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Motivations

Scope:

Oil engineering.

Carbon dioxide storage.

Nuclear waste repository management.

Models constraints:

Degenerate parabolic systems of equations.

Possibly highly anisotropic.

Meshes prescribed by geological data.

Existing numerical methods:

1 Isotropic tensor with Delaunay meshes: monotonicity arguments
 Decay of the physical energy, Maximum principle, · · ·

2 Anisotropic tensor or general grids: loss of monotonicity
 Use of Kirchhoff transform.



Specifications for the numerical method

Efficient numerical method:

easy to implement;

affordable computational cost;

convergence reasonably fast.

Robust w.r.t. to the data:

degenerate diffusion operators;

(strong) anisotropy;

general grids.

Preservation at the discrete level of crucial features:

conservation of mass;

decay of non-quadratic energy.

No kirchhoff transform in the scheme

⇒ Nonlinear numerical method
(Cancès, Guichard, JFoCM, ’16),(Cancès, Chainais-Hillairet, Krell, CMAM, ’17)



The nonlinear Fokker Planck equation

Nonlinear degenerate parabolic equation:

Contains the main difficulties arising in porous media flows:
anisotropic diffusion tensor,
degeneracy,
general meshes.

Keystone for the approximation of more complex problem.

The studied problem: Find u : (0, tf)× Ω→ R such that
∂tu− div (η(u)Λ∇(p(u) + Ψ)) = 0 in (0, tf)× Ω,

η(u)Λ∇(p(u) + Ψ) · n = 0 on (0, tf)× ∂Ω,

u|t=0 = u0 in Ω,

where

η(u) ≥ 0 such that η(0) = 0, typically η(u) = u;

p increasing, p may be singular (p(u) = log(u));

Λ a symmetric tensor field;

Ψ a given potential.
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The discrete space setting

Space discretization: P1 Finite-Element with mass lumping

xa

sa
T : triangles mesh, T ∈ T
V: vertices, a ∈ V
hT : mesh size

Vh: usual P1 FE space

FE P1 basis: (φa)a∈V

Piecewise linear reconstruction: ∀u ∈ C(Ω),

π1u(x) =
∑
a∈V

u(xa)φa(x) =⇒ uh = π1u ∈ Vh.

Piecewise constant reconstruction: ∀u ∈ C(Ω),

π0u(x) =
∑
a∈V

u(xa)1sa (x) and π0uh = uh, ∀uh ∈ Vh.



The fully discrete scheme

Time discretization:

Discretization of [0, tf ]: 0 = t0 < t1 < · · · < tN = tf .

Time step τ = max
1≤n≤N

τn with τn = tn − tn−1 for 1 ≤ n ≤ N .

unh = (una )a∈V unknown at time tn.

P1 Finite-Element scheme

Let un−1
h ∈ Vh, we look for unh ∈ Vh such that for any vh ∈ Vh,

∫
Ω

unh − u
n−1
h

τn
vh +

∫
Ω
ηnhΛh∇(pnh + Ψh) ·∇vh = 0,

with

Λh(x) =
1

|T |

∫
T

Λ(x)dx, if x ∈ T ;

and
ηnh = π1η(unh), pnh = π1p(u

n
h), Ψh = π1Ψ.

Properties of the scheme

Mass conservation and energy dissipation;

Positivity of solutions if p(0) = −∞;

Existence of a discrete solution.



Convergence analysis

∂tu− div (η(u)Λ∇ (p(u) + Ψ)) = 0.

Kirchhoff transforms:

φ(u) =

∫ u

η(s)p′(s)ds, ξ(u) =

∫ u√
η(s)p′(s)ds, u ≥ 0.

If p(u) is regular enough,

η(u)∇p(u) = ∇φ(u), η(u)|∇p(u)|2 = |∇ξ(u)|2.

The nonlinear Fokker-Planck equation rewrites,

∂tu− div (Λ∇φ(u) + η(u)Λ∇Ψ) = 0.

φ(u) ∈ L2((0, tf);H
1(Ω)) is well defined

 existence and uniqueness of weak solutions. (Alt-Luckhaus ’83, Otto ’96)

Monotone operator  the implicit Euler scheme converges.



