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In what sense?



Compare with the time-independent Schrodinger

HO = ED

using observables

T—o0

/ 3(N+J)g(X)<I>(x,X)*CI>(J;,X) dxdX — lim T} / ' g(X(t))dt



Which Molecular Dynamics?

X=-N(X)+7

e What is \?
e Which observable can be computed and how accurate?

e Which discretization?
e How model temperature 7, dissipation and fluctuations?



The Usual MD Derivation

Usual start from time-dependent Schrodinger equation [']

e self consistent field equation: wave function separated
e Ehrenfest dynamics: classical nuclei paths for large nuclei mass

e Born-Oppenheimer approximation: electron wave function is the
ground state.

'Bornemann F.A., Nettesheim P. and Schiitte C., J. Chem. Phys, 105 (1996) 1074-1083;
Tully J.C., Faraday Discuss., 110 (1998) 407-419;
Marx D. and Hutter J., Ab initio molecular dynamics: Theory and implementation, Modern Methods and Algorithms of
Quantum Chemistry, J.Grotendorst(Ed.), John von Neumann Institute for Computing, Jilich, NIC Series, Vol. 1, ISBN
3-00-005618-1, pp. 301-449, 2000



A Different Derivation

e time-independent Schrodinger as Hamiltonian system
e Hamilton-Jacobi stability theory for different Hamiltonians

e infinite time issue reduced to finite time hitting problem



Inspired by Maslov

Compare with observables from time-independent Schrodinger:

e Modify Maslov's WKB-AnsatZ’|

— introduce time by momentum in characteristics
— introduce integrating factor from divergence of momentum
* modify multicomponent Eikonal and transport egs.

e Use Hamilton-Jacobi-theory to estimate difference of value func-
tions by difference of Hamiltonians

* difference of phase functions from difference of Hamiltonians

of MD and Schrodinger

* difference of densities from difference of (differentiated) phase.

2Maslov V. P. and Fedoriuk M. V., Semi-Classical Approzimation in Quantum Mechanics, D. Reidel Publishing (1981)



Difference Between the Two?

+ experimental accuracy of time-independent Schrodinger
+ long time stability and improved convergence rates

+ nuclei paths behave classically without separation and small sup-
port

+ stochastic perturbation of ground state leads to Langevin

* only equilibrium situations (?)



Time-independent Schrodinger

Schrodinger: H(z, X )®(x, X) = Ed(x, X)

1
H(z, X) = X) = — S Ayn, M>1
(z,X) =V(z,X) QM; xn, >
1 < ]
V(z, X) :_§ZAﬂ+ > e
j=1 1<k<jy<J
— |77 — X" | X" — X™|
n=1 j=1 1<n<m<N

¢ € anti-symmetric/symmetric solution space



Error in Observables

Schrodinger observable approximated by molecular dynamics

T
/ 9(X) - D dX—ler;oT_l/ (X)) dt =
RN ngj O* (2, X)P(z,X) de=:pg ~ & y
=J 9(X)prpp(X)dX

Molecular dynamics example

Xt = —)\/<Xt>
for electron eigenvalue

V(:, X)Wo(X) = AMX)Wp(X)



Electron eigenvalues and density of X: M = 10, 1000
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Electron eigenvalues with spectral gap and density
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Crossing electron eigenvalues and density
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Plan

o \WWKB-Ansatz
e Eikonal & transport eq. & Born-Oppenheimer

e A theorem on accuracy of BO-approximation
e Stability from Hamilton-Jacobi
e Symplectic Euler

e Caustics



The WKB-Ansatz
Pz, X) =9Y(x, X)eiMl/ze(X) (Fourier integral for caustics)
implies
<H - E)??b@iMl/Qe(X)

B |(9/|2 B
—(( 5 TV E)y "

(¢ ol 1+ ¢9//) B _¢//) zM1/29

M1/2
s 0'( X)|? V(X
o 19(X)] LY ( W_EH_M
2 . X'
= Vp(X)



Eikonal and transport equations

Eikonal: 7))
0= ; +W(X)—E =0
where
i) o PO VX UL
(X, ) - ¥(X, )
with Hamiltonian |p|?/2 + V(X)) — E has characteristics
X = Dt

pe = —Vy(Xy)



Determine :
0= (H — E)ype™ %)
0"
— (5-+ V%o - By

2
(0 o84 t) (V= Voo — )

(

M2

Characteristics _ _
p=1px e X =y e 0y
and weight function definition

d 1
_1 — —6//
g 108Gt = 5

gives transport equation

i d G




with ¢ .= G

5. G
—5 = (V = Vo) — s( 5"

Born-Oppenheimer approximation:
Electron eigenvalue gap implies ¢ = Vo + O(M_l/Q)
for electron eigenvalue problem

V(X, )Wgo = A(X)¥p0



In the case p = V gp:

Hamilton-Jacobi equation
Hpo = @—H\(X)—E = (0, eigenvalueproblem VWpo = AVpo
with p = 6’(X) has Hamiltonian system

Xt — Dt
pr = —XN(Xy)

called Born-Oppenheimer dynamics.



