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Abstract

This work is devoted to the control of the Fokker-Planck equation, posed on a smooth bounded
domain of R? (d > 1). More precisely, the control is the drift force, localized on a small open
subset. We prove that this system is locally controllable to regular nonzero trajectories. Moreover,
under some conditions on the reference control, we explain how to reduce the number of controls
around the reference control. The results are obtained thanks to a linearization method based on
a standard inverse mapping procedure and the fictitious control method. The main novelties of
the present article are twofold: First, we propose an alternative strategy to the standard fictitious
control method: the algebraic solvability is performed and used directly on the adjoint problem.
We then prove a new Carleman inequality for the heat equation with a first-order term with
non constant coefficients: the right-hand side is the gradient of the solution localized on a subset
(rather than the solution itself), and the left-hand side can contain arbitrary high derivatives of
the solution. We finally give an example of regular trajectory around which the Fokker-Planck
equation is not controllable with a reduced number of controls, to highlight that our conditions
are relevant.

Keywords:Controllability, Parabolic equations, Carleman estimates, Fictitious control method,
Algebraic solvability.
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1 Introduction and main results

1.1 Introduction

Let T > 0 and let © be a bounded domain in R? (d € N*), regular enough (for example of class
C>). Denote by Qr := (0,7) x Q and X := (0,7) x 9Q. We consider the following system

Oy = Ay +div(uy) in Qr,
Y =0 on X, (1.1)
y(0,-) =y° in Q,

where y° € L?(Q) is the initial data and v = (u1, ..., uq) € L=((0,T) x Q)¢ is the control.
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It is well-known (see for instance [22] Theorem and Proposition 3.1]) that for every initial data
y° € L?(Q) and every control u € L>((0,T) x Q)?, there exists a unique solution y to System (T.T))
in the space W(0,T), where

W(0,T) := L*((0,T), H}(2)) N H*((0,T), H(Q)) — C°([0,T]; L*(Q)).

Equation (1.1]), introduced in [30], is called the Fokker-Planck equation. When the Fokker-Planck
equation is posed on the whole space RY, it is strongly related to the stochastic differential equation
(SDE)

dX, =" wi(X,)dt +dW; in (0,T) x RY, (19)
X(0,)) =X° in R9, '

where W; is the standard multi-dimensional Brownian motion starting from 0. System describes
the movement of a particule of negligible mass, with constant and isotropic diffusion, under the action
of a force field u = (uq,...,uq).

Under some regularity conditions on the drift term U, it is well-known that, by the It6 Lemma,
the probability density function p associated to verifies

{ Orp = %Aan div(up) in (0,T) x R4, (1.3)

p(0,-) =p° in R,

where p° is some initial probability density function (see e.g. |41l Section 5.3]). By definition of a
probability measure, we have p° > 0 a.e. and f]Rd p® = 1. Then, we can easily prove the preservation
of these properties during the time: any solution p of System verifies also p(t,-) > 0 a.e. and
Jgap(t,-) =1, for any t € [0,T] and hence remains a probability measure. We refer to [42] for
more explanations on the Fokker-Planck equation, notably in the case of nonlinear drift terms or
non-constant and anisotropic diffusion.

However, in the case where we impose Dirichlet boundary conditions as in , the derivation
of the Fokker-Planck equation from a SDE is more complicated: the Brownian motion has to be
replaced by an “absorbed” or “killed” Brownian motion, see e.g. [10, pp. 31-60]. Moreover, the total
mass of the initial condition is not conserved anymore, meaning that the probability of remaining
inside €2 decreases in time, and the solution to is not a probability density function anymore.
We refer to [22] Section 2] for a discussion on the relevance of Dirichlet boundary conditions in this
context. Neumann boundary conditions (that would restore the conservation of mass) are beyond
the scope of the present article (see the last item of Remark [4] for more explanations).

The controllability properties of the scalar linear heat equation in the case of a distributed control
on an open subset and Dirichlet boundary condition are now well-understood (see notably [32] and
[23]). The bilinear controllability seems to have been less explored. The equation has been
studied in [7], in the whole space and with controls localized everywhere in space and time. Concerning
bilinear control when the bilinear term div(uy) is replaced by uy with w € L>((0,T) x Q), we refer
to [8, @, 27, 28], 26, 29| [34], 40|, [45], 46].

Optimal bilinear control of parabolic equations has previously been studied. A first result was
proved in [I], where a close fourth-order in time model is investigated, with controls depending only
on time. This result has been extended to second-order parabolic equations firstly in [4] in the
one-dimensional case, then in [5] in the multi-dimensional case, still for time-varying controls. For
equation (in a slightly more general form), the case of space and time-varying controls is treated
in [22]. Notably, for a drift term that is affine in the control, the authors prove the existence of optimal
controls for general cost functionals, and derive first-order necessary optimality conditions using an



adjoint state. The controllability of the continuity equation, i.e. System without diffusion, has
been investigated in [I8] [19].

The paper is organized as follows: in Section we present the main results of the article
(Theorem resp. Theorem which provides a result of local controllability to the trajectories
with d controls, resp. a reduced number of controls around the reference control) and some remarks.
Sectionis devoted to studying a linearized version of . In Section we prove a new Carleman
estimate (Proposition for solutions of the linear backward heat equation with first-order terms.
The main novelty is that the local observation term is the gradient of the solution of the adjoint
problem , which has already been proved in [I6] for constant coefficients. Moreover, we can
put as many derivatives as we want in the left-hand side of our Carleman estimate, which will be
need for the rest of the proof. In Section we explain how to remove some components of the
gradient in the Carleman inequality. To demonstrate that, we use we call an argument of “algebraic
solvability” (as introduced in [II] in the context of the stabilization of ODEs and in [I5] for the
study of coupled systems of PDEs), based on ideas developed by Gromov in [24] Section 2.3.8]. This
procedure has already been used successfully in [2} 16, 17, [14], [33] 43, [44]. The main novelty compared
to the existing literature is that the algebraic solvability is performed directly on the dual problem.
Moreover, we can get rid the high order derivatives of the right in order to obtain the final Carleman
estimate . In Section we use some arguments coming from optimal control theory in order
to derive from our observability inequality the existence of regular enough controls, with a special
form, in appropriate weighted spaces. In Section [3] we go back to the nonlinear problem by using a
standard strategy coming from [37] together with some adapted inverse mapping Theorem. To finish,
in Section [4 we give an example of a trajectory around which the local controllability does not hold
with a reduced number of controls.

1.2 Main results

Let (g,w) be a trajectory of ([L.1)), i.e. verifying
oy = Ay + div(uy) in Qr,
Yy =0 on X, (14)
9(0,) =7" e L*()\{0} inQ.

