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Branching capacity of a random walk in Z°*
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Abstract

We are interested in the branching capacity of the range of a random walk in Z¢.
Schapira [29] has recently obtained precise asymptotics in the case d > 6 and has
demonstrated a transition at dimension d = 6. We study the case d = 5 and prove that
the renormalized branching capacity converges in law to the Brownian snake capacity
of the range of a Brownian motion. The main step in the proof relies on studying the
intersection probability between the range of a critical Branching random walk and
that of a random walk, which is of independent interest.
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1 Introduction

Let (£,)n>0 be a centered, aperiodic and irreducible random walk in Z? with finite
second moment, whose law is denoted by P(¢). Denote by £[0, n] := {&, ..., &, } the range
of £ up to time n. Studying the range [0, n] is a classical problem in probability theory.

Concerning the asymptotics of the size of the range #¢&[0, n], it is well-known (Dvoret-
zky and Erdés [14]) that there is a transition at dimension d = 2: #£[0,n] is of order n
when d > 3 and of order lonn when d = 2; we refer to Jain and Orey [19], Jain and Pruitt
[17], and Le Gall [21, 22] for deep studies on the size of the range.

The capacity of the range depends on its geometry and has recently attracted signifi-
cant interest. The discrete Newtonian capacity can be defined as follows. Let d > 3 and
K C Z¢ be a nonempty finite set. Let S be the range of a simple symmetric random walk
on Z starting from x whose law is denoted by P,. The discrete Newtonian capacity of
K, Cap(K), can be defined for d > 3 (up to a multiplicative constant) as

Cap(K):= lim |z|? %P, (SNK #0), (1.1)
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Branching capacity of random walk

where |z| denotes the usual Euclidean norm of z and # — oo means that |z| — oo.
Following the works of Jain and Orey [18], Asselah, Schapira and Sousi [4, 5], and Chang
[12], it is known that Cap(¢[0,n]) is of order n when d > 5, of order 2~ when d = 4,
and of order v/n when d = 3. This implies a transition at dimension d = 4. See Asselah,
Schapira, and Sousi [1], Schapira [28] and the references therein for the central limit
theorems, and Dembo and Okada [13] for the laws of the iterated logarithm. Additionally,
Asselah and Schapira [2] investigated the link between the capacity and the folding
phenomenon of a random walk, and Hutchcroft and Sousi [16] explored the capacity of
the loop-erased random walk.

Recently, Zhu [31] introduced the concept of branching capacity. The basic idea is
to replace the range of a simple random walk S in (1.1) by that of a critical branching
random walk. Specifically, let 7. be a critical Galton-Watson tree with offspring distri-
bution y, where p = (u(4));>0 is a probability distribution on N such that >~7° ip(i) = 1.
To avoid triviality, we assume ;(1) < 1. In other words, 7. is a finite random tree that
starts with one particle &, called the root, and each particle independently produces
a random number of offspring according to p. The critical branching random walk
on Z<, denoted by V., is a random walk indexed by the tree 7. constructed as follows.
Let # be a probability distribution on Z¢, representing the common distribution of the
displacements of V.. For each edge e of 7., we assign an independent random variable
X, with distribution 6. We set V(@) := z € Z%, and for u € T.\{@}, V.(u) =z + Y., X,
where the sum is taken over all edges e belonging to the simple path in 7. connecting u
to @. The range of V, is denoted by

Re = {V.(u),u €T} C 7. (1.2)

Denote by P, the law of V. and write P = Py. Almost surely the random tree 7. is finite,
so is the range Z..

For z € RY, let B(x,r) := {y € R?: |y — 2| < r} be the open ball centered at = with
radius » > 0. We assume that d > 5, and for some ¢q > 4,

1 has mean 1 and variance ¢ € (0, 00), (1.3)
0 is symmetric, irreducible with covariance matrix My, has (d — 2)-th moment, (1.4)
there exists a finite constant ¢ such that for all 7 > 0:  6(B(0,7)°) < cr™9.

The last condition in (1.4) is in particular satisfied when 6 has a finite ¢-th moment; and
this holds a priori when d > 7.

Denote by P, the law of a §-walk (S,,),>0 on Z? started from z, meaning that the
random walk S has the step distribution §. The Green function of (S,) is given by
g(z,y) == g(z — y) for any z,y € Z?, and

(o)
g(z) = ZPO(S” =a2)~c,lz|a? as a— oo, (1.5)
n=0

with

L(432)

27d/2\/det My’

where the equivalence in (1.5) is given by Uchiyama [30, Theorem 2] as 6 has finite
(d — 2)-th moment. Let K C 7% be a nonempty finite set. By Zhu [31], when (1.4) holds
with ¢ = d, the following limit exists and is called the branching capacity of K:

|zlg := (T My '2)Y? and ¢, :=

Bcap(K):= lim Po(#NK 7 0).

z€Z4, x—00 g(.’l?)

(1.6)
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Note that Becap(-) viewed as a set function is non-decreasing, invariant under translations,
and strictly positive. We extend Bcap into a Choquet capacity on R? by letting Bcap(A) :=
Bcap(A N Z?) for any A C R%.

The branching capacity, studied in a series of papers by Zhu [31, 32, 33], has also
been the subject of some more recent works. Asselah, Schapira and Sousi [3] have
shown that Bcap(K) can be compared, up to two positive constants, with the discrete
Riesz capacity with index d — 4, and have revealed a deep relationship between the local
time spent in a ball by the branching random walk and the branching capacity of this ball.
Moreover, in another work, Asselah, Okada, Schapira and Sousi [6] have demonstrated
the comparability of Bcap(K) with the average limit of the size of the Minkowski sum of
K and two independent copies of (S,,), as well as with the hitting probability of K by
this Minkowski sum. See also [7] for further references.

In [7] we also proved the vague convergence of the scaling limit of Bcap towards the
capacity related to the Brownian snake, denoted by BScap. More precisely, consider the
excursion measure N, given by the distribution of a Brownian snake (Wi)i>0 started
from z € R? whose lifetime process is an It6 excursion. Denote by R the range of the
Brownian snake, see Le Gall [23, Chapter IV] for the precise definitions. It was shown in
[7] that when d > 5, for any bounded Borel set A C R4, the following limit exists and is
finite:

BScap(4) := lim 2| T 2NL(RN A # D). (1.7)

We call BScap(A) the Brownian snake capacity of A.
The vague convergence in [7, Theorem 1.4] says that for d > 5 and for any compact
set K C R? such that
BScap(K) = BScap(K), (1.8)

where K denotes the interior of K , we have, under (1.3) and (1.4) with ¢ = d,

B K
iy Beap(vnk)

Jim =T = ¢ BScap(M, 7 K), (1.9)

with
2 _ 4rd/? vdet My

= 1.10
e, AT(L2) (10

Cp ‘=

We choose a renormalization of n!/2 in (1.9) to ensure consistency with the choice
of K, below. The condition (1.8) is in particular satisfied when K is the closure of
a bounded open set with Lipschitz boundary, see [7, Proposition 1.3]. It is a natural
problem to investigate the branching capacity of (random) compact set K which does
not satisfy (1.8). In this paper we consider the case /nK, := £[0,n] of the range of the
random walk (&,),>0, which was recently studied by Schapira [29]: when both (5,,) and
(&,) are simple symmetric random walks, the following asymptotics hold:

1
lim —Bcap(£[0, n]) exists almost surely and is positive when d > 7;

n—oo N

1 23
lim —2"Bcap(£[0,n]) = —— in probability when d = 6; (1.11)
n—oo N 2702

E®)[Bcap(£[0,7])] is of order n'/? when d = 5.
We aim to give a sharp result in dimension d = 5. Assume that

(&n)n>0 is aperiodic irreducible and E((f)[|§1|3] < 00, (1.12)

Eég) [€1] =0 and & has covariance matrix M,
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where P{*) means that the random walk (¢,) starts from x € Z?. Let (3;):>0 be a standard
Brownian motion in R?. For a real d x d matrix M, we define M 3[0,1] := {Mj3;:0 <t < 1}.
Notice that K,, = n~'/2£[0, n] converges in law, for the Hausdorff distance, to Mg/gﬂ[o, 1].