Densities: pyrp =7 pg ="

Two ways:

|. Conservation div(pyp6') =0

implies pyrp = —pup 6.

1. & ~ \IJBOG_leiMl/QQ implies
pup = G~? and G-definition gives
d

_1 —2: _9//
- og G



FEquation for pg=®-® =1 -

Multiply (1) by ¢)* integrate in dz; take complex conjugate of (1)
multiply by 7 integrate in dx; subtract these:

~ MR - Axp) = (W -+ - Py) @ Oy + 0 - pAxO
= div(psfy)
= pg e Oy + psAxb

we have pg = p o 0’
so for 6 = fOg

ps = —psAx0s — MY2S(¢ - Axeh).

Compare for 6 = 0,/p

pyMp = —pPMpAxOyp



The Born-Oppenheimer Approximation

Take electron eigenstate: o =V, , V(X)U, =\, (X)V,

implies BO-approximation
Xt = Pt
P = =X, (X4)
(H — E)®yp = O(M™1/?)

Theorem. Assumé’| electron ezgenvalue gapl], bounded hitting
time and smooth 0, then for any 6 > 0

/g(X) (prp—ps)dX = /g(X)(chD@MD—@@)dX = O(M ™)

3caustics: ® = [ra ¥(z, X, X)etM VAXp=0XD)) dpy
4non degenerate elgenvalue crossings: O(M —1/ 2)



Difference of Hamiltonians Determines the Error:

1. Use density egs for ps and py;p, Eikonal egs for 65 and 0,,p

2. Use stability of corresponding Hamilton-Jacobi hitting time eq.
for 0: phase perturbation bounded by Hamiltonian perturbation

3. Use stability of Hamilton-Jacobi equation for p



2. Stability of Hamiltonian Systems from Hamilton-
Jacobi Eq.

Stability of Hamilton-Jacobi equations
H(Y,0y0) =0
H(Y,0:0) =0

gives ) )
16 = 0|z < Cl|H — H| o

Hamilton-Jacobi density eq.

0" e (logp) = —dive’ — M2 - Axa))



Hamiltonians

Hy =+ pr. .Vf -
N’
=Vo(X)

Hpo = @4—)\0()() - b
Hitting problem
0(¥y) = 6Y:) ~ [ hla. s
0
2
hs =FE+ % — Vo(X)

hso = E + 22 — x(X)

satisfies the Legendre transform

H(q, X) = ST (q®9,H(p, X) — h(p, X)).



Stability for Hamilton-Jacobi eq.

0(57) — [ @ ¥ = (007 = [ wla vt

7 \ 7
~~ ~~

0(Yp) 0(Yo)

= — [y B, Vi) dt + 0(Yz) — 0(Yp) +0(Y7) — 0(Y5)

= — [Th(G, Yy) dt + [ dO(Y;) + 6(Y3) — 6(Y5)




Symplectic Euler simulations:

For Born-Oppenheimer Hamiltonian Hpo = 3|p|* + A\o(X) — E

Xn_|_1 = Xn ‘|— AtapHB()(Xn, ﬁn_|_1>
Pr+1 = Pn — AtOxHpo(Xn, Pns1)

define

B (n+1)A B 1 ) -
600 = [ (o) = o = E)ds +8(X0
t

then
Ha0(020(X), X)) -

yields explicit construction of perturbed Hamiltonian system as in
M. Sandberg & A. Sz. M2AN 2006 using’

not based on formal modified equation expansion



steps wn 2006 proof

o symplectic <= 0x0(X,,t,) = Py,
e continuous piecewise linear extension (X, p;)

o d)(X;,t)/dt = ... along optimal path



HJ stability with this perturbed Hamiltonian yields accuracy

/9<X></0MDN — ps)dX = O(M ™ + At)



Caustics
WKB Ansatz

B(X,z) = | X, w)elt I ETIE g

Schrodinger solution

0=(H — E)®

~ A

2

0:0(X,p)|* |p . . o Go
:/ (o <2 . + L V(X) = B)g(X, )M (X050 g
Rd

R o ~ ~ 1~ ~
_/Rd (ZM 1/2<8X¢08X9—|—8X¢0p—|—§¢8XX@)

- 1 N\ . o =
_ <V _ ‘/0>¢ L maXX¢) 62M1/2 (XOP—Q(X,p))dﬁ.



