Stochastic molecular dynamics
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Which MD?

MD (NVE): )
X, =-N(Xy)
What is \?
NVT:
Langevin:

X, = -N(X;) — KX, + 2KT)Y*W,

A =7

K =7



Stochastics in Schrodinger?

Usually: coupling to external heat bath
Here:

e time-independent Schrodinger as Hamiltonian system

e Gibbs measure for Schrodinger Hamiltonian system

Results:

e initial Gibbs electrons derived

e spectral gaps and low temperature
—> Langevin, with certain K, approximates nuclei



Plan:

e Time-independent Schrodinger as Hamiltonian system
e Born-Oppenheimer and Ehrenfest molecular dynamics
e /wanzig's model almost Ehrenfest

e Derivation of Gibbs measure
e Two theorems: Langevin approximates Ehrenfest



1. Time-independent Schrodinger as Hamiltonian system

Schrodinger: H(z, X )®(x, X) = Ed(x, X)

The WKB-Ansatz

Sz, X) = Y(x, X)eiMl/QQ(X) (no caustic: Fourier integral for caustics)



implies

<H o E>¢€iM1/29(X)

61
- (5 VB
M1/2<¢ ol + ¢8H) . _w//) zM1/29
s POOP - VX
0= > — ) — FE + h.o.t



Molecular dynamics Hamiltonian systems

Born-Oppenheimer dynamics 1) = eigenfunction = W:

Hpo = @ + AMX)— E =0, eigenvalueproblem VU = \U
Xt = Dt
pt — —)\/<Xt)



Born-Oppenheimer dynamics:

Hpo = @ + AMX)— E =0, eigenvalueproblem VU = \V¥

Xt — Pt
pt = _)\/(Xt)
Ehrenfest dynamics:
_ P, 6V _
Hp=Ul+22_F =
Xt — Pt
¢ - V'(Xi)
L=
Ot - O



Ehrenfest is Hamiltonian system for Hp(X, ¢";p, ¢') using

MYV2 1
2 64
6 =9 +i¢f
p = 0x0(X,¢")

¢' = 0y0(X,¢")



Modify Hamiltonian to include h.o.t. |

Hy = —=F———+Vs - E =
M1/2 Q ¢¢
Vsi= =5 (¢'V¢+2MAG

1
0y o Ox log G = 0"
¢ =Gy
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M1/2 / aQ gb qb
p=—0xHg = (¢'V¢+8X2MA e )
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2. Gibbs measure for Schrodinger Hamiltonian system

Zwanzig’s model]
ldea: Hamiltonian with light (harmonic) and heavy particles

e light particles initially Gibbs
e implies generalized Langevin for heavy particles
e certain weak coupling and Debye frequency gives pure Langevin

e invariant Langevin is Gibbs, averaged over light particles

'Ford, Kac, Mazur JMP 1965; Zwanzig JSP 1973



Langevin eq. from heat bath: Zwanzig's model

Hamiltonian
X2 . . . v
Hy — % +AX) + %(a:' (X)) V(e — B(X)) + q2—mq

AN

dynamics for ¢ .=z — U (X) +im Iq

X; = — N(X,) + R(mVe, - T
ihy =V, — iV X,

(0) from e H2/Tdxdq —> independent normal



Gibbs initial data

{W;} diagonalize V' with eigenvalues {);}
P(0) =) 7Y,
J

7; independent, real and imaginary parts, N(O,T/(mjxj)), g > 0.



Compare Ehrenfest and Zwanzig dynamics

X, = —N(Xy) + 2%(‘7&5 -g) — Wy - V'l slow nuclei dynamics

z'@zt — M2V, — WX, fast electron dynamics

X; = —N(X) +R(mV oy - V) heavy Zwanzig

wy = Vapy — iV’ X, light Zwanzig

Hp = @ + AX) + % — E = 0 Hamiltonian

Vo =V +A splitting

VU, = \Y, eigenvalue

Y = % normalize

v =T+ splitting



Ehrenfest & Zwanzig agree

U(X) = To(X),
V=M7"?V
m = 2M_1/2,
A= >\07

V constant = Ehrenfest=Zwanzig
Extension V(X) = Zwanzig=Ehrenfest



/wanzig's solution

X, = -NX)— [ mVecos ((t—s)V)VX, Vds+RmVz.

covariance



Debye Distribution
Write U’ =: ijl Wi, to obtain

Vcos ((t — s)V)V - 0/ = Z Ajcos ((E— s)A;) U0

J ]
j=1

. J )‘d 3)\2
IS () — /O ) A
=1

and 3N, = k.1 imply

JJ )

assume

3ksin A\g(t — s)
A t—s

covariance =

and

dXt — ’Utdt,
d’Ut — ( — )\/(Xt> — K?Jt) dt + V QTKth

as \y — oo and 7;§§—>K.



