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Abstract setting

Hilbert space L

Unbounded linear operator A : D(A) ⊂ L→ L, maximal, monotone

Evolution problem

mtu + A(u) = 0 u(0) = u0 ∈ D(A)

Hille–Yosida Theorem:

∃!u ∈ C0 ( [0, +∞); D(A)) ∩ C1 ( [0, +∞); L)
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Involution property

Recall mtu + A(u) = 0 and u(0) = u0 ∈ D(A)

Since A has closed range, ker(AT)⊥ = im(A)

Involution property:

u0 ∈ im(A) =⇒ u(t) ∈ im(A) ∀t ≥ 0

Additional structural property: Dense subspace with compact
embedding, Hs b L, s.t.

X := im(A) ∩ D(A) ⊂ Hs

D(A) does not embed compactly in L!

Main conclusion: If u0 ∈ X,

u(t) ∈ X ⊂ Hs ∀t ≥ 0
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Low regularity setting

Recall mtu + A(u) = 0 (*) and u(0) = u0 ∈ D(A)

Recall u ∈ C0 ( [0, +∞); D(A)) ∩ C1 ( [0, +∞); L) (Hille–Yosida)

Recall X := im(A) ∩ D(A) ⊂ Hs

The minimal regularity setting we need is, ∀T > 0 with J := (0, T),

u ∈ L∞ (J; Hs), mtu ∈ L∞ (J; Hs), mttu ∈ L∞ (J; L)

This setting can be ensured by requesting a well prepared IC

u0 ∈ im(A) ∩ D(A2)

Proof by energy techniques (a priori estimates)
take one time derivative of (*) and test with mtu
take one more time derivative of (*) and test with mttu
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Example 1: Maxwell’s equations

Space-time PDEs posed on D × J with D ⊂ R3, J := (0, T)

Given ICs (H0,E0), find (H,E) : D × J → R3 × R3 s.t.

mt (`H) + ∇×E = 0 (Faraday)
mt (nE) − ∇×H = −j (Ampère)
∇·(`H) = 0 (Gauss)
∇·(nE) = d (Gauss)

Material properties: n (electric permittivity), ` (magnetic permeability)

Data: d (charge density) and j (current) s.t. mtd + ∇·j = 0

Observe that mt (∇·(`H)) = 0 and mt (∇·(nE)) = −∇·j = mtd

if ∇·(`H0) = 0, then ∇·(`H) = 0 at all times
if ∇·(nE0) = d0, then ∇·(nE) = d at all times

One says that Gauss’s laws are involutions
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Functional setting
Graph spaces for gradient, curl, or divergence

H1 (D) = H (grad; D) , H (curl; D) := {h ∈ L2 (D) | ∇×h ∈ L2 (D) }, H (div; D)

Hilbert spaces equipped with natural graph norm, e.g.,

‖h‖2H (curl;D) := ‖h‖2
L2
+ ℓ2D ‖∇×h‖2

L2

(ℓD: global length scale to be dimensionally consistent)

Subspaces with zero trace, tangential trace, or normal trace

H1
0 (D) , H0 (curl; D) := {h ∈ H (curl; D) | h×n |Γ = 0}, H0 (div; D)

De Rham sequences (with and without BC)

H1
0 (D)

∇0 - H0 (curl; D)
∇0× - H0 (div; D)

∇0 · - L2
0 (D)

L2 (D) �
∇·

H (div; D) �
∇×

H (curl; D) �
∇

H1 (D)

All operators have closed range

Pairs of adjoint operators: (∇0,−∇·), (∇0×,∇×), (∇0·,−∇)
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Rewriting in Hille–Yosida framework

To fix ideas, enforce zero Dirichlet BC on magnetic field

H ∈ H0 (curl; D), E ∈ H(curl; D)

Recall Faraday and Ampère equations (assume j = 0 for simplicity)

mt (`H) + ∇×E = 0
mt (nE) − ∇0×H = 0

Rewriting in Hille–Yosida framework:

u := (H,E) A(u) := ( 1
`
∇×E,− 1

n
∇0×H)

L := L2 (D)×L2 (D) D(A) := H0 (curl; D)×H(curl; D)

with ((H,E), (h, e))L := (`H, h)L2 (D) + (nE, e)L2 (D)
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Functional setting for involutions

