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Abstract

We study cascade coupled systems, for which our prototypical example is a 1-d heat equation
coupled with a 1-d wave equation. The heat component is controlled through one boundary
and the information is transmitted through another one to the wave component, while the
wave component does not influence the heat component. Our aim is to understand the well-
posedness, controllability and stabilizability properties for such a system. Establishing well-
posedness is tedious using the classical energy method, which motivates us to take advantage
of the cascade structure. Taking again advantage of this structure, we prove a simultaneous
exact and approximate controllability result. Finally, we obtain polynomial stabilization by
means of a closed-loop control defined through the solution to a Sylvester equation. These
results are all discussed in an abstract LTI framework and most of our findings apply to more
general situations.
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1 Introduction

In this paper we investigate the well-posedness, the controllability and the stabilization of cascade
coupled systems. Our prototypical example is

zi(t,x) = zg(t,x), t>0, 0<z<l,

zz(t,0) = 0,

Zac(tv 1) = u(t)7 (1)
wi(t,x) = we(t,x), t>0, 0<a<],

we(t,0) = 2(t,0),

w(t,1) = 0,

where u = u(t) denotes the control. However, many of the results stated in the present paper might
apply to more general situations (see Proposition Theorem [2.4] Propositions and
and Theorem . We call it cascade because the information goes from the heat component
to the wave component, but the wave component does not influence the heat component. This
system can be thought of as an overly simplified fluid-structure model, it was introduced in [20]



under a more complicated form to model the stabilization of earthquakes by the localized injection
of a fluid in the earth’s crust. Systems of coupled heat and wave equations are used to model
fluid-structure interactions |10, Chapter 7, §7], but also thermoelasticity [32, §1].

The properties of the individual heat and wave systems appearing in are well known. The
heat equation (the controller)

= zg(t,z), t>0, O0<ax<l,

)
za(t, 1; = u(t), (2)

with initial condition in L?(0,1) and control u in L2, is null controllable in arbitrarily small time
[17]. Due to the Neumann boundary condition, there is one direction in which the heat equation is
not exponentially stable. It is well-known that a stabilizing feedback is e.g. the collocated feedback
u(t) = —z(t,0), which makes it exponentially stable.

The wave equation (the plant)

wi(t, ) = we(t,z), t>0, 0<z<l,
wy(t,0) = o(t), (3)
w(t,1) = 0,

has state space H(ll) (0,1)x L?(0, 1), where the subscript “(1)” means “functions vanishing at x = 1.

When the control v is L?, it is exactly controllable (to any state) in time 7' = 2, which is an easy
consequence of the method of the characteristics. When v(t) = 0, trajectories have constant norm
with respect to time, hence the uncontrolled trajectories do not converge to 0. The collocated
feedback v(t) = w;(t,0) allows to obtain exponential stability.

For systems of coupled PDEs, the situation is more involved. A first difficulty is that the coupling
may destroy the structure of the individual systems. For instance, is parabolic, whereas is
hyperbolic, but is neither parabolic nor hyperbolic.

1.1 Well-posedness

The well-posedness of a linear coupled system of heat and wave equations is usually obtained by
appealing to the Lumer-Phillips theorem. However, the “standard” energy of is given by

1
B() =5 [ {lsta) + ) + s (t,2)?) da,

which satisfies the dissipation law

1
E(t) = z(t, Du(t) — / |2 (t, )| dx — wy(t,0)2(t,0). (4)
0
In particular, for u(t) = 0, one cannot obtain the energy estimate
JeeR, V(0w wd), Vt>0, E(t)<cE(t),

and the Lumer-Phillips theorem does not apply in the natural energy space. To overcome this
difficulty, we will make the following observation (see Theorem : the cascade coupling of an



abstract linear system and an abstract linear control system (as defined in Definition automat-
ically defines another abstract linear control system. In this sense, the system is well-posed,
and we will show that its infinitesimal generator admits a closed formula. Subtleties may however
appear when one tries to identify the control operator (see . We rewrite in the form of an
abstract cascade coupled system
2 = Az+ Bu, (5)
w = FEw+ FCz,

where (A4, B, C') represents the heat system (the controller), (E, F') represents the wave system
(3) (the plant) and w = (w,w;) is the wave component|'} Consider the state variable

where w represents w;, and the state space
X = L2(0,1) x H},(0,1) x L*(0,1),

together with the input space U = C. Let A be the closed and densely defined unbounded operator
on X defined by

e 0 0
A= o o 1],
0 8w O

on the domain

z 2:(0) = z,(1) = 0,
D(A) = w | € H*0,1) x H*(0,1) x H'(0,1): | w(l) = w@(1) = 0, (6)
w wy(0) = z(0).

Standard computations show that

e 0 0
A= 0 o -1]|,
0 —8w O

with domain (notice that the cascade is reversed)

@ P(1) = 1) = 0,
DAY =4 [ 0 | e HR0,1) x H2(0,1) x H'(0,1) Va(0) =0, @)
1; (1) = ~07
©2(0) ¥(0).
Define the control operator B : U — D(A*)" byf]
v ©
v ¢ |epw), 5 0 | =e)
v v

1See [42, |41} |12] for the theory of linear and time-invariant systems.
2The space D(A*) is the dual of D(A*) with respect to the pivot X, often denoted X_1, see |41, §2.9] and |1}
Chapitre III].



As for most of the ensuing results, the following Proposition will be proved in a more abstract
framework (see Proposition , we give here its counterpart for .

Proposition 1.1. The operator A generates a Cy-semigroup on X, and B is an admissible control
operator for the semigroup generated by A.

For the “coupled” operator A, a Riesz spectral structure can be deduced from that of A and E.
Indeed, in general it is plain that o,(A) C 0,(A)Uo,(E), and the inclusion is an equality whenever
A and FE share no common eigenvalue. From this, we will provide a sufficient condition for A to be
diagonalizable in a Riesz basis, its eigenvectors being computed from the eigenvectors of A and E.
Below is the application to , see Proposition for a more general result.

Proposition 1.2. The point spectrum of A satisfies

. . ) 1
op(A) ={-XN:j=1,2,..3U{igp : k=0,+1,..}, N =(G—-1m)? = <k + 2) .
The operator A is diagonalizable in a Riesz basis of simple eigenvectors. We denote Zf (resp. ZI)
a corresponding normalized eigenvector for —\; (resp. ).

1.2 Controllability

The controllability properties of a coupled heat-wave system depend on the structure of the coupling.
For the thermoelasticity, one of the first control result we are aware of is due to Hansen [21] in
dimension d = 1. He obtains the null-controllability of the full state by obtaining an Ingham
inequality, which can be thought of a superposition of the observability inequalities of the wave
and the heat equation. This idea has been used in [50], where it was moreover shown that their
system is null-controllable for very smooth initial data, while initial data in D(A") cannot be
steered to rest by (H™(0,T))’ controlsﬂ for all N,T > 0. In dimension d > 2, Zuazua obtained
a mixed controllability property in [52], where the wave component is exactly controlled and the
heat component is approximately controlled. Lebeau and Zuazua [28] obtained null controllability
of both components, for a simplified thermoelastic model.

A standard procedure to obtain control results for systems of PDEs is to use the duality between
controllability and observability, in order to derive approximate, null, or exact controllability. Here,
the control pair (A, B) of the system enjoys the following additional properties: A is diagonal-
izable and B is a scalar action. For such a pair, the observability inequality which characterizes the
null controllability takes the form of a so-called Ingham type inequality for scalar non-harmonic
Fourier series [24]. The key idea of |21] is to start from two Ingham inequalities, already known
for the sub-systems, and to deduce a new Ingham inequality implying the observability inequality.
This idea has been generalized in |7, Proposition 1.6], whose range of applicability contains our
system . The following result will be proved in Appendix

Proposition 1.3. The system satisfies the following controllability properties:

o [t 1s approximately controllable in time T = 2, and is not approximately controllable in any
time T < 2.

3This fact was informally stated in [50], after the proof of their Theorem 4.2, with H~%(0,T) in place of
(HN(0,T))". However, as noticed in [15, §4.1.1], LTI systems are not necessarily well-posed when the control is
in H=1(0,T;U). They are well-posed with controls in (HN (0,T;U))’.



e It is not null-controllable in any time T > 0, even when taking initial conditions in D(AN)
and controls in (H™(0,T))', for fized N € N.

o For all time T > 2, it is null-controllable for initial conditions of the form

—+o0 —+oo o0 —+o0 9
20 =3 a2+ Y Az Yl S [Be/TH eV R < o
7=0 k=—o0 7=0 k=—o00

This Proposition is very similar to [50, Theorem 4.3], we only state it for completeness. To go
beyond this result, we use recent results on hybrid (or mixed) range inclusions of operators [31] to
deduce sufficient conditions for a hybrid controllability property of the abstract system . For the
concrete system we shall deduce the following.

Theorem 1.4. Let T > 2. Then, for all Z° € X, (wT,w?) € H(ll)(()7 1) x L2(0,1) and € > 0, there
exists u € L?(0,T) such that the solution (z,w,w;) of satisfies

#T)=0, and H( ;)Ut((?) ) - ( g; )HHl (0.1)xL2(0,1) = )

(1)

Mixed controllability has been considered in [52], where the wave component is exactly controlled
and the heat component is approximately controlled. Therein, a decoupling operator transforms
the original problem into a cascade coupled system, the wave component being the controller and
the heat component being the plant. Moreover, this proof technique is different from ours, as they
use compactness-uniqueness arguments while we only rely on Holmgren’s uniqueness theorem.

Remark 1.5. The reader may notice that our system is similar to the ones of [50, |3, 129]. The
systems studied in the first two cited works behave differently from ours, as their coupling is an
interconnection rather than a cascade. More precisely, in these papers, the heat component acts on
the wave component, and vice versa. The model studied in the third cited work [29] is coupled in
cascade, hence seems to be closer to our model. However, their coupling is internal while ours is at
the boundary, and they act on the wave component while we act on the heat component. Moreover,
their results are of a different nature from ours. In particular, they prove exponential stabilizability,
which is unlikely to hold in our case, as is not open-loop stabilizable (see the next §).

1.3 Stabilization

We will consider three stability concepts for a Cy semigroup, say e on the state space X.

e The semigroup et is strongly stable if

VZO € X, eAZ0 20,

t—o00

A

e The semigroup e** is exponentially stable if

INe>0, VZOe X, Vt>0, [eZ°)x < ce M2 x.

e The semigroup e'A is non-uniformly stable (at the rate m(-)) if

VZ° € D(A), Vt>0, [eZ%)x <m®)||Z°)pea).-



We think of strong stability as the lack of decay rate, while exponentially stability is the strongest
notion of the above list. We emphasize that in the definition of non-uniform stability, one cannot
replace the D(A)-norm by the X-norm, without imposing exponential stability. Indeed, recall that
for a semigroup the property

3to >0, [l ama <1,

is enough to impose exponential stability. When m(t) = ¢~* it is common to speak of polynomial
stability, see |5} |4, 39] and the references therein for more on non-uniform stability.

