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Abstract

In this paper, we consider the cost of fast controls for a large class of linear equations of parabolic
or dispersive type in one space dimension in small time. By extending the work of Tenenbaum and
Tucsnak in New blow-up rates for fast controls of Schridinger and heat equations, we are able to give
precise upper bounds on the time-dependance of the cost of fast controls when the time of control T
tends to 0. We also give a lower bound of the cost of fast controls for the same class of equations,
which proves the optimality of the power of 7" involved in the cost of the control. These general results
are then applied to treat notably the case of linear KdV equations and fractional heat or Schrédinger
equations.

Keywords: moment method; fast controls; linear dispersive and parabolic equations.

1 Introduction

1.1 Presentation of the problem

This paper is devoted to studying fast boundary controls for some evolution equations of parabolic or
dispersive type, with the spatial derivative not necessarily of second order.

Let H be an Hilbert space (the state space) and U be another Hilbert space (the control space). Let
A : D(A) — H be a self-adjoint operator with compact resolvent, the eigenvalues (which can be assumed
to be different from 0 without loss of generality) are called (A\g)r>1, the eigenvector corresponding to
the eigenvalue A is called e. We assume that —A generates on H a strongly continuous semigroup
S :trs S(t) = e t4. The Hilbert space D(A*)'(= D(A)’) is from now on equipped with the norm

2 <$6k>%{
L D VA

We call B € £.(U,D(A)") an admissible control operator for this semigroup, i.e. such that there exists
some time Ty > 0, there exists some constant C' > 0 such that for every z € D(A), one has

To
A|wwww%<mwm

We recall that if B is admissible, then necessarily the previous inequality holds at every time, that is to
say for every time T > 0, there exists some constant C'(T') > 0 such that for every z € D(A), one has

T
A|wwww%<cwmm%

From now on, we consider control systems of the following form:
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y: + Ay = Bu (1)
or
yr + 1Ay = Bu, (2)

where A will always be supposed to be positive in the parabolic case (i.e. for Equation ) Then, it is
well-known (see for example [4, Chapter 2, Section 2.3|, the operators —A or —iA generates a strongly
continuous semigroup under the hypothesis given before thanks to the Lummer-Phillips or Stone theorems)
that if u € L%((0,T),U), System or with initial condition y° € H has a unique solution satisfying
y € C°([0,T), H). Moreover, if the system is null controllable at some time Tj (i.e. for every y° € H, there
exists some control v € L%((0,Ty),U) such that y(Tp,-) = 0), then there exists a unique optimal (for the
L?((0,Ty),U)-norm) control ey € L*((0,Ty),U), the map y° +— uyp is then linear continuous (see for
example [4, Chapter 2, Section 2.3]). The norm of this operator is called the optimal null control cost at
time Ty (or in a more concise form the cost of the control) and denoted Cr,, which is also the smallest
constant C' > 0 such that for every y° € H, there exists some control u driving y° to 0 at time Ty with

| L2(0,70),0) < ClIY°! -

Concerning , it can be shown (see for example [4, Chapter 2, Section 2.3, Theorem 2.41]) that this
system is null controllable if and only if it is exactly controllable; moreover, in this case, it is easy to prove
that the cost of exact controllability has the same behavior in small time as the cost of null controllability;
hence, even for conservative systems, we will only be interested in null controllability.

Our goal in this work is to estimate precisely the cost of the control C7 when the time 7" — 0 for some
families of operators A which are null controllable in arbitrary small time, and notably to find lower and
upper bounds on Cr. Understanding the behavior of fast controls is of great interest in itself but it may
also be applied to study the uniform controllability of transport-diffusion in the vanishing viscosity limit as
explained in [16]. (the strategy described in [I6] might probably be extended to the study of other problems
of uniform controllability for example in zero dispersion limit or in zero diffusion-dispersion limit as in [§]
or [9])

1.2 State of the art

In all what follows, f < g (with f and g some complex valued functions depending on some variable x
in some set S) means that there exists some constant C' > 0 (possibly depending on other parameters) such
that for every z € S, one has |f(z)| < Clg(z)|, (such a C is called an implicit constant in the inequality
f < g),and f ~ g means that we have both f < g and g < f. Sometimes, when it is needed, we might detail
the dependance of the implicit constant with respect to some parameters. We also might write g 2 f when
f < g. The set S will not be explicitly given, it will in general correspond to all the variables appearing
explicitly in the inequality.

As far as we know, results concerning the cost of fast boundary controls have been obtained essentially
in the case of heat and Schrodinger equations. It is known for a long time that for the one-dimensional

heat equation posed on a time-space cylinder (0,7") x (0, L) with boundary control on one side, the time-
at

dependence of the cost of the boundary control is ~ e 7 for some constant « > 0 (see [1I] and [30]), where

the notation a* means that we simultaneously have that the cost of the control is > e and < e for every

K > « as close as « as we want (the implicit constant in front of the exponential might possibly explode

when we get closer to «). The constant « verifies

L*/4< a < 3L%/4.