Convergence analysis

Convergence theorem:

Definition (Weak solution)

A measurable function u is a weak solution if

u, η(u) ∈ L∞(0, tf ;L
1(Ω)),

ξ(u) ∈ L2(0, tf ;H
1(Ω)),

and for any ϕ ∈ C∞c ([0, tf [×Ω),∫ tf

0

∫
Ω
u∂tϕ+

∫
Ω
u0ϕ(0, ·)−

∫ tf

0

∫
Ω

(∇φ(u) + η(u)∇Ψ) ·Λ∇ϕ = 0.

Time reconstruction: uhτ (t, ·) = unh on (tn−1, tn].

Theorem (Convergence)

For any u0 : Ω→ R+ be such that E(u0) < +∞, there exists a weak solution u
such that, up to a subsequence,

uhτ −−−−−−→
hT ,τ→0

u strongly in L1((0, tf)× Ω).

Sketch of proof:
1 Compactness of the family uhτ .
2 Identification of the limit of a subsequence as a weak solution.



Convergence analysis

Compactness of the family uhτ∫ tf

0

∫
Ω

Λh∇ξhτ ·∇ξhτ ≤ C

Discretization of the diffusion operator:∫
T

Λh∇uh ·∇vh = δT v ·AT δTu

with

δT v =

(
va1 − va0
va2 − va0

)
and AT =

(∫
T

Λh∇φai ·∇φaj

)
1≤i,j≤2

a1

a2

a0

T
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(∫
T

Λh∇φai ·∇φaj
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1≤i,j≤2
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a2
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T

Definition of ξ: ξ(u) =

∫ u√
η(s)p′(s)ds

(
ξ(unai )− ξ(una0 )

)2 ≤ (max
T

η

)(
p(unai )− p(una0 )

)2
.

P0 reconstruction on each triangle:

ηnT =
1

3

2∑
i=0

η(unai ) =⇒
(
ξ(unai )− ξ(una0 )

)2 ≤ 3ηnT
(
p(unai )− p(una0 )

)2
.



Convergence analysis

Compactness of the family uhτ

N−1∑
n=0

τn
∑
T∈T

∫
T

Λh∇ξnh ·∇ξnh =

∫ tf

0

∫
Ω

Λh∇ξhτ ·∇ξhτ ≤ C

Discretization of the diffusion operator:∫
T

Λh∇uh ·∇vh = δT v ·AT δTu

with

δT v =

(
va1 − va0
va2 − va0

)
and AT =

(∫
T

Λh∇φai ·∇φaj

)
1≤i,j≤2

a1

a2

a0

T

Definition of ξ and ηnT : ξ(u) =

∫ u√
η(a)p′(a)da and ηnT =

1

3

2∑
i=0

η(unai )

ηnT |δT p
n
h |

2 ≥
1

3
|δT ξnh |

2 .

Using 〈y, Ay〉 ≤ 〈x, Ax〉, ∀x,y s.t. |x|2 ≥ Cond2(A)|y|2 and since
Cond(AT ) ≤ C, (Brenner-Masson, IJFV, ’13)∫

T
Λh∇ξnh ·∇ξnh ≤ C

∫
T
ηnTΛh∇pnh ·∇pnh .



Convergence analysis

Identification of the limit ∃u s.t uhτ −−−−−−→
hT ,τ→0

u strongly in L1((0, tf)× Ω).

Convergence for the term η̃nh (x) = ηnT if x ∈ T∫
Ω
η̃nhΛh∇pnh ·∇ϕnh =

∫
Ω
ηnhΛh∇pnh ·∇ϕnh , with ϕnh = π1ϕ(tn, ·).

de la Vallée-Poussin theorem + Vitali’s theorem:

η̃hτ −−−−−−→
hT ,τ→0

η(u) strongly in L1((0, tf)× Ω),

BUT

∇phτ −−−−−−→
hT ,τ→0

∇p(u) in L∞((0, tf)× Ω).

Use of Kirchhoff transform:∫
Ω
η̃nhΛh∇pnh ·∇ϕnh =

∫
Ω

√
η̃nhΛh∇ξnh ·∇ϕnh +Rnh

with Rhτ −−−−−−→
hT ,τ→0

0 and√
η̃hτ −−−−−−→

hT ,τ→0

√
η(u) strongly in L2((0, tf)× Ω),

and ∇ξhτ −−−−−−⇀
hT ,τ→0

∇ξ(u) weakly in L2((0, tf)× Ω).
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A posteriori analysis

Equilibrated flux reconstruction

Continuous level:

σ := −η(u)Λ∇(p(u) + Ψ) ∈ L1((0, tf); H(div,Ω)) and divσ = −∂tu.