1.2.1 Controls with d components

We first state a result of local controllability to the trajectories for System (l.1) with a control
containing d components:

THEOREM 1.1. Let w be any nonempty open subset of Q. Assume that the trajectory (y,u) with
u = (Uy,...,uq) of System is regular enough (for example of class C*> on (0,T) x Q). Then,
System is locally controllable with localized controls, in the following sense:

for every e > 0 and every T > 0, there exists n > 0 such that for any y° € L?() verifying

y° = 3%l L2) <, (1.5)

there ezists a trajectory (y,u) to System (L.1) such that



y(T) =y(T),

U =+ v for some v € L=((0,T) x Q)4,
Supp (v) c (0,T) X w,

[vll Lo (0,myx) <&,

1y = 9llwo,1) e

Remark 1. e The regularity assumptions on (7, %) can be improved, notably it is enough that the
reference trajectory is C” for some r € N* large enough, on an open subset of (0,7) X w.

e If 4y = 0, the only solution to (1.1)) is y = 0, whatever u is, so that the only reachable state at
time T is 0. As a consequence, 17 > 0 has notably to be chosen small enough such that 3% # 0.

e From the results given in [6], as soon as y° > 0, then any trajectory to System (1.I)) remains
non-negative (see also [22]). This fact differs from the usual linear heat equation with internal
control (see [38]).

e We can also remark that we do not assume any relation between the control domain w and the
support of @. In particular, they can be disjoint.

1.2.2 Controllability acting through a control operator

In this section, we give a result of local controllability to the trajectories to System (1.4]) with a
control acting through a control operator B € My ., (R) with m € N* such that m < d.
We first introduce some notations. For j € {1,...,m}, we call B} € R? the j-th line of B*, and

(B} - V) : ¢ € C*(R%,R) — B} (V¢) € C*(R%R).
For (ay,...q;,) € N we introduce the following operator:

(B* - V)2t@m gy € C°(RYR) = (B -V)...(Bf -V)...(B: -V)...(B:, - V)¢ € C°(R%R),

a; times a,, times

and the family of R? given by

M(u)(t,z) = {B7,..., B, } U{((B* - V)"u(t, ) i1, a}, o € N, o # 0},

We have the following controllability result.

THEOREM 1.2. Let m € N* (with possibly m < d). Under the hypothesis of Theorem assume
that there exists some (to,zo) € (0,T) X w such that

rank(M (@) (to, o)) = d. (1.6)

Then, System (1.1) is locally controllable with localized controls, in the following sense:
for every e > 0 and every T > 0, there exists n > 0 such that for any y° € L?() verifying

17 —?OHL?(Q) <7,

there exists a trajectory (y,u) to System (L.1)) such that



y(T) =y(T),

u =7u+ Bv for some v € L*((0,T) x Q)™,
Supp (v) c (0,T) X w,
[[v]| Lo 0,1y x)m <&,
lly = 9llwo,1) <e.
Remark 2. e Remark that if B = I; (i.e. we control every component of the gradient of ),

condition (|1.6) is automatically verified for ¢ = 0, whatever @ is. Hence Theorem contains
the result given in Theorem Thus we will only give a proof of Theorem [1.2]

e In Section (4] we give an example of trajectory which does not satisfy condition and for
which the local controllability to the trajectories does not hold. It highlights that Condition
is relevant. Even if the authors think that Condition is not optimal, finding a necessary
and sufficient condition remains on open problem.

e We can also remark that condition (|1.6)) is local on w. Notably, contrary to Theorem if
m < d, we necessarily have that the control domain w and the support of @ intersect.

Exemple 1.1. We give an explicit example, to explain better condition (1.6]). Let us assume that we
want to control only the m(< n) first components of the gradient, i.e.

1 0 ... 0
0 1
: . 0
B=1og ... 0 1|€&Mum®R).
0
0 0

For a = (aq,...am) € N™ we have
(B - V)-om () = 925 .. 0% (1),
We deduce that
M(@)(t,z) = {e1,...,em} U{(05} ... 0pmui(t,x))icq1, . ay, @ € N, a # 0},

Tm

where the vector e; is the i-th element of the canonical basis of R%. We observe that there exists
(to, o) € (0,T) x w such that the rank of the family M (@)(to, zo) is equal to d if and only if there
exists (tg, o) € (0,T) x w such that the rank of the family

{031 ... 09 u(t, x))ic fms1, a4y, ¢ € N a # 0}
is equal to d — m.
2 Null controllability of the linearized system

In what follows, we always assume that the trajectory (v, ) of (1.4) verifies the hypothesis of Theorem
Consider the following linear parabolic system

Oy = Ay +div(ay) + div(fu) in Qr,
Yy =0 on Xr, (2.1)
y(0,)) =y° in Q,



where y° € L?(Q2) and 0 € C*°(9) is such that

Supp(d) Cw,
0 =1 in wo, (2.2)
0 <O<1 inQ,

for some non-empty open subset wy which is strongly included in w. The goal of this section is to
prove the null controllability of System ([2.1]), with less controls than equations and regular enough
controls in a special form.

Remark 3. Notice that the null controllability of (2.1) is equivalent to the null controllability of the
“real” linearized version of (1.1|) around (7, @) given by

Oy = Ay +div(ay) + div(ga) in Qr,
Yy =0 on X, (2.3)
y(0,:) =y¢° in Q.

Indeed, since the solution of (7, u) of is in C*°((0,T) x ), as soon as §° # 0, on (0,T) X w,
7 1({0}) is a closed subset of (0,7 x w, which cannot be (0,7 x w since it has a finite d-dimensional
Hausdorff measure in R*! (see [25]). Hence, (0,7) x w \ 7~ '({0}) contains a nonzero open subset,
there exists some subset (T7,73) X @ of (0,7) X w such that [g] > C > 0 on (T1,T3) x @, that we
can assume to be exactly (0,7 x w without loss of generality. Hence, for any i € {1,...,d}, one can
solve (in ;) the equation fu; = ya,; by posing

. By
U; =

Y

Remark that u; enjoys the same regularity properties as u;.

2.1 Carleman estimates

Let us consider the following adjoint system associated to System ([2.1)
=0 =Av+u-Vy in Qr,

P =0 on X, (2.4)
’(/)(Tv ) = ’(/}O in Q.
First of all, we will introduce some notations. We denote by | - | the euclidean norm on RM,

whatever M € N* is. For s, A > 0 and p > 1, let us define the two following functions:

exp((2p + 2)Al7° o) — expA2p][7° lloo + 1°(2))]
(T — 1)

at,x) == (2.5)

and
PNl e +1°(2))]

f(t, x) = (T — t)P

(2.6)
Here, n° € C*°(Q) is a function satisfying
VR? = kin Q\wy, 7°>0inQ and 7°=0on0Q,

with £ > 0 and w; some open subset verifying w; CC wp. The proof of the existence of such a
function 7° can be found in [23] Lemma 1.1, Chap. 1] (see also [I2, Lemma 2.68, Chap. 2]). We will
use the two notations

o*(t) == maxa(t,z) and &, () :=min&(t, x), (2.7)
€N z€



for all ¢ € (0,7"). Notice that these maximum and minimum are reached at the boundary 0. For
s, A > 0, let us define

I(s, \;u) == s3\* // e 25y  dadt + s\? // e~ 25|Vl dxdt. (2.8)

Let us now give some useful auxiliary results that we will need in our proofs. The first one is a
Carleman estimate which holds for solutions of the heat equation with non-homogeneous Neumann
boundary conditions:

LEMMA 2.1. There exists a constant C > 0 such that for any v° € L*(Q), f1 € L*(Qr) and
fa € L3(X7), the solution to the system

78tu —Au = fl in QTa

% = f2 on ET»
u(T,-) =u’ inQ

satisfies

I(s, \u) < C [ s\ / / e 252302 dudt + s\ / / e ¢, f2dodt
(0,T) xwy St

+ / / e~ 25 ffdxdt> ,
T

Lemma is proved in [2I, Theorem 1] in the case p = 1. However, following the steps of the

for all A\ > C and s > C(TP +T?P).

proof given in [2I], one can prove exactly the same inequality for any p € N*.
From Lemma 2.1} one can deduce the following result:

LEMMA 2.2. Let f € L*(S7), G = (g1,...94) € L=®(Qr)? and h € L*(Qr). Then, there exists a
constant C > 0 such that for every oI € L?(S2), the solution ¢ to the system

—Op =Ap+G-Veo+h inQr,

Ge =f on Y,
o(T,:) =¢" in

satisfies

I(s,\;0) < C [ 8324 / / e~ 23 dadt + s / / e 257 ¢, PPdodt + / / e~ 25n2dxdt |
(O,T)le ZT T

for every A > C and s > so = C(T? + T?).

