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e Abstract setting
e Example 1: Maxwell’s equations

e Example 2: Acoustic wave equation
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@ Hilbert space L
@ Unbounded linear operator A : D(A) c L — L, maximal, monotone
@ Evolution problem

du+Aw) =0  u(0) =u’ € D(A)
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@ Hilbert space L
@ Unbounded linear operator A : D(A) c L — L, maximal, monotone
@ Evolution problem

du+Aw) =0  u(0) =u’ € D(A)

o Hille-Yosida Theorem:

3w e CO([0, +00); D(A)) N C' ([0, +00); L)
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@ Recall d,u +A(u) = 0 and u(0) = u® € D(A)
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@ Recall d,u +A(u) = 0 and u(0) = u® € D(A)

@ Since A has closed range, ker(AT)* = im(A)
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@ Recall d,u +A(u) = 0 and u(0) = u® € D(A)
@ Since A has closed range, ker(AT)* = im(A)
@ Involution property:

u’ € im(A) = u(r) € im(A) Vi >0
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Involu

@ Recall d,u +A(u) = 0 and u(0) = u® € D(A)
@ Since A has closed range, ker(AT)* = im(A)
@ Involution property:

u’ € im(A) = u(r) € im(A) Vi >0

@ Additional structural property: Dense subspace with compact
embedding, H® € L, s.t.

X :=im(A) N D(A) c H®

D(A) does not embed compactly in L!
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Involuti

Recall ,u +A(u) = 0 and u(0) = u® € D(A)

Since A has closed range, ker(AT)* = im(A)

Involution property:

u’ € im(A) = u(r) € im(A) Vi >0

Additional structural property: Dense subspace with compact
embedding, H® € L, s.t.

X :=im(A) N D(A) c H®

D(A) does not embed compactly in L!

Main conclusion: If u° € X,

u(t) e X H® Vt=0
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@ Recall dyu +A(u) = 0 (*) and u(0) = u® € D(A)
@ Recall u € CO([0, +0); D(A)) N C'(]0, +o0); L) (Hille-Yosida)

@ Recall X :=im(A) N D(A) c H*
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_ Low regularty setting

@ Recall dyu +A(u) = 0 (*) and u(0) = u® € D(A)

@ Recall u € CO([0, +0); D(A)) N C'(]0, +o0); L) (Hille-Yosida)

@ Recall X :=im(A) N D(A) c H*

@ The minimal regularity setting we need is, VT > 0 with J := (0, T),

uel”(J;HY), Ouel”(J;HY), OquelLl”(J;L)
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Recall ;u +A(u) = 0 (*) and u(0) = u® € D(A)

Recall u € CO([0, +00); D(A)) N C'([0, +00); L) (Hille—Yosida)

Recall X := im(A) N D(A) c H*
@ The minimal regularity setting we need is, VT > 0 with J := (0, T),

uel®(J;H*), dueL®(J;H’), el ;L)

This setting can be ensured by requesting a well prepared IC

u® € im(A) N D(A?)
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Recall ;u +A(u) = 0 (*) and u(0) = u® € D(A)

Recall u € CO([0, +00); D(A)) N C'([0, +00); L) (Hille—Yosida)

Recall X := im(A) N D(A) c H*
@ The minimal regularity setting we need is, VT > 0 with J := (0, T),

u€L®(HY), Ouel®(J;H*), Ouuel ;L)

This setting can be ensured by requesting a well prepared IC

u’ € im(A) N D(A?)

Proof by energy techniques (a priori estimates)

o take one time derivative of (*) and test with d;u
o take one more time derivative of (*) and test with dyu
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@ Space-time PDEs posed on D x J with D c R?, J := (0, T)

@ Given ICs (H°,E®), find (H,E) : DxJ — R> xR3 s.t.

0,(uH) + VXE =0
0/(eE) — VxH = —j

V-(uH) =0
V-(eE) =p
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@ Space-time PDEs posed on D x J with D c R?, J := (0, T)

@ Given ICs (H°,E®), find (H,E) : DxJ — R> xR3 s.t.

0,(uH) + VXE =0 (Faraday)
0,(eE) — VXH = —j (Ampere)
V-(uH) =0 (Gauss)
V-(eE) =p (Gauss)

@ Material properties: € (electric permittivity), u (magnetic permeability)

@ Data: p (charge density) andj (current) s.t. 9,0 + Vj =0
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@ Space-time PDEs posed on D x J with D c R?, J := (0, T)

Given ICs (H°, E°), find (H,E) : DxJ — R3> xR3 s.t.

0,(uH) + VXE =0 (Faraday)
0,(eE) — VXH = —j (Ampere)
V-(uH) =0 (Gauss)
V-(eE) =p (Gauss)

Material properties: € (electric permittivity), 4 (magnetic permeability)

Data: p (charge density) andj (current) s.t. 9,0 + Vj =0

Observe that d,(V-(uH)) =0

7/33



@ Space-time PDEs posed on D x J with D c R?, J := (0, T)

Given ICs (H°, E°), find (H,E) : DxJ — R3> xR3 s.t.

0,(uH) + VXE =0 (Faraday)
0,(eE) — VXH = —j (Ampere)
V-(uH) =0 (Gauss)
V-(eE) =p (Gauss)

Material properties: € (electric permittivity), 4 (magnetic permeability)

Data: p (charge density) andj (current) s.t. 9,0 + Vj =0

Observe that d,(V-(uH)) = 0 and 9,(V-(eE)) = =V = d;p

7/33



@ Space-time PDEs posed on D x J with D c R?, J := (0, T)

Given ICs (H°, E°), find (H,E) : DxJ — R3> xR3 s.t.