Discrete level: for any n ≥ 1,

−ηnhΛh∇(pnh + Ψh) /∈ H(div,Ω) and div
(
ηnhΛh∇(pnh + Ψh)

)
6= −

unh − u
n−1
h

τn
.

Theorem

There exists σhτ ∈ L2((0, tf); H(div,Ω)) such that

∂tûhτ + divσhτ = 0 and σhτ · n = 0 on (0, tf)× ∂Ω,

where ûhτ is the piecewise affine in space and time approximation of uhτ .

Scheme locally conservative



A posteriori analysis

Equilibrated flux reconstruction: Sketch of proof

sa

ωa

Scheme: ∫
Ω

unh − u
n−1
h

τn
vh +

∫
Ω
ηnhΛh∇(pnh + Ψh) ·∇vh = 0,

1 supp(φa) = ωa.

2 φa(x) = φa(xa′ ) if x ∈ sa′ =⇒ φa = 1sa :∫
Ω
uhφa =

∫
sa

uh = |sa|ua =

∫
ωa

uaφa.
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A posteriori analysis

Equilibrated flux reconstruction: Sketch of proof

Hat-function orthogonality: For any a ∈ V,∫
ωa

una − u
n−1
a

τn
φa +

∫
ωa

ηnhΛh∇(pnh + Ψh) ·∇φa = 0.

Definition of σnh :
σnh =

∑
a∈V

σnh,a,

where we look for σnh,a ∈ RTN0
1(ωa) solution of the minimization problem:

σnh,a = arg minvh∈RTN0
1(ωa) ‖φaη

n
h∇(pnh + Ψh) + vh‖ωa

under the constraint

divvh = −ΠP∗1(ωa)

[
una − u

n−1
a

τn
φa + (ηnhΛh∇(pnh + Ψh)) ·∇φa

]
.



A posteriori analysis

Equilibrated flux reconstruction: Sketch of proof
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∑
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∫
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σnh,avh −
∫
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divvhr
a
h = −

∫
ωa

φaη
n
hΛh∇(pnh + Ψh)vh, ∀vh ∈ RTN0

1(ωa)

∫
ωa

divσnh,aqh = −
∫
ωa

[
una − u

n−1
a

τn
φa + ηnhΛh∇(pnh + Ψh) ·∇φa

]
qh, ∀qh ∈ P∗1(ωa).



A posteriori analysis

Equilibrated flux reconstruction: Sketch of proof

Hat-function orthogonality: For any a ∈ V,∫
ωa

una − u
n−1
a

τn
φa +

∫
ωa

ηnhΛh∇(pnh + Ψh) ·∇φa = 0.

Definition of σnh :
σnh =

∑
a∈V

σnh,a,

where we look for σnh,a ∈ RTN0
1(ωa) and rah ∈ P∗1(ωa) are solution to∫

ωa

σnh,avh −
∫
ωa

divvhr
a
h = −

∫
ωa

φaη
n
hΛh∇(pnh + Ψh)vh, ∀vh ∈ RTN0

1(ωa)

∫
ωa

divσnh,a︸ ︷︷ ︸
=0

qh = −
∫
ωa

[
una − u

n−1
a

τn
φa + ηnhΛh∇(pnh + Ψh) ·∇φa

]
︸ ︷︷ ︸

=0

qh, ∀qh ∈ P∗1(ωa).

σ
n
h ∈ H(div,Ω).

σ
n
h,a · nωa = 0 on ∂ωa and hat-function orthogonality =⇒ qh ∈ P1(ωa).

Let T ∈ T and qh ∈ P1(T ),∫
T

divσ
n
hqh = −

∑
a∈VT

∫
T

[
un
a − u

n−1
a

τn
φa

]
qh = −

∫
T

un
h − u

n−1
h

τn
qh.



A posteriori analysis

Bound on the residual

X =
{
ϕ ∈ C([0, tf ]; Ω)

∣∣∣ϕ(tf , ·) ≡ 0, ∂tϕ ∈ L1((0, tf);L
∞(Ω)),∇ϕ ∈ L∞((0, tf)×Ω)2

}
.

‖ϕ‖X = ‖∇ϕ‖L∞((0,tf )×Ω) +

∫ tf

0
‖∂tϕ‖L∞(Ω).

Definition

The residual R(v) ∈ X′ is s.t. for any ϕ ∈ X,

〈R(v), ϕ〉X′,X =

∫ tf

0

∫
Ω
v∂tϕ+

∫
Ω
u0ϕ(0, ·)−

∫ tf

0

∫
Ω

(∇φ(v) + η(v)∇Ψ) ·Λ∇ϕ.