The proof of Lemma is standard and is left to the reader (one just has to apply Lemma
and absorb the remaining lower-order terms thanks to the left-hand side).
We will also need the following estimates.

LEMMA 2.3. Let r € R. Then, there exists C := C(r,w1,Q) > 0 such that, for every T > 0 and
every u € L?((0,T), H*()),

g2 )\r+2 // ef2sa£r+2u2dxdt <C <sr>\r // 6*25“§T|Vu|2dxdt
T T

4T\ +2 // 625"‘§T+2u2dmdt> ,
(O,T)le

for every A > C and s > C(T?).



The proof of this lemma can be found for example in [I3, Lemma 3| in the case p = 9. However,
following the steps of the proof given in [I3], one can prove exactly the same inequality for any p € N*.
To deal with more regular solutions, one needs the following lemma.

LEMMA 2.4. Let zg € H}(Q), G € C=(Qr)? and f € L2(Qr)™. Let us denote by R :== —A -G -V
and consider the solution z to the system

Oz =Az+G-Vz+f in Qr,
z =0 on ET7
2(0,-) =z in Q.

Let n € N. Let us assume that zo € H*"*1(Q), f € L*((0,T),H**()) N H"((0,T),L*(2)) and
satisfy the following compatibility conditions:

20 € H&(Q),
£(0,) = Rgo € Hy(Q),

go -
g1

(2.9)
Gn =0, (0,) = Rgn—1 € H(Q).
Then z € L*((0,T), H>""2(Q)) n H"*1((0,T), L*(Q)) and we have the estimate

”Z||L2((O,T),Hz’"Jr?(Q))ﬂH"“((0,T),L2(Q)) < C(Hf”LQ((O,T),HQ”(Q))HH"((0,T),L2(Q)) + HZ0||H2"+1(Q))'

It is a classical result that can be easily deduced for example from [20, Th. 6, p. 365].
We are now able to prove the following crucial inequality:

PROPOSITION 2.1. Let 4t > 0 and N € N with N > 3 . Then, there exists p > 2 and C > 0 such
that for every y° € L%()), the corresponding solution 1) to System ([2.4)) satisfies

)\2 // e—23a—2usa* (sg)‘vN—i_l?}/JFdl'dt 4.+ )\2N+2 // 6—25a—2p,5a* (35)2N+1|V'I/J|2dl'dt
T T
+)\2N+2 // e—25a*—2pso¢*(sf*)2N+1|w|2d$dt
T

< ONPNH2 / / e 2som2ms” (5o 2NHL |7y 2 dadt
(0,T) xwo

(2.10)
for every A > C and s > so = C(T? + T?).

Such a Carleman inequality seems new to the authors in the context of non-constant coefficients
(proved in [I6] in the case of constant coefficients). The main improvement comes from the fact that
the observation is a gradient of the solution ¢ on wy (and not the solution itself). We are also able to
introduce as many derivatives of 1) as we want in the left-hand side, as soon as w; is regular enough.

Remark 4. e Notice that the proof proposed here relies on the fact that the lower-order terms in
equation are of first order, and would fail in the presence of lower-order terms of order 0.
Indeed, in the first step of our proof (inequality (2.13))), some term that cannot be absorbed
will appear.

e Notice that inequality (2.10) automatically implies that any solution ¢ of (2.4]) lives in high
order weighted Sobolev spaces. This is not a surprise since we know that away from the final
time t = T', any solution of ([2.4) is regular.



e Remark that the proof provided here would fail for Neumann boundary conditions, since the
argument in our last step, based on a Poincaré-like inequality, is not true anymore. It is not
clear for the authors how one can adapt it in this case.

Proof of Proposition (2.1

The proof is inspired by [13] and is quite similar to [I6]. Let x> 0. In all what follows, C' > 0 is
a constant that does not depend on s or A (but that might depend on the other parameters, notably
p, N, n, T, ) and that might change from inequality to inequality. We assume without loss of
generality that N is odd (the case N even can be treated similarly).

Let % the solution to System . We introduce the following auxiliary functions:

pii= e TRy = pl. (2.11)

Then 1, is solution of

=01 =AY +u- Vi —Opiyp  in Qr,
(01 =0 on X, (2.12)
P1(T,-) =0 in Q.

We remark that ¢ := VV4); (the operator V applied N times, or in other words, all the derivatives
of order N of ¢, ordered for example lexicographically) satisfies the system

N .
~0ip=A0¢+ Y Gi- Vi1 +u-Vo - 0piVNy  in Qr,

=1
96 _ 0¢
on ~ On on ET’

¢(T7 ) =0 in Q,

where, for any i € {1, ..., N}, G; is an essentially bounded tensor of appropriate size, whose coefficients
are depending only on u; and its derivatives in space up to the order i. Applying Lemma [2.2] to the
different components of ¢, we obtain the following estimate

ad) ? —2sa *v 7NV, /|2
n dodt + e |0 T VY | dadt

I(s,\;¢) < C S)\// e,
Xr
(N

(1)

N
+ / / e*25a2|vi¢1|2dxdt+sgx4 / / e 25 ¢8| o2 dadt
T

i=1 (0,T)xw1

(I11)
(2.13)

The rest of the proof is divided into four steps:

e In a first step, we will estimate the boundary term (I) by some global interior term involving
11, which will be absorbed later on (in the last step). We will also absorb the term (II) under
some condition on p.

e In a second step, we will estimate the term (III) by some local terms involving V; and its
derivatives on wi, and get rid of the third term of the right-hand side.

e In a third step, we will estimate the high-order local terms created at the previous step by some
local terms involving only V1 on wy.



e In a last step, we will use some Poincaré-like inequality in order to recover the variable v in
the left-hand side and bound the global interior term of the right-hand side involving 7 by
an interior term involving V. We will conclude by coming back to the original variable v, in
order to establish .

Step 1: Let 6 € C2(Q) a function satisfying

An integration by parts of the boundary term leads to

T 2
5)\/ 672811*5* / 3¢
0 o0
T

on
T
= s\ / e 297 ¢, / APV - VOdzdt + s / e 2507 ¢, / V(V0-V¢) - Vdadt.
0 Q 0 Q

T . 8(,25
dodt = s\ / e g, / —ng Vldodt
0 BQ

Hence

2

o¢

T
an dodt < C)\/ e s S§*||1/11||HN+2(Q)||1/}1HHN+1(Q)dt.
0

T *
s)\/ e 25 f*/
0 Cle)

Using the interpolation inequality

1/2 1/2
1]l v +2(0) < Cllonllgaen gy 11 [ vea oy

and Young’s inequality ab < % + Zi, (% + % = 1) for a,b > 0 and ¢ = 4, we deduce that for any

c € R, we have

T *
A / 6—2504 85* /
0 [019]

8 2 T
87¢ dodt < C)‘/ ~2sa (Sf*) Hw1||}{/1%’+3(§2)(s§*)(1 °)||1/J1||%2v+1(9)

< O / 2O0H00" (3£, )24yt

LoN / em200Hmsa” (5 )2 2 gy

(2.14)
Consider the function ¢ := p51, where

2(1 c)

ph = (s€) "5 e Hmser, (2.15)
The function 15 is solution to the system

—Onpe = Ay + 0 - Vpo—0(p3)y  in Qrp,
,(/12 =0 o1 ZT7
Po(T,-) =0 in Q.