0,(uH) + VXE =0 (Faraday)
0/(eE) — VxH = —j (Ampere)
V-(uH) =0 (Gauss)
V-(eE) =p (Gauss)

Material properties: € (electric permittivity), 4 (magnetic permeability)

Data: p (charge density) andj (current) s.t. 9,0 + Vj =0

Observe that d,(V-(uH)) = 0 and 9,(V-(eE)) = =V = d;p
o if V-(uHY) = 0, then V-(uH) = 0 at all times
o if V-(eEY) = po, then V-(eE) = p at all times

One says that Gauss’s laws are involutions
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@ Graph spaces for gradient, curl, or divergence

H'(D) = H(grad; D), H(curl;D) := {h € L*(D) | Vxh € L*(D)}, H(div;D)

@ Hilbert spaces equipped with natural graph norm, e.g.,
1P 11 curt.py 3= 11175 + €51 VxR,

(€p: global length scale to be dimensionally consistent)
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@ Graph spaces for gradient, curl, or divergence
H'(D) = H(grad; D), H(curl;D) := {h € L>(D) | Vxh € L*(D)}, H(div;D)
@ Hilbert spaces equipped with natural graph norm, e.g.,
IIhllé(curl;D) = IIhIIzz +¢’[2,I|V><hlliz
(¢p: global length scale to be dimensionally consistent)

@ Subspaces with zero trace, tangential trace, or normal trace

Hé (D), Hy(curl;D) :={h € H(curl;D) | hxn|r =0}, Hy(div;D)
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@ Graph spaces for gradient, curl, or divergence

H'(D) = H(grad; D), H(curl;D) := {h € L>(D) | Vxh € L*(D)}, H(div;D)

@ Hilbert spaces equipped with natural graph norm, e.g.,
e 15y curt.y = WIS + €51 V<RI
(¢p: global length scale to be dimensionally consistent)
@ Subspaces with zero trace, tangential trace, or normal trace

H(l) (D), Hgy(curl;D) :={h € H(curl;D) | hxn|r =0}, Hy(div;D)
@ De Rham sequences (with and without BC)

\/ Vox Yo
HY (D) ———— Hy(curl;D) ——=— Hy(div;D) ——— 12(D)

V- \% \Y%
12(D) ~——— H(div;D) ~——~—— H(curl;D) ~————— H'(D)
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Functional setting

@ Graph spaces for gradient, curl, or divergence

H'(D) = H(grad; D), H(curl;D) := {h € L*(D) | Vxh € L>*(D)}, H(div;D)

Hilbert spaces equipped with natural graph norm, e.g.,
”h”Iz-I(curl;D) = ”h”iz + f[z)||VXh||22

(¢p: global length scale to be dimensionally consistent)

Subspaces with zero trace, tangential trace, or normal trace

Hy(D), Ho(curl;D) := {h € H(curk; D) | hxn|r =0}, Ho(div; D)

@ De Rham sequences (with and without BC)

\/ Vox Yo

HY (D) ——— Hy(curl;D) —=— Hy(div; D) ——— 12(D)
V. Vx A

[2(D) ~———— H(div;D) ~———— H(curl; D) ~————— H'(D)

All operators have closed range

Pairs of adjoint operators: (Vy, =V-), (VoX, VX), (Vo-, =V)
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@ To fix ideas, enforce zero Dirichlet BC on magnetic field

H € Hy(curl; D), E € H(curl;D)
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Rewri

@ To fix ideas, enforce zero Dirichlet BC on magnetic field

H € Hy(curl; D), E € H(curl;D)

@ Recall Faraday and Ampere equations (assume j = 0 for simplicity)

O(uH) + VXE =0
0 (eE) — VoxH =0
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@ To fix ideas, enforce zero Dirichlet BC on magnetic field

H € Hy(curl; D), E € H(curl;D)

@ Recall Faraday and Ampere equations (assume j = 0 for simplicity)
O(uH) + VXE =0
0(eE) — VoxH =0

@ Rewriting in Hille-Yosida framework:

u:= (H,E) Au) := (I%VXE, -1VoxH)
L:=L*(D)XL*(D)  D(A) := Hy(curl; D)xH(curl; D)

Wlth ((H’E)’ (h’e))L = (#Hv h)Lz(D) + (EE! e)LZ(D)
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@ Rewriting of involutions using Closed Range Theorem (orthogonalities
meant in L2) [Hiptmair 02]

uH € im(Vx) = ker(Vox)*, €E € im(Vpx) = ker(Vx)*
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@ Rewriting of involutions using Closed Range Theorem (orthogonalities
meant in L2) [Hiptmair 02]

uH € im(Vx) = ker(Vox)*, €E € im(Vpx) = ker(Vx)*
@ Topology-blind statements!
e ker(Vpx)* C ker(V-) with equality iff " := dD is connected

o ker(Vx)* c ker(Vy-) with equality iff D is simply connected
See [Dautray, Lions 90; Amrouche, Bernardi, Dauge, Girault, 98]
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@ Rewriting of involutions using Closed Range Theorem (orthogonalities
meant in L2) [Hiptmair 02]

uH € im(Vx) = ker(Vox)*, €E € im(Vpx) = ker(Vx)*

@ Topology-blind statements!
e ker(Vpx)* C ker(V-) with equality iff " := dD is connected
o ker(Vx)* c ker(Vy-) with equality iff D is simply connected
See [Dautray, Lions 90; Amrouche, Bernardi, Dauge, Girault, 98]

@ Involution-aware subspaces:

X,0 :={h € Hy(curl; D) | uh € ker(Vox)*}
X, :={e € H(curl; D) | €e € ker(Vx)*}
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@ Rewriting of involutions using Closed Range Theorem (orthogonalities
meant in L2) [Hiptmair 02]

uH € im(Vx) = ker(Vox)*, €E € im(Vpx) = ker(Vx)*
@ Topology-blind statements!
e ker(Vpx)* C ker(V-) with equality iff " := dD is connected

o ker(Vx)* c ker(Vy-) with equality iff D is simply connected
See [Dautray, Lions 90; Amrouche, Bernardi, Dauge, Girault, 98]

@ Involution-aware subspaces:
X,0 :={h € Hy(curl; D) | uh € ker(Vox)*}
X :={e € H(curl; D) | €e € ker(Vx)*}

e Assuming (uH?, €E®) € im(Vx) x im(Vyx), we have

(H(t),E(t) € X :=X,0x X, V>0
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@ Assumptions:
o Dis a Lipschitz polyhedron
@ pcw. constant material properties (or multiplier property in H*, s € (0, %])
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@ Assumptions:
o Dis a Lipschitz polyhedron
@ pcw. constant material properties (or multiplier property in H*, s € (0, %])