The upper bound is obtained in [31] and the lower bound in [19] (it is the best bounds obtained until now).
For the Schrédinger equation posed on a time-space cylinder (0,7) x (0, L) with boundary control on one

at
side, one also has that the dependence in time of the cost of the boundary control is under the form ~ e
for some constant & > 0. The constant & verifies

L?/4 < a < 3L%)2.
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The upper bound is obtained in [31] and the lower bound in [20] (it is the bounds obtained until now). In
both cases, it is conjectured that the lower bound is optimal, i.e. that one can choose

a=ada=1L"/4

Our goal is to extend this results to other first-order time evolution equations with spatial operators
that are self-adjoint or skew-adjoint with eigenvalues A, or i)\, that do not necessarily behave has k2 or
ik?, for example linear KdV equations, anomalous diffusion equations or fractional Schrédinger equations.
Our main tool is the moment method which was introduced in [6] for the study of heat-like equations in
one space dimension (and more generally for parabolic systems with eigenvalues having a behavior as in
equation for some o > 1) and used successfully many times notably to prove the controllability or
uniform controllability of parabolic systems or equations or to study the behavior of the cost of the control
(see for example [5], [31], [7] or [1]). We first prove some general theorems about the cost of controls for
operators A having eigenvalues which behave asymptotically as k¢ for some a > 2, and give precise upper
bounds concerning Cr. Concerning lower bounds, we also prove that limsupy_,o 7/~ 1In(Cr) > 0 as
soon as a > 1. These main theorems are then applied to some families of equations, as described further.
However, since our work is mainly an extension of [3I], we are not going to improve any existing upper
bounds in the case of heat or Schrédinger equations. The generality of the equations considered here enables
us to give a unified framework, and to use the results proved to complete or improve some results coming
from the litterature is some special cases.

Concerning linear dispersive equations of KdV type, the controllability has been widely studied with
different boundary conditions and different boundary controls (see, in particular, [26], [27], [24], [25], [9],
[8] or [I0]), in general in order to prove a result of controllability for the corresponding nonlinear KdV
equation. According to the result given in [8, Proposition 3.1], one should expect that for such equations

involving space derivatives until the order 3, the cost of fast controls is bounded by C’e% because of the
weights used in the Carleman estimates. The novelty is that we give here a precise estimate of C' and prove
that this power of T' is optimal.

The cost of fast controls for anomalous diffusion equations has been studied notably in [21] and [18],
the results are improved in [22] Section 4.1], the latter article gives the optimal power of 1/T involved (see
also [32]), but the techniques (spectral inequalities and the Lebeau-Robbiano method) are very different
from what we are going to do in this article. In all these articles, the authors were interested in distributed
controls in a (small) open subset of the space domain and does not estimate precisely the constant appearing
in the cost of the control. The novelty is that we consider here boundary controls and give precise estimates.

Our last example concerns the control of fractional Schrodinger equations. As far as we know, the
question of the control of such equations was never studied. As before, we are able to derive a precise upper
bound on C7.

1.3 Some definitions and notations

Definition 1.1 Let C be a countable set. We say that a sequence of real numbers (A\,)necc is regular if
Y((An)nec) = %r;éfnp\m —An| > 0.

From now on, we assume that B is a control of the form
Bu = bu,
where b € D(A)’ (U is here R or C), and we call

b =< b, €k >(D(A)’,D(A))7

where <,>(p(a),pa)) is here the duality product between D(A)" and D(A) with pivot space H. It is
well-known (see [I3] and [33]) that if ||(br)ken||co < +00 and if (Ag)r>1 is regular, then B is an admissible
control operator. From now on, we will always assume that T is small enough (for example T € (0,1)). In
the case where A is positive, our main result is the following:

Theorem 1.1 1. Assume that (Ay)n>1 is a regular increasing sequence of strictly positive numbers
verifying moreover that there exist some o > 2 and some R > 0 such that

Ay =Rn®+ O (n®71h), (3)

n—oo



and assume that by, ~ 1 (in the sense that the sequence (|bk|)ken is bounded from below and above
by strictly positive constants). Then system is null controllable. Moreover, the cost of the control
verifies

21/(a71)3(a _ 1)7.[.04/(0[71)

((ersin(m/(a)))o/e=1)) -
2. Assume that (Ay)n>1 @5 a reqular increasing sequence of strictly positive numbers verifying moreover
that there exists some o > 1 and some constant R > 0 such that holds. Assume that b, ~ 1.

Then system is null controllable. Moreover, the control can be chosen in the space C°([0,T],U)
and the cost of the control (in norm L>(0,T), so this is also true in L*(0,T)) verifies

Kk
Cr Sexne=b - for every K >

21/(a71)3(a _ 1)7ra/(a71)
Gasin(r/(2))>/@ D)

Kk
Cr S e®DYE=D - for every K >

(the implicit constant in the previous inequalities might depend on « but not on T ).
Remark 1 In the case a = 2, we obtain exactly the results of [F1].

As we will see, we will need for applications in the dispersive case to consider operators A that are
not necessarily positive. In the following theorem, we assume that A is self-adjoint with compact resolvent
(but not necessarily positive) with a family of eigenvalues (A,,)nez+ verifying that A\, — 400 as n — 400
and )\, — —oco as n — —oo, and we consider the corresponding dispersive system (of course, the
corresponding “parabolic” system cannot be considered).

Theorem 1.2 Assume that the sequence of increasing eigenvalues (A )nez- of A is a reqular sequence of
non-zero numbers verifying moreover that there exist some o > 1 and some constant R > 0 such that

A\, = Rn® + Q (no=1hy, n >0,
An=—-Rn*+ O (n* 1Y), n<0, (4)
n—roo

sgn(\) = sgn(n),
and assume that by, ~ 1. Then system is null controllable. Moreover, the cost of the control verifies

2let)/(e=1)3(q — 1)/ (@=1)
((ersin(m/(e)))/(2=1))

(the implicit constant in the previous inequalities might depend on « but not on T')

_x
Cr S e®DVE=D " for every K >

We are also going to prove that the power of 1/T involved in the expression of the cost is optimal in the
following sense:

Theorem 1.3 With the same notations and under the same hypothesis as in Theorems [1.1] and [1.2, the
power of 1/T involved in the exponential is optimal, in the sense that there exists some constant C > 0
such that in both cases of and one has

T < O (5)

(the implicit constant in the previous inequality might depend on « but not on T')

2 Proofs of Theorems 1.1H1.3
2.1 Proof of Theorem [1.1]

The following lemma is a refinement of the estimates proved in [6, Lemma 3.1] and is strongly inspired
by [31} Lemma 4.1].



