CONTROLLABILITY OF A COUPLED WAVE SYSTEM WITH A
SINGLE CONTROL AND DIFFERENT SPEEDS

PIERRE LISSY! AND JINGRUI NIU?

ABSTRACT. We consider an exact controllability problem in a smooth bounded
domain Q of R?, d € N*, for a coupled wave system, with two different speeds
and a single control acting on an open subset w satisfying the Geometric Control
Condition and acting on one speed only. Actions for the wave equations with
the second speed are obtained through a coupling term. Firstly, we construct
appropriate state spaces with compatibility conditions associated with the coupling
structure. Secondly, in these well-prepared spaces, we prove that the coupled wave
system is exactly controllable if and only if the coupling structure satisfies an
operator Kalman rank condition.
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1. INTRODUCTION AND MAIN RESULTS

1.1. General setting. Let Q C R%, d € N*, be a bounded and smooth domain. We
use A to denote the canonical Laplace operator on €2, and Ap to denote the Laplace
operator with domain H?(Q) N HY(Q). Let O; = 9? — d1A and O, = 07 — doA
be two d’Alembert operators with different constant speeds d; # dy. Let ny, ny be
two integers and n = n; + ng. We assume that w is a nonempty open subset of {2
and that T > 0 is a final time horizon. In this article, we aim to deal with some
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controllability properties of the following type of coupled wave systems:

[leG +-f41c@ =0 in_(O,Iv X (L
D2U2 + A2U2 = bflw in (OjT) X Q,
(11) U, = U2 =0 on (O,T) X (‘99,
(U1, Uz) =0 = (U, U9) inQ,
(0:Uy, 0uUs)|i=0 = (U}, U3)  in Q.
)
For j = 1,2, we use U; = : to denote the solutions corresponding to the
),

speed d;. f € L*((0,T)Xw) is the control function, which is a scalar control and acts
on (0,7) x w. A; € My, »,(R) and Ay € M,,(R) are two given coupling matrices
and b € R"™. Note that System (1.1) is a particular case of systems of the form

(82 — DA)U + AU = bf1, in (0,7) x Q,
(1.2) U =0 on (0,7) x 09,
(U, 0:U)li=0 = (U°UY) inQ,

with here

([ dyId,, 0 (0 A - (0
(1.3) D_( § Md@) ,A_(OAQ) ,andb—(b> ,
nxn nxn nx1

where n = n; +ns. Let us emphasize the following important and crucial properties
of System (1.1): all coefficients are constant, the coupling is in a block-cascade
structure (notably, the control f is only acting directly on Uy, which itself acts
on Uy through the matrix A;), and we restrict to the case of a scalar control (i.e.
f € L*(0,T),R™) with m = 1). We will explain in conclusion the difficulties to
treat more general cases.

1.2. Geometric assumptions. For our concerned domain €2, we assume that (2
has no infinite order of tangential contact with the boundary. This assumption will
be made more precise in Subsection 2.3. In fact, this assumption is sufficient to
ensure the existence and uniqueness of the general bicharateristics passing through

a given point in the phase space. Furthermore, for the control set w, we assume the
Geometric Control Condition (GCC).

Definition 1.1. Forw C Q and T > 0, we shall say that the triple (w, T, p) satisfies
GCC if every generalized bicharacteristic of p meets w in a time t < T, where p is
the principal symbol of UJ.

We shall give a precise definition of the generalized bicharacteristics in Subsec-
tion 2.3. In the case of an internal control, GCC was firstly raised in [29] as a
necessary condition for the controllability of the scalar wave equation from w, and
was proved to be sufficient in [6]. The case of a boundary control was studied in
(7, 9].

1.3. Kalman conditions. In this part, we recall some Kalman rank conditions
introduced in the literature of coupled parabolic systems and the link between them.
First of all, we recall the usual Kalman rank condition for the controllability of linear
autonomous ordinary differential equations (see e.g. [16]).
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Definition 1.2 (Usual algebraic Kalman rank condition). Let m,n be two positive
integers. Assume X € My(R) andY € M, ,(R). We introduce the Kalman matriz
associated with X and Y given by [X|Y] = [ X" V|- |XY|Y] € M,.m(R). We
say that (X,Y") satisfies the Kalman rank condition if [X|Y] has full rank.

In order to generalize this usual algebraic Kalman rank condition, we introduce
the Kalman operator (see [5]).

Definition 1.3 (Kalman operator). Assume that X € M,(R) and Y € M, ,(R).
Moreover, let D € M,(R) be a diagonal matriz. Then, the Kalman operator as-
sociated with (—DAp + X,Y) is the matriz operator # = [-DAp + X|Y] :
D(x) C (L*)"™ — (L*)"), where the domain of the Kalman operator is given
by D(F) = {u € (LA(Q))"™ : Hu e (L*(Q))"}.

Definition 1.4 (Operator Kalman rank condition). We say that the Kalman oper-
ator K satisfies the operator Kalman rank condition if Ker(2#™*) = {0}.

The operator Kalman rank condition can be reformulated as follows.

Proposition 1.5. [5, Proposition 2.2] The operator Kalman rank condition Ker(J ™)
= {0} is equivalent to the following spectral Kalman rank condition:

rank[(AD + X)|Y] =n,VA € o(—Ap).

In particular, let C' > 0 be a constant and D = ClId,. Then, the operator Kalman
rank condition is equivalent to the usual algebraic Kalman rank conditionon (X,Y)
given in Definition 1.2 (see [5, Remark 1.2]).

In the following proposition, we give an equivalent statement of the operator
Kalman rank condition associated with System (1.1), which is very specific to our
particular coupling structure and the fact that we have a single control.

Proposition 1.6. We use the same notations (D, A,b) as in (1.3). We denote by
K = [-DAp + Alb] the Kalman operator associated with the System (1.2). Then,
Ker(K*) = {0} is equivalent to satisfying all the following conditions:

(Z) ny = ].,'

(2) (Aa,b) satisfies the usual Kalman rank condition (See Definition 1.2);

(8) Assume that Ay = a = (aq,- - ,ap,). Then, YA € o(—Ap), a satisfies

ng—2 n2
(14)  « <Z (dy — do)* X > 0 AT P 4 (dy — dQ)”Q_l)\”Q_l]dm) b#0,
k=0 j=k+1
where (aj)o<j<n, are the coefficients of the characteristic polynomial x(X)
of the matriz Ay, i.e. x(X)= X"+ Zyial a; X7, with the convention that
ap, = 1.
We shall give the proof in Appendix A.
Since we consider the control problem in a domain €2 with boundary, it is natural
for us to introduce the following Hilbert spaces H&(Ap).

Definition 1.7. We denote by (6]2)]-6,\” the non-decreasing sequence of (positive)
eigenvalues of —Ap, repeated with multiplicity, and (e;);jen+ an orthonormal basis
of L*(2) made of eigenfunctions associated with (ﬁf)jeN*f

—Aej = fiej, ej(x) =0,2 €99, |lejllr2@ = 1.
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For any s € R, we denote by HE(Ap) the Hilbert space defined by
Hé(AD) = {U = Z a;€;; Z B?S|aj]2 < OO}
jEN* jEN*
For convenience, we also denote
(1.5) L8 = (H(Ap))" for any s € R, and k € N.

First, we give a necessary condition for the controllability of System (1.1).

Proposition 1.8. We denote by K = [—DAp+A|b] the Kalman operator associated
with the System (1.2). If K does not satisfy the operator Kalman rank condition, then
System (1.1) is not null-controllable, in the following sense: there exists a quadruple
+oo
(UV, U3, UL Uy) € () (20 < £0)

s=1
such that for any control f € L*(w), we necessarily have

We shall give the proof later in the Subsection 2.1.

From now on, we always assume that K = [-DAp + A|b] satisfies the operator
Kalman rank condition, so that we notably have n; = 1. Before we give a precise
definition of the exact controllability property of System (1.1), we first investigate a
simpler system. For a fixed 1 < s < mny, we consider the following system
(1.6)

(O + Y7, ol =0 in (0,7) x Q,
Oou? + u3 =0 in (0,7) x Q,
Oau?,_, + ud, =0 in (0,7) x Q,
Oau?, — Z?il an2+1_ju§ = f1, in (0,7) x Q,
uj =0 on (0,7) x 09,
u? =0 on (0,7) x 09,1 < j < na,
(uh u%, e Jun2)|t=0 = (uiia u;?’ 771%20) m Qa

[ (O, o, 0l =0 = (uy ,uy -+ ,uz)) inQ

Here, we have, A; = (ay, -+ ,as,0,---,0) and
1 0 0 0
A2 = 0 0 K 0 5 and b =
—an ) —a/2 —al 1

The control is f € L*((0,T) x w). For this simpler system (1.6), taking zero ini-
tial conditions (that belong to any linear subspace and hence to any potential state
space) together with a forcing term f in the space L*((0,7) x w), which kind of
target spaces will the solutions of System (1.6) arrive in? That is the first ques-
tion we need to answer in order to be able to obtain an exact controllability result
in an appropriate state space. Under this particular structure of coupling, we in-
troduce appropriate compatibility conditions for System (1.6). For r = 0,1, and
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(U, 01, 5 Upy) € HETSTH(AD) x HP ' (Ap) x -+ x HL(Ap), let us define a
special function U, by
(1.7)

Ur _ ((_dlA)ngferlu

comp
no—s s na—s—k
135 3 St (el [SVASSEVIVES e

s n2—2s+jna—s—k O(dedlf ng—s—k no—s—k—l
(dy — do)F+1 I (—dzA) Vgt |

Using this special function U, let us denote by H; the following space:

comp)

He = {(u, 01, ,Uny,) € HYP ST (Ap) x HEP ' (Ap) x --- x H5(Ap)

=0

(18) s.t. Uy € Ho(Ap)}-
Definition 1.9 (State space). The state space for System (4.1) is defined by
Hi X H.
The two conditions
Ut 20, 20) € HY(Ap),
Utpp (' 01+ ) € HY(Ap)

are called the compatibility conditions for the controllability of System (4.1).
Remark 1.10. If s = ny, the compatibility conditions reduce to

—d Ay’ € HY(Ap),

—dAuypt € HY(Ap),

which is an empty condition since we already know that (uj,u;) € HE(Ap) X
HE(Ap).

Remark 1.11. As we will see later on, the solutions of System (1.6) will stay in
H x H if the initial states are in this space. Because of the linearity and the time
reversibility of the system, exact controllability is equivalent to null controllability
or reachability from O for System (1.6). Since the equilibrium 0 is of course in the
spaces Hi X Hg, this is the appropriate state space.

Remark 1.12. Since we consider a system with a cascade coupling structure, it is
natural that there is a gain of reqularity for the uncontrolled states u? (2 <7< ny)
(this phenomena has already been observed notably in [13, Theorem 1.4]). We shall
explain the gain of two derivatives of reqularity for the state ul in Subsection 2.2.
We call it “additional reqularity”.

Now, we give the definition of the exact controllability of System (1.1).

Definition 1.13. We say that System (1.1) is exactly controllable in time T > 0 if
there exists 1 < s < my and T € GL,(R) such that for any initial data (Uy, Uy) €
TYHS) x T-YHE) and any target (Uy,Uy) € T HHS) x T-UHE), there exists
a control function f € L*((0,T) x w) such that the solution U of (1.1) satisfies
(U,0,U)|1=0 = (U, Uh) and (U, 0,U)|s=r = (U, Uh), and T(U) is a solution of the
associated System (1.6) with an appropriate control f



6 PIERRE LISSY' AND JINGRUI NIU?

Remark 1.14. By the definition above, in order to prove the controllability of Sys-
tem (1.1), we first look for an invertible transform to change the system into the
simpler but equivalent System (1.6). Then, we prove the result for the simpler Sys-
tem (1.6) to conclude the exact controllability of the general System (1.1).

Remark 1.15.
We shall see later that the transform T is just

b 7)

where P € GL,,(R) is the transform associated with the Brunovsky normal form
defined in Theorem 3.1. Here we can give an example of the transform T under a
simple setting. If we consider a particular case of System (1.1) given by

Oyuf — 2ud + u3 =0 in (0,T) x 9,
Opu? + %u% — éu% =2f1, in (0,T) x €,
ul =0 on (0,T) x 0N
uf =0 on (0,7) x 09, j =1,2,
(ul, u?, u)|—o = (ui’?, ui’?,ug’?) in Q,
| (Qpuy, Opuf, Opul)|i—o = (uy ,uy,uy)  in Q,

we have that

0
(0 A\
(0 a)-(

N oo |w
[
DO | —
s
S
=
(@t
Il
7 N
> O
N——
Il
 ~
=N O

According to the Brunouvsky normal form, we obtain Ty = < _§2 _11 > such that
2 2
1 2 10
=7 (5 1) = (o 1)
10 1 0 0
Then the transform is given by T = ( ) =10 =2 1 . And moreover,
0 7 0 & _1
2 2
this transform T satisfies
X 0 010
To=[ 0|, and TAT *=| 0 0 1
1 000

There is a large literature on the controllability and observability of the wave
equations. This paper is mainly devoted to multi-speed coupled wave systems. We
list some of the existing results and references:

e For a single wave equation posed on a smooth bounded domain of R? and
with an internal control, one can use microlocal analysis to prove the ob-
servability inequality as done by Bardos, Lebeau and Rauch in [6]. We have
two approaches to define the microlocal defect measures. We can introduce
the microlocal defect measures based on the article by Gérard and Leicht-
nam [14] for Helmoltz equation and Burq [8] for the wave equation, using
the extension by 0 across the boundary. On the other hand, we can also use
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the Melrose cotangent compressed bundle to construct the measure, based
on the article by Lebeau [17] and Burg-Lebeau [10] in the setting of systems.

e Although we now have a better picture on the controllability of a single wave
equation, the controllability of systems of wave equations is still not totally
understood. To our knowledge, most of the references concern the case of sys-
tems with the same principal symbol [] on each equation of the system, which
will be discussed in the present paragraph. Notably, Alabau-Boussouira and
Léautaud [4] studied the indirect controllability of two coupled wave equa-
tions, in which their controllability result was established using a multi-level
energy method introduced in [1], and also used in [2, 3]. Liard and Lissy
[23] studied the observability and controllability for coupled wave systems
with constant coefficients under Kalman type rank conditions. In the case of
space-varying coefficients, Cui, Laurent, and Wang [11] studied the observ-
ability of wave equations coupled by space-varying first or zero order terms,
on a compact manifold. Their results are extended to the case of manifold
with boundaries in [12].

e Concerning the multi-speed case, Dehman, Le Roussau, and Léautaud con-
sidered two coupled wave equations on a compact manifold in [13]. Lissy and
Zuazua [25] proved some general weak observability estimates for wave sys-
tems with constant or time-dependant coupling terms. Niu [28] investigated
the case of the simultaneous controllability of wave systems, with different
speeds and coupling terms involving only the controls, under various condi-
tions on the speeds. Notably, in the case of constant speeds, a necessary and
sufficient condition involving a Kalman rank condition was obtained, in the
same spirit as in the present article.

e Concerning the boundary controllability of the coupled wave systems, we
would like to refer to the works by Tatsien Li and Bopeng Rao, especially
their work on the synchronisation of waves. In [18] and [19], Li and Rao for
the first time studied the synchronization for systems described by PDEs.
Taking a coupled system of wave equations with Dirichlet boundary controls
as an example, they proposed the concept of exact boundary synchronization
by boundary controls. After that, they and their collaborators successively
got quite a lot of results (for instance, see [20, 22]). In particular, in [21], the
authors obtain necessary conditions, presented as a criteria of Kalman’s type,
to the approximate null controllability, the approximate synchronization, re-
spectively, for a coupled system of wave equations with Dirichlet boundary
controls, which also show the link between the controllability of coupled wave
systems and some appropriate Kalman conditions.