@ Thereis s € (0, %] st.forallh € X, 0and alle € X,
e oy < € INoxhll2,  lelaspy < €5 IIVXell 2

See [Weber, 80; Birman & Solomyak, 87; Costabel, 90; Amrouche, Bernardi, Dauge,
Girault, 98; Jochmann, 99; Bonito, Guermond & Luddens, 13]
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_Compactness

@ Assumptions:
o Dis a Lipschitz polyhedron
@ pcw. constant material properties (or multiplier property in H*, s € (0, %])

@ Thereis s € (0, %] st.forallh € X, 0and alle € X,
e oy < € INoxhll2,  lelaspy < €5 IIVXell 2

See [Weber, 80; Birman & Solomyak, 87; Costabel, 90; Amrouche, Bernardi, Dauge,
Girault, 98; Jochmann, 99; Bonito, Guermond & Luddens, 13]

@ Main structural property:

(H(1),E(1) € X € H® := H*(D) x H'(D) Vt >0
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Compactness

@ Assumptions:
e D is a Lipschitz polyhedron
@ pcw. constant material properties (or multiplier property in H*, s € (0, %])

@ Thereis s € (0, %] st.forallh € X, 0and alle € X,
Il ) S €5 IVoxhll2,  lelmspy < €5 IVxell,2

See [Weber, 80; Birman & Solomyak, 87; Costabel, 90; Amrouche, Bernardi, Dauge,
Girault, 98; Jochmann, 99; Bonito, Guermond & Luddens, 13]

@ Main structural property:

(H(1),E(1) € X € H® := H*(D) x H'(D) Vt >0

@ Minimal regularity setting (well prepared IC)
(H,E) € L*(J; H(D)xH’ (D))
(0:H,d,E) € L (J; H (D)xH* (D))
(94H, 94E) € L™ (J;L*(D)XL*(D))
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@ Given ICs (p°,v"), find (p,v) : DxJ - RxR3s.t.

O(kp) + Vv =0, 9 (pv)+Vp=0

@ Material properties: « (compressibility), p (density)
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@ Given ICs (p°,v"), find (p,v) : DxJ - RxR3s.t.

O(kp) + Vv =0, 9 (pv)+Vp=0

@ Material properties: « (compressibility), p (density)

@ To fix ideas, enforce the BC v|gp-np =0
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@ Given ICs (p°,v"), find (p,v) : DxJ - RxR3s.t.

0(kp) +Vv =0, 0(pov)+Vp=0

@ Material properties: « (compressibility), p (density)
@ To fix ideas, enforce the BC v|gp-np =0

@ Rewriting in Hille-Yosida framework:

u:=(p,v) Au) = (%Vo-v, %Vp)
L:=L*(D)xL*(D)  D(A) = H (D)xHy(div; D)

with ((p’ V), (q’ W))L = (KP’ q)LZ(D) + (pv’ w)Lz(D)
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@ Involution-aware subspaces
X :={p e H (D) | kp € ker(V)*}
Xp0 = {v € Hy(div; D) | pv € (ker Vp-)*}

(The first involution just means /D kp = 0, the second one implies Vx(pv) = 0)
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_ Invalutions and com e
@ Involution-aware subspaces
X :={p e H (D) | kp € ker(V)*}
Xp0 = {v € Hy(div; D) | pv € (ker Vp-)*}
(The first involution just means [, kp = 0, the second one implies Vx(pv) = 0)
@ Assuming (kp°, pr?) € im(Vy-) x im(V), we have
(P, v() eX =X, xXp0 V>0
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Involution

@ Involution-aware subspaces
X :={p e H (D) | kp € ker(V)*}
Xp0 = {v € Hy(div; D) | pv € (ker Vp-)*}
(The first involution just means [, kp = 0, the second one implies Vx(pv) = 0)
@ Assuming (kp°, pr?) € im(Vy-) x im(V), we have
(P, v() eX =X, xXp0 V>0

@ Compactness: There is s € (0, 1] s.t. X,,0 ¢ H*(D)
e s€ (%, 1] (o constant or smooth); s € (0, %] (p pcw. constant)
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@ Involution-aware subspaces
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@ Involution-aware subspaces
X :={p e H (D) | kp € ker(V)*}
Xp0 = {v € Hy(div; D) | pv € (ker Vp-)*}
(The first involution just means [, kp = 0, the second one implies Vx(pv) = 0)
@ Assuming (kp°, pr?) € im(Vy-) x im(V), we have
(P, v() eX =X, xXp0 V>0
@ Compactness: There is s € (0, 1] s.t. X,,0 ¢ H*(D)
e s€ (%, 1] (o constant or smooth); s € (0, %] (p pcw. constant)
@ Main structural property:
(p(1),v(t)) € X C H* := H' (D) x H*(D) Vt>0
@ Minimal regularity setting (well prepared IC)
(p,¥) € L*(J;H' (D)xH* (D))
(0ip, ) € L™ (J; H' (D)xH* (D))
(Oup, Oyv) € L™ (J; L*(D)XL* (D))
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@ Recall d;u +A(u) =0and X :=im(A) N D(A) C H*
@ Recall minimal regularity setting: For all T > 0 with J := (0, T),

u€L®(HY), Ouel®(J;H*), Ouuel®J;L)
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@ Finite dimensional subspace L;, C L (h: mesh size)
e L-orthogonal projection H}’l : L — L, with ||1'[2(u) —ullp < ch®|ulgs
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@ Finite dimensional subspace L;, C L (h: mesh size)
e L-orthogonal projection H}’l : L — L, with ||1'[2(u) —ullp < ch®|ulgs

@ Ay : L, — Ly: linear operator approximating A
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@ Finite dimensional subspace L;, C L (h: mesh size)
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o Dissipation property:

(Ap(vp)svp)L 20 Vv, €Ly,
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@ Finite dimensional subspace L;, C L (h: mesh size)

e L-orthogonal projection H}’l : L — Ly, with ||1'I2(u) —ullp < ch’lulgs

@ Ay : L, — Ly: linear operator approximating A
o Dissipation property:

(Ap(vp)svp)L 20 Vv, €Ly,

o Boundedness property:

AR < cah™ vyl Vv, € Ly
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@ Finite dimensional subspace L;, C L (h: mesh size)
e L-orthogonal projection 1'[}’! : L — Ly, with ||1'I2(u) —ullp < ch’lulgs

@ Ay : L, — Ly: linear operator approximating A
o Dissipation property:

(Ap(vp)svp)L 20 Vv, €Ly,

o Boundedness property:

AR < cah™ vyl Vv, € Ly

o Ritz projection: IT;, : X — L s.t. Yu € X C H®,

(Ao M) () = (M) 0 A)(w), I (u) = ullr, < ch’lulps
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@ Finite dimensional subspace L;, C L (h: mesh size)
e L-orthogonal projection 1'[2 : L — L, with ||H2(u) —ullp < ch’lulgs

@ Ay : L, — Ly: linear operator approximating A
o Dissipation property:

(Ap(vp), v 20 Vv, € Ly,

o Boundedness property:
ARGl < cah™ lvplle Yvg € Ly
o Ritz projection: ITj, : X — L s.t. Yu € X C H®,
(Ap © Ty) () = (T 0 A) (u), Ty (u) = ull, < ch®|ulys
@ For Maxwell’s and acoustic wave equations, these properties can be

realized using dG with stabilization (upwind) on simplicial meshes with
s € (0, 3] [AE&JLG 25]
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@ Time step 7, discrete time nodes " := mt
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@ Time step 7, discrete time nodes " := mt
@ Time discretization using ERK(3) or ERK(4)
@ Standard CFL condition: (quasi-uniform mesh)

oy >0 s.t. cA‘z'h_1 < o0y
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_Time discretization
@ Time step 7, discrete time nodes " := mt
@ Time discretization using ERK(3) or ERK(4)
@ Standard CFL condition: (quasi-uniform mesh)

Jo9>0 st cath™ <oy

@ Main result: Forallm > 1,
”u(tm) - u;ln”L < C{hs|M|Lm((0’tm);Hs)

* fn{T”aﬂ””L"%(O,t’");L) + hslatulL""((O,tm);HS)}}
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@ Time step 7, discrete time nodes " := mt
@ Time discretization using ERK(3) or ERK(4)
@ Standard CFL condition: (quasi-uniform mesh)

oy >0 s.t. cA‘z'h_1 < o0y

@ Main result: Forallm > 1,
lu(e™) — wy'llL < C{hslmL"“((O,t’”);Hs)

+ f"{Tllanulle((o,tm);L) + hslatulL""((O,tm);Hx)}}
o Comments:

e convergence rate O(7 + /), optimal rate given regularity of u
e bound grows linearly in time
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@ Time step 7, discrete time nodes " := mt

@ Time discretization using ERK(3) or ERK(4)
@ Standard CFL condition: (quasi-uniform mesh)

oy >0 s.t. cA‘rif1 < 09

@ Main result: Forallm > 1,
lu(e™) — wy'llL < C{hs|u|Lm((0,t’");HS)

+1" {Tllattu”L""((O,t”');L) + 1| Ot ((0,m):1%) }}

o Comments:

convergence rate O(7 + h*), optimal rate given regularity of u
bound grows linearly in time

Sobolev regularity index can be in (0, %]

so far, restriction s > % in the literature (unrealistic for Maxwell’s
equations with heterogeneous materials)
[Ciarlet & Zou 99], [Fezoui, Lanteri, Lohrengel & Piperno 05], [Li 09]
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e Focus on Maxwell’s equations
e Discrete curls and stabilization

e Ritz projection
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@ 7j: shape-regular (q.u.) simplicial mesh covering D exactly
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@ 7j: shape-regular (q.u.) simplicial mesh covering D exactly

@ Broken polynomial space (order k > 0, R%-valued)

PY(Th) = {vy € L*(D) | vilx € Pra(K;RY), VK € T}

@ Nonconforming approximation: Pz(ﬁ) ¢ Hy(curl; D)

@ jumps across mesh interfaces
e BCs not enforced exactly
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Tn: shape-regular (q.u.) simplicial mesh covering D exactly

Broken polynomial space (order k > 0, R?-valued)

PY(Th) = {vy € L*(D) | vilx € Pra(K;RY), VK € T}

Nonconforming approximation: Pz(ﬁ) ¢ Hy(curl; D)
@ jumps across mesh interfaces
e BCs not enforced exactly

dG textbooks: [Hesthaven & Warburton 08; Di Pietro & AE, 12]

@ dG methods for Maxwell’s equations:
[Perugia, Schotzau, Monk 02; Houston, Perugia, Schneebeli, Schotzau 05]
[Chaumont-Frelet, AE 25]
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@ Mesh faces F € ¥,
e interface F = dK; N 0K, € 7—;:’, unit normal nr pointing from Kj to K-
e boundary face F = dK; N 0D € 7_716 , unit outward normal n
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@ Mesh faces F € ¥,
e interface F = dK; N 0K, € 7—;’, unit normal nr pointing from Kj to K-
e boundary face F = dK; N 0D € 7—‘h‘9 , unit outward normal n

@ Tangential jump across mesh interface F' € 7,

Vil := Oulki|r = Vil |F) X np - ¥v), € P2 (T3)

and if F' is a boundary face, [vil}. == vl |r X n
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@ Mesh faces F € ¥,
e interface F = dK; N 0K, € 7—;:’, unit normal nr pointing from Kj to K-
e boundary face F = 0K; N dD € 7—‘h‘9 , unit outward normal n

@ Tangential jump across mesh interface F' € 7,
[vil§ := nlg | = valk, IF) X np - ¥vy € PY(T;)
and if F' is a boundary face, [vil}. == vl |r X n

@ Stabilization bilinear forms

SEHps ) = ) (LIS D02 ey Sh(Ensen) = ) (IEATE Tenl)p2 gy
Fefy, Fe?";

. 1 1
Jump seminorms: |k, = s (hp, hy)2, ley|; = sZ(eh,eh)é
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@ Broken curl: V;x : P}(’(‘]Z) - P};(‘]Z) (acts elementwise)
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@ Broken curl: V;x : P}:(‘];) - P};('E) (acts elementwise)

o Jump lifting: L , : P)(T;) — P}(7;) s.t.