Theorem 1.1. Let d = 5. Assume (1.3), (1.4) with ¢ = 5, and (1.12). We have

Beap(£[0, 7)) daw) 8m2y/det My
\/ﬁ n— oo 0'2

Moreover, BScap(M;U2 Mg/26[0, 1]) is almost surely positive.

BScap(M, /* M;"*5[0,1)).

Remark 1.2. (i) In Lemma 2.2, we will show that a.s. BScap(Ma_l/2 ME/QB[O, 1]) >0
when d = 5, whereas it vanishes when d > 6.

(ii) In the assumption (1.12), aperiodicity can be easily removed, and the third
moment condition is required in Lemma 3.3.

(iii) In the case when both (S5,) and (¢,) are simple symmetric random walks, the
limiting random variable in Theorem 1.1 becomes

B aw 2
cap(€[0.n]) w5
\/ﬁ n—oo g2dd/2

BScap (5[0, 1]).

(iv) The condition ¢ = 5 is used in the definition of the branching capacity (1.6) as
well as in the forthcoming Lemma 2.1.

The key ingredient in the proof of Theorem 1.1 is the following estimate on the
intersection probability between (,,) and the branching random walk V., which may be
of independent interest.

Forany A ¢ R® and » > 0, let A" := {z € R? : d(z,4) < r} be the closed r-
neighborhood, where d(z, A) := minye 4 |z — y|. For any z € R?, we denote by |z| the
point in Z? whose coordinates are the integer parts of that of z, thus ||z| — z| < v/d. We
have the following estimate on the intersection probabilities between Z. and £[0, n].

Proposition 1.3. Let d = 5. Assume (1.3), (1.4) with q > 4, and (1.12). For any fixed
x € R%\{0} and any n € (0, 1), we have

limsup limsup nI(e,n) =0, (1.13)

e—0+ n—o00

where x,, := |\/nz| € Z° and
I(e,n) == P,, @ P® (9?0 A (€0, n])Y™ £ 0, Z. N E[0,n] = 0, £[0,n] C B(O,n|xn|)>. (1.14)

Remark 1.4. (i) The condition £[0,n] C B(0,n|z,|) in I(¢,n) guarantees that %, must
have some growth to reach the (¢4/n)-neighborhood of £[0,n]. Without this condition,
Proposition 1.3 is no longer true, see Remark 3.11 for further details.

(ii) We can deduce from (2.1) that at least for small 7,

n_3/2Bcap(B(0,sn1/2)) < P, ® Po(g) (%’C N (5[0,71])5‘/5 #0, £[0,n] C B(0777|$n|)>

n~*/?Bcap(B(0, (n|z| + €)v/n)).

N

The left and right terms of the above inequalities are, according to (1.9), of order % This
explains the factor n in (1.13).

(iii) When d > 6, (1.13) also holds, under the conditions (1.3), (1.4) with ¢ = d, and
(1.12). In this case, the proof is elementary, see Lemma 2.3.

(iv) The condition ¢ > 4 is required by Lemma 3.3, which will be used in Lemma 3.10.
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Let us say a few words on the proofs of Theorem 1.1 and Proposition 1.3. Using
Donsker’s invariance principle and the forthcoming (2.1) and (2.4), we can see that
the scaling limit of Bcap(£[0, n]snl/z) can be compared with BScap(M_l/2 Mg/Zﬂ[O, 1]).
Therefore the proof of Theorem 1.1 reduces to showing that

Beap([0,n)™ ) ~ Beap(£[0, n)),

in the sense, see (1.6), that for large x
En /
P,, @ P (7.0 (5l0.n)™ " #0) ~ Py, © RO (@0 €[0,n] #0),

which is the content of Proposition 1.3 (note that the condition £[0,n] C B(0, n|x,|) holds
with probability 1 — o,|(1) as |z| — 00). To prove Proposition 1.3, we will switch the
roles of £ and Z,. in the probability term of Proposition 1.3 and study the probability
of the form Py ® Pég) (&[0,n] N Z. en'/? #0,£[0,n] N Z. = 0). The latter probability can
be estimated by a comparison to Py ® P(g) (5[07 00) N Ry = (Z)), where #%,2 denotes the
range %, conditioned on the total population #7. = n?. To achieve such a comparison,
we need to introduce some auxiliary trees and their associated branching random walks
in Section 3, which will be the most technical part. We refer to Remark 3.9 for more
detailed explanations on the proof of Proposition 1.3.

The paper is organized as follows. In Section 2.1, we recall some known results on the
branching capacity and the Brownian snake capacity. In Section 2.2, we prove Theorem
1.1 by assuming Proposition 1.3. In Section 3, we introduce auxiliary branching random
walks V., V_, and V_ in Section 3.1, then recall several known results on V, and V_ in
Section 3.2. After establishing some estimates on the increments of V. in Section 3.3,
we present the key step in the proof of Proposition 1.3 in Section 3.4, involving a study
of intersection probabilities between V. and the random walk £. Finally, we provide the
proof of Proposition 1.3 in Section 3.5.

For notational convenience, we use the notations C,C’, C”, eventually with some
subscripts, to denote some positive constants whose values may vary from one paragraph
to another.

2 Brownian snake capacity and proof of Theorem 1.1 by assuming
Proposition 1.3

2.1 Branching capacity and Brownian snake capacity

We collect some facts on the Branching and the Brownian snake capacities in this
subsection. At first the following result (see [7, Theorem 1.1]) provides a rate of
convergence in (1.6) that will also be useful in our proof of Theorem 1.1. Let d > 5.
Assume (1.3), (1.4) with ¢ = d. For any A > 0, there exist some positive constants « and
C such that for any r» > 1, K C B(0,7) N Z4, x € Z¢ with |z| > (1 + \)r, we have

Bcap(K)—w’ §C( ! )chap(K). (2.1)
g(x) ||
Moreover, there are constants ¢, co > 0, such that for any Borel set A C RY,
¢1Cap,_4(A) < BScap(4) < c2Cap,_4(A), (2.2)
where for any v € (0,d),
Cap, (A) = <iru1f/ |z —y|™7 Z/(dx)l/(dy)) 1, (2.3)

with the infimum taken over all the probability measures with support in A.
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Lemma 2.1. Let d > 5. Assume (1.3), (1.4) with ¢ = d. For any compact set K C R?, we

have
Bcap(nk¢)

T coBScap(M, *K)| =0, (2.4)

lim sup lim sup |
e—0 n—00

with ¢y given in (1.10).

Proof. First BScap(-) is a Choquet capacity relative to the set of compact sets on R In
particular, for every compact set K C R¢, we have

lim BScap(K*®) = BScap(K). (2.5)

e—0+
We check that the condition [7, (1.7)] is satisfied for K¢: for any y € K¢ and n large
enough, K¢ N B(y,2™™") contains a ball of radius 27"~! so Cap,_,(K* N B(y,27")) >
Cap,_»(B(0,27"71)) = 2-(@=2)n+Ucap, ,(B(0,1)). Consequently for any ¢ > 0, we
have BScap(K¢) = BScap(K®~), where K~ = {z € R? : d(z,K) < ¢} the open e-
neighborhood of K. Notice that these results also hold when K is replaced by Me_l/QK
and K¢ by Ma_l/2 K¢. This and [7, Theorem 1.4] yield that

B K¢ _
Jim 2CAREE) coBScap(M, /? K. (2.6)
n—o0o nd—4
Finally, (2.4) follows from (2.6) and (2.5). O

We end this subsection by the following result on the positivity of the Brownian
snake capacity of the range of a Brownian motion. Recall that for a real d x d matrix M,
MB[0,1] = {MB,:0 <t <1}.

Lemma 2.2. Let (3;):>0 be a Brownian motion in R? and M be a symmetric positive
definite matrix d x d. Then almost surely,

>0 ifd=5

BScap(M73[0,1 ’ ’

p(MB[0. 1)) {O’ P,
Proof. By [25, Theorem 1.1 and formula (9)], a.s., Cap.,(8[0,1]) > 0 if and only if v <
min(2,d). In particular, Cap,_,(5[0,1]) is positive when d = 5 and zero when d > 6. By

(2.3), the same result holds when £[0,1] is replaced by M 3]0, 1], because %

uniformly bounded in (0, co) for all = # y. We conclude by using (2.2). O

is

2.2 Proof of Theorem 1.1 by assuming Proposition 1.3

By Donsker’s invariance principle and Skorokhod’s representation theorem, on a
common probability space (£, #,P) we may find a version of the random walk (&,,)
starting from 0 and a standard Brownian motion (3;);>0 in R¢ such that for © :=
{Mg/Qﬁt : 0 <t <1}, almost surely for every € > 0, there exists some ny > 1 such that
for every n > ny,

a2, 0%/  ¢lo, ] c nl/?. 0% 2.7)
Applying (2.4) to n'/? - ©5/2 and n'/? - ©%, we deduce that for d = 5, P-almost surely,

enl/?