1.4. Main result. Our main result is the following one.

Theorem 1.16. Given T > 0, suppose that:

(i) (w,T,pa,) satisfies GCC, where pg, is the principal symbol of ;i = 1, 2.
(ii) 2 has no infinite order of tangential contact with the boundary.
(iii) The Kalman operator K = [~DAp + A|b] associated with System (1.1) sat-
isfies the operator Kalman rank condition, i.e. Ker(K*) = {0}.

Then System (1.1) is exactly controllable in the sense of Definition 1.13.
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Remark 1.17. o We will explain the concept of order of contact in the next
section.

e Assume that conditions (i) and (ii) are verified. Then, condition (iii) is also
necessary to have exact controllability in the sense of Definition 1.13. Indeed,
if (111) is not verified, Proposition 1.8 provides a smooth initial condition
(that is notably in the state space introduced in Definition 1.13) that is not
null-controllable.

e In fact, our proof also provides a controllability result for systems of wave
equations with a single speed, of the form

DQUQ -+ AQUQ = bflw m (O,T) X Q,
(1 9) U, =0 on (O,T) X 89,
' Uai=o = (00, U3) in Q,
0,5U2\t:0 = (U%,U%) mn .

If (As,b) does not verify the usual Kalman rank condition given in Defini-
tion 1.2, then this system is not exactly controllable in the same sense as in
Proposition 1.8, with the same proof. If (As,b) verifies the usual Kalman
rank condition, the state state space s

PY(H,) x P~ (Hy),

where P is the transform associated with the Brunovsky normal form defined
in Theorem 3.1 and H, (r =1,2) is given by

H, = {(v1, - ,ny) € HRZ W (Ap) x -+ x HL(Ap)}.

Then, System (1.9) is exactly controllable under this Kalman rank condition.
This is a very particular case of the more general result proved in [12], where
space-varying coefficients, multi-dimensional controls and also one-order cou-
pling terms are considered.

1.5. Outline of the paper. The outline of this paper is the following.

Section 2 is devoted to introducing some preliminaries. In Subsection 2.1, we
present the necessity of the operator Kalman rank condition by giving the proof
of Proposition 1.8. Then Subsection 2.2 is devoted to the “additional regularity”
property for coupled wave equations. Subsection 2.3 includes the description of
the boundary points, and give the precise definition of general bicharacteristics and
the order of tangential contact with the boundary. Subsection 2.4 introduces the
microlocal defect measures, which is the basic tool for our proof.

In Section 3, we focus on the special case ny = 2 to show the whole procedure of
the proof of the controllability of the coupled wave system. Subsection 3.1 is devoted
to reformulating the system with the help of the Brunovsky normal form. Then in
Subsection 3.2 we introduce the simpler system with one of the parameters being 0.
We demonstrate the proof under this simple setting. In the following Subsection 3.3,
we present the result of the general systems in a way very similar to the simpler case.

In Section 4, we plan to deal with any number of equations. Subsection 4.1
provides the corresponding simpler system in analogue with the Subsection 3.2 and
gives the clear meaning of the compatibility conditions under the general setting.
Then, with the help of the compatibility conditions, we are able to present the proof
of the controllability result of Theorem 4.8. In the Subsection 4.2, we give the
reformulation procedure of the general system.
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In the concluding Section 5, we give some open problems related to our work, and
explanations on the difficulties to solve them.

2. PRELIMINARIES

We divide this section into four parts. The first part is devoted to proving the
necessity of the operator Kalman rank condition. Then, we consider the regularities
of the solutions of two coupled wave equations with different speeds. The third part
aims to introduce the geometric preliminaries including the conceptions of general
bicharacteristics and order of contact. The final part mainly contains the definition
and some properties of the microlocal defect measures.

2.1. On the necessity of the operator Kalman rank condition. In this sec-
tion, we are going to give the proof of Proposition 1.8. At first, we introduce the
following proposition for the ordinary differential systems of second order.

Proposition 2.1. If (A,b) does not satisfy the usual algebraic Kalman rank condi-
tion (see Definition 1.2), for any nonzero initial data (y°,y') # (0,0), the ordinary
differential system

%y — A* ;

(2.1) { a Aoy L (0,7,
(y7 E)‘t:O = (y 'Y )7

has a nonzero solution satisfying b*y(t) = 0 for every t € (0,T).

dy

Proof. Define z = < / ) Then, we are able to rewrite System (2.1) into a first-
dt

order system:

e = Az in (0,7)
2.2 dt ’
22) { o= (¥ yh),
~ 0 A = b : :
where A = . Let b= . Easy computations give that
Id, 0 ), 0
nX2n 2nx1
- Ak 0 - 0 Ak
2k __ 2k+1 __ — ce
A —(0 Ak)andA _(Ak 0 >f0rk—0,1, .
Therefore, we obtain
17 _ 12n—17 717 _ O Anilb tte O b
A = (20 = (0, Y000
As a consequence, we know that rank[A|b] = 2rank[A|b]. Since (A,b) does not

satisfy the usual algebraic Kalman rank condition, i.e., rank[A|b] < n, we deduce
that rank[A|b] < 2n, which implies that (A, b) does not satisfy the usual algebraic
Kalman rank condition. By duality, this means that (2.2) is not observable through
b.

Thus, there exists a nonzero solution ((t) = ( G (? ) € R?" to the associated

Ga(t)
adjoint system % = A*z satisfying that b*C(t) = 0 for every ¢t € (0,7). Then,
setting y(t) = (i(t), we derive a nonzero solution y(t) of System (2.1) satisfying that
b y(t) = b*¢1(t) = b*((t) = 0 for every t € (0,7)). O

Now, we go back to the proof of Proposition 1.8.
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Proof of Proposition 1.8. According to Proposition 1.5, since K = [~DAp + Alb]
does not satisfy the operator Kalman rank condition, there exists A\g € o(—Ap)

such that rank[(AgD — A)|b] < n. As a consequence of Proposition 2.1, there exists
a nonzero solution x,,(t) € R™ to the following ordinary differential system:

{ W =D i (07),
(Xa d_>§)|t:0 - (XOaX1> 7£ (Oa 0)7
satisfying b*xx,(t) = 0 for every t € (0,7). Then, let B(t,2) = xa,(t)or (),

where @), is an eigenfunction of —Ap associated with A\g. Therefore, ® satisfies the
following system:

(02 — DA + A)d =0 in 0,

(2.3) b*d =0 for every t € (0,7,
(I)’BQ = 07
((I); atq))‘tzo = (XOQO)\(M Xlgp)\0> in Q.

Suppose that there exists f € L*((0,T) x w) such that the corresponding solution
U to (1.2) with initial state (Uy, U;) satisfies

(2.4) (U, 0.U)|e=r = (0,0).
Then, by (1.2), we have
(07 = DAp + AU, ®) 120 myx) = (0f Loy @) 12((0.7)x62)-

Integrating by parts on the left-hand side and using (2.3) together with (2.4) leads
to

(U°, X ox) 2@ — (U, =X’ 2@) = (01w, @) 1201y w02
Since b*® = 0 for every t € (0,7, we obtain that
(U x org) r2@) — (U, X200 ) 12(0) = 0.
Choosing (Up, U1) = (x'¢x,: —X"¢o) leads to (X' + [X°1) [[¢xol172(q) = 0, which
is a contradiction with (x°, x!) # 0. O

2.2. On the regularity of coupled wave equations. Before investigating more
complicated situations, let us concentrate on the regularity properties of the follow-
ing simple system:

Oy + us =0 in (0,7) x Q,
(2.5) Cous =f in (0,7") x €,
' up = 0, us =0 on (0,7) x 09,
(ulaatulau%atu?)lt:() = ( (1)7u%7u(2)7u%> in .

Our next result gives a property of regularity for the solution of System (2.5). Such
kind of extra regularity result was also observed in [13, Theorem 1.4], in which the
authors stated the corresponding result in the case of a compact manifold without
boundary. Here we will present a different (and more elementary) proof.

Lemma 2.2. Assume that the initial conditions satisfy

(26) (b udoub) € HG™(Ap) x HG(Ap) x HE(Ap) x HY(Ap).
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Then, there exists a unique solution to System (2.5) satisfying
up € Ol([ov TL H6+2(AD)) N CO([O’ T]v H5+3<AD>>7

27) 4z € C(0,T], H(Ap)) 1 CO(0,T], B (A))

Proof. Since us satisfies a wave equation with a source term f € L'((0,T), H3(Ap)),
it is classical that there exists a unique solution

up € CH([0, T, H5(Ap)) N CY([0, T, Hg" (Ap))
to the second line of System (2.5). Now, let us consider the first equation
(28) Dlul = —U2

as a wave equation with a source term uy € L'((0,7), H3™ (Ap)). Thus, we know
that there exists a unique solution u; € C*([0,T], H3™ (Ap))NC°([0,T), HG(Ap)).
Now, we need to state an extra regularity property for u;. Applying the d’Alembert
operator [Jy on both sides of (2.8), we obtain that

|:|2|:|1u1 = _|:|2u2.

Since Oaug = f, we know that O; (Osuy) = — f. We decompose [lyuy into two parts
Osuy = Oyuy + (di — do)Apuy. Hence, we obtain that

(2.9) Oouy = —ug + (dy — do) Apuy.
Now, by using (2.6), we remark that the initial condition for Oyu, verifies:
Dot |i=0 = —uali=o + (di — da)Apusli=o
= —u§ + (dy — d2)Apuf € H T (Ap),
O0y(Oaur) |1=0 = —Ouali=0 + (di — d2) ApOyurli=o
= —uy + (dy — d2) Apuy € H3(Ap).

So, we know that Oyuy € CH([0, 7], HG(Ap)) N C°([0,T), H3™ (Ap)). In addition,
we also know that —yu; = uy € CH([0, 7], HG(Ap))NCC([0, T, HS™ (Ap)). Hence,
we obtain that

1

dy — dy
We conclude that u; € C1([0,T], H3T*(Ap)) N C°([0,T], HS™(Ap)). O

ADul = (DQ — |:|1)U1 € Cl([O,T], Hg(AD)) N CO([O,T],H€2+1(AD)).

2.3. Generalized bicharacteristics. As usual, for a variable y, we denote D, =
i0,. Let B = {y € R?: |y| < 1} be the unit euclidean ball in R?. In a tubular
neighbourhood of the boundary, we can identify M = Rx Q locally as X = (0,1) x B
and OM = R x 09 locally as {0} x B. Now, we consider R = R(z,y, D,) which is a
second order scalar, self-adjoint, classical, tangential and smooth pseudo-differential
operator, defined in a neighbourhood of [0,1) x B with a real principal symbol
r(z,y,n), such that

(2.10) g—; # 0 for (z,y) € [0,1) x B and n # 0.

Let Qo(z,y, Dy), Q1(x,y, D,) be smooth classical tangential pseudo-differential op-
erators defined in a neighbourhood of [0,1) x B, of order 0 and 1, and principal
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symbols qo(z,y,m), ¢1(x,y,n), respectively. Denote P = (02 + R)Id + Qo0, + Q1.
The principal symbol of P is

(2.11) p=—&+r(z,y,m).
We use the usual notations 7'M and T*M to denote the tangent bundle and cotan-
gent bundle corresponding to M, with the canonical projection 7
7:TM(or T"M) — M.
Denote ro(y,n) = r(0,y,n). Then, we can decompose T*0M into the disjoint union
E UG UH, where
(212) &= {7’0 <0}, g:{’f‘OZO}, H:{To >0}
The sets £, G, H are called elliptic, glancing, and hyperbolic set, respectively. Define

(2.13) Char(P) = {(z,y,&,n) € T'R™ |37 : & =r(z,y,n)}

to be the characteristic manifold of P. For more details, one can refer to [10] and
[28]. Notice that in [8], one can see another characterization for these sets £, G, and
H.

To describe the different phenomena when a bicharacteristic approaches the bound-
ary, we need a more accurate decomposition of the glancing set G. Let r; = 0,7 |,—o-
Then, we can define the decomposition G = Uj’;Q G/, with

G* ={(y.n) : roly,n) = 0,71(y,n) # 0},
G* ={(y,n) : ro(y,n) = 0,71(y.n) = 0, Hy,(r1) # 0},

G = {(y.m) < 7oy, m) = 0, H}, (1) = 0, < k, Hi" () # 0},

G* ={(y,n) : roly,n) = 0, HJ (r1) = 0,Vj}.

Here HJ is just the Hamiltonian vector field H,, associated to ro composed j times.
Moreover, for G2, we can define G>* = {(y,n) : ro(y,n) = 0, £r1(y,n) > 0}. Thus
G? =G>T UG?>~. For p € G>T, we say that p is a gliding point and for p € G%~, we
say that p is a diffractive point. For p € G7, j > 2, we say that a bicharacteristic of
p tangentially contacts the boundary {x = 0} x B with order j at the point p.

