COUPLING SOME CONDITIONED LEVY TREES WITH THE KESTEN TREE

ROMAIN ABRAHAM AND JEAN-FRANCOIS DELMAS

ABSTRACT. We consider locally compact Lévy trees conditioned to be large, with respect to different
criterion: its height, its maximal “size” vertex and its total “mass”. In the critical case, we provide
a coupling with a truncated Kesten tree which then allows to directly prove the local convergence in
distribution of the conditioned Lévy tree to be large towards the Kesten tree. We also consider the
sub-critical and super-critical cases. In the former case the results can be partial, due to a possible
condensation phenomenon which is outside the mathematical framework used in this paper.

1. INTRODUCTION

Local limits (in distribution) of Bienaymé-Galton-Watson (BGW) trees conditioned to be large have
been extensively studied in the recent years, and various conditioning have been considered: on the height
[27], on the total population size [I3], on the total number of leaves [28], see also [7] and references therein
for other examples. When the BGW tree is critical (the mean value of the offspring distribution is 1), all
these conditionings converge locally to the same limit: the size-biased tree also called Kesten tree. (Of
course, not all conditioning of critical BGW tree converges locally to the Kesten tree, see [1].)

Scaling limits of BGW trees are given by random real trees called (continuum) Lévy trees, see [19], and
here denoted by T; and analogous results also hold for conditioned critical Lévy trees [30, (18] and the
limiting tree is the continuum analogue of the discrete Kesten tree. For convenience, we will still call this
random real tree a Kesten tree in this paper and denote it by C; it is composed of one semi-infinite branch
called the spine on which are grafted random real trees (whose distribution is closely related to the initial
Lévy tree, see Section . This tree appears first in the Brownian tree context in [I2] and is called the
the self-similar continuum random tree, and is constructed for a general branching mechanism v using
exploration processes in [I8]. Let us mention that the Lévy tree are given under the so-called excursion
measure N¥, and that the Kesten tree is a random variable defined under the probability measure P¥, see
Sections

The goal of this paper is to give a coupling between the Lévy trees conditioned to be large and a
truncation/transformation of the Kesten tree, so that we can read the convergence in distribution of the
critical Lévy trees conditioned to be large towards the Kesten tree as an a.s. (local) convergence of the
truncated Kesten tree to the (untruncated) Kesten tree. We shall consider three kind of conditioning for
the Lévy tree T to be large, that is, to have:

(i) its height H(T) equal to h,
(ii) a maximal vertex with “size” A(T) equal to 9,

(iil) its total “mass” o = o(T) equal to r,
and then let this parameter goes to infinity.

A Lévy tree (resp. Kesten tree) represents the genealogy of a continuous state branching (CB) process
(resp. CB with immigration process), so that the previous coupling could also have been stated for
conditioned CB process and trunctated CB process with immigration; however the picture is much more
intuitive when using the genealogical structure given by the tree. To state precisely the results, we consider
Lévy trees as random variables taking values in the Polish metric space (T, drgu) of (Gromov-Hausdorff
isometric classes of) rooted complete locally compact real trees. To do so requires some usual hypothesis
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on the branching mechanism 1) associated with the Lévy tree or the corresponding CB process such as
conservativeness (that is, non explosion in finite time) and Grey condition (that is, local compactness of
the Lévy trees); we also assume the CB process has infinite variation and thus the total length of the
Lévy tree is infinite (see Section 3 in [32] when this last hypothesis is not fulfilled).

Some of the results for the critical case (¢'(0) = 0) have extension to the sub-critical (¢'(0) > 0)
or super-critical (¢'(0) < 0) cases. Let us mention that a super-critical Lévy tree T conditioned to be
finite is distributed as a sub-critical Lévy tree, see the Girsanov transformation (28]) with ¢ the branching
mechanism associated to 7 and 6 replaced by 0y the largest root of ¢ = 0. Let us mention that there are
other possible limits than the Kesten tree for local limits (in distribution) of Lévy trees conditioned to be
large, see [g].

1.1. Lévy trees conditioned to have large height. Let us first consider the tree conditioned on
having height h. To construct this tree from the Kesten tree K, we cut the spine of K at level h (and
forget everything that is above this cut-point), and also remove all the sub-trees grafted on the remaining

spine that reach level h. This gives a tree Kzeight7 whose construction is illustrated in Fig. |1l We denote

by h the vertex on the spine at distance h from the root g, and see it as a distinguished vertex of Kzeight.

FIGURE 1. Left: the Kesten tree (a spine given by an semi-infinite branch on which are

grafted Lévy sub-trees); Right: the truncated Kesten tree Kzeight with the distinguished
vertex h on the spine being the only vertex at distance h from the root p.

We summarize Theorem on the coupling, and the local convergence of the truncated Kesten trees
from Proposition [3.3]and the direct consequence of the local convergence in distribution of the conditioned
Lévy tree to have height h, say Ehe]ght, towards the Kesten tree as h goes to infitny, see Theorem

Theorem (Conditioning w.r.t. the height). We assume the infinite variation setting and the Grey con-
dition. The (sub-)critical Lévy tree T conditioned under the excursion measure to have height h, say

Ehaght, with its only vertex X, at distance h from the root o, is distributed as (K}ﬁeight, h):

(.Thheight’Xh) (4) (KZeight’h)'
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: . height :
Furthermore the “increasing” sequence (K" )p>o converges to the Kesten tree K in (T,digu). In
particular, we have the following local convergence in distribution:
height (d) .
(1) Th —— K in (T,drcn).
h—+oco

The convergence was already proven in [2], and the coupling was implicit. We refer to Remark
for the super-critical case.

1.2. Lévy trees conditioned to have large maximal vertex “size”. According to [19], the Lévy tree
T can be constructed using a coding by the so-called height process which is a functional of a spectrally
positive Lévy process V with Laplace exponent 1. Then, each jump of the process V corresponds to the
“size” of a vertex of infinite degree in 7. We refer to in Section (vi) for a more intrinsic way to
define the “size” of a vertex as the limit, when & goes to 0, of the number of sub-trees attached to this
point with height larger than ¢ with a correct renormalization.

The local limit in distribution of the Lévy tree conditioned of having maximal vertex “size” 4, say
Todeis obtained in [1I] in the critical and sub-critical cases under further assumption on the Lévy
measure m of the branching mechanism. To simplify, in the introduction, we shall consider the critical
case and assume that 7 has no atom and support (0,+00) in (0,+00). Then the tree T°4 has exactly

one node of “size” §, say X4, and we denote by 7}n°de’* the tree 7°% when one remove the sub-tree

above Xs. We now provide a representation of 7:;n°de’* as a truncation of the Kesten tree. Let Hs be

the vertex on the spine of the Kesten tree K being the lowest branching point of the spine on which is
grafted a tree with a vertex of “size” > § (which is possibly its root which belongs to the spine). Then we
cut the spine of K at Hs, and remove the sub-tree grafted at Hs to get the tree IC?Ode’*. Then, we built
the tree ICgOde by grafting at Hs in K?Ode’* a sub-tree whose root is a branching point with “size” ¢ and
which is distributed as the Lévy tree conditioned to have no other vertices of “size” > §. See Fig. [2| for a
representation of K, K3°4¢ and K?Ode’*.

We summarize Theorem on the coupling, and the local convergence of the truncated Kesten trees
from Proposition [4.3|and the direct consequence of the local convergence in distribution of the conditioned
Lévy tree to have maximal vertex “size” equal to J, say 7:5“0‘1'3, towards the Kesten tree as d goes to infitny,
see Theorem [£.4]

Theorem (Conditioning w.r.t. the maximal vertex “size”). We assume the infinite variation setting and
the Grey condition, as well as the Lévy measure  has no atom and full support in (0,+00). The (sub-
Jeritical Lévy tree T conditioned under the excursion measure to have mazimal vertex “size” §, say 7}“0‘16,
with its only vertex X of “size” § is distributed as (K3°9°, Hy):

d node,x (4 node,*
(2) (WOde,Xé) (:) (Icgode,Hé) and 7:5 de, (:) y de, )

. . . . d
Furthermore in the critical case, the “increasing” sequence (K3°°“")p>o converges to the Kesten tree K

in (T,dLgn), and we have the following local convergence in distribution:

(3) 7-6node (4) > K in (T,drgn).
d——+oo

The convergence was already proven in [I1] and the sub-critical case is also considered therein. The
coupling is also valid in the sub-critical case with a slightly different definition of the cutting vertex Hs,
see Theorem and in this case the local limit, when § goes to infinity, of ’7:5n°de’* is the truncated Kesten
tree Kp whose spine is cut at vertex E at distance from the root ¢ given by an independent exponential
random variable with mean 1/¢/(0). Intuitively, the limit, when & goes to infinity, of 7,2°9° in this case,
would consist of the compact tree K g on which is grafted at F a (non locally compact) Lévy sub-tree
whose root is a branching point with infinite “size” (which implies the non local compactness). This is the
so-called condensation phenomenon. The super-critical case can be deduce from the sub-critical case by
the Girsanov transformation (with € the positive root of ¢ = 0), as on the non-extinction event the
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FIGURE 2. Left: the Kesten tree with vertices of “size” > §; Center: the truncated

Kesten tree ICf;OdC’* with the distinguished vertex Hs on the spine; Right: the tree K3ode,
with an independent sub-tree grafted at Hs whose root is of “size” = § and which does

not have any vertex of “size” > 4.

maximal vertex “size” is +o0o as the support of the Lévy measure 7 is unbounded, and thus conditioning
on the maximal vertex “size” to be § implies the extinction of the super-critical Lévy tree.

1.3. Lévy trees conditioned to have large total mass. Eventually, let us recall that a Lévy tree is
naturally endowed with a mass measure supported by its leaves, see Section (iv). Let us denote by
o the total mass of this measure, which can also be seen as the life-time of the excursion of the height
process that codes the Lévy tree.

To simplify, we consider the critical case (¢0'(0) = 0). In this case, the coupling is less straightforward.
Consider the Kesten tree IC, and denote by (h;, 0, T;)icr the height h; at which the sub-tree 7; is grafted
on the spine, and o; denote its mass, see Fig The process S defined S}’f = icr Tilin,<n) is then a
subordinator started at 0 with Laplace exponent ¢ = 1)’ 0 ¢)~!, see Section For simplicity, we write
S for S*.

The idea, is to consider the subordinator S started at 0 and conditioned to die continuously at level
r, which we denote by S" and write (" for its lifetime (in particular S7._ = r a.s.). Following [29],
provided the potential of S has a continuous density, say u, w.r.t. the Lebesgue measure on (0, +00), that
is, [pi P(S; < x)dt = f(O,z] u(y) dy for all 2 > 0 and u is continuous, then the process S” is well defined
and with P¥ and P¥" denoting the distribution of S and S”, we get for all h > 0 and F' a non-neagtive
measurable functional:

u(r — S
E®T {1{h<0} F(sz),h])} — ¥ {(u(?ﬁ)h)
Let us mention that u(r)/r is also the density w.r.t. the Lebesgue measure of the total mass of the Lévy
tree under the excursion measure N¥, see .

