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Abstract. We consider locally compact Lévy trees conditioned to be large, with respect to different
criterion: its height, its maximal “size” vertex and its total “mass”. In the critical case, we provide

a coupling with a truncated Kesten tree which then allows to directly prove the local convergence in

distribution of the conditioned Lévy tree to be large towards the Kesten tree. We also consider the
sub-critical and super-critical cases. In the former case the results can be partial, due to a possible

condensation phenomenon which is outside the mathematical framework used in this paper.

1. Introduction

Local limits (in distribution) of Bienaymé-Galton-Watson (BGW) trees conditioned to be large have
been extensively studied in the recent years, and various conditioning have been considered: on the height
[27], on the total population size [13], on the total number of leaves [28], see also [7] and references therein
for other examples. When the BGW tree is critical (the mean value of the offspring distribution is 1), all
these conditionings converge locally to the same limit: the size-biased tree also called Kesten tree. (Of
course, not all conditioning of critical BGW tree converges locally to the Kesten tree, see [1].)

Scaling limits of BGW trees are given by random real trees called (continuum) Lévy trees, see [19], and
here denoted by T ; and analogous results also hold for conditioned critical Lévy trees [30, 18] and the
limiting tree is the continuum analogue of the discrete Kesten tree. For convenience, we will still call this
random real tree a Kesten tree in this paper and denote it by K; it is composed of one semi-infinite branch
called the spine on which are grafted random real trees (whose distribution is closely related to the initial
Lévy tree, see Section 2.8). This tree appears first in the Brownian tree context in [12] and is called the
the self-similar continuum random tree, and is constructed for a general branching mechanism ψ using
exploration processes in [18]. Let us mention that the Lévy tree are given under the so-called excursion
measure Nψ, and that the Kesten tree is a random variable defined under the probability measure Pψ, see
Sections 2.6-2.8.

The goal of this paper is to give a coupling between the Lévy trees conditioned to be large and a
truncation/transformation of the Kesten tree, so that we can read the convergence in distribution of the
critical Lévy trees conditioned to be large towards the Kesten tree as an a.s. (local) convergence of the
truncated Kesten tree to the (untruncated) Kesten tree. We shall consider three kind of conditioning for
the Lévy tree T to be large, that is, to have:

(i) its height H(T ) equal to h,
(ii) a maximal vertex with “size” ∆(T ) equal to δ,
(iii) its total “mass” σ = σ(T ) equal to r,

and then let this parameter goes to infinity.

A Lévy tree (resp. Kesten tree) represents the genealogy of a continuous state branching (CB) process
(resp. CB with immigration process), so that the previous coupling could also have been stated for
conditioned CB process and trunctated CB process with immigration; however the picture is much more
intuitive when using the genealogical structure given by the tree. To state precisely the results, we consider
Lévy trees as random variables taking values in the Polish metric space (T, dLGH) of (Gromov-Hausdorff
isometric classes of) rooted complete locally compact real trees. To do so requires some usual hypothesis
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on the branching mechanism ψ associated with the Lévy tree or the corresponding CB process such as
conservativeness (that is, non explosion in finite time) and Grey condition (that is, local compactness of
the Lévy trees); we also assume the CB process has infinite variation and thus the total length of the
Lévy tree is infinite (see Section 3 in [32] when this last hypothesis is not fulfilled).

Some of the results for the critical case (ψ′(0) = 0) have extension to the sub-critical (ψ′(0) > 0)
or super-critical (ψ′(0) < 0) cases. Let us mention that a super-critical Lévy tree T conditioned to be
finite is distributed as a sub-critical Lévy tree, see the Girsanov transformation (28) with ψ the branching
mechanism associated to T and θ replaced by θ0 the largest root of ψ = 0. Let us mention that there are
other possible limits than the Kesten tree for local limits (in distribution) of Lévy trees conditioned to be
large, see [8].

1.1. Lévy trees conditioned to have large height. Let us first consider the tree conditioned on
having height h. To construct this tree from the Kesten tree K, we cut the spine of K at level h (and
forget everything that is above this cut-point), and also remove all the sub-trees grafted on the remaining

spine that reach level h. This gives a tree Kheight
h , whose construction is illustrated in Fig. 1. We denote

by h the vertex on the spine at distance h from the root ϱ, and see it as a distinguished vertex of Kheight
h .

h

ϱ

h

ϱ

h

Figure 1. Left: the Kesten tree (a spine given by an semi-infinite branch on which are

grafted Lévy sub-trees); Right: the truncated Kesten tree Kheight
h with the distinguished

vertex h on the spine being the only vertex at distance h from the root ϱ.

We summarize Theorem 3.1 on the coupling, and the local convergence of the truncated Kesten trees
from Proposition 3.3 and the direct consequence of the local convergence in distribution of the conditioned

Lévy tree to have height h, say T height
h , towards the Kesten tree as h goes to infitny, see Theorem 3.4.

Theorem (Conditioning w.r.t. the height). We assume the infinite variation setting and the Grey con-
dition. The (sub-)critical Lévy tree T conditioned under the excursion measure to have height h, say

T height
h , with its only vertex Xh at distance h from the root ϱ, is distributed as (Kheight

h , h):

(T height
h , Xh)

(d)
= (Kheight

h , h).
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Furthermore the “increasing” sequence (Kheight
h )h≥0 converges to the Kesten tree K in (T, dLGH). In

particular, we have the following local convergence in distribution:

(1) T height
h

(d)−−−−−→
h→+∞

K in (T, dLGH).

The convergence (1) was already proven in [2], and the coupling was implicit. We refer to Remark 3.5
for the super-critical case.

1.2. Lévy trees conditioned to have large maximal vertex “size”. According to [19], the Lévy tree
T can be constructed using a coding by the so-called height process which is a functional of a spectrally
positive Lévy process V with Laplace exponent ψ. Then, each jump of the process V corresponds to the
“size” of a vertex of infinite degree in T . We refer to (25) in Section 2.5 (vi) for a more intrinsic way to
define the “size” of a vertex as the limit, when ε goes to 0, of the number of sub-trees attached to this
point with height larger than ε with a correct renormalization.

The local limit in distribution of the Lévy tree conditioned of having maximal vertex “size” δ, say
T node
δ , is obtained in [11] in the critical and sub-critical cases under further assumption on the Lévy

measure π of the branching mechanism. To simplify, in the introduction, we shall consider the critical
case and assume that π has no atom and support (0,+∞) in (0,+∞). Then the tree T node

δ has exactly

one node of “size” δ, say Xδ, and we denote by T node,∗
δ the tree T node

δ when one remove the sub-tree

above Xδ. We now provide a representation of T node,∗
δ as a truncation of the Kesten tree. Let Hδ be

the vertex on the spine of the Kesten tree K being the lowest branching point of the spine on which is
grafted a tree with a vertex of “size” ≥ δ (which is possibly its root which belongs to the spine). Then we

cut the spine of K at Hδ, and remove the sub-tree grafted at Hδ to get the tree Knode,∗
δ . Then, we built

the tree Knode
δ by grafting at Hδ in Knode,∗

δ a sub-tree whose root is a branching point with “size” δ and
which is distributed as the Lévy tree conditioned to have no other vertices of “size” ≥ δ. See Fig. 2 for a

representation of K, Knode
δ and Knode,∗

δ .

We summarize Theorem 4.1 on the coupling, and the local convergence of the truncated Kesten trees
from Proposition 4.3 and the direct consequence of the local convergence in distribution of the conditioned
Lévy tree to have maximal vertex “size” equal to δ, say T node

δ , towards the Kesten tree as δ goes to infitny,
see Theorem 4.4.

Theorem (Conditioning w.r.t. the maximal vertex “size”). We assume the infinite variation setting and
the Grey condition, as well as the Lévy measure π has no atom and full support in (0,+∞). The (sub-
)critical Lévy tree T conditioned under the excursion measure to have maximal vertex “size” δ, say T node

δ ,
with its only vertex Xδ of “size” δ is distributed as (Knode

δ , Hδ):

(2) (T node
δ , Xδ)

(d)
= (Knode

δ , Hδ) and T node,∗
δ

(d)
= Knode,∗

δ .

Furthermore in the critical case, the “increasing” sequence (Knode,∗
δ )h≥0 converges to the Kesten tree K

in (T, dLGH), and we have the following local convergence in distribution:

(3) T node
δ

(d)−−−−−→
δ→+∞

K in (T, dLGH).

The convergence (3) was already proven in [11] and the sub-critical case is also considered therein. The
coupling (2) is also valid in the sub-critical case with a slightly different definition of the cutting vertex Hδ,

see Theorem 4.1; and in this case the local limit, when δ goes to infinity, of T node,∗
δ is the truncated Kesten

tree K̂E whose spine is cut at vertex E at distance from the root ϱ given by an independent exponential
random variable with mean 1/ψ′(0). Intuitively, the limit, when δ goes to infinity, of T node

δ in this case,

would consist of the compact tree K̂E on which is grafted at E a (non locally compact) Lévy sub-tree
whose root is a branching point with infinite “size” (which implies the non local compactness). This is the
so-called condensation phenomenon. The super-critical case can be deduce from the sub-critical case by
the Girsanov transformation (28) (with θ the positive root of ψ = 0), as on the non-extinction event the
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ϱ ϱ

Hδ

ϱ
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Figure 2. Left: the Kesten tree with vertices of “size” ≥ δ; Center: the truncated

Kesten tree Knode,∗
δ with the distinguished vertex Hδ on the spine; Right: the tree Knode

δ ,
with an independent sub-tree grafted at Hδ whose root is of “size” = δ and which does
not have any vertex of “size” ≥ δ.

maximal vertex “size” is +∞ as the support of the Lévy measure π is unbounded, and thus conditioning
on the maximal vertex “size” to be δ implies the extinction of the super-critical Lévy tree.

1.3. Lévy trees conditioned to have large total mass. Eventually, let us recall that a Lévy tree is
naturally endowed with a mass measure supported by its leaves, see Section 2.5 (iv). Let us denote by
σ the total mass of this measure, which can also be seen as the life-time of the excursion of the height
process that codes the Lévy tree.

To simplify, we consider the critical case (ψ′(0) = 0). In this case, the coupling is less straightforward.
Consider the Kesten tree K, and denote by (hi, σi, Ti)i∈I the height hi at which the sub-tree Ti is grafted
on the spine, and σi denote its mass, see Fig.3. The process SK defined SK

h =
∑
i∈I σi1{hi≤h} is then a

subordinator started at 0 with Laplace exponent φ = ψ′ ◦ ψ−1, see Section 5.4. For simplicity, we write
S for SK.

The idea, is to consider the subordinator S started at 0 and conditioned to die continuously at level
r, which we denote by Sr and write ζr for its lifetime (in particular Srζr− = r a.s.). Following [29],

provided the potential of S has a continuous density, say u, w.r.t. the Lebesgue measure on (0,+∞), that
is,
∫
R+ P(St ≤ x) dt =

∫
(0,x]

u(y) dy for all x > 0 and u is continuous, then the process Sr is well defined

and with Pφ and Pφ,r denoting the distribution of S and Sr, we get for all h ≥ 0 and F a non-neagtive
measurable functional:

Eφ,r
[
1{h<ζr} F (S

r
[0,h])

]
= Eφ

[
u(r − Sh)

u(r)
1{Sh<r} F (S[0,h])

]
.

Let us mention that u(r)/r is also the density w.r.t. the Lebesgue measure of the total mass of the Lévy
tree under the excursion measure Nψ, see (70).
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ϱ

hi

Ti
σi

Figure 3. Left: the Kesten tree; Center: the sub-trees grafted on the spine, with in gray
an instance of a tree Ti (with the root being a branching point) grafted at height hi with
mass σi; Right: mass of the grafted trees.

From the process Sr, we build a modified truncated Kesten tree, say Kmass
r , by considering a spine

of length ζr on which we graft at height hj an independent Lévy tree Tj with total mass σj , where
(hj , σj)j∈J are the jumping times and jums of the process Sr. In particular the total mass of Kmass

r is
given by

∑
j∈J σj = Srζr− = r. (We stress the distribution of Tj conditionally on σj = r is the conditional

distribution of a grafted tree Nψ[dT |σ = r] with the grafting measure N defined in (30).) The tree Kmass
r

is not a functional of the Kesten tree. However, in the stable case ψ(λ) = λa with a ∈ (1, 2], one could
use a scaling argument to recover the jumps (σj)j∈J from the jumps (σi)i∈I , see [15], and then use that
conditionally on σj the tree Tj is distributed as a scaled normalized random tree T ′ with total mass 1.
We also recall that in the stable case one can get a regular version of T mass

r the Lévy tree conditioned to
have total mass r > 0 by scaling, see Section 3.3 in [19].