Simplest caustic
Scaled Airy-function
u(x) = C/ eiMl/Q(xq_qg/?’)dq.
R

solves Schrodinger
—M () — zu(z) = 0.
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Eikonal equation

Eikonal eq.
00X, ) |pl? L
s (2 P +pQ + Vo (X,00(X,p)) — E =0
gives
2 <12 B
Rd 2 2
_M—1/2 S(X X) / eiM1/2<Xo]5—é(X,]5))dv
——— Jw



Transport equation

z'M_W(lZ — @g) =(V — VO)@ — <2M>_1<8XX1L + 81@

for G defined by
d 1

ElogG = §(SO<X) + QXXH(X)),

gives actual Schrodinger solution (not only asymptotic solution).



Schrodinger density

/ G(X) - f MK D) =M AKX 0) gl

7
N~

:9(X)
( Ml/Q(p _ q))eiMl/Q(é(X,é)—9(X,ﬁ))d]§dqu)2

SR, MY2(p — )™M 0000 (X (5+0)/249(-0)/2)/3 5

Qn

I
— \\

v eiMl/QQ L(5—q)e0:0(X ,(p+4)/2) d(p — §)d (p+q)dX/4
= [ g% A (X, 80(X, (p + §)/2) )d(p + §)dX /2
X
a(p)
Ap(X, an X
/9* e ( )|de 9(X)

In the convolution g* A),, the function A, is the Fourier transform
of

i(wed5)30(X p) /M
p=((p+q)/2+yw

€



/RdAM( )X =1,

RdXAM
(X)dX
=0,

RdXXA
w(X)dX
=0,

M
W&&X
pA
w(X)dX
1)



Comparing Schrodinger and MD densities

f 80+aXX§dtdet a(ﬁ)

=X- -
Ps O(X)
PMD = ef Ox x 0dt
/ N/ d / d . aﬁ]
S = Z O,V ( (X, 0 (p Elogv | % 1og(pja—Xj)
j
d
Ox;x;0 = Ox;pj = = ogp;



ldea: Transport equation is HS for Eikonal

HJ generates characteristics so that WKB Ansatz becomes a Schrodinger
solution

¢ 0=0(X,¢"), p=¢ +ip, P(X,z)=0pX, 1)/GX)

o O(z, X;) = ¢(z, Xt)eiMl/2 Jo 0x6(Xs,05)dX

e what are h.o.t?



The new WKB-Ansatz
(H — e[ X

@%F+%—EW

1 e
Ml/zWX O + Wl) (V= Vo) — g )M e

9

/

*

N~—

— O7
Introduce time by characteristics:
el = ep=1 e X = (X, )
The idea:
[L] HI: 0% (X, @) /2+ Vo(X, ) — E =0

[2 | its characteristics implies (%) = 0.



Ehrenfest: neglect " /(2M)

2
0 H=P VX -E=0 V=
d . 1
2] —z'M—l/2G—1%(¢G)+(V—VO)¢ =0,  G/G=divxty

@ := G implies time-dependent Schrodinger
ip = M2V = Vo)y



Find 1)

Vo:=2"'M'Y2¢.V¢ gives characteristics

. M1/2 /
P=— ¢- Vo (= —OxHE)
ZM_l/Qé =V

The phase shift and normalization

o = pet S Vods M1
2. 00

imply
iM~ o = (V = Vo)

so Vp gives [1] & [2] and Schrodinger solution to M ! accuracy



. — : I
Modify Hamiltonian to also include 5771

0 Hs =P vixp -0
G

2 o= MV((V - We - -Ax(5)

Heo IH’X(X2, )| Ve~ E—0

| M1/2 G gb qb
Vs i= =5 (¢'V¢ SIialeE )
M1/? [dX,
2 [ ¢ - ¢ dXo

with X and (¢, X) Eulerian-Lagrangian coordinate change.



