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Abstract

In this note, we prove that in asset price models with lognormal stochastic volatility,
when the correlation coefficient between the Brownian motion driving the volatility and the
one driving the actualized asset price is positive, this price is not a martingale.

Introduction

On a filtered probability space (2, F, (Ft)i>0,P), we consider the following risk-neutral model
for the actualized asset price X; :

dX; = 0 Xy (p dB; ++/1 — p2 th), Xo = x9
O — €Yt (1)
dYy = adBy + pdt — vYidt, Yo = yo

where (B, Wy)i>0 is a two-dimensional Fi-Brownian motion, yo, 1 and « belong to R, zp and
« are positive constants and the correlation coefficient p between the Brownian motion p By +
/1 — p2 W; driving the asset price and the Brownian motion B; driving the volatility belongs
to [—1,1].

In this model, first introduced by Scott [7] p.426, the volatility o; is the exponential of the
Ornstein-Uhlenbeck process Y;. When the elasticity coefficient v is zero, o; evolves according to
the Black-Scholes Stochastic Differential Equation

doy = oy(ae dBy + (4 o2 /2)dt),

and (1) is the model introduced by Hull&White [3] and a special case of the very popular SABR
model [1].

Since

X, =20 & (/.eYS(des—i—\/l—p2 dWS>,
0

where & stands for Dooleans-Dade exponential, this process is a non-negative F; local martingale
and therefore a super-martingale. This leads to the following natural question : is (X¢)i>0 a
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true martingale? The answer turns out to be affirmative if and only if the correlation coefficient
p is non-positive (see Theorem 1 below).

In addition, when p > 0, it is possible to check that ¢ — E(X}) is decreasing (see Proposition 4).
As a consequence, the Call-Put parity relation does not hold whatever the maturity and strike
of the options. The existence of such arbitrage opportunities invalidates the model.

For p <0, (X¢)¢>0 is a martingale and we investigate the integrability of X) fort > 0andd > 1.
This question is important for numerical considerations : for instance, integrability of X% is
necessary to ensure that the convergence of a Monte-Carlo estimator of E((X7 — K)¥) is ruled
by the central limit theorem. Basically, we obtain that Xf is integrable when § < 1/(1 — p?)
and that E(X}) is infinite when § > 1/(1 — p?).

1 Study of martingale property

Our main result is the following one :

Theorem 1 Process (Xi)i>0 is a martingale if and only if p < 0.

Remark 2 o The fact that (X¢)i>0 is not a martingale when p > 0 is not so bad since
in order to modelize the increase of volatility in krach situations, p is generally chosen
non-positive.

e Fort > 0, by Jensen inequality and since fg Ysds is a Gaussian random wvariable with
positive variance,

t
E (exp <%/ 62Y3d5>> > E <exp (% e% Io st8>> = 4o00.
0

Therefore we cannot rely on Novikov criterion and corollaries (see [5] p.198) to prove that
(Xt)e=0 s a martingale in case p < 0.
In contrast, in the models proposed either in [7] p.421, [8] where the stochastic volatility
oy in the first line of (1) solves

doy = (p — o) dt + adBy
orin [4], [2] where

t ¢
oy =Yy for Yy =1y +/ (1 —~Ys)ds +a/ VYsdBg with 1,49 > 0
0 0
one easily checks that

VT >0, der > 0, supE (eCT”t2> < 400.
t<T

As a consequence if 0 < t1 <ty <T and ty —t1 < 2cp, then by Jensen inequality,

to _
E <e%f’ft12 Ogdt) < %/ E <et22tl UE) dt < 4o00.
2 — 11 Jy

By [5] Corollary 5.14 p.199, one concludes that (X¢)i>0 is always a martingale in such
models.



e In order to deal with the general SABR model [1], let us consider (Xi)i>o solving

dX; = " X (pdB; + /1 — p? dWy), Xo = 20

with B € (0,1) and Yy like in (1). Introducing 7, = inf{t > 0,|X;| > n}, one has
tATh,
E(XP, ) =123 +E ( / o2Ve stﬁd$>
0
t 1-3
< g+ / (B (2/0=9)) 7 (B(X2,,, ) ds
0
t 1-3
< 23 +/ (B (2/0=D)) 7 (1 + B(X2,,))ds.
0

Remarking that s — E (eQYS/(l_ﬁ)) 1s locally bounded, using Gronwall’s Lemma, and letting
n — 400, one obtains that t — E (fg eQYSstﬁds) is locally bounded which ensures that

(Xt)e>0 s a martingale.
In conclusion, in the SABR model, the actualized asset price may fail to be a martingale
only in the limit case B = 1.