)

: : Bcap (£[0, 7]
lim sup lim sup 73
e—=04+ n—oo n /

— cyBScap(M, '/* ©)| = 0. (2.8)

Now we are ready to give the proof of Theorem 1.1.
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Proof of Theorem 1.1 by assuming Proposition 1.3. Let d = 5. By (2.8), it suffices to
show that

lim sup lim sup lim sup]P(Bcap(g[o, n)™™"*) — Beap(£[0,n]) > 5n1/2) —0. (2.9)

—0+ =04+ n—oo

Let z € RN\{0} and let z,, = [n'/22]. Let n > 0 be small whose value will be
determined later. For n large enough, on the event

By = En(w,n) := {€[0,n] € BO,nlra])},
by applying twice (2.1) to obtain the following first and third inequalities, we have
P, (%N &[0,n] #0)
(L+Cn*)g(zn)
6n1/2
P,, (% nglo,n™  # 9) en(e)

(1+Cn*)g(xn) 14 Cne

1- C(W + 2E|x|_1)a ent/?
> Beap (€0, ) — en(e),

Bcap(£[0, n]) >

where )
1/2
en(e) 1= =Py, (ZNE[0,n] = 0,20 €0,m)" " £0).
g(a:")
For any 6 > 0, we may find and then fix sufficiently small n = 7n(é) > 0 and gy :=

€0(0,]z|) > 0 such that for all € < gy, we have % > 1 — 2. It follows that

P(Beap(¢[0.7]™"") - Beap(¢[0, n]) > 6n'/%)

<P (52 Bcap (5[0,71]6”1/2) + enle) > onl/?, En) +P(ES)
(2.10)

_ enl/? 1 o .
<P (n 1/2Bcap<§[0,n] ) > 25) +]P<en(5) > 5”1/2’ En> +P(E;)
=:(2.10); + (2.10)5 + (2.10)3.

By (2.8),

lim sup lim sup (2.10); < IP(BSCap(G) > L >
e—=0+ n—oo 4695
is arbitrarily small as we take 6 — 0+.
By Markov’s inequality, (2.10), < a,I(e,n) where I(e,n) was defined in (1.14) and
ay = 26"'n"Y2(g(x,))"" is of order of n by (1.5), as n — oo (recalling that d = 5). By
Proposition 1.3,

lim sup lim sup (2.10)5 < C’limsup limsupn I(g,n) = 0. (2.11)
e—=0+ n—oo e—=+04+ n—oo
Finally for (2.10)3;, we deduce from the standard random walk fluctuations that (7 is
fixed)
limsup limsup P(E;) = 0.
Tr— 00 n—oo
Combining the terms above and letting first n — oo, then ¢ — 0, |2| — oo and lastly
6 — 0, we obtain (2.9) and complete the proof of Theorem 1.1. O

Recall I(e,n), defined in (1.14), depends also on x and 1. We give an elementary
proof of (1.13) when d > 6.
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Lemma 2.3. Let d > 6. Assume (1.3), (1.4) with ¢ = d. For any fixed v € R\ {0} and any
n € (0,1), we have

limsuplimsupn I(e,n) = 0.
e—0 n—00

Proof. Let Z,, := n(*~9/2Bcap((£[0,1])""") Liefo,ncB(0,n/2 )}~ BY (2.1), there exists some
positive constant C' = C(n, |z|) such that for all n,

nl(e,n) < CE(E,).

By [31], there exists some positive constant C’ such that for all n, Bcap(B(0,n|z,|)) <
C'|z,|%*. We have =,, < C” for some positive constant C” independent of n.
Now we use (2.7) and (2.6) to see that IP-a.s.

limsup Z,, < limsup n*~9/?>Bcap(n'/20%*) = ¢yBScap(M, /*0%).

n— oo n—oo

—_

Applying Fatou’s lemma to C” — =,,, we get that

limsup E(E,) < C@E(BSC&D(M;1/2®2E)).

n—oo

Finally we remark that lim._,q ]E(BScap(Me_l/Q@Qa)) = E(BScap(Mg_l/QG)) =0ford > 6,
by Lemma 2.2. This ends the proof. O

3 Intersection probabilities: Proof of Proposition 1.3

In this section, we shall consider planar tree using the lexicographic order in the
Ulam-Harris setting. We set U* = Upen+(IN*)" and U = U* U {@}, where & is called
the root. For u = wuy---u, € U*, the set of ancestors anc(u) C U of u is given by
anc(u) = {ug---up: k€ {l,...,n}} U{D}. We see a rooted planar tree t as a subset of
U such that: @ € t; if u € t NU* then anc(u) C t; if u € t, then there exists k£ > 0 such
that ui € t if and only if ¢ € {1,...,k} (with the convention that @i = i, and that k = 0
implies no children). The tree t is endowed with the usual lexicographic order < with
the convention that @ < u for all u € U*.

We setU' =U UU*, withU* = {—u : v € U*}, where for the word u = u; - - - u,, € U*,
we define the word —u := (—uy) - - - (—u,). We extend the lexicographic order < on i/ to
U’ as follows. For u € U*, we have u < v if: either v € Y; or v € U* and —u € anc(—v); or
v €U* and —u ¢ anc(—v) and —v < —u (in U*). For example, we have:

(=5) < (=1) < (-1)(-1)(-1) < o <1 < 111 < 5.

3.1 On the discrete tree models

We will introduce the adjoint tree 7T,q; and invariant tree 7., as well as the associated
branching random walks.

The random planer tree 7.q; is derived from the Galton-Watson tree 7., with the
only modification being made at the root. In the adjoint tree, the root has an offspring

distribution
oo

ak)y= > u), k=0,
j=k+1
instead of u, while all other vertices retain the original offspring distribution .
We then construct the invariant tree 7., as follows. Start with an infinite spine from
the root &:
X ={y:=9,91,..., Dn, ...}

EJP 30 (2025), paper 72. https://www.imstat.org/ejp
Page 8/25


https://doi.org/10.1214/25-EJP1334
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Branching capacity of random walk

To @, we graft on the right a planar random tree 7 distributed as the critical Galton-
Watson tree 7. (identifying the root of 7. with @ = &g). Then, for any n > 1, the vertex
&y, has i children on the left and j on the right with probability u(i 4+ j + 1), and we graft
independent copies of 7. to each child (identifying the root of the grafted tree with the
child). As a remark, the two planar subtrees grafted to the left, 7,9, and to the right, 7,4,
of @,, (with their root identified with &,,) are dependent random trees and, for n > 1,
distributed as 7.g;. For n = 0, the tree 74 is simply reduced to its root.

An element u # @ of the planar tree 7,¢ C U is coded by the word nu in 75, and an
element u # & of the planar tree 7,9 C U is coded by the word (—n)(—u) in T, and @,
is coded by (—n) for n > 1. One can see the tree T, as a subset of &/’. Then, we order
the vertices of 7., by the lexicographic order < on I/':

s L Too(—2) < Too(—1) < Too(0) < Too(1) < -+,

with 75(0) = @y = @. Moreover, we denote by 7, = Too(IN) = Too NU (and T7- :=
Too(Z_) = Too NU_ where U_ = U* U {}) the subgraph of 7, with non-negative (and
non-positive) labels. Notice 7_ is a tree and that the spine X is a subset of 7_, but 7; is
disconnected and thus no longer a tree, see Fig. 1.

The sequence T (0), Too(—1), Too(—2), ... is not a depth-first sequence for 7_. We
shall reorganize 7_ in depth-first order by considering the planar rooted tree T_cUu
built as the union of the spine X" and the trees (7,9),,>0, where @, is identified as an
extra oldest child of the root of 7,9 (which is still identified with &,,). We then order the
vertices of 7_ using the lexicographic order < on U:

~ ~

=T (0) <2, =T (1) <T_(2) <---.