We have the definition of the generalized bicharacteristics (See [15, Section 24.3]
for more details):

Definition 2.3. A generalized bicharacteristic of p is a map:
seI\Dw—~(s) e T"M UG,

where I is an interval on R and D s a discrete subset I, such that po~y = 0 and the
following properties hold:
(1) 7(252 is differentiable and 3—3 = H,(y(s)) if v(s) € T*M\T*OM or v(s) €
goT.
(2) Bvery s € D is isolated ,i.e., there exists e > 0 such that v(s) € T*M\T*OM
if 0 < |s —t| <, and the limits y(s*) are different points in the same fiber
of T*OM.
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(3) v(s) is differentiable and ‘;—Z = H_,,(v(s)) if v(s) € G\G*>™.

Remark 2.4. We denote the Melrose cotangent compressed bundle by "T*M and
the associated canonical map by j : T*M s *T*M. j is defined by

(2.14) i(x,y,§m) = (x,y,28,n).

Under this map j, one can see y(s) as a continuous flow on the compressed cotangent
bundle *T* M. This is the so-called Melrose-Sjéstrand flow (see [10] for more details).

From now on we always assume that there is no infinite tangential contact between
the bicharacteristic of p and the boundary. This is in the meaning of the following
definition:

Definition 2.5. We say that there is no infinite contact between the bicharacteristics
of p and the boundary if there exists N € N such that the gliding set G satisfies

N
¢=J¢.
Jj=2

It is well-known that under this hypothesis, there exists a unique generalized
bicharacteristic passing through any point. This means that the Melrose-Sjostrand
flow is globally well-defined. One can refer to [26] and [27] for the proof.

2.4. Microlocal defect measures. In this section, we will give two approaches to
construct the microlocal defect measures. The first one is based on the article by
Gérard and Leichtnam [14] for Helmoltz equation and Burq [8] for wave equations.
The other one follows the idea in the article [17] by Lebeau and we rely on the article
[10] by Burq and Lebeau for the setting of wave systems. In the first approach, we can
compare two different measures, especially the supports of two different measures.
In the later proof, it is crucial to distinguish the measures with different speeds
based on this idea. On the other hand, we use the second approach to describe the
way the polarization of one measure is turning.

Let (u¥)ren be a bounded sequence in (L7, (R; L*(R2)))", converging weakly to 0
and such that

Pu*  =o(1)g-1,
{ Uk|x:0 =0.

Let w; be the extension by 0 across {x = 0}. Then the sequence u, is bounded in
(L2.(R; L2(R%)))". Let A be the space of nxn matrices of classical polyhomogeneous
pseudo-differential operators of order 0 with compact support in RxR? (i.e, A = pAp
for some ¢ € C5°(R x R?)). Let us denote by M* the set of nonnegative Radon
measures on T*(R x R?). Following [8, Section 1], we have the existence of the
microlocal defect measure as follows:

Proposition 2.6 (Existence of the microlocal defect measure-1). There ezists a
subsequence of (u") (still denoted by (u*)) and p € M™ such that

(2.15) VAEA  lim (Au’,u)rpen) = (1, 0(A)),

where o(A) is the principal symbol of the operator A (which is a matriz of smooth
functions, homogeneous of order 0 in the variable £).

From [8, Théoréme 15], we have the following proposition.



14 PIERRE LISSY' AND JINGRUI NIU?

Proposition 2.7. For the microlocal defect measure p defined above, we have the
following properties.

o The measure  is supported Char(P) N (R x ), where Char(P) is defined in
(2.13).
e The measure p does not charge the hyperbolic points in OM :

u(H) = 0.

e In particular, if n = 1, the scalar measure p is invariant along the generalized
bicharacteristic flow.

On the other hand, let A be the space of n x n matrices of pseudo-differential
operators of order 0, in the form of A = A;+ A;, with A; a classical pseudo-differential
operator with compact support in M(i.e, A; = pA;p for some ¢ € C§°(M)) and
A, a classical tangential pseudo-differential operator in M (i.e., A, = @A for some
¢ € C*(M)). Then denote

Z = j(Char(P)), Z=ZUj(T"M|,=),
where j is defined in (2.14) and
SZ— (DR, S7 = (Z\M)R;.

SZ and SZ are the quotient spherical spaces of Z and Z and they are locally compact
metric spaces. Here, we identify the zero section M x {0} c® T*M with M itself.
For A € A, with principal symbol a = o(A), define

w(a)(p) = a(i~(p)), ¥p € T I

Now, we have that K = {s(a) : a = 0(A), A € A} € C°(SZ; End(C")). Define M+
to be the space of all positive Borel measures on SZ. By duality, we know that M*
is the dual space of CQ(SZ; End(C™)), which verifies the property:

(,a) > 0,Va € C°(SZ; End*(C")),Yu € M™,

where End*(C") denotes the space of n x n positive hermitian matrices. Following
the article [10] by Burq and Lebeau, we obtain the existence of the microlocal defect
measure and some properties as follows:

Proposition 2.8 (Existence of the microlocal defect measure-2). There ezists a
subsequence of (u¥) (still noted by (u*)) and p € M™ such that

(2.16) VAE A Tim (v, u) pameny = (1, 5(0(4))).

Lemma 2.9. The microlocal defect measure p defined in Proposition 2.8 satisfies
that ulyue = 0, where H is the set of hyperbolic points and & is the set of elliptic
points as defined in Subsection 2.3.

In the following, suppose that there is no infinite contact between the bicharacter-
istic of p and the boundary. This hypothesis implies the existence and uniqueness of
the generalized bicharacteristic passing through any point, which ensures that the
Melrose-Sjostrand flow is globally well-defined. By a suitable change of parameter
along this flow, we obtain a flow on SZ. Consider S a hypersurface tranverse to the
flow. Then locally, SZ = Ry x S, where s is the well-chosen parameter along the
flow. We have the following propagation lemma for the microlocal defect measure.
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Lemma 2.10. Assume that the microlocal defect measure u is defined in Proposi-
tion 2.8. Then p is supported in SZ and there exists a function

(s,2) ERg x S'+— M(s,z) € C"

pu—almost everywhere continuous such that the pullback of the measure p by M (i.e.,
the measure P*u = M*uM defined for a € C°(SZ)) by

<M*uM’ a> = <:u’ MGM*>
satisfies

d
—P*u=0.
ds a
We say that the measure p is invariant along the flow associated with M. Further-

more, the function M is continuous, and along any generalized bicharacteristic, the
matriz M is solution to a differential equation whose coefficients can be explicitly
computed in terms of the geometry and the different terms in the operator P.

For the differential equation that M satisfies, one can refer to [10, Section 3.2] for
more details.

Remark 2.11. Roughly speaking, in the result above, the Frobenius norm of M
describes the damping of the measure i, whereas the rotation component of M (i.e.
the orthogonal part of the polar decomposition) describes the way the polarization of
the measure (asymptotic polarization of the sequence (u¥)) is turning.

Remark 2.12. Notice that in [8, Section 3], the author considered the case of so-
lutions to the wave equation at the energy level (bounded in H} ), and hence was
considering second order operators. However, it is easy to change the energy level
into L?, one can see [28, Remark 4.4] for more details.

Remark 2.13. From Proposition 2.7, we know that supp(u) C Char(P). Notice that
in the interior of M, the two definitions coincide, i.e., for any pseudo-differential op-
erator A of order 0 with principal symbokl o(A) satisfying supp(c(A)) C Char(P)|u,
we have (u,o(A)) = (u, k(0 (A)), simply by their definitions. At the boundary, since
both measures ji and p do not not charge the hyperbolic points in OM, we know
that plg, = p holds p almost surely and p almost surely. Under this sense, we can

identify the two measures.

3. PROOF OF THE SUFFICIENT PART OF THEOREM 1.16 IN THE CASE ng = 2

In this section, we shall present the sufficient part of the proof of Theorem 1.16
in the case ny = 2 (and of course n; = 1). We divide the proof into three steps.
Firstly, we give a reformulation of System (3.1). Then we study a simpler problem
and obtain a compatibility condition for it. At last, we present the proof for the
general case.

3.1. Reformulation of the system in symmetric spaces. In the case ny = 2,
we write System (1.1) as follows:

O2ui — diAuj + oaqu? + agui =0 in (0,7) x €,
(3.1) O2u? — doAu? + ayu? + appui =bif1, in (0,7) x Q,
' O2u3 — doAuZ + agu? + agpui =byf1l, in (0,7) x Q,

u%zO,u? =0 on (0,7) x 09, j =1,2,
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with initial conditions
(U%(O, I), u%(()? .T), u§(07 ZL’), atU%(O, I‘), atu%<07 I)? atU’g(O? CL’))

belonging to a space that will be detailed later on.
Before we reformulate the system, we introduce the Brunovsky normal form.

Theorem 3.1 (Brunovsky Normal Form). Assume that A is a square matriz of size
n X n, B is a matriz of size n X 1 and (A, B) satisfies the Kalman rank condition.
Then, there exists an invertible matriz P such that A = P~'JP and B = P~ le,,
where

0 1 0 0 0

(3.2) J = 00 0 , and e, = : :
: .. .. 1 0
_an ... —a2 _al 1

and the coefficients (a;)1<j<n are defined by the characteristic polynomial of A, i.e.
xa(X) = X"+ a X"t a1 X +a,.

One can find for instance the proof in [30, Théoreme 2.2.7] for this theorem. Now,
we set A, B, and « by

i a11 a2 S by .
A_<a21 GQQ),B—(b2>,anda—(al,ag).
. 0 « 0
Then, we obtain A = 0 A ) B = B ) As a consequence of (1.6), we know
that (A, B) satisfies the Kalman rank condition. Hence, by the Brunovsky normal
form, there exists an invertible matrix P such that

A:ﬁ( 0 1 )]51,@:?’(?),andd:(d1,&2):a]51.
2

—a1 —a

Furthermore, according to the third statement of Proposition 1.6, we know that

(33) dQ(dl — d2)>\ + 661 §é O,V/\ S O'(—AD>.
Using the change of unknowns
~1 1
Uy 1 Uy
(3.4) i) =(y p) ]
~9 O P 2
Uy Uy
we obtain a simplified system
(3.5)
(Ot + 6 @2 + aotid =0 in (0,7) x €,
Oya? + u3 =0 in (0,7) x Q,
DQ&% — alﬂ% — G/Q’ZL% = flw in (O,T) X Q,
ul = 0,42 =0, u =0 on (0,T) x 09,
(a0, ), a2(0, ), 73(0, z))| =0 = (ui?ui?ué?) in 0,
\ (8,511}(0,x),8tﬁ§(0,x),6ta§(0,x))|t:0 = (1117 ,ﬂl’ 7'&27 ) in .

Therefore, the exact controllability of System (3.1) is equivalent to the exact con-
trollability of System (3.5). Classically, given the initial conditions

(@°, 4", 47", 0y") € HY(Ap) x Hy(Ap) x Hy(Ap) x Hy(Ap),
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the solutions @2 and 3 satisfy
ai € C°([0, 71, Hy(Ap)) N CH([0, T, Hy(Ap)),
ﬁg € CO<[0> T]? H(ll(AD)) N Cl([O? T]’ H?Z(AD))7

As for the regularity of the solution @1, it depends on the coupling term ;42 + dpt3.
Thus, it is natural to discuss in two different cases, i.e. as # 0 and as = 0.

3.2. The case a,; = 0. In what follows, we will present into details the proof of
Theorem 1.16 firstly in the case ny = 2 (and n; = 1 by Proposition 1.6), and
A; = (a1,0). Here, for the sake of simplicity we remove the ~in our notations and
we investigate the system

(

Oyui + aqu? =0 in (0,7) x Q,
Oyu? + u3 =0 in (0,7) x Q,
Oyud — ayu? — agud = f1, in (0,7) x Q,
(3.6) uj = O,u? =0 on (0,7) x 09, j =1,2,
(uiu%?u@lt:O (u% Ovu%(]?ug O) in Qv
| (O, Opui, Opu3) |i—o = (", uP w3y in Q.

For this system, we have the following well-posedness property.
Proposition 3.2. Assume that the initial conditions satisfy
(w7 u3® ut ut) € HE(Ap) x Hy(Ap) x Hy(Ap) x H)(Ap),
(ur”,ur") € HY(Ap) x HY(Ap).

Additionally, assume that
(3.7)

(-0’ = g Api € Hy(Ap), (<A’ -

Then, the solutions ul, u? and u3 satisfy

u} € CO([0. 7). H(Ap)) N (0. ], HY(Ap)),
€ CO([0. 7). H(Ap)) N (0. 7], H (Ap)),
3 € C°([0. 7). Hy(Ap)) N €' (0.1, HY(Ap)),
(~Ap)*u} = o Apuf € CO(0,T), Hy(Ap)) N C((0,7], HY(Ao)).

Proof of Proposition 3.2. Classically, given the initial conditions
(ur”,uy” uy' upt) € H3(Ap) x Hy(Ap) x Ho(Ap) x Hy(Ap),
the solutions u} and u3 satisfy
u? € CO10, T}, H3(Ap)) N CH([0,T], Hy(Ap)),
ud € CO((0, T), Ha(Ap)) N CH((0,T), HY(Ap)).

According to Lemma 2.2, given the initial condition

(3.8)

u’ upt € Ho(Ap) x Hy(Ap),
the solution uj satisfies

(3'9) ui € CO([OvT]?Hé(AD)) N Cl([O,T], H?)(AD»
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Let us first do some reformulation for the system. Define the transform Sy by

u) vy
(3.10) Sol v | =1 v} |,
3 v3
where
vy = Diuy,
(3.11) v? = Dyu?,
vs = u3

We need to invert the previous relations by expressing v}, u?, 12 in terms of v}, v2, v2.
13 1) Y9 1> ¥1» Y2

Firstly, for the term u3 = v3, there is nothing to do. Then, we look at the term u?.
We need to “invert” in some sense the operator D;. We use the second equation of

System (3.6). We apply D, on the second equation of System (3.11), and we obtain

2 _ 2,2

= u5 — dyAu}
= 'Ug — dgAu%
Hence, we obtain that
—A-)1
(3.12) u? = @wtvf —v2).

dy
For the last term ui, we apply D; on the first equation of System (3.11), then we

use the first equation of System (3.6), the second equation of System (3.6) and the
last equation of System (3.11) to obtain

Dyvy = D(Dfuy)
= a; D?u? — d AD?u;
= o (uj — dyAui) — diAp(ayui — diAuy)
= (—d1A)*u; — oy (dy + do) AuZ + 03,

Therefore, from the above computations, (3.11), and (3.12), an inverse transform is
the following:

1 _ (=Ap)—? 1 di+d 2 di, 2
uy = T(Dtv1 + a1 92 Dyt + ar Ghus),
3.13 2 _ (=Ap)™! 2 2
( ) ’LLl — d2 (Dtvl - Uz),
2 _ .2
/U/2 — /U2.

