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Stochastic modeling and simulations for many particle (N) sys-
tems.

Relevant scales:

e Microscale: stochastic process (spin-flip dynamics, MC al-
gorithm)

e Coarse-grained: CGMC

e Mesoscale: Free energy and evolution for “order parame-
ter” (LLN)

e Macroscale: Free energy and evolution for phase boundary

Question: Good numerical tool to capture effects of stochas-
ticity.



Motivation from polymer science literature, e.q.
1. Tschop, Kremer, Hahn, Batoulis, Blurger, 1998
2. K. Kremer, F. Miller-Plathe, 2001
3. Reinier, Akkermans, Briels, 2001
4. Fukunaga, Takimo, Doi, 2002

5. Harmandaris, Adhikari, van der Vegt, Kremer, 2006



Instead of running directly microscopic simulations, we follow
the scheme: (Miiller-Plathe, Chem. Phys. Chem, 2002)

1. Derivation of a CG model from the original microscopic
model.

2. CG simulation.

3. Reconstruction: Reverse mapping of the CG model into a
reconstructed microscopic model.

4. Simulation of the reconstructed microscopic model.



The model, equilibrium theory

Hamiltonian:
Hy(0) =3 3 3 I p)o@ow) +h Y o@)
TENN YyFx TENAN

where

1 n
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Gibbs measure:

prade) = e PNOP (o), Py(do) = [ pldota))



(i) CG of the configuration space
Partition T? into m? boxes Cj
Block Average Transformation F : o — {ZmGCk o(x)

C-G configuration: n € Sy = {—q%, ..., ¢} .

(ii) CG of the a-priori measure

o) = Py (o F@) =) =[] () 5"
k 2

(iii) CG of the Hamiltonian Effective coarse-grained Hamiltonian:
1

e~ BHM) — e PHN Py (do)
P J (o v(0)=n}
Define:
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Notice that R(ilux o F~1) =" ji(n) log Mﬂgg)l =0



From [Katsoulakis, Plechac, Rey-Bellet, T., M2AN 2007] we
have:

1 A =AOW) + AD @) + A () +mO(e)
where
AO@) = ElHyln]= / Hy (o) Py(do| {o : F(o) =n})
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Obtain:

A ] 1 - o)—H©
H(n) =HO(n) - 5 log Ele LCNORIONS



where

HN ()~ AOm) = 23 3 ()~ T D)o (@) (2—d)
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Note that
J(x—y) — J(k,1) ~

which implies

Hy — H® ~ N4 ||VVHOO

Thus we need to compute:

H(n) = A® () - 5'09 / H<1+fk%J<a>>Hpk<da>

k<l
where
27 (o) == exp{-BAkJ (o)} — 1



Using cluster expansion techniques with small parameter
q
BIVVI
we obtain (1).
Then construct new higher order CG Gibbs measures:

_ 1 7(0) 7
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Note that R(fla?) ) ~ O(er+?)



Magnetization: interaction L=8, J0=1, B =2 (mean field: |3C =1)
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Comparison of fully resolved ¢ = 1 and coarse-grained ¢ = 8
simulations. The interaction range is L = 8 and the inverse
temperature is fixed at g = 2.



Reconstruction

Assuming a CG simulation (i.e. for some n), consider the de-
composition

pn (do) = pn(doln)
with uy(o) =0 if F(o) # n.
Compare with
v(do) := v(do|n)

Decomposition of the error in two scales:

R(v|pn) = + ) ER ) RECm v Cn))
n



Goal: Construct approximations v(:|n) of ux(:|n) s.t.

1. For every n € Sy the probability measure v(-,n) lies within
a controled distance from un(:|n).

2. For every n € Sy sampling from v(-,n) is computationally
less demanding than any “direct” sampling from un(:|n).



We decompose the domain into odd- and even-indexed recon-
struction boxes D and we write:

pn(oln) = MN,5(08|77)MN,0(00|05,77)-
and similarly for v(:|n).

Error:
RO/('”)‘UN(‘T])) — ZV(JO|U)ZV(O'O|O'5 n)ln 1/(0‘0‘0'5777) n
5 ’ pn,o0(cClof,n)
V(J‘Sln) o
V(o min LTRSS " (o )
Zg (o€|n) Z
Fix 0% € Sye. Take |D| > L

un.o(-|o€,n) defined on Sy factorizes = parallel computations.

Thus, it is not very expensive computationally to consider (with
Zero error)

v(:lo%,n) = puno(-lot,n)



So it suffices to focus on the approximation of uy ¢(aln) for fixed
o € Sye. We have:

e_ﬂWN,g(avn)

— ~ Ck
pe(aln) = =z Q) rla™),

k€ENAy
where

e—BWN,s(OMI) = Exn [e_ﬁHN(U)’Oé, T]]



For the computation of Wy ¢(a,n) we treat the following cases
separately:

1. If @Q < L: mean field type approximation with error of the
order Q/L < 1.

Small parameter: e ~ 2||VV ||«

2. If Q > L a mean field approach is not a good approximation
any more and we exploit the mixing condition

Small parameter: § = ﬁﬁ

VA sz1, Dz+1; VA OD171,0D1+1; L
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Case 1 If Q < L:

e First approximation:

WD (o m) = En[Hy (oo, 7).

Error: LH (v Cim)lun(:[m)) = O(?)
e Higher order corrections:

- — 1 _ )@ (o
Wive(a,n) = Wig(anm) = ~5 09 E[e” U@ Wh@em)jq ],

Error: 2 (Wye(o,n) — > Wik(a,n)) = O(erth).
But not product!

e Higher order and product: increase the reconstruction do-
main



Case 2 If @ > L:

e—ﬁVT/N,s(a,n) — / e_’BHN([UO’a]) H ﬁk(o'Ck)
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We obtain:

H o~ Hii(o) H Ar-10041(n) H B ()%

l:even l:even l:odd

[T+ fvimatan)) T #ialnom)

l:odd l:even

where

1
fi (@) =

Ai—10041(n)
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e First approximation:

W]Ef(?g(a7n): Z Hl,l(aDl7aDl)_% Z Ingl*(aDl)'

0<i<2U-1 0<I<2U-1
l even 1 even

Error: LHWQ (i mlun (1)) = O(L)
e Higher order:

BWiela,n) = BWLa,m)— > 10g(1+fi1i41(aP, aP+)).

0<i<2U-1
! odd



