Stochastic Process (ENPC)
Monday, 27th of January 2020 (2h30)

Vocabulary (english/fran¢ais) : random walk =marche aléatoire ; distribution =loi ; positive
= strictement positif ; interwining relationship =relation d’entrelacement.

We shall assume that all the random variables are defined on a probability space (92, F,P).

Exercise 1 (Mean of some exit time). Let B = (By, t € Ry) be a standard Brownian motion.
1. Prove that M = (M; = B? —t,t > 0) is a martingale.
2. Let a > 0 and set 7, = inf{t > 0; B; € [—a,al}.
(a) Prove that E[t A 7o) = E[B,,.].
(b) Deduce that E[r,] is finite and then compute E[r,].
3. Let a >0 and b > 0 and set 7,5 = inf{t > 0; B; € [—a,b]}.
(a) Check that 7, is a.s. finite. Using that B is a martingale, compute P(B
(b) Deduce the value of E[7, ).

Ta,b = _CL).

A

We write N* = Z N [1,+00) and N = N*(J{0}. For z € R, we set x4+ = max(x,0) for the
positive part of z. We recall the notation P(A|G) = E[14| 7] for any A € F and G C F a o-field.

Exercise 2 (When is a functional of a Markov chain again a Markov chain?). Let p € (0,1)
and ¢ =1 — p. Let ¢ be a {—1, 1}-valued random variable such that :

P((=1)=p and P((=-1)=1-p=gq.

Let ({n,n € N*) be independent random variables distributed as ¢. We define the simple random
walk S = (Sp,n € N) by Sp =0 and S,, = S,,—1 + ¢, for n € N*. The process S is a Markov
chain on Z with transition matrix P = (P(s,t); s,t € Z), see Figure 1, given by :

P(s,t) = ply=si1y + ql=s—1}-
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FIGURE 1 — Transition graph for the simple random walk S on Z.

We consider the natural filtration F = (F, = o(So,...,5,), n € N) of S. We define the
infimum process (I,,,n € N) associated to S by, for n € N :

I, = min{Sk, 0 < k < n}.

We define the processes U = (U, = S, — I,,n € N) and S = (S'n = (Sn,In)Jn € N) the
random walk completed with its infimum process taking values in N. Notice that S takes values
in £ = {(s,i) € Z%, s > i and 0 > i}. Figure 2 represents a simulation of the processes S, I and

U=85-1
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FIGURE 2 — A path simulation of S (black), I (red) and U =S — I (blue) up to time n = 150
for p = 0.55.

I Some Markov chains related to S

1.

Ot

Prove that S is a E-valued Markov chain with respect to (w.r.t.) the filtration F and with
transition matrix P = (P((s,1),(t,7)); (s,7),(t,5) € E) given by :

P((s,i), (t,4)) = Plimsitjmit + 4 (Mssitms—1jmiy + Lomitms—1jmi-1}) -
Compute P(Up4+1 = u| Fy,) for u € N.
Deduce U is a Markov chain w.r.t. the filtration F and give its transition matrix R.
Prove that F is also the natural filtration of U.
Prove that U is distributed as the reflected simple random walk S™ = (Srfl n € N)
defined by Sief! = 0 and Stef! = (Srefl, + (), for n € N*.

(Dynkin’s criterion ). For this question only : let S = (5’@, n € N) be a general Markov
chain on a discrete state space E with transition matrix P; and ¢ be a function from
Eto F = ¢(E). Set ® = (®(3,2); 5 € B,z € F) with ®(8,2) = 1{,(3)—¢}. Assume the

intertwining relation P® = ®R holds for some stochastic matrix R on F.

(a) Prove that o(S) is a Markov chain w.r.t. the natural filtration of S and with transition
matrix R. (Hint : check P§ = P®g, with ¢ non-negative defined on F and g = gop.)

(b) Explain how this result generalises Question 3.

IT Infimum and excursion

We define the hitting time 7, = inf{k € N, Sy = —a} of —a for a > 1 (with the convention
that inf ) = 4+-00) and the infimum I, = inf{Sy, k € N} of S. We set ¢()\) = E[e™*"] for A > 0.

1.
2. Prove that ¢(\) = pe ™ (A)2 +ge .

3.

4. Check that {n € N*, I, = I,,_1 — 1} = {n € N*, (U,-1,U,) = (0,0)}. Using that U is

Prove that 7 is distributed as 71 + 71, where 77 is distributed as 71 and independent of 7.

Compute ¢(A) and deduce that P(7; < +00) = min (1, %).

a Markov chain, prove that |I| + 1 is geometric with parameter P(1; = +00) (with the
convention that a geometric random variable with parameter 0 is a.s. infinite).

. We write P, for P to stress out that P(( = 1) = p. On {711 < +oo}, we define & =

(So,...,57—1) the finite excursion of S strictly above —1. Prove that £ conditionally on
{71 < +oo} has the same distribution under P(,) and under P(,.