We get from Corollary 5.8 that T mass
r , the Lévy tree conditioned to have total mass r > 0, is distributed

as Kmass
r (in fact the distribution Kmass

r provide a regular version of the distribution of T mass
r ), and from

Proposition 5.11 (see also Theorem 5.12) we get the local convergence in distribution of T mass
r towards

the Kesten tree as r goes to infinity when the potential density is non-increasing (this relies on the

Fatou lemma and the fact that lim infr→∞
u(r−Sh)
u(r) 1{Sh<r} ≥ 1 which is a direct consequence of u being

non-increasing).

Theorem (Conditioning w.r.t. the total mass). We assume the infinite variation setting and the Grey
condition, as well as the existence of continuous density on (0,+∞), say fσ, of the total mass under the
excursion measure Npsi such that r 7→ rfσ(r) is non-increasing. The critical Lévy tree T conditioned
under the excursion measure to have total mass r, say T mass

r , is distributed as Kmass
r :

(4) T mass
r

(d)
= Kmass

r ,
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and the sequence (T mass
r )r>0 converges to the Kesten tree K in (T, dLGH), and we have the following local

convergence in distribution:

(5) T mass
r

(d)−−−−−→
r→+∞

K in (T, dLGH).

Using a Girsanov transformation, we have a similar result for the super-critical case, see Corollary 5.14.
The sub-critical case is more delicate: in the generic case (where one can extend the functionn ψ to negative
values such that there exists a root θ∗ of ψ′ = 0), then one can get a similar result, see Corollary 5.14.
In the non-generic case, one expect to have a condensation phenomenon similar to what is observed in
the discrete case, see [25, 23, 5]. But in the continuous setting the formalism is more delicate (as the
conjectured limiting tree is no more locally compact) and the proof of the condensation is still an open
question.

2. Notations

2.1. Real trees. We refer to [22, 31, 24] for a general presentation of random real trees. Informally, real
trees are metric spaces without loops, locally isometric to the real line. More precisely, a (non-empty)
metric space (t, d) is a real tree if the following properties are satisfied:

(1) For every x, y ∈ t, there is a unique isometric map fx,y from [0, d(x, y)] to t such that fx,y(0) = x
and fx,y(d(x, y)) = y.

(2) For every x, y ∈ t, if q is a continuous injective map from [0, 1] to t such that q(0) = x and
q(1) = y, then q([0, 1]) = fx,y([0, d(x, y)]).

If x, y ∈ t, we will note Jx, yK the range of the isometric map fx,y described above and Jx, yJ for Jx, yK\{y}.
The degree κx(t) of x ∈ t is the number of connected components of t \ {x}, and we simply write κx for
κx(t) when there is no ambiguity on the tree t. We shall consider the set of leaves Lf(t) = {x ∈ t, κx = 1}
(with the convention that Lf(t) = t if t is reduced to one element), the set of branching vertices Br(t) =
{x ∈ t, κx ≥ 3} and the set of infinite branching vertices Br∞(t) = {x ∈ t, κx = ∞}. The skeleton of t
is the set of vertices in the tree that aren’t leaves: Sk(t) = t\Lf(t). A real tree t is discrete if the set of
leaves and branching points is locally finite, that is, {y ∈ Lf(t) ∪ Br(t); d(x, y) ≤ a} is finite for all a ≥ 0
and x ∈ t. If t is separable, then the set of leaves Lf(t) is a Borel subset of t, and there exists a unique
measure Lt on t (endowed with the Borel σ-field), called the length measure, such that:

Lt(Lf(t)) = 0 and Lt(Jx, yK) = d(x, y) for all x, y ∈ t;

and furthermore the length measure is σ-finite. If the real tree (t, d) is complete and locally compact,
then any bounded closed set is compact by the Hopf-Rinow therorem, and thus the real tree t is a Polish
metric space and thus separable.

We say that (t, d, ϱ) is a rooted real tree with root ϱ ∈ t if (t, d) is a real tree and ϱ is a distinguished
vertex. Let (t, d, ϱ) be a rooted real tree. We define its height by:

H(t) = sup
x∈t

d(ϱ, x).

For every x ∈ t, [[ϱ, x]] is interpreted as the ancestral line of the vertex x in the tree. We define a partial
order on t by setting x ≼ y (x is an ancestor of y) if x ∈ [[ϱ, y]]. For a non empty subset s ⊂ t, there exists
a unique z ∈ t, called the Most Recent Common Ancestor (MRCA) of s such that [[ϱ, z]] =

⋂
x∈s[[ϱ, x]].

We simply write x ∧ y for the MRCA of x and y (that is, of s = {x, y}).
We shall consider the infinite branch, denoted J0,∞M, as the rooted real tree (R+, d, ϱ = 0), where d is

the usual Euclidean distance.
We say (t, d, ϱ, x), is a pointed rooted real trees if (t, d, ϱ) is a rooted real tree and x ∈ t is a distinguished

vertex. We shall consider the particular case of the tree reduced to a branch with one extremity of the
branch being the root and the other the pointed element; more precisely, for h ≥ 0, we denote by J0, hK
the pointed rooted real tree ([0, h], d, ϱ = 0, h), where d is the usual Euclidean distance.

For simplicity, we shall write t for a rooted real tree, and denote by dt its distance and by ϱt its root.
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2.2. Grafting procedure. We recall the grafting procedure where we add (graft) rooted real trees on
an existing rooted real trees. More precisely, let t be a rooted real tree and let (xi)i∈I and (ti, ϱ

ti , dti)i∈I
be a family respectively of vertices of t and of rooted real tree. We set T = t⊔

(⊔
i∈I ti\{ϱti}

)
where the

symbol ⊔ means that we consider the disjoint union of the sets (ti)i∈I and t. We set ϱT = ϱt. The set T
is endowed with the following metric dT : if s, t ∈ T ,

dT (s, t) =


dt(s, t) if s, t ∈ t,

dt(s, xi) + dti(ϱti , t) if s ∈ t, t ∈ ti\{ϱti},
dti(s, t) if s, t ∈ ti\{ϱti},
dt(xi, xj) + dtj (ϱtj , s) + dti(ϱti , t) if i ̸= j and s ∈ tj\{ϱtj}, t ∈ ti\{ϱti}.

It is clear that (T, dT , ϱT ) is a rooted real tree, and we denote it by T for simplicity and use the following
notation for the grafted tree:

(6) T = t⊛i∈I (ti, xi).

This construction can be easily extended to the case where t is a pointed rooted real tree with distinguished
vertex x ∈ t, which is also seen as a distinguished vertex of T .

2.3. Sub-trees above/below a given level. Let (t, d, ϱ) be a rooted real tree. Let h > 0. We define
the restriction map Rh(t) which is the sub-tree below level h:

(7) Rh(t) = {x ∈ t, d(ϱ, x) ≤ h},
and still denote by Rh(t) the corresponding rooted real tree with root ϱ and distance given by the
restriction of d to Rh(t). Let (t◦i )i∈I be the connected components of t \ Rh(t); let us denote by ϱi the
MRCA (in t) of t◦i and set ti = t◦i ∪ {ϱi} which we consider as a rooted real tree with root ϱi. By
construction, we have:

t = Rh(t)⊛i∈I (ti, ϱi).

We will also consider the point measure:

(8) N t
h =

∑
i∈I

δ(ϱi,ti).

The support of the measure
∑
i∈I δϱi is a subset of:

(9) t(h) = {x ∈ t : d(ρ, x) = h}.
We shall also cut a tree by removing the sub-tree above one of its vertices. For x ∈ t, we define:

(10) R̂(t, x) = {x} ∪ {y ∈ t, x ̸∈ Jϱ, yK}.
Notice that Rd(ϱ,x)(t) ⊂ R̂(t, x). As for Rh(t), we still denote by R̂(t, x) the corresponding rooted real

tree with root ϱ and distance given by the restriction of d to R̂(t, x); according to the context, we might

see x ∈ R̂(t, x) as a distinguished vertex.

2.4. Polish spaces of rooted real trees. By the Hopf-Rinow therorem, if (t, d) is a complete and
locally compact metric real tree, then every closed bounded subset of t is compact. According to [8], one
can define a Gromov-Hausdorff metric dLGH on the space T of (GH-isometric classes of) rooted complete
locally compact real trees. Furthermore, following [9, Theorem 2.9], we get that the space (T, dLGH) is a
Polish metric space. When there is no possible confusion, we shall also simply write t for its equivalence
class in T.

One can define a restriction map Rh on T which is consistent with (7); then the map (h, t) 7→ Rh(t)
is continuous from R+ × T to T, see [8, Lemma 5.4]. As a trivial application from the definition of the
GH-distance dLGH in [8], let us mention that for h ≥ 0 and t, t′ ∈ T:

(11) Rh(t) = Rh(t
′) =⇒ dLGH(t, t

′) ≤ e−h .

Similarly, one can also define a Gromov-Hausdorff metric d
(1)
LGH on the space T1 of (GH-isometric classes

of) pointed rooted complete locally compact real trees so that it is a Polish metric space; we refer again
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to [8, Section 5.3] for the precise definition of the restriction map which is again continuous. One can

define a restriction map R̂ on T1 which is consistent with (10) and, following [8, Lemma 6.22], get that

the map (t, x) 7→ R̂(t, x) is measurable from T1 to T (or to T1 if one consider x as a distinguished vertex

of R̂(t, x)). The grafting map ((t, x), t′) 7→ T = t ⊛ (t′, x) is a continuous map from T1 × T to T (or to
T1 if one consider the pointed tree (T, x)), see [8, Lemma 5.13].

Grafting a countable family of trees is more delicate, and we shall not consider it in full generality.
Write {ϱ} for the tree reduced to its root. Based on [8, Lemma 5.31], we get in particular that if
M =

∑
i∈I δ(hi,Ti) is a Poisson point measure on R+ × T with intensity dh ν(dT ), where ν is a σ-finite

measure on T such that ν(H(T ) = 0) = 0 and ν(H(T ) > ε) is finite for all ε > 0, then the random trees:

τ = J0,∞M ⊛i∈I (Ti, hi), J0, hK ⊛i∈Ih (Ti, hi) and {ϱ}⊛i∈Ih (Ti, ϱ),
where h ≥ 0 and Ih = {i ∈ I : hi ≤ h}, are well defined T-valued random variables. The tree J0, hK⊛i∈Ih
(Ti, hi) with distinguished vertex h is also a well defined T1-valued random variable.

Consider a non-decreasing sequence (Ar)r≥0 of measurable subsets of R+ × T and the random tree:

τr = J0,∞M ⊛i∈IAr (Ti, hi),

with IAr = {i ∈ I : (hi, Ti) ∈ Ar}, which we call the restriction of the tree τ to Ar.
In this setting, we shall rewrite the monotonicity of the restrictions as:

(12) τr ⊂ τr′ a.s. for 0 ≤ r < r′.

If ν(Ac) = 0 for A = limr→∞Ar, then we get from [8, Lemma 5.31] that a.s. limr→∞ dLGH(τr, τ) = 0,
which we shall write as:

(13) lim
r→∞

τr
a.s.
= τ in (T, dLGH).

2.5. Branching process. We consider the branching mechanism ψ:

(14) ψ(λ) = α′λ+ βλ2 +

∫
(0,+∞)

(
e−λr −1 + λr1{r≤1}

)
π(dr) for λ ≥ 0,

where α′ and the quadratic parameter β are real numbers, the Lévy measure π on (0,+∞) is Borel, and:

(H0) α′ ∈ R, β ≥ 0 and

∫
(0,+∞)

(1 ∧ r2)π(dr) < +∞.

We shall consider for r ≥ 0:

(15) π̄(r) = π((r,+∞)).

The corresponding Lévy process V = (Vt)t≥0 is a process on R with independent and stationary
increments characterized by V0 = 0 a.s. and:

Eψ
[
e−λVt

]
= e−tψ(λ) for all λ ≥ 0 and t ≥ 0.

The corresponding continuous state branching (CB) process Y = (Yt)t≥0 is an homogeneous Markov
process on [0,+∞] such that, for x ∈ R+, Pψx -a.s. Y0 = x and:

(16) Eψx
[
e−λYt

]
= e−xv(λ,t) for all λ > 0 and t ≥ 0,

where, for λ > 0, the function t 7→ v(λ, t) is the unique positive solution of the equation:

(17) v(λ, t) +

∫ t

0

ψ(v(λ, s)) ds = λ.

The branching mechanism ψ is convex, of class C∞ at least on (0,∞), and ψ(0) = 0. We simply
write ψ′(0) for limλ→0+ ψ

′(λ) = α′ −
∫
(1,+∞)

rπ(dr) ∈ [−∞,+∞). The CB process Y and the branching

mechanism ψ are critical (resp. sub-critical, resp. super-critical) if ψ′(0) = 0 (resp. ψ′(0) > 0, resp.
ψ′(0) < 0). We shall mainly consider the (sub-)critical case; in this case the integral

∫
(0,+∞)

(r ∧ r2)π(dr)
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is finite. When this latter integral is finite, we can rewrite (14) as follows and then define (α, β, π) as
characteristic of the branching mechanism ψ:

(18) ψ(λ) = αλ+ βλ2 +

∫
(0,+∞)

(
e−λr −1 + λr

)
π(dr) with α = ψ′(0) ∈ R.

