V4,

ap —ap !
/ bh 5, +/ M ARV (P, + ¥p) - Vo, =0,
Q Tn Q

with

1
An0 = 0 /TA(x)dx, if x € T

and

ny = mn(uy), pp = mip(up), Wp=mV.

PROPERTIES OF THE SCHEME

e Mass conservation and energy dissipation;
o Positivity of solutions if p(0) = —oo;

o Existence of a discrete solution.




CONVERGENCE ANALYSIS

Oru — div (n(u)AV (p(u) + ¥)) = 0.

KIRCHHOFF TRANSFORMS:

\qs(u): [Faop s ew= [ Vi s uzo.

o If p(u) is regular enough,

N(w)Vp(u) = Vo(u),  n(w)|Vpu)® = [VE(u).

o The nonlinear Fokker-Planck equation rewrites,

Au — div (AVé(u) + n(u) AV E) = 0.

o(u) € L2((0,t¢); HL(Q)) is well defined
~+ existence and uniqueness of weak solutions. (Alt-Luckhaus ’83, Otto ’96)

()

©

Monotone operator ~+ the implicit Euler scheme converges.



CONVERGENCE ANALYSIS

CONVERGENCE THEOREM:

DEFINITION (WEAK SOLUTION)

A measurable function u is a weak solution if
o u,m(u) € L=(0,t; L1 (Q)),
o &(u) € L*(0,t5; H' (),
o and for any ¢ € C2°([0,t:[xQ),

/Otf/ﬂuatsz)nt/nuow(o,.)—/Otf/ﬂ(v¢(u)+n(u)vq,).AVW:O_

Time reconstruction: up,(t,-) = ujp on (tn—1,tn].

THEOREM (CONVERGENCE)

For any u® : Q@ — RY be such that E(u®) < +oo, there exists a weak solution u
such that, up to a subsequence,

Upy —— u strongly in L1((0,t) x Q).
hy,7—0

SKETCH OF PROOF:
@ Compactness of the family up,.
@ Identification of the limit of a subsequence as a weak solution.



CONVERGENCE ANALYSIS

COMPACTNESS OF THE FAMILY p, ,

[ /0 ! /Q ALVE, Ve, < O]




CONVERGENCE ANALYSIS

COMPACTNESS OF THE FAMILY Up,,

N—-1

te
Sy [ AveE v = / /Ahvam-vshfsc
0 Q

=0 TeT JT



CONVERGENCE ANALYSIS

COMPACTNESS OF THE FAMILY Tp
N-1 ”
S 3| [ Anver-vep | = / /Ahvshf-vgm <c
= rerl\/r o Ja

o Discretization of the diffusion operator: as

/ ApVuy - Vo, = 6rv-ATéru ao
T

with

Srv = (val _Uao) and AT = (/ ApVoa,; 'V¢aj) ay
Vag — Vag T 1<ij<2



CONVERGENCE ANALYSIS

COMPACTNESS OF THE FAMILY Up,,

tf
2 T E Ahvwvsz - / /Ahvsm-vgmsc
_ TeT T 0 Q

o Discretization of the diffusion operator:

a2
/ AhV’th . V‘Uh = 6T’U . ATJT’IL ag
T
with
Vay — Va, T
Srv = ( 1 0) and A" = (/ ARV, -Vqﬁaj) a1
Yaz = Yao T 1<i,j<2
o Definition of &: &(u) :/ Vn(s)p'(s)ds

(6(u,) — €02,))° < (mpxn) (o0u,) = w02,

Po reconstruction on each triangle:

2
M=) = (6~ 6i)? < 3 (put) — plui,)?.
=0



CONVERGENCE ANALYSIS

COMPACTNESS OF THE FAMILY Up,,

te
Zm E TAhV£Z~V£Z / /Ahvsm-vawsc
0 Q

— TeT
o Discretization of the diffusion operator: as
/ ApVuy - Vo, = 6rv-ATéru ao
T
with
_ [ VYay — Vag T _
dpv = and A AhV¢>aZ Véa, ay
Vaz — Vag 1<i,5<2
u 1 2
o Definition of £ and n7p: &(u) = / vn(a)p'(a)da and n% = 3 > n(ug,)
i=0
n n |2 1 n|2
nr |0TpR|” > 3 1678

x, Ax), Vx,y s.t. |x|?2 > Condz(A)]y|? and since

renner-Masson, IJFV, ’13)