Using Lemmal[2.4]for ¥, (remark that the compatibility conditions (2.9) are verified, since 13 (T,-) = 0
and 9] p5(T,-) = 0 for any j € N), we deduce that

V2l 22 (0,7, 2 +2 (@) nEP+1 (0,7, 22(2)) < CllO:(p3)Y || L2 (0,1, 27 (2)nE? ((0,7),L2()) 5 (2.16)

10



forn=1,2,...,(N +1)/2. The definitions of £, and «o* given in (2.7)), the definition of p} given in

(2.15) lead to

108 3| < O(s.) TR+ st (2.17)
for ke {1,..., %} (we recall that C' can depend on p). Remark that for any k < [, we have
|0F p3] < C|0;p3 - (2.18)

Combining (2.16) for n = (N —1)/2, (2.17), (2.18]) and the equations satisfied by 1) and v, we obtain

4(1 c)

T
A / em2msa’ (5 VO g2 gy
0

T * 4(1 )
< O\ / 672(1+p)sa (SE*) +N+14 Y
0

" H%//HLz(Q)dt

T - 4(1—c)
+/0 e—21tmsac (g 405 +2+Z||¢||§N1(Q)dt>. (2.19)

In the right-hand side of (2.19)), we would like to estimate the term

T
— sa c>
/0 o2’ (g YA 2 gy

This can be done using exactly the same processus by introducing some appropriate auxiliary weight

that multiplies ¢ or 19 as in (2.15)), using Lemma successively for n = (N —1)/2,. -
and (2.18)). At the end, by gathering all the inequalities, we obtain

T * 4(1—c) T C) Nt1
A /0 e P (56 ) TT [ lF v oy dE < CX /0 e 20’ (56 ) ETEENILE R s 2, o
(2.20)
Applying the same technique also leads to
T —2(14p)sa* 4c 2 ’ —2(14p)sa* de+N+3+ 43
) / e 6 syt < OA [ 00 (s Relaqydr. (2:21)

From (2.14)), (2.20) and , we deduce that

T
A / 21 msa g
0 o0

2

o¢

on

T
dodt < O\ (/ 6—2(1+#)sa* (Sf )4(1 209 4 Np14+ Np+1 |W\|L2(Q)dt
0

T
— * c e
+/0 e 201+ p)ser (85*)4 +N+3+ 5 2 (Q)dt>. (2.22)

Since we would like the powers in the right-hand side to be equal, it is natural to impose that

N+3 4(1—c N+1
det N+3+ 2 (3 N1 ML
p
i.€. 5
9o —p
- , 2.23
‘=% (2.23)
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Thus, using ([2.22)) and (2.23]), we deduce that

T 2
)\/ 6—2304*85*/
0 a0 | On

From ([2.13)), (2.24)), the first line of (2.17) and the definition of ¢ given in (2.11)), we already deduce
that

I(s, ) 0) < C | s34 / / e~ 25063y Ny, 2dadt + A / / =250 (5£,) R g Bddt
0T)><UJ1 T
N

+// 6—28a2|vi¢1|2dmdt+// e—QSa(sg*)2+5|VN¢1|2dxdt)
Qr Q

i=1 T

2N (p+1)+5p+3

T
dodt < C)\/ e 20FmseT (€ )T w9 |72 o - (2.24)
0

By definition the definition of &, given in (2.7)), it is clear that &, < £. Hence, taking p large enough
such that 2+ % < 3 (i.e. p = 2), s, ) large enough and using the definition of I(s, A; ¢) given in ([2.8)),
we deduce that we can absorb the last term of the right-hand-side, so that we obtain

I(s, ) 0) < ( 3 )1 // . e 2503y yy | dxdt—&-A// 250" (ge )RR 1 12
0 Xwi T

+//QT *QMZW Uy da:dt)

=1
(2.25)
Step 2: We apply Lemma [2.3] successively with

(u,7) = (VN 11,3), ..., (u,r) = (Vopr,2N —1).

We obtain a sequence of inequalities of the form

s°\6 / / R |*dxdt < C<53)\4 / / e 2503V N o |2 dxdt
T Qr

+55>\6 //( | 672sa£5|v]\771w1|2d$dt
0,7)Xwq

52N+1>\2N+2 // 6725a52N+1|v’d11|2dI’dt < C (52N1A2N // 672sa£2N71|v2w1|2d(1}dt
T T

+52N+1)\2N+2 // 672sa£2N+1‘vw1|2dzdt
(0,T) xw1

We deduce by starting from the last inequality and using in cascade the other ones that

85)\6 // 6_28a§5|vN_1w1‘2dl‘dt+...+S2N+1)\2N+2 // 6_2$a€2N+1|V'(/J1|2d.’I}dt
T T
<C $3)\4 // 6_2sa€3|vN’¢1|2d$dt+85)\6 // 6_2sa€5|vN_1w1|2d.’Edt (226)
Qr (0,T) xwy
+.'.+52N+1A2N+2 // 67250&52N+1|v,l/}1|2d1_dt
(0,T) xw1

Combining (2.25)), (2.26) and using the definition of I(s, A, ¢) given in (2.8), we deduce that we

12



can absorb the first term on the right-hand side of (2.26) and obtain

S)\2 // 6_2sa§|vN+lw1|2d$dt+ o +$2N+1A2N+2 // e—250¢£2N+1|vw1|2dmdt

N-1

C (}\ // 6_2504* (85*)2N(p+2127+5p+3 ‘¢1|2d$dt+ // 6—2304 Z |V7’1/11|2d.’1,'dt
Qr Qr i

i=1

+53)\% / / e 2503V N oy | dadt + s5N\6 / / e 2503 N oy |Pdadt + . ..
0,T)Xw1 (0,T) xwy

+52N+1A2N+2 // 67250&§2N+1|v,¢1|2d$dt
(0 T)le
Absorbing the second term of the right-hand side, we deduce that for s, A large enough, we have

S)\2 // 6_25a5|vN+1¢1\2dwdt+...+82N+1)\2N+2 // 6—28a52N+1|vw1|2dxdt
Qr Qr

< // —2sa™ é.* 2N(P+1)+0p+3 W1| dudt

+s90 / / e 2B VN Pdadt + .. 4 NN / / e PN Ty [Pdadt
0,7) Xw1 0,7) X w1

(2.27)
Step 3: Now, we consider some open subset wy such that w; CC wy CC wg. We consider some
function 6 € C*° (2, R) such that:

o Supp(f) C ws,
e =1o0n w1,
e 0 c0,1].