We assume (H0) and consider also the following assumptions.

• Infinite variation:

(H1) β > 0 or

∫
(0,1)

rπ(dr) = +∞.

In particular, we then have ψ ̸= 0. Under (H0), this condition is equivalent to the CB process
Y being of infinite variation. Notice that (H0) and (H1) imply that ψ is strictly convex and
a bijection from [θ0,∞) to [0,∞), with θ0 ∈ [0,+∞) the largest root of ψ = 0; and that ψ is
(sub-)critical if and only if θ0 = 0. So, under (H1), we denote for λ > 0 by ψ−1(λ) the only root
in (0,∞) of ψ = λ.

• The process Y and the branching mechanism are conservative (that is, Pψx (Yt < +∞) = 1 for all
t ≥ 0 and x ∈ R+):

(H2)

∫
0+

dλ

|ψ(λ)| = +∞.

Under (H0), if
∫
[1,∞)

r π(dr) is finite, then the branching mechanism ψ is conservative. Under (H2),

the lifetime of Y is defined by ζ = inf{t : Yt = 0} with the convention that inf ∅ = +∞.
• The Grey condition: (which we shall consider with (H0) and (H1)):

(H3)

∫ +∞ dλ

ψ(λ)
< +∞.

Under (H0)-(H2), the Grey condition is equivalent to a.s. either the lifetime ζ is finite or limt→+∞ Yt =
+∞.

• (Sub-)critical branching:

(H4) ψ′(0) ≥ 0.

Under (H0), this condition is equivalent to limt→+∞ Yt = 0 a.s., and it implies (H2).

We shall most of the time assume that (H0)-(H3) hold, and add some comments when (H4) does not
hold, that is, for the super-critical case.

Under (H0)-(H3), we define the function c on (0,+∞) as the unique nonnegative solution of the
equation:

(19)

∫ +∞

c(h)

dλ

ψ(λ)
= h for h > 0.

We have c = limλ→+∞ v(λ, ·) and the distribution of the lifetime ζ of Y is given by, for all x ≥ 0:

Pψx (ζ ≤ h) = e−xc(h) for all h ≥ 0.

2.6. The Lévy tree. The genealogy of the CB process Y (under the canonical measure) can be described
by a random tree, the so called Lévy tree, see [19]. The next description is from [20] using the coding
of compact real trees by height function (the considered (sub-)critical case can be extended to the super-
critical case using a Girsanov transformation, see [10]). Under (H0)-(H3), there exists a σ-finite measure
Nψ[dT ] on T, or excursion measure of a Lévy tree (with distance d and root ϱ), satisfying the following
properties.

(i) Height H(T ). The distribution of the height H(T ) is given by:

(20) Nψ[H(T ) = 0] = 0 and Nψ[H(T ) > h] = c(h) for all h > 0.
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(ii) Local time. There exists a T -measure valued process (ℓa)a≥0 càdlàg for the weak topology on
finite measures on T such that:

- ℓ0 = 0 and, for every a > 0, {ℓa ̸= 0} = {H(T ) > a}, Nψ[dT ]-a.e..
- For every a > 0, ℓa is supported on T (a) = {x ∈ T : d(ρ, x) = a} (see (9)) and ℓa(T \
Lf(T )) = 0, Nψ[dT ]-a.e..

- For every a > 0, we have Nψ[dT ]-a.e. for every bounded continuous function f on T and
with the measure N T

a defined in (8):

⟨ℓa, f⟩ = lim
ε↓0

1

c(ε)

∫
f(x)1H(T ′)≥ε}N T

a (dx, dT ′)

= lim
ε↓0

1

c(ε)

∫
f(x)1{H(T ′)≥ε}N T

a−ε(dx, dT ′), if a > 0.

- The process (⟨ℓa, 1⟩)a≥0 is distributed as the CB process Y under its canonical measure with
branching mechanism ψ. For simplicity, we shall identify the two processes: Ya = ⟨ℓa, 1⟩.

In particular, we have for λ > 0 (or λ ≥ 0 if ψ′(0) > −∞), a ≥ 0 and v defined by (17) that:

(21) Nψ
[
1− e−λYa

]
= v(λ, a),

and with θ0 the largest nonnegative root of ψ = 0, and thus v(θ0, a) = θ0, that:

(22) Nψ
[
1− e−θ0Ya

]
= θ0.

(iii) Branching property. For every a > 0, the conditional distribution of Na(dx, dT ′) under
Nψ[· |H(T ) > a] given Ra(T ) is that of a Poisson point measure on T (a) × T with intensity
ℓa(dx)Nψ[dT ′].

(iv) Mass measure and total mass σ. The mass measure m defined by:

(23) m(dx) =

∫ ∞

0

ℓa(dx) da,

is supported by the leaves: m(T \ Lf(T )) = 0. The distribution of the total mass σ = m(T ) is
given by:

(24) Nψ[σ = 0] = 0 and Nψ[1− e−λσ] = ψ−1(λ) for λ > 0.

In particular, we have (with θ0 the largest root of ψ = 0) that:

Nψ[σ = +∞] = ψ−1(0+) = θ0.

If ψ is (sub-)critical, then the Lévy tree T is compact and σ is finite Nψ-a.e. and:

Nψ[σ] =
1

ψ′(0)
∈ (0,+∞].

(v) Branching points.
• Nψ[dT ]-a.e., for all x ∈ T , we have κx ∈ {1, 2, 3,∞} and κϱ = 1; in particular the branching
points of T have degree 3 (corresponding to 2 children) or infinity.

• Nψ-a.e. the set {x ∈ T : κx = 3} is empty if β = 0, or a countable dense subset of T if β > 0.
• The set Br∞(T ) of infinite branching points is nonempty with Nψ-positive measure if and
only if π ̸= 0. If ⟨π, 1⟩ = +∞, the set Br∞(T ) is Nψ-a.e. a countable dense subset of T . If
⟨π, 1⟩ < +∞, the set Br∞(T ) is Nψ-a.e. a finite (possibly empty) subset of T .

(vi) “Size” of the vertices. The set {d(ϱ, x), x ∈ Br∞(T )} coincides Nψ-a.e. with the set of
discontinuity times of the mapping a 7→ ℓa. Moreover, Nψ-a.e., for every such discontinuity time
b of the map a 7→ ℓa, there is a unique vertex xb ∈ Br∞(T ) ∩ T (b) and ∆b > 0, such that:

ℓb = ℓb− +∆bδxb ,

where the “size” ∆b of the vertex xb is positive and can be obtained by the approximation:

(25) ∆b = lim
ε→0

1

c(ε)
n(xb, ε),
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with n(xb, ε) =
∫
1{xb}(x)1{H(T ′)>ε}N T

b (dx, dT ′) is the number of sub-trees above level b with
root xb and height larger than ε.

In order to stress the dependence in T , we may write ℓa,T for the local time ℓa, mT for the mass
measure and σT for the total mass.

Remark 2.1 (On Assumptions (H0)-(H4) for the Lévy tree). The Lévy trees are defined under (H0)-(H3),
but they could be introduced without some of those assumptions. If Assumption (H1) does not hold, then
the Lévy tree is discrete, and the machinery developed here is not adapted. Assuming (H0)-(H2), the
Grey condition (H3) implies that the Lévy tree belongs to the Polish space T of (GH-isometric classes) of
locally compact rooted tree; using the mass erasure procedure approach from Duquesne and Winkel [21],
it seems possible to get rid of Assumption (H3) by considering a larger space of trees with nice topological
properties. Under (H0)-(H3), the condition (H4) is then equivalent to the Lévy tree being Nψ-a.e. compact,
that is, having a finite height.

2.7. Girsanov transformation and related measure on Lévy trees. Assume (H0)-(H3). We define
a probability measure on T as follow. Let r > 0 and

∑
i∈I δ(hi,Ti)(dh, dT ) be a Poisson point measure on

R+ × T with intensity dhNψ[dT ]. Consider {ϱ} as the trivial measured rooted real tree reduced to the
root. We define for r > 0:

T[r] = {ϱ}⊛i∈Ir (Ti, ϱ) with Ir = {i ∈ I : hi ≤ r}.
Since Nψ[H(T ) = 0] = 0 and Nψ[H(T ) > ε] is finite for all ε > 0, we deduce from Section 2.4 that T[r] is a
T-valued random variable. We denote by Pψr its probability distribution. Notice that Pψr -a.s., the root is
an infinite branching vertex and its size ∆ϱ defined by (25) (with b = 0) is exactly r. The corresponding
local time is defined by ℓa[r] =

∑
i∈Ir ℓ

a,Ti for a > 0, and we set ℓ0[r] = rδϱ. Thanks to Property (ii) on the

local time, the process (⟨ℓa[r], 1⟩a ≥ 0) is distributed as the CB process Y under Pψr .

We now recall the Girsanov transformation from [10, 4]; this transformation allows in particular to
define the Lévy trees in the super-critical regime. Assume (H0). We consider the interval Θ′ = {θ ∈
R :

∫
(1,+∞)

e−θr π(dr) < +∞}, and notice that R+ ⊂ Θ. The function ψ given by (14) is in fact well

defined on Θ′. For θ ∈ Θ′, we define the function ψθ by:

(26) ψθ(λ) = ψ(λ+ θ)− ψ(θ) for λ ≥ 0;

it is a branching mechanism whose quadratic parameter is the same βθ = β, and whose Lévy measure is
given by πθ(dr) = e−rθ π(dr). For θ ∈ Θ′, the branching mechanism ψθ satisfies also (H0). Eventually,
we consider the interval Θψ = {θ ∈ Θ′ : ψθ is conservative}, and it is elementary to check that Θψ ⊂
Θ′ ⊂ Θψ ∪ {θ∞}, with θ∞ = inf Θ′ ∈ [−∞, 0]. If furthermore the branching mechanism ψ satisfies (H1)
(resp. (H3)), then the branching mechanism ψθ satisfies also (H1) (resp. (H3)).

For h ≥ 0, we set Fh the σ-field on T generated by the truncation map Rh, and under Nψ[dT ], we

denote σh = mT (Th) =
∫ h
0
Ya da the total mass of the truncated Lévy tree Th = Rh(T ), with Ya = ⟨ℓa, 1⟩

the total local time at level a of T . It is elementary to deduce from [4, Theorem 2.22] (see also [3,
Lemma 3.8 and Corollary 4.4]) that for θ ∈ Θψ and h ≥ 0:

(27)
dNψθ
dNψ |Fh

= e−ψ(θ)σh−θYh ,

and furthermore, with σ = mT (T ) the total mass of T :

(28) 1{σ<+∞} Nψθ [dT ] = 1{σ<+∞} e−ψ(θ)σ Nψ[dT ].

Recall that Nψθ -a.e. σ is finite if and only if ψθ is sub-critical or critical. We deduce that the distribution
of the total mass σ under Nψ on (0,+∞) has a density w.r.t. the Lebesgue measure, say fσ, if and only if
the distribution of σ under Nψθ on (0,+∞) has a density w.r.t. the Lebesgue measure, say fθσ , and that
in this case:

(29) fθσ(r) = e−ψ(θ)r fσ(r) for r ∈ (0,+∞).
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Let θ ≥ 0. We will consider the following measure Nψ
θ [dT ] = 2βθNψ[dT ] +

∫
(0,+∞)

π(dr)(1 −
e−θr)Pψr (dT ) on T and its formal derivative ∂θ Nψ

θ [dT ] at θ = 0, that is:

(30) Nψ[dT ] = 2βNψ[dT ] +

∫
(0,+∞)

rπ(dr)Pψr (dT ).

Elementary computations yield for q > 0 such that ψ(q) > 0:

(31) Nψ
[
1− e−ψ(q)σ

]
= 2βq +

∫
(0,+∞)

(1− e−qr) rπ(dr) = ψ′(q)− ψ′(0).

2.8. The Kesten tree K. Recall the infinite branch J0,∞M defined at the end of Section 2.4. Its length
measure, denoted by dh, is just the Lebesque measure on R+.