Lemma 2.1 Let (Ay)n>1 be a regular increasing sequence of strictly positive numbers verifying moreover
that there exists some o > 2 and some constant R > 0 such that holds.
Let ®,, be defined as follows:

z
k#n n
Then
1. If z€C,
1
By (2) < e T stz ¥ p(l2)), (6)
where P s a polynomial.
2. If r € R,
1
G, (—ix — \p) < 2RV (7D sin(r/20) ol P\, |2|), (7)

where P is a polynomial.
(In the previous inequalities, the implicit constant may depend on « but not on z, x or n)

Remark 2 One can see numerically that inequalities @ and are optimal for o > 2, but are false for
a € (1,2) (but one could find a less precise estimate).

Proof of Lemma Without loss of generality, we can assume that R = 1 (one can go back to the
general case by an easy scaling argument). We have then the existence of some constant C' > 0 such that
[An — n% < Cn®~!. From now on we call 7 := v((A\,)n>1). As in [31, Page 81], one has

In|,,(z / . /

L, (s) := #{k||Ar — An| < s}

d dt, (8)
where

Let us estimate precisely L (s).

One has
Ak — Al
if and only if
Ak —Ap < S (9)
and
A — A < . (10)

1. Assume that @D holds. Then
k7 Nk — C) < A + 5.

Let

R(X)=X*"1X -0C).
We call D = )\, + s. By studying function R, we see that R(0) = 0, R(4+o00) = +oo and that R
is strictly decreasing on [0,C(1 — 1/«a)] and then strictly increasing on [C(1 — 1/a), 00). Hence the
equation R(X) = D has a unique solution X for n sufficiently large and the inequality R(X)< Dis
equivalent to 0 < X < X. Moreover,

R(D*)-D=-CD"+ <0
and —_— 1 1 1 1
R(D= +C)—D= (D= +0)*'Da = D=D((1+CD =)*' —1)>0.

So X € [D'/*, DY 4 O] and )
0<k<X

implies

Q=

E<(An+s)e +C. (11)



2. Assume now that holds.
Ay — s <k Nk +O). (12)
We call E = )\, —s. If \,, — s < 0 then inequality is always true. If A\, + s > 0, we introduce
R(X) = X“"YX +0O).

By studying function R, we see that R(0) = 0, R(+o0) = +00 and that R is strictly increasing on
[0,00). Hence the equation R(X) = E has a unique solution X € [0,00) and the inequality R(X) > D
is equivalent to X > X. Moreover,

R(EX)—E=CE"+ >0

and
1

R(E« -C)")—E=(E~—-C)H)* 'Es —E=E((1-CE =)H)*"1-1) <.

So -
X e [EY* —C,EY¥]

and k > X implies
k2 (A=) —C)F = (A —8)7 = C). (13)

Finally, if we have simultaneously the conditions (9) and (10)), then combining inequalities and
necessarily

Q=

ke[((An—35)1)s —C, (A +)o +C]

and
Ln(s) < A+ 8)% — (A — 8)) = +2C. (14)

Finally, from and ,

1 1
zl poo Ants) @ —(Ap=s)T)a
[@u(2)] S (L [2]/7)20e Gt (15)
One has (using the change of variables v = s/\,, for the last inequality)
|z oo i _ )2 0o 1 AN
[ [ Cat = Oa =y g [ Gt = (O,
o Jy (t+s) ~ s(s+12])
R 1o
z z z
< —(U(— V(i—)),
UG VG
where
1 (1 —v)=
U(z) ;:/ (Lo —(1-v)> (17)
0 v(v+ )
and
(1)
\%4 = . 18
@ [ (18)
To prove inequality (6), in view of and it is now enough to prove
1-1 77
a < 1
P U) V) < G (19)

for every z > 0.
Let us now prove inequality (19). Let us first study z'~'/V(z). We remark that

“1/a e [P HDE [ (vfz 4 1)z)w
VOV (@) = o //1 md”‘/l oefern)



By considering the change of variables ¢t = /v, we obtain

1-1/a _ T(L/t+1/)w
x V() /0 BT dt. (20)
Similarly one has
oo F—(1/z—1/t)=
xl_l/aU(Qﬁ) :/ (1/t+1/x) 1+E /x /t) dt. (21)

Using the dominated convergence Theorem, one proves easily that

> dt
eV (z) — S
z—oo J tg(l +t)
and
Veu(z) — 0.

T—00

> dt
I(a) ::/0 m

One can compute explicitly this integral.

Let us call

Lemma 2.2 Let x > 1. Then -

I(x) = m

Proof of Lemma [2.2] We remind the following Definition of the Euler Beta function B (see [23, Page

142, 5.12.3)):
oo tx—l
B = —_
(z,y) /0 e dt

We then have
I(x)=B(1—-1/z,1/x). (22)
Using the link between the B function and the I" function, we obtain

B(1—1/a,1/x) = 1;((11 - 11%)1(11//2 —T(1 = 1/2)0(1/2). (23)

Using the Euler reflection formula (which can be applied here because 1/z € (0, 1)), we obtain the desired
result. [ |

We will prove that for every x > 0 one has
2 E(U(x) + V(z)) < I(). (24)

Let us remark that one can compute explicitly V in terms of linear combining of hypergeometric functions:
one can use for example Mathematica to check that
2V (2) = —axTVY o R (-1/a, -1/, 1 — 1/a, —1)