Some integrations by parts give

3N / / e 2| VN Yy Pdadt < $*A* / / Oe= 2 VN gy [Pdwdt
(0,T)Xws (0,T) Xws

< Cs3\t o (IV (0253 |V N1 | [V "1y | 4 |0e =253 | [ VN Ty || VYV~ 1apy |) dadt.
0,7) Xwa

From the definition of £ and « given in (2.5)) and (2.6)), we deduce that
|V (0e259€3)| < Cshe™25%¢4, (2.28)

Combining this estimate with Young’s inequality, we obtain that for any € > 0, there exists C; > 0
such that for any s and A large enough, we have

s / / e 2G|V Pdedt < C | es” X / / e 2PV Ny [Pdudt
(0,T) xw1 (0,T) xwa

(2.29)
+es\? / /( . e 25|V |Pdadt + C.s® A / /( . 625“§5VN1¢1|2dmdt>.
0, Xwa O7 Xwa
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Combining (2.27) and (2.29)), we can absorb the local terms in [V *1¢;|? and [VV;|? to deduce

8)\2 // B_QSaf‘VNJrlwleﬂfdt—'-...+52N+1A2N+2 // 6_25a52N+1‘V1/)1|2d.’13dt

<c(a e~ 250" (56,) T 1y 2dadt + $5A° e 2505 TN =1y 12dpdt
(s&+) Y1 &
T OT)XwQ
o 2NN / / e 2PN Ty [Pdadt | .
(O T)XLUQ

We can perform exactly the same procedure on the terms

55)\6 // 6_25a55|VN_1’l/)1|2d$dt,...,SQN_l)\ZN_Q // 6_2sa§2N_1|v2w1|2dl'dt
(O,T)Xwg (O,T)XL;)Q

in order to obtain the following estimate:

S>\2 // 6728a5|vN+11/11|2d1’dt+...+S2N+1A2N+2 // 672sa§2N+1‘V’¢J1|2d.’£dt
T T

_9sa* M
c ()\ / / e (sE,) |41 |2 dadt (2.30)
T

+52N+1)\2N+2 // e—28a§2N+1‘V¢1|2dxdt )
(0,T) xwo

Step 4: Since the weight (s£,)?2V~! does not depend on the space variable, s¢, is bounded
from below by a positive number, and using the definition of a* and &, given in (2.7)), the following
Poincaré’s inequality holds:

)\2N+2 // e—2sa* (sg*)2N+1|w1|2d$dt < C>\2N+2 // 6—2804* (55*)2N+1|V1/)1|2d1'dt
T T

(2.31)
< C)\2N+2 // 6_2sa(86)2N+1|v¢1|2d.’Edt.
Combining (2.30) and (2.31]), we deduce that for s large enough
A2 / / e 250 s | VN T Pdadt + ... 4 N2V T2 / / e~ 25 (s€)* N Wy |2 dadt
HQW// €7H (5.2 un [*dadt
Qr
( // Cosa* §* 2N(p+1>+op+ Wll dxdt+/\2N+2 // —2sa( )2N+1|V¢ | dxdt)
T OT)XWO
(2.32)

We now fix p > 2 large enough such that

2N(p+1)+5p+3
2p

< 2N +1,

which is clearly possible since w — N+3asp— ooand N > 3 (so that N+5/2 < 2N+1).
2N (p+1)+5p+3

Using that e=25%" (s¢,) 2z < Ce™259(5€)2N+1 | we deduce by absorbing the first term of
the right-hand side of (2.32)) that

14



2?2 / / e 25 (s) VN Thapy Pdadt + ...+ N2V T2 / / e 25 (s€)* NV, |Pdadt

+A2N+2 // 672801* (Sg*)2N+1|,¢1|2d$dt g O)\ZN+2 /

€
T (O,T) Xwo

72sa(5€)2N+1|vw1 |2d£€dt.

Going back to v thanks to (2.12), we deduce ([2.10].

2.2 Algebraic resolubility

In this section, we will derive a new Carleman inequality, adapted to the control problem with less
controls we want to prove.

LEMMA 2.5. Let m € N* such that m < d—1. Assume that the T is reqular enough (for example of
class C™).

Consider two partial differential operators £y : C®°(RY) — C®(RH)™ and Ly : C*(RY) —
C>=(R?) defined for every ¢ € C*(R?) by

Ly :=B*(Vp) and Lop := 0o+ Ap + (T- V).
Assume that (1.6]) holds, and let ¢ € N such that

rank({B7, ..., B}, } U{((B* - V)*U;(t, z))icf1,... ay, @ € N, a # 0, [|afl; < q}) =d. (2.33)

There exists an open subset (t1,t2) X@ of (0,T) xw and there exist two partial differential operators
My : C®(RH™ — C=(RH? (of order 1 in time and q + 1 in space) and My : C®(R) — C=(R%)4
(of order 0 in time and q in space) such that

MioLi+MgoLs =V in Coo((t1,t2) X W). (2.34)

Proof of Lemma If ¢ = 0, necessarily, by condition (1.6]), we have m = d and we can ‘take
My = (B*)71 and M3 = 0. We assume from now on that ¢ € N*. Let j € {1,...,m}. We call £ the
j — th line of £1. We remark that

(B} - V)Lagp — (0 + M) Lip — (w-V)Lip = (B - V)(@- V)p — (@ V)(B} - V)¢

d
=(@-V)(B; - V)g+ > (B} - V)tk)Okep
k=1
—(@-V)(Bj-V)e
d
= (B} - V)ux) Ok
k=1
=: [].
Now, for some [ € {1,...,m}, the same computations easily give
(Bf V)L — > (B} - V)uR)okLiv =Y _((Bf - V)(B; - V)ur)owe =: L' p.
k=1 k=1
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Continuing this procedure, we can easily create two partial differential operators Ml (of order 1
in time and ¢ + 1 in space) and My (of order 0 in time and ¢ in space) such that

My(L1(9))(to, z0) + Ma(La(0))(to, x0) = M (@) (V) (to, z0),

where M (u)(to, z0) is a matrix composed by d independent vectors of the family M (%)(to, z¢) with

lael]s < g (which is possible since is verified). By continuity, there exists an open neighbourhood

(t1,t2) x @ of (tg,xp) in (0,T) x w and C > 0 such that |det(M(ﬂ))\ > C on (t1,t2) x @. We call

M(ﬂ)*l(t, x) the inverse of M(ﬂ)(t, x) for (t,x) € (t1,t2)xw. Then, is is clear that M; := M(H)*IJ/\/L

and My := M(ﬂ)*lﬁ/lvg verify and have C* coefficients on (t1,t2) X w. [ |
We now have all the tools to deduce our final Carleman inequality:

PROPOSITION 2.2. Assume that Condition (1.6)) and the hypotheses of Proposz'tion hold. Then,
for all n € (0,1), there exists p > 2, C > 0 and K > 0 such that for every ¥° € L?*(Q), the
corresponding solution ¥ to System (2.4)) satisfies

—2K N1
/MO)Zd“// TP (Y2 4 02 + .. 105 7 W+ (VO + ...+ [V dadt
Q Qr
< CeK/T" / / cTT07 | B* (V) [2dadt.
(0,T) xwo
(2.35)

Proof of Proposition 2.2} Let w; some open subset strongly included in wy. Combining
Proposition Lemma (that is still true by replacing wg by wi), and the fact that any solution
1 of verifies by definition L£2t) = 0, we deduce that, for any ¢° € L?*(Q), the corresponding
solution 1 to System satisfies

A2 // e—23a—2usa* (Sf)‘vN+1¢|2d5L‘dt+ L+ A2N+2 // e—2sa—2p,sa* (S§)2N+1|V¢|2dl‘dt
+/\2N+2 // e—23a*—2usa* (Sg*)2N+1|w|2dxdt

< C)\2N+2/ 96—23(1—2#‘9(1* (8£)2N+1 ‘MlB*(Vw)Idedt,
Qr

where M is a linear partial differential operator of order 1 in time and ¢ + 1 in space, and 6 €
C*(,R) such that:

° ézlonwl,

e Supp(f) C wo,
e 0c0,1].
We first remark that

)\2N+2/ 96—28(1—2”8&* (85)2N+1 |MlB*(V’(/J>|2dJJdt
QT

g+1
o250 2msa” (5g)2NH (Z (IV'B*V[* + |atviB*wl2)> dadt.