The error measure J (ûhτ ) is defined by,

J (ûhτ ) = sup
ϕ∈X,‖ϕ‖X=1

〈R(ûhτ ), ϕ〉X′,X .

Theorem (Guaranteed upper bound)

Let u ∈ X be a weak solution to the continuous problem and let uhτ be an
approximate solution to the numerical scheme, then

J (ûhτ ) ≤
∫ tf

0
‖Λ (∇φ(ûhτ ) + η(ûhτ )∇Ψ) + σhτ‖L1(Ω)︸ ︷︷ ︸

ηF

+ ‖ûhτ (0, ·)− u0‖L1(Ω)︸ ︷︷ ︸
ηIC



A posteriori analysis

Bound on the residual: Sketch of proof
Let ϕ ∈ X be s.t. ‖ϕ‖X = 1.

〈R(ûhτ ), ϕ〉X′,X =

∫ tf

0

∫
Ω
ûhτ∂tϕ+

∫
Ω
u0ϕ(0, ·)

−
∫ tf

0

∫
Ω

(∇φ(ûhτ ) + η(ûhτ )∇Ψ) ·Λ∇ϕ

Green’s identity: ∫ tf

0

∫
Ω

divσhτϕ+

∫ tf

0

∫
Ω
σhτ ·∇ϕ = 0.

Integration by parts:∫ tf

0

∫
Ω
∂tûhτϕ+

∫ tf

0

∫
Ω
ûhτ∂tϕ = −

∫
Ω
ûhτ (0, ·)ϕ(0, ·).
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ûhτ∂tϕ+

∫
Ω
u0ϕ(0, ·)

−
∫ tf

0

∫
Ω
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(
u0−ûhτ (0, ·)

)
ϕ(0, ·)

−
∫ tf

0

∫
Ω

(Λ∇φ(ûhτ ) + Λη(ûhτ )∇Ψ + σhτ ) ·∇ϕ.
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divσhτϕ+

∫ tf

0

∫
Ω
σhτ ·∇ϕ = 0.

Integration by parts:∫ tf

0

∫
Ω
∂tûhτϕ+

∫ tf

0

∫
Ω
ûhτ∂tϕ = −

∫
Ω
ûhτ (0, ·)ϕ(0, ·).

〈R(ûhτ ), ϕ〉X′,X =

∫ tf

0

∫
Ω

(−∂tûhτ−divσhτ )ϕ+

∫
Ω

(
u0−ûhτ (0, ·)

)
ϕ(0, ·)︸ ︷︷ ︸

=−
∫ tf
0 ∂tϕ

−
∫ tf

0

∫
Ω

(Λ∇φ(ûhτ ) + Λη(ûhτ )∇Ψ + σhτ ) ·∇ϕ.



A posteriori analysis

Bound on the residual: Sketch of proof
Let ϕ ∈ X be s.t. ‖ϕ‖X = 1.

〈R(ûhτ ), ϕ〉X′,X =

∫ tf

0

∫
Ω
ûhτ∂tϕ+

∫
Ω
u0ϕ(0, ·)

−
∫ tf

0

∫
Ω

(∇φ(ûhτ ) + η(ûhτ )∇Ψ) ·Λ∇ϕ

Green’s identity: ∫ tf

0

∫
Ω

divσhτϕ+

∫ tf

0

∫
Ω
σhτ ·∇ϕ = 0.

Integration by parts:∫ tf

0

∫
Ω
∂tûhτϕ+

∫ tf

0

∫
Ω
ûhτ∂tϕ = −

∫
Ω
ûhτ (0, ·)ϕ(0, ·).

〈R(ûhτ ), ϕ〉X′,X =−
∫ tf

0

∫
Ω

∂tûhτ + divσhτ︸ ︷︷ ︸
=0

ϕ+

∫ tf

0

∫
Ω

(
ûhτ (0, ·)− u0

)
∂tϕ

−
∫ tf

0

∫
Ω

(Λ∇φ(ûhτ ) + Λη(ûhτ )∇Ψ + σhτ ) ·∇ϕ.



Numerical results

Equation: η(u) = u and p(u) = log(u)

∂tu− div(uΛ∇(log u− x)) = ∂tu− div(Λ(∇u− ex)) = 0 with Λ =

(
1 0
0 λy

)
.