L, <) F(S[o,h])
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F1GURE 3. Left: the Kesten tree; Center: the sub-trees grafted on the spine, with in gray
an instance of a tree 7; (with the root being a branching point) grafted at height h; with
mass o;; Right: mass of the grafted trees.

From the process S”, we build a modified truncated Kesten tree, say K%, by considering a spine
of length ¢, on which we graft at height h; an independent Lévy tree 7; with total mass o;, where
(hj,0;5)jes are the jumping times and jums of the process S™. In particular the total mass of K" is
given by ZjEJ ;=5 _=r. (We stress the distribution of 7; conditionally on ¢; = r is the conditional
distribution of a grafted tree N¥[dT | o = r] with the grafting measure N defined in (30).) The tree K2
is not a functional of the Kesten tree. However, in the stable case ¥(A) = A* with a € (1,2], one could
use a scaling argument to recover the jumps (0;);ecs from the jumps (0;);cr, see [15], and then use that
conditionally on o; the tree 7 is distributed as a scaled normalized random tree 7' with total mass 1.
We also recall that in the stable case one can get a regular version of 7,%% the Lévy tree conditioned to
have total mass r > 0 by scaling, see Section 3.3 in [19].

We get from Corollary that 7,7, the Lévy tree conditioned to have total mass r > 0, is distributed
as KKM@ss (in fact the distribution KM% provide a regular version of the distribution of 7,"2%%), and from
Proposition (see also Theorem [5.12)) we get the local convergence in distribution of 7, towards
the Kesten tree as r goes to infinity when the potential density is non-increasing (this relies on the
Fatou lemma and the fact that liminf,_, "(Z(_g”) 15, <r} = 1 which is a direct consequence of u being

non-increasing).

Theorem (Conditioning w.r.t. the total mass). We assume the infinite variation setting and the Grey
condition, as well as the existence of continuous density on (0,+00), say fy, of the total mass under the
excursion measure NPsi such that r — rf,(r) is non-increasing. The critical Lévy tree T conditioned
under the excursion measure to have total mass r, say T, is distributed as K*5:

(4) 7;mass (i) ]C;nass’
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and the sequence (T,*%),50 converges to the Kesten tree K in (T,dLcu), and we have the following local
convergence in distribution:

(5) T YK in (T, drcu)-
r—+00

Using a Girsanov transformation, we have a similar result for the super-critical case, see Corollary
The sub-critical case is more delicate: in the generic case (where one can extend the functionn v to negative
values such that there exists a root 6* of ¢’ = 0), then one can get a similar result, see Corollary
In the non-generic case, one expect to have a condensation phenomenon similar to what is observed in
the discrete case, see [25 23] 5]. But in the continuous setting the formalism is more delicate (as the
conjectured limiting tree is no more locally compact) and the proof of the condensation is still an open
question.

2. NOTATIONS

2.1. Real trees. We refer to [22] [3T] [24] for a general presentation of random real trees. Informally, real
trees are metric spaces without loops, locally isometric to the real line. More precisely, a (non-empty)
metric space (t,d) is a real tree if the following properties are satisfied:

(1) For every z,y € t, there is a unique isometric map f, , from [0,d(z,y)] to t such that f, ,(0) =
and fm,y(d(x’ y)) =Y.
(2) For every z,y € t, if ¢ is a continuous injective map from [0, 1] to t such that ¢(0) = z and
q(1) =y, then ¢([0,1]) = f2, ([0, d(z,y))).
If z,y € t, we will note [z, y] the range of the isometric map f, , described above and [z, y[ for [z, y]\{y}.
The degree k. (t) of x € t is the number of connected components of t \ {z}, and we simply write k, for
K (t) when there is no ambiguity on the tree t. We shall consider the set of leaves Lf(t) = {x € t, k, = 1}
(with the convention that Lf(t) = t if t is reduced to one element), the set of branching vertices Br(t) =
{z € t, k; > 3} and the set of infinite branching vertices Bro,(t) = {x € t, K, = co}. The skeleton of t
is the set of vertices in the tree that aren’t leaves: Sk(t) = t\Lf(t). A real tree t is discrete if the set of
leaves and branching points is locally finite, that is, {y € Lf(t) UBr(t); d(z,y) < a} is finite for all a > 0
and x € t. If t is separable, then the set of leaves Lf(t) is a Borel subset of t, and there exists a unique
measure L' on t (endowed with the Borel o-field), called the length measure, such that:

LY(Lf(t)) =0 and LY¥([z,y]) =d(z,y) forall 2,y € t;

and furthermore the length measure is o-finite. If the real tree (t,d) is complete and locally compact,
then any bounded closed set is compact by the Hopf-Rinow therorem, and thus the real tree t is a Polish
metric space and thus separable.

We say that (t,d, g) is a rooted real tree with root g € t if (t,d) is a real tree and p is a distinguished
vertex. Let (t,d, o) be a rooted real tree. We define its height by:

H(t) = supd(p, ).
TEL

For every x € t, [o,z] is interpreted as the ancestral line of the vertex x in the tree. We define a partial
order on t by setting = < y (z is an ancestor of y) if = € [o,y]. For a non empty subset s C t, there exists
a unique z € t, called the Most Recent Common Ancestor (MRCA) of s such that [o, 2] = (1,0, 7]
We simply write z A y for the MRCA of x and y (that is, of s = {z, y}).

We shall consider the infinite branch, denoted [0, 00, as the rooted real tree (R,d, o = 0), where d is
the usual Euclidean distance.

We say (t,d, g, x), is a pointed rooted real trees if (t, d, o) is a rooted real tree and z € t is a distinguished
vertex. We shall consider the particular case of the tree reduced to a branch with one extremity of the
branch being the root and the other the pointed element; more precisely, for h > 0, we denote by [0, h]
the pointed rooted real tree ([0, h],d, o = 0, h), where d is the usual Euclidean distance.

For simplicity, we shall write t for a rooted real tree, and denote by dt its distance and by o* its root.
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2.2. Grafting procedure. We recall the grafting procedure where we add (graft) rooted real trees on
an existing rooted real trees. More precisely, let t be a rooted real tree and let (x;);e; and (t;, 0%, d% );cs
be a family respectively of vertices of t and of rooted real tree. We set 7' =t U (| |;; t;\{0*}) where the
symbol L means that we consider the disjoint union of the sets (t;);c; and t. We set o7 = . The set T
is endowed with the following metric d”: if s,t € T,

dt(s,t) if s,t € t,
75 1y = | LT M (g 1) if s €, t € ti\{o"},
87 = .
dbi(s,t) if s,t € t;\{o%},

d*(zi, i) + d% (0%, s) +d¥ (% ,¢) ifi#jand s€t;\{o%}, ¢t €t;\{o"}.

It is clear that (T, dT, oT) is a rooted real tree, and we denote it by T for simplicity and use the following
notation for the grafted tree:

(6) T =1t ®ier (ti,2;).

This construction can be easily extended to the case where t is a pointed rooted real tree with distinguished
vertex x € t, which is also seen as a distinguished vertex of T

2.3. Sub-trees above/below a given level. Let (t,d, 0) be a rooted real tree. Let h > 0. We define
the restriction map Ry, (t) which is the sub-tree below level h:

(7) Ri(t) = {o € t, d(o,x) < h),

and still denote by Ry (t) the corresponding rooted real tree with root ¢ and distance given by the
restriction of d to Ry, (t). Let (t9);er be the connected components of t \ Ry (t); let us denote by o; the
MRCA (in t) of t9 and set t; = t{ U {p;} which we consider as a rooted real tree with root g;. By
construction, we have:

t = Ru(t) ®ier (ti, 01)-
We will also consider the point measure:
(8) }f = Z(s(gi,ti)'

il

The support of the measure . ; d,, is a subset of:

il
(9) t(h) ={z et: d(p,x) =h}.
We shall also cut a tree by removing the sub-tree above one of its vertices. For x € t, we define:
(10) R(t,z) = {e} U{y € t, = & [0, 4]}
Notice that Rg(p)(t) C R(t,z). As for Ry(t), we still denote by R(t,z) the corresponding rooted real

tree with root ¢ and distance given by the restriction of d to f{(t, x); according to the context, we might
see ¢ € R(t,x) as a distinguished vertex.

2.4. Polish spaces of rooted real trees. By the Hopf-Rinow therorem, if (t,d) is a complete and
locally compact metric real tree, then every closed bounded subset of t is compact. According to [§], one
can define a Gromov-Hausdorff metric dp,gu on the space T of (GH-isometric classes of) rooted complete
locally compact real trees. Furthermore, following [9, Theorem 2.9], we get that the space (T, dLgn) is a
Polish metric space. When there is no possible confusion, we shall also simply write t for its equivalence
class in T.

One can define a restriction map Ry, on T which is consistent with (7)); then the map (h,t) — Ry (t)
is continuous from Ry x T to T, see [8 Lemma 5.4]. As a trivial application from the definition of the
GH-distance dpgn in [8], let us mention that for h > 0 and t,t’ € T:

(11) Ri(t) =Ry(t) = diau(t,t’) <e™".

Similarly, one can also define a Gromov-Hausdorff metric dilc);H on the space Ty of (GH-isometric classes
of) pointed rooted complete locally compact real trees so that it is a Polish metric space; we refer again
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to [8, Section 5.3] for the precise definition of the restriction map which is again continuous. One can
define a restriction map R on T; which is consistent with and, following [8, Lemma 6.22], get that
the map (t,z) — R(t,z) is measurable from Ty to T (or to T if one consider z as a distinguished vertex
of R(t,x)). The grafting map ((t,2),t') — T =t ® (t/, ) is a continuous map from Ty x T to T (or to
T; if one consider the pointed tree (T, x)), see [8, Lemma 5.13].

Grafting a countable family of trees is more delicate, and we shall not consider it in full generality.
Write {o} for the tree reduced to its root. Based on [8, Lemma 5.31], we get in particular that if
M =31, 1) is a Poisson point measure on Ry x T with intensity dhv(dT), where v is a o-finite
measure on T such that v(H(T) = 0) = 0 and v(H(T') > ¢) is finite for all ¢ > 0, then the random trees:

7 = [0,00) ®icr (Ti, hi), [0,h] ®ier, (Ti,hi) and {0} ®icr, (T3, 0),

where h > 0 and I, = {i € I : h; < h}, are well defined T-valued random variables. The tree [0, h] ®;cy,
(T}, h;) with distinguished vertex h is also a well defined T;-valued random variable.
Consider a non-decreasing sequence (A,),>o of measurable subsets of Ry x T and the random tree:

7 = [0,00) ®ier,, (Ti, hy),

with T4, ={i € I: (h;,T;) € A}, which we call the restriction of the tree 7 to A,.
In this setting, we shall rewrite the monotonicity of the restrictions as:

(12) 7 C T as. for 0<r<r.