Definition 2.2 (Kesten tree). Let ψ be a branching mechanism satisfying (H0)-(H3). Let (hi, Ti)i∈I be
the atoms of a Poisson point measure on J0,∞M × T with intensity dhNψ[dT ] (and Nψ given in (30)).
The Kesten tree K, whose distribution is denoted Pψ, is a T-valued random variable defined as the infinite
branch (or spine) J0,∞M, on which the Ti are grafted at height hi, that is:

K = J0,∞M ⊛i∈I (Ti, hi).
The left part of Fig. 1 give an illustration of the Kesten tree. Notice the Kesten tree is indeed a T-valued

random variable by [8, Lemma 5.31]. We see h ≥ 0 as an element of the spine J0,∞M at distance h from
the root ϱ = 0 and as a distinguished vertex of K. In particular the Kesten tree whose spine is truncated

at level h ≥ 0, that is, K̂h = R̂(K, h), can be described as:

(32) K̂h = J0, hK ⊛i∈Ih (Ti, hi) with Ih = {i ∈ I : hi ≤ h},
and (K̂h, h) is a T1-valued random variable. The local time of the Kesten tree K at level h ≥ 0 is defined
by ℓh,K =

∑
i∈Ih ℓ

h−hi,Ti .

We can recast Theorem 4.5 from [20] in our setting for the Lévy tree with a marked leaf (see [8,
Corollary 5.9] for the supercritical quadratic, that is, when π = 0).

Proposition 2.3 (Lévy tree with a marked leaf at a given level). Assume (H0)-(H3) hold and ψ′(0) >
−∞. Let G be a nonnegative measurable function defined on T1. We have for h > 0:

(33) Nψ
[∫

T
ℓh(dx)G(T , x)

]
= e−hψ

′(0) Eψ[G(K̂h, h)].

Proof. For the (sub-)critical case, see [20, Theorem 4.5]. We now assume ψ′(0) ∈ (−∞, 0) and we shall
use a Girsanov argument to deduce the result from the sub-critical case. Let h > 0.

For a pointed tree (T, d, ϱ, x) ∈ T1, where ϱ, x ∈ T , we uniquely decompose the tree T according to the
branch Jϱ, xK and the sub-trees grafted on this branch:

T = Jϱ, xK ⊛i∈I (Ti, xi),

where xi belongs to the branch Jϱ, xK and Ti is the union of all the connected components of T \ {xi} not
containing the root nor x, with xi added as a root. Notice this decomposition is unique (and measurable
using an adaptation of [8, Proposition 5.32]). We shall consider a particular choice of function G defined
by G(T, x) = exp

(
−∑i∈I G0(d(ϱ, xi), Ti)

)
, with G0 a nonnegative measurable function defined on R+×T

such that G0(T, x) = 0 if H(T ) > a− h for some a large.
Let θ0 > 0 be the only root of ψ = 0. We deduce from the Girsanov transformation (27) that:

Nψ
[∫

T
ℓh(dx)G(T , x)

]
= Nψθ0

[∫
T
ℓh(dx)G(T , x) eθ0Ya

]
= e−hψ

′(θ) Eψθ
[
G(K̂h, h) eθ0ℓ

h,K
]

= e−hψ
′(θ) exp

(
−
∫ h

0

dsNψθ0 [1− e−G0(s,T )+θ0Ya−s ]

)
.
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Using (27) and then (22), we get that:

Nψθ0 [1− e−G0(s,T )+θ0Ya−s ] = Nψ[1− e−G0(s,T )]− Nψ[1− e−θ0Ya−s ] = Nψ[1− e−G0(s,T )]− θ0.

Using that the Lévy measure associated to ψθ0 is e−θ0r π(dr), we then deduce that:∫
(0,+∞)

r e−θ0r π(dr)Pψθ0r

(
1− e−G0(s,T )+θ0Ya−s

)
=

∫
(0,+∞)

r π(dr)Pψr
(
1− e−G0(s,T )

)
−
∫
(0,+∞)

(1− e−θ0r) rπ(dr).

Thus, we obtain that:

Nψθ0 [1− e−G0(s,T )+θ0Ya−s ] = Nψ[1− e−G0(s,T )]− ψ′(θ0) + ψ′(0),

and then that:

Nψ
[∫

T
ℓh(dx)G(T , x)

]
= e−hψ

′(0) Eψ
[
G(K̂h, h)

]
.

By dominated convergence, we can remove the condition that G0(T, x) = 0 if H(T ) > a − h for some a
large, and then by the monotone class theorem, we deduce the previous equality holds for any nonnegative
measurable function G defined on T1. □

Taking G ≡ 1 in (33), if ψ′(0) > −∞, we get that for h > 0:

(34) Nψ
[
⟨ℓh, 1⟩

]
= Nψ [Yh] = e−hψ

′(0) .

For the sub-critical case, inegrating (33) over h and using (23), we also obtain the following corollary.

Corollary 2.4 (Sub-critical Lévy tree with a marked leaf). Assume (H0)-(H3) hold and ψ′(0) > 0. Let
G be a nonnegative measurable function defined on T1. We have:

1

Nψ[σ]
Nψ
[∫

T
m(dx)G(T , x)

]
= Eψ[G(K̂E , E)],

where E is under Pψ an exponential random variable with mean Nψ[σ] = 1/ψ′(0) independent of K.

Provided ψ′(0) > −∞, the total local time process of the Kesten tree, (⟨ℓa,K, 1⟩)a≥0, is a CB process
Z = (Za)a≥0 with immigration (CBI process) defined as the CB process with branching mechanism ψ and
immigration ψ′ − ψ′(0). As a consequence of (33) and (34), if ψ′(0) > −∞ the one-dimensional marginal
Za is distributed as the size biased distribution of Ya = ⟨ℓa, 1⟩ under the excursion measure, that is, for
a > 0 and g a measurable nonnegative function defined on R+:

(35) Eψ[g(Za)] = eaψ
′(0) Nψ[Ya g(Ya)] =

Nψ[Ya g(Ya)]
Nψ[Ya]

·

3. Lévy tree with a given height

3.1. Coupling and convergence for the conditioning by the height. Assume (H0)-(H4) so that
ψ′(0) = α ≥ 0 and the branching is (sub-)critical. We refer to Remark 3.5 for the super-critical case
where (H4) is not satisfied. According to (19) and Item (i) in Section 2.6, we get that under Nψ[dT ]
the distribution of the height H(T ) of the Lévy tree T has the density |c′| w.r.t. the Lebesque measure.
By [26, Corollary 1.29], there exists a regular version of the conditional distribution of T given its height,
Nψ[dT |H(T ) = h] for h > 0. See [2, Theorem 3.3] for a nice representation of the compact rooted random

tree T height
h distributed as T under Nψ conditionally on {H(T ) = h} for any given h > 0:

L(T height
h ) = Nψ[dT |H(T ) = h].

From this representation, there exists a unique vertex Xh of T height
h which is at distance h of the root.
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Recall the Kesten tree K from Definition 2.2. We consider the tree Kheight
h defined as the Kesten tree

whose spine is cut at level h and where the trees Ti, grafted at height hi (less that h) and with height
larger than h− hi are removed, that is:

Kheight
h = J0, hK ⊛i∈Iheight

h
(Ti, hi) with Iheighth = {i ∈ I : H(Ti) + hi ≤ h},

and the branch J0, hK can be seen as the restriction of the semi-infinite spine J0,∞M of the Kesten tree up

to level h. We shall also see h as a distinguished vertex of Kheight
h ; it is the only one at distance h from the

root. (Let us stress that Ti is the only tree grafted at height hi and that its root is an infinite branching
point if κhi(K) = +∞.) Let us mention the following relation between the different truncations of the

Kesten tree: Kheight
h ⊂ Rh(K) ⊂ K̂ = R̂(K, h).

We have the following coupling of the Lévy tree conditioned on its height and the Kesten tree whose
proof is given in Section 3.2.

Theorem 3.1 (Coupling for the height conditioning). Assume (H0)-(H4) hold. Let h ∈ (0,+∞). Then,

the Lévy tree under Nψ conditioned to have height h, denoted T height
h , is distributed as the truncated Kesten

tree Kheight
h , more precisely (in T1):

(36) (T height
h , Xh)

(d)
= (Kheight

h , h).

Remark 3.2 (Reconstruction of the Lévy tree). If ψ is (sub-)critical and H is distributed as H(T ) under
Nψ[d T ] (that is, with distribution |c′(h)| dh on (0,+∞)) and independent of the Kesten tree K under Pψ,
we get that Kheight

H is distributed as the unconditioned Lévy tree T under Nψ[dT ].

By construction, we have the following result on the coupled Kesten sub-trees. Recall the conven-
tion (12) and (13) for the inclusion and limit of trees.

Proposition 3.3 (Monotony and local convergence for the height coupling). Assume (H0)-(H4) hold.
We have that for h′ ≥ h > 0:

Kheight
h ⊂ Kheight

h′ a.s.,

and the following convergence holds:

lim
h→+∞

Kheight
h

a.s.
= K in (T, dLGH).

Proof. The inclusion is clear. Notice that Ra(Kheight
h ) = Ra(K) for all a strictly less than Ah = inf{hi : i ∈

I and hi +H(Ti) > h}. Since ψ is (sub-)critical by (H4), we have Nψ[H(T ) ≥ r] finite for all r > 0.
We deduce that the map h 7→ Ah which is non-decreasing satisfies a.s. limh→∞Ah = +∞. This and (11)
readily imply the a.s. convergence in (T, dLGH). □

We immediately deduce from Theorem 3.1 and Proposition 3.3 the following well known result.

Theorem 3.4 (Local convergence for the height conditioning). Assume (H0)-(H4) hold. The following
local convergence holds in distribution:

(37) T height
h

(d)−−−−−→
h→+∞

K in (T, dLGH).

Remark 3.5 (The super-critical case). Assume (H0)-(H3) hold and that ψ is super-critical. Then, according
to (28), the Lévy tree T conditioned to have a finite mass under Nψ, or equivalently a finite height thanks
to the Grey condition, is distributed as the Lévy tree under Nψθ0 , where θ0 is the only positive root of
ψ = 0 and ψθ0 is defined by (26). Furthermore, it is elementary to check that the branching mechanism

ψθ0 defined by (26) is sub-critical. Thus, under Nψ, the conditioned Lévy tree T height
h , which is still well

defined, is distributed as the conditioned Lévy tree T height
h under Nψθ0 [dT ]. This gives that (36) and (37)

hold if ψ is super-critical under (H0)-(H3), but with K the Kesten tree associated to the sub-critical
branching mechanism ψθ0 .
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3.2. Proof of Theorem 3.1. Let h > 0 be fixed. Recall the function c defined in (19) so that c(h) =

Nψ[H(T ) > h]. According to [2, Theorem 3.3], the distribution of T height
h and Xh is given by:

J0, hK ⊛i∈I′h (T
′
i , h

′
i) and h,

where (h′i, T ′
i )i∈I are the atoms of a Poisson point measure on [0, h]× T with intensity dh′ Nψ

h′ [dT ] with:

Nψ
h′ [dT ] = 2βNψ[dT , H(T ) ≤ h− h′] +

∫
(0,+∞)

r e−rc(h−h
′) π(dr)Pψr,h′(dT ),

and Pψr,h′(dT ) is the distribution of {ϱ} ⊛j∈J (T ′′
j , ϱ) where (T ′′

j )j∈J are the atoms of a Poisson point

measure on T with intensity rNψ[dT ,H(T ) ≤ h− h′]. Notice that Xh in T height
h and h ∈ Kheight

h are the
only element at distance h from the root of their tree.

So, the proof is complete once we get that (hi, Ti)i∈Iheighth
and (h′i, T ′

i )i∈I′ have the same distribution.

Let G be a nonnegative measurable function defined on R+ × T. We have:

E
[
e−

∑
i∈I′ G(h′

i,T
′
i )
]
= exp

{
−
∫ h

0

dh′Nψ
h′

[
1− e−G(h′,T )

]}
and:

Nψ
h′

[
1− e−G(h′,T )

]
= 2βNψ

[
(1− e−G(h′,T ))1{H(T )+h′≤h}

]
+

∫
(0,+∞)

r e−c(h−h
′) π(dr)Eψr,h′

[
1− e−G(h′,T )

]
.

Now considering first a function G such that G
(
h′, {ϱ}⊛j∈J ′ (T j , ϱ)

)
=
∑
j∈J G0(h

′, T j) with G0 a
nonnegative measurable function defined on R+ × T, we get:

Eψr,h′

[
e−G(h′,T )

]
= exp

{
−rNψ

[(
1− e−G0(h

′,T )
)
1{H(T )+h′≤h}

]}
(38)

= exp
{
−rNψ

[
1− e−G0(h

′,T ) 1{H(T )+h′≤h}

]
+ rNψ[H(T ) > h− h′]

}
= Eψr

[
e−G(h′,T ) 1{H(T )+h′≤h}

]
erc(h−h

′) .

By the monotone class theorem, we deduce that for all nonnegative measurable function G:

(39) e−rc(h−h
′) Eψr,h′

[
e−G(h′,T )

]
= Eψr

[
e−G(h′,T ) 1{H(T )+h′≤h}

]
and thus:

Nψ
h′ [dT ] = 2βNψ[dT , H(T ) + h′ ≤ h] +

∫
(0,+∞)

rπ(dr)Pψr (dT , H(T ) + h′ ≤ h)

= Nψ[dT , H(T ) + h′ ≤ h].