See an illustration in Fig. 1.

For each «a € {¢,adj, 0o, +, —}, we construct V,,, the branching random walk indexed
by 7, with displacement distribution 6, in the same way as we did for V, and 7.. For
notational brevity, for any ¢ € Z, we write V(i) := V(75 (%)) the spatial position of the
ith vertex of 7.,. For a,b € Z, we denote

Vae[a,b] = {Viao(6),a < i < b},

and abbreviate %, for the range V, (—00,00). For a € {c,adj,+}, we use similar
notations 7,(4), V, (i) for 0 < i < #7,, ¢ finite, with 7,(0) the root of 7,. In particular,
. = V,[0,#7,.] is in agreement with (1.2). Finally, the law of a branching random walk
started from z is always denoted by P.,.

Since for all i € IN, there exists a unique j € IN such that 7_(i) = T (—j), we can
define V_(i) = Voo (—7). It is immediate that

G = V_[0,00) = Voo (—00,0] =: Z_.

The distribution of the random tree 7. is invariant by rerooting at vertex 7. (n) for
alln € Z, see [9, Section 2.2]. Since the distribution 6 of the increments of the branching
random walk is symmetric, we directly deduce that V,, is invariant by translation ([9,
Section 2.2] and [24]):

(Voo(n + 1) = Voo(n)) ez (2 (Vo (i) = Vs (0)) ez,  Vn € Z. (3.1)

Denote by (Y;,)nen the Lukasiewicz walk associated to 7, that is, (V) is a centered
random walk on Z starting from 0 whose step distribution is P(Y; = i) = u(i + 1), i > -1,
and such that Y;,+1 — Y}, + 1 is the number of children of 7.(n) for all n < #7.. Similarly,

EJP 30 (2025), paper 72. https://www.imstat.org/ejp
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Figure 1: On the left: a sample of 7_ = 7o (Z_) in black and 7} = 7., (IN) in blue (except
for the root which is black but belongs also to 7;) so that 7o = 7- U 7,; notice T (—1)
is coded by (—1)(—1)(-1), Teo(—3) by (—=1)(—1) and 7o (—5) by (—1). On the right: the
tree 7_ which is a different ordering than 7_ of the same graph.

denote by (L,) the Lukasiewicz walk of 7_ (to be precise, (L,) is associated to the
forest in 7- _, where the edges of the infinite spine (&,,), >0 are removed. In this setting,
D p+1 is not seen as child of &,). Then its law is as follows: Ly =0,L; = —1; forn > 1,
conditioning on ¢{L;,i <n}, L,4+1 — L, + 1 is distributed as p if L,, # ming<;<, L;, and
as ﬁ if Ln = minogign LL

By [33, equation after (5.5)], the branching random walk V_ indexed by 7_ can be
compared to V. in terms of (Y;,) and (L,,): for any 0 < k& < m and nonnegative measurable
function F,

B, (F(V[0, k) [ #7: = m) = By (F(V_[0, K]) @i (Ly)), (3.2)
where
mPYy—r=—-(+1))
(m—k)P Y =-1)

By the local central limit theorem for the random walk Y, for any a € (0,1), there
exists some C, > 0 such that, for any m > 1 and k¥ < am, we have ®,, ;(¢) < C, for all
¢ € Z.. Consequently for any nonnegative measurable function F, we have

‘I)ch(f) =

E, (F(VC[O, lam]]) | #T = m) <L E, (F(f/, 0, Lamj])). (3.3)
Finally, we denote the spatial positions of the spine X by
Kx = {VX(O),Vx(l),}, (3.4)

where for any i > 0, V(i) := Voo (@;) € Z4 is the position of ith point in the spine (recall
that @, := @ is the root). As a matter of fact, the sequence (Vx(4));>0, forms a 6-walk on
7. We denote by ) the set of points in 7- that are not in the spine, with the exception
of the root, see Fig. 2. Let

Vi={Vo, V1. Vs, } = T-\{@1, 2, ..},
Ay :={Vy(0),Vy(1),Vy(2), ...},
listed in depth-search order, )y := @ and Vy(0) := V(9), and for any i > 0, V3 (i) =

Vo (Y;) denotes the spatial position of the ith vertex of J). Then we have 7_ = X U ) and
xnYy={o}.

(3.5)
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T.

9

e N
>

Figure 2: An illustration of 7A'_ = X U, and its comparison to 7 Vxhen T4 = {@l We
have here that X'(0) = 0, X(1) = 1,&(2) = 6 and Y(0) = 0,Y(1) = 7-(2), Y(2) = T-(3),
Y3B)=T-(4), Y(4)=T-(5) and Y(5) = T_(7).

Let Z, := V,[0,00) denote the range of V.. By construction, the random sets
(%, %y) and (Zx, %) conditionally on {70 = {@}} have the same distribution. We
deduce that

B =R U By "= (A VR | T = (2)),

and that for any nonnegative measurable function F,
1

B, (F(#y,9)) = E.(F(%:, T)| T = {2}) < o (F#:. 7). 36

This property will be used to compare rare events for V_ and V. As for V,[a, b] we use
the notation: for any 0 < < 3,

Vy[i,j] = {Vy(i)avy(iJr1)7~~~7Vy(j)}, (3.7)
and define for any m > 1,

%ﬁffé, i= Zx N (V-[0,m]) and %(ymv) = %y N (V_[0,m)). (3.8)

We end this section by a simple estimate on the number of spine points in T

Lemma 3.1. Assume (1.3). For any r € (0,1), there exist some positive constants C = C,
and ¢ = ¢, such that foralln > 1

P(#(ﬁ[o,n] nx) > rn) <Ce “".

Proof. By construction, 7- consists of i.i.d. adjoint trees in a sequence, and we need
to show that it is very unlikely for 7_ to cover [rn] such subtrees. Denote by (Z;) i.i.d.
random variables distributed as the total population of #7.q;. Then it suffices to show
that

P(Zi+ -+ Zpm—1 <n) <Ce°",

where this probability is equal to 1 if [rn] = 1. Let for s > 0,

f(s) == eS/T'E(e_SZI ).
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Note that E(Z;) = cc. Then f'(s) = E[(* — Zy)el+=Z1)3] is continuous on s € (0, 0c) with
lims o4 f/(s) = —oo. Combined with f(0) = 1, we know that f(sg) < 1 for some sy > 0.
Therefore,

T B (e %) T ()™,

and we conclude by taking ¢ = —rlog f(s¢) > 0 and C large enough. O

P(Zi+ -+ Zya < 1) < 0" (B(e™7))

3.2 Some known results

We collect here some preliminary estimates on the random walk and the branching
random walk.

Lemma 3.2. [20, Proposition 2.1.2, Theorem 2.3.9] Let (,,),>0 be a centered, aperiodic
and irreducible random walk in Z.* with finite variance. There exists some C > 0 such
that forevery s > 0andn > 1,

P (Org%ll&l > s\/ﬁ> < Cs7? (3.9)
sup Péf’(gn =z) < Cn~92, (3.10)

reZd

Indeed, [20, Proposition 2.1.2 (a)], with k£ = 1, gives (3.9), and (3.10) follows from
[20, Theorem 2.3.9].
Recall V, is the branching random walk in Z¢ indexed by 7. defined in Section 3.1.

Lemma 3.3. ([8, Lemma 4.13]) Let d = 5. Assume (1.3), (1.4) with q > 4, and (1.12).
For any M > 0, there exist some v,C > 0 such that for alle € (0,1),

lim sup P0< max P (€[0,00) N VL[0,n?] = 0) > e“) <CeM, (3.11)
n—00 |z|<enl/2 zeZ>
Proof. Though [8] only considered simple random walks, a general random walk ¢ that
is centered with finite variance, aperiodic and irreducible will validate every argument
except for [8, Lemma 4.6], which relies on the asymptotics of the Green’s function,
g (T) =50 Péﬁ)(fn = z). Given the existence of finite third moment of £, we can
apply [30, Theorem 2] (with N = 5,m = 0) to get g(¢)(z) = (C + o(1))|z| 3. Thus we still
get [8, Lemma 4.6] for ¢ satisfying (1.12) instead of a simple random walk. O

We end this subsection by some estimates on the branching random walks V; and
V. and on the graph distance on 7. We consider 7; as a subgraph of 7, and, for all
0 < i < j, we denote by dg (73 (7),7+(j)) the graph distance in 7, between the two
vertices 7. (i) and 74 (j), which is the number of edges in the geodesic path connecting
T:.(i) to T4(j) in T
Lemma 3.4. Assume (1.3) and (1.4) with some q > 4.