Why the Gibbs measure?

e Start with any equilibrium measure, J light < N heavy
e H; < H;, = Gibbs for light
e /wanzig heavy dynamics = time-asymptotic Gibbs for heavy

e consistency



Derivation of the Gibbs measure

Equilibrium measure f(H(X,:l:,X,:i:))dXdXda:d:b :
Assume

H(X,z,X,%) = H(X,X) + H(X, z, &)

H,/H,=0O(J/N) <« 1,

g = —logf
g'(H)
9(H)

g'(H)

< C; EH—>oo H
‘ I m

<c.



Then
—log f(Hy+ H) =: g(Hy + H)) ~ g(Hy) + ¢ (Hp) H,

— Light particle distribution: e~ "/Tdzdz, T :=1/¢'(Hy)
— Ehrenfest splitting H;/H, = O(TJ/N) < 1

— heavy particle asymptotic distribution e #r/Td X dX

Consistency: f(H) = e H/T



Schrodinger — stochastic MD ideas:

1. time-independent Schrodinger eq. as Hamiltonian system
2. Gibbs measure for Schrodinger Hamiltonian system

3. Modify Zwanzig's model with fast electrons as light particles

Result:

e Invariant measure, yields A and friction matrix=diffusion matrix

e bounded time correlation, yields K



Langevin from Ehrenfest dynamics

|dea:
Apply Zwanzig's model to Ehrenfest dynamics

Issues:

e Fast linear ¢-equation; instead of explicit solution
e Nonlinear coupling; by low temperature

e Error representation by residual of Langevin Kolmogorov eq.
evaluated along Ehrenfest dynamics

e A long time result uses exponential decay in time of the first

variation of the observable with respect to perturbations in the
momentum.



The friction matrix

T - d B
lim 2M/? / %cos(aMl/QV)d—\Ifo(XT_“)-V@X\IJO(XT)CZJ
— 00 0 T
M2 -~ d 124~

= lim 2/ R cos(6V)—Wo( XM 779 . VoxUo(X7)do

- : o AT, d —M~12% TN JA
=2 lim K 16<M1/27'V COS(O' >—\I/0<X ) : aX\I/()(X )dO'

=:T)4(5)

~

= 2/ Vi c08(6 Vo )Ox Wo(XT) - OxWo(XT)do X7
0

— K(XT)X"



Theorem 1: bounded time
Assume

M1/2
Km?”L(XT) = Efy [2 M}LIJIEOO/O

~1/2

R(S; 5-50x, V(XM V(XT)ﬁxm\IJO(XT))d&

spectral gaps and low temperature TZ] 1A 1 =0(1), then

E, [9(XZ,pF)) | X0, p0)] —Ew [9(X7, X7) | Xo,10)] | = o(M_(ll/;),

for any g provided
u(X, p,0) = Ewlg(X7, X7) | X7 =X, X7 =pl

satisfies

T
/ sup |[Du(X,p,0)|pdo =0O(1), D =0,,0,,0)x.
0 (Xp)



Observable examples
Expected potential energy: g(X) = A\g(X).

Expected diffusion coefficient
D =Ew[(6NT)'|X] — X7)? | X".

=g(XF, XT: X9 p9)




Conditions

— oM 113,

‘8X5‘j(X)‘gl(R3N)
A

J
TsupX Zj:l i(X)

SUpP x \|‘75X‘I’0(X)‘£1(R3N)||L1(dx) = 0(1),

supy |0x, V' (X)| + supx |0x,x,V (X)| = O(1), (2)

~

o — V(X7) is real analytic on (0, c0),

(An — Am| > cforn #m and ¢ > M1/,



Theorem 2: unbounded time

Assume that condition (1) in Theorem 1 is replaced by

lim / " Du(X7, p°, 0:7)|p do = (’)(Ml/Z), D := 0,, 0y, Opx,
0

T—00

then Langevin dynamics approximates long time observables of Ehren-
fest dynamics

Jim T 1}/ o)~ By [g(XF, X5)] dr| = o(1) as M — oo.



Error representation

E,[g(X7,p7) | X°=X,p" =p| — Ewl[g(X7,p7) | X} = X,p} = D]
=E, [u(X7,p",T) — u(X%p",0) | X°p’

T
_ / E[ du(X",p",7) | X°,p"]
0

T
:/ E[0:u+ X7 - Oxu+p" - Ou | X', p'] dr
0

T .
:/ E[&XT—pTl-c?Xu
U =0
+ (P + MN(XT) + MEK(XT)pT) - Opu

— MK (XT) Oy | X°,p°) dr

T
= [ B[R,V — .70 + MK -0

— TMY2K(X")0pu | X°,p°| dr.



Main lemma
There holds
lim —MY?E[2%( / S, o Wodo, VU | X7, p7] = K(XT)p"

M—oo 0

lim M'Y2E[2%( Z%@b V) -0 | X7, pT| = TK™ 9,0,

M—oo

lim MY2E[(", VYT - du” | X7,p"| = 0.