By construction the left hand-side of the above equality times dh′ is the intensity of the Poisson point
measure

∑
i∈Iheight

h
δ(hi,Ti). We have thus obtained that (hi, Ti)i∈Iheighth

and (h′i, T ′
i )i∈I′ have the same

distribution, which completes the proof.

4. Lévy tree with a given maximal vertex “size”

4.1. Coupling and convergence for the conditioning by the maximal vertex size. We as-
sume (H0)-(H4) and that the Lévy measure π is non trivial and denote by supp(π) its closed support
(in (0,+∞)). In particular ψ′(0) ≥ 0. For x ∈ Br∞(T ), we define the “size” of the vertex at x by ∆x

given as the right hand-side of (25). Recall that Br∞(T ) is Nψ-a.e. a countable dense (resp. finite) subset
of T if ⟨π, 1⟩ = ∞ (resp. ⟨π, 1⟩ < ∞), and that the set of vertices with size larger than ε > 0 is finite for
any ε > 0. We consider the maximal “size” of the vertices in the Lévy tree T under Nψ:

∆ = max{∆x : x ∈ Br∞(T )},
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with the convention max ∅ = 0. If necessary, we shall write ∆(T ) to stress the dependence in the tree T .
According to [11, Proposition 3.1] (where the size of a vertex is called mass therein), the distribution of
∆ under Nψ is given by, for δ > 0:

(40) Nψ[∆ > δ] = ψ−1
{δ}(π̄(δ)),

where π̄(δ) is defined in (15) and for λ ≥ 0:

(41) ψ{δ}(λ) = ψ(λ) +

∫
(δ,∞)

(
1− e−λr

)
π(dr).

Intuitively, the function ψδ, with characteristic (α{δ}, β{δ}, π{δ}), is the branching mechanism of the CB
process with branching mechanism ψ after removing all the jumps of size strictly larger than δ (and killed
when it reaches 0); notice the quadratic parameter is the same β{δ} = β, the Lévy measure is given by

π{δ}(dr) = 1{r≤δ}π(dr) and the drift is given by ψ′
{δ}(0) = α{δ} = ψ′

θ(0) +
∫
(δ,∞)

r π(dr). Thanks to [11,

Corollary 3.2], we get that Nψ[∆ ∈ ·] and π have the same support in (0,∞), and the same atoms in
(0,∞), and thus for δ > 0:

(42) π({δ}) = 0 ⇐⇒ Nψ[∆ ≥ δ; · ] = Nψ[∆ > δ; · ].
We follow [11] (notice (H3) is not assumed therein, but one need them here for T to be locally compact).

Let δ > 0 and consider a random marked tree (T node,∗
δ , Xδ) ∈ T1 whose distribution is characterized by,

for any nonnegative measurable function G defined on T1:

(43) E
[
G
(
T node,∗
δ , Xδ

)]
=

1

Nψ[σ1{∆≤δ}]
Nψ
[
1{∆≤δ}

∫
T
m(dx)G(T , x)

]
.

Then define the random marked tree (T node
δ , Xδ) ∈ T1 by:

(44) T node
δ = T node,∗

δ ⊛ (T ′
{δ}, Xδ),

where T ′
{δ} is independent of (T node,∗

δ , Xδ) and distributed according to Pψδ (·|∆ ≤ δ). By construction,

if δ is not an atom of π, we get that Xδ is the only vertex of T node
δ with size δ and that ∆ = δ. We

thus get R̂(T node
δ , Xδ) = T node,∗

δ , with the restriction map R̂ defined in (10). We denote the probability

distribution of T node
δ by Nψ[dT |∆ = δ]; it is defined even for δ not in the support of the distribution of

∆. By the measurability of the grafting procedure, see [8], we deduce that the map δ 7→ Nψ[dT |∆ = δ]
(from R∗

+ to the set of probability measures on the Polish space T) is measurable. According to [11,
Theorem 5.7], if π ̸= 0 and π has no atom, we have:∫

δ>0

Nψ[dT |∆ = δ]Nψ[∆ = dδ] = Nψ[dT ].

For this reason, if π ̸= 0 has no atom, we shall say that T node
δ is distributed as the Lévy tree T

conditioned on having one vertex of maximal size δ.

Now we consider a Kesten tree K under Pψ. We define the tree Knode,∗
δ as follows: let H ′

δ be the
height of the lower vertex on the spine on which is grafted a tree with a vertex (possibly its root) of size
larger or equal than δ. Notice that H ′

δ is a.s. finite as π([δ,∞)) > 0. Let E be under Pψ an independent
exponential random variable with mean 1/ψ′(0), with the convention that E = +∞ in the critical case,
and set Hδ = min(H ′

δ, E). We also identify Hδ with the vertex on the infinite spine of K at distance Hδ

from the root. We define Knode,∗
δ as the closure of the connected component containing the root of the

Kesten tree K when the vertex Hδ has been removed. More formally, we have:

(45) Knode,∗
δ = J0,HδK ⊛i∈Inodeδ

(Ti, hi) with Inodeδ = {i ∈ I : hi < Hδ},
Let (h′′j , T ′′

j )j∈J be the atoms of a Poisson point process on R+ × T with intensity dhNψ[dT ] and
independent of the Kesten tree K. Recall {ϱ} denote the trivial rooted real tree reduced to the root. We
set for δ > 0:

(46) T node
[δ] = {ϱ}⊛j∈Jnode

δ
(T ′′
j , ϱ) with Jnode

δ = {j ∈ J : h′′j ≤ δ and ∆(T ′′
j ) ≤ δ},
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so that T node
[δ] is independent of K and distributed according to Pψδ (·|∆ ≤ δ), with Pψδ defined in Section 2.7.

We then denote by Knode
δ the tree Knode,∗

δ on which the tree T node
[δ] is grafted at the top Hδ of the truncated

spine J0, HδK:

(47) Knode
δ = Knode,∗

δ ⊛ (T node
[δ] , Hδ).

Notice that R̂(Knode
δ , Hδ) = Knode,∗

δ . The next theorem is proved in Section 4.2.

Theorem 4.1 (Coupling for the maximal size vertex conditioning). Assume (H0)-(H4) hold and that
π ̸= 0. Let δ > 0 such that π({δ}) = 0 and π̄(δ) > 0. Then, the Lévy tree under Nψ conditionned to have
maximal vertex size δ, T node

δ , is distributed as the truncated Kesten tree Knode
δ under Pψ, more precisely,

we have on T1:

(48) (T node
δ , Xδ)

(d)
= (Knode

δ , Hδ) and (T node,∗
δ , Xδ)

(d)
= (Knode,∗

δ , Hδ).

The first equality in (48) is a consequence of the second one and of (44) and (47).

Remark 4.2 (Reconstruction of the Lévy tree). Let K be an independent Kesten tree. Assume that π has
no atom and π(R∗

+) = +∞ (that is, Nψ[∆ = 0] = 0). If ∆ is distributed as Nψ[d∆(T )] and independent of
K and of the atoms (h′′j , T ′′

j )j∈J of the independent Poisson point process which appears in (46), we deduce

from Theorem 4.1 that Knode
∆ , defined as in (47) with δ replaced by ∆, is distributed as the unconditioned

Lévy tree T under Nψ[dT ]. The condition π(R∗
+) = +∞ can be removed at the cost of considering the

event {∆(T ) = 0} which has then a positive measure under Nψ[dT ].

By construction, we have the following result on the coupled Kesten sub-trees. Notice the increasing
limit of T node

[δ] as δ goes to infinity is not locally compact as there is a condensation phenomenon at the

root; thus the sequence (T node
[δ] )δ>0 does not converge in T. One would need to enlarge the set T and

change the topology for this sequence to converge, see [5] in the discrete setting of Bienaymé-Galton-
Watson trees. For this reason, we can only consider local limit when limδ→∞ dK(0, Hδ) = +∞, that is
when the branching is critical.

Proposition 4.3 (Monotony and local convergence for the maximal size vertex coupling). Assume (H0)-
(H4) hold and π ̸= 0. If δ′ ≥ δ > 0 are not atoms of π and π̄(δ′) > 0, then we have a.s. that:

(49) Knode,∗
δ ⊂ Knode,∗

δ′ , Hδ ∈ Jϱ,Hδ′K and T node
[δ] ⊂ T node

[δ′] .

Furthermore, in the critical case, we have limδ→∞ dK(0, Hδ) = +∞ and, if the support of π is unbounded
and π has no atom, the following convergences hold in (T, dLGH):

(50) Knode,∗
δ

a.s.−−−−−→
δ→+∞

K and Knode
δ

a.s.−−−−−→
δ→+∞

K.

Proof. Equation (49) is obvious as by construction H ′
δ ≤ H ′

δ′ and thus Hδ ≤ Hδ′ .
We now consider the critical case. Notice that Ra(Knode

δ ) = Ra(K) for all a strictly less than Hδ. Then
use (11) and that a.s. limδ→+∞Hδ = +∞ to get the convergences in (50). □

We deduce from Theorem 4.1 and Proposition 4.3 the following well known result from [11].

Theorem 4.4 (Local convergence for the maximal size vertex conditioning). Assume (H0)-(H3) hold,
the regime is critical (that is ψ′(0) = 0), the Lévy measure π has no atom and its support is unbounded.
The following local convergence holds in distribution:

T node
δ

(d)−−−−−→
δ→+∞

K in (T, dLGH).

Remark 4.5 (The sub-critical case). Notice that (50) no longer holds if ψ is sub-critical. Assume the
support of π is unbounded and π has no atom. According to [11, Theorem 1.6] the limit of T node

δ is
informally a tree with a condensation vertex at level given by an exponential random variable with mean

1/ψ′(0). From Theorem 4.1, we deduce that limδ→+∞Hδ = E, and thus Knode,∗
δ

a.s.−−−−−→
δ→+∞

K̂E , where
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K̂E = R̂(K, E) is the Kesten tree whose spine has been cut at level E. Now informally the increasing
random sequence (T node

[δ] )δ>0 converges to a (non locally compact) tree with condensation at the root; and

it should then be possible to give sense to the convergence of Knode
δ towards a tree with condensation at

vertex E.

4.2. Proof of Theorem 4.1. We assume (H0)-(H4) and let δ > 0 be such that π({δ}) = 0 and π̄(δ) > 0,
see (15). Notice the function ψ{δ} from (41) satisfies also (H0)-(H4) and it is then a bijection of R+. We
define ϕ as ψθ in (26) with ψ replaced by ψ{δ} and θ by:

(51) ψ−1
{δ}(π̄(δ)) = Nψ[∆ > δ] = Nψ[∆ ≥ δ] > 0,

(where we used that δ is not an atom of π for the second equality) that is, for λ ≥ 0:

(52) ϕ(λ) = ψ{δ}(λ+ ψ−1
{δ}(π̄(δ)))− π̄(δ).

The characteristic (αϕ, βϕ, πϕ) of ϕ are given by:

αϕ = ϕ′(0) = ψ′
{δ}(N

ψ[∆ ≥ δ]) > 0, βϕ = β and πϕ(dr) = 1{r<δ} e−rN
ψ [∆≥δ] π(dr).

In particular the branching mechanism ϕ is sub-critical. We deduce from (28) that:

(53) Nψ{δ}
[
e−π̄(δ)σ F (T )

]
= Nϕ [F (T )] .

Recall we only need to prove the second equality in (48). Let F be a measurable nonnegative function
defined on T. Using [11, Eq. (4.2)] for the first equality and (53) for the second, we have:

(54) Nψ
[
1{∆≤δ} F (T )

]
= Nψ{δ}

[
e−π̄(δ)σ F (T )

]
= Nϕ[F (T )].

The distribution of the marked random tree (T node,∗
δ , Xδ) ∈ T1, with Xδ the only vertex of size δ in

T node
δ is characterized by (43). We have:

Nψ
[
1{∆≤δ}

∫
T
m(dx)G(T , x)

]
= Nϕ

[∫
T
m(dx)G(T , x)

]
= Nϕ[σ]Eϕ [G(KE , E)] ,

where we used (54) for the first equality, and Corollary 2.4 for the second with, under Pϕ, E an exponential
random variable with mean Nϕ[σ] = 1/ϕ′(0) independent of the Kesten tree K.

Recall the function ϕ depends on δ. Taking G = 1 in the previous equality gives:

Nψ
[
σ 1{∆≤δ}

]
= Nϕ[σ].

So we deduce from (43) that the proof of the second equality in (48) is complete, once we prove that:

(55) Eψ
[
G(Knode,∗

δ , Hδ)
]
= Eϕ [G(KE , E)] .