(i) Forany 0 < ( < i — %, there exists some positive constants o’ and C = C,, such
that alln > 1 and 0 < n < 1, we have

PO< max V() — Vi ()| > n<n1/4) <on?. (3.12)

0<i<j<n, 0<j—i<nn

(ii) There exists some C' = Cy > 0 such that for anyn > 1,

Eq ( max |z]?
2ER .

(iii) For any r > 1, there is some positive constant C' such that for any 0 < i < 7,

#ﬁzn) < Cni/t, (3.13)

E(dge (T (), T (7)) < € =)' "™. (3.14)
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Proof. The statements (i) and (ii) come from [8, (4.11), (4.24)].

For (iii), we deduce from the invariance 75, by rerooting that for any j > ¢, dg (75 (7),
T+ (j)) is distributed as dg (75 (j — @), ). By using [8, (4.7), (4.9), (4.10)], and we note
that (4.9) and (4.10) hold for any exponent r > 1 instead of ¢/2 there, we get (3.14). O

3.3 Increments of V.
We first present a general result to estimate the increments of a discrete-time process:
Lemma 3.5. Let a € (0,1],b > 0,p > max(%,2) and H,K > 0 andn > 1. Let Yo, ..., T,

)

be real-valued random variables such that forany 0 <i¢ < j < n,
E(|Y; — YiP) < H(j — ) + K(j — )" (3.15)

For any max(1,b) < v < ap, there exists some positive constant ¢ = c(«a,~y,p,b) only
depending on «,,p,b such that

B(, max |T;=Til") < c(Hn + Kn?). (3.16)

0<i<j<n

In particular, if Yo = 0, then

E( max |Ti|p> <c(Hn* 4+ Kn"). (3.17)
0<i<n

When K = 0, the above lemma is the discrete-time version of the Garsia-Rodemich-
Rumsey lemma. We shall apply Lemma 3.5 to estimate the increments of V; and the term
K (j —i)® will appear when we consider a truncated version of V,, with K depending on
n.

Proof. Consider (Tﬁ”))ogtgl the linear interpolation of the process (n™“Y |,,¢|)Jo<t<1. We
are going to apply the Garsia-Rodemich-Rumsey lemma for Y("). We claim that there
exists some ¢, > 0 such that forall 0 <s <t <1,

E(|T§") - Tg”>|1’) < cp(t— )7 (H + Kn7=oP). (3.18)

In fact, if for some 0 < i < n, £ <s <t < L then T\ T = n=2(t—5) (i1 —T,),

hence

i
n

B0~ T0[P) < w0 (¢ — )2 (H 4+ K) < (H + K)o~ (¢ — )7,
proving (3.18) (with ¢, > 1) in this case as v < ap. If for some 0 < i < j <n, L<s<cttd
and 2 <t < % we distinguish two subcases: either ;7 =7 + 1, then we use twice the
above estimate to the couples (s, “1) and (“£1,¢) and get that

(" = TOP) <2 (H + K)o (¢ - s);
orj>i+2 thent—s>1and

(i - 1)

-1 (n) _ ~y~(n) -1 (n) _ ~(n) -1 (n) _ ~(n)
< B - ) + 3 B - 1) + 3 B, - )
< 2377 InTP(H + K) + 3P In PE(|T; — Yi[P)
< cpH(t — )P 4 ¢, K (t — 5)Pnb—0P
< ¢t —s)(H+ Kn'~ %),
EJP 30 (2025), paper 72. https://www.imstat.org/ejp
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where in the last inequality we have used the facts that b < v < ap and (t — s)*~7 < n7~?
in this case. Then the proof of (3.18) is complete.

Now in view of (3.18), we are entitled to apply [10, (3a.3)] and get that for any
(arbitrarily) fixed 0 < § <~ —1,

(n) _ ~(n)p
E sup M §C(H+Kn“’*ap).
0<s<t<1 [t — s]°

Hence, we get

B (e [0, - 1) =7 (| sup (107 Y0P ) < 0 (e 4 ),

0<i<j<n 0<s<t<1
proving (3.16). O

We then apply this lemma to get a control on the increments of V.
Lemma 3.6. Assume (1.3) and (1.4) with some q > 4. For any p > ﬁ, there exists

4 q

some C > 0 such that for any n € (0,1) and r > 0, we have'

lim sup PO( max max |Vi(i+ knn) — Vi (knn)| > Tn1/4> < CrPpil (3.19)
n—00 nggﬁ 0<i<nn

Consequently,

lim sup P0< max max |Vy(i+ knn) — Vy(knn)| > rn1/4) < rPpi-l (3.20)

<

n—»o0 0<k< L 0<isnn 1(0)
Typically we will choose r = ¢ for some ¢ € (0, i) and p large enough so that the
right-hand-side of (3.19) goes to 0 as » — 0. Comparing such a choice of r in Lemma 3.6
with (3.12), we remark that the condition ¢ < ; —  is relaxed to ¢ < 1/4 at the expense
of the limit as n — oo in (3.19). This relaxation is crucial for the forthcoming Lemma 3.7,
where we must select ¢ sufficiently close to i (in fact we need ¢ > é) to control the size

of a neighborhood of V. or of V..

Proof. It is enough to show (3.19), as (3.20) follows from (3.19) by (3.6). To this end, we
first use a truncation argument (Step 1) to remove the big jumps in V,, then Lemma 3.5
(Step 2) to estimate the increments of the truncated version of V...
Step 1: Set
1 1
b, :=nst2,
Recall that on a branching random walk, X, denotes the displacement on an edge e; we
denote
X = Xe lx,1<b,)+

and we write V_ ,, for the corresponding branching random walk where displacements

on edges are (XP(,")) instead of (X, ). Our first step is to show that we may replace V, [0, n]
by V+’n[0, n], i.e.

limsup P (V4 ,[0,n] = V4[0,n]) = 1. (3.21)

n— oo

Denote by t,, the subtree of 75, spanned by 7;.[0,n] and A,, := #(t,, N X’) the number
of intersections of t,, with the spine X. Then there are n + A,, edges in t,,, and we first

1The term knn is understood as its integer part. Similar remark applies elsewhere without further explana-
tions.

EJP 30 (2025), paper 72. https://www.imstat.org/ejp
Page 14/25


https://doi.org/10.1214/25-EJP1334
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Branching capacity of random walk

show that A,, cannot be too big. Note that the subtree of T, spanned by 7. \7¢ and the
root &, in depth-first order, has the same distribution as 7_. Since 7, \ 7 is independent
of 76‘1, we get that forany 1 < j <n+1and k > 1, (see Figure 2 for an illustration with
j=Lk=3n=09)

P(A, = k|#T8 = j) = PH(T_[0,n+ k-] N X) = k) < P(HT_[0,n+ k] N X) > k).

It follows that P(A, = k) = S/ P(A, = k, #T¢ = j) < PHT_[0,n+ K NX) > k),
hence

o0

P(A, >n) < > PEHT_[0.n+kNX)>k)
k=n
- ~ n+k
< ’;n P(#(T,[O,nJrk]mX) > — )
< Z e—cnth) < Creen,
k=n

where the third inequality is due to Lemma 3.1 (with » = 1/2 there). This shows that
with probability 1 — Ce™“", t,, contains n + A,, < 2n edges.
Then by union bounds and (1.4), we get

P(ng IX,| > bn> < 2P(|X| > by) + Ce " < Cnb, 9+ Ce " < ' ni~#

for all large n, where X denotes a random variable with distribution 6. In other words,
with probability larger than 1 — C” nz~¥, there is no edge e € t, such that X, # Xe(,"),
hence V; ,[0,n] = V, [0, n] and we get (3.21). Then it suffices to prove (3.19) for V. ,,[0, n]
instead of V[0, n].