=0

< C>\2N+2/
Qr

Using that v verifies (2.4)), we can deduce that

/\2N+2/ 96—23a—2usa* (S§)2N+1 |MlB*(V’(/))|2d.Tdt
Qr

q+3

G250 2msa” (ge)2NH (Z |viB*vw2> dxdt.

=0

< CA2N+2/
Qr
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Some integrations by parts give
AZN+2 / / fe 2020’ (56)2NHL |G B (Vo)) Pt
T
conne [ gemsonauen (s 2 (9 |V pldaas
T

woxss [ (e () 1 (90|l

Let € > 0. Young’s inequality gives
e [ et (s 2N g (9] 9l dads
T
< CEA2N+6 67250472;1,504* (S§)2N+5 |B*(V1/))\2dxdt

(0,T) xwo

—|—E)\2N_2 ( ) e—2$a—2usa* (Sf)2N_3 |V3’(/)|2d$dt
O,T Xwo

and also, by (2.28),

A\2N+2 // |V(0~e*23a—2usa* (35)2N+1)||B*(V¢)|IV2w|dxdt

< ONNF3 / fe 2020 (s)2NF2 | B (V) || V2| dat

Qr
< CE)\2N+6 67250472;1,504* (S£)2N+5 |B*(V1/J)\2dxdt
(0,T) xwo
+eXN em2sam2mse” () 2N V2P dadt.
(O,T)XL/JO

Thus, by taking £ small enough, we deduce that

A2 // 67250472“5(1*(55)‘VN+11/}|2d$dt 4.+ A\2N+2 // 67250472“504* (5§)2N+1|V1/}|2d1‘dt
T T
+)\2N+2 // 672806*72;1,504* (Sf*)2N+1|'L/)|2d$dt
T

<o [ i (20 (9P
(0,T) xwo

q+3
ée—2sa—2usa* (sg)QNJFl <Z |V’B*V1/J|2> dxdt.

=2

o |
Qr

By iterating this process for ¢ = 2,...,q + 3, we can get rid of the sum in the right-hand side and
obtain

)\2 // 67250472;1,594* (Sé_)‘vNJrl?Mle_dt N >\2N+2 // 67251172#504* (55)2N+1|v¢|2dl,dt
T T
+)\2N+2 // 672504*72#504* (55*)2N+1|1/)|2d:vdt
T

< O)\2N+2+4(‘J+2) // 67250&*2;”04* (55)2N+1+4(q+2) |B*(V’l/))‘2d1'dt
(0,T) xwo
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We deduce that

A2 // 672(1+M)sa* (85*)‘VN+1¢|2d1'dt+ o+ A\2N+2 // 672(1+M)sa* (Sf*)2N+1‘vw|2d$dt
T

T

_|_)\2N+2 // 672(1+M)usa* (85*)2N+1|1/1|2dxdt
< C)\2N+2+4(q+2) // 6—2;,Lsa* (sg*)2N+1+4(q+2) |B*(V1/))|2dxdt,
(0,T) xwo
where £* = mgxf. Defining
& = a* (T/2) on (07 T/2)7 5 _ 6* (T/Z) on (01 T/2)a g* . E* (T/Q) on (07 T/2)7
| o on (T/2,T), > | & on (T/2,T), ¢ on (T/2,T),

then, for s and A large enough, using usual energy estimates,

A2 // 672(1+/J«)s&* (Sg*)‘VN+11,/}|2d$dt+ L+ A2N+2 // 672(1+/A)sd* (Sé*)2N+1‘v1/J|2dxdt
T

T

+5\2N+2 // 672(1+u)us&*(Sg*)2N+1|w|2dxdt
T
o ~ N\ 2N+1+4(q+2)
< ON2N+2+4(a+2) / / g~ 2nsd (sg) |B* (V)| 2dwdt.
(0,T) xwo

Fixing s and A\, using (2.5) and (2.6]), and remarking that € does not depend on p, we deduce that
there exists R > 0 such that for any p > 0 large enough,

// e~ T {[UN L2 1 o[} dadt < C// e~ S | B (V) [2dadt.
T (O,T)Xwo

We remark that the fact that ¢ verifies (2.4) enables us to add all the derivatives in time on the
left-hand side. Hence, we can conclude by fixing n € (0, 1), introducing K = (ux — 1)R (for p > 1),
and taking p > 0 large enough so that
- 1R
W=D 4R,

which is always possible since the ratio (1 — 1)/(2 4 1) tends to 1 as p — co.

|
2.3 Regular control
Our goal in this section is to construct regular enough controls. Remind that 6 is defined in (2.2]).
PROPOSITION 2.3. Let r € N. Assume that Condition (1.6) holds.
Under the hypotheses of Proposition System
Oy = Ay + div(ay) + div(0Bv) in Qr,
y=0 on X, (2.36)

y(0,-) =9° in €,

is null controllable at time T, i.e. for every y° € L?(Q), there exists a control v € L*(Qr)™ such
that the solution z to System (2.36) satisfies z(T) = 0 in Q. Moreover, we can choose v €L?((0,T),
H22(Q)™ N H™((0,T), L2(Q))™ with

[0l 20,7y, r2r+2(@)ymaEr+2 (0,1, 22 () < CeX T30 L2,

where K is the constant in (2.35)).
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Proof of Proposition Let & € N* and let us consider the following optimal control problem

L 1, k
minimize Ji(v) := §||p 1/2U||%2(QT)m + 5 /Q 2(T)?da,
vel :={we L*Qr)": p?w e L*(Qr)™},

(2.37)

where p := =0 (for the K > 0 given by Proposition with N an even number to be chosen
later and some fixed n € (1/2,1)) and z is the solution in W(0,T) to

Oz =Az+ Bv in Qr,
y=20 on X,
y(07 ) = yo in Qa

where

{ A=A +div(z - ), (2.38)

B :=div(B6 -).
Here, U is endowed with its natural weighted L?-norm.
The functional J; : U — R7T is differentiable, coercive and strictly convex on the space .
Therefore, following [35] [p. 116], there exists a unique solution to the optimal control problem (2.37))
and the optimal control v is characterized thanks to the solution z; of the primal system by

8tZk- = AZk + BUk- in QT;

ZE = 0 on ET, (239)
2:(0,-) = ¢° in Q,
the solution ¢y to the dual system
—Ovpr = A" x, in Qr,
pr=0 on X, (2.40)

or(T,) =kzi(T,:) inQ

and the relation
vk = —pB oy in Qr,
2.41
{ v €EU. ( )

