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Bose-Einstain condensates

o .

1925: prediction of Bose and Einstein that for a gas of non
Interacting particules, for T' < T,, a macroscopic fraction of
the gas which is condensed in the ground state ( 7 = 0).
No experimental evidence.

1995: Bose Einstein condensation is achieved in atomic
gases (Jila group, Rubidium)

2001: Nobel Prize (Cornell, Wiemann, Ketterle)

2003: Nobel Prize (Ginzburg, Abrikosov, Leggett).

A BEC is a guantum macroscopic object described by a
macroscopic wave function (complex-valued function on

R3).
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Bose-Einstain condensates

Principe d'un piége magnéto-optigue l

# laser cooling (100pK, 10° atoms, 1em?)
#» magnetic trapping

L # evaporative cooling: 107 atoms, temperature ~ 90nK J
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Bose-Einstain condensates

=

Harmonic trapping 1 (w,z? + wyy* + w,2?) =
Cigar-shaped condensate

(2n) 200 Hz Y Condensat
= (2n) 10 Hz

®, =
(1,




Experiment: rotation

-

The condensate is rotated along the z axis.
# () small: no modification is observed

# () larger: vortices are nucleated

Dalibard et al., PRL 84, 806 (2000)

LKetterIe et al., PRL 87, 210402 (2001) J
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Ho PRL 87, 060403, 2001. (regular lattice)

Previous works:

=

Baym, Pethick PRA 69, 2004. (HLL contributions)

Watanabe, Baym, Pethick PRL 93, 2004 (distorted
lattice)

Jackson, Kavoulakis, Lundh, PRA 69, 2004 (quartic)

Coo

Ang
(hyo

per, Komineas, Read PRA 70, 2004
In, Crescimanno cond-mat/0210063, 2002

rodynamic formulation)

Mac Donald (oscillation modes)

-
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Model: Gross-Pitaevskii energy

o .

# In a BEC, atoms are described by a collective wave
function « (cf Lieb, Seiringer, Yngvason, ...)

® Wi, > Wy =wi, =1 = 2D model.

The corresponding energy is

1

EW) = | 5IVult = i0a x T+ 5laf gl + ;Naly|t

with the constraint [, [¢/|* = 1.
Hamiltonian Hq = —A + [z|? — QL, L = i(290,, — 210,,).

_ [ 1 oLz L2 e a2y, b 4
LE(w)—/RMIW sty + glePP -9+ gVl
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L owest Landau L evel

Spectrum of Hq: ;) =1+ (1 —Q)7 + (1 + Q)k.
k = 0: lowest Landau level.

Energy bounded below «<— Q <1

= We study Q — 1.
Q<1

-
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Numerics

o .

To compute numerically the energy minimum if Q@ — 1, we
first reduce to the lowest Landau level of Hq (k = 0):

Y(z) = P(Z)6_|z|2, P e C|X].
Then minimize the rest of the energy (z = z1 + ix9):

nt { i), 0 =P, [ w1}

1 — 02 Na
FEror(v) = : z|*[y|* + 7/ ) *.
R? R?

o -
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Numerics

=

the wave function is defined by its zeroes:

fIn the LLL
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4»4»404»‘

P ava
OO0 ]
SO

JAVAVAVAVAVAN

\Aw»ﬁ/

0.999 n = 58

LQ
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Numerics

(0 =0.999, n = 52 (2 =10.999 n = 70.

Here the density profile is an inverted parabola (see Cooper,
Komineas, Read, PRA 70, 2004)

-
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Numerics

3150{ 31410735,

31.48 -

31.46 - 1
n . 31.4107101 et aaaans I .
31.44 1 . 0 60 70

31.42 1

31.40 ——
30 40 50 60 70

Minimum energy with respect to the number n of vortices
E()—0
(e = ")
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Scaling
- o

B(v) = | 5IV0 =i o + e 1oL~ 92) + S Naly!

N

Rescaling: ¢(aj) — *yu(fya;), with N = \/@ (1_292)

E() = /R Vu—z'<1_292)2:ﬁu

1—Q2 2 9 N@QQ 4
o e ([ ot + Y )

1 — Q2
LSet h = \/ 02 small parameter. J

CIRM, January 23-27, 2006 — p.1.

2




Bargmann space

-

LLL-functional:

2
GM() = [ 1P + S5l L)
C

h — 0 Qh — 1
(Fock-)Bargmann space:

|z

u(z) = e~ 5 1(2)
ferF,= {g e L?*(C; 6_%L(dz)), g holomorphic}

(f]g) = /f<z>g<—z>e—ﬁ<dz>.
B



Bargmann transform

-

Bargmann transform 2

1 22 _ (V2z2—y)?
Bagl() = e [ e o) dy

unitary

By: LA(R,dy) "“8Y F, C L*C,e L(dz)).
BrBy =dramay)  BnBj =1I5.