The question of the stability of coupled heat-wave systems has attracted considerable attention
since the seminal result of Dafermos [14, Theorem 5.2], imposing strong stability (towards a not
necessarily zero state) for systems of linear thermoelasticity. Many contributions have then tried to
obtain decay rates. In the one dimensional case, an exponential rate was obtained independently
by energy estimates and spectral theory |40} [22]. In dimension d = 3, Lebeau and Zuazua [27] gave
a mild sufficient condition of geometric nature for the impossibility of exponential stability. Similar
results exist for systems of coupled heat and wave equations. In dimension d > 2, Zhang and
Zuazua [49] obtained sharp polynomial and logarithmic decay rates, under very general geometrical
assumptions. A polynomial decay rate was obtained for a one-dimensional model in [50] by means
of spectral analysis. The sharpness of the decay rate can be obtained by direct verification on a
well-chosen solution (as in [49]), or by taking advantage of the relation between the growth of the
norm of the resolvent on the imaginary axis and the decay rate of the associated solutions [4] (as
in 2} [3]).

Surprisingly the question of stabilization has attracted less attention. By stabilization we mean
that one aims at improving the decay rate of the solutions, by adding a feedback law, which is a
control depending on the state variables (in our prototypical example, the solutions to the wave
and the heat equations). For thermoelasticity, exponential stabilization was achieved, for instance,
by means of boundary velocity feedback in [32] and by means of internal damping in [6]. Systems
of non-linear fluid-structure models are stabilized by non-linear damping in [26] and by interface
feedback in [25]. The coupled heat-wave model studied in [50] is stabilized at exponential rate by
dynamic feedback in [51].

The semigroup induced by is bounded, and for any k € Z the trajectory starting from ZLL
remains with norm 1, hence strong stability cannot hold without stabilization. We aim at stabiliz-
ing the system in closed loop, which is a nontrivial task for at least two reasons. Firstly, from the
dissipation law it is not clear which feedback one should put in . Moreover, the collocated
feedback u(t) = —B*z(t) cannot work because it does not depend on the wave componemﬂ Sec-
ondly, the system is not open-loop stabilizable in the sense of [3§]. More precisely, invoking [38|
Theorem 4.5], Proposition and , we deduce

Ve>0, 3Z°c X, Vue Li_[0,00), limsupe®||Z(t)||x = oc. 9)
t—o0

It is reasonableﬂ to conjecture the impossibility of feedback stabilization of , in the natural energy
space X, at an exponential (uniform) rate. This suggests to consider non-uniform stabilization.

4Put u(t) = —B*z(t) and 2°(z) = 0, then z(¢,z) = 0 and the wave equation is not damped.

5We do not know if feedback stabilization in the sense of Definition m (at a uniform exponential rate) implies
open-loop stabilization in the sense of [38]. However, if K is an admissible feedback for (A, B), meaning in particular
that the output KZ(t) is admissible for the trajectories of A 4+ BIC, then it is clear that the latter implication holds
true. See also |48} |23].



We will revisit a classical technique used to stabilize cascade coupled systems of ODEs, in the
context of infinite dimensional systems. We will consider a solution II (if it exists) of the Sylvester

equation]
EIl =1IA + FC, (10)

so that the change of coordinates

p=w+Ilz, z=z, (11)
transforms into
110 Az(t) + Bu(t),
p(t) Ep(t) + I1Bu(t).
Recall that (1) is coupled in cascade: the control u(t) acts on z(t), which acts itself on w(t). The new
system is simultaneously controlled: the control u(t) acts on z(t) and on p(t). This suggests
the following strategy:

(12)

1. Show that the Sylvester equation has a solution IT;
2. Stabilize (E,IIB) in closed-loop with a feedback K;

3. Show that u(t) := Kp(t) — 0 as t — oo, and also z(t) — 0, so that the joint state (p(t), z(t))
goes to 0;

4. Transfer this stability property back to the coordinates (z,w) of the original system .

This approach has been successfully generalized to the case where one of the two systems is finite
dimensional |34} |35]. The case where both systems are infinite dimensional is more technical, in
the works we are aware of, one often makes several extra assumptions such as the boundedness of
one of the control or observation operators, see |36, |18, [16]. In this work we are able to deal with
the general case where all the control and observation terms are unbounded. Under the assumption
that A is exponentially stable, E is skew-adjoint and other mild technical assumptions, we will show
that the Sylvester equation has a solution II € L£.(Z, W)(Proposition [3.3), and the feedback
law u(t) = —(IIB)*p(t) achieves strong stability (Theorem [3.10). As an application, we use the
latter feedback law to stabilize the system at the polynomial rate 1/4/1 + t.

Theorem 1.6. There ezists a feedback K : D(K) C X — C such that the feedback law u(t) =
K(z(t), w(t), w(t)) induces a Cy-semigroup on the state space X, and denote by Ax its generator.
Moreover,

- C -
Je > 0, V(zo,w07w0) € D(Ak), Vt>0, |[(z(t),w(t),w:(t))]r < 7||(20,w07w0)||D(AK),

V14t
where (z(t), w(t), w,(t)) is the solution of ().

The rest of the paper goes as follows. In Section 2, we consider abstract cascade coupled systems,
for which we obtain well-posedness and Riesz basis properties, and we apply these abstract results
to the heat-wave system , in order to obtain a mixed controllability result. In Section 4, we study
the Sylvester equation and the stabilizability properties of the target system, in order to obtain the
polynomial stabilization of the heat-wave system .

6 Strico sensu, it is not totally rigorous; the heat equation with Neumann boundary conditions is not exponentially
stable, so we will need to pre-stabilize it and to change F in a stable version E,, see Section
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2 Considerations on abstract cascade coupled systems

In this section, we consider abstract cascade coupled systems, which are formally defined by .
We will use the formalism of linear and time-invariant systems, for which we refer to [41] |42] and
[12, §2.3]. For simplicity, as soon as we consider abstract cascade coupled systems, we refer to the
second coordinate of () by w(t), there should be no confusion with the state w(t) = (w(¢), ws(t))
of the wave system .

2.1 Abstract linear systems

In this §, we introduce the relevant definitions and collect some background material on abstract
linear systems. We begin by motivating the use of this concept with a non-rigorous discussion: in
practice, one may often represent a control system by the equations

z(t) = Azx(t)+ Bu(t),
z(0) = a9 (13)
y(t) = Cz(t) + Du(t),

where (4, B, C, D) are (possibly unbounded) operators, x(t) € X is the state of the system (at time
t), 2° € X is the initial condition, u(t) € U is the control and y(t) € Y is the output signal (X,Y,U
are Hilbert spaces). For the systems we have in mind, there holds D = 0, but we will see that in
general one should take D into account in order to establish a complete theory. Several strategies
may be used to derive the well-posedness of , the specific methodology possibly depending on
the equations. If the system is well-posed, in a sense that we do not make precise for the moment,
one expects that

o A generates a Cy-semigroup, denoted (T¢)¢>0;

e The Duhamel formula holds:

¢
z(t) = Ty —|—/ Ti—oBu(o)do;
0

e The output is given by the formula
¢
y(t) = CTa’ +C / T o Bu(o)do + Duf(t).
0
Then, the equations induce a family of linear continuous operators ((T;)¢>o0, (®1)i>0,L, F),
satisfying

cpt:{ foe([0,00)5U) - — X X — (0,00 Y)

loc L:
u — fg Ti_oBu(o)do 0 — [t CTu?



and
loc([()? OO); Y)

= Ll20c([07oo);U) — Ly
' u — [t — C®u+ Du]

These operators allow one to compute the state z(-) and the output y(-), given the data (u(-), 2°). By
analogy with semigroup theory, if the equations corresponds to the abstract ODE 4(t) = Ax(t),
then the family of operators ((T¢):>0, (®1)t>0, L, F) corresponds to the concept of Co—semigrouﬂ
Moreover, in order to develop the theory, it is easier to start with a family of operators and to then
associate it a representation in the state variable as in . We will see that the converse operation
is more difficult.

Definition 2.1. Let X,U,Y be Hilbert spaces. An abstract linear system on the state space X, the
input space U, and the output space Y is a quadruple ((T¢)i>0, (Pi)i>0,L, F) such that

1. (Ty)e>0 is a strongly continuous semigroup of operators on X.

2. Forallt>0, ® : L _([0,00);U) — X is bounded, and we have

O, p(uo,v) =Tid,u+ @, Vt,7>0, Yu,ve L ([0,00);U). (14)

3.L: X — L2 ([0,00);Y) is bounded and such that for all 2° € X, all T > 0, we have for

almost every t > 0
(Lz®)(t + 1) = (La° o, LT,2°) (¥).

loc loc loc

4. F: L ([0,00);U) — L2 _([0,00);Y) is bounded and such that for all u € L2 ([0,00);U) and
almost every t > 0,

Fluor v)(t+7) = (Fuo, (L®-u+ Fov)) (¢).

An abstract linear control system is a pair ((T¢)i>o0, (P¢)i>0) that satisfies 1. and 2. above.

In the above, we have used the notation

or (o) = u(o), 0<o<m,
wor i) = vie—1), T<0< 0.

If one takes t = 7 = 0 and v = v in , one sees that &y = 0. Taking ¢ = 0 and v = 0, one
sees that @ u only depends on the restriction of u to the time interval (0, 7). Therefore, there is a
canonical way of interpreting ®, as a bounded operator L?(0,7;U) — X. One can similarly show
that for all 7 > 0, the operator F can be seen as bounded L?(0,7;U) — L?(0,7;Y).

Given an abstract linear system X, its representation in the state variable can be done as fol-

lows. We put A the infinitesimal generator of T. It can be shown [43] Theorem 3.9] that there
exists a bounded operator B : U — D(A*)’ defined by

1
Vv eU, Bv= lim -®(1®v), (15)
t—0+

7A more precise link with the usual notion of semigroup is made thanks the Lax-Philips semigroup, see
[staffans2006well].



where the limit is in D(A*)" and 1 ® v is the function constant to v. Then, we have
t
du = / T, oBu(o)do, Yuc L3 ([0,00);U), Vt>0. (16)
0

The condition implies , which uniquely determines B. It is called the control operator of
3. There is moreover a unique operator C' : D(A) — Y such that

va? € D(A), vt>0, (L2°)(t)=CTa°,

called the observation operator of X.. Without further hypothesis on ¥, its state space representation
cannot be much improved. One difficulty is to define the quantity C®,u, as ¢, ranges in X and C
has domain D(A). To overcome this, it was suggested by Weiss to consider regular abstract linear
systems [45} 46].