From the regularity results given in (3.8), (3.9) and the relations (3.13), we obtain
that

v € C°([0,T]; Hy(Ap)) N CH([0, T]; Hy(Ap)),
v € C°([0,T]; Ho(Ap)) N CH([0, T); Ho(Ap)), j =1, 2.

Moreover, from (3.6) and (3.13), (v, v}, v3) satisfies the following system:

(3.14)

Oy} + ag Div? =0 in (0,7) x Q,

Oyvf + Dyv3 =0 in (0,7) x Q,

(3'15) 0 2 ai(—Ap)~! D 2 .2\ 2 1 : T 0
2V — — g, (Dwvi —v3) —agvy = fl, in (0,T) x €,

vy = 0,0 =0 on (0,T) x 99, j =1,2,
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with appropriate initial conditions. Using the identity

1
(3.16) —-Dj} = - (doly — dia),
2 —
we obtain that
(317) D?U% = _d d (ngl — dlmg)’U%
2 —
Using (3.17) in the first equation of (3.15), we also deduce that
aldg Oéldl
3.18 Oy (g — i) — ——Dwj; =0.
(318) ' (vl dz—dlvl) dy — dy E
Now, let us define
d
(3.19) y = Dy} — ﬁDtv%
Then, by (3.19) and (3.18), we obtain that
ard
We also remark that by using (3.16),
1
(321) —D?U; = m(dgml — dlmg)’l}g
2 —

Using the last equation of (3.15) together with (3.20) and (3.21), we deduce that
(3.22)
ardyds 2) ard? aradi(—Ap)™* 5 9 araodis
O ——_; | = Dy —v5) + —————v
' ( (do —d1)?* (dz'—'dl)zj‘ dy(dy — dy)? (D3 = 2) (do —d)?*
Let us now express y with respect to the original variables u},u?, u3. From (3.19),
(3.11) and the first equation of (3.6), we obtain that

aydy
Yy = Dtvi — HD”}%
OéldQ
= Djul — 1% D2
d
— D2 (D2u1 _ nGp u2>
(323) t t 1 dQ . dl 1
oqd
= D; (—dlAu} +oqud — 7 1_21 f)
= D? | —d,Au} ad1_ -
1 1 d2 . dl 1
Combining with the second equation of (3.6), we obtain
d3 d
g = (—diAyul - M pp g d

u
dy—dy ' di—dy ”
Hence, we obtain

Olldel 2

1d1 2 ald? 2
_— —Au
Yy + (dl . dg) 2

d; A —_
= (A = G A g — e
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Now, we define

~ Oéldgdl 2
y=y-+ —(d1 — dz)zuz.
Then, g satisfies
- Oéld% alald%(—AD)_l 2 2 Oélagd% 2
3.24 g = D2 — .
(3.24) 19 (@ — d1)2f+ To(ds — )2 (Dyw? —v3) + s — d1)2U2

The initial condition associated with g is given by

_ ards ayds
oo = ((aapad - 20 a2 )

N (—dlA)2u}’0 B dlal—dib AU%O * (d;idgl)2u§’o

- (ol - a4
Oyijli—0 = ((—dlAmu} - %A@tuf Y G—ay d;‘idjlyatug) =0

e e

= ((—A)%}»l — dlof 7 Au%l) )2 d;idjl)z“g’l'

Hence, from our Hypothesis (3.7) together with (3.8) and (3.9), we deduce that

(3.25) Jli—o € Hy(Ap), 9ili—o € Ho(Ap).
By (3.24) and (3.14), g satisfies a wave equation with a source term in the space
LY((0,T), HY(Ap)) and initial condition in HS(Ap)x HL(Ap) by (3.25). We deduce
that

g € C([0,T); Hy(Ap)) N CH([0, TT; Ho(Ap)).
Hence, from (3.24) and (3.23), we deduce that
R R E—— 2 e ([0, T); Hy(Ap)) N CH([0, T); HY(Ap)).
( ) ul d]_ _dQ (dQ _d1)2u2 ([ ? ]7 Q( D)) ([ ’ ]’ Q( D))
Taking into account the last line of (3.8), this implies that

(=AY} — 5 -Aut € C°(0,7], Hy(Ap)) N C'(0.T), HY(Ap)).

Au? +

Remark 3.3. Let us define the transform S associated with the system (3.6) and
(3.26) by

Uy V]
S| w | =1 v} ],
uj v3
where , ,
o 2 ard] aidf
( dlAD) di—ds AD (dg—d1)2
S = 0 D, 0 ;

0 0 1
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and its “inverse”

(—AD)72 _al(—AD)’Q al(d1—2d2)(—AD)*2)
) d2 (dz(d1)—6i2) t Clz((d1—cl2))21
1 _ N N
S 0 =20)p, — =2l
0 0 1
The previous computations show that we have a bijection between the solutions of
1 1
Uy Uy
(3.6) and (3.26). Notably, if U= | u? | andV = | v} |, then (SoSH)V =V
2 2
Uy Uy

and (§1oS)U =U.
Notably, (3.6) can be rewritten as

(82 — DA + A)(S™' o SU) = bf.
Therefore, since S(U) =V we are able to rewrite the system (3.26) as follows:
(0?2 = SDS7'A + SASHV = Sif,

where
asd?
@yt
dl 0 0 0 (03] 0 0
D= 0 dy O , A= 0O O 1 , Sbf = :
0 0 d2 0 —a; —a2 0
f

Moreover, we could notice that both S and S~ only involve D; and (—Ap)*, k € Z.
This abstract point of view will be useful in the proof of the general case given in
Section 4.

Now, we consider the exact controllability of System (3.6) in the space Hi x HJ,
according to Proposition 3.2.
We have the following result:

Theorem 3.4. Given T' > 0, suppose that:

(1) (w,T,pa,) satisfies GCC, i =1,2.
(2) Q has no infinite order of tangential contact with the boundary.

Then System (3.6) is ezactly controllable in Hi x HJ.
Recall that here the state space Hi x H{ is given by
Hy = {(u,v1,v2) € Hy(Ap) x HE(Ap) x Hy(Ap),

2

ard
QﬂhAfu—dlibxhqefﬂxADﬂ,

Ho = {(u,v1,v3) € Ho(Ap) x Hy(Ap) x Ho(Ap),
Oéld%

dy, — dy

(—dlA)2U AUl € Hg(AD>}

Proof of Theorem 3.4.
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By the computations of Proposition 3.2, proving Theorem 3.4 is equivalent to
proving the exact controllability of the following system:

(3.26)
ala d% —Ap)~?! ala d% o« d .
Dlvl @—_d;;gwtvl vd) = F? = 2 fl, i (0,7) x
Oyv3 — %(Dw% — v3) — a3 = f1, in (0,7) x Q,
vy =0 on (0,T) x 99,
[ v =03 =0 on (0,7) x 09,

with initial conditions
(U%’ U%’ U§)|t:0 S (Hé(Q))g = glgv
(Qrv1, O, Ov3)|e—o € (L*(Q))° = 27,
in the state space .23 x .Z3. Recall that we defined 2% = (Hg(Ap))* in (1.5).
According to the Hilbert Uniqueness Method of J.-L. Lions [24], the exact controlla-

bility of System (3.26) is equivalent to proving the following observability inequality:
there exists C' > 0 such that for any solution of the adjoint system:

( Oy w; =0 in (0,7) x Q,
et %Dt — a2l Dt =0 in (0,T) x Q
Ollald A 1
(3.27) { s thl axw} + ﬁwl
(col;lazd) wy + ¢ a1 (= dAQD) w3 =0 in (0,7) x Q,
w% =0 on (0,7) x 09,
w} = w3 =0 on (0,7) x 09,

\

with initial conditions
(328) (w})w%’wgﬂt:o S %37
(3.29) (01, Oyw?, Oyw?)|i—o € L2,

we have the following observability inequality:

2
(3.30) wy +wy| drdt > ||[W(0)[[ s, 4,

w | (d2 —dy)?
where W = (w}, w?, w3).

Remark 3.5. As we showed in Remark 3.3, we are able to rewrite the system (3.27)
as follows:

(07 — (8)'DS'A+ (S TA*SYW =
However, we should pay attention to this ', which is defined as the invertible trans-

form between two adjoint systems. S’ could be seen as the “adjoint” operator of S.
To be more specific, we write the original adjoint system as follows:

Oy 21 =0 n(0,T)x 9,
(3.31) Oz + gzl —a122 =0 in (0,7) x Q
' (22 + 22 —agz2 =0 in(0,T)xQ

Z%:O,ZJZ =0 on(0,7)x00Q,j=1,2.
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The transform 8" associated with the system (3.27) and (3.31) is defined by

wy 2
S| w |=1 22|,
2 2
ws 25
where
(_dlAD)Q 0 0
a1 di ara1di(=Ap)~" a1 (—Ap)~?
(3.32) S = _d11—5}2 Ao+ d: d12(61l1—d2’;2 Dy = dzD )
C=E 0 1
and its “inverse” by
(—d1Ap)~? 0 0
— a1(—Ap)~? _
(S L _ __;Q(C(h—ng))__?t (—dyAp)~'D; 0
a1\—Ap
- (dz—d1)2 - 0 1

Moreover, we could notice that both 8" and (S')™" only involve D, and (—Ap)*, k €
Z. As already written, this point of view will be useful in the proof of the general
case given in Section 4.

We divide the proof of the observability inequality (3.30) into two steps.

3.2.1. Step 1: establish a relaxed observability inequality. Firstly, we establish the
following relaxed observability inequality for the adjoint System (3.27).

Proposition 3.6. For solutions of System (3.27), there ezists a constant C > 0
such that for any solution of (3.27) with initial conditions verifying (3.28), we have

(3.33)
—2w% + w,

W (O)lIgxzs, < C (/OT/M (dy — dy)

Proof of Proposition 3.6. We argue by contradiction. Suppose that the ob-
servability inequality (3.33) is not satisfied. Thus, there exists a sequence (W*)en
of solutions of System (3.27) such that

2 2

dxdt + HW(O)H?%?’le"’g) ’

(3.34) IWEO0) a0, = 1,
(3.35) /T/ adt 2k it 0 s ko
) ———w; Fwy x as 0,
0 Jul(dy—dy)? ?

(3.36) IWEO)|[%s, s g2, — 0 as k — oo

By the continuity of the solution with respect to the initial data of System (3.27),
we know that the sequence (W¥);cn is bounded in (L?((0,7T) x €))% and moreover,
WF —0in (L*((0,T) x Q))3. W* satisfies the following system:

Chwy™* =o(l)g-r in(0,T)x 8, k— o0
(3.37) Cow?* =o(l)g—1 in (0,T) x Q, k — oo
owa® + Daw® = o(1)y-1  in (0,T) x Q, k — oo,

where the first equation is decoupled from the two last equations.
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Remark 3.7. We say f* = o(1) -1 if imyoo || /¥ m-1(0.1)x0) = 0. Let us explain
briefly how to obtain (3.37). We take the term %Dtub for mstance Other

terms can be treated similarly. For Qthz , we know that ) thg’k €

L*((0,T); HY) N H7Y((0,T); HY) is a bounded sequence and com)erges weakly to 0.
Since the injection fmm L2((0 T) HQ)HHA((O,T); H}) to H1((0,T) x Q) is com-
) Dywa™ = o(1) 1.

pact, we obtain that .

Hence, we obtain two microlocal defect measures K, and 8 associated with

(W) een and (W% e = (wPF, w3" ) ren respectively. From the definition in Propo-
sition 2.6, we know that

VAEA (1, 0(A) = Jim (Aw}® wlh);,

(3.38) e -

(w,(i,4),0(A)) = li}rilo(Aw ,wit)pe, 1<, 5 <2,
Here p, = (p,(4,7))1<ij<2 is the matrix measure associated with the sequence
(W2 )ren = (WP w3 en and w?* is the extension by 0 across the boundary

of Q (1 <14,57 <2). Moreover, since the two characteristic manifolds Char(p,, ) and
Char(pg,) are compact and disjoint, p, and p, are mutually singular in (0,77) x €,
from the first point of Proposition 2.7. Therefore, we obtain the following property:

Lemma 3.8. For A € A with compact support in (0,T) x Q and for 1 <i <2, we
have

(3.39) lim sup | (Awy™, wP*) 2rxey| = 0.

k—o0

Proof. We follow the same strategy as for the proof of [28, Lemma 4.10]. Since
Char(pg, ) and Char(pg,) are disjoint, we choose a cut-off function 8 € C°°(T*R x R?)
homogeneous of degree 0 for |(7,&)| > 1, with compact support in (0,7") x € such
that

5|Char(pdl) = 176|Char(pd2) = 07 and 0 S 5 S 1.

Since A € A with compact support in (0,7") x Q, for some ¢ € C3°((0,7) X w), we
have that A = pAp. We introduce ¢ € C5°((0,7") x w) such that @|suppp) = 1 i€,

Pp = . Now, let us consider (Aw™ wy*) 2. First, we have that

(Awy™, ws*) 12 = (@Apwy™, w3") 2

= (pApw)™, pwi™) 2
= ((1 — Op(B))pApw;™, gwy™) 12 + (Op(B)pApwy”, pws™) 2.

For the first term ((1—Op(f8))pApw; ™, gws*) 2, by the Cauchy-Schwarz inequality,
we obtain that

(340)  |((1 = Op(B))pApw;™, Gwy™) 2| < [|(1 — Op(B))pApwy™|| e | Guws™ || 2.

As we know that {w3"*} is bounded in L2 (R* x R%), there exists a constant C' such
that

(3.41) lpws ™[22 = (pw3”, pws™) 2 < C.
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From the definition of the measure p |» We obtain
(3.42)

Lim [[(1 = Op(8))pApwy*|[7. = lim (1~ Op(8))pApwy™, (1 — Op(8))pApwy )2
= (p,, (1= B)*p*|o(A)?).