(Lh o 0n) bu)pz = D (a5 ASudi)z ey Vi € PY(T)

FeF,

with {{o}}lgp the plain (componentwise) average of at F
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@ Broken curl: V;x : PE(‘E) - PE(‘E) (acts elementwise)

o Jump lifting: L’;,O :P}g(‘iﬁ) — P}g(‘iﬁ) s.t.

(Lh o 0n) bu)pz = D (a5 ASudi)z ey Vi € PY(T)

FeF,
with {o}}lgp the plain (componentwise) average of at F
i .ok . pb b
o Discrete curl operator: C; , : P (Th) — P (Ty) s.t.
C’;,’O(vh) =V xvy, +L’;l’0(vh)
with integration by parts formula (C¥ defined without lifting boundary values)

(Cﬁ,o (@) ¥z = (@, Cr (W)
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@ Broken curl: V;x : PE(‘];,) - PE(‘F,) (acts elementwise)

o Jump lifting: L';l,o :P}z(ﬁ) — P}z("iﬁ) s.t.

(Lh o 0n) bu)pz = D (a5 ASudi)z ey Vi € PY(T)
FeF,
with {o}}}gp the plain (componentwise) average of at F
@ Discrete curl operator: C]}i,o : PZ(‘];) — PZ(‘E) s.t.
C];(,’()(Vh) = VX, +Ll,‘l’0(vh)

with integration by parts formula (C¥ defined without lifting boundary values)
k k
(Ch,o(‘ph)s ‘/’h)LZ = (¢h, (]h(‘/’h))L2

@ Literature:
o Discrete gradient for elliptic problems: [Bassi et al., 97], [Brezzi et al., 00]
o Weak consistency, compactness [Burman & AE, 08; Buffa & Ortner, 09; Di
Pietro & AE, 09]
o Maxwell’s equations [Perugia, Schitzau & Monk, 02], [Chaumont-Frelet, AE 25]

20/33



e Discrete space L, := P} (7;) x P{(7,)
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e Discrete space L, := P} (7;) x P{(7,)
@ Discrete bilinear form: (stabilization weights: «;; := (1o/ &) 3 ks = (€/ yo)%)

an((Hp. Ey), (hp.en)) == — (C(Ep). hy),2 + (C}, o(Hp). €n),2
+ kuS), (Hp, hp) + kes;, (Ep, €r)

— positive weights mean upwinding!
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Disc
e Discrete space L, := P} (7;) x P{(7,)

. oxs 1 1
@ Discrete bilinear form: (stabilization weights: «,; := (uo/€0) 2, ks := (€0/10) 2)

an((Hp. Ey), (hp.en)) == — (C(Ep). hy),2 + (C}, o(Hp). €n),2
+ kuS), (Hp, hp) + kes;, (Ep, €r)

— positive weights mean upwinding!
@ Discrete operator Aj, : L, — Ly s.t.

(An(Hp, Ep), (hp,ep)) 22 = an((Hp, Ep), (hy, ep))

21/33



e Discrete space L, := P} (7;) x P{(7,)
. oxs 1 1
@ Discrete bilinear form: (stabilization weights: «,; := (uo/€0) 2, ks := (€0/10) 2)

an((Hp. Ey), (hp.en)) == — (C(Ep). hy),2 + (C}, o(Hp). €n),2
+ kuS), (Hp, hp) + kes;, (Ep, €r)

— positive weights mean upwinding!
@ Discrete operator Aj, : L, — Ly s.t.
(An(Hyp, Ep), (hpsen)) 2,2 = an((Hp, Ep), (hy, er))
@ Space semi-discrete Maxwell’s equations: (Hj, E,) € C'(J; L) s.t.

01 (€Ep, uHy) + Ap(Hy, Ep) =0, (Hy(0),E;(0)) = (HY, EY)

21/33



e Discrete space L, := P} (7;) x P{(7,)
@ Discrete bilinear form: (stabilization weights: «y := (uo/ €) 3 ks = (€/ yo)%)

an((Hp. Ep), (hp.en)) == = (C(Ep). hy),2 + (C}, ((Hy). €),2
+ KuS), (Hp, hyy) + kes), (Ep, e)

— positive weights mean upwinding!
@ Discrete operator Aj, : L, — Ly s.t.

(An(Hp, Ep), (hp,ep)) 22 = an((Hp, Ep), (hy, ep))

@ Space semi-discrete Maxwell’s equations: (Hj, E,) € C'(J; L) s.t.

0,(eEp, puHy) + Ap(Hp, Ep) =0, (Hy(0), E;(0)) = (HY, Ej)
@ Assuming (EO,Hg) € im(Ay), we have

(€Ey(t), uH (1)) € im(Ap) = ker(A])* V>0

= im(A;) is a genuine subset of ;!
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@ Nédélec spaces of order k > 0: P;,(7;), P;(7,) (with BCs or not)
@ Curl-free subspaces (they are non-trivial!)

Py (curl = 0; ;) := {h; € P{y(Th) | Voxhy, = 0} = PY(T;) Nker(Vox)
Pi(curl = 0; ;) := {ej, € Pi(T;) | Vxe, =0} = PY(T;) Nker(Vx)
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@ Nédélec spaces of order k > 0: P;,(7;), P;(7,) (with BCs or not)
@ Curl-free subspaces (they are non-trivial!)