Proof : As (X¢):;>0 is a super-martingale, it is enough to check that the non-increasing function
t — E(X¢)/xo is not constant if and only if p > 0.

Using the independence of W and B and the fact that (Y3):>0 is adapted to the natural filtration
of (By)i>0, one obtains

E(X;) = zoE (a <p/0' eYSdBS> E (a (ﬂ/o eYSdWS> ‘BS, s < t>>

= 2E <5t <p /0 | eYSdBS>> . 2)

In case p = 0, one concludes that E(X;) = x¢ for any positive time t. To deal with the case
p # 0, we are first going to use Girsanov theorem in order to be able to apply Exercice (2.10) p.
354 [6]. This way, E(X})/z¢ turns out to be equal to the probability for the explosion time of a
well-chosen stochastic differential equation to be greater than ¢t. We will finally analyse whether
this explosion time is finite with positive probability thanks to Feller’s test for explosions [5]
p.342-351.

Let us introduce the probability measure Q such that

dQ —& _/' Tl B )dB,).
dP 7 0 (6

According to Girsanov theorem, B; = B; + fg (BL—£ + yB,) ds is a Brownian motion under Q.
For any t > 0,

t
Yo + aB; = yo + aB; — 7/ (yo + aBs)ds + pt.
0

As trajectorial uniqueness holds for the Ornstein-Uhlenbeck Stochastic Differential Equation,
by Yamada Watanabe theorem, the law of (B, yo + aBi):>0 under probability measure Q is the



same as the law of (B, Y:)¢>0 under probability measure P. As a consequence,

g )

xo
: ! Yo — o
=E [St <p/ exp(yo + aBS)dBS> exp (p/ exp(yo + aBy) <7 + 7BS> ds)
0 0

«

x & (— /0 (% +vBS> st> ]
_E [@ ( /0 ' b(BS)dBS>] (3)

K=Y
«

where

b(z) = pexp(yo + az) + vz.

Let us briefly recall the link made in [6] Exercice (2.10) p.354 between the last expectation and
the probability for the explosion time of the Stochastic Differential Equation

Zt = Bt + /Ot b(Zs)dS (4)

to be greater than t. Since function b is locally Lipschitz continuous, for any n € N*, there exists
a bounded and globally Lipschitz continuous function b, which coincides with b on interval
[—n,n]. We denote by Z{* the solution of the equation similar to (4) with b replaced by b,, and
introduce

o = inf{t > 0: |Z}'| > n}.

Then Z; = 3 ey Yr_y<t<r,} 41 (convention : 7o = 0) solves (4) on time-interval [0, 7o) where
Too = liMy, 400 Th. Let us also define

op =inf{t > 0:|B| > n}.

By Girsanov theorem and since b,, coincides with b on interval [—n,n],

P(r, >t) = E (1{%>t}5t </0 bn(Bs)st)> —E (1{%»}& </0 b(Bs)st>> :

Letting n — o0 then using (3), we conclude that

P(rs >t) =E (5} </O b(Bs)st>> - Eg’f).

In order to analyse the explosion time 7o, of the stochastic differential equation (4) thanks to
Feller’s test for explosions, we introduce constants p = 2pe¥0 /o and 1 = 2(u — yyo)/c so that
the drift coefficient of this equation writes

b(z) = apexp(az)/2 +n/2 — vz.

Notice that the sign of p is the same as the one of p. Function

p(z) = eﬁ/ exp (v — nx — pe™*) dzx (5)
0



is a scale function. According to [5] Theorem 5.29 p.348, P(7o, = +00) = 1 is equivalent to
v(400) = v(—00) = +00 where function v is given by

z x 2
/
v(z) = p(x / ——dydx
=70 | o
= 2/ exp (’)’1'2 —nx — ﬁeam) / exp (—’yy2 +ny + ﬁeay) dydzx. (6)
0 0

To conclude the proof, we are going to check that v(+00) < +oo if p > 0 and that v(+o0) =
v(—00) = 400 if p < 0.
Case p>0i.e. p>0: let z;1 > 0 be such that
Yy > 1, —2vy 4+ n+ poe™ > 0.
By integration by parts, one has for x > z1,

T _ 2+ + ~ QX - 2+ + ~
/ exp (_7y2+ny+ﬁeo{y) dy:exp( vz +nx + pe )_exp( ya? 4+ nwy + pedn)

1 —2vx + 1 + pae* —2vx1 + 1 + paetrt
N / % (pa*e™ — 2y) exp (—yy? + ny + pev) a
- (=27y + n + paey)?