If v(A°) = 0 for A = lim, o A, then we get from [8, Lemma 5.31] that a.s. lim, o drgu(7-,7) = 0,
which we shall write as:

(13) lim 7. = 7 in (T,dngn).

r—00

2.5. Branching process. We consider the branching mechanism :

(14) P(N) = '\ + B2 + / (e =1+ Arlgpcyy) m(dr) for A >0,
(0,400)
where o/ and the quadratic parameter 3 are real numbers, the Lévy measure 7 on (0, +00) is Borel, and:
(HO) o eR, B>0 and / (1 Ar?) m(dr) < 4oo0.
(0,400)

We shall consider for r > 0:
(15) w(r) = m((r, +00)).
(

The corresponding Lévy process V. = (V;);>0 is a process on R with independent and stationary
increments characterized by Vp = 0 a.s. and:

EY [e_’\V’} =e W) forall A >0andt>0.

The corresponding continuous state branching (CB) process Y = (Y;);>0 is an homogeneous Markov
process on [0, +00] such that, for € Ry, P¥-a.s. Yy = 2 and:

(16) EY [em] = et for all A > 0 and t > 0,

where, for A > 0, the function ¢ — v(\,t) is the unique positive solution of the equation:

(17) v(A, 1) +/O P(v(A, s))ds = A

The branching mechanism ¢ is convex, of class C* at least on (0,00), and ¥(0) = 0. We simply
write 1/(0) for limy_04+ ¥'(\) = o — f(1,+0<>) rr(dr) € [-00,400). The CB process Y and the branching
mechanism ¢ are critical (resp. sub-critical, resp. super-critical) if ¢’(0) = 0 (resp. ¥'(0) > 0, resp.
¥’(0) < 0). We shall mainly consider the (sub-)critical case; in this case the integral f(0’+oo) (r Ar?)(dr)
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is finite. When this latter integral is finite, we can rewrite as follows and then define (o, 3,7) as
characteristic of the branching mechanism )

(18) P(A) = aX + BN + /(0 : (e =1+ Ar)m(dr) with a=1'(0)€R.
00

We assume (HO|) and consider also the following assumptions.
e Infinite variation:

(H1) 8>0 or /(0 ) rr(dr) = 4o0.

In particular, we then have ¢» # 0. Under (HOJ), this condition is equivalent to the CB process
Y being of infinite variation. Notice that and imply that 1 is strictly convex and
a bijection from [0y, o) to [0,00), with 6y € [0,+00) the largest root of ¢ = 0; and that ® is
(sub-)critical if and only if 6y = 0. So, under (HI)), we denote for A > 0 by »~*()) the only root
in (0,00) of ¥ = .

e The process Y and the branching mechanism are conservative (that is, P¥(Y; < +o00) = 1 for all
t>0and z € Ry):

d\
(F2) /0+ ]~ T

Under (HO), if f[l o) " m(dr) is finite, then the branching mechanism % is conservative. Under (H2)),
the lifetime of Y is defined by ¢ = inf{¢ : ¥; = 0} with the convention that inf () = +oc.
e The Grey condition: (which we shall consider with (HO) and (H1))):

oo g
H3 —— < +00
(1) o0
Under (HOJ)-(H2), the Grey condition is equivalent to a.s. either the lifetime ( is finite or lim;_, y o Y3
+00.
e (Sub-)critical branching:
(H4) ¥'(0) > 0.

Under (HOJ), this condition is equivalent to lim; . ¥; = 0 a.s., and it implies (H2]).
We shall most of the time assume that (HO)-(H3|) hold, and add some comments when (H4) does not
hold, that is, for the super-critical case.

Under (HO)-(H3), we define the function ¢ on (0,400) as the unique nonnegative solution of the
equation:

oo g
19 / ——=h for h>0.
(19) cny YA

We have ¢ = limy_, o v(A, -) and the distribution of the lifetime ¢ of Y is given by, for all z > 0:
PY(¢C < h)=e" %M forall h > 0.

2.6. The Lévy tree. The genealogy of the CB process Y (under the canonical measure) can be described
by a random tree, the so called Lévy tree, see [19]. The next description is from [20] using the coding
of compact real trees by height function (the considered (sub-)critical case can be extended to the super-
critical case using a Girsanov transformation, see [I0]). Under (HO)-(H3), there exists a o-finite measure
N¥[dT] on T, or excursion measure of a Lévy tree (with distance d and root p), satisfying the following
properties.

(i) Height H(T). The distribution of the height H(7) is given by:
(20) NYH(T)=0]=0 and NY[H(T) > h]=c(h) forall h> 0.
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(if)

(22)
(iif)

(iv)

(23)

(24)

(25)
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Local time. There exists a 7-measure valued process (£*),>¢ cadlag for the weak topology on
finite measures on 7 such that:
- (° =0 and, for every a > 0, {£* # 0} = {H(T) > a}, N¥[dT]-a.e..
- For every a > 0, (" is supported on T(a) = {z € T : d(p,x) = a} (see (9)) and £(T \
L{(T)) = 0, N¥[dT J-a.e..
- For every a > 0, we have N¥[dT]-a.e. for every bounded continuous function f on 7 and
with the measure NV defined in (g):

(e, f) = lim —— / @) Laaerys N (de, dT)

wc

= lim — /f o)1y s>a N (dz,dT’), if a > 0.

el0 C

- The process ((¢%,1))q>0 is distributed as the CB process Y under its canonical measure with
branching mechanism . For simplicity, we shall identify the two processes: Y, = (¢£%,1).
In particular, we have for A > 0 (or A > 0 if 1/'(0) > —00), @ > 0 and v defined by that:

NV [1- e”‘y‘l] =ov(\, a),
and with 6y the largest nonnegative root of ¥ = 0, and thus v(6g,a) = 6y, that:
NY [1—e %] = g,.

Branching property. For every a > 0, the conditional distribution of N,(dz,d7”’) under
NY[-|H(T) > a] given R,(T) is that of a Poisson point measure on 7 (a) x T with intensity
(2(dz)N¥[dT].

Mass measure and total mass o. The mass measure m defined by:

m(dx) / £4(dx) d

is supported by the leaves: m(7 \ Lf(7)) = 0. The distribution of the total mass o = m(7) is
given by:

N0 =0]=0 and NY[1—e?]=9"1(\) for A>0.
In particular, we have (with 6y the largest root of 1) = 0) that:
N¥[o = +o0] = ¢~ (0+) = bo.
If v is (sub-)critical, then the Lévy tree T is compact and o is finite N¥-a.e. and:

1
P _
N¥[o] = 700) € (0,4o0].
Branching points.
e NY[dT]-a.e., for all x € T, we have r, € {1,2,3,00} and k, = 1; in particular the branching
points of 7 have degree 3 (corresponding to 2 children) or infinity.
e N¥-ae. theset {x € T : K, = 3} is empty if 8 = 0, or a countable dense subset of T if 3 > 0.
e The set Br,(7) of infinite branching points is nonempty with N¥-positive measure if and
only if 7 # 0. If (r,1) = +o0, the set Broo(7) is N¥-a.e. a countable dense subset of 7. If
(m,1) < +00, the set Bro,(7) is N¥-a.e. a finite (possibly empty) subset of T.
“Size” of the vertices. The set {d(o,7), © € Broo(7T)} coincides N¥-a.e. with the set of
discontinuity times of the mapping a — £%. Moreover, N¥-a.e., for every such discontinuity time
b of the map a — ¢, there is a unique vertex z € Broo(7) N T (b) and A, > 0, such that:

0O =10+ Aybs,,

where the “size” Ay of the vertex z; is positive and can be obtained by the approximation:

1
Ab - ;1_1;% @n(xbv E)?
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with n(zy,€) = [ 143 (2) 17> Ny (dz,dT’) is the number of sub-trees above level b with
root xp and height larger than .
In order to stress the dependence in 7, we may write £»7 for the local time ¢*, m” for the mass
measure and o7 for the total mass.

Remark 2.1 (On Assumptions — for the Lévy tree). The Lévy trees are defined under —,
but they could be introduced without some of those assumptions. If Assumption does not hold, then
the Lévy tree is discrete, and the machinery developed here is not adapted. Assuming —, the
Grey condition implies that the Lévy tree belongs to the Polish space T of (GH-isometric classes) of
locally compact rooted tree; using the mass erasure procedure approach from Duquesne and Winkel [21],
it seems possible to get rid of Assumption (H3|) by considering a larger space of trees with nice topological
properties. Under —, the condition is then equivalent to the Lévy tree being N¥-a.e. compact,
that is, having a finite height.

2.7. Girsanov transformation and related measure on Lévy trees. Assume -. We define
a probability measure on T as follow. Let 7 > 0 and 7,7 (1, 7;)(dh,dT) be a Poisson point measure on
R, x T with intensity dhN¥[dT]. Consider {o} as the trivial measured rooted real tree reduced to the
root. We define for r > 0:

T = {0} ®icz, (Ti0) with I, ={i€Z: h; <r}.

Since N¥[H(T) = 0] = 0 and N¥[H(T) > €] is finite for all ¢ > 0, we deduce from Sectionthat T is a
T-valued random variable. We denote by P¥ its probability distribution. Notice that P¥-a.s., the root is
an infinite branching vertex and its size A, defined by (with b = 0) is exactly r. The corresponding
local time is defined by £, = D iet, ¢»7i for a > 0, and we set é?r] = rJ,. Thanks to Property (ii) on the

local time, the process ((Eﬁ], 1), > 0) is distributed as the CB process Y under P¥.