Py (curl = 0; ;) := {h; € P{y(Th) | Voxhy, = 0} = PY(T;) Nker(Vox)
Pi(curl = 0; ;) := {ej, € Pi(T;) | Vxe, =0} = PY(T;) Nker(Vx)

o Lemma: ker(AZ) = P}, (curl = 0; 7;) x P (curl = 0; 7;)
— upwinding used to prove this result!
@ Discrete involution-aware subspaces:

Xyo. = {hy € PY(T) | phy, € P§y(curl = 0; ;)" }
X = {e, € PX(T) | eej, € P(curl = 0;7;)*}
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@ Nédélec spaces of order k > 0: P;,(7;), P;(7,) (with BCs or not)
@ Curl-free subspaces (they are non-trivial!)

Piy(curl = 0;7;) := {hy € Pi(Th) | Yoxhy, = 0} = PY(T;) N ker(Vox)

P/ (curl = 0;7;) := {e, € P;(Ty) | Vxe, =0} = PZ(‘];) N ker(Vx)

o Lemma: ker(AZ) = P/, (curl = 0; 7;) x P/ (curl = 0; 7})

— upwinding used to prove this result!
@ Discrete involution-aware subspaces:

X = {hy € PY(Ty) | phy, € Pig(curl = 0;7;)"}
X = {en € PU(Th) | €ey € Pi(curl = 0;7;)"}

@ Discrete involutions: Assuming (H(0), E;(0)) € X,,01xX¢ p,

(Hh(l‘),Eh(t)) € XﬂO,hXXe,h V>0
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@ Recall inner product and norm in L := L?>(D) x L*(D)

1 1
1.1 = N3, + lebelay

Pk}



@ Recall inner product and norm in L := L?>(D) x L*(D)
1 1
1. = I fI2 ,, + el
@ Definition: ITj := (o, ) : X 0xXe — Xpo0nXXe st

an((Myo (H), My (E)), (hy,ey)) = (AH,E), (hp,er)), V(hy,ep) € Ly

or, in more abstract way, Ay o I, = 1'[2 oA
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@ Recall inner product and norm in L := L?>(D) x L*(D)
1 1
1. = I fI2 ,, + el
@ Definition: ITj := (o, ) : X 0xXe — Xpo0nXXe st
an((Myo (H), My (E)), (hy,ey)) = (AH,E), (hp,er)), V(hy,ep) € Ly

or, in more abstract way, Ay o I, = 1'[2 oA

@ Theorem: [AE & JLG 25]

1 1
|(HLE) = T(HL B\l < ch* {1 |Hw o) + € |Elir

Pkick}



@ Recall inner product and norm in L := L*>(D) x L*(D)
1. &)IE = 113113 + e
@ Definition: ITj := (o, ) : X 0xXe — Xpo0nXXe st
an((Myo (H), My (E)), (hy,ey)) = (AH,E), (hp,er)), V(hy,ep) € Ly
or, in more abstract way, Ay o I, = H}’l oA
@ Theorem: [AE & JLG 25]

1 1
| (H, E) = 10 (H, B) Iz < o {1 |l o) + € 1Bl |

@ This result crucially relies on the discrete involutions (discrete Gauss’s
laws), which require upwinding

e importance of upwinding already recognized in engineering literature
[Hesthaven, Warburton 02], [Alvarez, Angulo, Rubio, Garcia 12]
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e ERK3 and ERK4
e Stability result (abstract)

e Application to ERK3 and ERK4
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@ Time discretization of d,uy, + Ay (up) = 0in Ly,
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@ Time discretization of d,uy, + Ay (up) = 0in Ly,
@ For linear, autonomous ODEs, ERK3 and ERK4 amount to
= Pa(—tAD) (). = Py(—TAD (i)

with P(2) := Xeqony #z’” (Taylor approximation of e° at order /)
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ERKS

@ Time discretization of d,uy, + Ay (up) = 0in Ly,
@ For linear, autonomous ODEs, ERK3 and ERK4 amount to
Wy = Py(—tAR (), Uyt = Py(—TAp) ()
with P(2) := Xeqony %z’” (Taylor approximation of e® at order /)

@ A; bounded & dissipative: ||Ay(vi)llL < cah™ iz, (An(vi),vi)L = 0

25/33



ERKS3 an

@ Time discretization of d,uy, + Ay (up) = 0in Ly,
@ For linear, autonomous ODEs, ERK3 and ERK4 amount to
Wy = Py(—tAR (), Uyt = Py(—TAp) ()
with P(2) := Xeqony %z’” (Taylor approximation of e* at order /)
@ A; bounded & dissipative: ||Ay(vi)llL < cah™ iz, (An(vi),vi)L = 0
@ Theorem: Under standard CFL condition c47h~" < o7,

I1P3(=tA) ) £ 1, P4 (=tAR) | £y < 1
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@ Time discretization of d,uy, + Ay (up) = 0in Ly,
@ For linear, autonomous ODEs, ERK3 and ERK4 amount to
Wy = Py(—tAR (), Uyt = Py(—TAp) ()
with P(2) := Xeqony #z’” (Taylor approximation of e* at order /)
@ A, bounded & dissipative: ||A,(vi)llL < cah™vallL, (An(va), v = 0
@ Theorem: Under standard CFL condition c47h~" < o7,

1P3(=tA) |l 2z, < 1, 1P4(~7AD | £z < 1

o Comments:

o stability for ERK3 established in [Burman, AE; Fernandez 10] (testing stages
with increments); includes dG and stabilized FEM for Friedrichs’s systems
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@ Time discretization of d,uy, + Ay (up) = 0in Ly,
@ For linear, autonomous ODEs, ERK3 and ERK4 amount to
Wy = Py(—tAR (), Uyt = Py(—TAp) ()
with P(2) := Xeqony #z’” (Taylor approximation of e* at order /)
@ A, bounded & dissipative: ||A,(vi)llL < cah™vallL, (An(va), v = 0
@ Theorem: Under standard CFL condition c47h~ < o7,