From Proposition 2.7, we have that supp (u,) C Char(pg,). In addition, by the
choice of 3, we know that 1 — 8 = 0 on supp (g,), which implies that (u (1 —
B)2¢to(A)|?) = 0. Combining (3.40), (3.41) and (3 42), we obtain

(3.43) lim sup (1 - Op(B))pApwr ™, pws®) 2| = 0.
—00

The other term is dealt with similarly. One can refer to [28, Lemma 4.10] for more
details. ]

Let us go back to the proof of Proposition 3.6. We know that

2k

+w2 dxdt — 0 as k — oo.

e
(dy — dy)?
For x € C§°(w x (0,T)), by expending the above expression,

d2
2 (—1xw1 , XWs' k)
(do — dy)? L2(RxQ)

d% 1,k d% 1k> 2,k 2.k
+ XWyy 75— XWy +<X1U’,Xw’> — 0, as k — oo.
((dQ - d1)2 ! (dQ - d1)2 ! LQ(RXQ) 2 2 LQ(RXQ)

By Lemma 3.8, we know that

d2
(—lxwl , YW’ '“)
(d2 — dv)? L2(RxQ)

As a consequence, since we know that

lim sup
k—o00

B e o
- - w = ,
(do — dl) 2
we deduce that
d% 1,k d% lk:)
= XW wy’ — Oa
((d2 — d1)2X ! (d2 — d1)2X ! L2(RxQ)

2.k 2,k
wy", XYWy — 0, as k — oo.
(X 2 2 X2 >L2(Rxo)

Thus, using (3.38), we know that (here po = (112(4, j))1<ij<2 is a matrix measure)
H1|(0,T)><w = 07 and H2(27 2)l(O,T)Xo.) =0.

For p , since p is invariant along the general bicharacteristics of p,, combining
with GCC we obtain as usual that 4 = 0. For p, , we consider the other definition
of the microlocal defect measure. From the deﬁnltlon in Proposition 2.8, we know
that there exists a measure py such that

(3.44) VAe A, (us, kr(o(A))) = ’}Lm (AW W2k)
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Since 1, |Char(pd2) = po f1o-almost surely by Remark 2.13, we obtain that 19(2, 2)|(0,7)xw
= 0. In the following part, we aim to prove that pus = 0. The basic idea is to use
Lemma 2.10. Here we recall this lemma under our setting of this adjoint system.

Lemma 3.9. Assume that ps is the corresponding microlocal defect measure de-
fined by (3.44) for the sequence (w%’k,wg’k)keN which satisfies the following system
(according to (3.27)):
(3.45) Oow?" =o(l)g-r i (0,T)xQ, k— oo

' Cows™ + Dyw®® = o(1)g-1  in (0,T) x Q, k — oc.
If we denote the general bicharacteristic by s — (s), then along v(s) there exists a
continuous function s — M(s) such that M satisfies the differential equation:

%(M(S)) — iE(r)M(s), M(0) = Id,

and 9 1s mvariant along the flow associated with M, which means that

d
—(M*us M) = 0.
ds( 2 M)

Here we denote by E(7) the matriz ( 8 6 ) .

Remark 3.10. For the differential equation which M satisfies and the explicit form
of the matriz E which we use here, one can refer to [10, Section 3.2] for more details.

Remark 3.11. In our setting, we can compute explicitly the form of the matriz

= (o 1)

and T 1s a constant with respect to s along the generalized bicharacteristic by the
explicit form of Char(P) given in (2.13).

Now we use this Lemma 3.9 to prove that ps = 0. First, we would like to show
that supp(pz) N 77 1((0,T) x w) = 0. Let us fix some point py € 7 1((0,T) x
w). Then, there exists a unique bicharacteristic s — 7o(s) such that v,(0) = po.
Moreover, there exists € > 0, which is sufficiently small, such that ~vo((—2e,2¢)) C
77 1(0,T) x w). Since puy is invariant along the flow associated with M, we obtain
p2(0) = M(€)"pa(e) M (e). Let

(e (V) e (1)

By a straightforward computation using the special form of M, we have
M (€)es = iTeM (€)ey + es.
Hence, we obtain
p2(0)ex = M(e)"pz(€) M (€)ez
(3.46) = M(e)*pa(e)(iTeM(€)er + e2)
= iTeuz(0)er + M(€)"pa(€)es.

We know that 4i3(2,2) = 0 on (0,7) x w, which means that w5, — 0 strongly in
L*((0,T) x w). Hence, by (3.38), we also have that us(e)es = 0. Hence, we obtain
p2(0)es = —iTep(0)e;. But by the choice of py, we know that ps(0)ey also vanishes,
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which gives that —iTeus(0)e; = 0, i.e. us(0)e; = 0. Hence, p2(0) = (8 8)
Since py is arbitrary, we deduce that supp(u2) N7 1((0,T) x w) = 0.

Now, let us go back to prove that pus = 0. For any point p; € supp(uz), there
exists a unique bicharacteristic s — 7;(s) such that ~v;,(0) = p;. Using the GCC (see
Definition 1.1), we know that there exists a time ¢y such that v (¢y) € 7=1((0, T) xw).

Since ps is invariant along the flow associated with M, we obtain

(3.47) 112(0) = M (to)" pa(to) M (to)-

We already know that supp(pe)N7=1((0,T) xw) = (0, which means that us(ty) = 0.
By (3.47), we deduce that p2(0) = 0. Due to the arbitrary choice of p;, we obtain
that supp(usz) = 0, i.e. uz = 0, which leads to a contradiction with (3.34) (See [28,
Section 4.2] for more details). We conclude that the relaxed observability inequality
(3.33) holds for all the solutions of System (3.27). ]

3.2.2. Step 2: analysis of the invisible solutions. With the relaxed observability in-
equality (3.33) in Proposition 3.6, we are now able to handle the low-frequencies and
conclude the proof of the observability (3.30). The main point here is a unique con-
tinuation result for solutions of the elliptic problem associated with System (3.27).
The idea of reducing the observability for the low frequencies to an elliptic unique
continuation result and associated technology are due to [7]. First, let us write for
the sake of simplicity the initial conditions as

(348) v = (w%oa w%ov w§,07 w%lv w%la w%l)t (6 "%3 X ggl)’
and define for any 7" > 0 the set of invisible solutions (see [7]) from (0,7") x w

N(T) = {W € £} x £, such that the associated solution of System (3.27)
d2
(d;)éi él)2w%($’t) + w;(aja t) = O,V([B,t) c (O,T) X W}.

We have the following key lemma, which is proved at the end of this section.

Lemma 3.12. 45(T) = {0}.

satisfies

Assume for the moment that Lemma 3.12 holds. As for the proof of the observ-
ability inequality (3.30), we proceed by contradiction. If the observability inequality
(3.30) were false, we could find a sequence (W*),en of solutions to System (3.27)
which satisfy

(3.49) W) g = 1,

(3.50) /OT/w %

By the well-posedness, we know that (W*),en is bounded in L2((0,T) x ). Hence,
there exists a subsequence (also denoted by W*) weakly converging in L((0,T)x ),
towards W € L%((0,T) x ), which is also a solution of System (3.27) (since what

2
we consider is a linear system) and satisfies that ﬁw% + w3 =01n (0,7) X w.

Thus, we know that W (0) € A4 (T) = {0}, which implies that W (0) = 0. Since
the embedding L? x Hg'(Ap) — Hy'(Ap) x Hy*(Ap) is compact, we obtain that

2

w}’k + wg’k dzdt — 0 as k — oo.
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||VI/"“(O)H_2@1X$§2 — HW(O)H??fog' From the relaxed observability inequality
(3.33), we know that
1< OW )2 0
which contradicts to the fact that W (0) = 0. Then we can conclude the observability
inequality (3.30).
It only remains to prove Lemma 3.12.

Proof of Lemma 3.12. According to the relaxed observability inequality (3.33), for
W € A (T), we obtain that

(3.51) W (O) % 22, < CHIW(O0)]I%2 xgon_-

We know that N(T') is a closed subspace of £ x £3,. By the compact embedding
L2(Q) x HY(Q) — HY(Q) x H2(Q2), we know that A (T) has a finite dimension.
Then, we define the operator &7 as

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
—d1Ap 0 0 0 0 0
ara1di(-Ap)T! a1(=Ap)~*t
s . A 0 T hoar - 0 TR
aja1di(=Ap)~ ajazd a1(=Ap)~*
Gl —d)? T (da—di)? 0 —d2Ap —az + = =g 0 1 0

We know that the solution (w{,w?, w3, Diw;, Dyw?, Dyw3)" can be written as

w —
2 =e 'y,

where # is defined in (3.48). Let § € (0,7), we know that (3.51) is still true for
W e N (T —6). Taking # € N (T), for € €]0,6[, we have e ““# € N (T —9).
For a large enough, as € — 0%,

1

(352) (a+) ' =(Id—e YW = (a+) AW ase — 0Tin L5 x L3,
€

Remind that

(3.53) D(o) ={U € £} x Zfﬁ%(e_t’%)t:m converges}.

Since |[(o + )" - || gy g5, is a norm, (3.52) means that (Id —e™“”).¢ is conver-
gent for this norm. Since all norms are equivalent on the finite-dimensional linear
subspace A (T), we notably deduce that (Id —e=“)# converges in £ x £3,, so
that # € D(<7) by (3.53). We deduce that N(T —¢) C D(</). Since this equality
is true for any ¢ € (0,7"), we deduce that N(T') C D(&). Hence, for # € N(T),
we have

d
E<€—t,£?f(%))t:0+ = —e,Q{W

Since N(T) is clearly stable by differentiation with respect to t, we deduce that
AW € N(T). This implies that &/ A (T) C A (T) C £ x 3. Since A (T)
is a finite dimensional closed subspace of D(<7), and stable by the action of the
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operator .27, it contains an eigenfunction of o/. Let us consider such an eigenfunction

(9, 09, 09, &1, p3, d1) € A (T), associated to an eigenvalue v € C, so that we have

(3.54)
(

| = v},
> = Ve,
5 = v,
_dlADd)l ) = V(b%?
arardi(—A —A
_dQAD¢(2) - 1d12(cll£ df))z) ¢1 dzD) 2¢i1’> = V(b%,
arardi(—A aia d
—dyApd§ — asd + dA2D) ¢3 + 1d12(clli—d1l))’3 N — @ 2¢0 +¢y = ves,
a d
| (@iteot +4) Lo o
Let us define a change of variables:
= GiAbo 2 a2
«a a1(—Ap)~ a
(3.55) oo = V63 + 2L Ap@l + SRl (M 60 4 ),

03 = ‘“d 2¢°+¢0

Remark 3.13. We could make a link between the transform S' and (3.55). For-
mally, we are able to write

¥1 ¢(1)
(3-56) ©2 = SI(V, AD) ¢(2)
©3 ¢g

Here we use the notation S'(v, Ap) to denote the transform replacing formally D,
by the eigenvalue v (remind that S’ involves only Dy and powers of Ap).

Then, we obtain a new system

—d1Appy = %y,
(3.57) —doApps + a1 — arps = Vs,

—deApps — asps + 2 = V23,

903|w = 0.

Using the last equation of (3.57), we have

©2lw = (V3 + doApps + azps) | = 0.
Similarly, using the second equation of (3.57), we obtain ¢4], = 0. Since ¢ =
(1, P2, p3) is the solution of the elliptic System (3.57) verifying |, = 0, by usual
unique continuation for elliptic systems, we obtain that ¢ =0 on 2.

Let us now go back to the eigenvector (¢, ¢9, 93, ¢1, d3, ¢1). The first line of
(3.57) gives that a;d?A%¢Y = 0 on . Since a1 7& 0 by (3.3) and ¢! = A¢9 = 0 on
99, we deduce that ¢? = 0 on €. The first line of (3.54) also provides that ¢} = 0
on Q Working on the second line of (3.57) and then on the last line of (3.57), we
obtain similarly that ¢9 = ¢} = ¢5 = ¢ = 0 on ), which concludes the proof.

O

3.3. The case ay # 0. According to Lemma 2.2, given the initial condition
(@, a7") € Hy(Ap) x HE(Ap),
the solution @ to the first line of (3.5) satisfies
iy € C([0, 7], Ho(Ap)) N CH([0, T, Ho(Ap)).
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For technical reasons, we would like to work in symmetric spaces. We introduce
a change of variables

Qiad
1_ p2-~1 202 .9
vy = Diuy + d d Ug,
1 — @2
Dtu17

with the inverse transform defined by

~1 _ (=Ap)~' 1 ai(=Ap)~% 2 | (=Ap)~! _ asdy \,,2
Uy = d1 1’01 didz v+ dy (al d1—d2 )U
_ (=Ap)~ 2 2
U1 =4 (Dyvi — v3),
~2 __ .2
UZ e /l]2c

The exact controllability of System (3.5) is equivalent to the exact controllability in
the state space .3 x £ of the system:

(3.58)
( agardi(—Ap)~ 1 asa asaidi(—Ap)~! a
Dlvi N (al 2_ ) 1112(51—d5) )DtU% - ( d21—2521 + = 52(111(1—d2D)) )U% - 2d1 f
Lsv; + Dyv = O
’ ; i allz—ZADr1 2 a1(—=Ap)~! 2
ovy — =22—Dwi + (F=22— — az)v; = f,
UﬂaQ:O, Uj|aQ :O,j:1,2,
\ (,U%aU%avgaatv%>at”%aatvg)hzo € 9%13 X %3.

It is equivalent to proving the following observability inequality: 3C > 0 such
that for any solutions of the adjoint system

(3.59)
( Chwy =0,
_ —1
aw} + (o — 2282000 Dy} — 222 Dy -0,
a1(=A ! as oy agardi (—Ap)~1t

Oyw + Dyw} + (52— — ag)ud — (o2l 4 2028yl =),
wHaQ:O, w]2-|3§2 :Oj:1727
(w%vw%w%”t:(] - (w}(J?w%lOiwg;l) 91 S %37

\ (atwiy atw%a 8tw§)|t:0 = (w1 , WP, Wy’ ) S gf’l

we have the following observability inequality

s of [l

We follow the same procedure to prove the inequality (3.60) as we presented in
Subsection 3.2. The proof is totally similar for the high frequency part. For the
low frequency part, the same computations lead to consider a unique continuation
property of the form

2
Q@ d
2ds i+w§ dwdt > |[W(0)[| % g, -

—d1AD801 = V2§01,
—dyApps + a1p1 — arps = 1o,
(3.61) 2
—daApps + aopr + Yo — asps = Vops,
S03|w = 0

This system is very similar to (3.57). The main difference is that from the two last
lines of (3.61), we only obtain for the moment that

(3.62) a1 + o =0 on w.
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Using (3.62) with the first line of (3.61), we deduce that
(3.63) diApps = —di0aAppy = V2anp; on w.
From (3.63) and the second line of (3.61), we deduce that
(3.64) (d1a1 — angVQ) 01 — V2dips = 0 on w.
The unique solution of (3.62) and (3.64) is p; = w9 = 0 on w if

(ag) (—V2d1) -1 (d1a1 — OéQdQVQ) #£0,

i.€.
agr? (dy — dy) + dyay # 0.