The WKB Ansatz yields
(H — Bype " 5507 )ix

[

~ (- +vs - By

1 Z'Ml/Q o' X 6" dX
M1/2(¢X ‘9X + ¢9/,> + (V= Vo) — m¢")@ J 0 (X,0")

= 0,

and the Hamiltonian system is
X=p (= 0pHs)

_M1/2 G gb q§
=5 (0 Vot g AT

(= —0xHs)

ip = M'*V¢



where

. G
Vo= Vo Ax(d)
i [ Veds

p=¢e

ip = MYV — Vi)

: 1
now includes the 571" term.



The Ehrenfest Approximation

X = Dt
== V(X
56t = V(X))o

is Hamiltonian system for HJ

Hg = p|*/2+ ¢ -V(X)p— E =0

with characteristics (X, ©,:p, ¢;) and @ = 2124,
and ¢; ;= qbteiMl/Q Jo &5V (Xs)psds implies
)

M1/2¢t — (V o ‘/0>¢t




Ehrenfest Observables Accuracy
$ — é—1¢6¢M1/2fég(dX
implies

(H—E)>=0(M™)

Theorem. Assumd| electron eigenvalue gapl’|, bounded hitting
time and smooth 0, then for any 6 > 0

/g(X)(,b — p)dX = /g(X)(cﬁ O —D-D)dX = O(M~').

bcaustics: ®(x, X) = fRd q/z(x,X,X)eiMl/Q(Xﬁfé(Xﬁﬁ))dp
"non degenerate eigenvalue crossings: O(M =1/ 2)



Dynamics from the time-dependent Schrodinger

10y®(x, X, t) = H(x, X)P(z, X, 1)

N
1
H(z, X)=V(z,X) — QMZAXn, M>>1

n=1

J
1
V(x,X):—%ZAxH— > o
1<k<jy<J
v 77
z;ZW X" 2 [ X — X
n=1 j=1 1<n<m<N

J
1
—: —§Zij —+ H]
j=1



v-w = / v (x, X, thw(x, X, t) dx
R3J

(v, w) ::/ / v (x, X, hw(x, X, t)de dX
R?)N RBJ
Usual derivation:

1. self consistent field equation: wave function is product of nuclei
and electron function

2. Ehrenfest dynamics: nuclei wave function becomes point mea-
sure

3. Born-Oppenheimer approximation: electron wave function is the
ground state.



1. Time-dependent self consistent field equations

Approximation Ansatz of separation

t
Oz, X, 1) = Un(X, ) Up(z, ) exp (z / (U305, HUpus) ds)
0 Vv

Hj

satisfies time dependent self consistent field equation)

N
iUy = ( — 2M) Y Ay, + Vg H[(X)\IJE) Uy,

n=1

10U = ( /R WXV (X) Uy (X) dX) U

8Dirac P.A.M., Proc. Cambridge Phil. Soc. 26 (1930) 376-385.



O solves perturbed full Schrodinger

N J
. . |
z@tcbz(—(QM) ! E AXn_§ E ij—l—\IJE-H]\IfE
=1l =l
+ / UL H U yd X — Hf)cb,
R3N

and compactly supported Wy in § small domain leads’| to O(§)
approximation of full Schrodinger in L?(dzdX).

9Bornemann F.A., Nettesheim P. and Schiitte C., J. Chem. Phys, 105 (1996) 1074-1083.



2. Ehrenfest dynamics from WKB

\PN _ weiMl/QQ
leads to Ehrenfest
X =—VUgp - 0xV(X)Upg
iM™ 20 = Vg

(X, V) approximate TDSCF with error O(6% + M‘1/2)

10 Bornemann F.A., Nettesheim P. and Schiitte C., J. Chem. Phys, 105 (1996) 1074-1083.
Tully J.C., Faraday Discuss., 110 (1998) 407-419.
Marx D. and Hutter J., Ab initio molecular dynamics: Theory and implementation, Modern Methods and Algorithms of

Quantum Chemistry, J.Grotendorst(Ed.), John von Neumann Institute for Computing, Jilich, NIC Series, Vol. 1, ISBN
3-00-005618-1, pp. 301-449, 2000



3. Born-Oppenheimer approximation: W = ground state

An electron eigenstate: Vp =V,

implies

X = -0, - 0xV(X)¥, = —0x\(X)

Spectral gap can be used to prov O(M~'*) approximation of
Schrodinger in L2,

1 Hagedorn G.A., Commun. Math. Phys., 77 (1980) 1-19.
Panati G., Spohn H. and Teufel S., Math. Mod. Numer. Anal.