Rewriting of involutions using Closed Range Theorem (orthogonalities
meant in L2) [Hiptmair 02]

`H ∈ im(∇×) = ker(∇0×)⊥, nE ∈ im(∇0×) = ker(∇×)⊥

Topology-blind statements!
ker(∇0×)⊥ ⊂ ker(∇·) with equality iff Γ := mD is connected
ker(∇×)⊥ ⊂ ker(∇0·) with equality iff D is simply connected

See [Dautray, Lions 90; Amrouche, Bernardi, Dauge, Girault, 98]

Involution-aware subspaces:

X`0 := {h ∈ H0 (curl; D) | `h ∈ ker(∇0×)⊥}
Xn := {e ∈ H(curl; D) | ne ∈ ker(∇×)⊥}

Assuming (`H0, nE0) ∈ im(∇×) × im(∇0×), we have

(H(t),E(t)) ∈ X := X`0 × Xn ∀t ≥ 0
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Compactness
Assumptions:

D is a Lipschitz polyhedron
pcw. constant material properties (or multiplier property in Hs, s ∈ (0, 12 ])

There is s ∈ (0, 12 ] s.t. for all h ∈ X`0 and all e ∈ Xn ,

|h|Hs (D) . ℓ
1−s
D ‖∇0×h‖L2 , |e|Hs (D) . ℓ

1−s
D ‖∇×e‖L2

See [Weber, 80; Birman & Solomyak, 87; Costabel, 90; Amrouche, Bernardi, Dauge,
Girault, 98; Jochmann, 99; Bonito, Guermond & Luddens, 13]

Main structural property:

(H(t),E(t)) ∈ X ⊂ Hs := Hs (D) ×Hs (D) ∀t ≥ 0

Minimal regularity setting (well prepared IC)

(H,E) ∈ L∞ (J; Hs (D)×Hs (D))
(mtH, mtE) ∈ L∞ (J; Hs (D)×Hs (D))
(mttH, mttE) ∈ L∞ (J; L2 (D)×L2 (D))
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See [Weber, 80; Birman & Solomyak, 87; Costabel, 90; Amrouche, Bernardi, Dauge,
Girault, 98; Jochmann, 99; Bonito, Guermond & Luddens, 13]

Main structural property:

(H(t),E(t)) ∈ X ⊂ Hs := Hs (D) ×Hs (D) ∀t ≥ 0

Minimal regularity setting (well prepared IC)

(H,E) ∈ L∞ (J; Hs (D)×Hs (D))
(mtH, mtE) ∈ L∞ (J; Hs (D)×Hs (D))
(mttH, mttE) ∈ L∞ (J; L2 (D)×L2 (D))
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Example 2: Acoustic wave equation

Given ICs (p0, v0), find (p, v) : D × J → R × R3 s.t.

mt (^p) + ∇·v = 0, mt (dv) + ∇p = 0

Material properties: ^ (compressibility), d (density)

To fix ideas, enforce the BC v|mD·nD = 0

Rewriting in Hille–Yosida framework:

u := (p, v) A(u) := ( 1
^
∇0·v, 1d∇p)

L := L2 (D)×L2 (D) D(A) = H1 (D)×H0 (div; D)

with ((p, v), (q,w))L := (^p, q)L2 (D) + (dv,w)L2 (D)
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Involutions and compactness
Involution-aware subspaces

X^ := {p ∈ H1 (D) | ^p ∈ ker(∇)⊥}
Xd0 := {v ∈ H0 (div; D) | dv ∈ (ker∇0·)⊥}

(The first involution just means
∫
D ^p = 0, the second one implies ∇×(dv) = 0)

Assuming (^p0, dv0) ∈ im(∇0·) × im(∇), we have
(p(t), v(t)) ∈ X := X^ × Xd0 ∀t ≥ 0

Compactness: There is s ∈ (0, 1] s.t. Xd0 ⊂ Hs (D)
s ∈ ( 12 , 1] (d constant or smooth); s ∈ (0, 12 ] (d pcw. constant)

Main structural property:
(p(t), v(t)) ∈ X ⊂ Hs := H1 (D) ×Hs (D) ∀t ≥ 0

Minimal regularity setting (well prepared IC)