Exact solution:

u(t, (x, y)) = e−(π2+ 1
4

)t+ x
2

(
π cos(πx) +

1

2
sin(πx)

)
+ πex−

1
2 .

10−2 10−1 100

10−4

10−3

10−2

10−1

Slope 2

λy = 0.1

λy = 10

λy = 100

L2 error

λy = 0.1 λy = 10 λy = 100
0.434391 0.456011 0.466597
0.128222 0.132656 0.135209
0.0339114 0.0349284 0.0354816
0.00865144 0.00889535 0.009028
0.00218037 0.00224013 0.00227289

Minimum of u

Preserving of the positivity



Numerical results

Comparison between
Actual error distribution∫ tn

tn−1
‖Λ(∇φ(ûhτ ) + η(ûhτ )∇Ψ)−Λ(∇φ(u) + η(u)∇Ψ)‖L1(T ) .

Predicted error distribution (both in time and in space)

ηnF,T :=

∫ tn

tn−1
‖Λ(∇φ(ûhτ ) + η(ûhτ )∇Ψ) + σhτ‖L1(T ) .

Actual error

Predicted error

λy = 1 λy = 100



Numerical results

Equation: η(u) = u and p(u) = 2u .

∂tu− div(uΛ∇(2u− x)) = ∂tu− div(Λ(∇u2 − ex)) = 0 with Λ =

(
1 0
0 λy

)
.

Exact solution:

u(t, (x, y)) = max (3t− x, 0) with Dirichlet BC.

10−2 10−1

10−4

10−3

10−2

10−1

Slope 2

λy = 0.1

λy = 1

λy = 10

λy = 100

Error L2

λy = 0.1 λy = 1 λy = 10 λy = 100
1.680 1.644 1.428 0.930
1.721 1.698 1.569 1.244
1.722 1.704 1.620 1.408
1.696 1.681 1.622 1.492

Convergence rate

Loss of the positivity



Numerical results

Comparison between

Actual error distribution∫ tn

tn−1
‖Λ(∇φ(ûhτ ) + η(ûhτ )∇Ψ)−Λ(∇φ(u) + η(u)∇Ψ)‖L1(T ) .

Predicted error distribution (both in time and in space)

ηnF,T :=

∫ tn

tn−1
‖Λ(∇φ(ûhτ ) + η(ûhτ )∇Ψ) + σhτ‖L1(T ) .

Predicted error distribution in space only∫ tn

tn−1
‖Λ(∇φ(uhτ ) + η(uhτ )∇Ψ) + σhτ‖L1(T ) .

where

uhτ : solution of the numerical scheme;

ûhτ : piecewise affine reconstruction in time and space of uhτ .



Numerical results

Comparison between

Actual error

Predicted error
(time and space)

Predicted error
(space)

λy = 1 λy = 100



Numerical results

Barrier

∂tu− div(η(u)Λ∇(p(u) + Ψ) = 0

with

Dirichlet Boundary conditions u = 1 on ΣD;

homogeneous Neumann Boundary conditions on ΣN;

η(u) = |u|, p(u) = u, Ψ(x, y) = y;

adaptive time-step strategy.

Λ =

(
10−2 0

0 10−2

)

Λ =

(
1 0
0 1

)

ΣD
ΣN



Numerical results

Barrier

∂tu− div(η(u)Λ∇(p(u) + Ψ) = 0

with

Dirichlet Boundary conditions u = 1 on ΣD;

homogeneous Neumann Boundary conditions on ΣN;

η(u) = |u|, p(u) = u, Ψ(x, y) = y;

adaptive time-step strategy.



Numerical results

Quarter Five Spot

∂tu− div(η(u)Λ∇(p(u) + Ψ) = finj − η(u+)fout

with

homogeneous Neumann Boundary conditions;

η(u) = u2, p(u) = 2u, Ψ(x, y) = −x;

adaptive time-step strategy.

finj

foutΛ =

(
10−2 0

0 10−2

)

Λ =

(
0.1 0
0 1

)



Numerical results

Quarter Five Spot

∂tu− div(η(u)Λ∇(p(u) + Ψ) = finj − η(u+)fout

with

homogeneous Neumann Boundary conditions;

η(u) = u2, p(u) = 2u, Ψ(x, y) = −x;

adaptive time-step strategy.