We now recall the Girsanov transformation from [10, []; this transformation allows in particular to
define the Lévy trees in the super-critical regime. Assume (HO). We consider the interval ©' = {0 €
R: f(m_oo) e~ m(dr) < +oo}, and notice that R, C ©. The function 1 given by is in fact well

defined on ©’. For § € ©’, we define the function 1)y by:

(26) Yo(A) = (A +0) —¢(0) for A > 0;

it is a branching mechanism whose quadratic parameter is the same 5y = 3, and whose Lévy measure is
given by my(dr) = e~"? 7(dr). For § € ©’, the branching mechanism 1), satisfies also (HO). Eventually,

we consider the interval ¥ = {# € ©': 1)y is conservative}, and it is elementary to check that ©% C
0" C ©¥ U {f}, with o, = inf ® € [—00,0]. If furthermore the branching mechanism 1) satisfies (H1])

(resp. (H3))), then the branching mechanism vy satisfies also (H1|) (resp. (H3)).
For h > 0, we set Fj, the o-field on T generated by the truncation map Rj, and under N¥[dT], we

denote o3, = m” (T;,) = foh Y, da the total mass of the truncated Lévy tree Ty, = Ry (T), with Y, = (¢4, 1)
the total local time at level a of 7. It is elementary to deduce from [4, Theorem 2.22] (see also [3]
Lemma 3.8 and Corollary 4.4]) that for § € ©¥ and h > 0:

dNYe
) — o~ Y(0)on—0Y,
(21) 1, = ,
and furthermore, with o = m” (7 the total mass of 7
(28) 1{J<+oo} Nve [dﬂ = 1{J<+cx>} e—'t/)(@)a N¢[dﬂ

Recall that N¥?-a.e. ¢ is finite if and only if vy is sub-critical or critical. We deduce that the distribution
of the total mass o under N¥ on (0, +-00) has a density w.r.t. the Lebesgue measure, say f,, if and only if
the distribution of o under N¥¢ on (0, +0c) has a density w.r.t. the Lebesgue measure, say f¢, and that
in this case:

(29) o)y =eOr £ (1) for re(0,400).
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Let & > 0. We will consider the following measure Ng’[d?’] = 2BONY[AT] + f(0,+oo) m(dr)(1 —
e " )P¥(dT) on T and its formal derivative 3 Ny [dT] at 6 = 0, that is:
(30) N¥[dT] = 26NY[dT] + /( . )m(dr)w(dfr).
oo
Elementary computations yield for ¢ > 0 such that ¥ (q) > 0:
(31) N¥ [1— e @] = 289 + /( L ATy ) = ) ()

2.8. The Kesten tree K. Recall the infinite branch [0, co) defined at the end of Section Its length
measure, denoted by dh, is just the Lebesque measure on R .

Definition 2.2 (Kesten tree). Let 1 be a branching mechanism satisfying (HO)-(H3). Let (h;, T;)ics be
the atoms of a Poisson point measure on [0,00) x T with intensity dh N¥[dT] (and N given in (30))).
The Kesten tree K, whose distribution is denoted P¥, is a T-valued random variable defined as the infinite
branch (or spine) [0, 00), on which the T; are grafted at height h;, that is:

K =10, 00) ®icr (Ts, hi).

The left part of Fig.[l|give an illustration of the Kesten tree. Notice the Kesten tree is indeed a T-valued
random variable by [8, Lemma 5.31]. We see h > 0 as an element of the spine [0, o0)) at distance h from
the root ¢ = 0 and as a distinguished vertex of . In particular the Kesten tree whose spine is truncated
at level h > 0, that is, K = f{(IQ h), can be described as:

(32) Ky, =[0,h] ®e1, (Tiohi) with I, = {i € I: h; <h},
and (IEh, h) is a Ty-valued random variable. The local time of the Kesten tree K at level h > 0 is defined
by ("% =iy, (T

We can recast Theorem 4.5 from [20] in our setting for the Lévy tree with a marked leaf (see [8]
Corollary 5.9] for the supercritical quadratic, that is, when = = 0).

Proposition 2.3 (Lévy tree with a marked leaf at a given level). Assume (HO)-(H3|) hold and ¢'(0) >
—o00. Let G be a nonnegative measurable function defined on T1. We have for h > 0:

(33) N¥ [ /T 0" (dz) G(T,z)] = MO EY[G(K,, h)).

Proof. For the (sub-)critical case, see [20, Theorem 4.5]. We now assume ’(0) € (—o0,0) and we shall
use a Girsanov argument to deduce the result from the sub-critical case. Let h > 0.

For a pointed tree (T, d, p,x) € Ty, where g, € T, we uniquely decompose the tree T according to the
branch [, z] and the sub-trees grafted on this branch:

T = [o, ] ®icr (T3, i),

where z; belongs to the branch [, z] and T; is the union of all the connected components of T'\ {z;} not
containing the root nor x, with z; added as a root. Notice this decomposition is unique (and measurable
using an adaptation of [8, Proposition 5.32]). We shall consider a particular choice of function G defined
by G(T,x) = exp (— > icr Go(d(o, ), Ti))7 with Go a nonnegative measurable function defined on R x T
such that Go(T,2z) = 0 if H(T) > a — h for some a large.

Let 6y > 0 be the only root of ¥» = 0. We deduce from the Girsanov transformation that:

NY { [r " (dz) G(T, x)} = NY¥% { [r 0"(da) G(T , z) eeoYa]

— MO (G, h) "

h
— e (O exp </ ds N¥o [1-— eG"(S’THa“Y“S]).
0
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Using and then (22)), we get that:

N¥oo[1 — e~ ColsHb0Yams) - NV[] — = Co(s:T)] - NY[1 — e 0Vams] = N¥[1 — e~ Co(=:T)] — g,

Using that the Lévy measure associated to 1, is e %" 7(dr), we then deduce that:

/ refor w(dr)Pf% (1 — e*GO(S’THeOY‘“S)
(0,400)

= / r(dr)PY (1 - e*GO(S’T)) — / (1 —e %) rr(dr).
(0,4+00)

(0,400)
Thus, we obtain that:

N %% [1— efGo(s’T)JrGoYafs} _ Nd’[l _ efGo(&T)] _ ¢/(90) + 1//(0),
and then that:
NY [ / ot (der) G(T,x)] — o WO Y [G(/%h,h)} .
T

By dominated convergence, we can remove the condition that Go(T,z) = 0 if H(T) > a — h for some a
large, and then by the monotone class theorem, we deduce the previous equality holds for any nonnegative
measurable function G defined on Tj. O

Taking G = 1 in (B3), if ¢'(0) > —oo, we get that for h > 0:
(34) NY [(0h 1)] = N¥ [v] = e 'O,
For the sub-critical case, inegrating over h and using , we also obtain the following corollary.
Corollary 2.4 (Sub-critical Lévy tree with a marked leaf). Assume (HO)-(H3) hold and ¢'(0) > 0. Let

G be a nonnegative measurable function defined on T1. We have:
1

o ¥ | mien e0)] w6k o)

where E is under PY an exponential random variable with mean N¥[o] = 1/4'(0) independent of K.

Provided v/(0) > —oo, the total local time process of the Kesten tree, ((£¢*,1)),>0, is a CB process
Z = (Z4)q>0 with immigration (CBI process) defined as the CB process with branching mechanism ¢ and
immigration ¢’ —v’(0). As a consequence of and ([34), if '(0) > —oo the one-dimensional marginal
Z, is distributed as the size biased distribution of Y, = (¢%,1) under the excursion measure, that is, for
a > 0 and g a measurable nonnegative function defined on R :
NY [Yag(Ya)]

(35) EV[g(Z)) = ™ O N Yo g(Ya)) = g™

3. LEVY TREE WITH A GIVEN HEIGHT

3.1. Coupling and convergence for the conditioning by the height. Assume — so that
9’(0) = a > 0 and the branching is (sub-)critical. We refer to Remark for the super-critical case
where is not satisfied. According to and Item in Section We get that under N¥[dT]
the distribution of the height H(T) of the Lévy tree T has the density || w.r.t. the Lebesque measure.
By [26, Corollary 1.29], there exists a regular version of the conditional distribution of 7 given its height,
NY[dT |H(T) = h] for b > 0. See [2, Theorem 3.3] for a nice representation of the compact rooted random
tree 77Lh6ight distributed as 7 under N¥ conditionally on {H(7) = h} for any given h > 0:

L(T¥") = NY[dT | H(T) = h).

height

From this representation, there exists a unique vertex Xj of 7T, which is at distance h of the root.
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Recall the Kesten tree K from Definition We consider the tree ICI;LEight defined as the Kesten tree
whose spine is cut at level h and where the trees 7;, grafted at height h; (less that k) and with height
larger than h — h; are removed, that is:

Ko = [0, A] ®,¢ e (Ti i) with [ — fie I H(T;) + h; < b},

and the branch [0, h]] can be seen as the restriction of the semi-infinite spine [0, o)) of the Kesten tree up

to level h. We shall also see h as a distinguished vertex of KCp'#™; it is the only one at distance h from the
root. (Let us stress that 7; is the only tree grafted at helght h; and that its root is an infinite branching
point if kp, () = +00.) Let us mention the following relation between the different truncations of the
Kesten tree: ICZEight C Ru(K) c K =R(K, h).

We have the following coupling of the Lévy tree conditioned on its height and the Kesten tree whose
proof is given in Section

Theorem 3.1 (Coupling for the height conditioning). Assume ( P . ) hold. Let h € (0,+00). Then,

the Léuvy tree under N conditioned to have height h, denoted T, helg , is distributed as the truncated Kesten
height

tree IC,”"*™, more precisely (in Ty):

el d ei
(36) (T x,) @ pcheisht ).

Remark 3.2 (Reconstruction of the Lévy tree). If ¢ is (sub-)critical and H is distributed as H(T') under
N¥[d 7] (that is, with distribution |¢/(h)|dh on (0, +0c0)) and independent of the Kesten tree K under P¥,
we get that Khelght is distributed as the unconditioned Lévy tree 7 under N¥[dT].

By construction, we have the following result on the coupled Kesten sub-trees. Recall the conven-
tion and for the inclusion and limit of trees.

Proposition 3.3 (Monotony and local convergence for the height coupling). Assume ( . . ) hold.

We have that for b’ > h > 0:

height height
jeheieht o cheight g o

and the following convergence holds:
lim Khe]ght K in (T,dugn).
h—+oco
Proof. The inclusion is clear. Notice that R, (K;*#") = R, (K) for all a strictly less than Aj, = inf{h; : i €
I and h; +H(T;) > h}. Since ¢ is (sub-)critical by (H4), we have N¥[H(T) > r] finite for all r > 0.

We deduce that the map h — A; which is non-decreasing satisfies a.s. limy,_, o, Ay, = +00. This and
readily imply the a.s. convergence in (T, dLgn). O

We immediately deduce from Theorem and Proposition [3.3] the following well known result.

Theorem 3.4 (Local convergence for the height conditioning). Assume (HO)-(H4) hold. The following
local convergence holds in distribution:
(37) 7;lhcight ‘L K in (T, dLGH)~

h—+o00
Remark 3.5 (The super-critical case). Assume (HO)-(H3) hold and that 1 is super-critical. Then, according
to , the Lévy tree 7 conditioned to have a finite mass under N¥, or equivalently a finite height thanks
to the Grey condition, is distributed as the Lévy tree under N’/"'O, where 6 is the only positive root of
1 = 0 and vy, is defined by . Furthermore, it is elementary to check that the branching mechanism
1, defined by is sub-critical. Thus, under N¥, the conditioned Lévy tree Eheight, which is still well
defined, is distributed as the conditioned Lévy tree Eheight under N¥¢ [d7]. This gives that and
hold if v is super-critical under —, but with I the Kesten tree associated to the sub-critical
branching mechanism 1y, .
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3.2. Proof of Theorem Let h > 0 be fixed. Recall the function ¢ defined in so that c(h) =
NY[H(T) > h]. According to [2, Theorem 3.3], the distribution of 7,""¢" and X, is given by:

H()? h]] @)1'6[;l (77> h;) and h,
where (h}, T7)ics are the atoms of a Poisson point measure on [0, h] x T with intensity da’ N, [dT] with:
N, [dT] = 28NY[dT, H(T) < h — I'] + /( ) )re*rc(h*’ﬁ m(dr)PY,, (dT),
,too
and Pﬁh,(dT) is the distribution of {0} ®;es (7, 0) where (7}")jes are the atoms of a Poisson point

measure on T with intensity »N¥[d7, H(T) < h — h’]. Notice that X}, in 7,'®"™ and h € K;*®" are the
only element at distance h from the root of their tree.