(p, v) ∈ L∞ (J; H1 (D)×Hs (D))
(mtp, mtv) ∈ L∞ (J; H1 (D)×Hs (D))
(mttp, mttv) ∈ L∞ (J; L2 (D)×L2 (D))
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Main result

Recall mtu + A(u) = 0 and X := im(A) ∩ D(A) ⊂ Hs

Recall minimal regularity setting: For all T > 0 with J := (0, T),

u ∈ L∞ (J; Hs), mtu ∈ L∞ (J; Hs), mttu ∈ L∞ (J; L)
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Space semi-discretization

Finite dimensional subspace Lh ⊂ L (h: mesh size)
L-orthogonal projection Πb

h : L→ Lh with ‖Πb
h (u) − u‖L ≤ chs |u|Hs

Ah : Lh → Lh: linear operator approximating A
Dissipation property:

(Ah (vh), vh)L ≥ 0 ∀vh ∈ Lh

Boundedness property:

‖Ah (vh)‖L ≤ cAh−1‖vh‖L ∀vh ∈ Lh

Ritz projection: Πh : X → Lh s.t. ∀u ∈ X ⊂ Hs,

(Ah ◦ Πh) (u) = (Πb
h ◦ A) (u), ‖Πh (u) − u‖L ≤ chs |u|Hs

For Maxwell’s and acoustic wave equations, these properties can be
realized using dG with stabilization (upwind) on simplicial meshes with
s ∈ (0, 12 ] [AE & JLG 25]
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Time discretization
Time step g, discrete time nodes tm := mg

Time discretization using ERK(3) or ERK(4)

Standard CFL condition: (quasi-uniform mesh)

∃f0 > 0 s.t. cAgh−1 ≤ f0

Main result: For all m ≥ 1,

‖u(tm) − um
h ‖L ≤ C

{
hs |u|L∞ ( (0,tm);Hs)

+ tm
{
g‖mttu‖L∞ ( (0,tm);L) + hs |mtu|L∞ ( (0,tm);Hs)

}}
Comments:

convergence rate O(g + hs), optimal rate given regularity of u
bound grows linearly in time
Sobolev regularity index can be in (0, 12 ]
so far, restriction s > 1

2 in the literature (unrealistic for Maxwell’s
equations with heterogeneous materials)
[Ciarlet & Zou 99], [Fezoui, Lanteri, Lohrengel & Piperno 05], [Li 09]
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dG space discretization

Focus on Maxwell’s equations

Discrete curls and stabilization

Ritz projection
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Mesh and broken polynomial spaces

Th: shape-regular (q.u.) simplicial mesh covering D exactly

Broken polynomial space (order k ≥ 0, Rd-valued)

Pb
k (Th) := {vh ∈ L2 (D) | vh |K ∈ Pk,d (K;Rd), ∀K ∈ Th}

Nonconforming approximation: Pb
k (Th) ⊄ H0 (curl; D)

jumps across mesh interfaces
BCs not enforced exactly

dG textbooks: [Hesthaven & Warburton 08; Di Pietro & AE, 12]

dG methods for Maxwell’s equations:
[Perugia, Schötzau, Monk 02; Houston, Perugia, Schneebeli, Schötzau 05]
[Chaumont-Frelet, AE 25]
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Jumps and stabilization

Mesh faces F ∈ Fh
interface F = mKl ∩ mKr ∈ F ◦h , unit normal nF pointing from Kl to Kr
boundary face F = mKl ∩ mD ∈ F mh , unit outward normal n

Tangential jump across mesh interface F ∈ F ◦h

[[vh]]cF := (vh |Kl |F − vh |Kr |F) × nF ∀vh ∈ Pb
k (Th)

and if F is a boundary face, [[vh]]cF := vh |Kl |F × n

Stabilization bilinear forms

shh (Hh, hh) :=
∑

F∈Fh

( [[Hh ]]cF , [[hh ]]cF)L2 (F) se
h (Eh, eh) :=

∑
F∈F◦h

( [[Eh ]]cF , [[eh ]]cF)L2 (F)

Jump seminorms: |hh |hh := sh
h (hh, hh)

1
2 , |eh |eh := se

h (eh, eh)
1
2
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Discrete curl operators

Broken curl: ∇h× : Pb
k (Th) → Pb

k (Th) (acts elementwise)

Jump lifting: Lk
h,0 : Pb

k (Th) → Pb
k (Th) s.t.