1P3(=tA) |l 2z, < 1, 1P4(~7AD | £z < 1

o Comments:

o stability for ERK3 established in [Burman, AE; Fernandez 10] (testing stages
with increments); includes dG and stabilized FEM for Friedrichs’s systems
@ see also [Zhang, Shu 10] for scalar conservation laws (specific scheme)
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@ Time discretization of d,uy, + Ay (up) = 0in Ly,
@ For linear, autonomous ODEs, ERK3 and ERK4 amount to
Wy = Py(—tAR (), Uyt = Py(—TAp) ()
with P(2) := Xeqony #z’” (Taylor approximation of e* at order /)
@ A, bounded & dissipative: ||A,(vi)llL < cah™vallL, (An(va), v = 0
@ Theorem: Under standard CFL condition c47h~ < o7,

1P3(=tA) |l 2z, < 1, 1P4(~7AD | £z < 1

o Comments:
o stability for ERK3 established in [Burman, AE; Fernandez 10] (testing stages
with increments); includes dG and stabilized FEM for Friedrichs’s systems
@ see also [Zhang, Shu 10] for scalar conservation laws (specific scheme)
o ERK?2 does not enjoy stability under standard CFL condition
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@ Time discretization of d,uy, + Ay (up) = 0in Ly,
@ For linear, autonomous ODEs, ERK3 and ERK4 amount to
Uyt = Py(—7A) (uf), upt! = Pa(—7Ay) (uf)
with P(2) := Xeqony %z’” (Taylor approximation of e* at order /)
@ A, bounded & dissipative: ||A,(vi)llL < cah™vallL, (An(va), v = 0
@ Theorem: Under standard CFL condition c47h~ < o7,

1P3(=tA) |l 2z, < 1, P4 (=7AR)? £ (1) < 1

o Comments:
o stability for ERK3 established in [Burman, AE; Fernandez 10] (testing stages
with increments); includes dG and stabilized FEM for Friedrichs’s systems
@ see also [Zhang, Shu 10] for scalar conservation laws (specific scheme)
o ERK?2 does not enjoy stability under standard CFL condition
o ERK4 and generalizations in [Xu, Zhang, Shu, Wang 19; Sun, Shu 17 &19]
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@ Time discretization of d,uy, + Ay (up) = 0in Ly,
@ For linear, autonomous ODEs, ERK3 and ERK4 amount to
upt! = P3(=7Ap) (uf), upt! = Pa(—7Ay) (uf)
with P(2) := Xeqony %z’” (Taylor approximation of e* at order /)
@ A, bounded & dissipative: ||A,(vi)llL < cah™vallL, (An(va), v = 0

@ Theorem: Under standard CFL condition c47h~ < o7,

1P3(=tA) |l 2z, < 1, P4 (=7AR)? £ (1) < 1

o Comments:

o stability for ERK3 established in [Burman, AE; Fernandez 10] (testing stages
with increments); includes dG and stabilized FEM for Friedrichs’s systems
see also [Zhang, Shu 10] for scalar conservation laws (specific scheme)
ERK?2 does not enjoy stability under standard CFL condition
ERK4 and generalizations in [Xu, Zhang, Shu, Wang 19; Sun, Shu 17 &19]
see also [Imperiale, Joly 25+] for some further advances
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@ Lemma. [AE & JLG 25+] Let s > 1 and (arbitrary) polynomial
P(2) := Tge (o) akz". Repeated integration by parts gives

1P (=tAn) )7 = llvallf + Z ay T | AL (v Il
ke{l:s}

@ AR ), AL (n))s
k,le{0:s—1}
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@ Lemma. [AE & JLG 25+] Let s > 1 and (arbitrary) polynomial
P(2) := Tge (o) akz". Repeated integration by parts gives

1P (=tAn) )7 = llvallf + Z ay T | AL (v Il
ke{l:s}

@ AR ), AL (n))s
k,le{0:s—1}

with (yn, zn)s := (An(¥n)> 20)L + ns An(zn))L
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@ Lemma. [AE & JLG 25+] Let s > 1 and (arbitrary) polynomial
P(2) := Tge (o) akz". Repeated integration by parts gives

1P (=7AR) VI = llvall + Z a7 AL )7
ke{l:s}

* Z aiﬂkwrl (AIZ(Vh)’ Aﬁ,(vh))s
k,le{0:s—1}

with (yn, zn)s := (An(¥n)> 20)L + ns An(zn))L
® (ab)eqi:sy and (@ sefo:s-1) St @}, = aj and

min(k,s—k)
aé = ai +2 Z (-D"agsmai—m,  Vk € {l:s}
m=1
min(l+1,s—k)
ay=2 Y (D"Magan, Vke {05 -1}, Ve {0:k)

m=1
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@ Taylor polynomials associated with ERK2, ERK3 and ERK4

ERK2 dat=

—_——
= O
~—

~—————

IS} IS

[} “
Il Il
| |
|
W= — N —_— N
| |
P p—
WI—=WRIN =
| |
QN = —
SN~———

0 -2 1 -1 4
ERK4 a = 1 a = 1 1 1 1
x it k3
576 12 12 24 72
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@ Lemma. [AE & JLG 25+] Assume
o Aj, bounded & dissipative: ||A;(vi)llz < cah™Hivalle, (A (), vz = 0
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@ Lemma. [AE & JLG 25+] Assume

o Ay, bounded & dissipative: [|A;(vy)llz < cah™ vl (Ap(vp).va)L = 0
o thereisr > 1s.t.

() ab<0 & aF=0Vie{lr-1}

) (@ kie(or—1y <0

28/33



@ Lemma. [AE & JLG 25+] Assume

o Aj, bounded & dissipative: ||A;(vi)llz < cah™Hivalle, (A (), vz = 0
o thereisr > 1s.t.

() ab<0 & aF=0Vie{lr-1}
) (@)kre(0:-13 <O

e standard CFL condition cqth™! < oo
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@ Lemma. [AE & JLG 25+] Assume

o Aj, bounded & dissipative: ||A;(vi)llz < cah™Hivalle, (A (), vz = 0
o thereisr > 1s.t.