So, the proof is complete once we get that (h;, ﬂ)iel’}:eigm and (h}, T;)ier have the same distribution.
Let G be a nonnegative measurable function defined on Ry x T. We have:

h
E {e_ Lier G(h;’ﬂ)} = exp —/ dh'NY, [1 - e_G(hl’T)}
0
and:
N 10 Z 200 1 oS Dyt gy ]
+/ re—ch=h") Tr(dT)th, [1 _e G|
(0,400) ’

Now considering first a function G such that G (I, {0} ®;c 7 (T7,0)) = djes Go(h',T7) with Gy a
nonnegative measurable function defined on Ry x T, we get:

(38) E’ﬁh, [e_GW’T)} = exp {—TN’” {(1 — e_G"(h/’T)> 1{H(7—)+h/§h}} }
= exp {—TNw [1 — e~ Go(h'.T) 1{H(T)+h/§h}} + rN¥ [H(T)>h— h/]}

—EY [efG(h’,T) } ore(h=n')

Loy +n<ny
By the monotone class theorem, we deduce that for all nonnegative measurable function G:
(39) o—re(h—h") E:ﬁh’ {e—G(h’,T)} —EY [e—G(h/,T) 1{H(T)+h’§h}}
and thus:

NP, [dT] = 28NY[dT, H(T) + h' < h] + /(O )rﬂ(dr)IPﬂf(dT, H(T)+h' <h)

400
= NY[dT, H(T) + ' < h).

By construction the left hand-side of the above equality times dh’ is the intensity of the Poisson point

measure . neishe O(p, 7;)- We have thus obtained that (h;,7;);c peisne and (h}, T;)ier have the same
h oot h
distribution, which completes the proof.

4. LEVY TREE WITH A GIVEN MAXIMAL VERTEX “SIZE”

4.1. Coupling and convergence for the conditioning by the maximal vertex size. We as-
sume — and that the Lévy measure 7 is non trivial and denote by supp(w) its closed support
(in (0,400)). In particular ¥'(0) > 0. For € Broo(7), we define the “size” of the vertex at « by A,
given as the right hand-side of (25). Recall that Bro(7) is N¥-a.e. a countable dense (resp. finite) subset
of T if (m,1) = oo (resp. (7, 1) < 00), and that the set of vertices with size larger than € > 0 is finite for
any € > 0. We consider the maximal “size” of the vertices in the Lévy tree 7 under NY:

A =max{A, : z € Broo(T)},
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with the convention max () = 0. If necessary, we shall write A(7T) to stress the dependence in the tree 7.
According to [I1, Proposition 3.1] (where the size of a vertex is called mass therein), the distribution of
A under NY is given by, for § > 0:

(40) NY[A > 8] = ¥k (7(6)),

where 7(9) is defined in and for A > 0:

(41) Yisy(A) = P(A) + / (1—e) m(dr).
(6,00)

Intuitively, the function 15, with characteristic (aysy, B(s}, T{s}), is the branching mechanism of the CB
process with branching mechanism v after removing all the jumps of size strictly larger than § (and killed
when it reaches 0); notice the quadratic parameter is the same 35, = 3, the Lévy measure is given by
m(s5y(dr) = 1g<sym(dr) and the drift is given by 7,//{5}(0) = aysy = Py(0) + f(é)oo) rm(dr). Thanks to [II}
Corollary 3.2], we get that N¥[A € -] and 7 have the same support in (0,00), and the same atoms in
(0,00), and thus for 6 > 0:

(42) 7({0}) =0 <= NY[A>4;-]=N’[A>4; ]

We follow [I1] (notice (H3|) is not assumed therein, but one need them here for 7 to be locally compact).
Let 6 > 0 and consider a random marked tree (7:;r’°de’*7 X;s) € Ty whose distribution is characterized by,
for any nonnegative measurable function G defined on Tjy:

1 ] N¥ {1{A§5} /Tm(dx) G(T, x)] .

(43) E [G (Tsnode,*’ Xa)} _ m

Then define the random marked tree (75°%¢, X;) € Ty by:
(44) 7}node — 6n0de,* ® (7:{5}7X(5)7

where (5, is independent of (T3°9*, X;5) and distributed according to PY(-| A < §). By construction,
if § is not an atom of 7, we get that X is the only vertex of 7°d® with size § and that A = §. We
thus get fi(7:5“°de7 Xs5) = 7}n°de’*, with the restriction map R defined in (L0). We denote the probability
distribution of 7394 by N¥[dT | A = 4J; it is defined even for § not in the support of the distribution of
A. By the measurability of the grafting procedure, see [§], we deduce that the map § — N¥[dT | A = J]
(from R% to the set of probability measures on the Polish space T) is measurable. According to [1T}
Theorem 5.7, if 7 # 0 and 7 has no atom, we have:

/ NY[dT | A = §]N¥[A = dé] = N¥[dT].
6>0

For this reason, if m # 0 has no atom, we shall say that 7:;“0‘16 is distributed as the Lévy tree T
conditioned on having one vertex of maximal size J.

Now we consider a Kesten tree  under P¥. We define the tree ICf;Ode’* as follows: let Hj be the
height of the lower vertex on the spine on which is grafted a tree with a vertex (possibly its root) of size
larger or equal than 6. Notice that H} is a.s. finite as 7([0,00)) > 0. Let E be under P¥ an independent
exponential random variable with mean 1/4’(0), with the convention that F = +oco in the critical case,
and set H; = min(Hj, E). We also identify H; with the vertex on the infinite spine of K at distance Hs
from the root. We define IC?Ode’* as the closure of the connected component containing the root of the
Kesten tree K when the vertex Hs has been removed. More formally, we have:

(45) K590 = [0, Hs] ®ye pnose (Tihi)  with I3 = {i € I h; < H},

Let (h7,7;")jes be the atoms of a Poisson point process on Ry x T with intensity dh N¥[dT] and
independent of the Kesten tree K. Recall {o} denote the trivial rooted real tree reduced to the root. We
set for § > 0:

(46) Top e = {0} ®jepone (T)',0) with J5°% ={jeJ: hf <§ and A(T}") <6},
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so that TnOdC is independent of K and distributed according to Pw( A <§), with IP’? defined in Section

We then denote by K204 the tree ICnOdC * on which the tree ’T“Ode is grafted at the top Hs of the truncated
spine [0, Hs]:

(47) K3ode = K39 @ (T30, Hy).
Notice that R(K2od, Hy) = KC3°9°* . The next theorem is proved in Section

Theorem 4.1 (Coupling for the maximal size vertex conditioning). Assume . . ) hold and that
7 #0. Let 6 > 0 such that 7({6}) = 0 and 7(8) > 0. Then, the Lévy tree under N¥ conditionned to have
maximal vertex size 6, ’7:5“0‘16, is distributed as the truncated Kesten tree ICgOde under P¥, more precisely,
we have on Tq:

d n * d n *
(48) (T30, X5) @ (K652, Hy) - and (T4, X5) @ (163" Hy),
The first equality in is a consequence of the second one and of and .

Remark 4.2 (Reconstruction of the Lévy tree). Let K be an independent Kesten tree. Assume that 7 has
no atom and 7(R%) = +oo (that is, NY[A = 0] = 0). If A is distributed as N¥[dA(T)] and independent of
K and of the atoms (A, T}")je s of the independent Poisson point process which appears in , we deduce
from Theorem 4 that IC“Odc defined as in with & replaced by A, is distributed as the unconditioned
Lévy tree T under NY [dT] The condition W(Rj_) = 400 can be removed at the cost of considering the
event {A(T) = 0} which has then a positive measure under N¥[d7].

By construction, we have the following result on the coupled Kesten sub-trees. Notice the increasing
limit of Tn"dc as ¢ goes to infinity is not locally compact as there is a condensation phenomenon at the
root; thub the sequence (TnOd )s>0 does not converge in T. One would need to enlarge the set T and

change the topology for thls sequence to converge, see [5] in the discrete setting of Bienaymé-Galton-
Watson trees. For this reason, we can only consider local limit when limg_, . d’C(O,H(;) = 400, that is
when the branching is critical.

Proposition 4.3 (Monotony and local convergence for the maximal size vertex coupling). Assume (HO))-
(H4) hold and m # 0. If &' > 6 > 0 are not atoms of ® and 7(8") > 0, then we have a.s. that:

(49) ICgOde’* C ICS,Ode’*, H;s € Jo,Hy'] and Tf;] ode — 7f§°de.

Furthermore, in the critical case, we have lims_, o d*(0, Hs) = +00 and, if the support of T is unbounded
and 7 has no atom, the following convergences hold in (T,dygn):

(50) Ieoder 22 L and KRt 22 K
d—+oo d—+oco

Proof. Equation is obvious as by construction Hi < Hj, and thus Hs < Hy .
We now consider the critical case. Notice that R, (K35°%¢) = R,(K) for all a strictly less than Hs. Then
use and that a.s. lims_, ;o Hs = +00 to get the convergences in . O

We deduce from Theorem and Proposition the following well known result from [IT].

Theorem 4.4 (Local convergence for the maximal size vertex conditioning). Assume (HO)-(H3) hold,
the regime is critical (that is ¢¥'(0) = 0), the Lévy measure ® has no atom and its support is unbounded.
The following local convergence holds in distribution:
TnOde —)> K in (T, dLGH)~
d——+o0
Remark 4.5 (The sub-critical case). Notice that no longer holds if ¢ is sub-critical. Assume the
support of 7 is unbounded and 7 has no atom. According to [II, Theorem 1.6] the limit of T°d¢ is

informally a tree with a condensation vertex at level given by an exponential random variable w1th mean
1/4'(0). From Theorem we deduce that lims_, . Hs = E, and thus ICEOde’* —25 o Kp, where

d—+oo
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Kg = R(K, E) is the Kesten tree whose spine has been cut at level E. Now informally the increasing

random sequence ( [E]Ode)bo converges to a (non locally compact) tree with condensation at the root; and

it should then be possible to give sense to the convergence of K2°d¢ towards a tree with condensation at
vertex E.