Definition 2.2. Let ((Ti)i>0, (Pi)i>0,L, F) be an abstract linear system on X, U,Y . The system is
called regular if, for all v € U, the following limit exists in Y :

1
Dv := lim 7/0 F(1®v)(o)do. (17)

The above (uniquely) defines a bounded operator D : U — Y, called the feedthrough operator of
Y. Tt can be shown (see |45, Theorem 4.5]) that when ¥ is regular, the operator C' has an extension
Cr: D(CL) C X — Y, called the Lebesgue extension, such that for any u € LZ ([0,00);U), for
almost every ¢ > 0, we have ®;u € D(C},) and

(Fu)(t) = Cp®u + Du(t).
Then, we have the following.

Theorem 2.3. ({5, Theorem 4.6] Let ¥ = ((T¢)i>0, (Pt)e>0, L, F) be a regular abstract linear system
on the state space X, the input space U and the output space Y. Denote by A, B,C, D respectively
the infinitestimal generator of T, the control operator of 3, the observation operator of ¥, and the
feedthrough operator of ¥3. Then for all x° € X and u € L2 ([0,00); U), the functions

loc
w(t) = Toa® + Spu,  y(t) == (La®)(t) + (Fu)(?),
satisfy the following

o The curve x(-) is of class C([0,00); X) and is the unique solution (by tmnspositiorﬂ/ of the
problem
@(t) = Ax(t) + Bu(t), z(0)=z°.

o For almost every t > 0 we have z(t) € D(CL) and

y(t) = Cra(t) + Du(t).

8For the concept of transposition solution, see |12} §2.3.1].

10



Accordingly, we call (A, B,C, D) the generating operators of ¥.. As anticipated, the converse
operation of starting from operators (A, B,C, D) and deciding whether they are the generating
operators of some abstract linear system ¥ is tedious. For abstract linear control systems the
situation is completely understood [45]: a pair (A, B) generates an abstract linear control system
if and only if A generates a Cy-semigroup T and B € L.(U; D(A*)’) is admissible, i.e.

3r >0, Yue L*0,7;0), / T,_oBu(o)do € X.
0

More generally, given (A, B,C) there is a satisfactory characterization of the fact that A, B,C
respectively are the infinitesimal generator, control operator and observation operator of some
abstract linear system X [13, Theorem 5.1]. Note that the system ¥ is not uniquely determined
by A, B,C (one can add to F any D € £.(U;Y)) and may fail to be regular. We are not aware of
a nontrivial characterization of the fact that a quadruple of operators (A, B, C, D) consists in the
generating operators of a regular linear system X.

2.2 Cascade coupled systems

Now, we study the well-posedness of the cascade coupling of an abstract linear system and an
abstract linear control system, having in mind (5)). Let . = ((T¢)i>0, (®1)¢>0, L, F) be an abstract
linear system (the controller) on the state space Z, the input space U and the output space Y. Let
Y = ((St)t>0, (¥4)r>0) be an abstract linear control system (the plant) on the state space W and
the input space Y. We would like to define the cascade system X4, formally for the moment, as
the linear control system with state variable Z(t) = (2(t), w(t)) satisfying

2(t) = Az(t) + Bu(t),

2(0) = 29

y(t) = Cz(t)+ Duf(t), (18)
w(t) = FEw(t)+ Fy(t),
w(0) = wY,

where (A, B,C, D) are the generating operators of ¥, and (E, F') are the generating operators of
Yp. Our goal is to explain in which sense one has to understand in order to obtain a well-posed
linear system. Formal computations yield

- (3 2)(2)+(3)r

7(t) = ( ey ) ( ZZ ) + ( st )u(t). (20)

The formula already defines an abstract linear control system.

and

Theorem 2.4. Let X, := ((T¢)i>0, (P¢) >0, L, F) be an abstract linear system on Z,U,Y and ¥, :=
((St)t=0, (Ty)i>0) be an abstract linear control system on W, Y. Then, the operators

—( T 0 _(
Gt L < ‘I’tl_ St )7 Xt = ( \I/tF >7 (21)

11



are such that Eease := ((Gy)r>0, (Xt)1>0) defines an abstract linear control system on the state space
Z x W and the input space U. The generator A of G, satisfies

A= A0 D(A) = 2 DA xW:E_ju’ + FC° e W
- FC E71 ) ( )_ ’UJO € ( )X Lqwt A+ KIS )

where E_q1 : W — D(E*)’ is the unique extension of E : D(E) — W.

Proof. Let us first verify that G; is a C-semigroup on X' := Z x W. For fixed 0 < t < oo, G; is
obviously a bounded operator on X, being the identity for ¢ = 0. The semigroup property follows
from the composition properties of ¥, and ¥.. It remains to prove the continuity of ¢ — G;Z°, for
fixed Z° € X. Let Z° = (2°,w°) € Z x W be fixed, we have

T:2°
0 _ t
G2 = ( Wilz0 + Sy )

hence it is enough to verify that the controlled trajectory ¢ — W;L2z° is continuous [0,00) — W. The
latter property is true when Lz° is replaced by any y € L2 ([0, 00);Y), as shown in |43, Proposition
2.3], hence, G; is indeed a Cy-semigroup on X.

For any time 0 < ¢ < oo, the operator x; is clearly bounded L% ([0,00);U) — X. The fact

that (G, x) satisfies the composition property is trivial, so that it is indeed an abstract linear
control system.

Let G be the infinitesimal generator of G;, we show that G = A. Let Z° = (2°,w°) € D(G),

we have 0
Tiz"—=2 Gtzo _ ZO x o G1ZO
( \I/f,LzOJréf,wO*wo ) - t t—0+ GZ” =: < GoZ° > (22)

Taking the first coordinate, we have that (T;2° —2°)/t converges in Z, as t — 0T, hence 2° € D(A),
and the latter limit equals Az°. We deduce that G1Z° = Az°. For the second coordinate, we
observe that

S’ —w® w_, U, L0 + Sy —w® W

FEu®, G,Z°.
t t—0+ t t—0+
Moreover, it is elementary to verify that
1 W_q
vy € C([07 OO); Y)7 7\111511/ — Fy(0)7 (23)
t t—0+

hence with y(t) := (Lz°)(t), which is continuous as 2° € D(A), we find

\I/t LZO W_y

t t—0+

FCZO.

Thus, taking the second coordinate in , we find FC2° + Ew® = GoZ° € W. This shows that
G C A. For the converse inclusion, we let Z° = (2%, w®) € D(A) and observe that Z° € D(G) if
and only if the term
U, L20 + S,w® — w°
t )
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converges in W, as t — 0. We compute

W, L2% + Sywf — w0
t

1 [t 1 [t
== / S, FCT,2%o + = / S, Ewldo
t Jo t Jo

1/t 1/t
- / S, FCT,_,2%o + = / S, Ew'do.
t Jo t Jo

1 I
- / S, (FCz + Euw’)do + - / S,FC(Ti_,2° — 2%)do. (24)
0 0

The first term in converges to FCz° + Ew® in W, since this last element belongs to W, owing
to the definition of D(.A). It remains to show that the second term of vanishes as ¢ — 07, in
W. For this, we write

1 1
;/ SeFC(Ti_e2’ — 2%)do = ;\I/ty, y(t) == C(T 2% = 20,
0
where the function y is of class H(I(J)’IOC([O7 );Y), owing to 2° € D(A) and the admissibility of

C. The trajectory ¢ : t — Wy is therefore of class C'([0,00); W) [41, Lemma 4.2.8] and satisfies
¢(0) = ¢(0) = 0. By definition of the derivative, we have

1 ¢t)—¢0) w
Uy = 0)=0
P tY t ot ¢(0)
We deduce that 0 0 0
ilz +Sw —wh_w FC2° + Fu°
t t—0+
This shows that A C G, whence the equality. O

The identification of the control operator B : U — D(A*)" of X.4sc is slightly more technical.
From the formal computation , we guess that B should correspond to the matrix operator

M= ( st > M :U = D(A*Y x D(E".

However, because
0
D(A*) = {( io > € Zx D(E*): (A*)_19° + C*F*y° ¢ Z}

is in general not a Cartesian product, the space D(A*)" has no reason to be a Cartesian product,
hence one should explain in what precise sense B is represented by M defined above. This issue has
been addressed in |44 pp 27, 52-56], which deals with the more general situation of regular linear
systems with feedbacks. Therein a very general procedure has been proposed to identify a space 20
such that

X CcWc (DAY x D(E*))Yn D(A*Y,

and B: U — 20 is bounded. However, the notation (D(A*) x D(E*)") N D(A*)" has no canonical
meaning for us, and hides an identification [44] eq. 7.10]. We prefer to impose ad hoc conditions

13



allowing one to bypass these non-canonical identifications. While this approach is less general and
requires additional assumptions, it seems to us that it provides a more concrete treatment in the
present setting.

To define B* as an operator D(A*) — U using , it is natural to define B* on the projection on
the first coordinate of D(A*), that is

D:={ e Z:3° e DE*), (A*)_ 19" +C*"F° ¢ Z}. (25)

Definition 2.5. We say that the operator B*, originally defined from D(A*) to U, defines an
operator D — U if the following holds:

e D is endowed with a Banach space structure;

o There exists a Banach space V' such that D(A*) C V. C Z and D C V continuously and
densely;

e B* has a (unique) extension V. — U.
For simplicity we will continue to use the same symbols B and B*.

Proposition 2.6. In addition to the hypotheses of Theorem above, we assume that ¥ is reqular,
with feedthrough operator D, and that B* naturally defines an operator D — U. Lastly, assume
that

1
Vv € Ua VQOO € D7 <¥(Dt(1 ®V)7¢O>Z m} <VvB*<p0>U- (26)
—
Then,
@’ @’ 0 0

The requirement is automatically satisfied when ¢©° € D(A*). We do not know if
always holds under the hypotheses of Proposition [2.6

Remark 2.7. This result can be compared with those of [44), §7], which deals with a more general
situation but makes use of a non-canonical identification. See also [47, Lemma 5.1], which uses the
same identification as in [44)].

Proof. We identify the control operator B of the abstract linear control system (G, y), which is
defined in . We fix v € U and observe that

1
+0,(1®vV) 1 Xy
t = N
( 1 F(lev) ) tXt(l ®v) t—0+ Bv.
Let (¢°,4°) € D(A*), we have
1 0 1 1
(putton. (%)) = (L1065 + (GRS ), 6w,
t D(A*),D(A*) ¢
hence it is enough to show that

1 * 1 * Tk
<Z®t(1 ®V),§DO>Z m <V,B SOO>U7 <¥\Ift|:(1 ®V)7¢0>W m <V,D F wO>D(E*)’,D(E*) (27)
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holds for all ¢° € D and ° € D(E*). The convergence of the first term is granted by hypothesis,
hence we shall focus only on the second pairing. We compute

1 1 [
FUF1 v =4 [ S PRI o) (@)
0

= %/0 FF(1®v)(o)do + %/0 (St—o = DFF(1 @ v)(0)do.