Step 2: Forn > j > i > 0, recall that d,, (75 (¢), 7+ (j)) denotes the graph distance in
Too between the two vertices 74 () and 74 (j). Conditioning on {dg (75 (i), 73 (j)) = k},
Vi n(j) — Vi (i) is the sum of k iid copies of X (") := X1y x|<b,}, Where X is distributed
as 0. As X(™ is centered (by the symmetry of ), we use the Rosenthal inequality [26,
Theorem 2.9], and get that for any p > 1, there exists some ¢, > 0 such that

E(|V+,n(j) Vi@ | dge (T4 (0), T () = k) < ¢ (RE(X ™) + kPPE( X )P/2).

Note that E(|X(™|?) < ? and E(|X(|?) < E(]X|?) < co. Then by (3.14), there is some
positive constant C such that forany 0 <i < j <nandp >4,

E(Vin() = Vi) < C (0 = )/2 + (= iy/4).

Applying (3.17) to Y. = V4 (i + ), @ = 1, b = % and any vy € (1,p/4), we get some
positive constant C’ such that forany 0 <i < /£ < n,

B( max Vin(7) = Ven D) < O (€= " 00— 0)7). (3.22)

This, in view of the union bound and the Markov inequality, yields that

Po( max max |Vi (i + knn) — Vi, (knn)| > rn1/4)
0<k< L 0<i<nn

< C'nphtep n~P/4 (7711/4”1)/4 + bﬁ’lnyn”’)

C'r P np/4—1 L' P 77"/—1 bgn—p/‘l-&-v.

Now for any p > 27, we fix an arbitrary 7 € (1,2) so that (g + 5;)p — § +7 < 0, then
4 q

bgn_p/‘“” — 0 as n — oo, and we get (3.19) for V, ,,, hence for V, by Step 1. O
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The following lemma says that with high probability the number of points in the
neighbourhood of V. [0, m] is not too big, such an estimate will be important in estimating
the forthcoming probability term p;n,n defined in (3.28).

Lemma 3.7. Let d > 5. Assume (1.3) and (1.4) with ¢ > 4. For any M > 0 and
€ (0,d — 4), there exist some positive constants C' = Cy and C' = Cy, such that for
anyn € (0,1),

~ ml/4

lim sup Py (#((V, 0, m])77 N Zd) > CT)Wmd/‘L) <M. (3.23)
m—0o0

Proof. Let ¢ := ﬁ € (4,%). Applying (3.20) (with 7 replaced by n'/¢ and r by n) to a

sufficiently large p, we get that for any M > 1, there is some positive constant C' such

that for all » € (0,1),

lim sup P0< max max  |Vy(j+kn'/Sm) —Vy(kn'/Sm)| > nm1/4) <CnM. (3.24)
m—00 0<k<n=1/¢ 0<j<nt/¢m

Recall the notations 92;%/ = Zx NV_[0,m)], ,@;m‘% = %y N V_[0,m] and Vyli, j] :=
{Wy (), Vy(i +1),...,Vy(j)}. Since %’( ~ C Vy[0,m], we deduce from (3.24) that

1-P (%;m‘% can be covered by 77’1/( balls of radius nm1/4> <congM+ om (1), (3.25)

where o0,,(1) — 0 as m — oo and o0,,(1) may depend on 7.

Let j > 1. Consider the event {d(z, % (m) ) > jtwithz € 9? . There is some i such
that © = Voo (9;). Let K; :=dg (2, Y N T_ [O,m]), where we recall that d,, is the graph
distance in 7. Then d(z, %;m‘% ) is less than the displacement of a #-walk at time K.

Since each spine point has no attached tree with probability i(0) = 1 — 1(0), we deduce
from the union bound that for any j,¢ > 1,

(m) :
P0<x€3§1’i{) d(z, ‘%Jy V_) 2]) < P0(0<11nan>1<_ K, > Z) +mPo(|Se| > j)
< m(1 = p(0)" +mj~TEo(|Se|7), (3.26)

where we choose (and then fix) an arbitrary constant ¢’ € (4, q). By [26, Theorem 2.10],
Eo(|S,]7) < C a2,

1/4

Take £ = Lﬁ;) logm] and j = nm'/*. There exists some my = mo(q’, £(0)) > 1 such that

for all m > my,

Po( max d(m,%’g"‘% ) > nm1/4) < O~ m'7*(logm)? /2 (3.27)
we.%;}/_ T

Note that on {max_ d(z, 92’ ) < nml/4}, if %’( can be covered by n~!/¢ balls

(m)
GQ’?X, 2

of radius nm!/4, then V_[0,m] = %ﬁ(mv U % m) can be covered by /¢ balls of radius

2nm!/4. It follows from (3.25) and (3.27) that

1-Py (‘A/_ [0,m] can be covered by 1~ '/¢ balls of radius 277m1/4)

CM 4+ O~ m' =94 (logm)?/? 4 0, (1)
Co™M + 0,,(1).

IN
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Finally, when V_[0, m] is covered by ~1/¢ balls of radius 2nym!/4, its (ym*/*)-neighbor-
hood is covered by /¢ balls of radius 37m'/4, hence

N ml/4
#((V—[O,m]y7 ﬂZd) < Yeantmt = cqan? m¥*,
for some positive constant c; only depending on d. This proves (3.23). O

3.4 Intersection probabilities between V. and ¢

The proof of Proposition 1.3 can be outlined as follows. By ordering the vertices of
T. using the depth first search and its reversed sense (see (3.45)), we may reduce the
problem of studying I(e,n), defined in (1.14), to that of the non-intersection probability

Py® Pagi) <Vc [0’ gm] A (f[O,n])E”I/z £0,V, {0, gm} NEo,n] =0 ‘ #T. = m),

where the choice (£, %) can be replaced by any (c,c+ \) with ¢ € (3,1) and A € (0,1 — ¢).
Furthermore, the main contribution to I(g,n) comes from those m of order n?, say
m € [on?, $n?] for small 6 > 0. By (3.3), the above probability is dominated, up to a
multiplicative constant, by the corresponding probability for V_ instead of V. conditioned
on {#7. = m}. This latter probability is estimated in the following result.

Proposition 3.8. Let d = 5. Assume (1.3), (1.4) with ¢ > 4 and (1.12). Fix A > 0. For
eache > 0, € R® and x,, = [v\/n] € Z°, we define

P 1= Po @ P (V-10,m] 1 (€[0,n])™""* 2 0, V[0, (1 + \ym] N €[0,n] = 0).

There is some ¢ > 0 such that for any ¢ € (0, %), there is C = Cj, » > 0 such that for any
e€(0,1),

limsup max  pmn < Ce
n—oo mE[dn2,$n?]

Remark 3.9. One may compare Proposition 3.8 to Lemma 3.3 (see also [8, Lemma 4.13]).
In Lemma 3.3, the non-intersection probability of a random walk starting very close to
a branching random walk has been estimated; whereas here, we need the intersection
probability when the two random models start relatively far apart, and then consider the
joint events that they are close but not intersecting.

This is an essential step due to difference between Cap and Bcap. For Cap, the
testing random set (S in (1.1)) is a random walk with Markov property, so events similar
to pm,» can be decomposed into the product of probabilities for two independent events:
arrival at a small neighborhood, then escape the target set starting nearby (in the sense
of Lemma 3.3). However, for Bcap, the smallest i such that V_(i) € ([0, n])”‘l/2 isnot a
stopping time, the whole random set V_[0, i] matters.

To address this issue, we develop Proposition 3.8 where the proof (for (3.34) below) is
significantly more involved, because both the hitting probability at (£[0, n])‘g”]/2 and the
hitting at £[0, n] “conditioned” on arriving at (£[0, n])ml/2 have to be carefully handled,
which might be useful in other contexts involving the study of branching structures.

This subsection is devoted to the proof of Proposition 3.8. Consider ¢ € (0,1). Let
r > 0 be some small constant whose value will be determined later. We have

pm,n S p'/rn,’n +p'/r;7,,n?

EJP 30 (2025), paper 72. https://www.imstat.org/ejp
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with

P ,n

= Pow PO (V[0,m] gL —emn™ 2 0), (3.28)

= Py@PY (?,[o,m]mg[o,(l—g e £ 0,

Pmn

V10, (1 + A\)ym] N €[0,n] = @). (3.29)

We outline the steps in estimating p;, ,, and p;;, ,, as follows.