(Lk
h,0 (vh), 5h)L2 :=

∑
F∈Fh

( [[vh]]cF, {{5h}}F)L2 (F) ∀5h ∈ Pb
k (Th)

with {{•}}gF the plain (componentwise) average of at F

Discrete curl operator: Ck
h,0 : Pb

k (Th) → Pb
k (Th) s.t.

Ck
h,0 (vh) := ∇h×vh + Lk

h,0 (vh)

with integration by parts formula (Ck
h defined without lifting boundary values)

(Ck
h,0 (5h),7h)L2 = (5h,Ck

h (7h))L2

Literature:
Discrete gradient for elliptic problems: [Bassi et al., 97], [Brezzi et al., 00]
Weak consistency, compactness [Burman & AE, 08; Buffa & Ortner, 09; Di
Pietro & AE, 09]
Maxwell’s equations [Perugia, Schötzau &Monk, 02], [Chaumont-Frelet, AE 25]
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Discrete curl operators

Broken curl: ∇h× : Pb
k (Th) → Pb

k (Th) (acts elementwise)

Jump lifting: Lk
h,0 : Pb

k (Th) → Pb
k (Th) s.t.

(Lk
h,0 (vh), 5h)L2 :=

∑
F∈Fh

( [[vh]]cF, {{5h}}F)L2 (F) ∀5h ∈ Pb
k (Th)

with {{•}}gF the plain (componentwise) average of at F

Discrete curl operator: Ck
h,0 : Pb

k (Th) → Pb
k (Th) s.t.

Ck
h,0 (vh) := ∇h×vh + Lk

h,0 (vh)

with integration by parts formula (Ck
h defined without lifting boundary values)
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Discrete Maxwell’s equations

Discrete space Lh := Pb
k (Th) × Pb

k (Th)

Discrete bilinear form: (stabilization weights: ^h := (`0/n0)
1
2 , ^e := (n0/`0)

1
2 )

ah
(
(Hh,Eh), (hh, eh)

)
:= − (Ck

h (Eh), hh)L2 + (Ck
h,0 (Hh), eh)L2

+ ^hsh
h (Hh, hh) + ^ese

h (Eh, eh)

=⇒ positive weights mean upwinding!

Discrete operator Ah : Lh → Lh s.t.(
Ah (Hh,Eh), (hh, eh)

)
L2×L2 := ah

(
(Hh,Eh), (hh, eh)

)
Space semi-discrete Maxwell’s equations: (Hh,Eh) ∈ C1 (J; Lh) s.t.

mt (nEh, `Hh) + Ah (Hh,Eh) = 0, (Hh (0),Eh (0)) = (H0
h,E

0
h)

Assuming (E0
h,H

0
h) ∈ im(Ah), we have

(nEh (t), `Hh (t)) ∈ im(Ah) = ker(AT
h)
⊥ ∀t ≥ 0

=⇒ im(Ah) is a genuine subset of Lh!
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Discrete involutions

Nédélec spaces of order k ≥ 0: Pc
k0 (Th), Pc

k (Th) (with BCs or not)

Curl-free subspaces (they are non-trivial!)

Pc
k0 (curl = 0;Th) := {hh ∈ Pc

k0 (Th) | ∇0×hh = 0} = Pb
k (Th) ∩ ker(∇0×)

Pc
k (curl = 0;Th) := {eh ∈ Pc

k (Th) | ∇×eh = 0} = Pb
k (Th) ∩ ker(∇×)

Lemma: ker(AT
h) = Pc

k0 (curl = 0;Th) × Pc
k (curl = 0;Th)

=⇒ upwinding used to prove this result!