4.2. Proof of Theorem [4.1, We assume (HO)-(H4) and let § > 0 be such that 7({6}) = 0 and 7(8) > 0,
see . Notice the function 5 from (41) satisfies also (HOJ)-(H4) and it is then a bijection of R . We

define ¢ as ¥y in with ¢ replaced by 15y and 6 by:
(51) b5 (T(9) = NY[A > 8] = NY[A > 6] > 0,
(where we used that ¢ is not an atom of 7 for the second equality) that is, for A > 0:
(52) S(N) = Yay A + ¥ (7(6))) — 7(6).
The characteristic (ag, 84, 7g) of ¢ are given by:
N
ap = ¢'(0) = wf{a}(Nw[A >8) >0, By=p and me(dr)=1pcsy e ™ (A29] 7(dr).
In particular the branching mechanism ¢ is sub-critical. We deduce from that:
(53) NYG) [T O B(T)| = N [F(T)].

Recall we only need to prove the second equality in . Let F' be a measurable nonnegative function
defined on T. Using [11l Eq. (4.2)] for the first equality and for the second, we have:

(54) NY [Lacs) F(T)] = NV [e7707 F(T)] = NO[F(T)).

The distribution of the marked random tree (EHOde’*,X(;) € Ti, with Xs the only vertex of size J in
7:5n°de is characterized by . We have:

8 [Lacn [ m(an) 670 =1 | [ mian) 6(7.0)| = N2 (Gl B
T T
where we used for the first equality, and Corollaryfor the second with, under P?, F an exponential
random variable with mean N?[o] = 1/¢'(0) independent of the Kesten tree K.
Recall the function ¢ depends on §. Taking G = 1 in the previous equality gives:
N@/} [0’ l{Agé}] = N¢[O’].
So we deduce from that the proof of the second equality in is complete, once we prove that:
(55) EY [G(/cgod%*, Hé)} — E?[G(Kp, E)].

Consider the Kesten tree K under E¥. The intensity of grafting a tree having a vertex with size larger
than § is dh NY[A > §] with N¥ given in , so the height Hj at which is grafted a tree with maximal
vertex size larger than § is an exponential random variable with parameter:

NY[A > §] = 26NY[A > §] + / o rr(dr)PY (A > 6)
0

rr(dr) (1 —e VY [A25]> +/ rr(dr)

[d,00)

=2BNY[A > §] +/

(0,9)
= Y5(N?[A > 0]) —¢'(0)
= ¢'(0) = 4'(0),
where we used for the third equality with 7({6}) = 0, and for the last. We deduce that
min(H}, E) with E independent of K and distributed under P¥ as an exponential random variable with

mean 1/¢'(0) € (0,00] is an exponential random variable with mean 1/¢'(0) € (0,00), which is the
distribution of £ under P?.
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node,*

Since 7(6) > 0, the random tree conditionally on Hj is distributed under P¥ as the cut spine
[0, Hs]] on which are grafted trees:

Koo @0, Hl @ier (T, 1),
where (h, T, )icr are the atoms of a Poisson point measure on Ry x T with intensity dh N¥[dT; A < §].
So to prove the second equality in distribution of , we deduce from that it is enough to check
that the grafting intensity on the spine [0, Hs] for K?Ode’*, that is N¥[d7 ; A < §], coincides with the
grafting intensity on the spine [0, E] for K under P?, that is, with N¢[dT].
Recall P¢ (with v instead of ¢) defined in Section denotes the distribution of the random tree
Tir) = {0} ®icrr (T, 0), where (b}, T/ )icr are the atoms of a Poisson point measure on Ry x T with

] 1 1
intensity dh N?[dT] and I/ = {i € I" : b < r}. We first notice that for G a measurable nonnegative
function on Ry x T and r > 0:

= e "

rNY [A>4] E¥ [ei > G(hi*ﬂ)l{A(Ti)<é}:| ,

where we used (54]) for the second equality. Arguing similarly as in the proof of given by the
computations in (38]), we deduce that for r € (0,0):

PY(dT; A < 6) = e N[22 po(qT).
Then, using , we obtain:

NY[AT; A < 6] = 26NY[dT; A < 6] + / ra(dr)PY(dT; A < 0)
(0,+00)

= 26N?[dT] + / ra(dr) e "N 1AZ3 po(qT)
(0,9)

= 26N?[dT] + / r7y(dr) P2(dT)
(0,9)
= N?[dT].
This concludes the proof of the second equality in . (We already noticed that the first equality in
is a direct consequence of the second one.)

5. LEVY TREE WITH A GIVEN MASS
5.1. Subordinator and Bernstein function. Let P¥ denote the distribution of a subordinator S =
(St)i>0 starting at > 0 at time 0, that is Sp = z a.e., with general Laplace exponent ¢:
(56) ©(A) = KA+ / (1—e ) u(dr) for A >0,
(0,400)

where the drift x belongs to Ry and the Lévy measure v is a measure on (0, +00) such that f(o +DO)(1 A
r)v(dr) is finite. In particular, we have for A,¢ > 0 that:

Ef[efxst] _ eftgo()\)fz\z )
We recall that:
(57) lim P =K

A—oo A
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The corresponding a-potential measure U(®) on R, for a > 0, is defined by U™ (A) = [* dt e ' P(S; €
A) for all Borel sets A C Ry. Its Laplace transform is given by:

1
58 / e M U@ (dr)= —— forall A > 0.
©8) 00 0= e

We simply write U for the 0-potential U©).

Remark 5.1. We recall that a Bernstein function, say g, is the Laplace exponent of a killed subordinator
(that is, of the form ¢g = ¢ + cg, with ¢y > 0) and that g is a special Bernstein function if the function
¢ defined by ¢(A) = A/pg(A) is also a Bernstein function, see [33], Sec. 11].

Provided that S # 0, the Laplace exponent ¢ of the subordinator S is a special Bernstein function if
and only if the 0-potential measure U(dr) of ¢ can be written as c¢do(dr) 4+ u(r) dr, with ¢ > 0 (and dy the
Dirac mass at 0) and the nonnegative density function u defined on R is non-increasing. Thus we have
that u(co) = 1/(k + f(O,oo) rv(dr)), and also, if K > 0 or v(R% ) = +o00, that ¢ = 0, lim, o4 7u(r) = 0 and

lim, 04 [y u(s)ds =0.

5.2. The subordinator conditioned to die at a given level. In this section, we follow [29]. Let
S = (S¢)i>0 be a subordinator with Laplace exponent given by (56). We assume that ¢(+00) = +o0, that
is k > 0 or v((0,1)) = 4+o00. Notice that the O-potential U = U(®) is well defined as for any A > 0:

o0 (o)
([0, 2]) :/ dtP#(S, < 2) g/ QB[N = L o o
0 0 P(A)
Notice also that ¢(+00) = +oc implies that P?(S; = 0) = 0 for all ¢ > 0 and thus P¥(S; = a) = 0 for
all a > 0, see [14] p. 30. For a > 0, we deduce that the potential measure U(® has no atom. We recall
that if U(®) is absolutely continuous w.r.t. Lebesgue measure on R for some a > 0, then it is absolutely
continuous w.r.t. Lebesgue measure on R, for any a > 0.

The results from [29] are stated for o = 0, but they can be extended to the case @ > 0 with minor
modifications of the proofs which we shall omit. We now fix o > 0 and assume that the potential U@
has a continuous density u(®) w.r.t. the Lebesgue measure on (0, 00), see [29, Hyp. (DA)] when o = 0.

Let 7 > 0. Following Lemma 2.4 therein, the process (M );>o defined by:

(59) M =e U (r — S)1is, <

is a super-martingale. Using that the support of the distribution of S; is Ry for ¢ > 0, see [34], it is then
easy to check that the density u(® is positive on (0,+00). So, we can define the following h-transform
of the Lévy process S with lifetime ¢" and starting at = € [0,r) under P£" defined by, for all ¢ € [0, c0),
Ae F = U((Ss)se[o,t]):

@ (r — 8)
. _ Uu T t
60 PPr(At< () =e RS | ———— 1, v 14].
( ) x ( C ) € T U(a)(r _ x) {St< } A

Since P#-a.s. limy_, o, S; = +00, we get that lim;—, oo P27 (¢t < ") = 0, and thus the lifetime (" is a.s.
finite. Under P%", the process S is started at z, killed at time " and continuously absorbed at r, that is
P¢7" as. Ser— = r. Indeed, for y > 0, set 7, = inf{t > 0: S; > y}. Extending Theorem 2.5 in [29] given
for « =0 to any o > 0, we also get that for 0 <z <b<r,t>0and A € Fy:

Ef e At < 7,57, >r—¢]

1 P2T (At =i £ .
(6 ) T ( 0 < Tb) slfOl Ef [e—OtTr; ST,-* > — 5]

For ao = 0, see [29], this reduces to:

P2 (At <) = liﬁ)l]P’f(A,t <Tp| S >r—e¢).

Eventually, we simply write P¥>" for P¥" when = = 0.
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5.3. On the density of ¢ under the excursion measure. We assume (HO|)-(H4]) and thus ¢’(0) > 0,
which corresponds to the (sub-)critical case. We shall consider the associated critical branching mechanism
Perit defined by:

wcrit()‘) = w(A) - ’(//(0))‘
Notice that ¢ and 9/ ;, are Bernstein functions as for A > 0:
YA = 9'(0) + ¢0ue (N and 9f;(A) = 281+ / (1 —e™") ra(dr).
(0,00)

Let V = (V4)i>0 be a subordinator with Laplace exponent ¢.,;,. Let T = (1});>0 be a subordinator

crit*
independent of V with no killing term, no drift and Lévy measure N[do], that is, with Laplace exponent
¢~ by (24). The process S = (Si(w) = TV, (w)(w))i>0 is thus a subordinator with Laplace exponent:

(62) o= oy

Remark 5.2. Since ¢ is the Laplace exponent of the subordinator S, it can be written as in . Notice
that (HO)-(H4) imply that ¢(+00) = ¢, (+00) = ¢(+00) = +o0. Using that (1 —e™) > e —14z >
(1 —e *)/2 for x > 0, we get that for A > 0:

(63) P(A) < M (A) < 29(N).
This implies that:
(64) lim PN _ g Y

A—00 T A—o0 ’(/J(A)

and thus £ = 0 by (57). We deduce that v((0,1)) = oo and from [I4] p. 30 that P(S; = 0) = 0 for all
t > 0 and thus P(S; = a) = 0 for all @ > 0. In particular, we get that the corresponding a-potential has
no atom on R;.

We denote by U(® the a-potential associated to S.
Lemma 5.3. Under (HO)-(H4), with o = ¢/(0) > 0, we have for any Borel set A C Ry that:
U@ (A) = N¥[014(0)].
In particular the measure N¥[do] has no atom on [0, 00).

Proof. Using that N¥[1 — e=*?] = ¢»~1()), we get that for A > 0:

e 1
(65) / e U@ (dr) = / e Rl dt= —— =NVl —e ] =N¥ [0 e ],
- o OB G 7]
and thus U(®(A) = N¥[01 4(0)] for any Borel set A C Ry. By Remark the measure U(®) has no atom
on Ry, and thus, as N¥[o = 0] = 0 by (24), the excursion measure N¥[do] has no atom on [0, 00). O

Notice from that o under N¥ has a density w.r.t. the Lebesgue measure on [0, 00) if and only if
the a-potential U(®) of S has a density w.r.t. the Lebesgue measure on (0, c0).