In the above right-hand side, we observe that one may pull F' out of the first integral, and by the
regularity assumption , the corresponding term converges to F'Dv, in W_;. We verify that the
other term converges to 0, weakly in W_; = D(E*)":

1 ' — v)lo)do 0 = — t v)lo *(Sy - 0 (o
(i [ nrraev@ine) = [0, P, e

where F(1®v) € L ([0,00);Y) (which implies that [|F(1® v)|12(jo,0),v) = O(Vt) as t — 07) and

loc

t— F*(S; — 1)y° € H(lo),loc([O,oo);Y) (which implies that ||[F*(S;_. — 1)¢°||L2(jo,0,v) = O(t) as
t — 0T) . This is enough to conclude to the second convergence in , using Cauchy-Schwarz
inequality. O

2.3 Riesz basis property

In this § we transfer certain types of Riesz basis properties from A and F to A.
Assumption 2.8.
o A (resp. E) is a closed densely defined unbounded operator on Z (resp. W ).
e The operators C, F are respectively bounded D(A) =Y and Y — D(E*)'.

o The operators A and E are both diagonalizable in Riesz bases, respectively denoted (z;) and
(w)-

e The operators A and E do not share any eigenvalue.

We define a unbounded operator A on X := Z x W exactly as in Theorem We denote
A1, Aa, ... (resp. i, 2, ...) the eigenvalues of A (resp. E), possibly counted with multiplicities, in
such a way that z; (resp. wy) is associated to \; (resp. px). Under the above assumptions, it is
easy to show that o,(A) = 0,(A) U0, (E), with eigenvectors given by

_ (0 - 2
2= () 2= (o hires, )

The following is a sufficient condition for A to be diagonalizable in a Riesz basis.

Proposition 2.9. The normalized eigenvectors of A form a Riesz basis of X whenever

I = B) T FClfy < oo, (28)
i
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Proof. We aim at showing that the family

~ . 7 Z
Fom {2 =12 U{Z k=120, 2= e
J

is a Riesz basis of X. Note that the hypothesis implies that (\; — E)_lFC’zj is bounded in
W with respect to j, and therefore (Z;); is almost normalized in X. We can therefore equivalently
consider the family

F=1{Z;:j=1,2,.3U{Zy: k=1,2,..}.

By [19, Chapter 6, Theorem 2.3], it is enough to show that F is w-independent and that it is
quadratically close to another Riesz basis G of X. Our reference Riesz basis will be

g:={< % ) :j=1,2,...}u{( 2 ) ;kzl,z,...},

which is clearly a Riesz basis of X'. The fact that F and G are quadratically close is equivalent to
the hypothesis , hence we are left with the w-independence of F. Because the family F is almost
normalized, its w-independence can be rephrased as: for any sequence of coefficients a € £2(F), if
the series ) ay f converges (for some summation order) to the zero vector, then, all the coefficients
are zero. So let (af) be as such, write

{astrer = {8} U{mtr,

and take the first component of the convergence

Yo 25 ( 8 ) (29)

(where we do not specify the summation order for simplicity) to obtain that

Z Bijz; = 0.
Taking advantage of the w-independence of (z;) in Z, we obtain:
Vi=1,2,..., B;=0.
Considering the second component of , we obtain:
0= Zﬂj()\j —E)"'FCz; + Z%wk = nykwk.
Because the (wy) are w-independent, we obtain:
Vk=1,2,..., v =0,

which shows that (o) rer is identically zero. This concludes the proof. O
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2.4 Applications to the heat-wave system

In this section we apply all the results of the previous section to the heat-wave system .

Proof of Proposition[I.1} Following the transposition method (see [12, Chapter 2] and [41] Section
10.2]), the equations are well-posed in the Hadamard sense on the state space Z = L*(0,1) and
the input space U = C. More precisely, for all 0 < T' < oo, 2° € L?(0,1) and u € L?(0,T), there is
a unique solution z(-) € C([0,T]; L*(0,1)) to (2). It satisfies the bound

Iz leqo,r1:2) < C(T) {112°M 2 + [lull 20,1 } -
Introduce the Neumann Laplacian as the unbounded operator A on L?(0,1) with
A =0, D(A)={z€ H*0,1): 2,(0) = z,(1) = 0}.

It is known that —A is diagonalizable in a Hilbert basis, with simple eigenvalues A\ < A < .... We

have
- 2 ]-7 J: 1;
8= G0 0= e yen, 522

where e; is a normalized eigenvector of —A associated to ;. The solution z(-) of then writes

oo

t 0o
z(t) = Ze_)‘jt<zo, €;)€; +/O Z e M=) B*eu(o)e;da,
j=1

Jj=1

where we have defined B* := §;. One sees that z(-) belongs to C([0,T] x [0,1]), with norm
controlled by that of z° and u, hence the output y(¢) := 2(¢,0) is well-defined. For z° € L?(0,1)
and u € L [0, 00) we denote z[2°, u](+) the solution of (2). We put

T:2% = 2[2°,0](t,-), ®pu=2[0,u](t,-), (Lz°)(t) = 2[2°,0](¢,0), (Fu)(t) = z[0,u](t,0),

which obviously defines an abstract linear system, with output ¥ = C. Its infinitesimal generator
is A, its control operator is B and the observation operator is C' := §y. We verify that it is regular
with D = 0: for v € C and t > 0 we compute

1 1

E/O F(1®v)(g)do:E/O z[0,u] (o, 0)do,

and observe that the function ¢t — z[0,u](¢,0) is continuous and vanishes as t = 0, hence the
regularity and D = 0.

A similar reasoning applies to the wave system , it defines an abstract linear system on the
state space W, the input space Y, and has the generating operators (F, F'), defined by

W = HY)(0,1) x L*(0,1), F* ( z ) = —u(0), B= ( agx 0 )

and

D(E) = {( z ) e H2(0,1) x H'(0,1) : w(1) = (1) = w,(0) :o}.
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The first item of Theorem applies, hence the cascade coupling defines an abstract linear
control system. It is easy to verify that D(A) is given by (6), and D(A*) by (7). The set D, defined
in , is given here by

D={pecH*0,1): pu(1) = 0},

hence we put V = H3/2(0,1). That the inclusions D(A*) C V and D C V are dense follows from
the density of C2°(0,1) in H'/2(0,1) |30, Chapter 1, Theorem 11.1]. We are left to verify the
hypothesis , for which we compute

<Z(t)a <P0>Z>

1 v
(1), ")z =

where z solves with 2%(z) = 0 and u(t) = 1. From Duhamel’s formula we have

t o0 Xyt
i(t—o * * 1—e™ *
z(t) = / Z e M=) (B*¢ej)e;do = t(B*er)er + Z /\7(3 eje;,
0 j=1 =2 J
so that
1 i

* - 1- e_A ! *
;(z(t)MPo)Z = B*ei(e1,¢%)z + Z T(B ej)<€ja800>z~
=2 !

By integration by parts we see that

1 .
VL)OO € D7 <ej7900>Z =0 ()\> , ] 09,
J

and from the inequality
Ve >0, [1-e % <ux,

we deduce that for all j > 2 and 0 < ¢ < 1 there holds

1— e it

<1
DY ~ N

(B*ej){ej, ¢°) z 3
J

By dominated convergence, we obtain

1 * - * *
;<Z(t)a¢0>z — Brei(er, %)z + Z(B ej)<ejaS00>Z = B¢,
j=2
as t — 0T, hence the conclusion. O

Proof of Proposition[I.4 It can be easily checked that the heat and wave sub-systems and
satisfy Assumptions We now need to verify the summability condition in order to apply
Proposition To do so, it is convenient to transform the coordinates (w,w) into the Riemann
coordinates (f, g) through

W+ Wy W — Wy

f=E5 g e e T At (30)
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We verify that this leaves invariant (28): put R : W — L*(0,1) x L?(0,1) defined by R(w,w) =
(f,g9). Using the parallelogram identity one verifies that

1w, @)y = 2[R (w, ®)[I22(0,1)x £2(0,1)-

If £ := RER™! and F := RF, then working with the (f,g) coordinates amounts to consider the
control pair (E, F') in place of (E, F'). One readily computes

I(Aj — E)"FCxllr20,1yx220,1) = IR(A; = E) ' FC2;l12(0,1)x 12(0,1) = (N — B)"'FCz|w,

|
V2
hence we may proceed using the Riemann coordinates.
Then, for all j = 1,2, ..., we have

2 =p; | 7], (31)

0uf7@) = NfM@), O<z<l,
gi(x) = —Ngj(x), 0<z<l,
g:(1) = —fr(1),
g0) = fP(0) = L
The solution of the above system is

eNi® 2N
b - — b — T Az
fj(x)_1+€2>‘j, g](x)— 1+62>\je A

and we observe that both terms converge to 0 as j — oo, pointwise on (0, 1) with an L* domination.
By dominated convergence we deduce that the convergence is in L?(0,1), and noticing that pj in
can actually be taken as any almost normalization constant we can therefore set p; = 1. Thus,

the condition rephrases as
2
} dr < 00

> [
= Jo 1+ esM

-z
e
1+ e2Xi

2 ‘

which follows from

1 oz |2 2N 1 =2
JE— — ~ | —
/0 Tren| T oA re T 2y, 0 T
1 2, 2 2, 2 a2y
e e e e M —1 1 )
— dr = ~— — 00.
A 14 e2X ¢ v <1 + e2X > —2/\j 2)\]‘ > J 0
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The end of this section is devoted to the proof of Theorem First of all, we will recall the
strategy developed in |31} Proposition 2.4] at the abstract level of Assume that the pair (A4, B)
is null-controllable in arbitrarily small time. In this case, one can define the observation norm

T
1671 = [ 1Bt (32)
for all 7 € Z, where (+) is the solution of

{ _f(% - ﬁ;g.o(t), 0<t<T, (33)

The quantity || - ||, is a norm |12, §2.3.2], put Z any completion of (Z, || - ||+). Next observe that the
adjoint system of is

—(t) = E*p(t), 0<t<T

W(T) = o7, (34)
—p(t) = A*e(t)+C*F*y(t), 0<t<T

o(T) = o,

and define the observed signal by

D(p",97)(t) = B (1),

which defines a bounded operator I' : Z x W — L?(0,T;U). The approximate controllability (at
time T') of the system ([5]) is equivalent to the injectivity of I". From the definition of Z. the operator
I has a unique extension I'¢ as a linear continuous operator from Z x W. From [31, Proposition
2.4], a sufficient condition for the mixed controllablhty property . to hold is that I'® is injective.
To apply thls strategy, one subtlety is that when T € Z \ Z, there is no clear meaning of what is
o(t) in , even if by following 31} Proof of Proposition 2.4], one can find an appropriate abstract
extension to the map ¢ € Z +— ¢ € L*(0,T; Z).