The characterization (2.39)), (2.40) and (2.41)) of the minimizer vy, of Ji, in U leads to the following
computations

1<Zk(T)7 or(T)) L2(0)

1
Jk(vk) = _§<B*@k7vk>L2(QT)"L + 2

1

T T
1
= —5/0 <@k78vk>L2(Q)dt+ 5/0 {<Zk,at(pk>L2(Q) + <at2k,(pk>L2(Q)}dt (242)

+§<y0, ©1(0,°)) L2(2)
1

= §<y07¢k(07)>L2(Q)
Moreover, using (2.35)) and the expression of p, we infer
ler(0, )2y < Ce™ T p 20 L2 (@ ym- (2.43)

Now, using the definition of Ji, the expression (2.42)), the inequality (2.43) and the Cauchy-
Schwartz inequality, we infer

180, )72y < Ce* /T I (o) < Ce* 110 (0, )| L2 10| £2(02)
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from which we deduce
(0, )22 () < Ce*/ T 190 L2 (@) (2.44)
Then, using (2.42) and (2.44)), we deduce

Ji(vk) < C€2K/Tp||y0”2L2(Q)' (2.45)
Furthermore, we have (see [35, p. 116])
l2kllwor) < C(I1BukllLaqom).m-r@) + 19°ll2 @)

<C (||ﬁ_1/2vk||£2(QT)m + 1401 2(0)) 5 (2.46)
<C(1+Cel/T MNPl L2

where C' does not depend on y° and k. Then, using inequalities and 7 we deduce that
there exist subsequences, which are still denoted vy, 2z, such that the following weak convergences
hold:

v — v inlU,

2 — 2 in W(0,T),

2.(T) =0 in L%(Q).
Passing to the limit in %, z is solution to System . Moreover, using the expression of Ji given
in and inequality (2.45), we deduce by letting k going to oo that 2(7) = 0 in . Thus the
solution z to System with control v € U satisfies z(T) = 0 in  and using , we obtain
the inequality

o], < O/ [P ey

L' > 1, using the definition of the norm on U, we also deduce that

Since p~
P
[V)172(@pym < CEXT 14072 q)-

Now, let us explain why the controls are more regular. First of all, using the fact that ¢y, verifies
(2.40), we deduce that for any j € N,

1B i (t, Mz < Cllor et 20y, Yt € (0, 7).

Hence, for each i € {1,..., % — 1} and k € N, using inequalities similar to (2.17) and (2.18)), we
deduce that for any € > 0, there exists C > 0 such that

1070k 12y //Q 0t (| — B i)
<C//Q P2 {lok* + - + 107 ok} (2.47)
T

991 _1 ;
SC// AR (N e SR N A
T

Now, we fix € > 0 small enough (with respect to 1) such that 2 — 2e — % > 0. With this choice of ¢,

we infer that 52*257% < 1. Hence, using (2.47)) together with (2.35) and (2.45)), we deduce that, for
each i € {0,..., 5 — 1}, |9jvx| € L*(Qr) and

. —2K .
10;0klI72 (g ym < O// e =07 {|pop|* + -+ + |0 ok |*}
Qr

<c / / T (0B (1) 2

Clloxlz

<
g Oe?K/Tp

||y0|\2L2(Q)-
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||B*8i¢k(t, ')H%ﬂ(ﬂ) < C||ag+l¢k(ta -)||%2(Q)7Vt € (OvT)’

Thus, extracting one more time a subsequence if necessary and letting k£ go to +o00, we deduce
that for each i € {1,..., % -1},

10;0ll 2(@rym < CEF/T 14072 ry-
We similarly deduce that, for each i € {1,..., N — 2},
970l za @rymeia < Ce/™ 32y,

The proof is completed by setting r = % + 1. [ |

3 Controllability to the trajectories

Let r € N. We use the strategy developed in [37], modifying it slightly to fit our case. Usual
interpolation estimates (see [36], Section 13.2, p. 96]) show that

L2((0,7), H2(Q)) 0 H™H((0,T), L*(Q)) < L*((0,T), H***(Q)) n H'((0,T), H*" (),
from which we deduce
L2((0,7), H*T2(Q)) n H™1((0,T), L*(Q)) < L>=((0,T), H*"(Q)).
Now, there exists R > 0 large enough such that by Sobolev embeddings, we have
L2((0,T), H*®T2(Q)) n HEHL((0,T), L?(Q)) — L=((0,T), WhH>=(Q)).

Hence, from Proposition and Remark for any y° € L2(Q), there exists a control v €
L>((0,T), WH°(Q))™ such that the solution y to System (2.3)) satisfies y(7) = 0 in Q and

V] Lo ((0,7), w15 (2))m < CBK/TpHyOHL?(Qy

where K > 0 is the constant given by Proposition[2.2] with N = 2R and p > 2 is given in Proposition
21

Letting the system evolve freely a little bit if needed, we may assume without loss of generality
that y° —7° € H}(Q). Indeed, by the regularizing effect, it is very easy to deduce that for any solution
(y,u) to (1.4), there exists some C(T') > 0 such that for any solution (y,0) to on [0, 2], we have
v(3) —7(3) € Hy(Q) and

T (T =
ly (2) —y (2> @) < CDOlY” =7l 20)-

Hence, if ||y" —yo||L2(Q) is small, so is ||y (%) -7 (%) |71 (), so that the condition (1.5) is sufficient
for our argument to be valid.
Following [37), p. 24], we introduce the cost of controllability given by

v(t) = Ce™" | te (0,T),
and the following weight functions

pF(t) = S_ﬁvt € [OaT]
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and

mm—ww@mrﬂﬁimﬂteh@iyﬂ,

extended on [0,T (1 - %)] by

- (o(o- ) sewrs- )

for some parameters ¢ > 1 and « > 0 to be chosen later on.

Q

We remark that pr and pg are non-increasing, verify pr(T) = po(T) = 0 and are related by the
relation

1
palt) = (T =)+ Thla = (T - 1), ve [ (1= )7
We introduce for some 5 > 0 the weight function
__ B8
p(t) = & TP

We remark that
pr < Cp, po < Cp, |p|po < Cp?,

as soon as 8 > 0 is chosen small enough, precisely

@
B < W. (3.1)
We introduce the following spaces:
F{fe (01 x 0, L e 0.1y < )
F

U={ueL(0,T) x Q), pﬁ € L®((0,T), W)}
0

and
Z ={ze L*(0,T) x Q),% e H((0,T), L% N L2((0,T), H2 N HY)},

endowed with the weighted Sobolev norms naturally induced by the definition of these spaces.
Following [37, Proofs of Propositions 2.5, 2.8] in the spirit of [3I, Section 7.2 and Appendix 5], it
is easy to obtain the following result.

PROPOSITION 3.1. For any 2° € H} () and any f € F, there exists v € U such that the solution

z of
Oz = Az +div(uz) + div(6yBv) + f  in Qr,
z =0 on Y,
2(0,-) =2° in Q,

verifies z € Z (and hence z(T) = 0).