[ ave-ve <o [ mavi v,
T T

o Using (y, Ay) < (
Cond(AT) < C, (B



CONVERGENCE ANALYSIS

[DENTIFICATION OF THE LIMIT Ju s.t Tpr ﬁ u strongly in Ll((O,tf) x Q).
THT—>



CONVERGENCE ANALYSIS

[DENTIFICATION OF THE LIMIT Ju 8.t Up, —— u strongly in Ll((O,tf) x Q).
hr,7—0

Convergence for the term n(x)=npiftxeT
[ TAnTr - Veh = [ mANTsL Vi with of = melt”, ).
Q Q

o de la Vallée-Poussin theorem + Vitali’s theorem:

My — n(u) strongly in L((0, ) x Q),
h1,7—0

BUT

Vphr ————Np(u)_ in-L>=((0,75) X Q).
h 7, T=0



CONVERGENCE ANALYSIS

[DENTIFICATION OF THE LIMIT Ju 8.t Up, —— u strongly in Ll((O,tf) x Q).
hr,7—0

Convergence for the term n(x)=npiftxeT
/QHZAhVPZ “Vop, = /Qn;’{AthZ Vg, with o = me(t”, ).

o de la Vallée-Poussin theorem + Vitali’s theorem:

Nhr m n(u) strongly in L*((0,t) x ©),

BUT

Vphr ————Np(u)_ in-L>=((0,75) X Q).
h 7, T=0

o Use of Kirchhoff transform:

/Q ALV -V = /Q TALVED Vel + RY

with Rp, — 0 and

h7,7—0
Nhe —— v/n(u) strongly in L2((0,t) x Q),
hy,7—0
and V&, ——— Vé&(u) weakly in L2((0,t;) x Q).
hr,7—0



A POSTERIORI ANALYSIS

EQUILIBRATED FLUX RECONSTRUCTION
o Continuous level:
o = —n(u) AV (p(u) + ¥) € L1((0,t); H(div,)) and dive = —du.

o Discrete level: for any n > 1,

n n—1

u
~IR ARV (p]} + Wp) ¢ H(div, Q) and  div(nf ApV(pf; + Wp)) # — .

There exists oy € L2((0,t¢); H(div, Q)) such that

Ottupr +divep =0 and opr -n=0 on (0,t) X 09,

where Uy~ is the piecewise affine in space and time approximation of up,.

( Scheme locally conservative )




A POSTERIORI ANALYSIS

EQUILIBRATED FLUX RECONSTRUCTION: SKETCH OF PROOI

A

L\ —

ap —ap !
/Q S h T+ /QUZAhV(PZ + W) - Vo, =0,

Tn

Scheme:



A POSTERIORI ANALYSIS

EQUILIBRATED FLUX RECONSTRUCTION: SKETCH OF PROOI

A

L\ —

Scheme: v), = ¢q

—n —n—1
U, — U —
/QMcbﬁ/ﬂnzAhV(pzwh)-wa -0,

Tn



A POSTERIORI ANALYSIS

EQUILIBRATED FLUX RECONSTRUCTION: SKETCH OF PROOI

A

L\ —

Scheme: vy, = ¢q

wp —aprt
/M@ﬁ/ ARV (B + ) - Voo =0,
Q Tn wa

Q supp(da) = wa-



A POSTERIORI ANALYSIS

EQUILIBRATED FLUX RECONSTRUCTION: SKETCH OF PROOI

Lo

Scheme: vy, = ¢q

—n —n—1
Uy — U —
[ Gk [ AR ) Vo=,

Q supp(¢a) = wa-
Q (%) = pa(Xgr) f X €550 = ¢y = 1s,:

/ﬂhaa :/ up = |Sa|ua :/ UaPa-
Q Sa Wa



A POSTERIORI ANALYSIS

EQUILIBRATED FLUX RECONSTRUCTION: SKETCH OF PROOI

Scheme: vy, = ¢q

n _ ,n—1
/ Yo "l T / DALY (5 + Up) - Vo =0,
Waq Tn wWa

Q supp(¢a) = wa.
Q (%) = Pa(Xqr) f X €550 = ¢ = 1s,:

/ ﬂhaa, :/ Up, = [Salta :/ UaPa-
Q s w,

a a



A POSTERIORI ANALYSIS

EQUILIBRATED FLUX RECONSTRUCTION: SKETCH OF PROOI

o Hat-function orthogonality: For any a € V,

u? — Tt
[ Mgt [ AR GR + W) Voo =0
wa Tn wa

o Definition of o :
n __ n
op =2 Oh,a»
acy

where we look for oy , € RTNY(w,) solution of the minimization problem:
Tl = AIEMINy, cRTNO (w,) [[a V (Ph + Wh) + Vall,,

under the constraint

n n—1
uy — Ug

divvy, = —Tlps (i) ba + (MR ARV (p), + V1)) - Vo



A POSTERIORI ANALYSIS

EQUILIBRATED FLUX RECONSTRUCTION: SKETCH OF PROOI

o Hat-function orthogonality: For any a € V,

u? — Tt
[ Mgt [ AR GR + W) Voo =0
wa Tn wa

o Definition of o :
n __ n
op =2 Oh,a»
acy

where we look for o , € RTNY(we) and 7¢ € P (w,) are solution to

/ OhoVh — divvpry = — G ARV (DR 4+ Tp) v, Vv, € RTINS (w,)
Wa

Wa Wa

. um — 1
/ dive} ,qn = 7/ [“T“% + i ARV (P + k) - Véa | an, Yan € Pi(wa).
wgq, Wa n



A POSTERIORI ANALYSIS

EQUILIBRATED FLUX RECONSTRUCTION: SKETCH OF PROOI
o Hat-function orthogonality: For any a € V,
u? — Tl
a
/ B gt | mEARY(R] + ) Vo = 0.
wa Tn wq
o Definition of o :
n o __ n
oh =2 Oha
acV

where we look for o , € RTNY(we) and 7¢ € P (w,) are solution to

/ O WVh — divvprd = — [ ¢ ALV (R + Tp)vh, Vv, € RTINS (w,)
wgq wWa Wa
di n _ u(r} - ,ug*l ; n n / *
lva'h,aqh - - . ba + 711,,AhV(P;,, + q’h) . V‘s)a qh, VQh S Pl(wa)~
wgq Jwg n

N——
=0 )

o o) € H(div, Q).
° o’Z’a -ny, =0 on dw, and hat-function orthogonality = qn € P1(wa)-
o Let T € T and g5 € P1(T),

n—1

. u —u ! up —u
[anoton—— x [ [B g [ o,
T acVp JT Tn T Tn



A POSTERIORI ANALYSIS

BOUND ON THE RESIDUAL

X = {p € C(l0,6:D)|pltr,) = 0,000 € L}((0,0); L(9), Vip € L=((0, 1) )% }.

te
lellx = IVl oo (ot xsr) + /0 1801l oo (-

DEFINITION

o The residual R(v) € X’ is s.t. for any ¢ € X,
tg
(R(v),¢) xr x —/ / 'uat(p—l-/ uPp(0 / / (Vo(v) + n(v)VI) - AV .

o The error measure J () is defined by,

I (bnr) = sup (R(tnr), ) x7 x -
PEX, [lellx =1

THEOREM (GUARANTEED UPPER BOUND)

Let u € X be a weak solution to the continuous problem and let up, be an
approximate solution to the numerical scheme, then

te
I (tnr) < /0 A (Vé(inr) +n(inr) V) + onrllpiq) + 14n-(0, ) — uoll L1y

nc

nr




A POSTERIORI ANALYSIS

BOUND ON THE RESIDUAL: SKETCH OF PROOF
Let ¢ € X bes.t. [Jo|lx =1.