JAN

1. E. Dynkin. Markov processes. Vol. 1. Springer, 1965. (See Section X.6.)



Correction

Ezercise 1 Let F = (F,t > 0) denote the Brownian filtration of B.

1. We have clearly that M is F-adapted. Since E[B?] = t, we deduce that M, is integrable
that for all t > 0. We have for all ¢t > 0,5 > 0 :

E[Bf,| Fi] = E[(Bi+s — By)* + B} + 2By(Bits — By)| Fi
= E[B?] + B? + 2B/E[(Bs;s — By)| Fi]
=5+ Bt2,

where we used that By,s — By is independent of F; and distributed as Bg for the second
and third equalities. We deduce that E[M; | F;] = M. This gives that M is a martingale.

2. (a) Since {rq >t} = yeqnpg{Bs € [—a,al}, we deduce that 7, is a stopping time. By
the optional stopping theorem, we get that E[Ma-, | = E[Mjy] = 0. This implies that
forallt>0:

Eft A 7.l = E[BZ,, ]

(b) Since B, < a?, we get that E[tA7,] < a®. By monotone convergence, we deduce that
E[r.] < a*. In particular 7, is a.s. finite. This implies that a.s. limy_, yoc Bf\, = B2 =
a’. By dominated convergence, we get that limtﬁ+ooE[Bt2/\Ta] = a®. By monotone
convergence, we deduce that :
_ . _ . 2 _ 2
E[r] = tl>l+mooE[t A To] = t_lg_nooE[Bt/\Ta] =a”.

3. (a) Since {7ap >t} = yeqnp,g{Bs € [—a,b]}, we deduce that 744 is a stopping time.
Since 7, < T + Tp, We deduce from the answer to Question 2 that 7, is a.s. finite.
Since B is a martingale, by the optional stopping theorem, we get E[Bn, ,| = 0 for
all t > 0. Then use that a.s. limy o Biar, , = Br,, and that [Bir, | < a+b to get
by dominated convergence that E[B;, ,] = 0. Since B, , € {—a,b}, we deduce that :

—aP(B

— —a)+VP(B,,, =b)=0 and P(B,, =—a)+P(B,, =b) =1.

Ta,b Ta,b Ta,b
This gives :
b a
P(B;,, = —a) = P and P(B,,,=0b)= P
(b) Arguing as in the answer to Question 2, we get :
Elra) = lim EftAro)= lim E[B, | = E[B,,]

We deduce that :

Elrap] = E[BZ ] = a’P(B., , = —a) + b*P(B;,, = b) = ab.
Ezercise 2 I Some Markov chains related to S
1. We have that I,41 = In — 14, =—1,5,=1,}- We deduce that
Snt1 = (Snt1: Int1) = (S + Cnsts In = Lyer o =—1,80=1,3) = S (Sns Cur), (1)
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for some function f. Since ((,,n € N*) are independent identically distributed random
variables independent of Sp, the process S is a stochastic dynamical system and thus a
Markov chain. Clearly S takes values in E. The transition matrix is easily computed from
(1) and the fact that P((r1 =1) =1 = P((g1 = —1) = p.

. We have for u € N* :
{Upt1=u}={Sy—Ih=u—1,(41 =1} U{S, — I, =u+1,(p41 = —1},
and for u =0:
{Uny1 =0} ={Sn — I, = 0,(ny1 = =1} U{Sp — I, = 1, Guy1 = —1},

where the unions are between disjoint sets. Since (S, [,) is F,-measurable and (41 is
independent from F,,, we deduce that for v € N* :

P(Un+1 = u| Fn) = plis, —1,=u—1} + 418, —1,=u+1} = PL{v,=u—1} + QL{U,=ut1}5

and for u =0 :
P(Unt1 = 0[Fn) = qls,-1,6{0,1}} = L {v,e{0,1}}-

. For v € N, we get that P(Up11 = u| F,,) = R(Uy,u), where for w € N :

R(w,u) = plig>13 L fw=u—1} + 1 {w=ut1} + 1 {u=0} L{w=0}- (2)

This implies that U is a N-valued Markov chain with respect to the filtration F and with
transition matrix R.

. Let G = (G, = o(Uy,-..,Uy),, € N) be the natural filtration of U. Since U is F-adapted,
we have G, C F,. For n € N, we have :

Cn = (Un = Un—1) 1, 20,1}y — YUn=Un_1}-

Thus the random variable (, is G,-measurable. This implies that o((1,...,(,) C Gp. Then
use that F,, = o(So,...,5,) = o((1,...,(,) to conclude that G, = F,.

. Notice from the definition of R that R(w,w + 1) = p for w € N; R(w,w — 1) = ¢ for
w € N*; and R(0,0) = ¢. It is clear from the definition of S™ that S™ is a Markov chain
with transition matrix R.