The first line of (3.61) implies that there exists A € o(—Ap) such that v? = dy\.
Hence, ¢1 = 9 =0 on w if

052/\ (dl - dg) + o 7é 0,

which is the case thanks to (3.3). Hence, we have ¢; = p3 = 3 = 0 on w, and we
can then conclude exactly as in the previous case &y = 0.

4. PROOF OF THE SUFFICIENT PART OF THEOREM 1.16

We organize this section a little bit differently from the previous section. We
start by a modal problem to introduce the compatibility condition in this setting.
We follow by a reformulation procedure of System (1.2). At last, we finish the proof
of our main Theorem 1.16.

4.1. The modal case. Let f € L%*((0,T),L*(Q)). For a fixed 1 < s < ny, we
consider the following system as a modal problem

(4.1)

( Oyul + >y =0 in (0,7) x Q,
Oyu? + u3 =0 in (0,7) x 9,
Oau?,_y + u2, =0 in (0,7) x €,
Oaup, = Y202 any1jul = f1, in (0,7T) x Q,
up = 0,u; =0 on (0,T) x 90,1 < j < no,
(u%,u%,w' 7“%2)|t:0 = (u}’O,U%O,--- ,u%’f) in €,

| (Ol 002, 020 = (upt udt, - ul)  in Q.

In this section, we aim to prove the exact controllability of System (4.1) with the
help of proper compatibility conditions. For this modal System (4.1), we have the
following well-posedness property:

Proposition 4.1. Assume that the initial conditions verify

(u}07u§’07 e UQ’O) S H82+378(AD> X H82(AD) X X HKIZ(AD>7

) no

(' ur - ugy) € Hy 7 (Ap) x Hy? ' (Ap) x -+ x HG(Ap).

? 'ng
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Additionally, let us define U® and U by
(4.2)

nao—s s na—s—k
—k
D 9 DD IR )<—dlA><M>w1m

k=0 j=1 [=0

S e (o,

Jj=1 =
and
(4.3)
no—s s na—s—k ng—S—k -
U = (= A=y’ + 04]( z )(—dlA)k(—dgA)”Q_s_k_luj;l

o ojdadi  (ny—s—k no—s—k—1, 2,1
LD IID IR D1 S (G b

Assume that U° € H5(Ap) and U € HY(Ap). Then, the solution (ul,u?,---  u2))
satisfies

up € C°[0,T), H P~ (A) N C'([0,T), Hy 275 (A)),

u? € CO[0,T], Hy* 7 (A) N CY([0, T], H* 7 (A)), 1 < j < no.

(4.4)

Furthermore, we have
(4.5)

no—s s ng—s—k
—k
<<—d1A TL2 s+1 % + Z Q; ( > (_dlA)k(_dzA)nzfsfkflu?_H

S MR o dodh no —s—=k
+Z Z Z (dy — ’ ;21k+1( ’ I )( PYAY K k- lu§+k+z>
€ CO([OvT]vHQ(AD)) N CH([0, 7], Ho(Ap)).
Remark 4.2. Let ny = 2,5 = 1,y = 1, then (4.5) becomes the following condition.:
11—k
( SR 9 Ol G [SESEE VR

0 I=
1 1-k

dek 1—k 1 k—1, 2
- Zo Z —dy) (A — dYk+1 < ) “1+k+l>
e’ ([O,T] Hy(Ap)) N CH[0,T], Ho(Ap)).

Simplifying the formula, we obtain that

dy d? 9
(( dA)*u +d1 d2( d A)u? m“z)
€ OO<[07T]7HQ(AD)) N Cl([O’T]v HQ(AD))

This is just the compatibility condition in the previous section.
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Proof. As we have shown in the proof of Proposition 3.2, it is classical to obtain
the regularity of the solutions given in (4.4), following Lemma 2.2. Now, we focus
on the proof of the compatibility conditions (4.5), so we restrict to the case s < ng
according to Remark 1.10. We perform the similar reformulation for the solutions
of System (4.1):

__ pne+2-s,.1
_Dt ulv
_ nn2—1,2
46 —Dt ula
(4.6)
2 _ .2
Un2 _um

The transform above is “invertible”, and there are four different cases for the form
of the inverse, that is, ny and ny — s are both even or odd, ny is even while ny — s
is odd and the converse, that we do not detail here. We perform the same strategy
as we have already shown in the proof of the Proposition 3.2. Thus, we obtain a

system for v, v?, - - - given by

Y ’n,2

/

Oyt + 325 a; D2 7*u? =0 in (0,T) x Q,
Oyv? + Dyv =0 in (0,7) x €,
A7 :
.7 Osv2, 1 + Do, =0 in (0,7) x Q,
Oyvy, = >002 anyaju; = fl, in (0,T) x Q,
v; = 0,07 =0 on (0,T) x 90,1 < j < ny,

\

with initial conditions

(4.8) @%7“%7 T 7UT2L2)|t:0 = (U% 0, U%O, e ,vi’zo),
(atviatvfa T 7atU,2L2)|t:0 = (?)1’ ,Ul’ e 7U721721).

We focus on the first equation. Let y§ = v] + asd? v . Then, we obtain

o ng— s+2 2 Oésdg 2 Oésdg 2
- _ Z%D o d2D2“8 M (dy — dy) Av?

od
_ n2—s+2,.2 sU2 2 2
=— g a; Dy uj — p— Dy | — aeda Avy.

Since v? satisfies the equation Oyv2 + Dyw?,; = 0 by (4.1), we obtain that

—a D222 — aydy Av? = —a (D20 4 dy A)?
= a,[0y0?

2
= —a,Dywg, .
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This implies that

Qg d2

dy — dy

1 no—s+2 2 2 2
oyl ;D2 us — Dy, — asDwy
J + +

ng—s d

S
agd
o no—s+2 2 st 2
= — E a; Dy i — Dy .
. 1 — a3

2 Dn2 s+1, 2

As a consequence, using the definition v; Us_q,

the equation

we know that y; satisfies

s—2
asd
(4.9) Chys + X:Oz]D”2 R 5+ y ; Dyl + a1 Dl = 0.
1=
7j=1
Define by induction
g pdod] .
(4.10) Dty]1+z djmk?ﬂ 1 <j<ng—s—1.

Let a; = 0 for j € Z\{1,2,--- ,s}. We have the following lemmas, which are proved
afterwards.

Lemma 4.3. yjl- (1 <j<ng—s—1) satisfies the equation

s—2—j Jj+1 kd]+1 k
ng—s+ +2 Qs— 2
(411) Dlyj + Z Qg D e + Z dl d2)]+1 kD s+j+1-2k — =0.

k=—o00

Remark 4.4. ZZ_Q_OZO ax D522 is a sum of finite terms, since fork <0, oy, = 0.

no—s—k
n2 s ag_pdady - 2

Let Yeomp = Dtyng s—1 +Z (dy—dg)n2—s+1= kvnz 2k

Lemma 4.5. yomp satisfies the equation

ng—s+1 kan s+1—k 25—2—no
_ Qs 2no—2s+2, 2
Dlycomp - E (d d )n2 1o thUn2+1 2%k E Oéth Uy,
(4.12) = ) e
d ma+1—s a dng-l— —s

Ano+1—k0g 2 sty
+ Z d2 natios Uk + (d1 _ d2>n2+1—sf‘
Lemma 4.6. For Yeomp, we have
Ycomp = (_dlA)HQ_S—Hu%

no—s s no—s—k
+ Z Z Z ( k) (_d1A>k(_d2A)n2_s_k_lu3+l

(413) k=0 j=1 =0

s mno—2s+jno—s—k

Qs gdody  (ng—s—k na—s—k—1,2
+ Z Z Z (dy — do)F+1 l (—d2A) WUjgfoyi1-
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Assume for the moment that these Lemmas are true and let us complete the proof
of Proposition 4.1. Define

na—s+1 a kdn2_5+1_k 25—2—ng
— E S—Kk™1 2 o 2no—2s+2_ 2
h= (dy — dy)re—st1-Fk Divgijir-ok E , o Dy Ug
(414) k=1 k=—o00
dn2+1—s dng—l—l—s

QApo+1-kXs 2 Qs
+ Z d2 no+1—s Uk + (dl _ d2)n2+1—s f

Since
Uz < CO([07 T], HSQJrlik(AD)) n Cl([ov T]? HSQJC(AD))?
we know that
D272t 22 ¢ L1(0,T), HY(Ap)), k < 25 —2 — ny,

which implies that F € L'((0,T), H3(Ap)). Now, we remark that by (4.4) and
(4.5), Yeomp satisties

ycomp‘t:[) = UO € Hgl)(AD)>
atycomp|t:0 = Ul € Hg(AD)

Consequently, from (4.12), (4.14) and the fact that F € L'((0,T), H3(Ap)),we
conclude that Yeomp € CO([0,T), Hy(Ap)) N CH[0,T), HY(Ap)). O

It only remains to prove Lemma 4.3, Lemma 4.5 and Lemma 4.6.

Proof of Lemma 4.3 and Lemma 4.5. We prove these lemmas by induction. For y,
according to (4.9), we know that y; satisfies (4.11) for j = 1. Assume that for [ < j,
y; satisfies (4.11). Thus, using the definition of y} and the equation for y}_l, we
know that yjl- satisfies the following equation

J —k
1 1 g kdgd
Ghy; = Dbhy; 4 +Z (d1 — dg)iti- kmlvs—i-j 2k
k=0

s—1—j ' J o kdj—k
- _ pre—stit2,2 sﬂ*—yDz 2
+ Z d2 J+1— kDQUsﬂ 2k + Z dg)JH k <d2 - dl)Avsﬂ‘—Qk-

By simple observation, we know that

! Oésfkdjl' 2 2 Qg kdgdl_k 9
— Z WDt s+j—2k + Z d2)]+1 % (dg — dl)AUS—l—j—Zk

J (e kd] k 0% kd] k
= k at2 §+j 2k + k; dQA)U?nLjf%
(dy — dy)i~ —dg)i™
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Therefore, we simplify the equation for yjl-,

s—1—j d d
2, Qs—k a7 2 2
Oyt = — g oy DS 2+ E oo, .
7 dl—dgj k(dl_dQ ) s+j—2k
k=—o00
s—1—j j—k+1
2 Qs kd
= — E e D52 E 02
dl . d2 j—k—+1 s+j—2k"
k=—o00
. . 2 . 2 . .
Using the equation UavZ, ; o = —Dyvi, ;o coming from (4.7), we obtain
s—1—j J j—k+1
1_ Z na—stj+2, Z sy
Dly] - Qg D d . d j—k+1 DtUS+] 2k+1-
1 — dy)
k=—o00 k:O
2
Now we look at the term a,_;_; D>t 22 _;- If j <s—1, we obtain
ng—s+j+2
og_1—; Dy us 1-j = Q51— ]Dtvs 1-43
if j >s—1, ag_1—; = 0. Hence, we have
s—2—j J+1 o d] k+1
1_ np—s+j+2, 2 s—k%1
Dhy; = E : Dy U E :(d — dy)i™ k+1Dtvs+] 2k+1-
< — (a1 — da
k=—o0 k=0

By induction, this implies that yjl-(l < j < ny—s—1) satisfies the equation

5—2—j J+1 o kdj+1 k
na—s+j+2 $—
(4.15) Ohyj + Y D" 2+Z (di — o)1~ F D = 0.

k=—o00

Using the definition of y.omp, We obtain

ng—s

O[kadgdrmis*k
|:|1ycomp - DtljlyibQ—s—l + Z .
k=0

2
(dy — dg)na—s+1-k Liv,—ok-

Following the same procedure, we have the following equation

25—1—ng no—s an s—k+1

o
Z 2ny—2s+2, Z s—k 2
|:|1ycomp Q D dl N d2 Ny—8— k+1|:| 2Uny—2k-

k=—o00

Using the equation v, = > 712 apyq1-kuj + f coming from (4.7), we obtain

25—1—na no2—s o an s—k+1
2n9— 23+2 s—k 2
|:|1ycomp E Q D _I_ § d d No—5— k+1Dvn2—2k+1
k 1= 2
=—00
no—s+1 mo—s—+1
dy asdy

Apo+1-kCs 2 s
+ : + :
Z (dy — dg)m2—st! i (dy — d2)n2_5+1f
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2no—2s+2
Dt

Now look at the term cgs_1_p, U3e_q_p,- 1f 25 —1 —ny <0, we know that

D2n2 25+2u2

Q9s—1-n, = 0. Otherwise, we know that 55— 1—ms

quently, we obtain the equation for yeomy:

2
= Dy, q_,,. Conse-

ng—s+1 a dn2 s+1—k 25—2—ng
. s—k 2no—2s+2, 2
Dlycomp - = g (dl d2)n2 - thUn2+1 2% E O[th Uy,
k=1 k=—o0

d no+1—s o dn2+175

an2+1 Qg 2 sWq
+ Z AT uj + (d; — dg)m2+i—s f,

which is exactly the equation (4.12). O
Proof of Lemma 4.6. Recall the definition of yeomp,

n2—s
5 22 oy xdod® "
Ycomp = tyn2 s— 1"’ d2 na—s+1—k nz 2k»

and the definition of yjl.(l <j<mng—s-—1),

g pdod) " 2
Dty] 1+Z )itk Usyj—2k-

Therefore, by iteration, we have the following expression for Yeom,

ng—s J o ded —k
" s— 2
(4.16) Yeomp = Di* Yo + Z Z — dy)it1= anZ v Ustj—2k-
=1 k= 0
Using the definitions of yj = v{ + do‘sdj v? and v} = Dyt uj, 1 < j < ny given in
(4.6), we simplify the formula above:
G angdodl
) o
Yeomp = D2n2 2542, Ly Z Z 5= Sy RTE kDan 2s 2]+2ku§+j_2k'
:0 k=0
According to the equation Diuj = —diAuj + 3%, aju? coming from (4.1), we

obtain

Yecomp = D?n2725(_d1Au%

& ' Oés kd2d1 D2n2—25—2j+2k 2
+Zo‘j Z — )itk Usj—2k

j=1 j=0 k=0

= (= A)D*~*u +Z%D”2 “ul

+ Z Z QU2 D2n2—23—2j+2ku2
(dy — dy) JH k sty =2k
Jj= =0
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By iteration, we are able to obtain that
S

2ng—2s—2k, 2
a;(—dy A D u
1

J

ng—s
ycomp = <_dlA n2 S+1 1 + Z
k=0

Jj=

no—s J —k
Z vy o’ 2na—2s-2j42k 2
(dr — dayi 1 s

h
D

2
;e

Lemma 4.7. Let u? be solutions to the system (4.1). If k 4+ j < ny, we have

k
k
(4.17) Dfu? =" ( l) (—d2A)'u? .