(R(ne), ) x / [ ncoee+ [ w00,

- / [ (9tans) + ntin ) 0) - A
0 Q

o Green’s identity:

te te
/ / divepr ¢ + / / opr - Ve =0.
o Ja o Ja

o Integration by parts:

te te
/ / Britnrp + / / iy Orp = — / i (0, )(0, ).
0 Q (0] Q Q



A POSTERIORI ANALYSIS

BOUND ON THE RESIDUAL: SKETCH OF PROOF
Let ¢ € X bes.t. [Jo|lx =1.

(R(ne), ) x / [ ncore+ [ w00,

- / [ (9tans) + ntin, ) 0) - A
0 Q

o Green’s identity:

ST ST
/ / divopr¢ + / / opr - Vo =0.
0o Jo 0o Jo

o Integration by parts:

te te
/ /atﬁhrsa+/ /ﬁhﬂ'atﬂo: 7/ ﬁ'hT(O:)QD(O’)
0 Q 0 Q Q

(Rline)o)rx = [ [ (couinr—divno+ [ (0=in(0.) 900,

t
<[] AV6(an) + Anin) 9V 1) T
0 Q



A POSTERIORI ANALYSIS

BOUND ON THE RESIDUAL: SKETCH OF PROOF
Let ¢ € X bes.t. [Jo|lx =1.

(R(ne), 9) 7 x / [ oot [ w00

- /0 /Q (V(iins) + niin, ) V) - AV

o Green’s identity:

te te
/ / divep-o + / / onr - Vo =0.
0 Q 0 Q

o Integration by parts:
te te
[ [ atnres [ [ anone == [ anr 0,900,
0o Ja 0o Ja Q

te
(R(Gnr), W)X’,X :/O /Q (=0t —divep,) ¢ + /{; (uo—ﬂhT(O, )) ©(0,)

t
==fo' e

t
= [ [ (A6(an) + An(ian ) VY + o) - Ve,
0 Q



A POSTERIORI ANALYSIS

BOUND ON THE RESIDUAL: SKETCH OF PROOF
Let ¢ € X bes.t. [Jo|lx =1.

(R(ne), ) x / [ oot [ w00

- / / (V(iinr) + niin,) V) - AV
0 Q

o Green’s identity:

te te
/ / divepr¢ + / / onpr - Vo =0.
0 Q 0 Q

o Integration by parts:

te te
/ / 8tﬁh7'§0+/ / ﬁhﬂ'aﬁp = 7/ ﬁhT(Oz)W(O»)
0 Q 0 Q Q
te te
<R(/ah7'): 90>X/7X =- / / Ol + divop,- ¥ +/ / (ﬁh'r(ov ) - uO) 8“0
0 Q —:/O_I 0 Q

t
~ [ ] AVl + An(an) VY + o) - Ve
0 Q



NUMERICAL RESULTS

Equation: n(u) = u and [ p(u) = log(u)

Oru — div(uAV (logu — z)) = Opu — div(A(Vu —ez)) =0 with A = (1 0 ) .

0 Ay

EXACT SOLUTION:

x 1
u(t, (z,y)) = e~ (PPt E (7‘!‘ cos(mz) + 5 sin(ﬂx)) 4 me” 3.

1071 F T Ty
F-® )\ =01 1
I —— X\, =10 1
Ll ma=100 ) Ay = 0.1 Ay =10 Ay = 100
0F 0.434391 0.456011 0.466597
i ] 0.128222 0.132656 0.135209
i i 0.0339114 | 0.0349284 | 0.0354816
i 0.00865144 | 0.00889535 | 0.009028
i ] 0.00218037 | 0.00224013 | 0.00227289
0 e o Minimum of u
1072 107! 10°

[ Preserving of the positivity ]




NUMERICAL RESULTS

COMPARISON BETWEEN
o Actual error distribution

g

[ AT (n) + (i) TF) = ATSw) + 10T D) 1,

o Predicted error distribution (both in time and in space)

tn
wr= [ IACTO(inr) +0(an) ) + @l

| —
IWJ

Cos10005

Actual error -

iy

Predicted error

Ay = 100



NUMERICAL RESULTS

EquaTion: n(u) = u and .

dru — div(uAV (2u — ) = dpu — div(A(Vu? —ez)) =0 with A = (

EXACT SOLUTION:

u(t, (z,y)) = max (3t — z,0) with Dirichlet BC.