Consider the Kesten tree K under Eψ. The intensity of grafting a tree having a vertex with size larger
than δ is dhNψ[∆ ≥ δ] with Nψ given in (30), so the height H ′

δ at which is grafted a tree with maximal
vertex size larger than δ is an exponential random variable with parameter:

Nψ[∆ ≥ δ] = 2βNψ[∆ ≥ δ] +

∫ +∞

0

rπ(dr)Pψr (∆ ≥ δ)

= 2βNψ[∆ ≥ δ] +

∫
(0,δ)

rπ(dr)
(
1− e−rN

ψ[∆≥δ]
)
+

∫
[δ,∞)

rπ(dr)

= ψ′
δ(Nψ[∆ ≥ δ])− ψ′(0)

= ϕ′(0)− ψ′(0),

where we used (41) for the third equality with π({δ}) = 0, and (52) for the last. We deduce that
min(H ′

δ, E) with E independent of K and distributed under Pψ as an exponential random variable with
mean 1/ψ′(0) ∈ (0,∞] is an exponential random variable with mean 1/ϕ′(0) ∈ (0,∞), which is the
distribution of E under Pϕ.
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Since π̄(δ) > 0, the random tree Knode,∗
δ conditionally on Hδ is distributed under Pψ as the cut spine

J0, HδK on which are grafted trees:

Knode,∗
δ

(d)
= J0,HδK ⊛i∈I′ (T ′

i , h
′
i),

where (h′i, T ′
i )i∈I′ are the atoms of a Poisson point measure on R+ ×T with intensity dhNψ[dT ; ∆ < δ].

So to prove the second equality in distribution of (48), we deduce from (55) that it is enough to check

that the grafting intensity on the spine J0,HδK for Knode,∗
δ , that is Nψ[dT ; ∆ < δ], coincides with the

grafting intensity on the spine J0, EK for K under Pϕ, that is, with Nϕ[dT ].
Recall Pϕr (with ψ instead of ϕ) defined in Section 2.7 denotes the distribution of the random tree

T[r] = {ϱ} ⊛i∈I′′r (T ′′
i , ϱ), where (h′′i , T ′′

i )i∈I′′ are the atoms of a Poisson point measure on R+ × T with

intensity dhNϕ[dT ] and I ′′r = {i ∈ I ′′ : h′′i ≤ r}. We first notice that for G a measurable nonnegative
function on R+ × T and r > 0:

Eϕr
[
e−

∑
iG(hi,Ti)

]
= exp

{
−
∫ r

0

dsNϕ[1− e−G(s,T )]

}
= exp

{
−
∫ r

0

dsNψ[(1− e−G(s,T ))1{∆<δ}]

}
= exp

{
−
∫ r

0

dsNψ[1− e−G(s,T ) 1{∆<δ}] + rNψ[∆ ≥ δ]

}
= erN

ψ[∆≥δ] Eψr
[
e−

∑
iG(hi,Ti)1{∆(T i)<δ}

]
,

where we used (54) for the second equality. Arguing similarly as in the proof of (39) given by the
computations in (38), we deduce that for r ∈ (0, δ):

Pψr (dT ; ∆ < δ) = e−rN
ψ [∆≥δ] Pϕr (dT ).

Then, using (54), we obtain:

Nψ[dT ; ∆ < δ] = 2βNψ[dT ; ∆ < δ] +

∫
(0,+∞)

rπ(dr)Pψr (dT ; ∆ < δ)

= 2βNϕ[dT ] +

∫
(0,δ)

rπ(dr) e−rN
ψ [∆≥δ] Pϕr (dT )

= 2βNϕ[dT ] +

∫
(0,δ)

rπϕ(dr)Pϕr (dT )

= Nϕ[dT ].

This concludes the proof of the second equality in (48). (We already noticed that the first equality in (48)
is a direct consequence of the second one.)

5. Lévy tree with a given mass

5.1. Subordinator and Bernstein function. Let Pφx denote the distribution of a subordinator S =
(St)t≥0 starting at x ≥ 0 at time 0, that is S0 = x a.e., with general Laplace exponent φ:

(56) φ(λ) = κλ+

∫
(0,+∞)

(1− e−λr) ν(dr) for λ ≥ 0,

where the drift κ belongs to R+ and the Lévy measure ν is a measure on (0,+∞) such that
∫
(0,+∞)

(1 ∧
r) ν(dr) is finite. In particular, we have for λ, t ≥ 0 that:

Eφx [e−λSt ] = e−tφ(λ)−λx .

We recall that:

(57) lim
λ→∞

φ(λ)

λ
= κ.
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The corresponding α-potential measure U(α) on R+, for α ≥ 0, is defined by U(α)(A) =
∫∞
0

dt e−αt P(St ∈
A) for all Borel sets A ⊂ R+. Its Laplace transform is given by:

(58)

∫
[0,∞)

e−λr U(α)(dr) =
1

α+ φ(λ)
for all λ ≥ 0.

We simply write U for the 0-potential U(0).

Remark 5.1. We recall that a Bernstein function, say φ0, is the Laplace exponent of a killed subordinator
(that is, of the form φ0 = φ+ c0, with c0 ≥ 0) and that φ0 is a special Bernstein function if the function
ϕ defined by ϕ(λ) = λ/φ0(λ) is also a Bernstein function, see [33, Sec. 11].

Provided that S ̸≡ 0, the Laplace exponent φ of the subordinator S is a special Bernstein function if
and only if the 0-potential measure U(dr) of φ can be written as cδ0(dr)+u(r) dr, with c ≥ 0 (and δ0 the
Dirac mass at 0) and the nonnegative density function u defined on R∗

+ is non-increasing. Thus we have
that u(∞) = 1/(κ+

∫
(0,∞)

rν(dr)), and also, if κ > 0 or ν(R∗
+) = +∞, that c = 0, limr→0+ ru(r) = 0 and

limr→0+

∫ r
0
u(s) ds = 0.

5.2. The subordinator conditioned to die at a given level. In this section, we follow [29]. Let
S = (St)t≥0 be a subordinator with Laplace exponent given by (56). We assume that φ(+∞) = +∞, that

is κ > 0 or ν((0, 1)) = +∞. Notice that the 0-potential U = U(0) is well defined as for any λ > 0:

U([0, x]) =

∫ ∞

0

dtPφ(St ≤ x) ≤
∫ ∞

0

dtEφ[eλ(x−St)] =
1

φ(λ)
eλx < +∞.

Notice also that φ(+∞) = +∞ implies that Pφ(St = 0) = 0 for all t > 0 and thus Pφ(St = a) = 0 for
all a > 0, see [14] p. 30. For α ≥ 0, we deduce that the potential measure U(α) has no atom. We recall
that if U(α) is absolutely continuous w.r.t. Lebesgue measure on R+ for some α ≥ 0, then it is absolutely
continuous w.r.t. Lebesgue measure on R+ for any α ≥ 0.

The results from [29] are stated for α = 0, but they can be extended to the case α ≥ 0 with minor
modifications of the proofs which we shall omit. We now fix α ≥ 0 and assume that the potential U(α)

has a continuous density u(α) w.r.t. the Lebesgue measure on (0,∞), see [29, Hyp. (DA)] when α = 0.
Let r > 0. Following Lemma 2.4 therein, the process (Mr

t )t≥0 defined by:

(59) Mr
t = e−αt u(α)(r − St)1{St<r}

is a super-martingale. Using that the support of the distribution of St is R+ for t > 0, see [34], it is then
easy to check that the density u(α) is positive on (0,+∞). So, we can define the following h-transform
of the Lévy process S with lifetime ζr and starting at x ∈ [0, r) under Pφ,rx defined by, for all t ∈ [0,∞),
A ∈ Ft = σ((Ss)s∈[0,t]):

(60) Pφ,rx (A, t < ζr) = e−αt Eφx
[
u(α)(r − St)

u(α)(r − x)
1{St<r} 1A

]
.

Since Pφx -a.s. limt→∞ St = +∞, we get that limt→∞ Pφ,rx (t < ζr) = 0, and thus the lifetime ζr is a.s.
finite. Under Pφ,rx , the process S is started at x, killed at time ζr and continuously absorbed at r, that is
Pφ,rx a.s. Sζr− = r. Indeed, for y ≥ 0, set τy = inf{t ≥ 0 : St > y}. Extending Theorem 2.5 in [29] given
for α = 0 to any α ≥ 0, we also get that for 0 ≤ x < b < r, t ≥ 0 and A ∈ Ft:

(61) Pφ,rx (A, t < τb) = lim
ε↓0

Eφx [e−ατr ; A, t < τb, Sτr− ≥ r − ε]

Eφx [e−ατr ; Sτr− ≥ r − ε]
·

For α = 0, see [29], this reduces to:

Pφ,rx (A, t < τb) = lim
ε↓0

Pφx (A, t < τb |Sτr− ≥ r − ε).

Eventually, we simply write Pφ,r for Pφ,rx when x = 0.
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5.3. On the density of σ under the excursion measure. We assume (H0)-(H4) and thus ψ′(0) ≥ 0,
which corresponds to the (sub-)critical case. We shall consider the associated critical branching mechanism
ψcrit defined by:

ψcrit(λ) = ψ(λ)− ψ′(0)λ.

Notice that ψ′ and ψ′
crit are Bernstein functions as for λ ≥ 0:

ψ′(λ) = ψ′(0) + ψ′
crit(λ) and ψ′

crit(λ) = 2βλ+

∫
(0,∞)

(
1− e−λr

)
rπ(dr).

Let V = (Vt)t≥0 be a subordinator with Laplace exponent ψ′
crit. Let T = (Tt)t≥0 be a subordinator

independent of V with no killing term, no drift and Lévy measure N[dσ], that is, with Laplace exponent
ψ−1 by (24). The process S = (St(ω) = TVt(ω)(ω))t≥0 is thus a subordinator with Laplace exponent:

(62) φ = ψ′
crit ◦ ψ−1.

Remark 5.2. Since φ is the Laplace exponent of the subordinator S, it can be written as in (56). Notice
that (H0)-(H4) imply that ψ(+∞) = ψ′

crit(+∞) = φ(+∞) = +∞. Using that x(1− e−x) ≥ e−x−1+ x ≥
x(1− e−x)/2 for x ≥ 0, we get that for λ ≥ 0:

(63) ψ(λ) ≤ λψ′(λ) ≤ 2ψ(λ).

This implies that:

(64) lim
λ→∞

φ(λ)

λ
= lim
λ→∞

ψ′(λ)

ψ(λ)
= 0,

and thus κ = 0 by (57). We deduce that ν((0, 1)) = ∞ and from [14] p. 30 that P(St = 0) = 0 for all
t > 0 and thus P(St = a) = 0 for all a > 0. In particular, we get that the corresponding α-potential has
no atom on R+.

We denote by U(α) the α-potential associated to S.

Lemma 5.3. Under (H0)-(H4), with α = ψ′(0) ≥ 0, we have for any Borel set A ⊂ R+ that:

U(α)(A) = Nψ[σ1A(σ)].

In particular the measure Nψ[dσ] has no atom on [0,∞).

Proof. Using that Nψ[1− e−λσ] = ψ−1(λ), we get that for λ > 0:

(65)

∫
[0,∞)

e−λr U(α)(dr) =

∫ ∞

0

e−αt E
[
e−λSt

]
dt =

1

ψ′ ◦ ψ−1(λ)
= ∂λNψ[1− e−λσ] = Nψ

[
σ e−λσ

]
,

and thus U(α)(A) = Nψ[σ1A(σ)] for any Borel set A ⊂ R+. By Remark 5.2, the measure U(α) has no atom
on R+, and thus, as Nψ[σ = 0] = 0 by (24), the excursion measure Nψ[dσ] has no atom on [0,∞). □

Notice from (65) that σ under Nψ has a density w.r.t. the Lebesgue measure on [0,∞) if and only if
the α-potential U(α) of S has a density w.r.t. the Lebesgue measure on (0,∞).

Remark 5.4 (The critical stable case). We consider the critical stable case ψ(λ) = λa with a ∈ (1, 2] (and
thus ψ′(0) = α = 0). From (65), we deduce that, with u = u(0) the density of U(0) on (0,+∞):

fσ(r) =
1

aΓ
(
a−1
a

)
r(a+1)/a

and
u(r − x)

u(r)
=

(
r

r − x

)1/a

for r > x > 0.
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5.4. The Lévy tree conditioned by the total mass. We assume (H0)-(H4), and we refer to Section 5.6
for the super-critical case. For simplicity we write σ for the total mass m(T ) of the Lévy tree T (see
Section 2.6), and the tree T which is implicitly considered in σ shall be clear from the context. By [26,
Corollary 1.29], there exists a regular version of the conditional distribution of T given its total mass,
Nψ[dT |σ = r] for r > 0, and let T mass

r denote a T-valued random variable with this distribution. In what
follows we shall give a nice representation of T mass

r and of Nψ[dT |σ = r].