To show that I'¢ is injective, we will rather show that when ¢ € Z, the solution o(t) of is
of class C([0,T); L?(0,1)) and satisfies the heat equation in a weak sense.

Lemma 2.10. Assume that (A, B) is null controllable in arbitrarily small time and let 0 < T < oo.
The map = : @7 + @(-), which to any pT € Z associates the solution ¢(-) of ., has a unique
linear and continuous extension Z — C([0,T); Z).

C([0,T); Z) is a Fréchet space with semi-norms py, () = supgi<r_1/, l¢t)| z-

Proof. Because the pair (4, B) is null-controllable in arbitrarily small time, the pair (A*, B*) is
final state observable in time T (see, e.g, [41, Theorem 11.2.1.]). Therefore, for all 7 € [0,T),

T
>0, Vel €2 |lp)lg <ec / 1B o(t) | dt.

where ¢(+) is the solution of (33). The latter inequality also implies that, for all 7 € [0,T),
T
>0, ez el <c [ 1B @l
0
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Denote ¢(7) the smallest such constant, which is a non-decreasing function of 7. Now fix n > 1,
7€1[0,T —1/n] and ¢! € Z, we have

T T
le(r)lIZ < C(T)/ 1B*o(t)|Ifdt < (T — 1/n)/ 1B* ()5 dt = (T = 1/m)ll¢" |2,
0 0

hence the operator

E.:Z =00, T—1/n);Z), E.¢"(t) = (),
has a unique linear and continuous extension =, : Z—=C ([0, —1/n]; Z). Then, we observe that
for all 7" € Z, the restriction of Z,,1 1T to [0,T — 1/n] is Z,»T. By continuity and density, this
also holds when ¢T € Z, hence the maps (2¢)°2, define a unique linear and continuous operator
2¢: Z — C([0,T); Z). This operator is the unique extension of Z. O

As a consequence, the map © : Z x L?(0,T;U), that associates to ¢ € Z and f € L?(0,T;Y)
the solution ¢ of
() = ",

has a unique linear and continuous extension ©¢ : Z x L2(0,T;U) — C([0,T); Z).

{ —p(t) = A*pt)+C*f(t), 0<t<T,

Proof of Theorem[1.4) Let T > 2, we show that I'® is injective. To this aim let us first assume that
(T, T) € Z x W. In this case we have

T(e", ") (t) = B*p(t) = ¢(t, 1),

for almost every ¢ € (0,7), where (p, ) solves the adjoint system (34). In particular, with f :=
F*1), we have that ¢ = O(p7, f) is a weak solution of

—Op(t,z) = Opa(t,x), 0<t<T, O0<z<l,
ng(t,O) = f(t),
@z(ta 1) = 0, (35)
p(t,1) = D", ¥")),

in the sense that: for all ¢ € C°((0,T) x [0,1]) with (,(¢,0) = 0, there holds

0= /0 /0 O(Ct + (o )dadt — /0 (0", 070G (1 1) + C(1,0) £ (1)} dt. (36)

Let us then verify that the weak formulation still holds when ¢’ € Z: let ¢! be as such and
YT € W, fix a test function ¢ and e such that 0 < € < T and

supp¢ C [0,T — €] x [0,1]. (37)
Consider a a sequence (cpJT) approximating 7, for the A norm, with <pjT € Z for all j € N. Denote
;= @(gojT,f), for all j € N, we have

0= /0 /0 ©j (Gt + Cua)dxdt — _/0 (T 0T) ()G (1, 1) + C(1,0)£(2) ) dt

T—e¢ 1 T
- / / 05(Ci + Cou)dadt — / (", 7)o, 1) + C(t, 0) £ (1)} dt,
0 0 0
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and we may pass to the limit j — co because

([0, e;L2(0,1)) 1)
SDJ'T ( 7f) ( vaT)TF(SDTawT)a

where the first limit follows from the boundedness of ©¢ (see Lemma [2.10). Therefore, ¢ is a weak
solution of with I'° in place of T'.
Assume now that (7, 97) € ker I'°. Introducing ¢ := 0%(p7T, f) and f := F*, we have that

T 41 .
Oz/0 /0 @(Ct-l-Cm)dxdt—/o C(t,0)f(t)dt, (38)

for all { € C((0,T) x [0,1]) with (,(¢,0) = 0. We extend ¢ € C([0, ), L?(0,1)) by 0 for
x > 1, and we call ¢° the extension. One easily sees that ¢¢ € C([0,7T); L?(0,00)), and for all
¢ e Cx((0,T) x (0,00)) we have

// (ot Con)ddt = // (Gt Con)dadt = // (Cot-Con)ddt— / C(,0) f(H)dt = 0.

Thus, ¢°© solves (=0 — 02z )® = 0 in D'((0,T) x (0,00)). Up to a modification on a null set, the
modified function still denoted by ¢, we have ¢ € C*((0,T) x (0,00)) and for all 0 < ¢ < T the
function ¢°(¢,-) is analytic. Since ¢°(t,2) = 0 for almost every (¢,z) € (0,T) x (1,00), we deduce
that ¢°(¢, ) = 0 for almost all (¢,z) € (0,T) x (0,00). Returning to (38)), we deduce that f(t) =0
for almost every t € (0,7). Then, on the one hand, because the wave equation is approximately
controllable in time 2 and T > 2, we deduce that 1/)T = 0. On the other hand,

T T
T2 e T 2 _ e T T 2 _
o H*—/O T (T, 0)(0) ‘“‘/0 e (o7, T (0)|2dt = 0,

where the first equality is the definition of || - [[.. We conclude that ¢” = 0, as the norm || - ||.
separates points in Z. O

3 Polynomial stabilization

3.1 The Sylvester equation

In this §, we discuss the existence and properties of a solution of the Sylvester equation . Assume
that a,b are generators of semigroups on a Banach space B, and that ¢ is a bounded operator on
B. Then, if the growth bounds of a and b satisfy wq(a) 4+ wo(b) < 0, the equation for x € L.(B)

ar + b= —

o0
xz/ eeetdt,
0

and the integral converges absolutely in L.(B), see [8, §9] for a survey and |37, Theorem 3] for a
sharp result. Returning to , we rewrite this equation as (—E)II + IIA = —FC and observe
that the above-mentioned result should apply, at least formally, if —F generates a semigroup (or
equivalently, if E generates a group).

admits the unique solution
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Assumption 3.1.

e (A, B,C) are the generating operators of a regular abstract linear system with D = 0, on the
state space Z, the input space U and the output space Y .

e (E,F) are the generating operators of an abstract linear control system, on the state space W
and the input space Y.

o The operator E is skew-adjoint.

We emphasize that F being skew-adjoint is a key hypothesis. It notably ensures that D(E*) =
D(FE) and wo(E) = 0, which allows us to give meaning to the computations below.
It is convenient to introduce the following notion of weak solution.

Definition 3.2. A weak solution of is a bounded operator Il : Z — W such that for all
z € D(A) and w € D(E), there holds

(Ilz, Ew)w + (TAz, w)w = —(Cz, F*w)y.
Because E is skew-adjoint, the above is equivalent to: for all z € D(A), we have the equality
Az — ETlz = —FCz in W_;.

Our purpose is to exhibit and study a solution; we shall not deal with its uniquenessﬂ Observe
that the operator F'C' is bounded Z; — W_1, hence we cannot apply the previously cited result
verbatim. Denoting by (S;):>0 the semigroup generated by E, and E being skew-adjoint, we have
that (S});>o is the semigroup generated by E* = —E. The equation is then equivalent to
E*II + 11A = —FC, for which the ansatz is

= / S;FCT,dt, (39)
0

where we recall that (T;);>0 is the semigroup generated by A. The above integrand is a continuous
function of ¢, taking values in the Banach space £.(Z1; W_1). The following is a sufficient condition
for the above integral to converge in a certain sense in L£.(Z; W).

Proposition 3.3. Assume the Assumptions[3.1] hold. Assume moreover that there exists a weight
w : (0,00) — (0,00) and a constant ¢ > 0 such that

> 2 2 > * 2 dt 2
[ 1eTalf@a <z, [ IFswld S < cluly, (10
0 0 w(t)

holds for all z € Z and w € W. Then, for all z € Z and w € W, the integral
oo
7(z,w) ::/ (CTiz, F*Spw)ydt
0
absolutely converges, and defines a continuous sesquilinear form w : Z x W — C. The associated

bounded operator 11 : Z — W is a weak solution of .
9See (16} §3.3, Proposition 1].
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Proof. We first show that the integral defining 7 is convergent. Let z € Z and w € W, from the
Cauchy-Schwarz inequality, we have

S oo 1/2 00 dt 1/2
[ e savlans ([T ieTagoa) ([T 1Sl g) <zl
0 0 0 ro(t)

Thus, the integral defining 7 is absolutely convergent, defines a bounded sesquilinear form = :
Z x W — C, which defines a bounded linear operator II : Z — W from the Riesz representation
theorem.

We now verify that II is a weak solution of (I0). We take z € D(A), w € D(E) and compute

(Ilz, Ew)w + (TAz, w)w = / (CTiz, F*SiEw)y dt +/ (CT Az, F*Siw)y dt
0 0

< d
_ / (T 2, FrSpw) vt
= tlim (CTyz, F*Sw)y — (Cz, F*w)y.
—00
We conclude by noticing that the limit at the right-hand side vanishes, as the function whose limit
is taken is W1(0, 00). O

In all that follows, we consider II as constructed above.

3.2 Collocated feedback

We consider the new coordinates

() =m(2)=( D) )

I1: Z — W being bounded, the transformation 7 : Z x W — Z x W is invertible, its inverse being

given by
1_ (1 0
T = (_H 1) |

In the new coordinates (z,p), the equations of the abstract cascade coupled system ([5)) (which are
only formal for the moment) become , which we aim at stabilizing using the collocated feedback
u(t) = —(IIB)*p(t). To make the latter well-defined, we make the following additional assumptions
which are motivated by our forthcoming application of the results of [11, §2.A].

Assumption 3.4. There exists a Banach space Z and a Hilbert space W such that the following
assertions hold:

e 7 CZ and W C W with continuous dense inclusion. Put W' the dual space of W with respect
to the pivot W.

e There exists a weight ¢ : (0,00) = (0,00) and a constant ¢ > 0 such that

[ 1eTaleae <clalp. [ 1S s < ellolf
0 0 ¢(t)

holds for all z € D(A) and w € D(E).
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e ImBCZ
o IIB € L.(U,W’) is an admissible control operator for E.

