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Overdamped Langevin dynamics

The Overdamped Langevin dynamics

N particles at positions ¢; = (q1,--- ,qn) € D
dqt =-V V(qt)dt + 2ﬁ_1 th

dW; : Brownian motion

V(q) : potential, for example V(q) = >>1<;;j<n v(lai — qjl)
B~L = kgT is fixed
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Overdamped Langevin dynamics

Invariant measure

Maxwell-Boltzmann distribution:
v(dq) = Zl,_le_ﬂv(q)dq (1)

Unique invariant measure :

Yo Elp(ar) | a0~ =Eulel = [ (@) (@) (@)
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Overdamped Langevin dynamics

Generator of the dynamics

Let ¢ and g € D, the generator L is defined by

(Lo)(a) = < Elp(ar) | d0 =4

(3)
=7 Ap(q) —= VV - Vy(q)
using It calculus. Denoting
o) = [ v av )

the scalar product on L?(v) and * the associated adjoint
)= [ oLvaw= [ -pVpvvan ()

We denote £ = —371V*V, it is self-adjoint in L?(v).
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Overdamped Langevin dynamics

Proof: Uniqueness of the invariant measure

Let us prove that v is the unique invariant measure. Let f a
density of probability such that

Vip,0 = %Elw(qt) | o~ f] = /Dth[@(qt) | 90 = q] f(q)dq
=/ Ly(q) f(q)dg = <Es0, f>
D 14

then 0 = L* (5) =L (g)

e 0= (5.2(0) =]y ()

so f = v since they are normalized.

‘ 2
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Overdamped Langevin dynamics

Convergence of empirical averages

Let §: = 1 J5 ¢(gs) ds the empirical mean of .
The dynamics can be shown to be ergodic

Pt o E,[¢] as. (7)

and Central Limit Theorem :

VE (@~ Efel) = N (0,02) (8)
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Overdamped Langevin dynamics

Convergence of empirical averages

Let ¢ = 1 [5 ©(gs) ds the empirical mean of ¢.
The dynamics can be shown to be ergodic

P E,[¢] as. (7)
and Central Limit Theorem :
—~ L 2
V(@ — Elgl) == N (0.02) (8)

But what is 0, ?
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Overdamped Langevin dynamics

Calculus: Asymptotic variance

Suppose E, [¢] = 0, then the asymptotical variance of ¢ is
02 = lim tE[57] (9)
where
o 1t TS
B = [ [ Eleadelan) dsas' =2 [ (1= 3) Elela)o(ad)] ds
tJo Jo 0 t

—2 [ Elaelal as=2 | " Elp(q0)e S o(q0)] ds

t—o0

-2 (o(a0).eEe(qn)) ds

so
ai =—-2(op, £_1<p> . (10)
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Overdamped Langevin dynamics

Application
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Overdamped Langevin dynamics

Coercivity of the generator

Decompose the function space into an orthogonal direct sum

L2(v) = L3(v) ®R1, with L3(v) = {p € L*(v) | E,[¢] = 0}

(11)
Reminder : £(1) =0

Poincaré-Wirtinger for ¢ € L3(v) :
_ 1
—{p, Lo) = B7HIVel® > ol (12)
s
—L is coercive so invertible on L3(v). Therefore 02 < Cll¢||*.
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Overdamped Langevin dynamics

Exponential decay and inversibility

Take o € L3(11) and ¢(t) = et“epg, and define 72(t) = 3|o(t)|?

H(t) = (Lo(t), (1)) < —*Hw( t)|* = —FB%( ) (13)

By Gronwall
H(t) < e_Qt/Cﬂ%(O) ie. ||et£\|B(Lg(#)) < e B, (14)
so on L3(u)

E_l = —/0 etﬁ and HE_IHB(LS(M)) < Cﬁ (15)
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The Langevin dynamics

The Langevin dynamics

positions g: = (g1, -+ ,qn) € D

N particles at D
momenta p; = (p1, - ,pn) € R

{dCIt = pr dt
dpr = -V V(q:) dt —yp: dt + /29871 dW,

dW; : Brownian motion

V(q) : potential, for example V(q) = >>1<;;<n v(l9i — i)
B~1= kT is fixed

~ friction fixed
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The Langevin dynamics

Invariant measure

Maxwell-Boltzmann distribution u(dg,dp) = lele*BH(q’p)dq is
the unique invariant measure u(dqg,dp) = v(dq) x(dp).

1
Hamiltonian : H(q,p) = V(q) + §|P|2 (16)

Limit v — 0 : Hamiltonian system
Limit v — oo + time scaling : Overdamped
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The Langevin dynamics

Generator of the dynamics

Let ¢ and g € D, the generator L is defined by

(£e)(a) = < Elo(ar) | 0= d]

= pVy—VV'V, —y871ViV, (17)
= Lham + 7LFD
using I1t6 calculus.
m Antisymetric transport part £}, . = —Lham

m Symmetric fluctuation-dissipation part Lrp® = L¥p
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The Langevin dynamics

Kernel of the generator

Let ¢ such that Lo = 0. Then

0= (p,Lp) = (p, Lrpp) = —B | Vpoll> = ¢ = p(q) (18)

s00=Lp=p' Vyp=peRL
Therefore Ker(£) = Ker(£*) = R1.

But not coercive

(g, —Lo) = BHIVpell? Z llell® (19)
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The Langevin dynamics

Kernel of the generator

Let ¢ such that Lo = 0. Then

0= (p,Lp) = (p, Lrpp) = —B | Vpoll> = ¢ = p(q) (18)

s00=Lp=p' Vyp=peRL
Therefore Ker(£) = Ker(£*) = R1.

But not coercive

(g, —Lo) = BHIVpell? Z llell® (19)

So is it invertible ?
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The Langevin dynamics

Hypocoercivity

It suffices to show
Vi € Lg(p), Vt >0, [e ol < Ce || (20)

to have on L3(u)

C

£l — _/ of dt, and |[L7Y < =, (21)
0 (6]
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The Langevin dynamics

Proof: Hypocoercivity

Define H[] = 3[l¢ll? — & (¢, Ap) where

{A = (1 + (»Chamnp)*(ﬁham ))7 (»Cham )* (22)

Mo = Jro (g, p)dr(p)

Check|| - ||> ~ H[-]
Prove H[et“y] < o|p]? < 1+5H[‘p]

Conclude using the Gronwall lemma and the norm equivalence
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The Langevin dynamics

One more detail

H'(t) = —Dlp(t)] where

Dlp] = (—vLrpp, ¢) + € (ALpamMpp, @) + € (ALpam(1 — M), @)

+ £ (LnamA@, ©) + € (AYLrDY, @)
(23)

m (—yLrpp, @) > Coll(1—Np)ep|?
B (ALpamMpp, ) = ((1+ B*B)"'B*Bp, ) > 1||Bo|* > G, |IN |2

m Other terms small enough
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The Langevin dynamics

Galerkin method

Can we solve the Poisson problem
—Lyo=R (24)
using a Galerkin method in Vjy € L3(u) ?

Find pp € Vi such that

Vom € Vi, (Lom,vm) = (R, M) (29)

We need first to prove that My, LIy, invertible on V).
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The Langevin dynamics

Discrete hypocoercivity

Take o = etmELMm iy and compute for ¢ € Viy

Dumle] = (Lo, ) + e (ANMMmLY, @) + e My Ly, Ap)
= D[p] + e (A1 = Mm)Lep, ) + e (A (1 = Nm) Ly, )

> (o — 6m) ol
(26)
with oy — 0.
M—oo
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