. Recall that functions are seen as column vectors. If M is a matrix (with non-negative
entries) and v a column vectors (with non-negative entries), then we may also write M v]
for the column vector Mwv.

(a) We have, for n € N and g a non-negative function defined on F :

Elg 0 ¢(Snt1)| Fnl = Plg 0 ¢](Sn) = P®[g](Sn) = ®R[g](Sn) = Rlg](¢(Sn)),

where we used that S is a Markov chain with respect to the filtration I for the first

equality. This readily implies that ¢(.5) is a Markov chain with respect to the filtration
F and with transition matrix R.



(b) In the setting of Question 3, for § = (s,7), we set ¢(§) = s — i, so that U = (U,, =

©(Sp),n € N). We have F' = N. Let (s,7) € E and u € N. On the one hand, we have
by definition of R given in (2) that :

OR((s,i),u) = »_ B((s,i), w)R(w,u)

weF
= R(s —i,u)
=plps1ys—izu—1} + Q1 {s—izut1} + @1 {u=0} L {s—i=0}-
On the other hand, we have :
Po((s,i),u) = Y P(s,0), (t,1)®((t, ), w)
(t,j)eE

= Z [PLitmsi1jmiy + 4 (Lssitms—1jmit + Lismitms—1,j=i—1}) ] Lit—j—u}
(t,))eE

= Plsmizu—1} T s s—imut1} + @ {u=0} 1 {s—i=0}-
Use that s —i > 0 and u > 0 to get that the intertwining relation relation P® = ®R

holds. Since R is a stochastic matrix, Question 3 is a particular case of the Dynkin’s
criterion.

IT Infimum and excursion

1. On {7 = 400}, the statement is true. On {r; < 400}, as S;, = —1, we get :
k
n=m+inf{keN, S, p=-2}=7m+7 with 7{=inf {k €N, ZCTH-%’ = —1}.
i=1

By the strong Markov property for the sequence ((,,n € N), we get that (¢r,4n,n € N)
is, on {m1 < 400}, independent of ({x,1 < k < 71) and distributed as ((,,n € N). This
implies that 71 and 7{ are independent and with the same distribution.

2. We have :
e(\) =E[e ™ 115, _1y] + E[e ™ 115, 13]
— e E[e ] 4 ge
— ¢ E[e ]2 £ ge
=pe o) +qe
where we decomposed according to S1 equal to 1 or —1 for the first equality, that S started

at 1 is distributed as S+ 1 for the second, and the previous question for the decomposition
of 19 for the third.

3. We get, as p(A) <1:
A

e
M=o (1= VI=dpge ).
e(X) o pqe
Since limy_,op e = 17 <400}, We deduce by dominated convergence that P(r <

+o0) = limy 0+ ¢(A), that is,as g=1—p:
1 1
P(r; < +00) = o (1 /1o 4pq> = 5-(1—[1=2p|) = min (1, q> .
p p p
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4. Since U is a Markov chain, we deduce that it is also a second order Markov chain, that
is U = (U, = (Up—1,Up),n € N), with the convention that U_; = 0, is a Markov chain
started at Uy = (0,0). For n € N*, clearly I, = I,,_.; — 1 if and only if U, = (0,0).
In particular |Io,| + 1 is equal to the number of visits of (0,0) for U (this latter is the
cardinal of {n € N, (U,—_1,U,) = (0,0)}). The number of visit is geometric with parameter
Po,0) (T©9) = 4+00), where 70 = inf{n € N*,U,, = (0,0)} is the first return time to
(0,0) for U. Then notice that T(®9 = 71 to conclude that |Io| + 1 is geometric with
parameter P(1; = +00).

5. We define the set of excursions of S above -1 of length n € N* as :
S, = {e: (80y---38n); S0 =8, =0,2; € {—1,1} and s > 0 for all 1 <k < n},

where z; = s — 51 for e = (50, ..., 5n). We set n® = n the length of e € S,,. Notice that
Sy is empty if n is odd. The set of finite excursions is S = [J,,con+ Sn- Let e € S be an
excursion. We denote by ng = S Lieoyy (vesp. nS = S 1r.e—1y) the number of
positive (resp. negative) increments of the path e. Notice that ng =n® =n/2. For e € S,
we have, taking into account that the step just after time 7 — 1 is negative :

P (€ =€) =p™ ¢" T = (pg)™ q.

Using Question 3, this implies that :

min (1, 4

= (pg)™+ max(p,q).
1)

By symmetry, we get that :

Pg) (€ = €| < +00) = (qp)"* max(q,p) = P, (€ = e|r < +00),

that is £ conditionally on {71 < 400} has the same distribution under P, and under Pg.

It is interesting to note that most of the results of this exercise can be extended to the Brownian
motion with drift.