The first two items impose that II, defined in Proposition[3.3] has a unique linear and continuous
extension Z — W’. The second item allows to define IIB as a bona fide composition, and we have

IB(IIB)* : W — W'.
Under the above hypotheses, from [11, Lemma 2.2] the operator
Ey=E_; —TIIBIB)*, D(Ep)={peW:E_p—IB(IIB)*pe W},

is dissipative and generates a Cy-semigroup on W. We define the generator of the closed-loop
system, in the (z,p) coordinates, as the operator 2 defined on Z x W by

A= ( Aal _Bgr[[B)* )

with domain
D) ={(z2,p) € Z x D(En) : A_1z— B(IIB)*p € Z}.

Proposition 3.5. Assume that the systems (A, C) and (E, F) satisfy the assumptions of Proposi-
tion and that the assumptions[3.4 are satisfied. Then, the operator 2 defined above generates
a Cy-semigroup on Z x W.

Proof. Denote (Sri(t))i>0 the Co-semigroup generated by Er on W. To show that 2 generates a Cp-
semigroup on Z x W, we apply the first two parts of Theoremto the controller (Er, 0, —(ILB)*, 0)
and the plant (A, B). Among the hypotheses of these two items, the only non trivial one is that
(ILB)* is an admissible observation operator for Ey. Indeed, take p° € D(Ey) and put p(t) :=
Si(t)p°. We have

B(t) = Bup(t) = Bp(t) — TBIB)"p(t),

hence pairing against p(t) for the scalar product of W yields

d1 : .
215 1Pl = Re(p(t), p())w = —[I(TB)"p(1)][7- (42)
Integrating over (0,7, we obtain that (ILB)* is an admissible observation operator for Efy. O

3.3 Asymptotic stability

In this subsection, we obtain general asymptotic stability results for the closed-loop system gener-
ated by 2. It will be useful to consider the following observability notion.

Definition 3.6. Consider an observation pair (G,0), where G generates a Cy-semigroup (G¢)i>o
on some Hilbert space H. The pair (G,O) is said to be approzimately observable in infinite-time
when the following holds

vh € H, OGh° =0 on (0,00) = h° = 0.
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We shall work under the following additional hypotheses.
Assumption 3.7.
e The operator E has compact resolvent.

o The operator A is exponentially stable.

The pair (E*, F*) is approzimately observable in infinite-time.

For all eigenvalue iu of E, the operator H(iu) has dense range, where H stands for the
transfer function of (A, B,C).

For the convenience of the reader we provide the definition of the transfer function of an ab-
stract linear system (T, ®,L,F). Given u € L2 ([0,00); U) we define the output y(t) := (Fu)(t) €
L% ([0,00);Y). By standard semigroup techniques one can show that if u € L2([0,00);U), then y
is Laplace transformable, with abscissa of absolute convergence < wo(T). It can be further shown

that there exists a holomorphic function H : C,, (1) — L.(U;Y’) such that
9(s) =H(s)i(s), Res > max(wo(T),0),

where C, := {s € C: Res > a}. The above relation further makes H unique, it is called the
transfer function of (T, ®, L, F).

Remark 3.8. The hypothesis that H(ip) has dense range for all ip € o,(E) is a non-resonance
type condition. It already appeared in the context of the stabilization of cascade systems in [35,
Proposition 1] and [35, Assumption 2.2], in a different form.

We first recall a few standard facts. Firstly, the assumption[3.4]imposes that II1B is an admissible
control operator for E. E being skew-adjoint, the operator (IIB)* is also an admissible observation
operator for E. Because E has compact resolvent, it is diagonalizable in a Hilbert basis, and its
eigenvalues are of course purely imaginary. As shown in [41, Proposition 6.9.1], the approximate
observability in infinite-time of the pair (E, (IIB)*) is equivalent to the following condition: for
every eigenvector w of E, we have (IIB)*w # 0.

Proposition 3.9. Assume that the hypotheses of Proposition together with Assumptions
are all satisfied. Then, the pair (E, (ILB)*) is approzimately observable in infinite-time.

Proof. Assume by contradiction that there exists an eigenvector w of E such that (IIB)*w = 0 and
put iu the eigenvalue associated to w. For all u € U, we compute

= (u, (IB)"w)y

<HB’LL w>W717W1

(CT¢Bu, F*Siw)ydt

0
o)

(CT,Bu, F*e*w)y dt

0

= < e " CT,Budt, F* w>
Y

(H(ip)u, Frw)y.
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In the above, the third equality is due to the fact that IT assumes the same representation formula
on Z D Im B (see the discussion after Assumption . The sixth equality is due to the definition
of the transfer function. By density of the range of H(iu) we deduce that F*w = 0, contradicting
the approximate observability of (E*, F'*) in infinite time. O

Theorem 3.10. Suppose that the assumptions of Proposition [3.9 are satisfied, that moreover Er
has compact resolvent, and that the inclusion D(Ern) C W is continuous. Then, the semigroup
generated by A is strongly stable, i.e.

V) € Zx W, Tim [|(:(0),p(8)l 7w = 0. (43)

Proof. We begin by showing that the semigroup generated by 2l is bounded. To this end, we take
(22,p%) € D(A) and recall that Eyp generates a semigroup of contractions, hence p(t) is bounded
with respect to t. Next, we integrate with respect to time to deduce

| 1By sl < 511 (44)

Thus, the input u(t) := —(IIB)*p(t) is L*([0,00);U). Since z(t) satisfies 2(t) = Az(t) + Bu(t),
A being the generator of an exponentially stable semigroup, we deduce that z(t) is bounded with
respect to t, see, e.g., |41, Proposition 4.4.5]. The trajectory associated to (2", p") is therefore
bounded in Z x W. It is clear that the bound is not greater than K||(2°,p%)||zxw for some
constant K > 0 independent of (2°,p") € D(2). By continuity and density, we deduce that the
trajectories emanating from (z°,p°) € Z x W are also bounded.

From the previously shown fact and standard approximation arguments, we may take (2%, p°) €
D(2) in ([@#3). We fix (2°,p°) € D(A), so that in particular p® € D(Eq), and we first deal with
the convergence of p(t). Returning to (44)), we deduce that the function ¢ — (IIB)*p(t) is of class
H([0,00);U), hence it must converge to 0 as t — oco. Then, consider w(p®) the w-limit set of the
positive orbit {p(¢) : ¢t > 0}, that is

w(p’) = {poe € W :3ta T o0, pltn) ——r poc } -
n—oo

We will use the LaSalle invariance principle: it is sufficient to show that w(p®) C {0} and w(p°) # 0,
which allows one to conclude that p(t) — 0 as t — co. Let us first prove that the set w(p°) is non-
empty. Indeed, since p° € D(Ey) and Ep generates a CY-semigroup of contractions on D(Ey), for
any sequence of positive {t, }nen= tending to +o0, p(t,) € D(En) and {p(t,)}nen~ is bounded in
D(Em), by the previous discussion. Since D(Ey) C W is compact, up to a subsequence, {p(t,) }nen=
converges weakly in D(Fp) and strongly in W, and the set w(p®) is non-empty. Moreover, let
Poo € w(p?), for a sequence t,, T 0o of positive times, we have that p(t,) — peo as n — 0o, and the
sequence {p(t,)}nen+ is bounded in D(Er). Hence, by weak compactness, we have p(t,) — Poo
weakly in D(Fr). We deduce that w(p®) C D(Er). Moreover, clearly, w(p?) is invariant under the
action of the semigroup generated by Ep. In addition, we collect another important property of
w(p®): any element po, € w(p®) is such that (IIB)*ps = 0. Indeed, let po, € w(p?), for a sequence
t, T oo of positive times we have that p(t,,) = peo as n — oo, in the W-norm. Moreover, we have
(IIB)*p(t) — 0 as t — oo in the U-norm. As already mentioned, we also have p(t,) — pe in
D(En). The inclusion D(Er) C W being continuous, we also have p(t,) — po in W. The operator
(IIB)* is bounded W — U, so it is also weakly bounded and (IIB)*ps, = 0.
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Now, let ¢° € w(p") and denote by ¢(t) the solution of

EHQ(t)7 t Z 07
q°.

—
Q.
o=
SN—

[

Since w(p?) is invariant under the action of the semigroup generated by Ery, we also have (I1B)*q(t) =
0 for any ¢t > 0. Thus, ¢(t) satisfies the differential equation ¢(¢t) = Fq(t). According to Proposition
the pair (E, (ILB)*) is approximately observable in infinite-time, hence ¢ = 0. We therefore
have w(p”) C {0}, hence p(t) — 0 as t — co.

Let us finally deal with z(t). It satisfies

{5((8 - ﬁ“ﬂBu(t% u(t) = —(I1B)"p(t),

and because the operator A generates an exponentially stable semigroup we may as well assume
that 20 = 0. The control u has the properties

we LA([0,00):U) N ([0, 505U, ult) == 0,
hence from [41, Proposition 4.4.5] we deduce that z(t) — 0 as t — oc. O

The counterpart of the above result for the original system is as follows. By definition, the
operator A defined algebraically by 7 AT, with domain D(A) := 7' D(), is conjugate to 2 as
unbounded operators on Z x W. It is therefore the generator of a Cy-semigroup on Z x W, that is
moreover strongly stable, under the hypotheses of Theorem [3.10] Then, we observe that

i ( 20 ) _ ( A_12° — B(IIB)*(I12° + w?) ) ’

w? —I1(A_12° — BOIB)*(I12° + w")) + En(I12° + w°)

with domain

B 0
D(A) = {( 5}0 ) € ZxW M +w’ € D(Fy), A_12°— B(IIB)*(I12° + w°) € Z} .

Formally, the second coordinate of A(2°, w°) is computed as

—ITI (A_12° — BIIB)*(I12° + w°)) + En(Hz° + w°)

= -—MA_2° + IBIIB)*(112° + w°) + (F_; — IB(IIB)*)(I1z° + w°)

=-TIA_2° + B (T12° + w?)

=FC2' + E_ju°,
as expected. However, the first equality is not justified as the operator II is bounded Z — W
and Z — W/, while A_12° € D(A*) and B(IIB)*(I1z° + w°) € Z, a priori. For the same reason
the third equality is not rigorous and requires an extension of II. Moreover, the notation FCz" is
tedious at this abstract level and would require a regularity property for 2% or an extension of FC.