(i) Estimate p;, ,. Let 7’ € (0,7). According to the random walk estimate (3.9), with
high probability as ¢ — 0, £[(1 — £”)n, n] is contained in B(,, "' /2n'/2) the ball centered
at &, with a radius of ”/2n!/2. Therefore, estimating Phn.n boils down to evaluating

—~ 1/2
whether ¢, is in (V [0, m])nn , where 7 is some power of €. This is the motivation for

Wi/
estimating #(V_[0,m])"" ", a task addressed in Lemma 3.7.

(ii) Estimate p” . We divide 7_ into two pieces X and ), as done in (3.4) and (3.5),
and give an estimate on their ranges, see Fig. 2. By Lemma 3.1, there are few points in
Van Ve [0,m], then we may replace V_ by Vy in p};, ,,. This, in view of (3.6), boils down to
estimating the corresponding probability for V. . To achieve this, we will cut the range of
V. into a certain number Ls‘l/ CJ of pieces. An application of the strong Markov property
of ¢ allows us to reduce the problem to estimating the expectation of the maximum over
|e~1/¢| of identically distributed random variables, whose common law is that of ¢. ,.(n),
where

Ger(m) = B e PE(E[0,e7n] N Vi [0,en%) = 0)14v, 0.enz]cB(0.c6nt/2) (3.30)

with ¢ € (0,3 — 7) a fixed constant. We mention that P(é) only computes the probability
with respect to the random walk ¢ starting from z, so that g.,(n) is a random variable
depending on V.. Finally, ¢. .(n) is estimated in the following Lemma 3.10.

Lemma 3.10. Let d = 5. Assume (1.3), (1.4) with ¢ > 4 and (1.12). Let ¢ € (0,7 — %)
and g. »(n) be as in (3.30) and r € (0,2¢). For any M > 0, there exist some v = vm >0

and C = C, ¢ > 0 such that for alle € (0,1),

limsup Po(ge () > ) < CeM, (3.31)

n— oo

Proof. Only small € needs to be considered. Applying a change of variables (n’,&’) =
(e1/2n,4¢%/*) to (3.11) in Lemma 3.3, we deduce that there are some v/, C’,C" > 0 such
that

lim sup P0< max P (£[0,00) NV [0,en?] = 0) > C’a“') <C"eM. (3.32)

n—00 |z|<4enl/2 z€Z5

Let £, = ‘n'/2. On the event {V, [0,en?] C B(0,¢,)}, we deduce from the Markov
property of ¢ at €"n that

PO (£]0, 00) N VL[0,en?] = 0)
PO (€0, 6] NV [0,2n?) = 0, [€crnl > 260, €]"n,00) N B(0, ) = )

>
> | ggfé P (£[0,00) NB(0,£,) = 0) P (¢0,e"n] NV, [0,en?] = )
Y n
> ¢pP® (£00,e"n] N VL[0,en®] = 0, |&rn| > 20,),
EJP 30 (2025), paper 72. https://www.imstat.org/ejp
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for all n such that ¢,, > Ry, where Ry > 0 is a large enough constant such that

i © _
c= Jjof ‘y}ggRPy (£[0,00) NB(0, R) = 0) > 0.

By the local limit theorem for the random walk (3.10), there is C” > 0 such that

max_ PLO(|&rn| < 20,) < P (|€ern

< 3€n) < C///egd—rd/?
|z|<4enl/2 o B

It follows that

1
ger(n) <= max P (£[0,00) NV[0,en?] = 0) + C™ldTd/2,
C |z|<4enl/?
By (3.32), we obtain Lemma 3.10 by choosing any v € (0, min(v’, (¢ — r/2)d)). O

We are now ready to present the proof of Proposition 3.8.

Proof of Proposition 3.8. As in Lemma 3.10, let { € (O,i — %) and fix some constant
r € (0,2¢). Recall (3.28) and (3.29). Let § € (0, §). It is enough to show that there is

some ¢ > 0 independent of §, and some constant Cs > 0 such that for any small € > 0,

limsup max
n—oo me[én?,+n?]

Prom < Cset. (3.33)

limsup max p’ < (Cs¢ec. (3.34)

m,n —
n—oo mE[dn2,§n?]

We mention that the exact values of Cy, ¢ are not important, they may change from
one paragraph to another.

(i) Proof of (3.33). Fix some 0 < ' < r. Apply (3.9) with (n,s) = (¢"n,e("~")/2)
there, we have
ngf)( max |§k _ é—n‘ > 87'//2n1/2> < CE’I'—TI.

" \(1—em)n<k<n

Since ¢ < €"'/2, we deduce that for all m € [6n?, 1n?],

25"'//2n1/2)

Pl <Ce™" + Py PO (gn e (V_[0,m)) (3.35)

To estimate the above probability term, we apply (3.23) to m = n2/§, n = 261/4""/2
withd =5, v € (0,1) and M = 1, to see that there are some Cs,c; > 0 (we may choose
cs = C275~(d=1/4 and Cj := 2C"6/* with C,C’ as in (3.23)) such that

limsup max Py (#((IA/, [0, 771})267'//2"1/2 NZ°) > cs 577"72715/2)

n—oo mE[6n2, $n?]

~ 1 " /
< limsupPy (#((V, [0, 5n2])25 i Z°) > cs" /2n5/2)
n—oo
< G2 (3.36)

Moreover, by (3.10), for any finite set A C 75,
PO (€, € A) < Cn 2 #A.

287‘//2,”1/2

It follows that on {# ((V_[0,m]) NZP) < cse'/2nb/?},

2‘,;.r’/2n1/2 )

PO (&, € (V-[0,m)) < Cose 2,

EJP 30 (2025), paper 72. https://www.imstat.org/ejp
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which in view of (3.35) and (3.36) yield that for all m € [§n?, %nQ],
pimn <O CgET//Q + Ccs err'/2 4 on(1),

with o,(1) independent of m and 0,(1) — 0 as n — co. This proves (3.33).

(ii) Proof of (3.34). Recall (3.29) for the definition of p!, n- By (3.8), V. [0,m] =
#'™. U %™ . We are going to apply (3.27) with n = £5'/4. Note that for all m €

xv. Ty
[0n?, $n?], on the event {max d(z, %’(m) ) < e6'/4m!/*}, we have

(m)
GQX,A

V_[0,m] N €0, (1 — el 0,

which implies that .2 &[0, (1 — " )n]*"'"* # 0. It follows from (3.27) that for all

m € [0n?, $n?*] and n large enough,
Pran < P+ 0n(1), (3.37)

where as before, 0,,(1) is independent of m and 0,(1) — 1 as n — oo, and

Pt = Po @ PO (25 g0, (1=l 20,2859 ngfo,n) = 0).

A7
Let
T = nf{i > 0:d(&,Z (mA) ) < 2en'/?},
We have
Pt = Po@ Pt < (1= )0, 2™ 0 €(0,n] = 0)
< Eo( max P( (£]0,€™n] ﬂ%’ 1+A)m) = @)), (3.38)

d(y,@g'yl‘l/i )<2enl/2, yeZs
where the inequality follows from the strong Markov property of ¢ at 7, ,. Let
Ay = {#(ﬁ [0, (1+ \)m]NX) < )\m/2}.
On A,,,, we have

A Vylo,m] C Vylo,(1+ m] c Ay, (3.39)

By Lemma 3.1, there is some positive constant ¢s such that

max | Py (A:n) < e_CJnZ’

me[n2,$n?

which, in view of (3.38) and (3.39), implies that

Wi < et e Bl max  PO(e0.en] nalEI )

- 00 ), Y<2ent 2, ez v

2 A
< —enT 4R ( P(f) 0, ™nl N VA 0, (1 - =0 )
= 0 d(y,Vy[Oym]r?Sa?)inl/Q,yGZS Y (£[0, ] v[0, (1+ Q)m} )

Recall that ¢ € (0, ; — ). Let

By := { max max  |Vy(j + ke'/Sm) — Vy(ket/Sm)| < 5n1/2}.