1 0
0 A)

1071 T T T T T T T T E|
[-® )\ =01 ]
| ¢ M=l 1
B R A 1 [ =01 x=1] X =10 A, =100
g 1 1.680 1.644 1.428 0.930
r j 1.721 1.698 1.569 1.244
103k ] 1.722 1.704 1.620 1.408
F 1 1.696 1.681 1.622 1.492
1074 ;, ,; Convergence rate
E o E
1072 107!

( Loss of the positivity ]




NUMERICAL RESULTS

COMPARISON BETWEEN

o Actual error distribution
e
[ AT Gn) +1(inr) T9) = A(TH(w) + 1)V D) 1,

o Predicted error distribution (both in time and in space)

g

wri= [ IA(T(nr) + 0(@n) V) + onl 1y -

o Predicted error distribution in space only

B
[ IACTun) + 1) 99) + onrlga -

where
o up,: solution of the numerical scheme;

@ Up,: plecewise affine reconstruction in time and space of up .



NUMERICAL RESULTS

COMPARISON BETWEEN

Actual error

Predicted error
(time and space)

J
L

Predicted error
(space)

Ay = 100



NUMERICAL RESULTS

BARRIER

Ou — div(n(uw)AV (p(u) + ¥) =0
with
o Dirichlet Boundary conditions v = 1 on Xp;
o homogeneous Neumann Boundary conditions on ¥y;
o n(u) = luf, p(u) =u, ¥(z,y) = y;
o adaptive time-step strategy.




NUMERICAL RESULTS

BARRIER

Ou — div(n(uw)AV (p(u) + ¥) =0
with
o Dirichlet Boundary conditions u =1 on Xp;
homogeneous Neumann Boundary conditions on Xy;
n(u) = lul, p(w) = u, ¥(z,y) = y;
adaptive time-step strategy.

© 6 o

Lasm

e s

S



NUMERICAL RESULTS

QUARTER FIVE SPoT

Oru — diV(ﬂ(U)AV(P(U) + ‘I’) = finj - ﬂ(u+)fout
with
o homogeneous Neumann Boundary conditions;
o n(u) =u?, p(u) = 2u, ¥(z,y) = —;

o adaptive time-step strategy.

R fout




NUMERICAL RESULTS

QUARTER FIVE SPOT

Bru — div(n(u)AV (p(u) + ¥) = finj — n(u’) four
with
o homogeneous Neumann Boundary conditions;
o n(u) = u?, p(u) = 2u, ¥(z,y) = —;
o adaptive time-step strategy.

S



NUMERICAL RESULTS

LINEARIZATION ADAPTIVE STOPPING CRITERIA
o Q unit disk, R = 2.6;
o Mesh size ~ 0.16;

o n(w) = u, pu) = ——u™"1, m =4
m—1
o A=1Ig
o Exact solution:
P\
1 m—1 z2 4 y2 m-T\ ™
u(t:(zvy)): t+1 <|:1— 4m?2 (t+1;Jm:| ) >

with Dirichlet BC
o 7=0.01,t=0,t=0.1

o Stopping criterion for the nonlinear solveur: M, < YNdisc



NUMERICAL RESULTS

LINEARIZATION ADAPTIVE STOPPING CRITERIA

o Stopping criterion for the nonlinear solveur: M, < YMdisc

[ Time [[0.01 [0.02]0.03]0.04[0.05]0.06[ 007 [ 008 [ 0.09 [ 0.1 [[ Cumulated iterations
Exactsolver |[[ 227 [ 20 | 18 [ 18 [ 16 | 15 | 156 | 16 | 15 | 15 170
v =001 7 5 5 4 4 4 4 4 4 3 44
y=01 6 4 3 3 3 3 3 2 2 2 31
=03 6 3 3 3 2 2 2 2 2 2 27
=05 5 3 2 2 2 2 1 2 1 1 21
Exact solveur A posteriori strategy