Remark 5.4 (The critical stable case). We consider the critical stable case ¥(\) = A* with a € (1, 2] (and
thus ¢’(0) = o = 0). From (65, we deduce that, with u = u(®) the density of U® on (0, +oc0):

folr)= ! and ur—=) _ P\ for r>2>0
V0 Al (&) platD)/a ulr)  \r—= '
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5.4. The Lévy tree conditioned by the total mass. We assume —, and we refer to Section
for the super-critical case. For simplicity we write o for the total mass m(7) of the Lévy tree T (see
Section , and the tree T which is implicitly considered in o shall be clear from the context. By [26]
Corollary 1.29], there exists a regular version of the conditional distribution of 7 given its total mass,
N¥[dT | o = 7] for r > 0, and let 7,m2% denote a T-valued random variable with this distribution. In what
follows we shall give a nice representation of 7,m2% and of N¥[dT | o = r].

Remark 5.5 (The stable case). Assume that ¢(A) = A with a € (1,2]. It is possible to give an explicit
construction of 7,5 see [I7T, Sec. 3.2]. In particular, we have the following scaling property for r > 0:

(66) (7—:nass7d’ Q) (i) <7—1mass7rl—1/ad7 Q)-
We can also represent the Kesten tree as:
(67) K= [[0’ OOD ®ier (7—;?&557 hl)v

where (g, 0;, T)*%);er are the atoms of a Poisson point measure on RZ with intensity dh NY%[o €
dr]N¥[dT|o = r]. The process S* = (SK);,~0 defined by:

hi<h
is, thanks to , a subordinator with Laplace exponent:
(69) ¢ =Yz 0¥

When there is no ambiguity, we shall simply write S for S*. Notice that ¢(0) = 0.

Notice that the distribution of o under N¥ has no atom by Lemma and N[o = 400] = 0 as the
branching mechanism is (sub-)critical. We further assume in this section that the distribution of the total
mass o on (0,+00) has a continuous density, say f,, w.r.t. the Lebesgue measure:

(H5) N¥[o € dr] = f,(r)dr and f, is continous on R .

In particular, Assumption (H5) (and also (HE) below) is satisfied in the critical stable case ¥(\) = A®
with a € (1,2], see Remark

Under (H5)), we deduce from Remark and Lemma that the a-potential U(® of S has no Dirac
mass at 0 and has a continuous density, say u(®), w.r.t. the Lebesgue measure on (0,00); thus we have
U@ (dr) = u®(r) dr and from Lemma that:

(70) rf.(r) =u®(r) forall r e (0,+00).

We define a modified Kesten tree KM@ as follows. Let 7 > 0 and let S” be with distribution P§’" from
Section that is, when « = 0 defined as S be continuously absorbed at r. Denote by (h},o})icys the
jumping times and the jumps of S”, and (" the finite lifetime of S”. We consider the T-valued random
variable defined by:

(71) K = [0,¢") @ier (T, y),
where the compact rooted random trees (71*%);cr are conditionally on S” independent with 71
distributed according to N¥[dT|oc = o!] for all i € I’. In particular, we see (" as a leaf of K5 and
(Kmass ¢7) ag an element of Ty. We shall denote by P#" the distribution of (™25 (7).

For h < (", we shall see h as the vertex of the branch [o,("] at distance h from the root, as well

as the vertex of the semi-infinite spine of the Kesten tree I at distance h from the root. From the
representation of the subordinator S* from the Kesten tree C, notice that S;f is the total mass of the

random tree ﬁ(IC, h), the Kesten tree with the spine truncated at level h, see ; it is a.s. larger than
the total mass of Ry, (K), the Kesten tree truncated at level h; the difference comes from the fact that SK
counts also the mass above h of the sub-trees grafted on the semi-infinite spine below level h.
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Remark 5.6 (On the distributions of K and K#%%). We recall that for (t,z) € Ty, a tree t with a
distinguished vertex x € t, one can also see x as a distinguished vertex of the truncated tree f{(t,m),
which is then considered as an element of T;. Using , for any nonnegative measurable function G
defined on the set T, we have, with S¥ given by and the representation of the Kesten tree,
that, with o = ¢/(0) > 0, for all A > 0:

ul® (r — SK) ~
GG Lisr<ry GR(K, h))} :

Notice that the right hand-side is a measurable function of r € (0, +00) which is lower semi-continuous as

(72) E#" [Licrony GROCE, )| = e~ B [

(@) (p_gK ~
the non-decreasing limits as n — oo of the continuous functions r ~— e =" E¥ {% Lisx <y GR(K, h))}

for n € N (the continuity of the latter functions is a consequence of the continuity of u(® and the fact
that P¥-a.s. SK 7).

The proof of the next result is given in Section

Theorem 5.7 (A first representation for the mass conditioning). Assume — hold. For r €
(0, +00), let T2 be the Lévy tree under N¥ conditioned to have total mass v, U" a leaf of T, chosen
uniformly (w.r.t. the probability measure r—*m’"""" (dz)) and on {H(U") > h} denote by U} the vertex
of [0,U"] at distance h from the root of T™*=. For any nonnegative measurable function G defined on
the set Ty, we have, with S* given by and the representation of the Kesten tree, that dr-a.e.,
for all h > 0:

(73) NY (L GROT™,UD)] = B2 [1gamy GROER™, )]

For an other local absolute continuity representation, we also refer to [16, Proposition 3] in the critical
quadratic case (¢(\) = BA?) using the contour process of the Lévy tree (called in this quadratic case the
continuum Brownian tree) given by the Brownian excursion and the contour process of the corresponding
Kesten tree given by two independent 3-dimensional Bessel processes, and to [I5, Theorem 4] in the
stable non-quadratic case ((A) = A\* with a € (1,2)) with a representation of the subordinator killed
continuously at level r (that is, under P¢"") using scaling of bridges.

We deduce the following corollary using first the regularity of r — E#" [1 (cr>h} G(ﬁ(le.“aSS, h))], see
Remark and that the distribution of (7,25, U") under N¥ is completely determined by the function-
als N¥ |:1{H(U7')>h} G(R(Tmass, Ug))} when h ranges over R} and G ranges over the set of nonnegative

bounded measurable functions defined on T;.

Corollary 5.8 (Representation for the mass conditioning). Assume - hold. Let r € (0,+00).
The distribution of (K5 (") under P?" is a regular version of the distribution of (T,*%,U"), where
the random tree T, is distributed as the Lévy tree under N¥ conditioned to have mass r, and U™ is a
leaf of T2 chosen uniformly (that is, w.r.t. the probability measure r—'m7- (dx)).

Remark 5.9 (Scaling properties of "), In the stable critical case ¥(\) = A* with a € (1, 2], a regular
version of N¥ can be obtained by scaling using , see Remark Let us check it also coincides with

the one given by .
First, we have p(A\) = aA'~1/¢. Thus, the subordinator S enjoy the scaling property 1S, @

S(r-141/a4). By with « = 0, the process S” started from 0 enjoy a scaling property, see the for-

mula for the potential densities ratio in Remark (STt € [0,¢)) < (rS iiija, t € [0,017 9 gy).

In particular ¢" and r(!:=1/@) ¢! have the same distribution. Furthermore, using (66)), the grafted trees
in K2sS enjoy also a similar scaling property (notice that the masses O’;» in K2 are distributed as the

masses 7o’ in K7"*%). Then using the definition of K*** from (71), we deduce that (K™, d, ) is dis-

tributed as (KCyess, r1=1/eq_ o), which is in agreement with . So the right-hand side of enjoys the
same scaling property in r as the left hand-side. This implies that the regular version of the conditional
distribution of 7,2% given by scaling and the one given by coincide.

=
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5.5. Convergence for the conditioning by the total mass in the critical case. We assume in this
section that (HO)-(H3) and (H5|) hold, that the regime is critical (that is, & = ¢’(0) = 0) as well as a
regularity condition on the density f, of o under N¥:

(H6) ’ ¥'(0) =0 and the function r — rf,(r) is non-increasing on (0, 00). ‘

We simply write u for u(?), the density of the potential of the subordinator with Laplace exponent

p=1 oyl
Remark 5.10 (On Assumption (H6[)). Recall we assume (HO|)-(H3|) and (H5|). Notice that Assumption (H6|)

is equivalent, by , to the function u being continuous and non-increasing on (0, 00). By Remark
the function u (or equivalently the function r — rf,(r)) is then non-increasing if and only if ¢ is a special
Bernstein function, that is A/¢(\) is the Laplace exponent of a subordinator. (Notice this subordinator

is not killed as limy_,04+ A/@(X) = limy 94 ¥(N)/¢'(A) = 0 by )
Assumption (H6) holds in particular in the critical stable case, see also Remark

We now state the main result of this section.

Proposition 5.11 (Strong local convergence for the mass conditioning). Assume (HO)-(H6|) hold (in
particular the branching meachnism 1 is critical, that is ¢'(0) = 0). Let F be bounded nonnegative
measurable function on T. We have:

(74) Jim NY [F(Rp(T))] = lim E#" [F(Ra(K))] = E? [F(Ra(K))]

T—00
Proof. By (H6)), we get that the 0-potential density u exists and is non-increasing, so we get:

u(r — SF) . u(r — SF)
T)h Liseery = Lisreany and thus liminf ———"2

r—00 u(’[’)
Let G be a nonnegative measurable function on T;. By Fatou lemma, we deduce from , and
that:

(75) Tisremy 2 1.

lim inf N¥ 1{H(UT)>,,}G(1?{(T:H&SS,U,:))} > EY [G(ﬁ(/c,h))].

r—00
Since NY[H(U") > h] < 1 and, by the previous inequality with G = 1, liminf, ., NY[H(U") > h] > 1,
we get that:

(76) lim NY[H(U") > h] = 1.
700
Now assume that G is also bounded by 1 and set G* =1 — G. We get:
lim sup N;{) [I{H(UT)>h} G(ﬁ(ﬁmass, U;;))] =1 — liminf Nﬁ} |:1{H(UT)>h} G* (ﬁ(rrrmass, U;;))
r—00

T—>00
<1-E'[G*(R(KC, )]
— EY [G(ﬁ(/c, h))] .
This implies that for any bounded nonnegative measurable function G on T;:

lim NY |1geaunsny GRIT™UR)| = EY [GRIC W)

T—00
and thus for any & > 0 and any bounded nonnegative measurable function F' on T such that F(t) = 0 on
H(t) < h:
Tim N [F(R, (T7)] = B [F(R, (K))].