0<k<e—1/¢ 0<j<el/¢m
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On the event By, for any y € Z? such that d(y, Vy[0,m]) < 2en'/?, there is some
0 < k < e~Y/¢ such that |y — Vy(ke'/$m)| < 3en'/? < 4en'/?, furthermore

A
PO (€[0,e7n] N V[0, (1+ 5)m] = 0) < PO (€[0,e7n] N Vy[ke'/Sm, ke/Sm + Am /2] = 0).
It follows that

A
PO (£]0,en]NVA[0, (14+2)m] = < Po(BS)+J, 3.40
sty ey 757 EO TNV, (1 5)m] = 0)) < Po(B5) s, (3.0

with

P

J3.40) = Eo( Y

max max
0<k<e— /< |y—Vy (kel/<m)|<denl/2 yeZ>

x (€[0,e"n) N Vy[ke'/Sm, ke Sm + Am /2] = V)))

Applying (3.20) to p = /¢, r = £6'/* and p sufficiently large such that p(i —1) —% >1

and p > %1, we get that uniformly in m € [§n?, $n?],
4 ¢

PO(B§,) < Cse+ o,(1),
where Cy := %5 —P/4 in notation of (3.20). Therefore we have shown that uniformly in
m € [0n?, $n?],
piﬁ{m < Cse+ 0n(1) + J3.40) (3.41)
For J3.40), we deduce from (3.6) that

1
Joan < ——FE ( U ) 3.42
G40) = 2y H0 ooz, Uk (3.42)

where for € small enough so that en? < Am/2 and for each k,

U, =

= max
|ly—V4 (ket/<m)|<denl/2, yeZ>

ngf)(é[o, €"n) NV [ke¥Sm, keY/Sm + en?] = ).
To estimate maxy<..-1/¢ Ux, we cut V, into smaller pieces. Consider the event

By

+

= By, (m,n) = { max V() — Vii)] < anl/Q}.

0<i<j<(14+3)m, j—i<en?
By (3.12), we deduce from the union bound and the translation invariance for V in (3.1)

that for some positive constant o/,

max Po(B§,) < Cse”. (3.43)

me[dn?,5n?]
It follows that

E( U><C o’ E( U1 )<0 o E( (k) )
0 g max, Ur) < Cse + Eo omax, Urlpy, ) < Cse +Eg Ogﬁggwqw(n)
(3.44)

where for each & > 0,

k -
Q§77? (n) = Ukl{max0<i<5n2 |V (kel/Sm+i)—Vy (kel/<m)|<enl/2}-

By (3.1), (qékr) (n))o<r<e—1/¢ are identically distributed as ¢. ,(n), which was defined in
(3.30). Applying Lemma 3.10 to an arbitrary M > % there exists some v such that for
all large n,

Po(ger(n) > %) <CeM 4 0,(1).
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By union bounds,

Po( max  ¢*)(n) > 5“) < e YePy(ger(n) > e¥) < CeML/C
0<k<e—1/¢ 77

Since qékr)(n) < 1, we have

E0< max qék,?(n)) <+ C0eMC 4 0,(1).

0<k<e—1/¢

Going back to (3.44), we get that

E0< max Uk)gcga“’+sv+csM—1/<+on(1),
0<k<e—1/¢

which together with (3.37), (3.41) and (3.42), imply that for all large n and m € [dn?, %n2 ,
Pinn < 00(1) + Cse+ Cse® + "+ CeM1/<
implying (3.34) and completing the proof of Proposition 3.8. O

3.5 Proof of Proposition 1.3

\

N

Y

3 4/ 5 7 7 6/ 5 3
2 6 4 2
1 1 ®
1T ST Tk 70,k

Figure 3: An illustration of 7, and % Figure 4: In order for the vertex on the top
to not belong to 7.0, k] U f[o, k], there must
be at least 2k + 1 — #7. points on the line
connecting it to the root. In this figure, k =
10.

As shown in Fig. 3, we write 7.(0), 7.(1), ... as 7 in its depth-first order, and we write
<(0),7.(1),... as the depth-first order in the reversed sense.

Observe that if a vertex does not belong to 7[0, 2#7.] U %[0, 347.], then the line
connecting it to the root contains at least %#TC points, as shown in Fig. 4. Hence there
is some positive constant C' such that for every § > 0,n > 1,

P(7z ¢ [o, 2#7;} uT. [0, i#'ﬁ],#% c [5n2,n2/6])

. . 4
<P (height of 7. is at least 6n”/5) (3.45)
<Cé n=2
EJP 30 (2025), paper 72. https://www.imstat.org/ejp
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where the last inequality follows from the classical estimate on the branching process:

P(height of 7. is at least j) ~ j — oo. (3.46)

025’
For simplicity we may and will assume that the offspring distribution p is aperiodic,
as one can easily adapt the proof line by line for the periodic case. In particular, given

aperiodicity, by Dwass [15] and local central limit theorem (see [20, Theorem 2.3.9]),

1

n3/?p #Tc=n) ~ ——, n— oo. (3.47
( C ) /;2 )

f 2
P(#T.>j) ~ , | — 00. 3.48
( 7) o\/2mj J ( )

We are now ready to prove Proposition 1.3.

Proof of Proposition 1.3. Let § > 0 be small, we have

3 3
I(e,n) < P(Tc ¢ [0, 5#%] uT. [07 S#Tc},#% € {6n2,n2/5}>
n2/6 3 4
+2 ) Py PY® (vc {o, 5m} N (o, n))™” £0,V, [o, 5m} NEf0,n] = 0, #7. = m)
m=dén?
+P(#T. > n?/86) + P, (#T. < on?, Z. N B(0,n|x,| +enl/?) # 0)
n?/é§
=: Jo(0,n) +2 Z Ji(e,n,m) + Jo2(6,n) + J3(d,e,n).
m=n?
We have already bounded Jj in (3.45). For J5, we deduce from (3.48) that for some
positive constant C,
Jo(8,n) = P(#T. > n?/6) < C§'/?n~ 1.
For J3, when ¢ < (1 — 7)|z|/4, we have for all large n, %Z. N B(0,n|z,| + en'/?) # 0
implies that there is some z € %, such that |z—,| > |z,|—(n|z,|+enl/?) > L(1-n)|z|n!/2.
It follows that

1
J3(d,e,n) < Py <IH%X |z| > 5(1 — )|zt #T; < 5n2>.
EASEZ 2
By (3.13), there exists some C' > 0 such that for all m > 1, Eg(max,cz_ |2|9| #7T. =m) <

C'm%/*, Using Markov’s inequality and (3.47), we have that for some positive constants
Cy. and C)

7771;,
on? 1
— _ - _ 1/2 —
(6.6 = 37 Po(#T, = mPo( max 2 2 501~ mleln® | #7. = m )
n?
<Cym 2 mzzl m*3/2E0(£€1§@§ |2]9 | #Te = m)

ros1/2, —1
Smecs/ no-.

Finally, by taking k£ = 4m/5 in (3.3), we can find some universal constant C' > 0 such
that Ji(e,n,m) is bounded above by

CPy® P (17, [0, 3m,/5] N (€0, )™ # 0, V_[0,4m/5] N £[0, n] = Q))P(#Tc =m).
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Then by Proposition 3.8, we deduce that for some positive constants ¢, Cs and C§ such
that for all 6n? < m < n?/6,

Ji(e,n,m) < (Cs e+ 0, (1)) P(#T. = m),
hence by (3.47)

n?/8
> Jien,m) < (Cse® + 0, (1) P(#Te > 0n?) < C5(e° + on(1))n "

m=dn2

Combine the above estimates, we see that

n?/é§
limsupn (Jo(d, n) + 2 Z Ji(g,n,m) + J2(6,n) + J3((5,5,n)) <Cs'? 4+ Ch s §Y2 4 Chec,
n—oo m=&n2
and we conclude Proposition 1.3 by letting ¢ — 0 then § — 0. O

We end the paper by a remark on the condition {£[0,n] C B(0,n|z,|)} in Proposi-
tion 1.3:

Remark 3.11. Without the condition £[0,n] C B(0,7|z,|), Proposition 1.3 is no longer
true. In fact, we have %, = {x,} with probability x(0) > 0, then

nP,, © B (%0 (€0,n)"" # 0,%.0[0,n] = )
() n P ({wa} 01 (€10,n))™" # 0, {} N€[0,m] = 0)

> u(0) n (P (B(zv/m,ev/m) N E[0,n] # 0) — P& ({wa} NE[0,n] # 0))
> p(0)cen

v

\%

which diverges as n — 0o, where the last inequality follows from the facts that c. :=
lim inf, oo P& (B(zy/n, ev/n) NE0,n] # 0) > 0 and lim, o0 P& ({z} N £[0,n] # 0) = 0.
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