1072
E o—— E
1074 i ]
[ Ndises ¥ = 0.01 —o— b
E in, ¥ = 0.01 —— E|
10-6 £ Min, 7V E
E o Mdisc, ¥ =01 B
[ 7in, ¥ =0.1-4— ]
108 L Tdise, ¥ = 0.3 —e— B
o Min, 7 =03—+— E
[ 7disc, ¥ =055 B
1071 b i,y =05 .
Il Il Il Il Il
0 1 2 3 4 5 6




NUMERICAL RESULTS

TOTAL ERRORS

[ R ™ Bt

ooooser ooooisen
. .
00001035 00001035
s185005 5183005
200007 200007
N 00002008 N 00002067
) Vi 2.0860.07
y ’
Exact solver Adaptive strategy, v = 0.5

DISTRIBUTION OF THE ERROR COMPONENTS, v = 0.5

[ R [ Raas

00001531 6966005
.
00001021 4641005
5118005 2322005
2.0860.07
Max: 0000204

0000
Max: 9.2890.05
in: 0,000

Discretization error Linearization error



GOING FURTHER

MORE COMPLEX PHYSICS: INCOMPRESSIBLE TWO PHASE FLOWS

Find saturations so, sw : (0,¢) X Q — [0, 1] and pressures po, pw : (0,tf) X @ — R
such that

Orso — div(no(s0) Vpo) = fo(so), 1n (0,tf) X Q
Osw — div(nw(sw) Vpw) = fw(sw), in (0,2¢) x
) X Q

So + sw =1, in (0, t¢
Do — Pw = 7(S0), in (0,t¢) X Q;
N0(80)Vpo -n =0, on (0,tf) X 0%
Nw(sw)Vpw -n =0, on (0,tf) X 9

/ pw =0, on (0’ tf)7
Q



GOING FURTHER

MORE COMPLEX PHYSICS: INCOMPRESSIBLE TWO PHASE FLOWS

Find the saturation so : (0,tf) x © — [0, 1] and the pressure pw : (0,¢s) x Q@ = R

such that,

Ots0 — div(no(s0) V(pw + m(80))) = fo(s0),
—0t50 — div(nw (1 — 50)Vpw) = fw (1l — 50),
No(80)V (Pw + m(s0)) -1 =0,
Nw(l — $0)Vpw -n =0,

/pW:07
Q

in (0,t¢) X ;
in (0,t¢) X €
on (0,tf) X 08
on (0,tf) X 08

on (0, tf).



GOING FURTHER

MORE COMPLEX PHYSICS: INCOMPRESSIBLE TWO PHASE FLOWS

Find the saturation so : (0,tf) x © — [0, 1] and the pressure pw : (0,¢s) x Q@ = R

such that,

0ts0 — div(no(s0)V (pw + 7(50))) = fo(So), in (0,t¢) X ;
—0tSo — div(nw (1 — 86)Vpw) = fw(l — s0), in (0,tf) X
No(80)V (pw + 7(s0)) - n =0,

77w(]- - So)va ‘n=0,

Injection —»
well

/pW:07
Q

on (0,tf) X 08
on (0,tf) X 08

on (0, tf).

<— Extraction
well



GOING FURTHER

MORE COMPLEX PHYSICS: INCOMPRESSIBLE TWO PHASE FLOWS

S



Thank you for your attention



DEFINITION

A sequence (fn) C L'(€) is uniformly equi-integrable if

Ve > 0,3a > 0 s.t. [m(E)<a:>/ |fn|dx<s,Vn].
E

THEOREM (VITALI)

Let (fn)n be a sequence of functions uniformly equi-initegrable, such that

fn— f a.e. in Q.
n—-+4oo

Then,

fn ——— f strongly in L*(Q).
n—-+4oo

THEOREM (DE LA VALLEE-POUSSIN)

The sequence (fn)n is uniformly equi-initegrable if and only if there exists

r
IRy — Ry with —22 — 4 400 such that
T T—00

/ I fal)dz < C,
Q

for some C > 0.
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