For simplicity we do not provide a general result and refer the interested reader to the last Step of
the proof of Theorem [1.6] for an example.
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3.4 A polynomial rate

In this section, we show that the feedback law of the previous abstract section allows to achieve
polynomial stability for the concrete system (|1). For heuristic purposes, we begin by performing
formal computations at the abstract level of Through the change of coordinates, we are
led to work in the (z,p) coordinates, and to study . Similarly as in the proof of Theorem
the point is to show stability for the operator Er. For the latter, a convenient criterion is the
wave-packet condition, as presented in |11} §3.A]. Let us assume that A (resp. F) is diagonalizable
in a Riesz basis (e;) (resp. (fx)) with eigenvalues (—X\;) (resp. (ipr)). We will also assume that
U =Y = C. From [11, Theorem 3.5], if one can bound below the quantities |(IIB)* f| for large
|k|, then one deduces a upper bound for the operator norm of the resolvent of Ey, and hence a
non-uniform decay rate owing to |9]. Recalling the ansatz we formally have

(IIB)" fi = B*H*/ T;CTF*Sdtfy, = </ B*T?C*ei“’“tdt> F* fi.
0 0

We expect |F* fi| 2 1, so that only the integral in the right-hand side matters to estimate |(ILB)* fi|
from below. Now, still formally,

/ B*T;C*eM ' dt = / Z efAth*ejC’ejel“’“tdt = Z Rl b} , (45)
0 0 X
Jj=1

= i,uk — )\j

which may admit a closed form and then be estimated as |k| — co.

Remark 3.11. The series in the right-hand side of 1s sensitive to perturbations. For instance,
if one replaces B*e1Cey, B*esCes... by B*e1Ce; + 1, B*esCes..., then the value of the series is
modified by 1/(ip, — A1), which is non-negligible as |k| — oo. In practice we are only able to take
advantage of these computations if the latter series has a closed form, which explains why we do
not state a general result.

We now make the discussion rigorous, and start by defining the concept of feedback stabilization.

Definition 3.12. Let (A, B) be a well-posed control pair on the state space X and the input space
U, and K : D(K) C X — U a unbounded operator.

o We say that K is a feedback for (A, B) if the part of A+ BK in X, which is defined as the
unbounded operator Ax := (A_1 + BK)|y on X with

D(Ag)={2" e D(K): A_12° + BK2° € X}, Aga®=A_12° + BKa”,
generates a Cy-semigroup on X.

o The feedback K stabilizes (A, B) (at some mteﬂ if the semigroup generated by Ak is stable
(at some rate).

o If K is a feedback for (A, B) and B* naturally defines an operator D(A%.) — U (see Definition
, we say that K is admissible for (A, B) if B is an admissible control operator for Ak.

10The rate can be understood as any stabilization concept defined in
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The existence of the operator II constructed in §3.1] requires the exponential stability of A,

which is not the case in (because of the Neumann boundary conditions). To overcome this, we
pre-stabilize the system by considering u(t) = —az(t,1) + @(t) for « > 0 fixed small enough and
@(t) the new control. We consider the unbounded operator A, on L?(0,1) defined as

Ay = 0pe, D(A,) = {2z € H*0,1) : 2,(0) = 2,(1) + az(1) = 0}.

The operator —A,, is self-adjoint, bounded below by a positive constant and with compact resolvent,
hence it has a sequence of eigenvalues 0 < A\j o < Ag o < ... counted with multiplicities, such that
Aja — oo for any fixed @ > 0 and as 7 — oo. Moreover, any choice of normalized eigenvectors
gives a Hilbert basis of L?(0, 1). Remark that —A, now generates a semigroup that is exponentially
stable in the absence of a control term. The following Lemma gives a quantification of the fact
that, as & — 07, the eigenvalue ), , approaches the j-th eigenvalue of the Neumann Laplacian,
denoted Ao = [(j — )72

Lemma 3.13. The eigenvalues of —A, satisfy

2
1
Va >0, Vji>1, (j—1)>21°< X< (j - 2) 2. (46)
Moreover,
1 2
Ve = VAo +al/? - 6(13/2 + £a5/2 +0(®), a—0".
and

o o0

(0%
Ve =VAjo+—— - + )
Moo N Nl

where the term o (a?) depends on j and o > 0 but has an implicit constant that is uniform in j > 2
with respect to a — 0]

a— 0T, j>2

Proof. An elementary computation shows that if A > 0 is an eigenvalue of —A,, then a correspond-
ing eigenvector is cos(v/Az) and we have the equation

—VAsin(VA) + acos(VA) = 0. (47)

One readily verifies that v/A cannot be an integer multiple of 7, hence (j —1)7 < VA < jm for some
§ > 1. By sign considerations, one further sees that (j —1)m < VA < (j — 1/2)w. Conversely, for all
j > 1, the intermediate value theorem yields a unique solution to [7) in (j—1)7 < VA< (j—1/2).
Therefore, the eigenvalues of —A, are simple and (j — 1)m < \/Aj .o < (j —1/2)7.

We first show the asymptotics on /A1 . To match later notations, set z1, = y/A1,o. We
have o = f(21,) with f(z) = xtanz, which is a smooth bijection from (0,7/2) to (0,00). Thus
T1,6 — 07 as @ — 07. We have

T10=0a? 4003 +ca®?+0(®) = a=f (aa1/2 +ba®? 4 ca®? 4 O(a3)> ,

and since

1 2
fz) =2* + §x4 + 1—5306 +0(2%), -0t

HTo simplify, we will say that 0; is uniform in j.
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we deduce

4 4 Sb 6
f (aozl/2 +ba®? 4 ca®? + O(a3)> =a’a + (Qab + C;) o? + (2ac + C; + 15) o +0(a"?).
The system
a® = 1,
4
2ab + & - 0
3
2ac + da + E = 0
3 5

has the solution (a,b,c) = (1,—1/6,2/45), hence the asymptotics on 1 4.
Now fix j > 2, the equation rewrites in the new variable ;o := \/Aj .o — (j —1)7 € (0,7/2)

as
Z Q
22 1 | tan(w,0) = —,
Aj0 Aj,0

owing to the m-periodicity of tan. Put

filz) = ()\]0 + 1> tan(x),

which is smooth on (0,7/2) and increases from f;(0%) = 0 to f;(7/27) = +o0, hence for fixed
J > 2 we have z; o — 07 as o — 0. We adapt the above method, for fixed constants a, b, ¢, d, we

have o2 0. (0
+c—+d—+ (e

«

Tjo=0a———=+

J,a - \3/2 3/2 7
\/)‘]70 \/ JO j() /\j,O

as o — 07 and uniformly in j > 2, if and only if

(48)

2 +c—+d—+

- (a «@ a? 0, (a3)>
>\j,0 J /)\j,O / ;’)/02 Aj{OQ ’

as @ — 07 and uniformly in j > 2. From the definition of f;, we see that

fi(z) = ( :c +1> (z+0(z?)), r— 0t
/\j,O

where the O is independent on j, so that

2

fi(@ja) = ja + +0,(5,), a—=0F,

where we used that z;./1/Aj0 is bounded from above independently on j, so that O; is uniform
in j or a. Since f;(z;q) = a/y/Aj0, and using 7 we see that the claimed expansion for z; .
is valid with (a,b, c,d) = (1,0,0,—1), for some o; that is uniform in j, as it can be easily verified,
since developing properly the reminders in the expansions give terms of the form O;(a™)/(1/Aj0)™,
with O; uniform in j, n > 3 and m > 3.
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For all j > 1, a normalized eigenvector of —A, associated to the eigenvalue \; . is given by

2
6‘]'70‘('T) = Cj,a COS(\/ )\jvafx), C‘?,a = T)\) (49)
14—
«

We also recall that the wave system (3) has state w(t) = (w(t),w:(t)) and generating operators
(E, F) which have been introduced in The operator E is skew-adjoint, diagonalizable in a
Hilbert basis ( fk)Z';”ioo, where each fj is associated to the eigenvalue iu; and

1 V2 cos(pgx)
=7nlk+=], =— . ’ .
(i) =i (iatits
Proof of Theorem[I.6. Step 1: We make the cascade coupling of (4,, B,C,0) and (E, F).

We take B* = §; and C' = J, as for the heat equation (2). We recall and observe that,
for all o > 0, the observations B*e; , and Ce; o are bounded with respect to j > 1. A straightfor-
ward adaptation of the proof of Propositionshows that (A., B, C, E, F) satisfies the assumptions
of Theorem and Proposition The cascade coupled system is generated by (A, B), where

z 2:(0) = z(1)4+az(l) = 0,
D(A,) = w | € H*(0,1) x H*(0,1) x H'(0,1) : | w(1) = @(1) = 0,
W wz(0) = 2(0),
and
Aa w | = ’L%I

Step 2: We collect the results of §3[for the system (A, B,C, E, F).

From Proposition [3.3] the Sylvester equation
(-EYI+ 1A, = —FC

has (at least) one weak solution, denoted Il,, which is bounded Z — W. We claim that II, has
a unique bounded extension Z_;,5 1 — W, where the space Z_; /5 ; is an extrapolation space of Z
defined by the finiteness of

oo

I I T
7=,

- 1+

=1 Z71/21

Let us show it, by adapting the proof of Proposition We put t(t) := e for some fixed
0 < € < 2A1,o. The pair (E, F') is well-posed and S; is 4-periodic, hence the second estimate in
holds. We show that the first estimate holds with ||z||z replaced by ||z z in the right-hand

side. To this end, let
o0
z = szej’a S Z7
j=1

—1/2,1
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we compute

Cetfoy = Z e MetCe; oz, sup |Cej ol < 00,
Jj=1
hence the triangular inequality for series brings

[ee]

S 12
1€ 2] 12 (0,00, (1)) < Z =5 — == zlz (50)

j=1 \/2)\30‘ ]:11—"_\/7

whence the extension, by a straightforward adaptation of the proof of Proposition
We consider now the new coordinates (z,p) defined similarly as in , with II,, in place of II.
We define the operator Er, on the state space W by

En, = E—T.B(Il.B)*, D(Ew,)= D(E).

It generates a Cy-semigroup on W, being a bounded perturbation of E. We define the generator of
the closed-loop system in the (z, p) coordinates, induced by the feedback law u(t) = — (I, B)*p(¢).
It is the operator 2, defined on X by,

( Ao —B(I,B)*

o= g En.

) . D) ={(z,p) € Zx D(E) : Auz — BII,B)*p € Z}.

The hypotheses of Proposition are clearly matched by (A, B,C, E, F), hence 2, generates a
Cy-semigroup on X.

Step 3: We show that Erp_ is polynomially stable at the rate 1/4/1 + ¢, for small enough a.

We reason as in the beginning of this subsection, all the written computations are now valid and
we have

B*e; ,Ce;
H B — ], J,
(o B)* fx = \[; T

where the interchange between the series and the integral in is justified by Fubini’s theorem,
as the series in the above right-hand side is absolutely convergent. We write

f:B*ej’aCBj,a :ZB €]aO€ja +zB eJaC'(i]a(/\jo A )
=tk A ik = Aj,0 (it — Aja) (ipe — Aj0)

where the second term satisfies

Ceja(Njo = Aja)
Aj.a) (i — Ajo)

c

2
Hig

B*¢ja
3e>0, Vkez, Vo<a<l, |Z Z:J
k

and will therefore be neglected. Recall the variable x; o := /Ao — 1/Aj,0 introduced in Lemma

With we deduce

2(—1)7"1 cos(xj.a) .