=0

Now we introduce the following lemma to describe the term D4

We shall prove this lemma in Appendix B. Now, we use this lemma to simplify the

formula of Yeomp. In the term Y702 " 37%  aj(—d1 A)* Dire2s 2kuJQ, since j < s and

k > 0, we know that no — s — k+j < ny — k < ny. Thus, according to Lemma 4.7,
we obtain

S My — s —k
2ng—2s—2k_ 2 E : 27 0 ng—s—k—1, 2
1=0
no—s oy gdod] ™" N2no—25—2j+2k o
On the other hand, in the term > 72° >3 _ WDt U7y i gy, Since

k > 0, we know that (s + j — 2k) + (nQ —s—j+4+k) =ng —k < ny. Therefore,
according to Lemma 4.7, we obtain
(4.19)

no—s—j+k .

2n9—2s5—2j5+2k 2 nQ—S—]+k ngs]+k12

D u’s—l—j 2k — I (_d2A) s+] 2k—+1-
=0

As a consequence, we obtain that
(4.20)
Ycomp = (_dlA)TmiSJrlu%

no—s S no—s—k
I Z Z Z a (n2 k) (_dlA)k(_dQA)ng—s—k—lu?_H

k=0 j=1 [1=0
no—s j mno—s—j+k

Oésfkd2d{7k nz —3$§ _-7 +k do A )25 Jt+k—l1 2
+ ZZ Z (dy — dy)i+1=F I (—=d2A) Ustj—2k+1

7=0 k=0

For the last term in the formula above, since a,_ = 0 for k > s, we know that
J i—k .
Z Z Z as,ded{ ng—s—j+k (_d2A)n2 s—j+h—1,,2
(dl _ dg)j+1*k l Usyj—2k+1
' 1=0

' Oésfdedjl‘ik Ng — S — j + k no—s—j+k—1, 2
N (dy — dy)i 1=k l (Z A

el ajdyd? ne —s—k ny—s— ]
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The last equality holds after a change of the sum index. Therefore, we obtain the
form for yeom,

Ycomp = <_d1A)n2is+1u%

ng—s 8 ngo—s—k

1D 3> 3 DR (e [CUIEE AV

(4.21) e il

s na—2s+jng—s—k

Qi d2 Ng — 8§ — k no—s—k—1, 2
DI DI N T
7j=1 k=0

We also have the similar theorem as we proved in the previous section:

Theorem 4.8. Given T > 0, suppose that:

(1) (w, T, pg,) satisfies GCC, i =1,2.
(2) Q2 has no infinite order of tangential contact with the boundary.

Then System (4.1) is exactly controllable in H; x Hj.

As before, proving Theorem 4.8 is equivalent to proving the exact controllability
of the following system:

(4.22)
aed2T T8 .
Dlvl —+ R(Ulﬂ . 7U7212) ((;Q)Wfl m (O,T) X Q,
Oyvf + Dyvs =0 in (0,7) x Q,
= 2kt Gnpr1 kS Yopo ) = fle in (0,7) x 9,
U%:O,U1—~ = v? =0 on (0,7) x 09, ,
(ULU%? ) nQ)‘t 0 E gnz-‘rl
\ (875'0%7 8tvla 8,51) )|t:0 S $n2+1a
with
nz—s+1 ng—s+1—k
A kd 2
R(vt,---vp,) = Z (dy — dg)m2—s+1- F Dok
k=1
2s—2—ng2
FOYD DRSO 2
k=—o00
d na+1—s

}:anzﬂ ks —1/.2 2
+ d2 na+1l—s Sk (Uk"” ’Unz)'

Here we use the transform S given by

1 1
“ Y
uy Uy

S| . = ,
u? v2

n2 n2
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where
V] = Yeomp
P= D
(4.23) )
vE, = ul,,
with

Yeomp = CTAY Hl”%

no—s 8 ng—s—k

1595 S DI (R [CTISTE AN TS

k=0 j=1 [=0

s n2—2s+jng—s—k

(07] d2 Ng — 8§ — k no—s—k—1, 2
DI I N e T
Jj=

Remark that Proposition 3.2 together with (4.23) ensures that

(v, 02, ..., m) c C°([0,T], &= ™)y n ([0, T], £ ).
We use S~ to denote the inverse transform given by
¢ ui — Soj(vi’vg’ . .271,7212)7
uy = '51 (Ulv T 7Un2)>
4.24 ‘ _
( ) uirj:Sjl(ng_j’...,2)0<j<n2_1
\ u7212 - 87721(”7%2) - UQ

na*

Then, we treat exactly the same way as we did in the proof of Proposition 3.2 to
obtain the form of the inverse transform of S. There are two different cases. For
ny = 2k 4+ 1, which is an odd integer, we are able to obtain that

( ngﬂ = U§k+1v
ud = (—doAp) ' D, + T(2k, 2k + 1)(—doAp) 03,1,
(4.25) :
w2 = (=dyAp) 02+ T(1, 2)( dyAp) * ' D2 -
+T(1,2k + 1)(—dyAp) 2 v%ﬂ

It is similar for the even integer n, = 2k:
(4.26)
U’%k = U%k? . .

up = (=deAp) "Dyt + T(1,2)(=doAp) 03 -+ + T(1,2k)(—deAp)' ujy.
Here the coefficients {T'(i, j) }1<i<j<n are uniquely determined by System (4.1), but

their exact value is not really important.

Remark 4.9. As explained in Remark 3.3, we are able to rewrite the system (4.22)
as follows:

(82 —SDS'A + SAS™"V = Sbyf,
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and we have

n 1—s
asd; 2+

0,
0,
Moreover, we could notice that both S and S~ only involve Dy and (—Ap)* k € Z.

According to the Hilbert Uniqueness Method, we only need to prove the observ-
ability inequality
2

asdng-‘rl s
wy 4+ wi,| dzdt > ||W(0 )||2 bl gt

4.2
( 7) dl d2 no+1—s

for any solution of the adjoint system:

([ Oyw) =0 1in (0,7) x €,
Dgwl + Alw + Alwl =0 in (O,T) X Q,
Oyw? 4+ Dyw? +Aw +Aw =0 in (0,7) x 9,
(428) 22 tt 2 2t ( )
|:|2’LU +thn2 1—|—An2 w2, + Ap,wi =0 in (0,7) x Q,
\wl—Owl— c=w? =0 on (0,7) x 09,

with initial conditions
(wi,wim Jwh, o € (L2())" ! = £t
(Qvwy, Owi, - -+, 0w}, im0 € (Hy'(Ap))™Ht = 27,
where the operators (A;)1<;<n, and A; 1<i<n, are uniquely determined by the trans-
J)1<j<ny j)1<j<na

form (4.23) and additionally are bounded operators in L*(Q2). As usual, we divide
the proof of the observability inequality (4.27) into two steps.

Remark 4.10. We are able to rewrite the adjoint system (4.28) as follows
(07 — (8" 'DS'A + (8)1A*SYW = 0.

Here the transform 8’ denotes the invertible transform between the adjoint systems.
Moreover, we could notice that both 8’ and (S')~! only involve D; and (—Ap)*, k €
Z.

4.1.1. Step 1: establish a relaxed observability inequality. First, we can establish a
relaxed observability inequality for the adjoint System (4.28).

Proposition 4.11. For solutions of System (4.28), there exists a constant C > 0
such that

W (0 )II2 natl gt
(4.29)
<C

2

O_/Sdn2+1 s . )
wy +wl,| dxdt +||[W(0)|? gt gnatt |

dl d2 na+1—s
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Proof. We argue by contradiction. Suppose that the observability inequality (4.29)
is not satisfied. Thus, there exists a sequence (W*)zen the solutions of System (4.28)
such that

(4.30) HW'“( Mgnati, gnats = 1,
asdng—l—l s n - 2

(4.31) (A — dy) = wy” +w,y | dedt — 0 as k — oo,
| — dg)n2ti=s

(4.32) HVV’g )H2 ot gt 0as k — 0.

By the continuity of the solution with respect to the initial data of System (3.27), we
know that the sequence (W*),cy is bounded in (L2((0,T) x €2))">*! and moreover,
W* —0in (L2((0,T) x Q))"2*1. We have W* satisfying the following system

nThe = o)y 1ap) 0 (0,T) x Q,

Owp* = o)y 1ap) 10 (0,T) x Q,

(4.33) Owy® + D™ = 0(1) -1,y 1 (0,T) x 2,
| OwZF + Dyt = 0(1)y1a,y  in (0,7) x

Hence, we obtain two microlocal defect measures p | € M and K, € M associated

with (w}®)een and (W2F),cn respectively. From the definition in Proposition 2.6,
we know that

VA € Aa <H17 U(A)> - hm (Awl 7wi k)LQa

k—o00

(11,(i,), 0(A)) = lim (Aw?* wP*)p2, 1 < i j < 2.

k—o0
Here p, = (p,(4,5))1<ij<n, is the matrix measure associated with the sequence
2,k 1Lk 2% :
(W2F)pen = (wi™, -+, w2F)en and moreover, wy™ and w;™ is the extension by 0

across the boundary of Q(1 <1 < ny). Aswe already presented in the Subsection 3.2,
the two measures are mutually singular in (0,7") x §2. Then provided with

mo+1—s
sy Wi 2k
dl d2 no+1l—s wy ng

we obtain that for X € C5°((0,T) X w)
o d? e

2
dxdt — 0 as k — o0,

dn2+1 s

1,k
)ng—i—l szl >_> O

w )
(dl _ dz)ng-i-l—sx 1 (d1 ds
(xwZF, xw2Fy =0, ask — cc.

Thus, we know that

(4'34) 2y ’ 0,T)xw — 0, and MQ(N27712)|(0 T)xw — 0.

For p , since p is invariant along the along the general bicharacteristics of pq,,
combmmg with GCC we know that = 0. For p1,, we consider the other definition

of the microlocal defect measure. From Proposmon 2.8, we know that there exists
a measure fio € M™ such that

(4.35) VAc A, (ug,k(c(A))) = lim (AW>* W2F)

k—o0
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Here pi2 = (p2(i, j))1<ij<n, is @ matrix measure. Since p|char(ps,) = H2 He-almost
surely, we obtain that ps(na,n2)|0,mxw = 0. As we already presented in the Sub-
section 3.2, we would like to use Lemma 2.10. So we adapt this lemma under our
setting here.

Lemma 4.12. Assume that us is the corresponding microlocal defect measure defined
by

(4.36) VA€ A, (2 r(0(A))) = klim (AW2F W28 o,
—00
for the sequence W2k = (w?* ... s wrF)ken which satisfies the following system:
Dwg’k + th?’k = O(I)ngl(AD) in (0,T) x €,

(4.37)

|:|U)T2L’2k + thi;k_l = 0(1)H51(AD) in <07 T) x AL,

If we denote the general bicharacteristic by s — (s), then along y(s) there exists a
continuous function s — M(s) such that M satisfies the differential equation:

%(M(s)) — GE(r)M(s), M(0) = Id,

and p9 1s mvariant along the flow associated with M, which means that
d

—(M*pus M) = 0.
ds< p2M) =0
O 7 0 O
Here we denote by E(T) the matriz 0
N
0 --- 0 0

Remark 4.13. For the differential equation satisfied by M and the form of the
matriz E, one can refer to [10, Section 3.2] for more details.

. (its)m2—1
1 irs (2 —1)]
Here, M has the form of o 1 : , where 7 is a nonzero constant
R iTS
0 --- 0 1
along the generalized bicharacteristic.
1 0
Let e; = N I 0 be the canonical basis for R™2. For any point
0 1

po € supp(ps), by the geometric control condition (GCC), we know that there exists
a unique general bicharacteristic s — ~y(s) such that v(0) = po. Moreover, there
exists € > 0, sufficiently small, such that v((—2¢,2¢)) C 7 1((0,T) X w). Since py
is invariant along the flow associated with M, i.e. &L (M*uaM) = 0, we obtain that
for any to € (0,2¢), we have

p2(0) = M (to)* pa(to) M (to).
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Noticing that supp(z2)(ng, ne) 7w~ ((0,T)xw) = ) (which also implies that pa(tg)en,
= 0 by an already developed argument), we obtain that
M (—to)"p2(0) M (—to)en, = pa(to)en, = 0.

Hence, p2(0)M(—to)en, = 0. Moreover, considering n — 1 times ¢1, . ..¢,_1 such that
to <ty <...<t,_1<eg, the same argument leads to

(O M(—to)en, =0,
p2(0)M(—t1)en, =0,
(4.38) M2(O>M<_t2)en2 = 07

1o(0)M (=t 1)en, = 0.

From the expression of M, we obtain that {M(—t;)en, }icfon—1)) is a basis of R”
(its determinant is proportional to the Vandermonde determinant [],_;(—t; +¢;)).
Hence, (4.38) implies that us(0) = 0. According to the arbitrary choice of py €
supp(pe), we are able to conclude that supp(us) = 0, i.e. py = 0. Then, we
conclude that the relaxed observability inequality (4.29) holds for all the solutions
of System (4.28). O

4.1.2. Step 2: analysis on the invisible solutions. We first define for any 7" > 0 the
set of invisible solutions from |0, T'[Xw

- . 1,0 2,0 2,0 1,1 2,1 2,1\t no+1 na+1
‘/%lz(T)_{W_(wl yWr Wy, Wy, Wy 7""wn2) 6%2 X"g’ﬂ—f

such that the associated solution of System (4.28)
mo+1—s

satisfies (dlaj CIZQ)”?“—SU}}(L t)+wl (z,t) = 0,Y(z,t) € (0,T) x w}.

With the relaxed observability inequality of (4.29), we only need to prove the fol-
lowing key lemma:

Lemma 4.14. 4,,(T) = {0}.