(25)
+a(l+1/2)Y* sF (~1/a, =1/, 1 = 1/a, (z — 1)/(x + 1)),

where oFj is the ordinary hypergeometric function. It is then easy to prove that for every a > 2, x —
x'~1/*V ig increasing by differentiating with respect to x. Let us consider two different cases:

1. Assume z < 1. In this case,

'OV () < —asFi(=1/a, ~1/a,1 = 1/a, 1) +a2'/°. (26)



We remark (by differentiating z'~1/*U (z) with respect to « in expression ([21)) that o — z'=1/*U ()
is increasing, so

N

21U (a \f/ (At =(A=v)7, . (27)

v(v+ x)
(the last inequality in can be checked numerically for = € [0, 1])

We also have (the function o — oFj(—1/a,—1/a,1 — 1/a, —1) is increasing)

—asFy(~1/a, —1/a,1 - 1/a,—1) < —aaFy(—1/2,-1/2,1 — 1/2,-1) < —0.520v. (28)

Combining (26), and (28), we deduce

2!V (U(2) + V(2)) <1+ a2"/* —0.52a.

We just have to prove that

™

1—0.52a + a2/ < (29)

sin(m/a)’

One verifies numerically that it is true for « € [2, 3], and one verifies easily by differentiating the
expression with respect to « that o +— 1 — 0.52a + a2'/® — is decreasing at least on (3, c0).

Inequality is proved at least for z < 1.

sin(;/oz)
2. Assume z > 1. We have (the equality can be easily obtained thanks to Mathematica for example)

1 1N
xlfl/aU(m) < xfl/a/ (I+v)a —(1-v) dv
0 v (30)

= (E_l/a(Hl/a + oFi(=1/a,—1/a,1 = 1/a, —1)),

where we call H/, the (generalized) harmonic number of order 1/a. We have

Hyo < Hyjp <0.62. (31)
Using , and , we deduce
YU (x) + V() < 27V A(a) + B(x) (32)
with
Alar) = (0.62 — a)o Fi (—1/a, =1/, 1 = 1/, 1)
and

B(z) = a(1+1/2)Y* yFy (~1/a, ~1/a,1—1/a, (z — 1)/(z + 1)).

One has A(a) < 0, moreover, one easily proves that B is increasing with respect to z and tends to
asFi(—1/a,—1/a,1 —1/a,1) = I(«). Hence inequality implies that inequality is also proved for
xz > 1 and finally is proved. [ |

Inequality is easier to prove. Doing as in [31], Page 83|, we have

. 1+Z'l‘/)\k‘
P (— _ 2: |7 B2 1 2
@nie =20 =TT (= ege = Br IL 1+ o2/ (33)
k#n k#n
where
By =[] = A/M)™
k#n
Let us remark that
=% p(t)
In(1+ 2%/)\2 :/ — 4
> (et = [ (34)

k>1



where

Mt)= > L

A<|z|/VE

One easily observe using same computations as before that

M(t) < |z|at~ V) 4 C. (35)

We then obtain, using and (35),
1

2742 2752 [
> In(1+2%/A7) < Cln(1 + |z //\1)+|33\“/O /G (1= 1)

dt < Cln(1 2/)\2 = 1(20).
2 i+ n(1+ [z*/A]) + |z|= 1(20)

We deduce by Lemma and that

@n(—ix _ )\n) 5 Bn(l + |x|2/>\%)0/267r|z\i/(251n(7r/(2a)))

and it can be proved that B, is at most polynomial in A, (the computations are the same as in [31], Pages
83-84]) as wished. This proves inequality (7). ]

Now, we study the multiplier, which is very similar to the one studied in [3I]. Let v > 0 and 8 > 0 be
linked by the following relation:

g = o - (20 (36)

asin(m/a

where § > 0 is a small parameter.
We call y
oy(t) = exp(—m)

prolonged by 0 outside (—1;1). o, is analytic on B(0,1). We call

1
Hp(z) := Cl,/l o, (t)e P dt,

where
Cy, :=1/||ou||1-
Thanks to [31, Lemma 4.3], we have
Hp(0) =1, (37)
o) > eBlel/(2Vv+T) -
sliz) 2 ﬁ? (38)
1 3
3¢/ <G < ovr+ e, (39)
|Hp(2)] < PN, (40)

The main estimate is the following:
Lemma 2.3 For x € R, we have

Hy(w) < Vo 16/~ ((r45/2)lal %) /Gin(r/e))
(The implicit constant may depend on o)

Remark 3 Lemma is false for a € (1,2). This explains why we were not able to extend Theorem
to the case where o € (1,2). However, we know that systems like and are null controllable as soon
as a > 1, so one can conjecture that there is a way to extend the previous estimates for o € (1,2).



Proof of Lemma First of all, consider some ¢ € [0,1) and § € (—m, 7). We call p := 1 — ¢ and
z =t + pe?. One has (see |31, Page 85))

1 1 1 v 1
>

Re—— > — > -,
T_=274, 17 e g
because p < 1 and a > 2. So, doing as in [31], we obtain by applying the Cauchy formula for holomorphic
functions v

o D

loW)(t)] < jle™ Tsup———.

p>0 P’
Computing the supremum on p € R™, we obtain
-\ (a—1)j
- v Ao —1
o (0] <ttt (K)o )

Using the fact that o, is even, inequality is true for every ¢t € (—1,1). Using inequality j! > j%e~/ in
(1), we obtain