* p—
B ej,acej,a = - 2( ] )
SIN"(Tj o

1+
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For j =1 we have
1 2
T1o=0at?— —a3? ¢ 4—5045/2 + O(a?),

6
hence 702
* _q_ o io 5/2 +
Be; oCero=1 5 18O+O(a ), a—=0".
For j > 2, we have
! o® oj(a?)

Tja = = ""353 T " 3/2 >
Moo X5 A

with 0j(a?) uniform in j. With the same notation we compute, for j > 2,

Now,
Z B 6] ace] a B el,aCel,a Z B*eﬂvacej o
“ ik — Aj0 ifl o — A
JjE€EZ Z‘uk N
e i (—1)

Gine S5 (jﬂ)Q[iuk — (jm)?]

_ Tt & (=1’
1807, jez- (9m)2[ipe — (j)?]

+ 302
Z TTom ~ G
o/2 Z j 10] 2)
)\2 (ipe — Ajo)

and we proceed by computing or estimating the terms in the right-hand side separately. From the
residue formula we have

S e (2L ) = 0V, b,

— 2 —
= i = (Jm) i = (27)

for some € > 0. Next,

.- (=1)? R S G VU S S GO
j; ()2 lipn — (Gm)2) g j;* G i ; ik — (jm)?




and similarly

- (—1)7 1 1 (—1)7
2 ()2 - 2 (jm)2la 7)?]

j- ik — Gm] i T & Gm)Plipe = (i

|
w
D
SR
=
ol
7N
=~
~_

Finally, we have

(@) _ oe?
Zv =) | = Tl

a situation which we denote from now on

2) 1
2 il +
E )\2 Wk— ) 0(a)®0<'uk), a—0", |kl — .

Combining all of the above, and with similar notations, we arrive to

= B*e;oCej o a? <1> (1) ) <1>
— —=—-———+0 +0(a)®0| =) +ola®)@0 | — ),
jz: Ut — N T2y, 1 () 13 (o) ik

=1

as @ — 0% and |k| — co. We fix a, > 0 small so that

. ||
lim sup |o ® 0 ( ) )
k|00 oa) pr )| o2 72
which allows
>, B*e;, Ce:
lim inf | uy L i )
|k =00 al ; ihE — Aja.

We deduce that there exist constants A, K > 0 such that

= B*¢j.0.Cej .0 A
Vk| > K, ZM > -
j=1 Z/lk 7>\j»06>« |Mk|

We apply [11, Theorem 3.5] with §(s) =, p(s) bounded (I, B is bounded) and v(s) = 1/(1+s|).
We deduce that iR C p(Em,) and that

(s — Brn) Hwow S14+|s)%, s — +oo.

From [9, Theorem 2.4] we therefore have that Er is polynomially stable, at rate 1/4/1 + ¢, for
a > 0 small enough.

Step 4: We propagate the polynomial stability of Em, to 2A,.

To do this we will again rely on [9] and bound above the operator norm of the resolvent of 2.
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The semigroup generated by 2, is bounded from Theorem |3.10| “ Let us verify that iR C p(2(,): for
s€R, (f,g9) € Zx W and (z,p) € D(,) we observe that

<z‘s—ma><z,p>=(f,g><=>{p B iy LAY

z (is —

Note that the resolvents of Fr_ and of A, do exist at is since iR C p(Em,) and A, is exponentially
stable. Thus, the above equivalence shows that is € p(2,), hence iR C p(2,). To bound above the
resolvent of 2, we will show that

1z p)lzxw S A+ s )l zxw,
which is enough to conclude. As established earlier

lplw < (1 + ) lgllw,

hence
I2llz S Ifllz + I(is — Aa) ™' B(IlaB)*p|| 2-

Observe that (II,B)* : W — C is bounded. We claim that

sup ||(is — Ay) "' Blly -z < c0.
seR

To see this, we pass to the adjoint and observe that since A, is self-adjoint,
I(is — Aa) ™' Bllu—z = [ B*(=is — Aa) | z-0-

For 2z € Z written as 2 = ).+, zj€j o, we have

(—is — Z €j.a-

j a
Hence
=\ z; B*e
B —A) = J g
(—is )"z ;—is—)\j,a
By the Cauchy—Schwarz inequality,
. ' |B* 2
1B*(—is — Aa) 250 < Z W

Since the sequence (B*e; );>1 is bounded and \; o < 42, we obtain
B*e; o|? >\ |B*e; o|?
Z|2 ](;| Z| 2]10é| < 0,
$%+ A7 = Al o

uniformly for s € R.
This proves the desired bound. From [9, Theorem 2.4], 2, is polynomially stable, at rate
1/4/1 +t (for small enough «).
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Step 5: We conclude polynomial stabilization of the original system .

Consider the map 7, : X — X, defined as in with I, in place of II. One easily verifies
that it is an isomorphism, hence the unbounded operator A, := 7., ', 7T, on X defined by

A2 (Aa)-12° = B(TloB)* (o 2° + w?)

A wl )T\~ ((Aa)-12° — B(IT,B)* (I, 2° + W) + Enp, (Ha2% +w°) )~

with domain
D(A,) = {(z°w%) € Z x W : 11,2° +w° € D(E), (A4)-12° — B(I1,B)*(I1,2° + w°) € Z},

generates a Cp-semigroup, which is stable at rate 1/4/1 + t. One readily verifies that

~ I,z°+w € D(E),

D(A,) = { (2°,w®) € H?(0,1) x W : 2200) = o0,
221) +az’(1) = —(I1,B)*(yz° + w°)
Consequently, for (2°,w?) € D(A,) we observe that
(Aa)-12° € L*(0,1) C Z_1/21, B(oB)* (42" +w’) € ImB C Z_y)2 1,

and recall that II, is bounded Z_; /51 — W. We deduce that for all (2%, w0) e D(.,Lia)7 there holds

—I, ((Aa)-12° — BIIoB)* (o 2° + w°)) + Enr, (102" + w°)
= Iy (Aq)-12° + MBI, B)* (11, 2° + w®) + E(I1,2° + w?)
— 11, B(T,B)* (I,2° + w?)
= T, (Ay)_12° + E_111,2° + E_1w°.

We observe that the equation
—T,(Ay)12° + E_111,2° = FC2°,
holds for all 2 € D(A,), the equality being in W_;. Since the operators
z—= 11, (An)-12, z—= BE_1Il,z, z— FCz

extend continuously from H?(0,1) into W_1, the above identity extends by continuity and therefore
holds in W_; for every z € H?(0,1). Noticing in addition that the actions of A, and A coincide as
differential operators on H?(0,1), we deduce that

i _( A-BB)l. —B(L.B)"
@~ FC E_, '

We introduce the unbounded operator Ky, : D(K,) C X — U given by

Kao(z,w) = —az(1l) — (IoB)* (Il 2z + w),
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on the domain

D(’Ca):{(ZO,WO)EHZ(O,l)XW:‘ HQZOZE(V(V;)’ € g(E), }

On D(K,) we have

A 0
Ay = ( won )  D(Ka) = L20,1) x W1,

and we observe that B is bounded U — D(A*)" x W. We deduce that D(A,) = D(Ak,) and that
on the latter set A, = Ax,,. O

A Proof of Proposition [1.3

The wave equation is not approximately controllable in any time 0 < T < 2, as is easily shown
by the characteristic method, hence is not approximately controllable in time 7" < 2. The
approximate controllability in time 7" = 2 is proved using the duality between controllability and
observability, following the proof of Theorem [T.4]

For the last item we proceed as follows: we introduce the subset V of X defined by

+oo

+oo +o00 e 9
volzexz=Y az+ Y Az Slaf+ Y s/ TRV <o
J=0 k=—o0 j=0 k=—o00
which is a Hilbert space when endowed with the norm
2
“+o0 —+o0 fe's) 400 9
Sz Y Bz =Yl Y B/ RV
7=0 k=—oc0 j=0 k=—o0

%

Null controllability of (at time 0 < T < oo) with controls in L?(0,7) and initial data in V is
defined by
vzZz° eV, Juec L*0,T), Z(T)=0.

By standard duality considerations, the above is equivalent to the following observability inequality

2 2

e = Myt + Bp———=| < C/ aje M BEPY + Bret B *®y| dt, (51)
j=0 k=—o00 1+ [k| 0 |j=0 R S

where the constant C' is independent of (a, ) € £2(N) x £*(Z) and {®]} jen U{®}} } rez is the family
bi-orthogonal to {Z? }ien U {Z?}rez. We observe that one can equivalently prove only for
finitely supported « and 8. We compute

€j
/=10
0
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where ¢; is the j-th eigenvector of A. We thus have

1, j=0
*@pi ) _ ) T o
B'®j =¢;(0) {\/5, j=>1, L

where a,, < b, means that c|a,| < |b,| < Cla,| for some 0 < ¢ < C < oo and all n € N. We
moreover have
@kgx) :
h ,
cos(pxx)

where ¢y is a normalization constant and @y is the solution of

Orwor(x) = —ipppr(z), 0<zx <1,
Straightforward computations show that
=2V i o VTR | o=V ik e—VIklm/2

z) = , 7 =0, D= " |k =00 (52
Spkt( ) \/T,uk(e_%/juk— 1) ||80k?||L2(O,1) SDIC( ) 1+ |k| | | ( )

hence ¢, < 1. Noticing that the asymptotics of ¢ (1) =< B*@z is precisely the weight appearing in
the left hand side of , we see that the latter observability inequality is equivalent to

o0 400 T | o “+ o0 2
Z e—QT)\j |Oéj|2 + Z ‘6k|2 < C/ Z aje—AJt + Z ﬁkezpkt dt.
j=0 k=—oc0 0 |j=0 ke —oo

The above inequality is proved in |7, Proposition 1.8], which shows the last item of Proposition

For the second item of Proposition the proof is similar (and slightly easier) than the proof
of [15, Proposition 9], we sketch the argument. The null controllability (at time 0 < T' < 00) of the
system (1)) with initial data in D(AY) and control laws in (H™(0,T))" is defined as

vZ° € D(AY), Fue (HN(0,T)), Z(T)=0.

The fact that Z(T) makes sense, as an element of D(A*N)', for u € (HN(0,T))’, is shown in [15,
Theorem 4]. The above null controllability property is easily shown [15, Proposition 19] to be
equivalent to

30 >0, VZeDAYN), (" Z|puavy < ClPTZ| g o.1)-

Assume by contradiction that the above property holds and test the above inequality against Z = @Z
to find

1
|Nk|N ~ || k”D(.A )

= [|e"™ @} || p(any
S @5 @8 0,1)
< IB* @ || N

Because the term B*®! converges to 0 exponentially as |k| — oo, we arrive to a contradiction.
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