To conclude, we use the following inverse mapping theorem:
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THEOREM 3.1 (see [3]). Let X and Y be Banach spaces and let M : X — Y be a C' mapping.
Consider ©g € X and yo := M (o) € Y. Assume that the derivative M'(xg) : X — Y is onto. Then,
there exist 1 > 0, a mapping W : By(yo) C Y — X and a constant K > 0 satisfying:

{ W(z) € X and M(W(z)) = z Vz € B, (yo),
[W(z) — zollx < Kllz = yolly Vz € By(yo)-

Proof of Theorem We are looking for a solution in the form
y(@,t) =y(z,t) + w(z, 1), u(x,t) =u(z,t)+ 0(x)Br(z,1),

where (y, ) and (7, @) are solution to the Systems (1.1 and (1.4)), respectively. Then (w,r) is solution
to

N(w,r) = Ow — Aw —div(aw + 0Bry+ 0Brw) =0 in Qr,
w = 0 on 2T7
w(©0,) = ¥ -7 in Q.

We introduce the following spaces:
X :={(w,r) € Z xU such that dw — Aw — div(aw + Bry) € F},
endowed with the norm
(w, M)l = [Jwllz + ||r|l + 10w — Aw — div(ww + 0Bry)|| 7,

and the space
Y =F x Hy(Q),

endowed with the norm
N 20y = 1FlF + 11220 0)-

Introduce the mapping M given by

M : X — Yy
(w,r) — (N(w,r),w(0,-)).

Let us determine what are the conditions on ¢, a, 8 ensuring that M is well-defined. It is clear that

w
110(0, )11 oy < Ilellom oy s ey < ch

< (w7l
€O (10,71, H3 ()

Now, we remark that by definition of the space X', we have

[|0;w — Aw — div(aw + 0Bry)|| 7 < ||(w,7)|| -

Hence, the only difficulty is to treat the bilinear part div(6wBr). We remark that

We can impose that p? < Cpr and p2 < Cpp as soon as

w

1
2
P

r

1
2
P

div(6wBr)
PF

<C
L2((0,T)x)

Loo((0,7), W2 (Q)) L2((0,7),H'(2))

a <23 and ¢*P*? < 2. (3.2)
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Remark that these conditions are compatible with condition (3.1).
Hence, under conditions (3.1) and (3.2)), we deduce that

l

We conclude that under these conditions, M is indeed well-defined and continuous. Moreover,
we remark that M (0,0) = (0,0) and M is of class C' as a sum of a continuous linear function and
a continuous quadratic function. Furthermore, Proposition exactly means that M'(0,0) is onto
(see Remark [3), when

r

Po

w

div(fwBr) H
Lo ((0,T),Whee () 1| P

PF

<C
L2((0,T) x )

< Cll(w, )%

L2((0,T),H'(2))

«
q2p+p

<1 (3.3)

and 7 € (0,1) is chosen as
a

= Rars

Conditions (3.1)), (3.2) and (3.3]) can be summarized as follows:

a e 2p+2

2<5<(12p+p<1andq <2,

which is satisfied for ¢ = (3/2)'/(2?*2) > 1 (remind that p > 2, so that 2p+p > 2p+2 > 1), a =1
and 8 = 7/12. Theorem leads to the conclusion.

|

4 Example of a non-controllable trajectory with a reduced
number of controls

In this section, we give the example of a trajectory which does not satisfy condition and for
which the local controllability to the trajectories does not hold.

Consider w € L*>(Qr)™ which is independent of the time variable and will be determined later on.
Assume that for each 3° € L2(Q2) \ {0} the following system is locally controllable to the trajectories
with a control operator B to be chosen later on:

oy  =Ay+div(uy) inQr,
Y =0 on X, (4.1)
7(0,-) =7° in Q.

Then, for any € € (0, 1), there exists u € L>®(Qr)™ such that

Oy = Ay + div(uy) in Qr,
Y =0 on X,
y(0.-) =(1-¢e)7’ in €,
y(T,) =79(T) in €,

)

where v = @ + Bv with Supp(v) C (0,T) x w. We remark that (z,w) := (y — 7, yv) is solution to
Az + div(uz) + div(Bw) in Qr,
0

8tz =
z = on X,

4.2
2(0,)) =&y’ in Q, (42)
2(T,-) =0 in Q.
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We deduce that the linear control system is null controllable at time 7" > 0, then approximately
controllable at time 7' > 0. It is well known that the approximate controllability of System on
(0,T) implies the following property, called the Fattorini-Hautus test (see e.g. [39]) : for every s € C
and every ¢ € H2(Q2) N H}(Q),

(4.3)

—Ap—1u-Vyp =spin )
= p=0.
B*V =0inw

Now, we give an explicit situation in contradiction with ([4.3). Consider Q = (0,7)%, B* =
(0,1) and s = 25 (w and @ will be chosen later on). The goal is to find a nontrivial solution
© € H2(2) N HY(Q) of

—Ap+u-Vo =25pinQ,
¥ ¥ .90 (4.4)
Oy p =0in w.
We introduce two functions f and g defined on 2 and given by
2 2v/2
f(z1,22) = sin(3z1) sin(4zz) and  g(xy,z2) = — sin(5x2) + T\[ cos(hxa).
Remark that f € C*°(Q) and g € C*°() are chosen in such a way that
—Af =25f on (,
—Ag = 25g on (),
05,9 =0on
1 9, 4.
f =0 on 012, (4.5)
(35 =9(5%),
Vi(5.5) =Ve(5:5)

Now, let us consider some cut-off function x € C§°(R?) such that x € [0,1], x =0 on R\ [%, 3] x

R\ [F, %] and x =1 on [T, 3] x [3% 5%] For a parameter h € (0,1), we call
o T ox =72 xg—7/4
Xn (21, T2) -X(2+ n a h .

Note that xp is supported in

2 472 4 84 ' 8
verifies N N h N
v T vy iy mw T vy
=1 on [_8’2+8]X[4_16’4 16] W (46)
and

C
IXn| <1, |0z, X0l < 5 on R?, (4.7)
for some C > 0 independent on h. Now, we introduce
on = xng + (1 = xn)f (4.8)

We remark that for any h € (0,1), ¢, # 0 since it coincides with f outside V}, # () and with g on
W), # 0. Moreover, one has

02y 0h = Ony Xn(9 — f) + X109 + (1 = X1) 0z, [ (4.9)
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By the two last lines of (4.5) and Taylor expansions, for h € (0,1), we have
‘f _g| < Ch27 |ax2f - am2g| < Ch on Vha (410)

for some C > 0 independent on h. From (4.7, (4.9) and (4.10), we deduce that
0,00 — 02,9] < [Ouyxal 19 — fI+ 11— Xn| 02,9 — Ou, f| < Ch on Vi,

for some C > 0 independent on h. Since

] (

T

=, =) =4>0,

51)

we deduce that there exists hg > 0 small enough such that, d,,¢n, = C on Vj,, for some C > 0.

Accordingly to (4.6)), we choose w = Wp,,, and

0,0) A in (0,7)%\ (Vio \ Why),
(O7 _ ‘paho o @ho )

U= .
otherwise.

Remark that @ is well defined: by construction, 0,,¢n, = C where —Awpyp, — 25¢p, 7# 0 (which is
included in Vj,, \ Wp,).
Moreover, @ is of class C* on ). To conclude, we remark that by (4.5) and (4.8)),

—App, —u-Vp, =25pp, in €,

Pho =0in 89,
Oz, Phy =0 in w,
Pho 7é 0.

Hence, we obtain a contradiction with the Fattorini-Hautus test, which concludes our proof.
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