(a=1)j
; g v [(Ha—=1
o0l < et (H) T (42)
Since all derivatives of o, vanish at t = —1 and ¢t = 1, we have
26, |0 e
|Hp(z)| < W7 (43)
for every z > 0 and j € N. Combining , and , we deduce that
] s (4(a — 1))(a—1)j )
H <V 1" (— N. 44
[Hg(z)] S Vv +1(j1)%s (Bro—1z)i J & (44)
We set
j = [(1/a)(Br*~"2)"/7] (45)
with some constants a and vy which will be chosen correctly soon. Then we have
B = (aj)”. (46)
Using and we obtain
g s 4@
[Ha@)] S VoI e o (47)
We choose v = a and a = (4(a — 1))~/ Combining (47), [45), and inequality
(N S g e,
we deduce .
Ho(2)] < Vo T Te¥ej/2 < o g Te% e (mtd/2) (sintr/a)lal
|
Proof of Theorem [I.1l

The proof follows the proof of [31, Theorem 3.1 and 3.4]. We still assume without loss of generality that
R =1. Let us first consider the dispersive case (Equation ) We call

gn(2) == @ (=2 — Ap)Hp(z + Apn). (48)

10



We want to apply at the end the Paley-Wiener Theorem (see estimate (40))) in an optimal way, so we want
B to be close to T'/2. Assume that § < T/2 and close to T'/2, for example

T(1-96
5100
One has g, (—Ax) = 0kn. Moreover, thanks to , @, Lemma and

|9n(ﬂ?)| 5 e%-‘rﬂ'/sin(ﬂ/a)|x+kn\i—(7r+5/2)/sin(7r/a)\ac+)\n\iP(|x+ )\nl)

(49)

< M d/@sinr/a)lat Al ® p(ly 4 \L)
3(a—1)(+6)*/ =1 /((asin(r/a))*/ (=D g1/ (x=1)

1+ (x4 )2
2!/ T3 (a=1)(n48)*/ (7D /((asin(m/a)) /(7D (T (1-6)) /(27 D)

N

Let us fix some
K > 3(a— 1)2Y (@ Dpa/(a=D) /(ysin(n /o) )/ (D),

Considering § as close as 0 as needed, we deduce that

K
eri/(a—1)

RREaEENE o0

|gn ()

This notably proves that g, € L?(R). Moreover, using @, , and , we obtain
|9 (2)] S €TFV2,

Hence, using the Paley-Wiener Theorem, g,, is the Fourier transform of a function f,, € L?(R) with compact
support [—1/2,T/2]. Moreover, by construction {f,} is biorthogonal to the family {¢**»*}. Then, one can
create the control thanks to the family {f,}. Let us consider y° = " aye; the initial condition, we call

u(t) == (ar/b)e T2 fi(t — T/2). (51)

keN

This expression is meaningful since by ~ 1, moreover the corresponding solution y of verifies y(7T',-) = 0.
Using the Minkovski inequality, Parseval equality, , br ~ 1 and , we obtain

_ K dx
, < pTi/(a=D) 2 )2
Ol < (o )

S €T (/2 |ax )2
K
S eI 0|
We now consider the parabolic case (Equation ) We call

D, (—iz — \p)Hg(zsin(n/a)*/(2sin(r/(2a))?)) .

hn(2) = Hp(idy sin(r/a)*/(2sin(r/(2a))*)) "
Assume that T(2sin(m/2a))*
B < 2sin(r /(@)
and close to W
2(sin(7/(a)))>
for example
5 (1 — 8)T(2sin(m/2a))” (53)

2sin(7/(c))®
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One has hy,(i\g) = dkn. Moreover, thanks to , , , Lemma and , one has

BIX

()] < (0 + 1)e 07/ @sintn/2a)) el & ~((r6/2)/ (2sinr/200) o1 & = £28E 1 13 1y

S+ 1)6%1/76/(2Sin(ﬂ/m))‘x‘éi%P(|~’C‘v Anl)
e3(a=1)(m+8)*/ =D /((2asin(m /o)) >/ (4D g1/ (a=1))

1+ (z+M)?)
e3(a=1)2" 7D (w4:8)*/ (47D /((2asin(m/ (20))) /(47D (T (1-6)) /(27 D)

(14 (z+An)?)

S(v+1)

S(v+1)

Let us fix some
K > 3(a — 1)2/@D70/@D) ) (2asin(r/(2a)))*/ D).

Considering 6 as close as 0 as needed, we deduce that

FI/(a=Ty
|hn(2)] S ma (54)
This notably implies that h,(x) € L*(R) N L?(R) and
|z sy S €77 (55)

Moreover, using @, , and

|n(2)] S €772,

so using the Paley-Wiener Theorem, h,, is the Fourier transform of a function w, € L?(R) with compact
support [~T/2,T/2]. Moreover, by construction {w,} is biorthogonal to the family {e~**}. Then, one
can create the control thanks to the family {h,}. Let us consider y° = Y agey the initial condition, we call

u(t) == — Z(ak/bk)e_T’\’“/Zwk(t —-T/2), (56)

This expression is meaningful since by ~ 1, moreover the corresponding solution y of verifies y(7T',-) = 0.
One easily verifies that u € C°([0,T],R). Using , |br| ~ 1 and inequality , we obtain

Hu(t)||Loo(0’T) S e% Z |ak|€_T)\k/2,

Using the Cauchy-Schwarz inequality, one deduces

K
lu®llz=0.7) < €77y -

2.2 Proof of Theorem [1.2]

We will not give the details of the proof of Theorem because it is exactly the same as the one of
Theorem We just explain in details the modifications appearing in Lemma [2.1

Lemma 2.4 Let (Ay)nez be a regular increasing sequence of non-zeros numbers verifying moreover that
there exists some o = 2 and some constant R > 0 such that holds. Let @, be defined as follows:

z
(0] = 1—
o) = [T - =)
k#n
then
—
D,(2) eV @ T P(|2]), (57)

where P is a polynomial in |z|. (In the previous inequality, the implicit constant may depend on o but not
on z ormn.)