Then use Corollary [5.8/to get N¥ [F(Ry, (7,285%))] = E¥" [F(Ry,(K™255))] so that holds for F' such that
F(t)1iu)y<ny = 0. To conclude use Corollary and then to get that lim,_, . E#"[H(KD*S) <
h] = lim, e NY[HL(725%) < h] = 0. O

We get in particular the following (weaker) result.
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Theorem 5.12 (Local convergence for the mass conditioning in the critical case). Assume (HO)-(H6|) hold
(in particular the branching meachnism 1 is critical, that is '(0) = 0). The following local convergence
holds in distribution:

ﬁmass —>(d) K in (TadLGH)-

r—4o0

As it shall be used in a forthcoming work, we also mention the next result, whose proof is immediate
thanks to (72), (73) and (with the choice of the regular version of the conditional distribution N¥
from Corollary |5.8]).

Corollary 5.13 (Lower bound for the mass conditioning). Assume — hold (in particular the
branching meachnism v is critical). Let v € (0,+00), T8 be the Lévy tree under N¥ conditioned to
have total mass r and U" a leaf of T chosen uniformly. For any nonnegative measurable functions F
and G defined respectively on T and Ty, we have that for all h > 0:

NY [1gawrys>ny F(Ra(T))] > EY |:1{S}’LC<7‘} F(Rh(’C))] ,

v

N/ [Lgaeysny GRAT™), 00| = BY g5y GRAK), 1) .

5.6. Convergence for the conditioning by the total mass in super-critical cases and some
sub-critical cases. Intuitively, in the critical case a = 0, u(9 (r 4 a)/u(® () “converges” to 1 as r goes
to infinity (this is indeed the case in the stable case); but this is no more expected in the sub-critical
case (in the sub-critical quadratic case, one has that log(u(® (r + a)/u(®(r)) converges to a non trivial
constant times a). We shall use the same trick as in the discrete case for Bienaymé-Galton-Watson (BGW)
tree, see [6] or [7] an the references therein, where one can exhibit a parameterized family of offspring
distributions such that the corresponding conditioned BGW trees have the same distribution. To do so,
we consider the Girsanov transformation stated in Section 2.7l Recall the set ©% defined therein.

Notice that under - the function v is strictly convex, thus there exists at most one root of
Y’ = 0 in ©¥; such value when it exits will be denoted 6*, and then the branching mechanism - and the
density f2 (which exists if and only if the distribution of o on (0, +00) under N¥ has a density, see (29)),
simply denoted v, and fZ, is critical. In this section, we shall consider the following assumption:

(H7) There exists §* € ©¥ such that ¢/(6*) = 0.

Under 7 Assumption is trivially satisfied in the critical case (with 8* = 0) and in the super-critical
case (where ¢/(0) < 0) under the sufficient condition (HI). In the sub-critical case, Assumption is
not satisfied in general. For example in the sub-critical case ¥(A) = a\ + A%, with « > 0 and a € (1,2),
then 7(dr) oc =%~ 1dr so that ©¥ = [0,0) and thus is not satisfied. Notice is satisfied for
a = 2 and that ©¥ = R in this case.

Under (HO), (H1) and (H7)), let £* be the Kesten tree associated with the critical branching mechanism
1. The following result is a direct consequence of Theorem (with ¢ replaced by the critical branching
mechanism 1, ) and the Girsanov transformation which implies, thanks to , that:

NY[dT] = N¥?[dT] for all @ € ©¥ and r € (0, +00).

Corollary 5.14 (Local convergence for the mass conditioning). Assume (HO)-(H3) and (H7) hold (recall
that if ¥ is (super-)critical, then (HT7) holds), and the function s re=¥O)" f_(r) is non increasing on
(0, +00) (that is, (H6) holds with f, replaced by f%). The following local convergence holds in distribution:

Tass L K* in (T,dLgn).
r—+00
Remark 5.15 (The non generic case). The so-called non generic case corresponds to the case where is
not satisfied; this can only happen when 1 is sub-critical. In the discrete setting for BGW tree, see [25] 23]
or [5], the local limit of sub-critical BGW trees conditioned to have a large number of vertices is a tree
with a vertex at random finite distance from the root with infinitely many children. We expect also to
observe a condensation at finite height for the local limit of Lévy trees conditioned to have a very large
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mass when is not satisfied (possibly under other hypothesis than (HO)-(H5])): however the limit
would not be locally compact and thus the convergence would not be in T, see also the discussion from
Remark [£.5] where we could use therein a trick to represent the “local limit” with condensation at random
finite height FE.

5.7. Proof of Theorem Let 7 be a Lévy tree with distribution N¥[d7] and U a leaf of T chosen
according to the mass measure m. Recall that o is the total mass of the measure m. Let G be a nonnegative
measurable function defined on the set Ty of pointed locally compact rooted trees. By construction, we
have with U” as in Theorem

NGTLU) = [N IGO0 ) ar

0

We deduce that for v > 0, b > 0, U; defined in Theorem [5.7, and U}, defined similarly as the ancestor of
U at level h on the event {H(U) > h}, that:

(1) N [Lgysny o B 6T, U] = / NY [1gaaweyony O G, U7)| rfo(r)
0

For a pointed tree (T,d, o, z) € Ty, where o,z € T, we uniquely decompose the tree T' according to the
branch [, z] and the sub-trees grafted on this branch:

T= [[Qa ZL’H ®ier (n7$i)7

where x; belongs to the branch [o,z] and T; is the union of all the connected components of T\ {z;} not
containing the root nor x, with x; added as a root. Notice this decomposition is unique (and measurable
using an adaptation of [8, Proposition 5.32]). We shall consider a particular choice of function G defined
by:

(78) G(T,z) = exp ( > Go(d(o, ), Tl-)> :

el

with Gy a nonnegative measurable function defined on R4 x T.
Set a = 4’(0) > 0 and for A,y >0 and h > 0:

AC) = [N Lo O GRSV rp(r)ar

By = [ U@ R [ty e GRUC 1))
,+oo

To prove that holds dr-a.e., it is enough in view of to prove that A(0) = B(0) for all A > 0,
h > 0 and functions G given by with Go any nonnegative measurable function such that Go(s,-) =0
for s > h.

Set:

h
F(h) = ah+/ ds N¥[1 — e A= ColsT)),
0
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On the one hand, using and the decomposition of the Lévy tree along an ancestral line which is a
consequence of at a given level a and the occupation formula for the local times, we obtain:

A(y) =N [e—vH(m Liyon ¢ 7 Zrety GothY sz-”ﬂqu}}
B /°° da e 7® N¥ {/ 4(dz) e Ziel(’\”fJ“GO(hf’Tix)l{h?“})]
h T
_ /00 da e e—aa—foa dsN¥ [1—e7A07G0(S’T)1{SSh}]
h
— /00 da e*(’)”ra)affoh ds Nw[lfe’)“’fco(s"r)]ff’f ds N”’[lfefk"]
h

_ / % da e—a-F(h)—(a=h)(a+e(3)
h

e~ Yh—F(h)
vty ()
where for the fith equality we used to get [, dsN¥ [1 —e "] = (h — a)p(A) with ¢ = ¢/ oyp~?

and that o+ ¢ = 1)’ o p 1.
On the other hand, set S(o = (Si)iejo.n and Q, = E# {G(ﬁ(ic;nasa h)) | S[OM]. We obtain:
B(y) 2/ e U (dr) ST [1{C"’>h} e Qh}
(0,400)
= evh/( )67)\7” dr / ye 7% ds u(a)(r) E¥" [(1{4r>h} — 1{<T>S+h}) Q}J
0,400 0

o
=e_7h/ e_)‘Tdr/ vye 7% ds
(0,400) 0

E® [(e*ah u(o‘)(r - Sh)l{shq} — ealsth) u(a)(r - Ss+h)1{sh+5<7‘}) Qh}

emrth oo © (e Mn — e ATy —as

_ m i e dsE [(e —e ) Qh]
e-(rte)h oo -\S —s(ate(A

= gy ), 7T B[ (1) @)

e_(FY+O‘)h
REETETISY
where we used e™7% 1,55y = e fooo ve " (1fz>ny — Lz>h4s}) ds and the density u(® of the potential

U@ for the second equality, for the third as @, is Fj,-measurable with P#" = P§"" (see also ),
the equalities:

E? [e7*%" Q]

[} -z -z
/ dre Ml (r — 2) = e / e M U@ (dr) = ° ©
z [0,00)

Tate(h) T Wed ()
for the fourth, and the Markov property of S at time h for the fifth. To conclude, we use the representation
of the tree K, see (71), to get:

E¥ [e—)\Sh Qh] _ E’l/} [e— Zh,iShAO—iJ’_GO(hi’ﬂ)] — e~ foh dst[lfe_’\”_GO(s‘T)] e—F(h)-&-och7

so we obtain:
e~ Yh—F(h)

B = .
U T ETTRIeY
We deduce that A(y) = B(7) for v > 0 and thus A(0) = B(0). So the proof is complete.
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Index of notation

Trees and pointed trees

t, T, 7, T, K: generic notations for trees (or class
of equiv. trees).

(t,z): a (or a class of equiv. of) tree with distin-
guished vertex z € t.

d: generic distance on a tree.

0: generic notation for the root of a tree.

H(z) height of vertex x (or distance from z to p).
Ry, (t): the tree t truncated at level h.

R(t,z): the tree t without the subtree above the
vertex x.

H(t): height of the tree t.
[z, y]: the branch joining the vertices = to y.

[0,R]: the segment [0, h] seen as a tree with root
0 =0, and h as a distinguished vertex.

[0, 00): the infinite spine tree with root o = 0.

T: Polish space of (equiv. class of) rooted loc.
compact closed trees.

T;: Polish space of (equiv. class of) rooted loc.
compact closed pointed trees.

- o) = (- +0) —¥(0).

- Yerit(A) = (A) — ¢ (0)A.

- Laplace exponent ¢ = ., 09~! from Sec-
tion (.3l

- U@:  a-potential of subordinator with
Laplace exponent .

- 4@ density of U,

Lévy tree and Kesten tree

- T: a Lévy tree.

- Tpy: a Lévy tree with root with “size” r.

- K: a Kesten tree, with infinite spine [0, co).

- Kn = R(K,h): the Kesten tree whose infi-
nite spine is truncated at level h.

- %(dz): the local time at level a on a Lévy
tree.

- (%X (dz): the local time at level a on the
Kesten tree K.

- SK total mass of the trees grafted on the
spine of the Kesten tree up to level h.

- 0 =07 total mass of the Lévy tree 7.

- f» “density” of o under N¥.

- T}?Qight: Lévy tree cond. to have height h.

- Tgode: Lévy tree cond. to have one vertex
of maximal size .

- Tmass: Lévy tree cond. to have total mass r.

Functions and random variables

- 1 branching mechanism with Lévy measure
7w and quadratic parameter 3.

- 7(r) = w((r, 00)).

- Y CB starting at « with branching mecha-
nism 1 under PY.

Probability and excursion measures

- N¥[dT]: excursion measure for Lévy trees.

- PY: distribution of Tj,).

- NY: intensity of the grafting on the infinite
spine of the Kesten tree.

- P¥: distribution of the Kesten tree.
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