Discrete involution-aware subspaces:

X`0,h := {hh ∈ Pb
k (Th) | `hh ∈ Pc

k0 (curl = 0;Th)⊥}
Xn ,h := {eh ∈ Pb

k (Th) | neh ∈ Pc
k (curl = 0;Th)⊥}

Discrete involutions: Assuming (Hh (0),Eh (0)) ∈ X`0,h×Xn ,h,

(Hh (t),Eh (t)) ∈ X`0,h×Xn ,h ∀t ≥ 0
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Ritz projection

Recall inner product and norm in L := L2 (D) × L2 (D)

‖(f , g)‖2L := ‖` 1
2 f ‖2L2 (D) + ‖n

1
2 g‖2L2 (D)

Definition: Πh := (�h0,�h) : X`0×Xn → X`0,h×Xn ,h s.t.

ah
(
(�h0 (H),�h (E)), (hh, eh)

)
:=

(
A(H,E), (hh, eh)

)
L ∀(hh, eh) ∈ Lh

or, in more abstract way, Ah ◦ Πh = Π
b
h ◦ A

Theorem: [AE & JLG 25]

‖(H,E) − Πh (H,E)‖L ≤ chs
{
`

1
2
0 |H |Hs (D) + n

1
2
0 |E|Hs (D)

}
This result crucially relies on the discrete involutions (discrete Gauss’s
laws), which require upwinding

importance of upwinding already recognized in engineering literature
[Hesthaven, Warburton 02], [Alvarez, Angulo, Rubio, Garcia 12]
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ERK time discretization

ERK3 and ERK4

Stability result (abstract)

Application to ERK3 and ERK4
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ERK3 and ERK4

Time discretization of mtuh + Ah (uh) = 0 in Lh

For linear, autonomous ODEs, ERK3 and ERK4 amount to

un+1
h = P3 (−gAh) (un

h), un+1
h = P4 (−gAh) (un

h)

with Pl (z) :=
∑

m∈{0:l}
1
m! z

m (Taylor approximation of ez at order l)

Ah bounded & dissipative: ‖Ah (vh)‖L ≤ cAh−1‖vh‖L, (Ah (vh), vh)L ≥ 0

Theorem: Under standard CFL condition cAgh−1 ≤ f0,

‖P3 (−gAh)‖L(Lh) ≤ 1, ‖P4 (−gAh)2‖L(Lh) ≤ 1

Comments:
stability for ERK3 established in [Burman, AE; Fernandez 10] (testing stages
with increments); includes dG and stabilized FEM for Friedrichs’s systems
see also [Zhang, Shu 10] for scalar conservation laws (specific scheme)
ERK2 does not enjoy stability under standard CFL condition
ERK4 and generalizations in [Xu, Zhang, Shu, Wang 19; Sun, Shu 17 &19]
see also [Imperiale, Joly 25+] for some further advances
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Comments:
stability for ERK3 established in [Burman, AE; Fernandez 10] (testing stages
with increments); includes dG and stabilized FEM for Friedrichs’s systems
see also [Zhang, Shu 10] for scalar conservation laws (specific scheme)
ERK2 does not enjoy stability under standard CFL condition
ERK4 and generalizations in [Xu, Zhang, Shu, Wang 19; Sun, Shu 17 &19]
see also [Imperiale, Joly 25+] for some further advances
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A quadratic identity

Lemma. [AE & JLG 25+] Let s ≥ 1 and (arbitrary) polynomial
P(z) :=

∑
k∈{0:s} akzk. Repeated integration by parts gives

‖P(−gAh) (vh)‖2L = ‖vh‖2L +
∑

k∈{1:s}
aL

k g
2k‖Ak

h (vh)‖2L

+
∑

k,l∈{0:s−1}
aS

klg
k+l+1 (Ak

h (vh),Al
h (vh))S

with (yh, zh)S := (Ah (yh), zh)L + (yh,Ah (zh))L

(aL
k )k∈{1:s} and (aS

kl)k,l∈{0:s−1} s.t. aS
kl = aS

lk and

aL
k = a2k + 2

min(k,s−k)∑
m=1

(−1)mak+mak−m, ∀k ∈ {1:s}

aS
kl = 2

min(l+1,s−k)∑
m=1

(−1)k+l+mak+mal−m+1, ∀k ∈ {0:s − 1}, ∀l ∈ {0:k}
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Examples

Taylor polynomials associated with ERK2, ERK3 and ERK4

ERK2 aL =

(
0
1
4

)
aS =

(
−2 1
1 −1

)