Szeg0 projector :

M) = = [ 1) L),

L ®REF: V. Bargmann (61), G.B. Folland (89), A. Martinez (02) J
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Bargmann transform

on F, on L*(R, dy)
1
211, =2 < —(=ho,+vy)=aj
_ 1
11,z11;, = h@z — E(h@y + y) = ap
1
Nj, = 2(hd,) = I[|z]? — R]IL, < 5(-#@% +y?—1)
1 Mo Hh = (a})"Hy
(mh)L/2hn/24/n] mopn2ypl M

Mya(2), (Toeplitz) < oWk (y hD,).

o -
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Bargmann space

-

spaces F;, s € R:

Fo= {f holomorphic , ((1 +22)*/%f € L*(C; 6_272L(d2)))}
— {f holomorphic , (14 Ny)*f € Fz)}.

The imbedding F; C F}, Is compact as soon as s > 0.

a 2
GMf) = (1 u+ )5, +og 2 [l L2
C

2
]

fEeF, u(z) = f(2)e” *



Bargmann space

-

Consequence:

For h > 0 the minimization problem (u(z) = f(z)e™ 2+)

£, =1

admits a solution. A solution belongs to 7 .

QQh 2Na

2€) 2N ab
< min Gh(f) < Zh 222 L oMYy
3 /s | £l 7, =1 3 T
(b ~ 1.1596)

Na§)?
inf GM(/): /|z| u(z) + =5 ful' L(dz).

-
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Hypercontractivity

o .

e N | (2) = [N f] (2) = flet),

Y Ldy) = - L
/@'“' (d2) /@ () L(dz)
— 7 5 ey S g 115
L In 2
0=

The nonlinearity Is associated with a continuous quadrilinear

functional on F,.

2E. Carlen (91), L. Gross (99)

o -
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Number of vortices.

“number of vortices = O(1/h)”
compactness — topological index ??

Result :
Any minimizer of {G"(f), | f||z, = 1} admits an infinite
number of zeros as soon as

29 +Na ,
< ~ 0.04276v/N
1024 (27)3/2"° ’

h(l + ONa(h1/4))

with

Jrn(2n)!
b~1.1596 and c¢y= min mn(2m)!
neN* 22”(71!)2

-
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Approximation by polynomials.

=

efrr = min G"(f)
||f||7—‘h:1

h - h
e min G"(P)
LLL,K PeCk 2], [P 5, =1

[Ty, x = 1jp px](Np) Orth. proj. on Cg|z].



Approximation by polynomials
B o

Ca(h)?+C -
® 0<elr gx—elrn <1 cfg()h;zhf(()) (hK)~" with

Cy(h) = O(h~1/2).

» Same upper bound for || f — Hh,Kfoh’ when f is a
minimizer.

® |If Px Is a solution to the restricted minimization problem
for K € N, then after extraction

Tim | — Pl 7, + INA(f = P, = 0.

and the linearized Hamiltonians converge in the norm
resolvent sense. @

2Grushin problem, REF:Sjostrand-Zworski (03)
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© function

-

Definition:
R (n+1/2)2 (2n+1)
_ _1)" itT(n+1/2)? _(2n+1 7T’i?}.
O(v, ) Z,nzg_oo( ) e e

Result: If f is holomorphic and cancels on each site of the
lattice 2Z @ ZZ, with o € R and 7 € C \ R, and if the function

2
Ed

lu(z)| = |f(z)le” » Is periodic, then

_ 1L = | 1L
o=/ and f(z)=e¢e @( th,T).

o -
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Limit h — 0

a € C%8(C) with compact support.

fa:Hh(af)°

(Ni+h = \) fa + NaQ311 (—'Q\fal fa) -

Oy [(J2> = A4+ A\ Nai|af?) o] Ty f + OF, (hP/?).

-
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Limit h — 0
-

Application 1 :
Take \ = \/A Na®% and

oo (A=)
)\TNaQ% '

Then

(Np 4+ h — N) fo + NaQ311 ( |fa| fa)_ £ (b4 .

o -
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Limit h — 0
-

Application 2 : If

f=thes)  f@)=cho(\/ZLar).

with a(z) and 7 independepent of ~ > 0,
then || /2, — f2]| z+> = o(h") implies

2¢m .
= Toin =€ 5, hexagonal lattice b = MTmin),

\04(2)’2 _ (\/Nab/W — |Z|2)+
Nab

2 [2Nab
Land Erir(fiin) = S Wa +o(h°) . B
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Hypercontractivity

-

Consequence: Euler-Lagrange equation

2
E |

zh@szrNaQ%Hh( — | f] )th—()\—h)f:()

I1;, [|z|2+NaQ2 -5 Vs —/\] [, f=0

2

O hdf + ok (R[]~ (A~ B)f =0




Back to Hypercontractivity

o .

Consequence of hypercontractivity: Hamiltonian dynamics
The Cauchy problem

{ 10 f = 205;G"(f) = 2Ny f + 2NaQ%Hh(e—%|f\2)th
ft=0)=Jfo.

admits a global solution for all f; € F;, such that

1F @Oz = llfollg, invariance e'* f
G"(f(t)) G"(fo)
(f(t) | Nof(t)) (fo| Npfo) invariance f(e'“z) .
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Per spectives

-

This provides an upper bound for the energy. What about
a lower bound? homogenization technics,
['-convergence...

Link with crystallization problem?
Justification of the LLL ansatz?
Compute the oscillation modes?

Bounds on the minimizer(s)? (for instance in L°°)

-
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