One may choose x1 large enough to ensure that
1
Yy > z1, pa’e® — 2y < 3 (=2vy +n+ ﬁaeay)Z.

Then for any = > z1,

2exp (—73:2 + nx + ﬁe‘”)
—2yx + 1+ pae**

T
/ exp (—yy® +ny + pe®?) dy <

1

and one easily concludes that v(+o00) < +oc.

Case p < 0i.e. p<0: then p(+o0) = 400 which implies v(+00) = 400 according to [5]
Problem 5.27 p.348. If v > 0, then p(—oc0) = —oo and therefore v(—o0) = +oo. It only
remains to check that v(—oo) = 400 in case v < 0. Since for non positive y, exp(pe®?)
belongs to [exp(p), 1), v(—oc0) = +o0 is equivalent to w(—o0) = co where

w(z) = /0 exp(yz? — nz) /0 exp(—vy* + ny)dydz

e If v =0, then n = 2u/a and

) 2ifpu=0
w(z) = .
%(z—f—%(e*m‘z/a—l)) if w#0

which ensures w(—o00) = 400.

o If v < 0, setting z1 < 0V n/2v, one obtains by integration by parts that for x < x

v exp(—ya? +nx)  exp(—yai + nay) * exp(—yy* + ny)
/ exp(—yy® + ny)dy = - : - 27/
xT

o n—2yx n— 2yx1 L (n—2yy)?
< exp(=va? +nw)  exp(—yai +n21)
- n— 2y n—2yr



Hence for any « < x1, one has

exp(—ya® + nz)
n—2yx

/0 exp(—yy® + ny)dy < +C,

where the constant C' does not depend on z. One deduces that w(—o00) = +o0.

Remark 3 The argument given at the end of the previous proof to check that v(—o0) = 400 in
case p < 0 also leads to the same conclusion in case p > 0.

When the correlation coefficient p is positive, the non-increasing and non-negative function
t — E(Xy) is not constant. It is natural to wonder whether this function is decreasing and
whether it tends to 0 as ¢ — +00. The next proposition answers both questions :

Proposition 4 Assume that p > 0. Then t — E(X}) is decreasing. In addition, E(X;) tends
to 0 as t tends to +o0o if and only if either‘v > O‘ or‘v =0and p>0 ‘

Remark 5 As a consequence, when p > 0,
VT,K >0, E(X7 — K)") —E(K — Xp)") <20 — K

i.e. the Call-Put parity relation does not hold.

Proof : Let us first deal with the limit of E(X;) = zoP(7o > t) as t tends to +00. One easily
checks that the scale function p(z) defined by (5) satisfies p(—o0) = —oo if and only if either
v>0ory=0andn > 0. Because n = 2(u — yyo)/«, the latter condition is equivalent to
~v=0and x> 0. Since v(+00) is finite according to the proof of Theorem 1 and v(—o00) = +0c0
according to Remark 3, by [5] Proposition 5.32 p.350, one concludes that P(7o < +00) = 1 and
equivalently lim;_, o E(X;) = 0 if and only if v > 0 or v = 0 and p > 0.

Let us now check that t — E(X}) is decreasing. As we need to emphasize the dependence on
the initial conditions, we denote (X, ¥, Y,”°) the solution of (1). One has

Vit >0, Voo > 0, Vyo € R, E(X70%) = zoE(X"%).

Let us first check that for any positive T', the set A = {y € R : ]E(leiy) < 1} has positive
Lebesgue measure. Indeed if T' > 0 is such that the Lebesgue measure of A is zero, remarking
that by the Markov property,

17 17 ) 17 17
E(Xy*) =E <E(X27y0|]:T)> =E <E(X:T“y)|($,y):(x;yo7YTy0)> =B <XTyOE(XTy)|y:Y;fO) )

and that since the law of YX° is absolutely continuous with respect to the Lebesgue measure
P(YY € Ar) = 0, we obtain E(X,;%°) = E(X;*°).