ERK3 aL =
©­«

0
− 1

12
1
36

ª®¬ aS =
©­«
−2 1 − 1

3
1 − 2

3
1
3

− 1
3

1
3 − 1

6

ª®¬
ERK4 aL =

©­­­«
0
0
− 1

72
1

576

ª®®®¬ aS =
©­­­«
−2 1 − 1

3
1
12

1 − 2
3

1
4 − 1

12
− 1

3
1
4 − 1

12
1
24

1
12 − 1

12
1
24 − 1

72

ª®®®¬

27/33



Abstract stability result

Lemma. [AE & JLG 25+] Assume
Ah bounded & dissipative: ‖Ah (vh)‖L ≤ cAh−1‖vh‖L, (Ah (vh), vh)L ≥ 0

there is r ≥ 1 s.t.

(i) aL
r < 0 & aL

l = 0 ∀l ∈ {1:r − 1}
(i) (aS

kl)k,l∈{0:r−1} ≤ 0

standard CFL condition cAgh−1 ≤ f0
Then we have

‖P(−gAh)‖L(Lh) ≤ 1
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Application to ERK schemes

Condition (i) fails for P2 (z) (ERK2)

Conditions (i) and (ii) hold for P3 (z) (ERK3) with r = 2

Condition (i) holds for P4 (z) (ERK4) with r = 3, but condition (ii) fails

Conditions (i) and (ii) hold for P4 (z)2 with r = 3

aL =

©­­­­«
0
0
− 1

36
...

ª®®®®¬
(aS

kl)k,l∈{0:3} ∝
©­­­«
−144 144 −96 48
144 −192 144 −78
−96 144 −114 65
48 −78 65 −37

ª®®®¬ ≤ 0
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Convergence proof (sketch)

Focus on ERK3

Discrete errors

Residuals and error equations
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Discrete errors

Generic form for ERK3: Setting un,0
h := un

h, compute

un,1
h = un,0

h − gAhun,0
h

un,2
h = un,1

h −
1
2gAh (un,1

h − un,0
h )

un+1
h = un,2

h −
1
3gAh (un,2

h − un,1
h )

Define discrete errors using Ritz projection Πh

en
h := un,0

h − Πh
(
u(tn)

)
en,1

h := un,1
h − Πh

(
u(tn) + gmtu(tn)

)
en,2

h := un,2
h − Πh

(
u(tn) + gmtu(tn)

)
en+1

h := un+1
h − Πh

(
u(tn+1)

)
Comments:

no need to exploit Taylor expansions beyond first-order (low regularity)
only stability of ERK3 plays a role
discrete errors defined using Πb

h: optimal approximation properties clearly
hold, but space consistency errors pollute error bound
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Residuals and error equations

The key property of the Ritz projection is

Πb
h
(
mtu(t)

)
= −Ah

(
Πh

(
u(t)

) )
∀t ≥ 0

Simple algebra leads to the discrete error equations

en,1
h = en,0

h − gAhen,0
h + gR

n,0
h

en,2
h = en,1

h −
1
2gAh (en,1

h − en,0
h ) + gR

n,1
h

en,3
h = en,2

h −
1
3gAh (en,2

h − en,1
h ) + gR

n,2
h

with residuals

Rn,0
h := (Πb

h − Πh)
(
mtu(tn)

)
Rn,1

h := gΠb
h
(
mttu(tn)

)
Rn,2

h := g−1Πh
(
u(tn+1) − u(tn) − gmtu(tn)

)
The residuals do not involve space derivatives!!
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Error bound

Error equations rewrite

en+1
h = P3 (−gAh) (en

h) + g
∑

m∈{0:2}
Q3,m (−gAh) (Rn,m

h )

with Q3,0 (z) := 1 − 1
2 z + 1

6 z2, Q3,1 (z) := 1 − 1
3 z, Q3,2 (z) := 1

Triangle inequality + ERK3 stability + CFL condition

‖en+1
h ‖L ≤ ‖P3 (−gAh) (en

h)‖L + g
∑

m∈{0:2}
‖Q3,m (−gAh) (Rn,m

h )‖L

≤ ‖en
h‖L + g

∑
m∈{0:2}

‖Rn,m
h ‖L

Bound residuals and sum over n

!! Thank you for your attention !!
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