Proof of Lemma 4.14. According to the relaxed observability inequality (4.29), for
W € N, (T), we obtain that

(4.39) WOt gmpr < CHIW(O)]]

—1

We know that A, (T) is a closed subspace of Z;2% x #™*! By the compact
embedding L?(Q) x H1(Q) — H Q) x H%(Q2), we know that N, (T) has a finite
dimension. Then, we define the operator 7, to be the generator associated with Sys-
tem (4.28). We know that the solution (wj,w?,--- ,w2,, Dyw{, Dyw?,- -, Dywy?)"
can be written as

2
no+1 no—+1 -
LT xXZLS

wy
wi
2

w —
n21 = € t(Q/nQW.
th%

th2

n2
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It suffices to prove a unique continuation property for eigenfunctions of the operator

VQ{HT Let us take & = ((1)07 (I) ) ( 1" 7¢n2+17 ¢%7 e n2+1) S %2( ) SatiSinIlg
(4.40) s — A2,
4.40

((dl d2) 2¢0 + ¢nz+1> ‘w = 0.

Then, it is equivalent to a the system

{ (=DAp + A% = Ny,

(4.41) ol .

Indeed, as explained in Remark 3.13, ® and ¢ verify the relation ¢ = S’'(A\, A)®
(where we replace formally D, by A). The study of (4.41) is totally similar to the
one of (3.57): using the analyticity, we know that E*gp = 0. Then, we obtain that
b*(—DAp + A*)rp = 0, for any k € N, i.e.p € Ker(K*) = {0} , so that ¢ = 0,
which concludes our proof. [l

4.2. Reformulation of the system in the general case. According to Proposi-
tion 1.8, we already know that the operator Kalman rank condition is necessary for
the exact controllability of System (1.1). In this section, provided with the operator
Kalman rank condition Ker(K*) = {0}, we plan to give a reformulation of System
(1.1).

As a consequence of Proposition 1.6, we know that (As, B) satisfies Kalman rank
condition. Therefore, applying Theorem 3.1, there exists an invertible matrix P
such that we reformulate System (1.1) into the following system
(4.42)

((Ohay + Y72 a0 =0 in (
Oyu? + a2 =0 in (0,7) x €,

Oyi2,  + @2, = 0in (0,T) x €,

52717212 - ;Lil Oy g1 507 = fl, in (0,7) x €,
ay = 0,03 =--- U2, =0 on (0,T) x 99,
(uivula"' ) nz)’t 0 = (ai’?’a;?’ 711721720) in Q,
(8tu17 atﬁ'% o 78tun2)|t 0 = (al, ,'&17 )y aﬁ’%;) n Q7
where @} = ul, Uy = PUs and (Gy, -+ , @) = (0, -+, a) P71, Define s = max{1 <

J < ng;&; # 0}. From Proposition 4.1, the appropriate state space for (4.42) is H; x
H§. Moreover, by Theorem 4.8, under our hypotheses, we have exact controllability
of System (4.42) in the state space H§ x H§. This immediately leads to the conclusion
of Theorem 1.16.

5. SOME COMMENTS

As we can see, the system (1.2) is only an example of a more general system as
follows:

(02 — DAP)U + AU = bf1or)(t)1,(z) in (0,T) x Q,
(5.1) U = on (0,T) x O,
<U7 8tU)’t=0 - <U07 Ul) in Qv
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with here
di1d, 0 A Ap
D= 1 A=
( 0 dyld,, )nxn’ ( Asy Ay )nxn’

(5.2) fi

> by .

b= ( by > , and f = :

nxm fm m><1

where n = ny + ng and f; € L*((0,T) x w),j = 1,2,--- ,m. In this very general
system (5.1), there are three different kinds of effective parts acting on the control-
lability problem, that is, control functions and two different types of coupling.

The first part is obviously the control functions. The more control functions we
have, the more sophisticated structure we demand for the coupled matrix to obtain
the controllability. It is very related to the Brunovsky Normal Form and when we
consider more than one control function, the standard Brunovsky Normal Form has
more than one block in the coupling matrix, which increases the complicity of the
calculation to obtain an explicit formula of the compatibility conditions (as we have
seen, for instance, in (1.8)). However, when we deal with the case with more than
one control functions, we usually rely on the Brunovsky Normal Form to put the
coupling matrix into the standard form and then, deal with the problem block by
block. This means that we first need to establish the result with only one block, i.e.
with only one control function. In the system (1.2), we choose that b only acts on
the second part of the system. The reason is that if we give both parts the effective
control function, we cannot observe the influence of the coupling term because of
the regularity.

The second part we considered is the coupling with the same speed, which corre-
sponds to A;; and Ass, and on the other hand, the third part is the coupling effects
of the different speeds, which corresponds to A5 and As;. As we can see in the proof
of the Theorem 1.16, coupling with same speed, we are able to observe a phenomena
of regularity increase by one with successive solutions. While we can prove that
the regularity gap between two coupled solutions with different speeds is two (one
can see in Subsection 2.2). This difference gives us the motivation to consider that
the simplest example of coupled wave system containing the two different coupling
effects, i.e. the system (1.2). We try to use this example to analyse the different

influence of these two types of coupling terms. When one introduces the fully cou-
. . A A o . .
pling matrix A = < AH A12 ) , it is complicated to analyse the two different
21 Az /o

types of coupling. Because they are combined too closely, it is difficult to separate
them. From a technical point of view, it seems very hard to derive an appropriate
normal form similar to Brunovsky form to obtain the compatibility conditions and
the appropriate state space.
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APPENDIX A. ON THE OPERATOR KALMAN RANK CONDITION

Proof of Proposition 1.6. Let A € o(—Ap) and K(A) = [(AD+ A)|b] € M,.(R)
(remind that b =*(0,b) € R™). Firstly, we compute the form of the matrix ()) by
induction.

Sea(N) SO e Ab 0
(A1) ’C(A):((@HA(Q)“—% (dg)\+22)jb o (daA+ Ag)b b)'

The general term S;(A), 1 < j <n —1is defined by

(A.2) Si(\) = A <jz_: dE N (do )\ + A2)11k> b.

k=0

Since the rank of a matrix is invariant under elementary operations on the columns
(that we will shorten in column transformation in what follows), it is easy to see

that rank(KC(\)) = rank(K()\)), where

~ B gn_l(/\) S’j('/\) oAb 0
(A.3) IC(N) _< A;‘_lb e A e A b )7
with
j—1 .
() 50 =A1< <d1—d2>kAkA]21k> "
k=0

Let us first prove the necessity of the conditions. Suppose that n; > 1 and let us
prove that the Kalman matrix K ()) is not of full rank. We take the n;-th column

of the matrix K()), i.e.
Sia(A)
AL )

Let x(X) = X™ + 2?201 a; X7 be the characteristic polynomlal of the matrix A,.

By the Cayley-Hamilton Theorem, A5* = — 37"/ Ya
By using an adequate column transformatmn we can put the ni-th column into
the form

(A.5) ( Tnzo()\) ) |
where T, (1) = 5,,(\) + 727" a,5,(0). By (A4).
HQZ_ a;S;(\) = ”22_ a;jA; (J_ (dy — dQ)k)\kAJQ‘1k> b
=1 j=1 k=0

no—2 no—1
= A (Z > ay(di - @)WﬂA;**) b.

k=0 j=k-+1
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Using the expression of Sy,(\) given in (A.4), we obtain that

no—1

Tnz()‘) = gm ()‘> + Z ajgj()‘)

nz—1 no—2 no—1
=4 (Z (dy — d2>kAkA%‘1‘k> b+ Ay (Z > a(di - dz)kAkAé‘l‘k> b

k=0 k=0 j=k+1
no—2 na—1 A

= Al (Z (d1 — dg)k/\k (Agz—l—k + Z ajA%—l—k> + (dl _ d2)n2—1)\n2—1> b,
k=0 j=k+1

i.e.

ng—2 ne
(A6)  T,(\) =4 ( (dy — do)* X > @ ATF 4 (dy — d2)”2‘1>\”2‘1> b.
k=0 j=k+1

Here and hereafter, we use the notation a,, = 1 in order to obtain a clean from.
Now, we take the (n; — 1)—th column of the matrix K()), i.e.

gﬂ2+1<)‘)
A’g2+1b

Again using the characteristic polynomial of the matrix A,, we obtain that

ng—1

no+1 __ E J
J=0

no—2
_ AL ny
= E a;A; Apy—1 A5
Jj=0
no—2 no—1

— E : J+1 § : J
= — ajA2 + Apy—1 CL]'AQ
j=0 7=0

1

n2
_ J
= D (ajan,—1 — a; 1) A3 + any—100.
1

J

By applying an adequate column transformation, we can put the (n; — 1)-th

column into the form:
TN2+1()‘)
O )
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where T,,,.1() satisfies

ng—1

Trot1(A) = Snpr1(A) — Z (5,1 — a;_1)S;(N)
j=1

na

=4 <Z(d1 - dg)’“A’fA;w—k) b
k=0

no—1 -1 |
= 2 (01— ag) A <Z<d1 - dmmg“f) b
=1 k=0

ng

=4 <Z(d1 — dQ)kAkA§2k> b
k=0
na—2 na—1 |

_ Al (Z Z (CL]‘CLTLQ_I — aj_1>(d1 _ d2>kAkA%_1_k) b
k=0 j=k+1
no—2

=4 (Z <d1 o d2)k)‘kAg2ik + (dl - d2)n2)\”2 4 (dl _ dz)nzl)\n21A2> b
k=0
no—2 na—1 ‘

+ Ay ( Z aj—l(dl — d2)k‘)\kAj2—1—k
k=0 j=k+1
ng—2 ng—1 '

SOED DI PRIICIE dz)kAkAél’“) b.
k=0 j=k+1

Now consider the sum

no—2 no—2 no—1

D (di = d)FNARTF TN a i (dy — do)F AR AL

k=0 k=0 j=k+1

no—2 no—1 ' no—1 '
= Z (dl — dQ)k)\k <A32_k + Z Clle%_l_k) + Agz + Z &j,lAé_l

k=1 j=k+1 j=1

no—2 na+1 A na—1 A
= (di — dy)FNF ( > aj_lA;—l—’f) =Y a;A

k=1 J=k+1 Jj=0

no—1 no—2

I SRV S AU
j=1

k=1
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ng—2 na+1 ‘ no—1 ‘
k=1

j=k+1 j=0
ng—1 ) ng—2
+ > g A=Y (dy = dy)f N an, g AT
Jj=1 k=1
nz—2 na+1
= Z(dl dy)* (Z aj_ 1A] = k) — Oy, AD!
k=1 Jj=k+1
no—2
— Gy Z (dy — d2)k)\kAng—1—k
k=1
ng—2 na+1 ' ny—2
= (dl — d2)k)\k ( Z aj—lA;_l_k) — Gyt Z<d1 _ dz)kz)\kAgz—l—k.
k=1 j=k+1 k=0

Therefore, we obtain

ng—2 na+1
L1 () = Ay (Z(d1 — dg)k/\k Z aj_lAjZ_l_k> b

k=1 j=k+1

no—2
+ Ay (—an2_1 Z(dl _ d2)k/\kA72“szlfk + (dl N d2)n2)\n2
k=0

ng—2 ng—1
‘f‘(dl - d2)”2—1)\n2—1A2) b+ Al (—an2_1 Z Z aj(dl _ dg)k/\kA%_l_k> b

k=0 j=k+1

n2—2 na+1
= A (Z(dl - dg)k/\k Z aj_lAéflfk + (dl _ dz)nz)\m) b

k=1 j=k+1

na—2 n2
+A1 ((dl - d2)n271)\n271A2 — Qpy—1 Z Z aj(dl . dg)k)\kAélk> b

k=0 j=k+1

Then, we aim to find a connection between the terms T,,,1(\) and T,,()\). By
calculation, we obtain

ng—2 n2
(dy — do)AT,,(N) = A, (j{:(dl——cb)k+1Ak+1 > ajAé_l_k4—(d1—-d2Y”A”2).B

k=0 j=k+1

no—2
:A (Z(dl dg )\kZaJAJ k (dl_dQ)m/\m) B

k=1 j=k
+ (dy = do)™ TN T A Ay B

no—2 n2
=Th1(A) + A4 (an2_1 Z Z a;(dy — d2)k)\kA321k> B

k=0 j=k-+1
= Tng-{—l()\) + an2_1Tn2(/\).
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Hence, we know that T),,11(\) = ((d1 — d2)\ — apy—1) Ty (N), which means that the

two columns
Tn2 ()\) Tn2+1()\)
( 0 > and ( 0

are linearly dependent. This means that

Snz()‘) gnz—&-l()‘)
() e (T

are linearly dependent. By the expression of () given in (A.3) and the definition of
S; given in (A.4), we deduce that all the j-th columns of C(\), for j < ny, are linearly
dependent. We deduce that K ()) is of rank less that n —ny + 1 = ny + 1. This is in
contradiction with the fact that () € M,,(R) is of full rank n = n;, +ng > ny + 1
since we assumed that n; > 1. So we deduce that n; = 1.

Concerning the two other conditions, remark that the first column of K (\) can be
changed by a previously introduced column transformation into (A.5), where T,,, ()
verifies (A.6). We deduce that the rank of K()\) is equal to the rank of the matrix

Tos(A) Spo1(X) =+ S;(A) -+ Ap 0
0 Al ATy s A b )

This matrix is of full rank n = ny + 1 (if and) only if 7,,(A) # 0 (which gives (1.4)
thanks to (A.6)) and

( A;zfl .. Aéflb ce Agb b ) S M’I’L277’l2(R)

is of full rank ns, which is exactly meaning that (A, b) verifies the usual Kalman
rank condition.
The sufficiency of the three conditions given in Proposition 1.6 is also straightfor-
ward, by the same arguments.
[

APPENDIX B. PROOF OF LEMMA 4.7

We first look at u%Q. Since j + k < ng, we know for j = ngy, the conclusion is
trivial. For 1 < j < ny — 1, we argue by induction. When k = 0, the conclusion
holds for sure. Assume that

k—1

Z (k ; 1) (_d2A>l“§+k—1—z-

=

(B.1) D2

Then for D*u3, we know that

2%, 2 _ 1272k-2,,2
D" u; = Dy Dy u;

(B.2) — (k-1
= Z ( I )(_d2A)lDtZu?+k—l—l'
1=0
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Using the equation Dfu3,, _; = —dyAu?,, |, +u5,,_;, we obtain that

— (k-1 — (k-1

(B.3) _ i (I; - 11) (—dyA)ui?y , + % (k ; 1) (—doA)i2,
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