M—oo



0:,(X,p, ) = (X,p, ¥),

Equation for first variations in

X =y,
— —X Oxx Ao — 2§):E<¢ka 8XV¢> <¢7 Xllf ' aXXV¢>
. —2%<2n7n vkwn;aXV¢>
i = MYV 4+ MY2X' - 95 Vip,
(X,p,9)'(0) =0,

Green's function representation

(X, p, ¥ ——2f0 p wn,aXV( J)(o)do (3)
2[0 p ,V@X\I/a>d0'



Fluctuation-Dissipation: 1) = > o Ynthn
E[S s et (Sroadis VIV, i) | X]

~ Y Yot -+ Elpm)

%/—/

~ 2T 3% (07, (Sre)* VUV, 2b7)
= 2T (W), (S, ) VU

= 2T(S, , V7, VT

as for friction



Motivation of lim_,~o fOT Opu(X7,p?,0:7)do = O(Ml/Q)
pu(X,p,0;7) = ,E[g(X[,pr) | X[ = X,p] = p)

= E|0p79(X1,p1) | X[ = X,p] =D
5XT (9pL

:E[an(X}ﬂpL)a o +apg(XLapL)ap | XL X pL—p]
L
Stochastic flow
d
d—gX};(c; o) = p(s;0)
d _
d_cp'L(<; o) = —OxxM(X}) X1 (s 0) — Kp(s; o)
for K := M~Y2K = M2k I, with k > 0.
Definition

A 0 I
A= nx ok



gives the representation

X(s;0 H Atdn)) _ AtA(y)  AtA(e) | O
pr(s;0) | | I

Diagonalize with real part of eigenvalues

Rax < —k/2+(k/4=N"()) i = —k/2+, [max(0, k2/4 = N, (cu),

implies
HHNMfQI p (A8( = k/2+ (k4= X)) 1))
= oxp (D0 At(— /2 + (k24— X'() %))

zexp(/g( k/2+ (B*/4 — N'(s ))1/2)d§).



For T" < 1, paths X} spend long time around stable equilibria,

where A\, > 0, and at rare events make short time 7, ~ 1 excursions
between such equilibria.

The number of such rare events in a time interval [0,7 — o] can
be approximately modelled by a Poisson process m.,_, with the

intensity &, proportional to e20/T ~ e~ U/T

1/2

Let x := maxy (k?/4 — 5\”()())Jr

,and 0 = t.k.

‘ lﬁkaL(Q a)] ‘ < exp (/JT ( k2t (k2/4 B 5\"(@))%)%)

apka<§; O-)



so that

T r7
Tlgn 7_1/ / |0,u(X7, p?, 0;7)|pdodr
= 0o Jo

<C lim 7~ / / els —k/2+(k*[4=X"(c)) /ngdO'dT

T —00

_ C hm / [ —]ﬂ/2—|— k2/4 )\/l( ))1/2 ]do.
0

T—00

Elel ~H/2H2/4-N )76 < ple-Hr—o/2+ime—s

T—O‘))m

—(&+Ek/2)(T—0 Z ﬁm

_ (s >§—k/2)< - >.
Since T < logM, € ~e VT <k~ M71/2

T p7
lim 7_1/ / 0,u(X°, 1%, 0: 7)|pdodr = O(MY?).
0 Jo

T —00



3. SPDE for phase transition

Energy conservation:
O¢(c,T + m) = div(kVT)
Phase field for m = g(¢):

ko0ip = div(k1V ) — f'(¢) + koT + noise Mm

Which f7?
Why noise?

. %




3. Phase-field SPDE from MD

1. m(z, X) equals local potential energy at z € R?
2. dm = a(X)dt + B(X)dW
3. Find SPDE dm = a(m)dt + b(m)dW

e computed traveling MD wave m gives a
e b ® b~ computed average 0 ® 3



Drift

0.5

f(m
0.4 b —_— f(m;1.0)
Orientation 1 04r = 1492 f(m:2.0)
03 Orientation 2 03 == 0 8852f(m'0 7

-1 -05 0 05 el .
T -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6



Diffusion




3. Coarse-Grained drift

Density Phase Field : p,_ (*:X)

Potential Energy Phase Field : m(*;x)

- - - 131 - T
P
/SN
04 ( \\ ]
| \ 13l
| | (” NI
02 1
| | | |
| 1200 |
o —H ‘ |
| | |
2 1 128

a = K(Y0rm+0: Ay +Ao) r set from equilibrium fluctuations
=0



3. Coarse-grained diffusion
1. lto implies

dm(X',) = a(X")dt + ) B;(X")dW].

J

2. Kolmogorov equation for u(n,t) := Elg(m') | m" = n|

E[g(m(X",-)) — g(m")]

T
:E[/O <Z_L/,Oé—a>+<ﬂ/’,Zﬁj®ﬁj—Zbk®bk> dt]
J k

3. Expansion in a — a

a =

1 T

T
Zbk@bk:%E[/o Zﬁj®ﬁjdt]-
k J



