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1. Coarse-graining of polymers; DPD methods

2. Stochastic lattice dynamics/ KMC
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Tschop, Kremer, Batoulis, Burger and Hahn Acta Polymer. '98.
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Microscopics:

e Continuum model: X € (R3)Y — positions of n atoms on one
macromolecule; m macromolecules; N = nm.

e Hamiltonian:Hy(X) = Hp(X)+Hnp(X)~+Hcoul(X) +Hwan+Hin
Bonded Interactions: Gaussian, FENE, etc. short-range

Hb(X) = ZUb(ei7¢i7ri) short-range

Non-Bonded Interactions: 12-6 Lennard Jones long-range

Ho(X) =Y UL (ji — o))
.7.]'
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Molecular Dynamics ( via Langevin thermostat)

e UA is a typical set-up for CG in polymer science literature:
Briels, et. al. J.Chem.Phys. '01,;

Doi et. al. J.Chem.Phys. '02;

Kremer et. al. Macromolecules '06, etc.

Also the parametric statistics approach:

Muller-Plathe Chem.Phys.Chem '00.
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CG procedure, "blobs’: for instance Doi, et al. '02

TX =Q = (q1,...,9m) € Q, where ¢; € R3.







How to calculate the CG non-bonded interactions U,:

nonbonded contributions

i . ‘) bonded contributions
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e T he calculation is computationally feasible but disregards multi-
body interactions.

e Extension to long chains: Doi et al.J.Chem.Phys. '02.



CG in polymers: sensitive dependence to temperature
low vs. high
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e DPD: Pivkin, Karniadakis J. Chem. Phys. (2006): artificial
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2. Stochastic lattice dynamics—Ising Systems

o(x) =0 or 1: site x is resp. empty or occupied.

Hamiltonian: Hy (o) = —1 vy I (@ )0 (@) () +h) o(z)

- J:. potential with interaction range L,

1. ,i—j
J@—y)=2V(—

possibly short-/long- range interactions.

),z =1i/N,y=3j/N

Canonical Gibbs measure: at the inverse temperature g = %

pin (o = 00) = %ﬁ exp { — BHy(00) } Pr(o = o0)



Arrhenius adsoprtion/desorption dynamics:

Fine Lagice L f i
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o(x) = 0 or 1: site x is resp. empty or occupied.




Why study this system?

0. Many-particle system, related to realistic models, KMC, etc.

1.Strong interactions/low temperature — clustering/phase tran-
sitions. " Complex” landscape: metastability of islands.

How CG performs in predicting phase transitions and various
rare events?

2.Equilibrium/ Detailed Balance.

How CG performs in transient and long time regimes?

3.Numerous analytic benchmark solutions; a variety of mathe-
matical physics tools.



Hierarchical coarse-graining of stochastic lattice dynamics

Construct a stochastic process for a hierarchy of “mesoscopic”

length or time scales. Coarse-grained Monte Carlo algorithm
(CGMOQ).

Pine Lattice L f i
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Coarse observable at resolution gq:

In general it is non-markovian



Stochastic closures: can we write a new approximating Markov
process for n:?

e "'projective dynamics'’: Koleshik, Novotny, Rikvold, PRL '98;
coarse rates for total coverage calculated by sampling;

Ergodicity: Are the long-time dynamics reproduced?

e Errors can contaminate the simulation at long times; wrong
switching times in bistable systems: Hanggi et al PRA '84 (well-
mixed systems).

e Connections to lumpable Markov processes
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1. CG Schemes at Equilibrium

K., Plechac, Rey-Bellet, Tsagkarogiannis, [MQAN, ‘07, J. Non.
Newt. Fluid Mech. '08, preprint]

e CG Hamiltonian—Renormalization Group Map: N = mg

o BHm(n) — /e—ﬁHN(U) Py(do | n) = E[le P8 | 5]

e Heuristics: Expansion of e2H and log:
=E[AH |7 +E [(AH)?|n] —E[AH |n)* + O((AH)?)

formal calculations inadequate since:

AH=Hy— A9 =N.0O(e)

e Rigorous analysis — Cluster expansion: around FLS,?)



Systems with short4long-range interactions

Hy(o) = Hi (o) + Hy (o) ;

J. long range potential ~ H](\? radius L. K: short range potential
~ H{ with radius S << L.

Examples: Surface processes, epitaxial growth, polymers, etc.

CG: approximation of the free energy-landscape.

CG prior: P,(n) = Pv({o : To =n})




Case 1: Long- and intermediate-range interactions
Approximate CG Hamiltonian:

e Analytical version of McCoy-Curro scheme in polymers:

_ 1
Um(ng,m; k—1) = 3 |09/6_ﬂHN(U)PN(dU | s 1)



Corrections to the Hamiltonian A —Multi-body terms

o E.(k) = E-(n(k)) = (2n(k)/q — 1)" + 04(1)
e "Moments” of interaction potential J:

Computational complexity-Compression of A1)




Rigorous analysis — Cluster expansion

Idea: Identify clusters that do not "communicate'’ —factorize—
then Taylor expand.

Step 1: Rewrite

[ ) = [ Tla+ 290 - 1) Putao

k<l

where

AuI(@) =53 S U y) — T D)oo ()

zeCy yel

Step 2: Assume e — 1 small and expand

Convergence criterion for the resulting series (Kotecky-Preiss-
Dobrushin)



Error Quantification in CG Schemes
Theorem 1:
Define the “small” parameter ¢ = 1|V J|

1. Approximation of the CG free-energy landscapes

2. Loss of information during coarse-graining

e Specific relative entropy:

R (u|v) 1=%Z|09{%}u(0) o

e To = Projection on coarse variables= 2 yeD, o).