12



Proof of Lemma We use the same notations as in the proof of Lemma [2.1] and assume without loss
of generality that R = 1. Let us give a new upper bound for L, (s).
Let s > 0 and let us estimate #{k||A\x — An| < s}. If k and n have the same sign, we have necessarily

(see the proof of Lemma [2.1] and (4))
H#kI N — Al < 5, 89n(k) = sgn(n)} < (Al +5)7 — (([\a] — 5)T) 7 +2C. (58)

If k and n have different sign, one can assume without loss of generality that k& > 0, so that one has Ay > 0
and A, <0 (see ([ ). If |\, — A, | < s, then necessarily A, < (s — [A]) 7, Le.
kY —Ck*1 <D

)

with D = s —|\,|. Using the same reasoning as in the proof of Lemma this implies that
k< (] —8)7)s +C. (59)
Finally, combining and , we obtain
Ln(s) < (Pl + )7 = (Aal = )7 + (s = Pal) )= +3C. (60)
We then have using and

1 1 1
()] < (L4 |21/6)2Cel0 [Tiiraiy pyp S RnlG g St emtal 2 .
One has
F o (Al +9)% = (Ml =)= + (s = M) = 2] |2 2] 2]
dsdt < U(=) + V(=) + W(5))s
/O /y (t+s)? |)\n‘1_é | Anl |Anl |An]
where U and V have already been defined in and (18), and where
o -1 1/
W(x) ::/ udu.
1 u(u+ )
Since we already proved by Lemma and that
1-1 il
o (U Vv S =
PR U+ V) € g
Lemma [2.4] will be proved as soon as
-1 m
«W . 61
v () sin(7/a) (61)
Using the change of variable u = 1/s, we obtain
1 _ O\l 115/l 1
1 1 1
W@:/;LJL—@:/( °) ® ds. (62)
o sY(1+ sx) 0 sl/e 1+ sz
One has the equality
1-— 1 1
s _tr 1 (63)

1+szx z(1+szx) =
Replacing in , we deduce

T 1 _ s 1/a—1 1 _s 1/a—1
W) = 1T A(l ) @ié(l)@. (64)

- st/o(1 + sx) sl/a

The usual definition of B (see [23, Page 142, 5.12.1]) gives
1 _ o\l
1
/ ﬁdS:B(lfl/a,l/a). (65)
0

gl/a

13



Using Lemma , , and the symmetry of the B function, we deduce

N N ™
W(z) = T /0 Sl/a(1—|—sm)ds_ zsin(m/a)’ (66)

Using the change of variables u = 1/s, we have

1(1—5)1/‘1_1 B ® (y — 1)/t
J e ) o

Using the change of variables s = u/(1 + ), Lemma [2.2}(24), and the symetry of the Beta function, we
obtain

/1 (u_ul_il;a_ldu _ /O ui/la::rdu — (142 B(1 /a1~ 1/a) = (14 x)l/a—lm. (68)
Going back to and using and (68), we deduce
wiey - M)
Then, using also the inequality (true for > 0 and « > 1)
(z+1)% —1< 2w,
we obtain . [ |

2.3 Proof of Theorem 1.3l

We follow the strategy given in [I1]. Without loss of generality we can assume that R = 1 in (3) and
(4). Looking carefully at this article, one observes that one could adapt the reasoning to equations (1) and
(2). We treat the case of real or pure imaginary eigenvalues (of A or A, see equations and ) A O
i\ with A, verifying (3)) (one could easily adapt the reasoning to obtain the same results in the dispersive
case with A\, verifying). We introduce (i) := (\,) in the parabolic case and (u,) := (—i\,) in the
dispersive case. We call

E(T) := span({e=+rt|n € N})L (O,T),

L?(0,T)

Epn(T) i= span({e=7n £ m})
We remark that using the results of [29] for the parabolic case and [28] for the dispersive case, if the
sequence (A )nen- verifies (3), then E(T) in a proper subspace of L2(0,T) and e=#=* & E,,(T). Moreover,

if we call d,,,(T) the distance between e~#m! and E,,(T) and r,, the orthogonal projection of e™#m* over
E,.(T), then the family {¢,,} defined by

e Hmt —p,(t)

Ym(t) = Ay (T)2

is biorthogonal to the family of exponentials {e #m'} (see [6] or [I1], this can be easily generalized in the
case of purely imaginary eigenvalues). One also has

1
H¢m||L2(O,T) - dm(T) (69)
If y° := " ayex, then the control u is given by
u(t) =— Z ak/bk’l/)k(T — t) (70)

and one can easily prove that this control is optimal in L?(0,7). We are now going to give an upper bound
on dn,(T), which would provide a lower bound on Cr. In all what follows, C'(m) denotes some constant
depending only on the integer m (and possibly on «) that may change from one line to another.
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Lemma 2.5 For every m € N, there exists some numerical constant a(m) and some constant C(m) such
that

d(T) < C(m)T (i) (a(m)T) (71)
holds for j € N and T > 0.

Remark 4 As before, we are not able to extend this Lemma to the case where o € (1,2) (precisely because
of estimate which is false in this case), and hence we are not able to extend Theorem to this case.