Remark 5.5 (The stable case). Assume that ψ(λ) = λa with a ∈ (1, 2]. It is possible to give an explicit
construction of T mass

r , see [17, Sec. 3.2]. In particular, we have the following scaling property for r > 0:

(66) (T mass
r , d, ϱ)

(d)
= (T mass

1 , r1−1/ad, ϱ).

We can also represent the Kesten tree as:

(67) K = J0,∞M ⊛i∈I (T mass
σi , hi),

where (hi, σi, T mass
σi )i∈I are the atoms of a Poisson point measure on R2

+ with intensity dhNψ[σ ∈
dr]Nψ[dT |σ = r]. The process SK = (SK

h )h>0 defined by:

(68) SK
h =

∑
hi≤h

σi,

is, thanks to (31), a subordinator with Laplace exponent:

(69) φ = ψ′
crit ◦ ψ−1.

When there is no ambiguity, we shall simply write S for SK. Notice that φ(0) = 0.

Notice that the distribution of σ under Nψ has no atom by Lemma 5.3 and N[σ = +∞] = 0 as the
branching mechanism is (sub-)critical. We further assume in this section that the distribution of the total
mass σ on (0,+∞) has a continuous density, say fσ, w.r.t. the Lebesgue measure:

(H5) Nψ[σ ∈ dr] = fσ(r) dr and fσ is continous on R∗
+.

In particular, Assumption (H5) (and also (H6) below) is satisfied in the critical stable case ψ(λ) = λa

with a ∈ (1, 2], see Remark 5.4.

Under (H5), we deduce from Remark 5.2 and Lemma 5.3 that the α-potential U(α) of S has no Dirac
mass at 0 and has a continuous density, say u(α), w.r.t. the Lebesgue measure on (0,∞); thus we have
U(α)(dr) = u(α)(r) dr and from Lemma 5.3 that:

(70) rfσ(r) = u(α)(r) for all r ∈ (0,+∞).

We define a modified Kesten tree Kmass
r as follows. Let r > 0 and let Sr be with distribution Pφ,r0 from

Section 5.2, that is, when α = 0 defined as S be continuously absorbed at r. Denote by (h′i, σ
′
i)i∈I′ the

jumping times and the jumps of Sr, and ζr the finite lifetime of Sr. We consider the T-valued random
variable defined by:

(71) Kmass
r = J0, ζrK ⊛i∈I′ (T mass

σ′
i

, h′i),

where the compact rooted random trees (T mass
σ′
i

)i∈I′ are conditionally on Sr independent with T mass
σ′
i

distributed according to Nψ[dT |σ = σ′
i] for all i ∈ I ′. In particular, we see ζr as a leaf of Kmass

r , and
(Kmass

r , ζr) as an element of T1. We shall denote by Pφ,r the distribution of (Kmass
r , ζr).

For h < ζr, we shall see h as the vertex of the branch Jϱ, ζrK at distance h from the root, as well
as the vertex of the semi-infinite spine of the Kesten tree K at distance h from the root. From the
representation (67) of the subordinator SK from the Kesten tree K, notice that SK

h is the total mass of the

random tree R̂(K, h), the Kesten tree with the spine truncated at level h, see (10); it is a.s. larger than
the total mass of Rh(K), the Kesten tree truncated at level h; the difference comes from the fact that SK

h

counts also the mass above h of the sub-trees grafted on the semi-infinite spine below level h.
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Remark 5.6 (On the distributions of K and Kmass
r ). We recall that for (t, x) ∈ T1, a tree t with a

distinguished vertex x ∈ t, one can also see x as a distinguished vertex of the truncated tree R̂(t, x),
which is then considered as an element of T1. Using (60), for any nonnegative measurable function G
defined on the set T1, we have, with SK given by (68) and the representation (67) of the Kesten tree,
that, with α = ψ′(0) ≥ 0, for all h > 0:

(72) Eφ,r
[
1{ζr>h}G(R̂(Kmass

r , h))
]
= e−αh Eψ

[
u(α)(r − SK

h )

u(α)(r)
1{SK

h <r}
G(R̂(K, h))

]
.

Notice that the right hand-side is a measurable function of r ∈ (0,+∞) which is lower semi-continuous as

the non-decreasing limits as n→ +∞ of the continuous functions r 7→ e−αh Eψ
[
n∧u(α)(r−SK

h )

u(α)(r)
1{SK

h <r}
G(R̂(K, h))

]
for n ∈ N (the continuity of the latter functions is a consequence of the continuity of u(α) and the fact
that Pψ-a.s. SK

h ̸= r).

The proof of the next result is given in Section 5.7.

Theorem 5.7 (A first representation for the mass conditioning). Assume (H0)-(H5) hold. For r ∈
(0,+∞), let T mass

r be the Lévy tree under Nψ conditioned to have total mass r, Ur a leaf of T mass
r chosen

uniformly (w.r.t. the probability measure r−1mT mass
r (dx)) and on {H(Ur) ≥ h} denote by Urh the vertex

of Jϱ, UrK at distance h from the root of T mass
r . For any nonnegative measurable function G defined on

the set T1, we have, with SK given by (68) and the representation (67) of the Kesten tree, that dr-a.e.,
for all h > 0:

Nψr
[
1{H(Ur)>h}G(R̂(T mass

r , Urh))
]
= Eφ,r

[
1{ζr>h}G(R̂(Kmass

r , h))
]
.(73)

For an other local absolute continuity representation, we also refer to [16, Proposition 3] in the critical
quadratic case (ψ(λ) = βλ2) using the contour process of the Lévy tree (called in this quadratic case the
continuum Brownian tree) given by the Brownian excursion and the contour process of the corresponding
Kesten tree given by two independent 3-dimensional Bessel processes, and to [15, Theorem 4] in the
stable non-quadratic case (ψ(λ) = λa with a ∈ (1, 2)) with a representation of the subordinator killed
continuously at level r (that is, under Pφ,r0 ) using scaling of bridges.

We deduce the following corollary using first the regularity of r 7→ Eφ,r
[
1{ζr>h}G(R̂(Kmass

r , h))
]
, see

Remark 5.6 and that the distribution of (T mass
r , Ur) under Nψr is completely determined by the function-

als Nψr
[
1{H(Ur)>h}G(R̂(T mass

r , Urh))
]
when h ranges over R+ and G ranges over the set of nonnegative

bounded measurable functions defined on T1.

Corollary 5.8 (Representation for the mass conditioning). Assume (H0)-(H5) hold. Let r ∈ (0,+∞).
The distribution of (Kmass

r , ζr) under Pφ,r is a regular version of the distribution of (T mass
r , Ur), where

the random tree T mass
r is distributed as the Lévy tree under Nψ conditioned to have mass r, and Ur is a

leaf of T mass
r chosen uniformly (that is, w.r.t. the probability measure r−1mT mass

r (dx)).

Remark 5.9 (Scaling properties of Kmass
r ). In the stable critical case ψ(λ) = λa with a ∈ (1, 2], a regular

version of Nψr can be obtained by scaling using (66), see Remark 5.5. Let us check it also coincides with
the one given by (73).

First, we have φ(λ) = aλ1−1/a. Thus, the subordinator S enjoy the scaling property r−1S•
(d)
=

S(r−1+1/a•). By (60) with α = 0, the process Sr started from 0 enjoy a scaling property, see the for-

mula for the potential densities ratio in Remark 5.4: (Srt , t ∈ [0, ζr))
d
= (rS1

r−1+1/a t
, t ∈ [0, r1−1/a ζ1)).

In particular ζr and r(1−1/a) ζ1 have the same distribution. Furthermore, using (66), the grafted trees
in Kmass

r enjoy also a similar scaling property (notice that the masses σ′
j in Kmass

r are distributed as the
masses rσ′

j in Kmass
1 ). Then using the definition of Kmass

r from (71), we deduce that (Kmass
r , d, ϱ) is dis-

tributed as (Kmass
1 , r1−1/ad, ϱ), which is in agreement with (66). So the right-hand side of (73) enjoys the

same scaling property in r as the left hand-side. This implies that the regular version of the conditional
distribution of T mass

r given by scaling and the one given by (73) coincide.



24 ROMAIN ABRAHAM AND JEAN-FRANÇOIS DELMAS

5.5. Convergence for the conditioning by the total mass in the critical case. We assume in this
section that (H0)-(H3) and (H5) hold, that the regime is critical (that is, α = ψ′(0) = 0) as well as a
regularity condition on the density fσ of σ under Nψ:

(H6) ψ′(0) = 0 and the function r 7→ rfσ(r) is non-increasing on (0,∞).

We simply write u for u(0), the density of the potential of the subordinator with Laplace exponent
φ = ψ′ ◦ ψ−1.

Remark 5.10 (On Assumption (H6)). Recall we assume (H0)-(H3) and (H5). Notice that Assumption (H6)
is equivalent, by (70), to the function u being continuous and non-increasing on (0,∞). By Remark 5.1,
the function u (or equivalently the function r 7→ rfσ(r)) is then non-increasing if and only if φ is a special
Bernstein function, that is λ/φ(λ) is the Laplace exponent of a subordinator. (Notice this subordinator
is not killed as limλ→0+ λ/φ(λ) = limλ→∅+ ψ(λ)/ψ

′(λ) = 0 by (63).)
Assumption (H6) holds in particular in the critical stable case, see also Remark 5.4.

We now state the main result of this section.

Proposition 5.11 (Strong local convergence for the mass conditioning). Assume (H0)-(H6) hold (in
particular the branching meachnism ψ is critical, that is ψ′(0) = 0). Let F be bounded nonnegative
measurable function on T. We have:

(74) lim
r→∞

Nψr [F (Rh(T mass
r ))] = lim

r→∞
Eφ,r [F (Rh(Kmass

r ))] = Eψ [F (Rh(K))] .

Proof. By (H6), we get that the 0-potential density u exists and is non-increasing, so we get:

(75)
u(r − SK

h )

u(r)
1{SK

h <r}
≥ 1{SK

h <r}
and thus lim inf

r→∞

u(r − SK
h )

u(r)
1{SK

h <r}
≥ 1.

Let G be a nonnegative measurable function on T1. By Fatou lemma, we deduce from (72), (73) and (75)
that:

lim inf
r→∞

Nψr
[
1{H(Ur)>h}G(R̂(T mass

r , Urh))
]
≥ Eψ

[
G(R̂(K, h))

]
.

Since Nψr [H(Ur) > h] ≤ 1 and, by the previous inequality with G = 1, lim infr→∞ Nψr [H(Ur) > h] ≥ 1,
we get that:

(76) lim
r→∞

Nψr [H(Ur) > h] = 1.

Now assume that G is also bounded by 1 and set G∗ = 1−G. We get:

lim sup
r→∞

Nψr
[
1{H(Ur)>h}G(R̂(T mass

r , Urh))
]
= 1− lim inf

r→∞
Nψr
[
1{H(Ur)>h}G

∗(R̂(T mass
r , Urh))

]
≤ 1− Eψ

[
G∗(R̂(K, h))

]
= Eψ

[
G(R̂(K, h))

]
.

This implies that for any bounded nonnegative measurable function G on T1:

lim
r→∞

Nψr
[
1{H(Ur)>h}G(R̂(T mass

r , Urh))
]
= Eψ

[
G(R̂(K, h))

]
,

and thus for any h ≥ 0 and any bounded nonnegative measurable function F on T such that F (t) = 0 on
H(t) < h:

lim
r→∞

Nψr [F (Rh(T mass
r ))] = Eψ [F (Rh(K))] .

Then use Corollary 5.8 to get Nψr [F (Rh(T mass
r ))] = Eφ,r [F (Rh(Kmass

r ))] so that (74) holds for F such that
F (t)1{H(t)<h} = 0. To conclude use Corollary 5.8 and then (76) to get that limr→∞ Eφ,r[H(Kmass

r ) <

h] = limr→∞ Nψr [H(T mass
r ) < h] = 0. □

We get in particular the following (weaker) result.
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Theorem 5.12 (Local convergence for the mass conditioning in the critical case). Assume (H0)-(H6) hold
(in particular the branching meachnism ψ is critical, that is ψ′(0) = 0). The following local convergence
holds in distribution:

T mass
r

(d)−−−−−→
r→+∞

K in (T, dLGH).

As it shall be used in a forthcoming work, we also mention the next result, whose proof is immediate
thanks to (72), (73) and (75) (with the choice of the regular version of the conditional distribution Nψr
from Corollary 5.8).

Corollary 5.13 (Lower bound for the mass conditioning). Assume (H0)-(H6) hold (in particular the
branching meachnism ψ is critical). Let r ∈ (0,+∞), T mass

r be the Lévy tree under Nψ conditioned to
have total mass r and Ur a leaf of T mass

r chosen uniformly. For any nonnegative measurable functions F
and G defined respectively on T and T1, we have that for all h > 0:

Nψr
[
1{H(Ur)>h} F (Rh(T mass

r ))
]
≥ Eψ

[
1{SK

h <r}
F (Rh(K))

]
,

Nψr
[
1{H(Ur)>h}G(R̂h(T mass

r ), Urh)
]
≥ Eψ

[
1{SK

h <r}
G(R̂h(K), h)

]
.