Therefore Ayp = Ap. By induction, for any n € N*, A, = Ap and for yp € R\ Ap, (th’yo)t is
a martingale, which contradicts Theorem 1.

Let now 0 < s < t. Again by the Markov Property,

E(X[") = B (XG0 0B (X320 0) [y, ) -

(t+s)/2

6



Since the law of Yé{is)ﬂ is equivalent to the Lebesgue measure, P <Yy° /2 € A(t_s)/2> > 0. One

(t+s)
deduces that E(th’y“) < E(X(lt’f’s)ﬂ). As the right-hand-side is not greater than E(X+°), one
concludes that t — E(X;"*) is decreasing. ||

2 Integrability of X! for § > 1

Proposition 6 Lett >0 and § > 1. If p =0 then E(X{) = +o00. If p <0, then E(X}) < 400
if and only if one of the following conditions is satisfied :

e 5 < 1/(1—p?
e 5=1/(1-p?) andy>0

e d=1/(1-p?),v=0 and,u—i—o‘;gO.

Proof : Let us compute X; to the power § with § > 1 :

t 1 t .
X? = adexpé <p/ e¥*dB, + 5(5(1 —p?) - 1)/ 62Y5d5> & (6\/ 1- p2/ e¥s dWs> .
0

0 0

Therefore, reasoning like in (2), one obtains
t 1 t
E(Xf) = xSE [expé <p/ e¥*dB, + 5(5(1 — p2) — 1)/ 62Y5d5>] . (7)
0 0

In case p = 0, by Jensen inequality and since fg Ysds is a Gaussian variable with positive
variance,

§(6—1) [t 5(6 — 1)t
E(X?) = z)E [exp <7( 5 ) / 62Y5d3>] > 2R [exp <7( 5 ) efngSdS>] = +00.
0
Let us now deal with the case p < 0. According to (1) and It6’s formula,
t t
e¥t — e¥o = a/ e¥*dB, + / (1 + a2 /2 — ~4Y,)eY+ds.
0 0

Inserting in (7) the expression of fot eYsdB; obtained from this formula, one obtains

}WX%:H%EFHﬁ<§@n—€%f+Af(pﬁn—jkﬂfﬁ)+%@ﬂ—p%—1kn>en@>}

@
Under any of the three conditions stated in the Proposition, function
P 2 1 2 Y Y
yeR— | ~(y—p—a’/2)+5(6(1 —p") = 1)e’ | e

is bounded from above by a finite constant C. As a consequence,

) (E(eyt —e¥) + /Ot <§(7YS —u—a?/2) + %(5(1 —p%) — 1)6Y5> eYSds> < 0(Ct — pe? Jar)

(67

7



and for any T' > 0,

sup E(X?) < 2 exp 6(CT — pe’ /a).
t€[0,T)

Let us now suppose that none of the three conditions stated in the Proposition is satisfied. Then
there is a positive constant ¢ such that function

yeR— (p(’yy—u—a2/2)+%(5(l —p2) — l)ey> e¥ —eeY

a
is bounded from below by a finite constant. As a consequence there is a positive constant C

such as .
E(X?) > CE [expé <§€Yt —1—5/ eYSds>] .
0

By Jensen inequality,
E(X]) > CE [expé (geyt tetetho stsﬂ =CE [exp (6pet /o) E (exp (6ete%f0t sts) |Y§eﬂ .
Since the covariance matrix of the Gaussian vector (Y%, fg Y.ds) is non-degenerate,
E <exp <55te% Jo sts) |Yt) = +o00 almost surely

and one concludes that E(X?) = +o0. ||

Remark 7 For p > 0, when one of the following condition is satisfied

e 5> 1/(1-p?
e 5=1/(1—-p?) and vy >0
e 5=1/(1-p?) andy=0 andu+%2§0,
then function y € R — (2(yy—p—a?/2)+1(5(1 — p?) —1)e¥) e¥ is bounded from below.

Therefore E(X)) > CE(exp(dpet /a)) = 400 when t > 0. But it does not seem easy to analyse
whether }E(Xf) 1s finite when none of the previous conditions holds.
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