Remarks:




General Case: combined short+long range interactions:
K., Plechac, Rey-Bellet, Tsagkarogiannis, [preprint '08]

Results on the long range interactions suggest a separation into:

e smooth, long-range interactions (expensive with KMC-very
efficient with CGMCQC)

e sSeparately handle short range interactions*

*Related Cluster Expansion: Bertini, Cirillo, Olivieri, J. Stat.
Phys. '99.



Double/Triple terms in CG short range interactions:

AD, (e — 1), n(k),n(k +1)) = —%log (1= A0k, — 1))PE((K)

ALK DLy (n(k + 1))
PR SUGRVEAURIUG )

where A = tanh(BK),

e Semi-analytical splitting method: Fine scales are sim-
ulated (cheaply) in the ®-terms, then a CGMC step is
performed.

e Triple terms are importam-at lower temperatures.



CG Markovian Dynamics
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e Coarse-grained rates: Detailed Balance
Adsorption rate of a single particle in the k-coarse cell

ca(k,n) = q—n(k)
Desorption rate

ca(k,n) =n(k)exp [ — B(Uo + T (k))]
with or w/o higher order terms.




Formal derivation
Step 1: From the microscopic generator:

%Eg(n) = EY { Y ez, o) (1 - a(w))} X

ke e Dy,

l9(n+6:) — g()] +

ES? { S: c(x, o)a(w)} X

9t — o) —g(m)].

“Closure” argument: Express as a function of the coarse vari-

ables the terms

{Zc(:c,a)... } {Zc(az,a}... }

xe Dy e Dy,



® > .cp c(x,0) (1 — a(w)) = (q — n(k)) = cq(k,n)

One possibility: c(x,0) ~ const. on coarse cell Dy, e.g.
1. high temperature/external field, or
2. g << L q: level of coarse-graining, L: interaction range

We have

ca(k,n)~n(k)exp [ — B(Uo + TU(k))]
where U(z) =U() + O(%) and




I. Error Estimates for observables — Dynamics
[K., P. Plechac, A. Sopasakis, SIAM Num. Anal. '06]

Theorem 1:

q. level of coarse-graining

L: # of interacting neighbors

coarse grained observables/quantity of interest: 4,

microscopic dynamics: oy,

coarse-grained dynamics: n

e To; = Projection on coarse variables= ZyeDk a:(y).

e Error accumulation as T — o7 2nd order error estimates at
equilibrium



Elements of the proof:

1. . Markovian reconstruction of the microscopic process o;
from the coarse process n; with controlled error:

o T(v)>0 and (n:)i>0 have the same distribution
o |E¢(or) — E¢(yr)| < Cre?,

2. Stochastic averaging — cancellations and 2nd order accu-
racy.

3. Bernstein-type estimates to control discrete derivatives—
here related to the number of jumps-extended system!

4-._



Error II-Loss of information during coarse-graining

[with José Trashorras (Paris IX), J. Stat. Phys. (2006)]

® i, ,p5(t): Coarse-grained PDF at time ¢.

o uypoT(t): Projection of the microscopic PDF at time ¢ on
the coarse observables.




coverage

Some computational tests

CG Arrhenius lattice dynamics Metastable regime

1. Power law interactions: J(r) = r—2.
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Coverage

2. Switching Time PDFs/Autocorrelations-corrections
Coverage in Time
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coverage

N=1024; q=8; Jo =5.0
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Comparison of deterministic (top row), CGMC (middle row), and experimental patterns (bottom) of
Pb/Cu(111) system as the Pb concentration increases from low (left) to high (right).



Reverse CG map—Microscopic Reconstruction

[Tschop et al Acta Polymer. '98], [K., Trashorras, J. Stat.
Phys. '06], [K., Plechac, Sopasakis, SIAM Num. Anal. '06]

[Trashorras, Tsagkarogiannis '08]: systematic equilibrium study

We can think of the conditional probability py(do|n) as recon-
structing (perfectly) un(do) from the (exactly) CG measure

par(dn).




Example: ji5)°(dn) = a\y(dn), vn(do|n) = Py(do|n),

a. Py(oln) is a product measure == "local” reconstruction
at each coarse-cell;

b. Reconstruction for equilibrium and dynamics;

c. Numerical error estimate for reconstructed microscopic dy-
NamMIcs ~y:

|E¢(or) — E¢(yr)| < Cre,



Thus far: Applied math/statistical mechanics perspective of expanding (using cluster
expansions) around a “carefully” chosen first CG guess,

A statistics perspective:

Importance Sampling based on proposals sampled from CG distibutions

K., Plechac, Rey-Bellet [J. Sci. Comp. ], to appear (2008).



CG diagnostics, a posteriori error—Adaptive CG

[K., Plechac, Rey-Bellet, Tsagkarogiannis, J.Non-Newt. Fluid
Mech. to appear, '08]

1. Cluster expansions — a posteriori expansion for the relative
entropy.

Ho(n) = A (n) —% log Efe™#Hv=H) | ) = HO () + AL () +..

The error indicator R(.) is given by the terms H® () and
depends only on the coarse variable 7:

2. " Goal-oriented” a posteriori estimates and adaptivity?

Typical observables: spatial correlation functions of coarse ob-
servables



A mathematical prototype:Competing short (Lx = 1) and
long (L; = 64) range

Hy=-K Y o@ol) - 5> o@o)+hY o)

lz—y|=1 x,y

Exact solution in 1D/2D (M. Kardar, PRB '83)
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Example: Adaptive computation of phase diagrams

Magnetisation curve L_long=128,J=0.0, L_short=1, K=-1.0, beta=3.0 A posteriori error indicator
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