() ab<0 & aF=0Vie{lr-1}
@ (@) re(0:r—1y <0

e standard CFL condition cqth™! < oo

Then we have
1P (=tA) gy <1
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@ Condition (i) fails for P,(z) (ERK?2)
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@ Condition (i) fails for P,(z) (ERK?2)

@ Conditions (i) and (ii) hold for P3(z) (ERK3) with r = 2
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@ Condition (i) fails for P,(z) (ERK2)
@ Conditions (i) and (ii) hold for P3(z) (ERK3) with r = 2

@ Condition (i) holds for P4(z) (ERK4) with r = 3, but condition (ii) fails
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Applicat

@ Condition (i) fails for P,(z) (ERK2)
@ Conditions (i) and (ii) hold for P3(z) (ERK3) with r = 2
@ Condition (i) holds for P4(z) (ERK4) with r = 3, but condition (ii) fails

@ Conditions (i) and (ii) hold for P4(z)*> with r = 3

8 —144 144 -96 48
144 -192 144 -78

L _ S

Tl | Wieon < g6 a4 114 65| =

. W

48 78 65 =37
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e Focus on ERK3
e Discrete errors

e Residuals and error equations
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@ Generic form for ERK3: Setting uZ’o = u}, compute

=u,
nl _  n0 n,0
w, =u, TAhuh
n2 _ nl 1 n,l _ n0
w,” =u, 3TAR (U —u,™)

n+l _ on2 1 n2 _ nl
uj, u, " — 37AN (U, —uy)
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@ Generic form for ERK3: Setting u uy, compute
nl _  n0 n,0
w, =u, TAhuh

n,2 n,1 1 n, n,0
w,” =u, —jTAh(uh —uh)

n+1 n,2 1 n2 _ nl
e R VU T

@ Define discrete errors using Ritz projection I
e = uZ’O — I (u(1"))
ey b= uZ’l — I, (u(") + TOu(r"))
62’2 = u"’2 — I (u(2") + Tu("))

ez+l _ MZH _ Hh(u(t"+1))
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Disc
@ Generic form for ERK3: Setting uZ’o ‘= uj,, compute

nl _ n
uh =u

h
n2 _ nl 1 n,l _ n0
w,” =u, 3TAR (U, u,”)

0 _ TAth’O

n+l _ on2 1 n2 _ nl
e R VU T

@ Define discrete errors using Ritz projection I
e = uZ’O — I (u(1"))
eZ’l = uZ’l — I, (u(") + TOu(r"))
62’2 = uZ’z — I (u(2") + Tu("))
et =t — Ty (u(rh))

o Comments:
@ no need to exploit Taylor expansions beyond first-order (low regularity)

e only stability of ERK3 plays a role
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@ Generic form for ERK3: Setting u uy, compute
.1 ,0
Wy = uy h — TAu,

n,2 n,1 n,l
w,” =u, _ETAh(”h -

n+1 n,2 1 n2 _ nl
e R VU T

0
uy")

@ Define discrete errors using Ritz projection I
e = uZ’O — I (u(1"))

= W T (u() + TOu())

&% =l — T, (u(2") + TOu("))

ez+1 _ uzﬂ _ Hh(u(t”+1))

o Comments:
@ no need to exploit Taylor expansions beyond first-order (low regularity)
e only stability of ERK3 plays a role
o discrete errors defined using HE: optimal approximation properties clearly
hold, but space consistency errors pollute error bound
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@ The key property of the Ritz projection is

0 (Gu(1)) = —An (T4 (u(r))) V20
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_ Residuals and error aqueion S

@ The key property of the Ritz projection is

0 (Gu(1)) = —An (T4 (u(r))) V20

@ Simple algebra leads to the discrete error equations

nl _ n0 _
n = Cn

n2 _ nl 1 n,l _ n0 n, 1
e, =e, ZTAh(eh €, )+TRh

n3 _ n2 1 n2 _ nl 1,2
e =e, STAh(eh e, )+ ™R,

e TAheZ’O + TRZ’O

with residuals

R = (IT) — 1)) (Jpu ("))
RZ’I = THE(B,,u(t"))
R = v I (u(e™) = u(?") = Tu(r"))
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@ The key property of the Ritz projection is

0 (Gu(1)) = —An (T4 (u(r))) V20

@ Simple algebra leads to the discrete error equations

nl _ n0 _
n = Cn

n2 _ nl 1 n,l _ n0 n, 1
e, =e, ZTAh(eh €, )+TRh

n3 _ n2 1 n2 _ nl 1,2
e =e, 3TAh(eh e, )+ ™R,

e TAheZ’O + ‘rRZ’0

with residuals
RO = (1) — 1) (Ou(r"))
RZ’I = THZ(@,,M(I"))
R = v I (u(e™) = u(?") = Tu(r"))

@ The residuals do not involve space derivatives!!
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@ Error equations rewrite

et = Py(=tAR () +T D Qs m(-TAN (R}
me{0:2}

with 030(2) =1 - 32+ 122, 031(2) =1 - 12, Q32(2) =1
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@ Error equations rewrite

et = Py(=tAR () +T D Qs m(-TAN (R}
me{0:2}

with 030(2) =1 - 32+ 122, 031(2) =1 - 12, Q32(2) =1

@ Triangle inequality + ERK3 stability + CFL condition

el < IIPs(—tAp) (€Dl + 7 Z 103.m(=7AR) (R,™) IIL
me{0:2}

<llefll+r > IRy
me{0:2}
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@ Error equations rewrite

67 = PyTAN(E) +T D Osn(—TA R
me{0:2}

with 030(2) =1 - 32+ 122, 031(2) =1 - 12, Q32(2) =1

@ Triangle inequality + ERK3 stability + CFL condition

lep il < 1P3(=TAR) (€Dl +T Z 103.m(=7AR) (R,™) IIL
me{0:2}

<llefll+r > IRy
me{0:2}

@ Bound residuals and sum over n
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@ Error equations rewrite

67 = PyTAN(E) +T D Osn(—TA R
me{0:2}

with 030(2) =1 - 32+ 122, 031(2) =1 - 12, Q32(2) =1

@ Triangle inequality + ERK3 stability + CFL condition

lep il < 1P3(=TAR) (€Dl +T Z 103.m(=7AR) (R,™) IIL
me{0:2}

<llefll+r > IRy
me{0:2}

@ Bound residuals and sum over n

!! Thank you for your attention !!

133/33