Proof of Lemma Following [TI1], we only treat the case j > m (inequality has only an interest
for large j because if we prove it for j > m then it is automatically true for ; < m by increasing the
constant C'(m) in front of the right-hand side if necessary). One can prove (by considering a finite number
of modes, see (4.9) in [I1I]) that for every j > 1 one has

J
dm Ar— Am Arb1 — Aml- 2
( ) '\/ZJT H | |T1:_!n‘ +1 | (7 )
For k,l € N one has
M — M| < JE* = 1%+ OB 41270, (73)

We deduce from that

m—1 7
IT A = Xl TT Pt = Al
r=1 r=m

, (74)
m— ( a— 1+ma71) J ((,’,+1)a71+ma71)
[(1 - - 1H)* —m~|(1 .
1;[ O )Tgn|(r+ ) —m®(14C g )
For every m € N, there exists some C(m) > 0 such that for every j # m,
co—1 a—1 C
1o M) g S (75)
jo —m® j
Using (72), (73),(74) and (75), we deduce that
TJ+1 ‘
dn(T) < C (1+C(m r+1 m®|. 76
() < C(m) e Q Pl +1)* - (76)
One has 7_ In(1+ C(m)/r) ~ C(m)In(j) as j — oo 50
J
[Ta+cm)/r) <o, (77)
Let us study the quantities of the form k¢ — [* with k > [.
lOé
[k —l“\—ka|1——. (78)
One easily verifies that the following inequality holds for o > 2 and z € [0, 1]:
1—2*<(142)* 1 —x). (79)

We deduce from and (the constant C(m) may change from one line to another)

J
I 10+ 12 —me|

J
<J[r+1=m)(r+1+m)y*"

<Om)G+1-m)((G+1+m)H)* L
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Using the computations above, inequality (true for j > m)
(j+1+m)! < C(m)jmj1,

and (77), we deduce that
A (T) < C(m) € (1)1 T3,

so that holds if we choose a(m) > 0 large enough such that j¢(™) < a(m). |
We deduce, using and , that for every j € N one has
1

[omllezom 2 Gaayrira e tamiTy 0

Using equality with initial condition eigenvector e,, and the following inequality true for j large enough
J < e,

and choosing (with 7" small enough)
. 1
j = [(1/(a(m)T))a=],
one easily proves using inequality that holds. [ ]

3 Applications
3.1 Linear KdV equations controlled on the boundary: the case of periodic
boundary conditions with a boundary control on the derivative of the state

In this section, we consider the following controlled linearized KdV equation posed on (0,7 x (0, L)
(this is the first example studied in [24]). Let us first introduce the following family of periodic Sobolev
spaces (endowed with the usual Sobolev norm)

k ._ k j _ j S
HY .= {y € H*0,L)[u(0) =u(L),j =0...k —1}.

We consider the following equation:

Yt + Yzzz =0 in (0,7) x (0, L),
y(t,0) =y(t, L) in (0,7, (81)

Y (£,0) = yu (t, L) + u(t) in (0, L),

Yoo (t,0) = Yoo (t, L) in (0, L),

with initial condition y° € H := (H,)" and control u € L*(0,T). This system was first studied in [26]
where the authors proved a result of exact controllability under the technical condition that the integral
in space of the initial state had to be equal to the one of the final state. This result was improved later in
[24]. We know (see [24, Remark 2.3]) that in this case there exists a unique solution y € C°([0,T], (H,)’) to
(81). Moreover, it is explained in [24, Remark 2.3] that this equation is exactly controllable (and then null
controllable) at all time 7" > 0 for every length L > 0 (in fact the case which is treated in [24] is L = 27
but it can be easily extended to all L). We call A the operator 83, with domain D(A) := HZ2(0, L). This
operator is skew-adjoint, the eigenvalues are i\, := 8in3k3 /L3 for k € Z , the corresponding eigenfunction
is (normed in (H,)")

(1 +4x2k2 /L2)V/2e 25

VL

If 4 € (H})' is written under the form y°(x) = Y, ., arex(z), then the solution y of can be written

under the form ,
y(t,z) = Zake”"“tek(x).
kez

€L - T —

One easily proves (using integrations by parts, see for example [4, Section 2.7, page 101]) that for every

¢ € D(A),
b(p) = —(A7)(0),
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so that
b=6r oA™Y

where A= := —(—A~1) is the inverse of the Dirichlet-Laplace operator. We have

bl = lef (D) /R = 1.
One can apply directly Theorem and Theorem with k =3 and R = SLL; to obtain:
Theorem 3.1 Fquation is null controllable and the cost of fast controls Cr verifies

K
Cr Sevt

8
for every K > w[f?’/z. Moreover, the power of 1/T involved in the exponential is optimal.

3.2 Linear KdV equations controlled on the boundary: the case of Dirichlet
boundary conditions with a boundary control on the derivative of the state

In this section, we consider the following controlled linearized KdV equation posed on (0,7") x (0, L):

Yt + Yz + Ypzz =0 in (0,7) x (0, L),
£,0) =0 in (0,7),

y(t,0) in (0,7) (82)
y(t,L)=0 in (0,7,
Yo (t, L) = u(t) + y=(¢,0) in (0, L),

with initial condition y° € H := H~1(0, L) and control u € L?(0,T). We call A the operator 93, + 0,
with domain

D(A) := {y € H*(0, L)|y(0) = y(L) = 0,y'(0) = y/'(L)}.
The eigenvalues are denoted (i\,)necz with A, € R.

This equation describes the propagation of water waves in a uniform channel where (z,y) represents
the horizontal and vertical coordinates of the level of water (see for example [2]). We know (see [3]) that
in this case there exists a unique mild solution y € C°([0,T], H=1(0, L)). Moreover, it is proved in [3] that
this equation is exactly controllable (and then null controllable) at all time as soon as L € N where

N = {2W\/W|(l€,l) e (N*)2).

The original system studied in [24] was

Yt + Yo + Yzazz =0 in (0,7) x (0, L),
y(t,0)=0 in (0,7),

y(t,L) =0 in (0,7), (83)
Yo (t, L) = h(t) in (0,L),

with initial condition y° € L?(0, L) and control h € L*(0,T).