Numerical results

Linearization adaptive stopping criteria

Ω unit disk, R = 2.6;

Mesh size ∼ 0.16;

η(u) = u, p(u) =
m

m− 1
um−1, m = 4;

Λ = Id;

Exact solution:

u(t, (x, y)) =

 1

t+ 1

([
1−

m− 1

4m2

x2 + y2

(t+ 1)m

]+
) m

m−1

 1
m

,

with Dirichlet BC

τ = 0.01, t0 = 0, tf = 0.1

Stopping criterion for the nonlinear solveur: ηlin ≤ γηdisc



Numerical results

Linearization adaptive stopping criteria

Stopping criterion for the nonlinear solveur: ηlin ≤ γηdisc

Time 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 Cumulated iterations

Exact solver 22 20 18 18 16 15 15 16 15 15 170

γ = 0.01 7 5 5 4 4 4 4 4 4 3 44

γ = 0.1 6 4 3 3 3 3 3 2 2 2 31

γ = 0.3 6 3 3 3 2 2 2 2 2 2 27

γ = 0.5 5 3 2 2 2 2 1 2 1 1 21

Exact solveur A posteriori strategy

0 5 10 15 20

10−10

10−8

10−6

10−4

10−2

ηdisc
ηlin

0 1 2 3 4 5 6
10−5

10−4

10−3

10−2

ηdisc, γ = 0.01

ηlin, γ = 0.01

ηdisc, γ = 0.1

ηlin, γ = 0.1

ηdisc, γ = 0.3

ηlin, γ = 0.3

ηdisc, γ = 0.5

ηlin, γ = 0.5

t = 0.02



Numerical results

Total errors

Exact solver Adaptive strategy, γ = 0.5

Distribution of the error components, γ = 0.5

Discretization error Linearization error



Going Further

More complex physics: Incompressible two phase flows

Find saturations so, sw : (0, tf)× Ω→ [0, 1] and pressures po, pw : (0, tf)× Ω→ R
such that

∂tso − div(ηo(so)∇po) = fo(so), in (0, tf)× Ω;

∂tsw − div(ηw(sw)∇pw) = fw(sw), in (0, tf)× Ω;

so + sw = 1, in (0, tf)× Ω;

po − pw = π(so), in (0, tf)× Ω;

ηo(so)∇po · n = 0, on (0, tf)× ∂Ω;

ηw(sw)∇pw · n = 0, on (0, tf)× ∂Ω;∫
Ω
pw = 0, on (0, tf);



Going Further

More complex physics: Incompressible two phase flows

Find the saturation so : (0, tf)× Ω→ [0, 1] and the pressure pw : (0, tf)× Ω→ R
such that,

∂tso − div(ηo(so)∇(pw + π(so))) = fo(so), in (0, tf)× Ω;

−∂tso − div(ηw(1− so)∇pw) = fw(1− so), in (0, tf)× Ω;

ηo(so)∇(pw + π(so)) · n = 0, on (0, tf)× ∂Ω;

ηw(1− so)∇pw · n = 0, on (0, tf)× ∂Ω;∫
Ω
pw = 0, on (0, tf).



Going Further

More complex physics: Incompressible two phase flows

Find the saturation so : (0, tf)× Ω→ [0, 1] and the pressure pw : (0, tf)× Ω→ R
such that,

∂tso − div(ηo(so)∇(pw + π(so))) = fo(so), in (0, tf)× Ω;

−∂tso − div(ηw(1− so)∇pw) = fw(1− so), in (0, tf)× Ω;

ηo(so)∇(pw + π(so)) · n = 0, on (0, tf)× ∂Ω;

ηw(1− so)∇pw · n = 0, on (0, tf)× ∂Ω;∫
Ω
pw = 0, on (0, tf).

Injection
well

Extraction
well



Going Further

More complex physics: Incompressible two phase flows



Thank you for your attention



Definition

A sequence (fn) ⊂ L1(Ω) is uniformly equi-integrable if

∀ε > 0, ∃α > 0 s.t.

[
m(E) < α⇒

∫
E
|fn|dx < ε, ∀n

]
.

Theorem (Vitali)

Let (fn)n be a sequence of functions uniformly equi-initegrable, such that

fn −−−−−→
n→+∞

f a.e. in Ω.

Then,
fn −−−−−→

n→+∞
f strongly in L1(Ω).

Theorem (de la Vallée-Poussin)

The sequence (fn)n is uniformly equi-initegrable if and only if there exists

Γ : R+ → R+ with
Γ(x)

x
−−−−→
x→∞

+∞ such that

∫
Ω

Γ(|fn|)dx ≤ C,

for some C > 0.
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