5.6. Convergence for the conditioning by the total mass in super-critical cases and some
sub-critical cases. Intuitively, in the critical case α = 0, u(0)(r + a)/u(0)(r) “converges” to 1 as r goes
to infinity (this is indeed the case in the stable case); but this is no more expected in the sub-critical
case (in the sub-critical quadratic case, one has that log(u(α)(r + a)/u(α)(r)) converges to a non trivial
constant times a). We shall use the same trick as in the discrete case for Bienaymé-Galton-Watson (BGW)
tree, see [6] or [7] an the references therein, where one can exhibit a parameterized family of offspring
distributions such that the corresponding conditioned BGW trees have the same distribution. To do so,
we consider the Girsanov transformation stated in Section 2.7. Recall the set Θψ defined therein.

Notice that under (H0)-(H1) the function ψ is strictly convex, thus there exists at most one root of
ψ′ = 0 in Θψ; such value when it exits will be denoted θ∗, and then the branching mechanism ψθ∗ and the
density fθ

∗

σ (which exists if and only if the distribution of σ on (0,+∞) under Nψ has a density, see (29)),
simply denoted ψ∗ and f∗σ , is critical. In this section, we shall consider the following assumption:

(H7) There exists θ∗ ∈ Θψ such that ψ′(θ∗) = 0.

Under (H0), Assumption (H7) is trivially satisfied in the critical case (with θ∗ = 0) and in the super-critical
case (where ψ′(0) < 0) under the sufficient condition (H1). In the sub-critical case, Assumption (H7) is
not satisfied in general. For example in the sub-critical case ψ(λ) = αλ + λa, with α > 0 and a ∈ (1, 2),
then π(dr) ∝ r−a−1 dr so that Θψ = [0,∞) and thus (H7) is not satisfied. Notice (H7) is satisfied for
a = 2 and that Θψ = R in this case.

Under (H0), (H1) and (H7), let K∗ be the Kesten tree associated with the critical branching mechanism
ψ∗. The following result is a direct consequence of Theorem 5.12 (with ψ replaced by the critical branching
mechanism ψ∗) and the Girsanov transformation which implies, thanks to (28), that:

Nψr [dT ] = Nψθr [dT ] for all θ ∈ Θψ and r ∈ (0,+∞).

Corollary 5.14 (Local convergence for the mass conditioning). Assume (H0)-(H3) and (H7) hold (recall
that if ψ is (super-)critical, then (H7) holds), and the function r 7→ r e−ψ(θ

∗)r fσ(r) is non increasing on
(0,+∞) (that is, (H6) holds with fσ replaced by f∗σ). The following local convergence holds in distribution:

T mass
r

(d)−−−−−→
r→+∞

K∗ in (T, dLGH).

Remark 5.15 (The non generic case). The so-called non generic case corresponds to the case where (H7) is
not satisfied; this can only happen when ψ is sub-critical. In the discrete setting for BGW tree, see [25, 23]
or [5], the local limit of sub-critical BGW trees conditioned to have a large number of vertices is a tree
with a vertex at random finite distance from the root with infinitely many children. We expect also to
observe a condensation at finite height for the local limit of Lévy trees conditioned to have a very large
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mass when (H7) is not satisfied (possibly under other hypothesis than (H0)-(H5)): however the limit
would not be locally compact and thus the convergence would not be in T, see also the discussion from
Remark 4.5 where we could use therein a trick to represent the “local limit” with condensation at random
finite height E.

5.7. Proof of Theorem 5.7. Let T be a Lévy tree with distribution Nψ[dT ] and U a leaf of T chosen
according to the mass measurem. Recall that σ is the total mass of the measurem. LetG be a nonnegative
measurable function defined on the set T1 of pointed locally compact rooted trees. By construction, we
have with Ur as in Theorem 5.7:

Nψ [G(T , U)] =

∫ ∞

0

Nψr [G(T mass
r , Ur)] rfσ(r) dr.

We deduce that for γ ≥ 0, h > 0, Urh defined in Theorem 5.7, and Uh defined similarly as the ancestor of
U at level h on the event {H(U) > h}, that:

(77) Nψ
[
1{H(U)>h} e−γH(U) G(T , Uh)

]
=

∫ ∞

0

Nψr
[
1{H(Ur)>h} e

−γH(Ur) G(T mass
r , Urh)

]
rfσ(r) dr.

For a pointed tree (T, d, ϱ, x) ∈ T1, where ϱ, x ∈ T , we uniquely decompose the tree T according to the
branch Jϱ, xK and the sub-trees grafted on this branch:

T = Jϱ, xK ⊛i∈I (Ti, xi),

where xi belongs to the branch Jϱ, xK and Ti is the union of all the connected components of T \ {xi} not
containing the root nor x, with xi added as a root. Notice this decomposition is unique (and measurable
using an adaptation of [8, Proposition 5.32]). We shall consider a particular choice of function G defined
by:

(78) G(T, x) = exp

(
−
∑
i∈I

G0(d(ϱ, xi), Ti)

)
,

with G0 a nonnegative measurable function defined on R+ × T.
Set α = ψ′(0) ≥ 0 and for λ, γ ≥ 0 and h > 0:

A(γ) =

∫ ∞

0

e−λr Nψr
[
1{H(Ur)>h} e−γH(Ur) G(R̂(T mass

r , Urh))
]
rfσ(r) dr,

B(γ) =

∫
[0,+∞)

e−λr U(α)(dr)Eφ,r
[
1{ζr>h} e−γζ

r

G(R̂(Kmass
r , h))

]
.

To prove that (73) holds dr-a.e., it is enough in view of (70) to prove that A(0) = B(0) for all λ > 0,
h ≥ 0 and functions G given by (78) with G0 any nonnegative measurable function such that G0(s, ·) = 0
for s ≥ h.

Set:

F (h) = αh+

∫ h

0

dsNψ[1− e−λσ−G0(s,T )].
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On the one hand, using (77) and the decomposition of the Lévy tree along an ancestral line which is a
consequence of (33) at a given level a and the occupation formula (23) for the local times, we obtain:

A(γ) = Nψ
[
e−γH(U) 1{H(U)>h} e

−λσ−
∑
i∈IU

G0(h
U
i ,T

U
i )1{hU

i
≤h}

]
=

∫ ∞

h

da e−γa Nψ
[∫

T
ℓa(dx) e

−
∑
i∈I

(
λσxi +G0(h

x
i ,T

x
i )1{hx

i
≤h}

)]
=

∫ ∞

h

da e−γa e
−αa−

∫ a
0

dsNψ
[
1−e

−λσ−G0(s,T )1{s≤h}
]

=

∫ ∞

h

da e−(γ+α)a−
∫ h
0

dsNψ[1−e−λσ−G0(s,T )]−
∫ a
h

dsNψ[1−e−λσ]

=

∫ ∞

h

da e−γa−F (h)−(a−h)(α+φ(λ))

=
e−γh−F (h)

γ + ψ′ ◦ ψ−1(λ)
,

where for the fith equality we used (31) to get
∫ a
h
dsNψ

[
1− e−λσ

]
= (h − a)φ(λ) with φ = ψ′

crit ◦ ψ−1

and that α+ φ = ψ′ ◦ ψ−1.

On the other hand, set S[0,h] = (St)t∈[0,h] and Qh = Eφ,r
[
G(R̂(Kmass

r , h))
∣∣S[0,h]

]
. We obtain:

B(γ) =

∫
(0,+∞)

e−λr U(α)(dr)Eφ,r
[
1{ζr>h} e−γζ

r

Qh

]
= e−γh

∫
(0,+∞)

e−λr dr

∫ ∞

0

γ e−γs ds u(α)(r)Eφ,r
[(
1{ζr>h} − 1{ζr>s+h}

)
Qh
]

= e−γh
∫
(0,+∞)

e−λr dr

∫ ∞

0

γ e−γs ds

Eφ
[(

e−αh u(α)(r − Sh)1{Sh<r} − e−α(s+h) u(α)(r − Ss+h)1{Sh+s<r}

)
Qh

]
=

e−(γ+α)h

ψ′ ◦ ψ−1(λ)

∫ ∞

0

γ e−γs dsEφ
[(
e−λSh − e−λSh+s−αs

)
Qh
]

=
e−(γ+α)h

ψ′ ◦ ψ−1(λ)

∫ ∞

0

γ e−γs dsEφ
[
e−λSh

(
1− e−s(α+φ(λ))

)
Qh

]
=

e−(γ+α)h

γ + ψ′ ◦ ψ−1(λ)
Eφ
[
e−λSh Qh

]
,

where we used e−γz 1{z>h} = e−γh
∫∞
0
γ e−γs(1{z>h} − 1{z>h+s}) ds and the density u(α) of the potential

U(α) for the second equality, (60) for the third as Qh is Fh-measurable with Pφ,r = Pφ,r0 (see also (72)),
the equalities:∫ ∞

z

dr e−λr u(α)(r − z) = e−λz
∫
[0,∞)

e−λr U(α)(dr) =
e−λz

α+ φ(λ)
=

e−λz

ψ′ ◦ ψ−1(λ)

for the fourth, and the Markov property of S at time h for the fifth. To conclude, we use the representation
of the tree Kmass

r , see (71), to get:

Eφ
[
e−λSh Qh

]
= Eψ

[
e−

∑
hi≤h

λσi+G0(hi,Ti)
]
= e−

∫ h
0

dsNψ[1−e−λσ−G0(s,T )] = e−F (h)+αh,

so we obtain:

B(γ) =
e−γh−F (h)

γ + ψ′ ◦ ψ−1(λ)
·

We deduce that A(γ) = B(γ) for γ ≥ 0 and thus A(0) = B(0). So the proof is complete.
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[19] T. Duquesne and J.-F. Le Gall. Random Trees, Lévy Processes and Spatial Branching Processes, volume 281. SMF,
2002.

[20] T. Duquesne and J.-F. Le Gall. Probabilistic and fractal aspects of Lévy trees. Probability Theory and Related Fields,
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[22] S. N. Evans. Probability and Real Trees, volume 1920. Springer, 2008.
[23] S. Janson. Simply generated trees, conditioned Galton–Watson trees, random allocations and condensation. Probability

Surveys, 9:103–252, 2012.

[24] S. Janson. Real trees, 2023.
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Index of notation

Trees and pointed trees

- t, T , τ , T , K: generic notations for trees (or class
of equiv. trees).

- (t, x): a (or a class of equiv. of) tree with distin-
guished vertex x ∈ t.

- d: generic distance on a tree.

- ϱ: generic notation for the root of a tree.

- H(x) height of vertex x (or distance from x to ϱ).

- Rh(t): the tree t truncated at level h.

- R̂(t, x): the tree t without the subtree above the
vertex x.

- H(t): height of the tree t.

- [[x, y]]: the branch joining the vertices x to y.

- J0, hK: the segment [0, h] seen as a tree with root
ϱ = 0, and h as a distinguished vertex.

- J0,∞M: the infinite spine tree with root ϱ = 0.

- T: Polish space of (equiv. class of) rooted loc.
compact closed trees.

- T1: Polish space of (equiv. class of) rooted loc.
compact closed pointed trees.

Functions and random variables

- ψ branching mechanism with Lévy measure
π and quadratic parameter β.

- π̄(r) = π((r,∞)).
- Y CB starting at x with branching mecha-
nism ψ under Pψx .

- ψθ(·) = ψ(·+ θ)− ψ(θ).
- ψcrit(λ) = ψ(λ)− ψ′(0)λ.
- Laplace exponent φ = ψ′

crit ◦ψ−1 from Sec-
tion 5.3.

- U(α): α-potential of subordinator with
Laplace exponent φ.

- u(α) density of U(α).

Lévy tree and Kesten tree

- T : a Lévy tree.
- T[r]: a Lévy tree with root with “size” r.
- K: a Kesten tree, with infinite spine J0,∞M.
- K̂h = R̂(K, h): the Kesten tree whose infi-
nite spine is truncated at level h.

- ℓa(dx): the local time at level a on a Lévy
tree.

- ℓa,K(dx): the local time at level a on the
Kesten tree K.

- SK
h total mass of the trees grafted on the

spine of the Kesten tree up to level h.
- σ = σT total mass of the Lévy tree T .
- fσ “density” of σ under Nψ.
- T height

h : Lévy tree cond. to have height h.

- T node
δ : Lévy tree cond. to have one vertex

of maximal size δ.
- T mass

r : Lévy tree cond. to have total mass r.

Probability and excursion measures

- Nψ[dT ]: excursion measure for Lévy trees.
- Pψr : distribution of T[r].
- Nψ: intensity of the grafting on the infinite
spine of the Kesten tree.

- Pψ: distribution of the Kesten tree.
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