However, the problem is that the steady-state operator associated to (83|) with the given boundary
condition is neither self-adjoint nor skew-adjoint, so we cannot apply directly the results presented before.
That is why we have to change a little bit the boundary condition so that the associated steady-state
operator becomes skew-adjoint by using the system studied in [3].

To be able to apply Theorem or Theorem we have to study the sequence of eigenvalues (A, )n>1.
One has the following result:

Lemma 3.2 (\,)nez is reqular and one has

8m3n3

M = =75

+O(n?) (84)

as n — Foo.

Proof of Lemma This is an immediate consequence of [3, Proposition 1], which gives exactly
and proves that each eigenspace is of dimension 1, which implies the regularity of (Ag)recz because of the
asymptotic behavior given by . ]
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From now on, we call e; one of the unitary eigenvector (for the H!-norm) corresponding to the
eigenvalue i\;. We fix an initial condition y° := > ke Gkek € H~1(0,L). As in the previous Subsection,
we have for every ¢ € D(A),

so that
b= o AT

and
|bi| = lei (L)]/k*.
To apply Theorem we just need to ensure that

Lemma 3.3
bk ~ 1.

Proof of Lemma bi # 0 is a consequence of [24, Lemma 3.5] (because L ¢ N') and [3, Lemma 3.1]
gives immediately that |e},(0)| is equivalent as k — oo to 2mv/3k?/L3/? (because in Lemma 3.1 of [3] the
eigenvectors are normalized in the L?-norm and here in the H~'-norm so the behavior of their norm as
k — oo has to be multiplied by k), so we finally have by ~ 1. [ ]

Applying Theorem[I.2] we obtain directly the following Theorem:
Theorem 3.4 Let L ¢ N'. Then equation is null controllable and the cost of fast controls Cr verifies

Sk

Cr<e

8
for every K > @LWQ. Moreover, the power of 1/T involved in the exponential is optimal.

Remark 5 Using [9, Remark 1.8], one can also add a term of diffusion —y.. in equation and obtain
the same upper bound as in Theorem[3.4)

3.3 Anomalous diffusion equation in one dimension

Let us first consider the 1 — D Laplace operator A in the domain D(A) := H{(0, L) with state space
H := H71(0,L). It is well-known that —A : D(A) — H~1(0, L) is a definite positive operator with compact
resolvent, the k-th eigenvalue is
k22
Ak =
one of the corresponding normed (in H) is

 V2(1+ kn/L)sin(krz/L)
ep(x) :== )

VL
Thanks to the continuous functional calculus for positive self-adjoint operators, one can define any positive
power of —A. Let us consider here some v > 1/2 and let us call A7 := —(—A)7. The domain of A?, that

we denote H,, is the completion of C§5°(0, L) for the norm

11y = (D AY) < er, b >m )2

keN*

We now consider the following equation on (0,7 x (0, L):

{ ye=A% in (0,7) x (0,L),

85

y(0,.) =y° in (0,L). &

This kind of equation can modelize anomaly fast or slow diffusion (see for example [17]).

We now consider the following controlled equation on (0,7) x (0, L), that we write under the abstract
form

(86)

yr = A"y +bu in (0,7) x (0,L),
y(07 ) = yO in (07 L)a
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where for every ¢ € D(A),
b(e) = —(A7")'(0),
ie.
b:=6yo At € D((—A)Y

and u € L2(0,T). If v € N*, one can observe, using integrations by parts, that b corresponds to a boundary
control on the left side on the v — 1-th derivative of y, so that b can be considered as a natural extension of
the boundary control in the case of non-entire «y (this kind of controls has already been introduced in [21],
Section 3.3] to give some negative results about the control of fractional diffusion equations with v < 1/2).
We see that
b = |e},(L)|/k* ~ 1.

If 4° € H, then there exists a unique solution of in the space C°([0,T], H) (because b is admissible for
the semigroup). To our knowledge, the controllability of anomalous diffusion equations with such a control
operator and «y > 1 has never been studied before.

Applying directly Theorem [I.1]and Theorem we obtain:

Theorem 3.5 Assumey > 1. Then Equation is null controllable with continuous controls. Moreover,
the cost of the control in L™ norm, still denoted Cr here, is such that

Cr < eT7E T for every K > 3(2y — 1)2Y/ =D L2/ @r=1 /(4 sin(rr/ (4)))>/ @~ D),

Moreover, the power of 1/T involved in the exponential is optimal.

3.4 Fractional Schrédinger equation in one dimension

We keep the notations of the previous subsection. Let us consider the following fractional Schrédinger
equation defined on (0,T") x (0, L) controlled on one side:

= iA"y +bu in (0,T) x (0, L),
{ytsz()() (87)

y(O’ ) = yO in (0’ L)a

with initial condition y° € H, v > 3/4 and (as in the previous subsection) b := §) o A=, The 1 — D
Laplace operator 9, is considered in the domain D(8,,) := H}(0,L). Equation has a unique solution
in CY([0,T), H) with H = H~'(0,L). This equation has a physical meaning and can be used to study
the energy spectrum of a 1 — D fractional oscillator or for some fractional Bohr atoms, see for [14],[I5]
or [12]. As far as we know, the control of this kind of equations has never been studied. As before,
|br| = |e,(0)|/k* ~ 1. Applying directly Theorem 1.1} we obtain:

Theorem 3.6 Assume v > 1. Then Equation is null controllable. Moreover, the cost of the control
Cr is such that

Cr < T for every K > 3(2y — 1)2V/G =D 2/Cv=1 /((2ysin(n/(27)))?/ 27— 1).

Moreover, the power of 1/T involved in the exponential is optimal.
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